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Abstract Metric learning has been widely studied in
machine learning due to its capability to improve the per-
formance of various algorithms. Meanwhile, multi-task
learning usually leads to better performance by exploiting
the shared information across all tasks. In this paper, we
propose a novel framework to make metric learning benefit
from jointly training all tasks. Based on the assumption that
discriminative information is retained in a common sub-
space for all tasks, our framework can be readily used to
extend many current metric learning methods. In particular,
we apply our framework on the widely used Large Margin
Component Analysis (LMCA) and yield a new model
called multi-task LMCA. It performs remarkably well
compared to many competitive methods. Besides, this
method is able to learn a low-rank metric directly, which
effects as feature reduction and enables noise compression
and low storage. A series of experiments demonstrate the
superiority of our method against three other comparison
algorithms on both synthetic and real data.
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1 Introduction

As an important topic in machine learning, metric learning
has been widely studied by many researchers [1-6]. A
metric is in general a measure that indicates the similarity
between any pair of data points. The purpose of metric
learning is then to learn a more proper measure from data
by incorporating certain side-information. On the other
hand, multi-task learning (MTL) has recently received
considerable attention [7—11] due to its ability to enhance
the performance of many supervised and unsupervised
machine learning problems. The basic idea of MTL is to
train multiple related problems jointly and benefit from the
propagation of discriminative information among tasks.

One example to illustrate MTL can be seen in speech
recognition [12]. Even when reading the same words, dif-
ferent persons pronounce differently depending on their
gender, accent, nationality or other characteristics. Each
individual speaker can then be viewed as an individual task
and they are closely related. The generalization perfor-
mance is better when they are jointly trained. This method
proves particularly effective especially when few samples
can be obtained for certain problems.

However, there are very few attempts to combine these
two methods and thus most of existing metric learning
methods are incapable of taking advantages of multi-task
learning. When the number of training samples is small,
traditional metric learning, that is, the single-task learning
usually fails to learn a good metric and hence cannot
deliver better classification or clustering performance.

One of such attempts called mtLMNN is presented in
[13], which is a multi-task extension for the Large Margin
Metric Learning (LMNN) model. Similar to the multi-task
SVM model [8], mtLMNN assumes that the distance
metric for each task is composed with a common
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component and a task-specific component. Then all tasks
are coupled with the common component, and this method
proves effective with experiments on two data sets. How-
ever, mtLMNN suffers from two shortcomings. (1) A low-
rank metric is unavailable with mtLMNN, which is critical
for denoising and resisting overfitting. If the low-rank
estimation of the metric with principal component analysis
(PCA) [14] is used instead, the performance is noticeably
decreased as observed in our experiments. (2) It is com-
putationally more complicated, especially in the case of
high dimension. Using ¢ and D to denote the task number
and the data dimensionality, respectively, there are
(t + 1)D? parameters to be optimized in mtLMNN.

In this paper, we propose a general framework to
combine multi-task learning and metric learning based on
the assumption that the discriminative information across
all the tasks is retained in a low-dimensional common
subspace. The basic idea is to learn a common subspace
for all tasks and an individual metric for each task
simultaneously, where each individual metric is restricted
in the common subspace. Then all tasks are coupled with
the help of common subspace and estimated more
accurately.

The framework can be readily used to extend many
current metric learning algorithms to multi-task learning.
As an illustration, in this paper, we apply it on a popular
metric learning method called Large Margin Component
Analysis (LMCA) [5] and yield a new model multi-task
LMCA (mtLMCA). In addition to learning an appropriate
metric, this model optimizes directly on the transformation
matrix and demonstrates surprisingly good performance
compared with many competitive methods. One appealing
feature of the proposed mtLMCA is that we can learn a
metric of low rank, which can suppress noise effectively
and hence be more resistant to over-fitting. Besides, since
we optimize the transformation matrix instead of Maha-
lanobis matrix, our framework also benefits from fewer
parameters due to the low-dimensional assumption. In
contrast to D(D + tD) parameters for mtLMNN, there are
merely d(D + td) parameters in our method. Here
d < D represents the dimensionality of the common sub-
space. Finally, later experimental results show that our
proposed method consistently outperforms mtLMNN in
many data sets.

