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A Hybrid Learning Method for the Data-Driven
Design of Linguistic Dynamic Systems

Chengdong Li, Jianqiang Yi, Yisheng Lv, and Peiyong Duan

Abstract—In lots of data based prediction or modeling appli-
cations, uncertainties and/or noises in the observed data cannot
be avoided. In such cases, it is more preferable and reasonable
to provide linguistic (fuzzy) predicted results described by fuzzy
memberships or fuzzy sets instead of the crisp estimates depicted
by numbers. Linguistic dynamic system (LDS) provides a pow-
erful tool for yielding linguistic (fuzzy) results. However, it is still
difficult to construct LDS models from observed data. To solve
this issue, this paper first presents a simplified LDS whose input-
output mapping can be determined by closed-form formulas.
Then, a hybrid learning method is proposed to construct the
data-driven LDS model. The proposed hybrid learning method
firstly generates fuzzy rules by the subtractive clustering method,
then carries out further optimization of centers of the consequent
triangular fuzzy sets in the fuzzy rules, and finally adopts multi-
objective optimization algorithm to determine the left and right
end-points of the consequent triangular fuzzy sets. The proposed
approach is successfully applied to three real-world prediction
applications which are: prediction of energy consumption of a
building, forecasting of the traffic flow, and prediction of the
wind speed. Simulation results show that the uncertainties in
the data can be effectively captured by the linguistic (fuzzy)
estimates. It can also be extended to some other prediction or
modeling problems, in which observed data have high levels of
uncertainties.

Index Terms—Fuzzy set, least square method, linguistic dy-
namic system (LDS), multi-objective optimization.

I. INTRODUCTION

THE theory of computing with words (CWW) was pro-
posed by Zadeh to solve the modeling, analysis, evalu-

ation and/or management problems in complex systems, e.g.,
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the social systems and the management systems which are
suitable to be described or analyzed by means of natural
language [1], [2]. Since the appearance of CWW, its theories
and applications have been comprehensively studied [3]−[7].
In CWW, the operation objects are linguistic variables whose
values are words modeled by fuzzy sets (FSs). It is a necessary
tool especially when the available information is not precise
enough to use numbers.

In order to deal with the modeling, analysis, control and
evaluation of some complex dynamic systems, Wang et al.
[8]−[11] proposed the methodology of linguistic dynamic
system (LDS). LDSs are dynamic processes involving mainly
computing with words instead of numbers for human-machine
interfaces and modeling and analysis of complex systems [8]−
[11]. In [12], LDSs were classified into two types: the type-
I LDSs which are converted from conventional dynamical
systems using extension principle, and the type-II LDSs which
are described by fuzzy rules. In that study, the evolving laws of
type-I and type-II LDSs were given, and the fixed points were
analyzed based on the point-to-fuzzy set mappings, and fur-
thermore, the linguistic controllers for goals specified in words
were designed for type-II LDSs. In [13], the stability of both
the type-I and type-II LDSs was analyzed by the endograph
method and the degree-of-match method respectively. In [14],
the orbits of LDSs in the time-varying universe of discourse
were given, and how to build dynamic fuzzy rules was also
discussed. In recent years, type-2 fuzzy sets based LDSs were
studied. In [15], Mo et al. converted conventional numerical
functions to their interval type-2 fuzzy sets counterparts by
using the extension principle, and gave the linguistic dynamic
stability of SISO systems under strictly monotone functions
in interval type-2 fuzzy sets. In [16], the interval type-2 fuzzy
extension principle was presented, and the linguistic dynamic
trajectories of interval type-2 fuzzy sets were analyzed. In
[17] Mo et al. presented the definition of generalized interval
type-2 fuzzy sets (GIT2 FS), and proposed one computing
method to discuss computing with words of GIT2 FS by two
different fuzzy logic operators. In [18], [19], Zhao have studied
the trajectories and their stability issues of the type-2 fuzzy
sets based LDSs. And, in [20], Li et al. have presented the
properties of perceptual reasoning method based LDSs and
gave one rough set based data-driven design method for LDSs.

A large number of data driven approaches have been
proposed for real-world prediction or modeling applications
[21]−[25]. However, high level of uncertainties and/or noises
cannot be avoided in the observed data from the dynamic
systems to be modeled. Most of existing methods yield point
estimates that cannot directly capture the uncertainties and
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noises in the data. This can be compensated by the LDS model
that can output linguistic results (fuzzy sets) rather than crisp
values. It is more reasonable and preferable to utilize the LDS
to model the observed data containing uncertainties and/or
noises. Although comprehensive studies have been made, the
existing LDSs for applications are usually designed from
prior knowledge through the manual way or by the Zadeh’s
extension principle. It is still difficult to construct LDS models
from observed data due to the lack of closed-form formulas.

