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Abstract—Clustering aggregation, known as clustering ensembles, has emerged as a powerful technique for combining different
clustering results to obtain a single better clustering. Existing
clustering aggregation algorithms are applied directly to data
points, in what is referred to as the point-based approach. The
algorithms are inefficient if the number of data points is large.
We define an efficient approach for clustering aggregation based
on data fragments. In this fragment-based approach, a data
fragment is any subset of the data that is not split by any of
the clustering results. To establish the theoretical bases of the
proposed approach, we prove that clustering aggregation can be
performed directly on data fragments under two widely used goodness measures for clustering aggregation taken from the literature.
Three new clustering aggregation algorithms are described. The
experimental results obtained using several public data sets show
that the new algorithms have lower computational complexity
than three well-known existing point-based clustering aggregation
algorithms (Agglomerative, Furthest, and LocalSearch); nevertheless, the new algorithms do not sacrifice the accuracy.
Index Terms—Clustering aggregation, comparison measure,
computational complexity, data fragment, fragment-based approach, mutual information, point-based approach.

I. I NTRODUCTION
ET X = {x1 , . . . , xi , . . . , xN } be a set of data points or
vectors. The aim of data clustering is to partition X into
disjoint subsets called clusters. There is a large number of data
clustering algorithms proposed in the literature. A fixed set X
may be partitioned or split in many different ways, depending
on the choice of clustering algorithm. It is difficult to say which
partition is the best without any further information. Fortunately, clustering aggregation offers the possibility of obtaining
a better clustering by combining a number of given clusterings
of X. Previous studies have shown that clustering aggregation
can produce enhanced results [30].
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In its most general form, a clustering algorithm is precisely
an algorithm that partitions X. Therefore, clustering aggregation is not only used in aggregating different clustering results
but also can be applied in many different disciplines such
as machine learning [31], [35], pattern recognition [23], bioinformatics [32], and information retrieval [33]. Some typical
application settings include: categorical data clustering, heterogeneous data clustering, feature selection, outlier detection, distributed clustering, knowledge reuse, and image segmentation
[9], [11], [23], [29].
A. Related Work
Given a fixed data set X, clustering aggregation involves two
critical steps: 1) the creation of several different clusterings
of X, and 2) aggregating these clusterings to obtain a new
clustering. The new clustering is referred to as a “consensus
clustering” in this paper. To obtain the different clusterings,
approaches similar to those used in classifier combination can
be applied. These approaches include tuning the parameters of
a clustering algorithm and feature bagging. The most widely
used approach for aggregating different clusterings into a single
better one is to define a measure of the “goodness” of a
candidate clustering, and then search for the optimal (or nearoptimal) clustering via heuristic or mathematical optimization
algorithms. The two widely used goodness measures are comparison measure [9] and mutual information measure [16]. The
comparison measure calculates the disagreement between two
clusterings. The optimal clustering has the minimum average
disagreement from the input clusterings; on the contrary, the
mutual information measure calculates the agreement between
two clusterings. Naturally, under this goodness measure, an
optimal solution has maximum average mutual information
with the input clusterings.
The goodness measures used for clustering aggregation are
usually discrete and difficult to optimize directly. Hence, existing methods usually take heuristic or approximate optimization
strategies, which can be divided into four categories: voting
based, graph based, search based, and mixture model based.
• Voting-based methods. Each input clustering in effect
votes whether two given data points should be in the
same cluster. Nguyen et al. [13] propose an expectation
maximization-like iterative voting method. In each iteration, new cluster centers are selected based on the votes.
The cluster label of each data point is updated according
to the new cluster centers. The computational complexity is not analyzed in [13]. Since the algorithm requires
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calculating the pair-wise distances between points, the
computational complexity is no smaller than O(N 2 ). Fred
and Jain [7] propose an “evidence accumulation” clustering (EAC) ensemble method. In EAC, the voting information is mapped into a co-association matrix in which
entries are viewed as votes on pair-wise co-occurrences in
the same clusters. Linkage-based clustering algorithms are
applied to the co-association matrix to find consensus clustering. As the algorithm requires generating the k-nearest
neighbors for each point, the computational complexity is
higher than O(N 2 ).
• Graph-based methods. Strehl and Ghosh [16] present the
three graph-based clustering aggregation algorithms: the
cluster-based similarity partitioning algorithm, the hypergraph partitioning algorithm, and the metaclustering algorithm. Each algorithm constructs a graph from the initial
set of clustering results, and then applies graph-clustering
techniques to obtain a consensus clustering. As these three
methods require the construction of an edge between each
pair of points, all their complexities are at least O(N 2 ).
Fern et al. [5], [6] establish a bipartite graph on the
input clustering solutions and then utilize graph partition
methods to obtain an optimal consensus clustering. The
bipartite graph models both points and clusters as vertices,
and considers both the similarities between points and the
similarities between clusters.
• Search-based methods. Some of the representative methods are Agglomerative, Furthest, and LocalSearch [9]. The
goal in each search step is to improve the current solution
according to a chosen goodness measure. For example,
the Agglomerative method initially randomly splits the
original data sets into several clusters and then exchanges
the data points among clusters based on a heuristic rule.
Other methods use evolutionary computing approaches
such as the genetic algorithm [4].
• Mixture model-based methods. A parameterized generative probabilistic model is fitted to the data points, and
the consensus clustering is deduced from the parameter
values. Topchy et al. [18] propose a probabilistic mixture
model for candidate consensus clustering based on the
mixture multivariable distribution in the space of cluster
labels. The parameter estimation is time consuming.
Some researchers focus on weighted clustering aggregation
[2], [11], [14], [22], to favor some input clusterings over the
others. Other researchers [1], [24] focus on a theoretical investigation of the conditions under which clustering aggregation
generates better consensus clustering.
Classifier combination (or classifier ensembles) [10], [26],
[27] is closely related to clustering aggregation. The main
difference between clustering aggregation and classifier combination is that there is no supervised information in the former,
while there is supervised information in the latter. The time
complexity of clustering aggregation is highly sensitive to the
data size. Many existing clustering aggregation algorithms have
a time complexity quadratic, cubic, or even exponential in
the number of data points N [44]. For example, the proposed
algorithm in [44] has a complexity of O(N 2 + N 3 ). When N
is large, these algorithms are unsuitable for practical use.