The rest of this paper is organized as follows. In Sect. 2,
after some necessary definitions, we show how the com-
mon subspace helps to combine different tasks with an
intuitive example and then introduce our novel framework
in details. In Sect. 3, we present the method and result of
our experiment evaluated on four data sets. Finally, we set
out the conclusion in Sect. 4. A short version has earlier
appeared in [15], while it is significantly expanded in this

paper.
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2 Multi-task low-rank metric learning

In this section, we first present the notation and the prob-
lem definition. Then the assumption of common subspace
is illustrated with an example. After that we propose our
multi-task metric learning framework and its optimization
algorithm in detail.

2.1 Notation

For convenience, we firstly summarize all the notation and
symbols used in this papers. Assume that there are T related
tasks. X; denotes the training data set of the #-th task {x,4 €
R k=1,2,...,N,}, where D and N, are dimension and
the number of training samples, respectively. The function
fi : RP x R? — R denotes the distance metric of task-z. In
the context of low-rank metric learning, f; is assumed to be
defined based on a linear transformation L, : RP — R?
(with d < D for obtaining a low rank) as

= XTA.LTLtXtA,ij éﬁl] (l)

Jr, (X4, th) 15t

where X, ; = X; — X,;.

The sets of all the similar and dissimilar pairs in X, are
denoted as S; and D;, respectively, and a set of triplets
7. ={(i,},k)|(i,j) € S, (i,k) € D,} are used to define the
side-information [1]. For example, a simple kind of side-
information is f;(X,,X,;) < fi(Xi,Xx) V(i,j, k) € T,, which
enforces similar data pairs (x,;,X,)|(i,j) € S; to stay closer
than dissimilar pairs (X, Xx)|(i,k) € D, with the new dis-
tance metric f; [16].

2.2 Problem definition

The basic target of multi-task metric learning is to learn an
appropriate distance metric f; for each task-r utilizing all
the side-information from the joint training set
{XlaX% .. '7XT}'

The loss involved in task-¢ (defined as /,) is determined
by the distance function f; (or transformation L,) and the
pairs appearing in S; and D;:

L= e(L) = e({fii(L)}), with (i,j) € S,UD;,

where ¢, is any available loss function. Hence, the overall
loss involved in all the tasks can be written as

I{L}) = th = Z &(Ly). (2)

In order to utilize the correlation information among
tasks, we assume that the discriminative information
embedded in L; can be retained in a common subspace
Ly. We will introduce the concept of common subspace and
illustrate its utilization with an example in the following.
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Fig. 1 Benefit of jointly
training multiple tasks. a Two
tasks share a common
informative subspace; b task-1
in original space (accuracy =
79 %); c task-2 in original space
(accuracy = 74 %); d task-1 in
common informative subspace
(accuracy = 96 %); e task-2 in
common informative subspace
(accuracy = 95 %)
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2.3 Coupling multiple tasks with common subspace

In this section, we will show how to utilize the common
subspace to couple multiple tasks and improve the per-
formance. This also motivates our multi-task metric
learning framework. Note that when we have several
related tasks to be learned, although each task has an
individual classifier, the discriminative information across
them is often retained in a unique low-dimensional sub-
space. This phenomenon is illustrated with an example in
Fig. 1, and we will show how to make use of this property
to improve the performance of all tasks.

Assume that there are two classification tasks shown in
Fig. la where task-1 is to separate red and green points
while task-2 to separate blue and magenta points.