In this study, we will give a simplified LDS with triangular
fuzzy sets and present a data-driven hybrid learning method
for the design of triangular LDS. The main contributions and
novelties of our study are listed as follows:

1) The triangular LDS which has closed-form formulas for
computations is presented. As shown, both crisp and linguistic
outputs or estimates can be achieved by the triangular LDS and
can be expressed by the input-output mappings.

2) A data-driven hybrid learning method is proposed for
designing the LDS models. The proposed design method
adopts the subtractive clustering method to generate initial
fuzzy rules, and utilizes the least square estimate method and
multi-objective optimization algorithm to further determine the
parameters in the consequent parts of the fuzzy rules. The
proposed method guarantees that the output fuzzy sets can
cover the observed data to the greatest extent while the bounds
of the output fuzzy sets can be as narrow as possible.

3) The proposed approach is applied to the linguistic pre-
dictions of the energy consumption of a building, the traffic
flow and the wind speed. Experiments demonstrate that the
prediction results are satisfactory, and the linguistic outputs
can effectively capture the uncertainties in the observed data.

4) The proposed approach is easy to implement because it
requires minimal human intervention. In our approach, only
one parameter in the clustering method needs to be given
in advance to indirectly determine the number of fuzzy rules
in the LDS, and then the data-driven learning approach will
automatically determine the fuzzy rules and their antecedent
and consequent parameters.

The organization of the rest of this paper is as follows. In
Section II, the LDS will be introduced, and the triangular LDS
will be presented. In Section III, a data-driven hybrid learning
method will be proposed to construct the LDS models. In
Section IV, the proposed method will be applied to three
real-world applications. At last, Section V will draw the
conclusions.

II. LINGUISTIC DYNAMIC SYSTEM

In this section, the LDS model will be firstly introduced.
And then, the triangular LDS will be presented.

A. Introduction of LDS

In this study, we consider the LDS whose next state x(k+1)
is relevant to its s previous states x(k), . . . , x(k − s + 1) and
t control signals u(k), . . . , u(k − t + 1).

Suppose that the considered LDS has the following common
linguistic rule base [20]:{

x(k) = Ãx,1
i , . . . , x(k − s + 1) = Ãx,s

i ,

u(k) = Ãu,1
i , . . . , u(k − t + 1) = Ãu,t

i

→ x(k + 1) = Ão
i

}M

i=1
(1)

where Ãx,1
i , . . . , Ãx,s

i , Ãu,1
i , . . . , Ãu,t

i , Ão
i are linguistic words

modeled by fuzzy sets in corresponding universes of discourse,
M is the number of linguistic rules. Assume that s + t = p,
i.e., the LDS model has totally p inputs.

The previous system states and control words before time
k are assumed to be x(k) = B̃x,1

k , . . . , x(k − s + 1) = B̃x,s
k ,

u(k) = B̃u,1
k , . . . , u(k − t + 1) = B̃u,t

k which are denoted in
the linguistic vector form as

X̃(k) =
[
B̃x,1

k , . . . , B̃x,s
k , B̃u,1

k , . . . , B̃u,t
k

]
. (2)

Then, we use the following two steps to calculate the next
state (the output word) X̃k+1 = O(X̃(k)).

Step 1: Computing the firing strength of each rule [20].
Once the linguistic vector X̃(k) was input to the LDS

model at time k, then, the Rule-i’s normalized firing strength
wi(X̃(k)) can be calculated as

wi(X̃(k)) =
fi(X̃(k))

M∑
i=1

fi(X̃(k))
(3)

where

fi(X̃(k)) =
[
∧s

j=1

(
sup
x∈X

µB̃x,j
k

(x) ∧ µÃx,j
i

(x)
)]

∧
[
∧t

m=1

(
sup
u∈U

µB̃u,m
k

(u) ∧ µÃu,m
i

(u)
)]

(4)

where ∧ means the t-norm, the popular ones of which are the
min and product t-norms.

In the design process of the LDS model, the observed data
of the states and control inputs are always crisp values. In this
case, the linguistic vector becomes a normal vector as

xxx(k) = [x(k), . . . , x(k − s + 1), u(k), . . . , u(k − t + 1)].
(5)

Consequently, the firing strength of Rule-i becomes

fi(xxx(k)) =
[
∧s

j=1 µÃx,j
i

(x(k − j + 1))
]

∧
[
∧t

m=1 µÃu,m
i

(u(k −m + 1))
]
. (6)

Below, we write X̃(k) as xxx(k), as the observed data are
crisp in the design process.

Step 2: Aggregating the firing rules by the weighted average
method.

In this paper, the weighted average [26] is adopted to
aggregate the consequents of the fired rules to obtain the output
word, i.e.,

X̃k+1 = O(xxx(k)) =
M∑

i=1

wi(xxx(k))Ão
i (7)

which can be computed by means of Zadeh’s extension
principle or by the α-cuts method.

