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Abstract—In this paper, a new iterative adaptive dynamic
programming (ADP) algorithm is developed to solve optimal
control problems for infinite horizon discrete-time nonlinear systems with finite approximation errors. First, a new generalized
value iteration algorithm of ADP is developed to make the iterative performance index function converge to the solution of
the Hamilton–Jacobi–Bellman equation. The generalized value
iteration algorithm permits an arbitrary positive semi-definite
function to initialize it, which overcomes the disadvantage of
traditional value iteration algorithms. When the iterative control
law and iterative performance index function in each iteration
cannot accurately be obtained, for the first time a new “design
method of the convergence criteria” for the finite-approximationerror-based generalized value iteration algorithm is established.
A suitable approximation error can be designed adaptively to
make the iterative performance index function converge to a
finite neighborhood of the optimal performance index function.
Neural networks are used to implement the iterative ADP algorithm. Finally, two simulation examples are given to illustrate
the performance of the developed method.
Index Terms—Adaptive critic designs, adaptive dynamic programming (ADP), approximate dynamic programming, approximation error, neural networks, neuro-dynamic programming,
nonlinear systems, optimal control, reinforcement learning, value
iteration.

I. I NTRODUCTION
PTIMAL control of nonlinear systems has been the
focus of control fields for many decades [1]–[11].
Dynamic programming has been a useful technique in handling optimal control problems for many years, though
it is often computationally untenable to perform it to
obtain the optimal solutions [12]. Characterized by strong
abilities of self-learning and adaptivity, adaptive dynamic
programming (ADP), proposed by Werbos [13], [14], has
demonstrated the capability to find the optimal control policy and solve the Hamilton–Jacobi–Bellman (HJB) equation
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in a practical way [15]–[20]. In [21]–[26], data-driven ADP
algorithms were developed to design the optimal control,
where mathematical models of control systems were necessary.
In [27]–[29], hierarchical ADP with multiple-goal representation networks was investigated and the implementing efficiency of ADP was improved. Iterative methods are primary
tools in ADP to obtain the solution of HJB equation indirectly
and have received more and more attentions [30]–[37].
Policy iteration algorithms for optimal control
of continuous-time nonlinear systems were given
in [38] and [39]. In 2014, Liu and Wei [40] developed a
policy iteration algorithm for discrete-time nonlinear systems.
Value iteration algorithms for optimal control of discretetime nonlinear systems were given in [41]. Convergence
of the value iteration algorithm was proven in [42]–[44].
In [45]–[47], value iteration algorithms with discount factors
were discussed, where convergence rates of the value iteration
algorithms were proposed to improve the convergence of
the iterative performance index function. In value iteration
algorithms of ADP, the initial admissible control law in policy
iteration algorithms can be avoided, and hence they have
gained many attentions [42]–[51], while for most previous
value iteration algorithms, a zero performance index function,
i.e., V0 (xk ) ≡ 0, is chosen to initialize the algorithms.
On the other hand, most of the previous research on iterative ADP algorithms required accurate iterative control and
accurate iterative performance index function to guarantee the
effectiveness of the proposed ADP algorithms. These iterative
ADP algorithms can be called “accurate iterative ADP algorithms.” But for most real-world control systems, the accurate
iterative control laws in the iterative ADP algorithms cannot
be obtained. Hence, it is necessary to investigate ADP algorithms with approximation errors. How to analyze and design
the approximation errors to guarantee the convergence properties of the iterative ADP algorithms is the key to real-world
implementations of ADP. Although in several papers [52]–[54],
convergence properties of neural networks for implementing
ADP algorithms were discussed, these convergence criteria of
neural networks were generally difficult to obtain. In [55], based
on iterative θ -ADP algorithm, an “error bound” analysis method
was proposed to obtain a uniform convergence criterion. To the
best of our knowledge, all the convergence criteria in the existing
literature were difficult to obtain and there are no discussions
on how to design a convergence criterion that makes iterative
ADP algorithms converge. This motivates our research.
In this paper, a new finite-approximation-error-based
discrete-time generalized value iteration algorithm will be
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constructed. Two contributions are emphasized. First, the new
generalized value iteration algorithm is developed to overcome
the disadvantage of traditional value iteration algorithms. Next,
considering approximation errors, the convergence properties
for the finite-approximation-error-based generalized value iteration algorithm are analyzed. We emphasize that for the first
time a new “design method of the convergence criteria” for the
finite-approximation-error based generalized value iteration
algorithm is established. It permits the developed generalized
value iteration algorithm to design a suitable approximation error adaptively to make the iterative performance index
functions converge to a finite neighborhood of the optimal
performance index function.
II. P ROBLEM S TATEMENT
In this paper, we will study the following discrete-time
nonlinear system:
xk+1 = F(xk , uk ), k = 0, 1, 2, . . .