Figure 1b, ¢ shows the separating hyperplane learned with
training samples of the single task-1/2 using the nearest
class mean algorithm, where circle and cross-points rep-
resent training samples and test samples, respectively.
Because there are too few training samples for each class to
represent its distribution, the result is worse than expected
where the accuracy is 79 % for task-1 and 74 % for task-2.
In another aspect, it is noticeable from Fig. 1a that for both
tasks, z-axis indeed contains nothing but noise and all
discriminative information is contained in the informative
subspace xy-plane. Thus, if the samples are projected into
this informative subspace, the noise on z-axis is removed
and we can get a better separating hyperplane as shown in
Fig. 1d, e. With such separating hyperplanes, the test
accuracy for task-1/2 is improved to 96 and 95 %.
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However, such an informative subspace is unavailable
with only the training samples of any single task. Having
noticed that the informative subspace of two tasks are
identical, in spite of their different classification hyper-
planes, we can learn the informative subspace more accu-
rately using samples of both the two tasks. Then, each task
benefits from the low-dimensional informative subspace
with less noise and better generalization.

2.4 Multi-task framework for low-rank metric learning

In this subsection, we present the mathematical description
of our multi-task metric learning framework that applies
the common subspace assumption to the basic framework
(2). In order to formulate the problem mathematically, we
first propose Theorem 1.

Theorem 1 Use f;,(X;,X,) to denote the distance of
Xi, X;j € R” defined by transformation matrix L, as (1).
Then, for any L, € R¥>P ywhere d < D, there exists a d-
dimensional subspace S; spanned by orthonormal basis

{Pi1s -+ P} with a metric defined by R, € R so that
Jr, (Xiis Xg) = fr, (Rii, Xy),
where X; = Pth,i =[py --- pld]TX,,' € R? is the coordinate

of the projection of X,; in S, with respect to basis P,.

Proof Consider the singular value decomposition (SVD)
of L;, we have

L =USV
(64 ... 0O ... 0 VtT1
= [uy u] :
| 0 O 0] |v),
K 07[v)
= [uy Uy | :
| 0 ... ou v;
2 USSP/

(3)

where S, and P, are the submatrices composed with the left
d columns of S, and V,, respectively.

Denote P, = [V ... V| =[Py --- Pyg] and S; = span
{P;; --- Py} It is obvious that {p,} comprises an ortho-
normal basis of S, due to the orthogonality of V,. Thus,
X; = Pth,i gives the coordinate of the projection of x; in S;
with respect to basis P,.

Then denoting R, = U,S, and substituting (3) into (1),
we obtain

@ Springer

L =RPS (4)
and

le (Xn',th) = XTnPtS:;r UtT U,S‘,P,TXu-j

Ly

=%;R/ RiX,;
= fr, (Xiis Xyj) (5)
This completes the proof. O

Theorem 1 proves that for any metric defined in R? by
transformation matrix L, € R?*?| there exists a d-dimen-
sional subspace S; with a metric defined by R, € R¥*? so
that the distance of any pair of points in R” remains con-
stant if they are projected to S;. Thus, a metric defined by L,
has an equivalent formulation with explicitly decomposed
to a low-dimensional metric part R, and a subspace part S;,
or equivalently, P,. Then our multi-task framework based
on common subspace assumption can be simply described
as to learn an individual metric R, for each task in an
common subspace P, = P, Vt. Using (4), it is expressed as
L, =R,PT V.

There is still a problem that the columns of P are
assumed to be orthonormal. However, we show that the
orthonormal assumption can be approximately discarded.
Assume that the SVD of P is

P =UpSpVy = UpSpVy (6)
where Up € RP*? is the first d columns of Up and §p €
R¥4 is the first d rows of Sp. Substitute (6) into (4), we
obtain L, = R,VPS'; U;.

Then simply denote R, = R,Vp.Si and P = Up. We can

reformulate L, = Ié,f’T where the columns of P are ortho-
normal. Thus, we can formulate our multi-task metric
learning constraint as L, = R, where L, is a
d x D matrix without additional constraints.