Different kinds of fuzzy sets can be adopted in the LDS,
e.g., the trapezoidal fuzzy sets, the triangular fuzzy sets and
the Gaussian fuzzy sets. In [20], we have discussed the
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computation of the LDS with trapezoidal type-2 fuzzy sets by
means of the α-cuts method. In this study, we present the LDS
with triangular fuzzy sets and show how to simply compute
the output of the triangular LDS.

B. Triangular LDS

If the fuzzy sets in the consequent part of the LDS are
triangular, then we call it “triangular LDS”. The membership
function of one triangular fuzzy set Ã can be expressed as

µÃ(x) =





x−a−
ac−a− , a− < x ≤ ac

a+−x
a+−ac , ac < x ≤ a+

0, else

(8)

where ac, a−, and a+ are respectively the center, the left
endpoint and the right endpoint of the triangular fuzzy set
Ã. We denote Ã = (a−, ac, a+).

In this study, the consequent fuzzy sets Ão
i s are set to be

Ão
i = (a−i , ac

i , a
+
i ).

From the addition operation of the triangular fuzzy sets [27],
the output word X̃k+1 = O(xxx(k)) is still a triangular fuzzy
set. And, the linguistic output of this LDS can be computed
as

X̃k+1 =
(
o−(xxx(k)), oc(xxx(k)), o+(xxx(k))

)

=
( M∑

i=1

wi(xxx(k))a−i ,
M∑

i=1

wi(xxx(k))ac
i ,

M∑

i=1

wi(xxx(k))a+
i

)
.

(9)

Comparing (9) with the outputs of classical fuzzy logic
systems [26], we can observe that the center of the output
fuzzy set of the LDS can be seen as the crisp output of classical
fuzzy logic systems with the weighted average defuzzification
method and the same rule base but crisp consequents. Thus,
the approximation and modeling ability of the LDS can be
guaranteed.

III. DATA-DRIVEN DESIGN OF THE LDS

When the uncertainties and noises in the observed data need
to be effectively quantified and shown in a direct and visual
way, the linguistic or fuzzy estimates are usually preferred and
can be achieved by the LDS model. However, how to construct
proper LDS model for the observed data is still needed to be
explored. This section will discuss this issue.

In this study, the antecedent parts of the fuzzy rules in the
LDS model will be generated by the subtractive clustering
method. Then, the centers of the consequent triangular fuzzy
sets will be learned by the least square method while the left
and right end-points of the consequent triangular fuzzy sets
will be determined by a multi-objective optimization method.
The whole diagram of the proposed data-driven hybrid learn-
ing method for the LDS model is shown in Fig. 1. Below,
we will give detailed discussion on this data-driven design
method.

Fig. 1. Flowchart of the proposed data-driven hybrid learning method for
designing LDS.

A. Data Preparation

In this study, suppose that the observed sequence of the
dynamic states is x(1), x(2), x(3), . . ., and the observed con-
trol sequence is u(1), u(2), u(3), . . .. Then, we can obtain the
following data pairs for constructing the LDS model
[
x(L), . . . , x(L− s + 1), u(L), . . . , u(L− t + 1);x(L + 1)

]

...[
x(N + L− 1), . . . , x(N + L− s), u(N + L− 1), . . . ,
u(N + L− t);x(N + L)

]
(10)

where L = max{s, t}.
Denoting

xxx(l) =
[
x(L + l − 1), . . . , x(L + l − s), u(L + l − 1),
. . . , u(L + l − t)

]
(11)

y(l) = x(L + l) (12)

then, we obtain N data pairs {(xxx(l); y(l))}N
l=1 for the design

of the LDS model.

B. Subtractive Clustering Based Initialization of Fuzzy Rules

The subtractive clustering method proposed by Chiu [28]
is an extension of the mountain clustering method proposed
by Yager et al. [29]. In recent years, the subtractive clustering
method is widely used to generate fuzzy rules from data.

In this study, we use the following steps [28] to generate
the initial fuzzy rules for the LDS.

Step 1: Set the value for the clustering parameter ra which
specifies the influence ranges in different data dimensions.

Step 2: Compute the potential values of all the data points
as

Pl =
N∑

m=1

e−α‖xxx(l)−xxx(m)‖2 (13)

where α = 4/r2
a, and l = 1, . . . , N . Generally, the smaller the

value of ra is, the larger clusters will be generated.
Step 3: Select the data point with the greatest potential value

to be the first cluster center.
Step 4: Remove all the data points in the vicinity of the

chosen cluster center (as determined by the parameter ra).
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Step 5: After the ith cluster center has been determined,
compute the new potential value of the remaining data points
by the following up-date formula as

Pl ⇐ Pl − P ∗i e−β‖xxx(l)−xxx∗i ‖2 (14)

where xxx∗i is the location of the ith cluster center and P ∗i is
its potential value. And, β = 4/r2

b , in which rb is set to be
1.25ra.