B. Notion of Fragments
This paper is concerned with the time complexity of existing
clustering aggregation algorithms. A clustering of a set X of
data points is a partition of X, that is, a division of X into
disjoint subsets such that the union of the disjoint subsets is
X. Suppose that a set of partitions of X is given. A subset of
X is called a data fragment if it is not divided by any of the
given partitions of X, and meanwhile it is not contained in any
other subsets which are also not divided by any of the given
partitions of X. For simplicity, a data fragment may also be
referred to as a fragment. The original set X can be seen as a
set of data fragments instead of data points. In many clustering
aggregation problems, the number of data fragments is much
less than the number of data points. An interesting question
is: Can we perform clustering aggregation using the data fragments rather than the individual points of X, while maintaining
similar accuracies? If the answer is “Yes,” the computational
complexity of clustering aggregation based on data fragments is
very likely to be much lower than that of clustering aggregation
based on data points. We show that the answer is indeed yes for
two widely used goodness measures: comparison measure and
normalized mutual information (NMI) measure. A fragmentbased clustering aggregation approach is introduced. We generate three new clustering aggregation algorithms as examples to
show how to embed three existing clustering aggregation algorithms into the fragment-based approach. Experimental results
demonstrate that the resulting fragment-based clustering aggregation algorithms are more efficient than the original pointbased algorithms and also achieve similar or better results.
The remainder of this paper is organized as follows.
Section II describes the data fragments. Section III contains
our main theory and the corresponding proofs on the feasibility of data fragment-based clustering aggregation. Section IV
introduces the fragment-based clustering aggregation approach
and provides three examples of converting three existing
point-based clustering aggregation algorithms into three new
fragment-based algorithms. Section V reports our experiments
on several public data sets. Conclusions are given in Section VI.
II. DATA F RAGMENT IN C LUSTERING AGGREGATION
A. Definition and Extraction
This subsection describes the notion of “data fragment”
and gives an illustrative example of data fragments. Then, the
computational complexity of fragment extraction is analyzed.
Some notations used in the paper are
defined in Table I.
Given a data set X and a set
of H partitions, each
partition divides X into a set of clusters (πij , 1 ≤ j ≤ P i). The

labels for each data point xj given by the input partitions
form a label sequence. The label sequence can be written as
“π1 (xj )π2 (xj ) . . . πH (xj ).” We take the data in Fig. 1 as an
illustrative example. Fig. 1(a)–(c) shows three input partitions
of a data set. Each partition divides the data set into three
disjoint subsets (clusters). Now, we take the data points in the
top and left corners as an example to show how to get the
label sequence. We assume that the three clusters by lines in
Fig. 1(a) are labeled as “1,” “2,” and “3” clockwise from top
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TABLE I
N OTATIONS U SED IN THE PAPER

Fig. 1. (a), (b), and (c) are three input partitions; (d) shows the union of all the three solutions. Each data subset, enclosed by red lines and red borders in (d), is
a data fragment. The number of fragments is 6.

Fig. 2.

Three synthetic data sets (Syn1, Syn2, and Syn3).

left; the three clusters by lines in Fig. 1(b) are labeled as “a,”
“b,” and “c” clockwise from top left; the three clusters by lines
in Fig. 1(c) are labeled as “u,” “v,” and “w” from left to right.
Then, the label sequence of data points in the top and left
corners is “1au.” These data form a data fragment shown in
Fig. 1(d) (the top left data subset). A data fragment is a data subset in which each point has the same label sequence. A fragment
is either completely contained in a given subset belonging to
one of the partitions or it is disjoint from the given subset. Let Z
be the number of different label sequences. The fragments can
be represented as F = {F1 , . . . , Fζ , . . . , FZ }, where Z denotes
the number of fragments. Fig. 1 has approximately 500 data
points. Fig. 1(d) shows the fragments enclosed by red lines and
red borders. There are six fragments, which is far fewer than the
number of data points. If clustering aggregation could be based
on the six fragments instead of the 500 or so points, then the
computational complexity would be greatly reduced.
The fragment extraction can be illustrated by the following
simple example. Assuming that there is a simple data set X =
{x1 , x2 , x3 , x4 , x5 , x6 , x7 , x8 } and there are three input partitions π1 = {{x1 , x2 , x3 }, {x4 , x5 }, {x6 , x7 , x8 }}, π2 = {{x1 ,
x2 }, {x3 , x4 , x5 }, {x6 , x7 , x8 }}, and π3 = {{x1 , x2 }, {x3 , x6 },
{x4 , x5 }, {x7 , x8 }}. The three clusters in π1 are labeled as “1,”
“2,” and “3.” The three clusters in π2 are labeled as “a,” “b,”
and “c.” The four clusters in π3 are labeled as “r,” “s,” “t,”
and “u.” When extracting the fragments, we first construct the
label sequences of all the eight points and their corresponding
label sequences are: “1ar,” “1ar,” “1bs,” “2bt,” “2bt,” “3cs,”
“3cu,” and “3cu.” As a result, x1 and x2 are put together as

TABLE II
D ESCRIPTION OF THE E XPERIMENTAL DATA

one fragment, x4 and x5 are put together as one fragment, x7
and x8 are put together as one fragment. x3 and x6 are taken as
two fragments, respectively. The obtained fragment set is F =
{{x1 , x2 }, {x3 }, {x4 , x5 }, {x6 }, {x7 , x8 }}. The computational
complexity of the set F is estimated. We obtain each point’s
label sequence by accessing each point once. Therefore, the
time taken to label the points is O(N H)(N = |X|, H = |Π|).
The next step is to put together all the points with the same
label sequences as one fragment. The time taken for this step
is O(N log Z)(Z = |F|). Thus, the total time complexity is
O(N H) + O(N log Z).
B. Empirical View of the Number of Data Fragments Z
This subsection aims to provide an empirical observation of
the number of fragments Z. The values of Z are observed on
three synthetic data sets (called Syn1, Syn2, and Syn3) and
two real data sets (called Yeast and Wave). The three synthetic
data sets are shown in Fig. 2. The two real data sets are
downloaded from UCI Repository [43]. The five data sets are
briefly introduced in Table II.
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Fig. 3. Variations of the number of fragments (Z) with increasing input clusterings while on each data set the input clusterings have equal cluster counts.
(a) Syn1; (b) Syn2; (c) Syn3; (d) yeast; (e) wave.