With the discussion above, we then would like to min-
imize the overall loss [ defined in Eq. (2). The final opti-
mization problem of multi-task low-rank metric learning
can be written as follows:

min I(Lo. {R}) = 3 e(Rila)
=Y alifisRLa)}). () € 8D
(7)

where f; ;;(R.Ly) = x,Ting R R:LoX, ;.
2.5 Relation with multi-task feature learning

It is notable that our method is different from simply
learning a metric in the low-dimensional space learned
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Fig. 2 Difference between metric learning with multi-task feature learning and our method. a Multi-task feature learning 4 metric learning;

b multi-task metric learning in common subspace

with multi-task feature learning method (denote as
MTFL+ML). The difference between them is shown in
Fig. 2. For MTFL+ML, only the common informative
subspace is used to learn a better metric for each task,
while the individual metrics have no effect on the infor-
mative subspace. In contrast, since we focus on the prob-
lem of defining a metric in sample space that naturally
determines the feature space, it is possible to entangle the
concept of common subspace into metric learning process
and obtain our framework.

In our framework, as shown in Fig. 2b, a low-
dimensional informative subspace is learned by jointly
training all tasks and used to help each task to learn a
better metric. Then the learned metrics furthermore help
to find the informative subspace more accurately. The
estimation of common subspace and individual metrics
are mutually interacted, and this implicitly strengthens
the information propagation between the individual
metrics.

2.6 Optimization

In the following, we try to adopt the gradient descent
method to solve the optimization problem (7). The gradient
of ¢, with respect to L, is

66; 66[ aﬁ ij aﬁt .
= g . » — —t 2L X
0L (aft,ij oL, Z i XXy jj

ij ij

O¢
ij

the gradient can then be

: i _ ApT T
Since A= 2R, R,Loxt_,,-jxl’ij,

calculated using (8) as

ol O¢; T Oc; T
i = Zm = Z: <2R, R.Ly Z: (% : XtJJ’"t.,ij))

= (2R/RLoA,)
t
ol de O¢; § AT
= QRLALY, ®)

where

O¢; T
A[ = ; (Ftl] . X[’jjxt,[j> . (10)

With (8-10), we can easily use the gradient descend
method to optimize the L, and R, and hence obtain the final
low-rank metric for each task.

2.7 Special case

In this section, we show how to apply our multi-task low-
rank metric learning framework to a specific metric
learning method. We take the LMCA [5] as a typical
example and develop a multi-task LMCA model.'

In LMCA, for each sample, some nearest neighbors with
the same label are defined as target neighbors, which are
assumed to have established a perimeter such that differ-
ently labeled samples should not invade. Those differently
labeled samples invading this perimeter are referred to as
impostors and the goal of learning is to minimize the
number of impostors. The difference between LMCA and
LMNN is that LMCA optimizes the transformation matrix
L, while LMNN optimizes the Mahalanobis matrix
M, = L,TLI. Given n input examples X, . .
their corresponding class labels y;, ..., v, the loss func-
tion with respect to transformation matrix L, is

&(L)=(1-n) Z HLI(Xfi_XU')HZ

(ij)€S;

a3 (i)~ et s 1),
(iS,k)ET,
()

- D
., Xy in R and

where h(s) = max(s,0) is the hinge function.

Minimizing ¢, (L,) can be implemented using the gradient-
based method. Define 7, as the set of triples which trigger the
hinge loss:

(i,j,k) € ,j't iff HLt(Xti - th)H2_||Lt(Xti - th)||2+l > 0.

The gradient can then be calculated with

! Note that it is straightforward to extend our framework to other
metric learning models that optimize the objective function with the
transformation matrix.
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Fig. 3 Illustration of the proposed multi-task low-rank metric learning method. The figure is best viewed in color

O¢,(L
) ot Y i) )
4 (i)ES:
+2uL, Z [(Xn' — %) (% — Xy) '
(ijk)eT,
—(Xt,- — th)(xti - th)T:| (12)

Substituting the transformation matrix of task-z with
L; = R,Ly and the optimization item ¢, in (7) with (11), we
can obtain the objective function of multi-task LMCA as

(Lo, {R}) = > e(RiLo)
-y ) S IRLo(xi — x)|°
t (i/)€S:

i 3 (Rt

(iy.k)eT,
- ||RtLO(Xn' - th) ||2+1)

The calculation of A; is
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A= (1= 1) D7 (o= xy) (% = x;)"

(i))€S

+u Z [(Xn‘ - x;)(Xi — x5) "

(ig.k)eT,
_(Xti - th)(xti - th)T} .