(1)

where xk ∈ x is the n-dimensional state vector and uk ∈ u
is the m-dimensional control vector. Let x and u be the
domain of definition for state and control, which are defined
as x = {xk |xk ∈ Rn and xk  < ∞} and u = {uk |uk ∈
Rm and uk  < ∞}, respectively, where  ·  denotes the
Euclidean norm. Let x0 be the initial state and F(xk , uk )
be the system function. Let uk = (uk , uk+1 , . . . ) be an
arbitrary sequence of controls from k to ∞. The performance index function for state x0 under the control sequence
u0 = (u0 , u1 , . . . ) is defined as
∞
 

U(xk , uk )
J x0 , u0 =

(2)

k=0

where U(xk , uk ) > 0, for ∀ xk , uk = 0, is the stage cost function. The goal of this paper is to find an optimal control scheme
which stabilizes system (1) and simultaneously minimizes the
performance index function (2). For convenience of analysis,
results of this paper are based on the following assumptions.
Assumption 1: System (1) is controllable.
Assumption 2: The system state xk = 0 is an equilibrium
state of system (1) under the control uk = 0, i.e., F(0, 0) = 0.
Assumption 3: The feedback control uk = u(xk ) satisfies
uk = u(xk ) = 0 for xk = 0.
Assumption 4: The stage cost function U(xk , uk ) is a positive definite function for any xk and uk .
Define the control sequence set as Uk = {uk : uk =
(uk , uk+1 , . . .), ∀uk+i ∈ Rm , i = 0, 1, . . .}. Then, for arbitrary control sequence uk ∈ Uk , the optimal performance index
function can be defined as


J ∗ (xk ) = inf J(xk , uk ) : uk ∈ Uk .
(3)
uk

According to Bellman’s principle of optimality, J ∗ (xk )
satisfies the discrete-time HJB equation


J ∗ (xk ) = inf U(xk , uk ) + J ∗ (F(xk , uk )) .
(4)
uk

Then, the law of optimal single control can be expressed as


u∗ (xk ) = arg inf U(xk , uk ) + J ∗ (F(xk , uk )) .
(5)
uk
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Hence, the HJB equation (4) can be written as




J ∗ (xk ) = U xk , u∗ (xk ) + J ∗ F(xk , u∗ (xk )) .

(6)

Generally, J ∗ (xk ) is a high nonlinear and nonanalytic function. This makes the optimal control nearly impossible to
obtain by directly solving the HJB equation (6). In this paper,
a generalized value iterative ADP algorithm will be developed
to obtain the optimal solution of the HJB equation indirectly.
III. P ROPERTIES OF THE
F INITE -A PPROXIMATION -E RROR -BASED G ENERALIZED
I TERATIVE ADP A LGORITHM
In this section, a new finite-approximation-error-based generalized value iteration algorithm is developed. A new convergence analysis method will be established and a new design
method of the convergence criteria will also be developed.
A. Derivation of the Finite-Approximation-Error-Based
Generalized Value Iteration Algorithm
In the developed generalized value iteration algorithm, the
performance index function and control law are updated by
iterations, with the iteration index i increasing from 0 to ∞.
For all xk ∈ x , let the initial function (xk ) ≥ 0 be an
arbitrary positive semi-definite function. For all xk ∈ x , let
the initial performance index function V̂0 (xk ) = (xk ). The
iterative control law v̂0 (xk ) can be computed as


v̂0 (xk ) = arg min U (xk , uk ) + V̂0 (xk+1 ) + ρ0 (xk ) (7)
uk

where V̂0 (xk+1 ) = (xk+1 ) and the performance index
function can be updated as
 



V̂1 (xk ) = U xk , v̂0 (xk ) + V̂0 F xk , v̂0 (xk ) + π0 (xk ) (8)
where ρ0 (xk ) and π0 (xk ) are approximation error functions
of the iterative control law and iterative performance index
function, respectively. For i = 1, 2, . . . , the iterative ADP
algorithm will iterate between