Fig. 4. Variations of the number of fragments (Z) with different similarities among input clusterings. (a) Syn1; (b) Syn2; (c) Syn3; (d) yeast; (e) wave.

Fig. 3 shows the variations of Z over the increasing of input
clusterings on the five data sets. In Fig. 3, each input clustering is obtained by K-means with different initializations yet
identical initial numbers of clusters (They equal the numbers
of classes of the corresponding data sets). In each subfigure
of Fig. 3 [e.g., Fig. 3(a)], the numbers of input clusterings are
increased from left to right. Based on the experimental results
in Fig. 3, two observations are obtained.
1) Z partially depends on the number of input clusterings.
As shown in Fig. 3, the more the input clusterings, the
larger the values of Z.
2) Z partially depends on the distribution of original data.
For the three synthetic data sets Syn1, Syn2, and Syn3,
the densities of the five clusters are increased, while the
values of Z are also increased. Here, we further provide
a quantitative analysis between the distribution and Z.
In statistics, the dispersion degree is a normalized measure of the dispersion of a probability distribution [46],
which can be estimated using the ratio of the standard
deviation to the mean of the data [47]. The dispersion
degrees of the five data sets are 3.00 (Syn1), 2.37 (Syn2),
2.27 (Syn3), 0.5088 (Yeast), 2.64 (Wave), respectively.
The correlation coefficient between the dispersion degree
and Z is −0.9724, indicating that there is a relatively
strong correlation between them.
Another factor that affects the values of Z is the similarity
among input clusterings. To calculate the similarity among
input clusterings, the comparison measures [9] are used.1 For
each pair of clusterings, their disagreement is calculated and
normalized. The normalized disagreement is denoted as d.
Then, the similarity is 1 − d. Finally, the average value of the
similarities of all the pairs of the input clusterings is taken as
1 The

comparison measure will be detailed in the following section.

the similarity of the input clusterings. Fig. 4 shows the numbers
of fragments in terms of the similarities among fragments. The
initial numbers of clusters of the first K-means run for Syn1,
Syn2, Syn3, Yeast, and Wave are 5, 5, 5, 9, and 3, respectively.
Then, the initial numbers of clusters for all the five data sets
are increased by two step-by-step for other six successive
K-means runs. The values of the correlation coefficient between Z and input clusterings’ similarities shown in Fig. 4 are
−0.3745, −0.3313, −0.3734, −0.682, and −0.1376, respectively, which reveal a strong negative correlation between Z and
input clustering similarities.
Based on the experiments used to obtain the results of Figs. 3
and 4, we find that Z also partially depends on the number of
clusters in each input clustering. The numbers of clusters in
the input clusterings used to obtain Fig. 3 are less than those
used to obtain Fig. 4. Take the Syn1 set as an example. In the
experiments used to obtain Fig. 3, the numbers of clusters in
each input clustering are equal to 5. In the experiments used to
obtain Fig. 4, the numbers of clusters in the input clusterings are
5, 7, 9, 11, 13, 15, and 17, respectively. It can be observed that
the values of Z in Fig. 3 experiments are also less than those
in Fig. 4 experiments. The larger the number of clusters in each
input clustering, the larger of Z it is very likely to be.
The four factors above are not independent of each other. The
distribution of the input data affects the number of clusters in
each input clustering. The number of input clustering affects
the diversity (dissimilarity) of the input clustering. The four
factors can be reduced to two factors: the distribution of the
input data and the properties of the partition algorithms, for
example the strategies of the algorithms, the parameters, and
the number of algorithms. The diversity of the input clustering
is determined by both factors. In our future work, we intend to
provide a quantitative evaluation of the number of fragments
and its dependent factors based on several related theoretical
studies [1], [24], [42] on clustering aggregation.
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III. M AIN T HEORY AND I TS P ROOF
This section gives an answer to the question asked in
Section I on whether clustering aggregation can be achieved
directly on data fragments. As cluster aggregation is unsupervised, a goodness measure is usually required to be defined
in order to evaluate a candidate aggregation result. We first
introduce two well-known goodness measures.
A. Goodness Measures
Goodness measures are usually heuristically defined according to the intuition that the higher the consistency between a
given partition and the input partitions, the better the given
partition.
1) Comparison Measure: Ginois et al. [9] define a simple
0–1 comparison criterion to measure the disagreement of two
partitions with regard to a pair of points. Let π1 and π2 be
partitions of a set X and for (x, y) ∈ X 2 . Let the function
dxy (π1 , π2 ) be defined by

 0 if π1 (x) = π1 (y) and π2 (x) = π2 (y)
dxy (π1 , π2 ) =
or π1 (x) = π1 (y) and π2 (x) = π2 (y) (1)

1 otherwise.
The disagreement between two partitions is the sum of 0/1
comparison over all pairs of points

dX (π1 , π2 ) =
dxy (π1 , π2 ).
(2)
(x,y)∈X 2

Then, for a candidate partition π, a measure of its disagreement of all the input partitions is defined by
D(π) =

H


dX (π, πi ).

(3)

i=1

Under this measure, the smaller the disagreement D(π), the
better the partition π is. Ginois et al. [9] find that under this
measure, a clustering aggregation problem can be transformed
into a correlation clustering problem. Then, Ginois et al. [9]
propose three point-based cluster aggregation algorithms which
are used in this work as shown in Section IV. Studies in [4], [11]
are also based on this measure.
2) Normalized Mutual Information Measure: In contrast
with the comparison measure, another widely accepted strategy
is to measure the agreement between two partitions. Strehl and
Ghosh [16] define the mutual information [2], [3], [7] between
a pair of partitions by
|π
i | |π
j |

φ(πi , πj ) =

|πih ∩ πjl | log



h=1 l=1

|X|·|πi,h ∩πjl |
|πih ||πjl |

log |πi | + log |πj |


(4)

Then, for a candidate partition π, its overall agreement with the
input partitions is defined by
Φ(π) =

H

i=1

φ(π, πi ).