With A,, the gradient can be calculated with Eq. (9).

3 Experiments

In this section, we first illustrate our proposed multi-task
method on a synthetic data set. We then conduct extensive
evaluations on four real data sets in comparison with three
competitive methods.

3.1 Illustration on synthetic data

In this section, we take the example of concentric circles in
[2] to illustrate the effect of our multi-task framework.
Assume there are T classification tasks where the samples
are distributed in the three-dimensional space and there are
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¢, classes in the t-th task. For all the tasks, there exists a
common two-dimensional subspace (plane) in which the
samples of each class are distributed in an elliptical ring
centered at zero. The third-dimension orthogonal to this
plane contains merely Gaussian noise. The samples of
randomly generated 4 tasks were shown in the first column
of Fig. 3. In this example, there are 2, 3, 3, 2 classes in the
4 tasks, respectively, and each color corresponds to one
class. The circle points and the dot points are, respectively,
training samples and test samples with the same distribu-
tion. Moreover, as the Gaussian noise will largely degrade
the distance calculation in the original space, we should try
to search a low-rank metric defined in a low-dimensional
subspace.
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We apply our proposed mtLMCA on the synthetic data
and try to find an appropriate metric by unitizing the corre-
lation information across all the tasks. We project all the
points to the subspace which is defined by the learned metric.
We visualize the results in Fig. 3. For comparison, we also
show the results obtained by the traditional PCA, the indi-
vidual LMCA (applied individually on each task). Clearly,
we can see that for task 1 and task 4, PCA (column 3) found
improper metrics due to the large Gaussian noise. For indi-
vidual LMCA (column 4), the samples are mixed in task 2
because the training samples are not enough. This leads to an
improper metric in task 2. In comparison, our proposed
mtLMCA (column 5) perfectly found the best metric for each
task by exploiting the shared information across all the tasks.
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Fig. 5 Experiment results on handwritten letter data set. a on test
samples: 5 % training samples used; b on training samples: 5 %
training samples used; ¢ on test samples: 10 % training samples used;

3.2 Experiment on real data

We evaluate our proposed mtLMCA method on four multi-
task data sets. Following many previous metric learning
methods, we use the category information to generate rel-
ative similarity pairs. For each sample, the nearest 2
neighbors in terms of Euclidean distance are chosen as
target neighbors, while the samples sharing different labels
and staying closer than any target neighbor are chosen as
imposers.

For each data set, we compare our proposed model with
PCA, single-task LMCA (stLMCA), and mtLMNN [13]. If
all tasks share a common label space, we furthermore
compare with uniform-task LMCA (utLMCA), which
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d on training samples: 10 % training samples used; e on test samples:
15 % training samples used; f on training samples: 15 % training
samples used

means to gather the samples in all tasks together and learns
a uniform metric for all tasks.

In the experiment, we apply these algorithms to learn a
metric of different ranks with the training samples and then
compare the classification error rates on both the test
samples and training samples using the nearest neighbor
classifier. Since mtLMNN is unable to learn a low-rank
metric directly, we implement an eigenvalue decomposi-
tion on the learned Mahalanobis matrix and use the
eigenvectors corresponding to the d largest eigenvalues to
generate a low-rank transformation matrix. The parame-
ter p in the objective function is set to 0.5 empirically in
our experiment. The optimization is initialized with
Ly=1;,.pand R,=1;,t=1,...,T, where I, , p is a
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Fig. 6 Experiment results on USPS digit data set. a on test samples:
5 % training samples used; b on training samples: 5 % training
samples used; ¢ on test samples: 10 % training samples used; d on

matrix with all the diagonal elements set to 1 and other
elements to 0. The optimization process is terminated if the
relative difference of the objective function is less than
1, which is set to 107> in our experiment. We run each
experiments five times and plot the average error, the
maximum error, and the minimum error for each data set.

3.2.1 Wine quality classification
The wine data set” is about wine quality including 1,599
red wine samples and 4,898 white wine samples. The labels

are given by experts with grades between 0 and 10. Tasks

2 http://archive.ics.uci.edu/ml/datasets/Wine+Quality.