Step 6: Determine the next data cluster center. Go to Step 4
until all the data points are arranged into one corresponding
cluster.

Step 7: Suppose that M clusters have been obtained as

xxx∗i = [x∗1,i, x
∗
2,i, . . . , x

∗
p,i, y

∗
i ]T (15)

where i = 1, 2, . . . , M . Then, for each obtained cluster xxx∗i ,
generate one fuzzy rule in the form as shown in (1). The
generated ith initial fuzzy rule has Gaussian fuzzy sets in its
antecedent part and crisp weights in its consequent part, and

µÃx,j
i

(xj) = e−α(xj−x∗j,i)
2
, j = 1, . . . , s (16)

µÃu,j
i

(uj) = e−α(uj−x∗j+s−1,i)
2
, j = 1, . . . , t (17)

ac
i = y∗i (18)

where xjs are respectively x(k), . . . , x(k− j + 1), . . . , x(k −
s + 1), and ujs are respectively u(k), . . . , u(k − j + 1), . . . ,
u(k − t + 1).

Note that, in the proposed LDS, the consequent parts of
the fuzzy rules are triangular fuzzy sets. So, the obtained
consequent parts by the subtractive clustering method can only
be seen as the centers of the consequent triangular fuzzy sets.
And, the left and right end-points of the consequent triangular
fuzzy sets still need to be determined. On the other hand, the
fuzzy rules obtained by the subtractive clustering method are
not accurate enough, as a result, their parameters especially the
consequent weights (the centers of the triangular fuzzy sets in
the initial LDS) need to be further optimized to improve the
modeling accuracy.

Below, we will first use the least square estimate method to
determine the centers of consequent triangular fuzzy sets, and
then, present one multi-objective optimization model to learn
their left and right end-points.

C. Least Square Estimate of the Centers of Consequent Fuzzy
Sets

Although the LDS gives fuzzy outputs, the centers of
the output triangular fuzzy sets should follow the features
of the system to be identified. That is, the centers of its
output triangular fuzzy sets should follow the output part of
the observed data points. Mathematically, we expect that the
following squared error index to be as small as possible

E =
N∑

l=1

(oc(xxx(l))− y(l))2 (19)

in which

oc(xxx(l)) =
M∑

i=1

wi(xxx(l))ac
i . (20)

As shown in (19) and (20), to model the characteristics
of the system to be identified, centers ac

1, a
c
2, . . . , a

c
M of the

consequent triangular fuzzy sets in the fuzzy rules should be
optimized to minimize the squared error index. In other words,
we need to solve the following optimization problem

min
ac
1,...,ac

M

E(ac
1, . . . , a

c
M ) =

N∑

l=1

(
M∑

i=1

wi(xxx(l))ac
i − y(l)

)2

.

(21)

This optimization model can then be rewritten in the matrix
form as

min
aaa

(HHHaaa− yyy)T (HHHaaa− yyy) (22)

where

aaa = [ac
1, a

c
2, · · · , ac

M ]T (23)

yyy = [y(1), y(2), · · · , y(N)]T (24)

HHH =




w1(xxx(1)) · · · wM (xxx(1))

· · · . . . · · ·
w1(xxx(N)) · · · wM (xxx(N))




N×M

. (25)

Through obtaining the smallest norm least-squares solution
of the equation (22), we can achieve the optimized centers of
the consequent triangular fuzzy sets in the fuzzy rules as

aaa = HHH+yyy (26)

where HHH+ represents the Moore-Penrose generalized inverse
[30] of the matrix HHH .

D. Multi-objective Optimization of the Left and Right End-
points of Consequent Fuzzy Sets

After determining the centers of the consequent triangular
fuzzy sets, their left and right end-points are then needed
to be learned. In the proposed LDS, it is expected that
the output triangular fuzzy sets can not only reproduce the
pattern of observed data, but also cover the high levels of
uncertainties. From (9), the left and right end-points of the
output triangular fuzzy sets respectively depend on the left
and right end-points of the consequent triangular fuzzy sets
in fuzzy rules. Therefore, in order to cover the uncertain or
noisy observed data through the lower and upper bounds of
the output triangular fuzzy sets, we need to determine the left
and right end-points of the consequent triangular fuzzy sets.

In this study, we assume that the utilized triangular fuzzy
sets are symmetric, i.e., ac

i − a−i = a+
i − ac

i = ∆i, i = 1, 2,
. . . , M . Hence, we just need to optimize their widths ∆1,∆2,
. . . , ∆M .

The best values of these widths should satisfy the following
two objectives:

1) The linguistic outputs can cover the uncertain or noisy
data to the maximum degree. This requires ∆1, . . . ,∆M to be
as large as possible.