(5)

5

Variations on (5) can be found in [8], [17]. The larger the value
of Φ(π), the better the partition π.
B. Main Proposition and Proofs
To perform clustering aggregation directly on fragments, the
data points in the same fragment should not be split in the
consensus partition. To this end, the following proposition is
proposed.
Proposition: Let π be the optimal partition via clustering
aggregation based on D or Φ. Each data fragment is contained
in a single subset of π.
1) Proof for Clustering Aggregation Based on D:
 Lemma 1: Given a fragment F of X and input partitions
= {π1 , . . . , πi , . . . , πH }. For each πi , there exists a cluster
O ∈ πi such that F ⊆ O.
The proof is obvious.
Lemma 2: Let π be a partition of X such that the function
D defined on partitions of X reaches its minimum value at π.
Let F be any fragment of the set of partitions πi , 1 ≤ i ≤ H.
Then, there exists O ∈ π such that F ⊆ O.
Proof: See the Appendix A.

2) Proof for Clustering Aggregation Based on Φ:
Lemma 3: Let π be a partition of X at which the function π  → Φ(π  ) reaches its global maximum and let A, B be
distinct elements of π. If there exists a fragment F such that
A ∩ F and B ∩ F are both nonempty, then A and B are both
contained in F .
Proof: See the Appendix B.

Lemma 4: Let π be a partition of X at which the function
π  → Φ(π  reaches its global maximum and let A, B be distinct
elements of π. If there exists a fragment F such that A ∩ F
and B ∩ F are both nonempty, then Φ(π) can be increased by
merging A and B.
Proof: According to Lemma 3, A and B are both from the
same fragment. With a simple deduction, we can obtain that
the numerator of Φ(π) remains unchanged when merging A
and B. For φ(π, πi ), its denominator is log |π| + log |πi |. When
merging A and B, |π| is decreased and then the denominator is
decreased. As a result, Φ(π) is increased

Lemma 4 conversely indicates that the data points located in
the same data fragment are definitely in the same subset of the
optimal partition when using the NMI measure.
IV. F RAGMENT-BASED C LUSTERING AGGREGATION
Section III concludes that clustering aggregation can directly
be achieved on data fragments when either the comparison
measure (3) or the NMI measure (5) is used. The conclusion
provides a theoretical basis to guarantee that the fragmentbased cluster aggregation is feasible. This idea is summarized
as the fragment-based clustering aggregation approach shown
in Fig. 5. The approach can be divided into three major steps:
1) generate data fragments (S1); 2) perform clustering aggregation on fragments (S2); and 3) transform the obtained
fragment partition into a point partition, which is known as the
consensus clustering (S3). The main step, S2, can be carried
out by adapting existing point-based clustering aggregation
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Since the proposed approach is performed on fragments, the
average distance (on fragments) between two clusters can be
rewritten as
Fig. 5. Fragment-based clustering aggregation approach.

avg_∂(πik , πjl ) =

algorithms. Our proposition and lemmas in Section III do not
provide a general method for adapting a point-based clustering
aggregation algorithm into a fragment-based clustering aggregation algorithm. The adaptation depends on the specific pointbased algorithm. This section will provide several adaptation
examples.
Three new clustering aggregation algorithms are generated
by modifying three existing point-based clustering aggregation algorithms [9], namely, Agglomerative, Furthest, and
LocalSearch, respectively. To make clear the difference from
the original point-based algorithms, the three new algorithms
are called F-Agglomerative, F-Furthest, and F-LocalSearch,
respectively.
According to [9], the underlying goodness measure of the
above three point-based algorithms is the comparison measure.
To simplify the descriptions, two distance matrices which are
based on the (1)–(3) are introduced: the distance matrix between data points (DM P ) and the distance matrix between
fragments (DM F )
DM P (u, v) =

1
· |{i|1 ≤ i ≤ H and πi (xu ) = πi (xv )}| ,
H





DM F (u, v) ·

Fu |Fu ⊂πik Fv |Fv ⊂πjl

|Fu ||Fv |
.
πik ||πjl |
(9)

Equation (9) is calculated on fragments. A fragment-based
(F-Agglomerative) algorithm is shown in Algorithm 1.
Algorithm 1 Steps of F-Agglomerative

Input: X={x1 , . . . , xi , . . . , xN }, = {π1 , . . . , πi , . . . , πH }.
Output: consensus clustering.
Steps:
1)
2)
3)
4)

Extract data fragments based on the input partitions.
Calculate the distance matrix for fragments (DM F ).
Place each fragment in a single cluster.
Calculate the average distance between each pair of clusters using (9), and choose the smallest average distance.
5) Merge the corresponding clusters and return to (3), if the
smallest average distance is below 0.5. Otherwise, go to
the next step.
6) Transform the obtained fragment partition into a data
point partition, and return the new data point partition.

1 ≤ u, v ≤ N
B. F-Furthest

DM F (k, l) = DM P (u, v) where xu ∈ Fk , xv ∈ Fl ,
1 ≤ k, l ≤ Z.
When a point v is considered, the cost of assigning a point v to
a subset πij is computed as follows:

cost(v, πij ) =
DM P (u, v)
u∈πij

+



(1 − DM P (u, v)) . (6)

u∈(X∩π̄ij )

The cost of moving from a subset πik to πil is
ˆ
cost(v,
πik → πil ) = cost(v, πil ) − cost(v, πik ).

(7)

Furthest is a top-down algorithm [9] inspired by the furthestfirst traversal algorithm [28]. The algorithm initially places all
data points into a single cluster, searches for the pair of points
whose distance (DM P distance) is the largest, and then makes
each point the center of a new cluster. The remaining points
are assigned to one or other of two clusters according to their
distances to the two cluster centers. This following procedure is
iterative. At each step, the furthest data point from the existing
centers is chosen and taken as a new center of a singleton
cluster; the nodes are assigned to the new center that leads to
the least moving cost that defined by (7). If the total moving
cost is not smaller than 0, the algorithm stops.
To adapt Furthest to our approach, we move fragments
instead of data points at each step. Equations (8) and (9) can
be rewritten for fragments as

A. F-Agglomerative
The Agglomerative algorithm [9] is a classical bottom-up
method. It initially places each data point in a single cluster.
It then iteratively merges two clusters if the average distance
between two clusters is less than 1/2. The algorithm stops
when no two clusters have an average distance less than
1/2. The average distance between two clusters (πik and πjl )
is defined as
 
avg_dist(πik , πjl ) =
DM P (u, v)/ (|πik ||πjl |) .