0.08
0.07
0.06
0.05
0.04
0.03
0.02

0.01

0.07

0.06

0.05

0.04

0.03

0.02

0.01

0.06

0.05

0.04

0.03

0.02

0.01

—o— PCA
StLMCA
—6— mtLMCA
—7— mtLMNN
6—e—O—6—9O
0 50 100 150 200 250
Dimension
—e— PCA
stLMCA
—— mtLMCA
—— mMLMNN
6—me—6—6—=-©
0 50 100 150 200 250
Dimension
—e— PCA
StLMCA
—6— mtLMCA
—7— mtLMNN
o—e—6—O—=9
0 50 100 150 200 250
Dimension

training samples: 10 % training samples used; e on test samples:
15 % training samples used; f on training samples: 15 % training
samples used

to predict the grade of these two kinds of wine are assumed
to be related. For each task, we randomly select 5, 10 and
15 % samples and learn a metric with them. Then the
remaining samples are used to test, and the error rates on
both test samples and training samples with different
dimensions of common subspace are shown in Fig. 4.

3.2.2 Handwritten letter classification
This data set® contains handwritten words. It consists of 8
binary classification problems: c/e, g/y, m/n, a/g, i/j, alo,

f/t, h/n. The features are the bitmap of the images of written

3 http://multitask.cs.berkeley.edu/.
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letters. Each classification problem is regarded as one task
and 5, 10, 15 % of randomly selected samples are used to
train a metric while the remaining for test. The results on
both test samples and training samples are shown in Fig. 5.

3.2.3 USPS digit classification

The USPS digit data set* consists of 7,291 16 x 16 gray-
scale images of digits 0-9 automatically scanned from
envelopes by the US Postal Service. The features are then
the 256 grayscale values. For each digit, we can get a two-
class classification task in which the samples of this digit
represent the positive patterns and the others negative
patterns. Therefore, there are 10 tasks in total and 5, 10,
15 % of randomly selected samples are used to train a

4 http://www-i6.informatik.rwth-aachen.de/ ~ keysers/usps.html.
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metric while the remaining for test. The results on both test
samples and training samples are shown in Fig. 6.

3.2.4 Insurance company benchmark data set

The insurance company benchmark (CoIL) data set® con-
tains information on customers of an insurance company.
The data consist of 86 variables including product usage
data and socio-demographic data derived from zip area
codes. There are totally 5,822 training samples and 4000
test samples. We select out the 37, 38, 39, 40, 41th vari-
ables as categorical features and predict their values with
remaining features. Because all the selected variables are
about the information of income, these tasks are more
liable to be correlated with each other. We use randomly

s http://kdd.ics.uci.edu/databases/tic/tic.html.
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selected 5,10,159, of the training samples to learn a
metric, and the test samples are given by the data set. The
results on both test samples and training samples are shown
in Fig. 7.

With these experiment results on test samples, we see
that on most dimensionalities, our proposed mtLMCA
model performs the best across all the data sets whatever
the percentage of training samples are used. This clearly
demonstrates the superiority of our proposed multi-task
framework. While on training samples, the performance of
our method is similar to the performance of single-task
method. This agrees with the motivation of multi-task
learning that is to improve the generalization performance.
Besides, our method is especially suitable to learn a low-
rank metric.

4 Conclusion

In this paper, we proposed a new framework capable of
extending metric learning to the multi-task scenario. Based
on the assumption that the discriminative information
across all the tasks can be retained in a low-dimensional
common subspace, our proposed framework can be easily
solved via the standard gradient descend method. In par-
ticular, we applied our framework on a popular metric
learning method called LMCA and developed a new model
called multi-task LMCA (mtLMCA). In addition to learn-
ing an appropriate metric, this model optimized directly on
a low-rank transformation matrix and demonstrated very
good performance compared to many competitive methods.
We conducted extensive experiments on one synthetic and
four real multi-task data sets. Experiments results showed
that our proposed mtLMCA model can consistently out-
perform the other three comparison algorithms.
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