2) The bounds of the output triangular fuzzy sets should be
narrow enough. This requires ∆1, . . . ,∆M to be as small as
possible.
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To reflect the first objective, we define the average mem-
bership grade (AMG) as one index

AMG(∆1, . . . ,∆M ) =

N∑
l=1

µO(xxx(l))(y(l))

N
(27)

where N is the number of the training data, µO(xxx(l))(y(l)) is
computed as

µO(xxx(l))(y(l))

=





y(l)−
M∑

i=1
wi(xxx(l))(ac

i−∆i)

M∑
i=1

wi(xxx(l))∆i

,

M∑
i=1

wi(xxx(l))(ac
i −∆i) ≤ y(l) ≤

M∑
i=1

wi(xxx(l))ac
i

M∑
i=1

wi(xxx(l))(ac
i+∆i)−y(l)

M∑
i=1

wi(xxx(l))∆i

,

M∑
i=1

wi(xxx(l))ac
i ≤ y(l) ≤

M∑
i=1

wi(xxx(l))(ac
i + ∆i)

0, else
(28)

and it can reflect the membership grade of the observed value
y(l) to the output triangular fuzzy set O(xxx(l)).

To reflect the second objective, we define the normalized
average prediction interval width (NAPIW) as the second
index and compute it as follows:

NAPIW (∆1, . . . ,∆M ) =

M∑
i=1

∆i

M(Mean + 3Sdv)
(29)

where

Mean =

N∑
l=1

err(l)

N
(30)

Sdv =

√√√√√
N∑

l=1

(
err(l)−Mean

)2

N
(31)

err(l) =
∣∣∣y(l)−

M∑

i=1

wi(xxx(l))ac
i

∣∣∣ (32)

in which err(l) is the absolute crisp prediction error between
the real data and the center of the output triangular fuzzy set
for the input xxx(l), and, Mean and Sdv can respectively reflect
the mean and standard deviation of the absolute prediction
errors.

In this study, in order to avoid the divergence of the widths
of the output triangular fuzzy sets, we will limit them to be
in the following range:

∆1, . . . ,∆M ∈ Ω

=
[
max{0,Mean− 3Sdv} Mean + 3Sdv

]
. (33)

The reason for this setting is that 99.73% of the absolute
prediction errors lie within [Mean − 3Sdv, Mean + 3Sdv]
based on the 3-sigma rule in statistics.

In order to meet the two objectives, under the afore-
mentioned constraint, the best ∆1, . . . ,∆M should maximize
AMG(∆1, . . . ,∆M ) while minimizing NAPIW (∆1, . . . ,
∆M ), i.e., the following constrained optimization problem
needs to be solved




max
∆1,...,∆M

AMG(∆1, . . . ,∆M )

min
∆1,...,∆M

NAPIW (∆1, . . . ,∆M )

s.t. ∆1, . . . ,∆M ∈ Ω.

(34)

It can be easily checked that, with the increase of ∆1,
. . . , ∆M , µO(xxx(l))(y(l)) in (28) will become greater. As a
result, the objective function AMG(∆1, . . . ,∆M ) is mono-
tonically increasing with respect to (w.r.t.) ∆1, . . . ,∆M .
And, from (29), it is obvious that the objective function
NAPIW (∆1, . . . ,∆M ) is also is monotonically increasing
w.r.t. ∆1, . . . ,∆M . Therefore, this constrained optimization
model has two contradictory objectives. Multi-objective op-
timization methods are needed to solve this optimization
problem. In this study, we utilize a controlled elitist genetic
algorithm (GA) that is a variant of the non-dominating sorting
genetic algorithm (NSGA-II) [31], [32] to obtain the Pareto
fronts for this multi-objective optimization problem. Then,
proper values can be selected from the obtained Pareto fronts
to be as the widths of the consequent triangular fuzzy sets in
the fuzzy rules.

IV. EXPERIMENTS

In this section, we use three applications to show the
effectiveness of the proposed LDS model. The first application
is to predict the building energy consumption. The second one
is to dynamically forecast the traffic flow. And, the third is to
realize the wind speed time series prediction.

A. Experimental Setting

In the training process, we use the two indices AMG and
NAPIW as the objectives for optimization. And, in the testing
process, the following other two indices are given to evaluate
the testing performances.

One index considers the proportion of the actual data
lies within the lower and upper bounds of the triangular
fuzzy outputs. According to this consideration, we define the
coverage rate (CR) of the fuzzy outputs for testing data as

CR(∆1, . . . ,∆M ) =
1

N ′

N ′∑

l=1

rl (35)

where N ′ is the number of the testing data, and

rl =

{
1, y(l) ∈ [o−(xxx(l)), o+(xxx(l))]
0, else

(36)

in which o−(xxx(l)) and o+(xxx(l)) are respectively the lower and
upper bounds of the output triangular fuzzy sets for the input
xxx(l).
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Another one considers the ability that how the centers of
the output triangular fuzzy sets approximate the actual values.
In order to evaluate this ability, the root mean squared error
(RMSE) between the centers of the output triangular fuzzy sets
and the actual values is computed by the following equation

RMSE =

√√√√√
N ′∑
l=1

(
oc(xxx(l))− y(l)

)2

N ′ . (37)

We can also calculate the RMSE for the training data to
evaluate the approximation performance of the proposed LDS.