cost(Fζ , πij ) =



DM F (ζ, k)

Fk |Fk ⊂πij

+



(1 − DM F (ζ, l)) . (10)

Fl |Fl ⊂(X∩π̄ij )

Then, the cost of moving Fζ from cluster πik to πil is
ˆ
cost(F
ζ , πik → πil ) = cost(Fζ , πil ) − cost(Fζ , πik ). (11)

u∈πik v∈πjl

(8)

The steps of F-Furthest are detailed in Algorithm 2.
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Algorithm 2 Steps of F-Furthest


Input: X={x1 , . . . , xi , . . . , xN }, = {π1 , . . . , πi , . . . , πH }.
Output: consensus clustering.
Steps:
1) Extract data fragments based on the input partitions.
2) Calculate the distance matrix for fragments (DM F ).
3) Place all fragments in a single cluster, then find the pair
of fragments whose distance (DM F distance) is furthest,
and make each of them the center of a singleton cluster.
Assign the rest of the fragments to one of the two clusters
in order to achieve the minimum moving cost.
4) Choose the furthest fragment from the existing centers
and make the fragment the center of a new singleton
cluster. Calculate the cost of moving the fragment from
the cluster it is located to the new cluster. If the moving
cost is not smaller than 0, then go to (7).
5) Assign each of the remaining nodes to the new center if
the moving cost is below 0.
6) If all moving costs are not smaller than 0, go to the next
step. Otherwise, go to (4).
7) Transform the obtained fragment partition into a data
point partition, and return the new data point partition.
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TABLE III
D ESCRIPTION OF THE DATA S ETS

Fig. 6. Computational complexity of F-Furthest.
TABLE IV
D ESCRIPTION OF THE DATA S ETS

C. F-LocalSearch
LocalSearch is an application of a local-search heuristics [25]
to the correlation clustering [9] which aims to find a partition of
a data set such that the data points with low DMP distances
(less than 1/2) are kept together and the data points with high
DMP distance (more than 1/2) are kept separate as much as
possible. An initial clustering is given. Then, it goes through
all the data points by considering a local movement of a point
from a cluster to another one, or a new singleton cluster. For
each local movement, we calculate the moving cost by (6). If
one placement yields a negative moving cost, then the local
movement improves the goodness of the current clustering.
Consequently, the node is placed in the cluster that yields the
minimum moving cost. The algorithm iterates until all moving
costs are not smaller than 0. Based on LocalSearch, the steps of
F-LocalSearch are detailed in Algorithm 3.
Algorithm 3 Steps of F-LocalSearch

Input: X={x1 , . . . , xi , . . . , xN }, = {π1 , . . . , πi , . . . , πH }.
Output: consensus clustering.
Steps:
1) Extract data fragments based on the input partitions.
2) Calculate the distance matrix for fragments (DM F ).
3) Generate a new partition that ensures data in a fragment
kept together.
4) Calculate all the moving costs of placing one fragment
from its current cluster to any other cluster. If the minimum moving cost is not smaller than 0, go to next step.
Otherwise, move the fragment with the minimum moving
cost and repeat (4).
5) Transform the obtained fragment partition into a data
point partition, and return the new data point partition.

D. Computational Complexity Analysis
Let C be the number of consensual clusters and I be the
number of iterations of an algorithm. Table III lists the complexities of the point-based algorithms and the fragment-based
algorithms. Fig. 6 shows the variation of complexity in terms of
different values of N , Z, and C. Given a specific data set and
input partitions, the complexity of fragment-based approach
depends more on Z compared to C.
V. E XPERIMENTS
This section evaluates the performances of the proposed
fragment-based clustering aggregation approach. We are
mainly concerned with whether the computational complexity
of an existing clustering aggregation algorithm can be reduced
by being adapted to a fragment-based algorithm. In our experiments, we compare the computational efficiency of the three
original clustering aggregation algorithms (i.e., Agglomerative,
Furthest, and Local-Search) and their fragment-based versions
(i.e., F-Agglomerative, F-Furthest, and F-LocalSearch), respectively. To check whether the fragment-based algorithms sacrifice the effectiveness, aggregation errors are also calculated.
A. Experimental Setup
Five experimental data sets, namely Hayes-Roth (#1),
Glass (#2), Breast (#3), Yeast (#4), and Wave (#5), are obtained
from the UCI Repository [43]. Table IV summarizes the details
of the first three sets (#1–#3). The details of Yeast (#4) and
Wave (#5) are given in Table II. We use running time, impurity index [9], [42], and average entropy [39] to evaluate the
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Fig. 7. Running time results on the five data sets with strategy 1).
TABLE V
Ec (%) E RRORS ON THE F IVE DATA S ETS W ITH S TRATEGY 1)

TABLE VI
AE VALUES ON THE F IVE DATA S ETS W ITH S TRATEGY 1)

performance of each algorithm, taking the data classes as
groundtruth. Let mij denote the size of the majority class in
cluster πij . The impurity index Ec is defined as
P i
j=1 (|πij | − mij )
.
(12)
Ec (πi ) =
N
The average entropy (AE) of clusterings used in [39] is
also applied to evaluate the results. The criteria measure the
information needed to correctly classify all the points in the
clustering. The smaller the value of this criterion, the better the
performance of the clustering results. For the ith cluster (πi ),
let mkij denote the number of points which come from the kth
class in πij . Let C be the number of classes of the original data.
AE is defined as


|C|
Pi

mkij
|πij |  mkij
.
×
log2
(13)
AE(πi ) =
−
N
|π
|
|π
|
ij
ij
j=1
k=1

All the experiments are performed on a 3.4 GHz PC with
1 GB memory. Before performing clustering aggregation, we
produce the input partitions for each data set. There are different
strategies to create input partitions. Two typical strategies are
1) to perform the same clustering algorithm with different
parameters and 2) to perform different clustering algorithms. In
this experiments, we perform these two strategies. 1) The input
partitions are repeatedly obtained by K-means with different
initial numbers of cluster centers. 2) The input partitions are
obtained by four different clustering algorithms (e.g., K-means
and SOM). Each algorithm generates two clusterings with
different numbers of clusters: one equals the number of classes

(of the corresponding data set) adding two; the other equals the
number of classes adding four.
Considering that Hayes-Roth is a categorical data set and
each of its attributes defines an input partition, the results are
only shown in strategy 1). When using clustering aggregation
on categorical data, each feature dimension provides a natural
way of clustering the data (The data with the same values are
taken as a cluster.). The simple clusterings obtained from the
feature dimensions are aggregated to form the output clustering.
In each strategy, as K-means randomly selects initial cluster
centers in each run, each experiment including the clustering
aggregation runs 10 times, and then the results are reported.