B. Application to Building Energy Consumption Prediction

Building energy consumption prediction is very helpful to
the planning, design and management of buildings, and the
fault diagnosis and energy-saving control of building equip-
ment. Recently, lots of studies have focused on the building
energy consumption prediction scaling from minutes, to hours,
days, and even years, e.g., the deep learning method [33],
[34], the support vector machine (SVM) method [35] and the
adaptive neuro-fuzzy methodologies [36]. All these methods
aim to provide the crisp prediction results for building energy
consumption. In this application, although accurate crisp esti-
mates for future values are needed, it is more preferable to give
the bounds and the fuzzy or soft descriptions for such crisp
estimates at the same time to capture the uncertainties caused
by the uncertain personnel distribution, working hours, indoor
and outdoor environments. Below, we will give the linguistic
results for the building energy consumption.

1) Applied Data Set: The considered building energy con-
sumption data were downloaded from the website: https://
trynthink.github.io/buildingsdatasets/. The data have been col-
lected in one retail building in Fremont, CA. The data set com-
prises building energy consumption time series and outdoor air
temperature time series. Both time series were collected for
the whole year 2010 from January 1, 2010 to December 30,
2010. The data sets of the two time series both include 8734
samples for hourly prediction, parts of which are shown in
Fig. 2. In this study, the data in the first 349 days are chosen
for training while the remaining in the last 15 days are selected
for testing.

2) Selection of Input Variables and Clustering Parameter:
In this application, we can regard the building energy con-
sumptions in the time series as system states while considering
the values in the outdoor air temperature time series as the
system inputs. One important thing is to decide the input
variables, i.e., input delay s of the energy consumption and the
delay t of the outdoor air temperature for the LDS. In addition,
we also need to determine the best clustering parameter ra in
our proposed approach.

The training and testing RMSEs and the number of fuzzy
rules of the proposed LDS according to different input delay
s, delay t and the clustering parameter ra are listed in Table I.
From this table, we can observe that case 6 (s = 3, t = 1) has
the best performance. In other words, we choose three energy
consumption values and one outdoor air temperature value

before time k to predict the value at time k. Additionally, the
smaller ra is, the better the performance is. However, smaller
ra will yield larger number of fuzzy rules that will increase the
design burden of the LDS. From Table I, in this application,
we choose ra to be 0.1.

Fig. 2. The building energy consumption data set. (a) Parts of the building
energy consumption; and (b) outdoor air temperature time series.

3) Experimental Results: In the training process, the overall
Pareto front w.r.t. AMG and NAPIW is shown in Fig. 3 (a),
while the testing coverage rates w.r.t. different trained corre-
sponding NAPIWs are computed and shown in Fig. 3 (b).

Fig. 3. The multi-objective optimization results in the first application. (a)
The overall Pareto fronts w.r.t. AMG and NAPIW in the training process and
(b) the testing coverage rates w.r.t. different trained NAPIWs.
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TABLE I
THE TRAINING AND TESTING RMSES AND THE NUMBER OF FUZZY RULES OF THE PROPOSED LDS IN THE FIRST APPLICATION

Training RMSEs Testing RMSEs Number of rules

ra 0.05 0.1 0.15 0.2 0.05 0.1 0.15 0.2 0.05 0.1 0.15 0.2

Case 1: s = 1, t = 0 118.11 118.15 118.46 118.49 104.59 104.50 105.54 105.59 17 7 4 4

Case 2: s = 2, t = 0 108.64 113.28 113.96 142.01 97.88 102.75 103.22 124.61 19 9 6 4

Case 3: s = 3, t = 0 108.70 112.62 132.84 164.99 95.63 101.63 116.66 146.27 24 11 6 5

Case 4: s = 1, t = 1 112.10 113.69 114.05 119.33 105.62 106.16 106.05 110.63 47 18 10 6

Case 5: s = 2, t = 1 100.66 106.68 110.54 138.56 100.52 103.89 108.89 131.26 52 18 10 8

Case 6: s = 3, t = 1 98.06 105.01 107.67 113.47 96.94 102.65 106.33 111.39 65 22 13 10

Case 7: s = 1, t = 2 111.12 113.24 113.96 119.37 106.49 107.36 108.04 110.17 53 22 13 7

Case 8: s = 2, t = 2 103.22 106.54 119.59 131.74 102.62 104.18 112.54 120.66 54 24 13 9

Case 9: s = 3, t = 2 103.22 106.55 119.59 131.75 102.62 104.18 112.55 120.67 54 24 13 9

Fig. 4. Linguistic prediction results for the building energy consumption in the last 15 days by the LDS. (a) fuzzy outputs; (b) lower and upper bounds of
the fuzzy outputs.

To show the detailed results, we need to select one proper
value for NAPIW and CR from the Pareto fronts. Here,
we respectively choose NAPIW and CR to be 0.4469 and
0.8611.

When NAPIW = 0.4469 and CR = 86.11%, the
linguistic prediction results of the proposed LDS for the
last 15 days are shown in Fig. 4. Fig. 4 (a) demonstrates the
fuzzy prediction results, the membership grades of which are
displayed through different colors, while Fig. 4 (b) displays
the lower and upper bounds of the fuzzy prediction results.
To show more details, the linguistic outputs of the last 24
hours’ building energy consumption as shown in Fig. 4 (a) are

redepicted in Fig. 5. From Fig. 4 (b), we can observe that the
uncertainties can be efficiently captured by the proposed LDS.

C. Application to Traffic Flow Prediction
In traffic flow prediction, data driven methods including the

data driven fuzzy methods are now being widely used [37]−
[39]. It is also needed to offer linguistic prediction results for
this application due to its nonlinear, dynamical, and stochastic
characteristics. This example utilizes the proposed LDS model
to realize the linguistic prediction.

1) Applied Data Set: In this application, the traffic flow
data were from the California PeMS (performance measure-
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Fig. 5. Linguistic predictions of the last 24 hours’ building energy consump-
tion.

ment system) open access traffic flow data sets. And, in our
simulation, the collected data are aggregated after 10 min
interval each.

In this study, we choose the traffic flow data collected on
weekdays of two months from October 1, 2009 to November
30, 2009 as our training and testing data. The traffic data
in October, 2009 are selected for training, while those in
November, 2009 are for testing.

2) Determination of Clustering Parameter: We use the four
states before the current one to predict the traffic flow in the
next state. Accordingly, the LDS model to be constructed has
four inputs and one output. Then, we determine the clustering
parameter ra to obtain the best performance.

The RMSEs and number of fuzzy rules with respect to
different clustering parameter ras are listed in Table II. Based
on the results in this table, we select ra to be 0.6 through
considering both the performance and the number of fuzzy
rules.

TABLE II
THE TRAINING AND TESTING RMSES AND THE NUMBER OF

FUZZY RULES OF THE PROPOSED LDS IN THE SECOND

APPLICATION

ra 0.3 0.4 0.5 0.6 0.7

Training RMSEs 81.22 81.87 79.29 60.13 174.92

Testing RMSEs 106.54 101.82 92.82 77.32 184.49

Number of fuzzy rules 6 4 4 4 2

3) Experimental Results: After the least square and the
multi-objective optimization, the obtained overall Pareto fronts
are given in Fig. 6 (a). And, the testing coverage rates w.r.t.
different NAPIWs are demonstrated in Fig. 6 (b).

In this example, we choose the values with CR = 0.9474
(94.74% coverage rate) and NAPIW = 0.9258 as the best
left and right end-points of the consequent triangular fuzzy
sets. Fig. 7 (a) demonstrates the linguistic prediction results
of the proposed LDS for the testing data, while Fig. 7 (b)
shows the lower and upper bounds of the corresponding fuzzy
prediction results. Again, in order to show more details, the
linguistic outputs of the last day as shown in Fig. 7 (a) are

redepicted in Fig. 8. The performance of the constructed LDS
model is also satisfactory. The lower and upper bounds of
the output triangular fuzzy sets can almost cover the whole
real-world testing data. Once again, larger NAPIW can be
expected to give better coverage rate.

Fig. 6. The multi-objective optimization results in the second application. (a)
The overall Pareto fronts w.r.t. AMG and NAPIW in the training process and
(b) the testing coverage rates w.r.t. different trained NAPIWs.

D. Application to Wind Speed Prediction

Wind speed forecasting plays a pivotal role in the renewable
energy generation. However, accurate forecasting of wind
speed is challenging due to its randomness and unstableness.
Some studies, e.g., [40], [41] have constructed fuzzy models
for wind speed forecasting. However, the existing fuzzy mod-
els only yield crisp results. This example applies the proposed
LDS to construct the linguistic prediction model for the wind
speed forecasting.

1) Applied Data Set: The data are selected from the web-
site: “http://climate.weather.gc.ca/” as those used in [40]. The
wind speed data include 9504 samples measured in Regina,
Saskatchewan, Canada hourly from July 1, 2014 to July 31,
2015. This time period has different seasonality and can
represent different characteristics in the wind speed time-
series.