B. Results With Strategy 1)
This subsection reports the results on the five data sets when
input partitions are obtained by K-means with different initial
numbers of clusters (except Hayes-Roth), which are as follows:
1) Glass set—4, 5, 6, 7, and 8; 2) Yeast set—8, 9, 10, 11, and
12; and 3) Breast set and Wave set—2, 3, 4, 5, and 6. Fig. 7
shows the experimental results with respect to the running time.
Tables V and VI shows the means and standard deviations in
terms of Ec (%) and AE, respectively.
It can be observed that the running time of fragment-based
algorithms is much smaller than that of original ones. With the
increasing of the data size, the time consumption of fragment
extraction occupies little proportion. As a consequence, the
running time of original algorithms increases sharply while that
of the fragment-based algorithms remains very small.
We note that the Ec values and AE values are different in
some cases. For example, on the Yeast set (#4), the Ec of
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Fig. 8.
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Running time results on the #2–#5 data sets with strategy (2).
TABLE VII
Ec (%) E RRORS ON THE #2–#5 DATA S ETS W ITH S TRATEGY (2)

TABLE VIII
AE VALUES ON THE #2–#5 DATA S ETS W ITH S TRATEGY (2)

Agglomerative is larger than that of F-Agglomerative, while the
AE of Agglomerative is smaller than that of F-Agglomerative.
The major reason is that the two measure criteria evaluate
different aspects of the clustering results. Ec focuses on the
majority-class points in each cluster, while AE focuses on the
distribution of the points of all the classes in each cluster. In
[39], the values of the two criteria also behave differently in
some cases (Interested readers can refer to [39, Tables 2–3]).
C. Results With Strategy (2)
In this strategy, each algorithm still produces two input
clusterings for each data set. Take the Glass set as an example,
when applying K-means, each algorithm produces two input
clusterings with the numbers of clusters equaling 8 and 10,
respectively. Fig. 8, Tables VII, and VIII show the results with
respect to running time, Ec , and AE, respectively. Similar
observations to strategy (1) are obtained: most fragment-based
algorithms are more efficient than the original algorithms.
There is only one exception that the running time of F-Furthest
is larger than Furthest on the Yeast set (#4) in Fig. 8(b). The
cures in Fig. 6 and the complexities in Table III indicate that the
complexity of F-Furthest is largely influenced by the number of
final clusters (i.e., C). The larger the number of fragments and
the larger the number of final clusters, the larger the complexity
of F-Furthest is. Compared with other sets, the average number
of final clusters on Yeast is 13, which is the largest. The average
number of fragments of the Yeast set under Strategy (2) is 279,
which is also the largest. Hence, it is reasonable that the running
time of F-Furthest on yeast is higher than that of Furthest. In
all the other cases, the running time of F-Furthest is smaller
than that of Furthest. In terms of Ec and AE values, the two
approaches change only slightly (Fig. 9).

Fig. 9. Optimal partition π (a) and its variation π̃ (b).
TABLE IX
R ESULTS ON THE M AGIC S ET

D. Results on Large Data Sets
A data set with 19020 points, namely Magic, is downloaded
from UCI Repository [43] to test the performances of our
proposed approach. This data set is larger than all the five data
sets used in the aforementioned experiments. There are two
classes in the data set and each sample has 11 features. Because
the running time of the original algorithms is very large, we
run only once for each algorithm. The input partitions are
obtained using K-means with different initial numbers—2, 3, 4,
5, and 6. Table IX shows the experimental results. Although the
data set is very large, the time consumption of fragment-based
algorithms is still quite low.
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TABLE X
R ESULTS ON THE S YN 4 S ET

Another synthetic data set consisting of 1.2 million samples
is introduced to further test the scalable ability of our approach.
This data set, called Syn4, is extended from Syn2 shown in
Fig. 2 simply by increasing the number of data points. As the
running time for existing algorithms is too large, only the results
of the proposed algorithms are reported. The input partitions
are obtained using K-means with different initial numbers—5,
6, 7, 8, and 9. The average number of fragments is 132.
Table X shows the results. For running time values, 3632 is
the runing time of fragment creation. The results show that the
time complexity of the fragment-based methods is acceptable
for large data.
E. Discussions
The experimental results show the satisfactory performance
of the fragment-based clustering aggregation approach. The
running time of the fragment-based algorithms is far less than
the running time of the corresponding point-based ones and
in addition appears to less sensitive to the number of data
points. The reason is that for a specific data set and fixed input
partitions, the number of data fragments is the main factor that
affects the time complexity of a fragment-based algorithm. To
further check the performances of the fragment-based algorithms, the bagging sampling approach [45] is performed on
the five data sets (Hayes-Roth, Glass, Breast, Yeast, and Wave).
Each bagging sampling generates a new data set containing
2/3 the number of data points of the original data set. For
each data set, the sampling is repeated 10 times and 10 new
data sets are generated. On each new set, the generation of
input partitions is the same as the Strategy (1). The means
and standard deviations of results on the 10 new data sets are
recorded. The running time of fragment-based algorithms is
still smaller than that of point-based ones. The average runningtime values of F-Agglomerative and Agglomerative on Glass
are 0.0502s and 0.4419s, respectively. The average runningtime values of F-Furthest and Furthest on Glass are 0.0677s
and 0.8910s, respectively. The average running-time values
of F-LocalSearch and LocalSearch on Glass are 0.0371s and
0.5735s, respectively. The performances of both approaches
change slightly in terms of Ec and AE.
In the experiments, it is observed that in several cases when
the numbers of fragments are not much smaller than the numbers of data points, the computational complexity is increased
[#4 in Fig. 8(b)]. Therefore, a two-layer approach may be
more required. At first, we generate the fragments and calculate
the ratio between the number of fragments and the data size.
Second, if the ratio is smaller than a predefined value, the
fragment-based clustering aggregation is utilized; otherwise,
the point-based clustering aggregation is still utilized. This
approach may work in real applications.

We conduct a statistical test to analyze the small differences
between the performances between the fragment-based clustering aggregation approach and the point-based clustering aggregation approach in terms of Ec and AE. As we should compare point-based algorithms with fragment-based algorithms on
multiple data sets, we introduce the idea in [41] that leverages
the Wilcoxon rank sum test [40] to compare algorithms on
multiple data sets. In statistics, the Wilcoxon rank-sum test is a
nonparametric statistical hypothesis test for assessing whether
two independent samples of observations have equal values.
In our experiments, the results of point-based approach and
fragment-based approach are taken as two independent samples
of observations. On each data set, the comparisons between
each point-based algorithm and its corresponding fragmentbased algorithm are recorded. The test procedure is based on
the comparisons of the results between each pair of pointbased algorithm and its corresponding fragment-based algorithm listed in Tables V–VIII. For example, on the Hayes-Roth
in Table V, the Ec error of Agglomerative is lower than that
of F-Agglomerative, so the number of times that point-based
outperforms fragment-based is increased by one. Similarly, the
Ec error of Furthest is larger than that of F-Furthest on Glass,
so the number of times that fragment-based outperforms pointbased is increased by one. In terms of Ec , there are 11 times that
fragment-based methods outperform point-based methods, 7
times that they are equal, and 9 times that the former is inferior
to the latter. In terms of AE, there are 14 times that fragmentbased methods outperform point-based methods, 5 times that
they are equal, and 8 times that the former is inferior to the
latter. On applying the test, we concluded that there are no
significant difference between the overall performances of the
two approaches in terms of both Ec and AE.
VI. C ONCLUSION
This paper has defined data fragments and proposed a new
fragment-based clustering aggregation approach. This approach
is based on the proposition that in an optimal partition each
fragment is a subset of a cluster. We have proved this proposition for two widely used goodness measures: comparison measure and NMI measure. Existing point-based algorithms can
be brought into our proposed approach. As the number of data
fragments is usually far smaller than the number of data points,
clustering aggregation based on data fragments is very likely to
have a much lower time complexity than directly on data points.
To demonstrate the efficiency of the proposed approach, three
new clustering aggregation algorithms are presented, namely,
F-Agglomerative, F-Furthest, and F-LocalSearch (based on
three existing point-based clustering aggregation algorithms
ones). We have conducted experiments on six public data sets.
The results show that the three new algorithms outperform the
original clustering aggregation algorithms in terms of running
time without sacrificing effectiveness.
A PPENDIX A
The main idea of the proof for Lemma 2 can be illustrated by Fig. 9. π is an optimal partition of X such that the
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comparison-measure function D defined on partitions of X
reaches its minimum value at π. F is a fragment. A and B
are two clusters and A, B ∈ π. f ∈ A ∩ F and g ∈ B ∩ F are
two data points. If we can prove that either placing g into A
[as shown in Fig. 9(b)] or placing f to B can reduce the value
of the comparison-measure function, then π is not an optimal
partition. The contradiction indicates that the data points in a
fragment cannot be located in different clusters in an optimal
partition as illustrated by Lemma 2.
Lemma 2: Let π be a partition of X such that the function
D defined on partitions of X reaches its minimum value at π.
Let F be any fragment of the set of partitions πi , i = 1, . . . , H.
Then, there exists a cluster O ∈ π such that F ⊆ O.
Proof: Suppose, on the contrary, that there exists a fragment
F and sets A ∈ π, B ∈ π such that A ∩ F is nonempty and B ∩
F is nonempty. Let f, g be elements of F such that f is an
element of A and g is an element of B. Let S → C(g, S) be the
function defined on subsets S of X by
C(g, S) =

H 
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A × (B − {g}) and A × {g}. The contribution to V2 from the
elements (x, y) of A × (B − {g}) is zero. It follows that:
H 


V2 =

(dxg (π, πi ) − dxg (π̃, πi ))

i=1 x∈A
H 


=

(1 − 2δ (πi (x) = πi (g)))

i=1 x∈A

= H|A| − 2C(g, A).

(18)

To evaluate V3 , the set B × B is divided into the three subsets:
(B − {g}) × (B − {g}), B × {g}, and {g} × (B − {g}). The
contribution to V3 from the elements of (B − {g}) × (B −
{g}) is zero. The contribution to V3 from B × {g} is equal to
the contribution to V3 from {g} × (B − {g}). It follows that:
V3 = 2

H




(dxg (π, πi ) − dxg (π̃, πi ))

i=1 x∈B−{g}

δ (πi (x) = πi (g))

(14)

i=1 x∈S

=2

H




2δ (πi (x) = πi (g)) − 2H (|B| − 1)

i=1 x∈B−{g}

where δ is an indication function. The elements f, g are in
the same fragment F , thus C(g, S) = C(f, S) for all subsets
S of X. Let Ã, B̃ be the subsets of X defined by Ã = A ∪
{g}, B̃ = B − {g} and let π̃ be the partition of X defined by
π̃ = {Ã, B̃} ∪ (π − {A, B}).2 Let V be the function defined
by V = D(π) − D(π̃). Let x, y be any two elements of X. If at
least one of x, y, is not contained in A ∪ B, then dxy (π, πi ) =
dxy (π̃, πi ), 1 ≤ i ≤ H. It follows that:
V =

H




(dxy (π, πi ) − dxy (π̃, πi )) .

(15)

i=1 (x,y)∈A∪B

H




H




(dxy (π, πi ) − dxy (π̃, πi ))

H




(dxy (π, πi ) − dxy (π̃, πi )) .

= 4C(g, B) − 2H (|B| − 1) .