In this example, the wind speeds from July 1, 2014 to June
30, 2015 are selected for training, while the rest from July 1,
2015 to July 31, 2015 are chosen for testing. Totally, 8760
samples are for training while the remaining 744 samples are
for testing.
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Fig. 7. Linguistic predictions of the traffic flow on weekdays in November, 2009. (a) fuzzy outputs; (b) lower and upper bounds of the fuzzy outputs.

Fig. 8. Linguistic predictions of the ten-minute traffic flow on the last day.

2) Determination of Clustering Parameter: Again, in this
example, we utilize the four states before the current one to
predict the wind speed in the next state. In this application, we
still need to determine the best clustering parameter ra. The
training and testing RMSEs and the number of fuzzy rules
of the proposed LDS according to different ras are listed in
Table III. From this table, we can once again observe that with
smaller ra, the performance will be better. Through compre-
hensive consideration of the performance and the number of
fuzzy rules, in this application, we choose ra to be 0.3.

3) Experimental Results: The obtained overall Pareto fronts
for this example are given in Fig. 9 (a), while the testing
coverage rates w.r.t. different trained NAPIWs are shown in

Fig. 9 (b).

Fig. 9. The multi-objective optimization results in the third application. (a)
The overall Pareto fronts w.r.t. AMG and NAPIW in the training process and
(b) the testing coverage rates w.r.t. different trained NAPIWs.
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Fig. 10. Wind speed prediction results of July, 2015. (a) fuzzy outputs; (b) lower and upper bounds of the fuzzy outputs.

TABLE III
THE TRAINING AND TESTING RMSES AND THE NUMBER OF

FUZZY RULES OF THE PROPOSED LDS IN THE THIRD

APPLICATION

ra 0.05 0.1 0.2 0.3 0.4 0.5

Training RMSEs 1.56 1.56 1.55 1.58 1.65 2.51

Testing RMSEs 1.13 1.11 1.19 1.25 1.33 2.13

Number of fuzzy rules 243 23 7 4 4 2

In this experiment, we choose the values with CR = 0.8522
(85.22% coverage rate) and NAPIW = 0.3839 as the best
widths of the consequent triangular fuzzy sets. The linguistic
prediction results of the proposed LDS for the testing data
are shown in Fig. 10 (a), in which the membership grades
are displayed through different colors again. And, Fig. 10 (b)
shows the lower and upper bounds of the fuzzy prediction
results for the testing data. The detailed linguistic outputs of
the last day as shown in Fig. 10 (a) are redepicted in Fig. 11.
Again, as we can observe, the lower and upper bounds of the
output triangular fuzzy sets can cover most of the real-world
testing data.

E. Summarization and Discussion

Based on the previous results and figures, we can make the
following conclusions:

1) Through our experiments, the linguistic (fuzzy) pre-
dictions can effectively capture the uncertainties and noise
in the observed data. The lower and upper bounds of the

linguistic (fuzzy) predictions have high coverage rate but
narrow prediction intervals in the three examples.

Fig. 11. Linguistic predictions of the hourly wind speed on the last day.

2) Through choosing the solutions from the Pareto front, the
users can reasonably tune the coverage rate and the widths of
the prediction intervals according to the actual needs.

3) In the learning process of the proposed hybrid method,
both the subtractive clustering and the least square estimate
are very fast. But, the multi-objective optimization of the
widths of the consequent fuzzy sets will take long time to
achieve satisfactory performance. The reason for this is that
the adopted genetic algorithm is time consuming to find the
whole Pareto set.

4) In the prediction and modeling applications, classical
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methods are usually adopted to perform point estimates while
the proposed method can provide linguistic (fuzzy) estimates.
Unfortunately, it is impossible to compare our results with the
classical ones due to their essential differences in the form of
the prediction results.

V. CONCLUSION

In the prediction and modeling of dynamic systems, clas-
sical methods are usually adopted to perform point estimates.
Sometimes, we prefer the linguistic or fuzzy estimates when
we need to effectively quantify the uncertainties and noises.
This study presented the linguistic (fuzzy) estimates through
the LDS models. We first presented the triangular LDS, and
then proposed a data-driven hybrid learning method to con-
struct the LDS model. The proposed method initially generates
the fuzzy rules by subtractive clustering method, and then
determines the centers and widths of the consequent triangular
fuzzy sets respectively by the least square method and the
multi-objective optimization method. Three applications have
shown the effectiveness of the LDS model and the data-driven
method. This proposed scheme can also be applied to some
similar prediction problems, where high levels of uncertainties
exist, for example the data-driven prediction of electricity load,
the data-driven forecasting of stock markets.

In this study, it is not an easy task to immediately determine
which are the best or proper solutions from the whole Pareto
set. Consequently, we need some strategies to realize the
choice of such solutions. On the other hand, with the increase
of the data volume, the computational burden of the proposed
method will become greater. Thus, we still need to explore
other types of learning methods to accelerate the learning
speed of the multi-objective optimization in this hybrid learn-
ing method.
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