(19)

It follows from the above expressions for V1 , V2 , V3 , that:
V = 2H|A| − 4C(g, A) + 4C(g, B) − 2H (|B| − 1) . (20)
Now that the roles of A and B are interchanged, in that the
element f is removed from A and added to B to yield a new
partition π. Let the new value of V be V . It follows that:

−4C(g, A)+4C(g, B)−4C(f, B)+4C(f, A)+4H ≤ 0 (22)

i=1 (x,y)∈A×B

V3 =

2δ (πi (x) = πi (g)) − 2H (|B| − 1)

i=1 x∈B

If V > 0 or Ṽ > 0 denoting that D(π) − D(π̃) > 0 or D(π) −
D(π) > 0, then π̃ or π is better than π, which contradicts to
the statement that π is an optimal partition. Hence, the lemma
is established. Suppose, if possible, that V ≤ 0 and V ≤ 0. On
adding the two expressions for V and V , it follows that:

(dxy (π, πi ) − dxy (π̃, πi ))

i=1 (x,y)∈A2

V2 =

H 


V = 2H|B| − 4C(f, B) + 4C(f, A) − 2H (|A| − 1) . (21)

Let V1 , V2 , V3 be defined as follows:
V1 =

=

(16)

which is impossible, because C(f, A) = C(g, A) and
C(f, B) = C(g, B). As a result, the lemma is established.

i=1 (x,y)∈B 2

A PPENDIX B

It follows from the above definitions that:
V = V1 + 2V2 + V3 .

(17)

If (x, y) ∈ A2 , then (x, y) ∈ Ã2 , from which it follows that
dxy (π, πi ) = dxy (π̃, πi ). The term V1 is thus equal to zero.
To evaluate V2 , the set A × B is divided into the subsets

2 π̃

and π are also sets of data subsets (clusters).

Let w, q be the real valued functions defined by
w(x) = x log(x) − (x − 1) log(x − 1),
q(x) = w(x + 1) − w(x),

1<x

1 < x.

The definitions of w and q are extended to the range 1 ≤ x <
∞ by setting w(1) = 0 and q(1) = w(2). A short calculation
shows that x → q(x) is strictly monotonic decreasing and
strictly convex for 1 ≤ x < ∞.

This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.
12

IEEE TRANSACTIONS ON SYSTEMS, MAN, AND CYBERNETICS—PART B: CYBERNETICS

Lemma 3: Let π be a partition of X at which the function
π  → Φ(π  ) reaches its global maximum and let A, B be distinct elements of π. If there exists a fragment F such that A ∩ F
and B ∩ F are both nonempty, then A and B are both contained
in F .
Proof: Let f be an element of A ∩ F and let g be an element
of B ∩ F . Define the subsets Ã, B̃ of X by
Ã = A ∪ {g},

B̃ = B − {g}.

π̃ = {Ã, B̃} ∪ (π − {A, B}) .

Con(Oi ) = φ(π̃, πi ) − φ(π, πi )

|Ã ∩ Oi | log

|X||Ã ∩ Oi |
|Ã||Oi |


− ri log

+ |B̃ ∩ Oi | log
|X|ri
α|Oi |




− si log

(25)

|X||B̃ ∩ Oi |
|B̃||Oi |
|X|si
β|Oi |



Φ(π̃) − Φ(π) = H · w(β) − H · w(α + 1)
+

.

w(α + 1) − w(β) ≥

B̃ ∩ πil = B ∩ πil .

w(si ) (33)

i=1

H
H
1 
1 
w(ri + 1) −
w(si ). (34)
H i=1
H i=1

Let π̃  be the partition of X defined by
π̃  = {A − {f }, B ∪ {f }} ∪ (π − {A, B}) .

(35)

On evaluating the expression Φ(π̃  ) − Φ(π) it follows that:
w(β +1)−wt(α) ≥

H
H
1 
1 
w(si +1)−
w(ri ).
H i=1
H i=1

q(α) + q(β) ≥
(27)

H
H
1 
1 
q(ri ) +
q(si ).
H i=1
H i=1

(36)

(37)

Let r̄, s̄ be defined by
r̄ =

H
1 
ri .
H i=1

(38)

It follows from (37) and the strict convexity of q that:


.

(28)

Let πil be any element of πi distinct from Oi . It follows that:
Ã ∩ πil = A ∩ πil ,

H


The function π  → Φ(π  ) reaches its global maximum at π.
Thus, it follows from (33) that:

(26)

Equation (26) can be reduced to


|Ã ∩ Oi |α
|B̃ ∩ Oi |β
ri log
+ si log
|Ã|ri
|B̃|si
|Ã ∩ Oi ||B̃|
|Ã||B̃ ∩ Oi |

w(ri + 1) −

On adding (34) and (36), it follows that:



|B̃ ∩ Oi | = si − 1.

+ log

H

i=1

On observing that
|Ã ∩ Oi | = ri + 1,

(32)

On adding the equations (32), it follows that:

(24)

Let α, β, ri , si be defined by α = |A|, β = |B|, ri = |A ∩
Oi |, si = |B ∩ Oi |. Let Oi be the element of πi which contains
{f, g}. The contribution of Oi to



φ(π̃, πi)−φ(π, πi) = w(β)−w(α+1)+w(ri +1)−w(si ).

(23)

A detailed proof of the theorem is given for the case in which
B̃ is nonempty. If B̃ is empty, then the theorem still holds,
but minor modifications to the proof are required. When B̃
is nonempty, the denominator of Φ(π  ) is unchanged. Hence,
the denominator is omitted in the following steps. Define the
partition π̃ of X by

is

By adding (28) and (31), we have

(29)

Based on (28) and (29), the contribution of πil to Con(Oi )
is thus




α
β
Con(πil ) = |A∩πil | log
+|B ∩πil | log
. (30)
|Ã|
|B̃|
On adding Con(πil ) over all the elements πil of πi distinct from
Oi , the following expression is obtained:




α
β
|A ∩ Oi | log
+ |B ∩ Oi | log
.
(31)
|Ã|
|B̃|

q(α) + q(β) ≥ q(r̄) + q(s̄).

(39)

It follows from the definitions of α, β, ri and si that α ≥ r̄
and β ≥ s̄. The function q is strict monotonic decreasing, thus,
it follows from (39) that:
α = r̄


H
1 
|A| =
|A ∩ Oi |
H i=1

(40)

β = s̄


H
1 
|B| =
|B ∩ Oi |
H i=1

(41)

which yield α = ri (|A| = |A ∩ Oi |), 1 ≤ i ≤ H and β =
si (|B| = |B ∩ Oi |), 1 ≤ i ≤ H. It now follows from the definitions of α, β, ri and si that A ⊆ Oi , 1 ≤ i ≤ H and B ⊆
Oi , 1 ≤ i ≤ H. Thus A, B are in the same fragment.
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