v̂i (xk ) = arg min U(xk , uk ) + V̂i (xk+1 ) + ρi (xk ) (9)
uk

and
 



V̂i+1 (xk ) = U xk , v̂i (xk ) + V̂i F xk , v̂i (xk ) + πi (xk ) (10)
where ρi (xk ) and πi (xk ) are finite approximation error functions of the iterative control and performance index function,
respectively. For convenience of analysis, for ∀ i = 0, 1, . . . ,
we assume that ρi (xk ) = 0 and πi (xk ) = 0 for xk = 0.
B. Special Case of Accurate Generalized Value Iteration
Algorithm
In this subsection, we first discuss the properties of generalized value iterative ADP algorithm where the iterative
performance index function and the iterative control law can
accurately be obtained in each iteration. For ∀ i = 0, 1, . . . ,
the generalized value iteration algorithm is reduced to the
following
⎧ equations:
⎨ vi (xk ) = arg min {U(xk , uk ) + Vi (F(xk , uk ))}
uk
(11)
⎩ Vi+1 (xk ) = min {U(xk , uk ) + Vi (F(xk , uk ))}
uk
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where V0 (xk ) = (xk ) is a positive semi-definite function.
Remark 1: In [42], for V0 (xk ) ≡ 0, it was proven that the
iterative performance index function in (11) is monotonously
nondecreasing and converges to the optimum. In [45]–[47],
the convergence property of value iteration for discounted
case has been investigated and it was proven that the iterative performance index function will converge to the optimum
if the discount factor α satisfies 0 < α < 1. For the
undiscounted performance index function (2) and the positive semi-definite function, i.e., α ≡ 1 and V0 (xk ) = (xk ),
the convergence analysis methods in [42]–[47] are invalid.
Hence, a new convergence analysis method will be developed. In [44], [56], and [57], a “function bound” method
was proposed for the traditional value iteration algorithm with
the zero initial performance index function. Based on the
previous contribution of value iteration algorithms [42]–[47],
and inspired by [44], a new convergence analysis method for
the generalized value iteration algorithm is developed in this
subsection.
Lemma 1: Let (xk ) ≥ 0 be an arbitrary positive semidefinite function. Under Assumptions 1–4, for i = 1, 2, . . . ,
the iterative performance index function Vi (xk ) in (11), is
positive definite for all xk ∈ x .
Theorem 1: For i = 0, 1, . . . , let Vi (xk ) and vi (xk ) be
updated by (11). Then, we have that the iterative performance
index function Vi (xk ) converges to J ∗ (xk ) as i → ∞.
Proof: First, according to Assumptions 1–4, we know that
J ∗ (xk ) is a positive definite function for xk . Let  > 0 be
an arbitrary small
positive number. Define  = xk | xk ∈

x , xk  <  . For all xk ∈  , according to Lemma 1, for
∀ i = 0, 1, . . . , we have Vi (xk ) → J ∗ (xk ) as  → 0. Hence, the
conclusion holds for all xk ∈  ,  → 0. On the other hand,
for an arbitrary small  > 0, xk ∈ x \ , and uk ∈ u , we
have 0 < U(xk , uk ) < ∞, 0 ≤ V0 (xk ) < ∞, 0 < J ∗ (xk ) < ∞,
and 0 ≤ J ∗ (F(xk , uk )) < ∞. Hence, there exist constants γ ,
δ and δ that satisfy J ∗ (F(xk , uk )) ≤ γ U(xk , uk ) and δJ ∗ (xk ) ≤
V0 (xk ) ≤ δJ ∗ (xk ), where 0 < γ < ∞ and 0 ≤ δ ≤ 1 ≤ δ,
respectively. As J ∗ (xk ) is unknown, we have that the values of
γ , δ and δ cannot be obtained directly. In the following, we
will prove that for arbitrary γ , δ and δ, Vi (xk ) will converge
to the optimum and the estimations for the values γ , δ and δ
can be omitted. We will first prove that for ∀ i = 0, 1, . . . , the
following inequality holds:
δ−1

Vi (xk ) ≥ 1 + 
i
1 + γ −1

J ∗ (xk ).

(12)

Mathematical induction is introduced to prove the conclusion. Let i = 0. We have


V1 (xk ) = min U(xk , uk ) + V0 (xk+1 )
uk


δ−1
U(xk , uk )
≥ min 1 + γ
uk
1+γ



δ−1
J ∗ (xk+1 )
+ δ−
1+γ


δ−1
J ∗ (xk ).
(13)
= 1+
(1 + γ −1 )

Assume that the conclusion holds for i = l−1, l = 1, 2, . . . .
Then, for i = l, we have
Vl+1 (xk ) = min {U (xk , uk ) + Vl (xk+1 )}
uk

≥ min U(xk , uk ) + 1 +
uk


≥ 1+

δ−1
(1 + γ −1 )l





δ−1

(1 + γ −1 )

∗

l−1

J (xk+1 )

J ∗ (xk ).

(14)

The mathematical induction is completed. On the other
hand, according to theidea from (13)–(14),
for ∀ i = 0, 1, . . . ,

we can get Vi (xk ) ≤

1+

δ−1
i
(1+γ −1 )

J ∗ (xk ). Letting i → ∞,

we can get the conclusion.
Remark 2: If for ∀ xk , we let the initial performance index
function V0 (xk ) ≡ 0, then the generalized value iteration
algorithm is reduced to the traditional value iteration algorithms [42]–[44], [48]–[51], where the convergence property
for the traditional value iteration algorithms can easily be justified according to Theorem 1 in this paper. So, we can say
that the traditional value iteration algorithm is a special case
of the generalized value iteration algorithm.
C. Properties of the Finite-Approximation-Error-Based
Generalized Value Iteration Algorithm
Considering approximation errors, we generally have
v̂i (xk ) = vi (xk ), V̂i+1 (xk ) = Vi+1 (xk ), i = 0, 1, . . . , and the
convergence property in Theorem 1 for accurate generalized
value iteration algorithms becomes invalid. Hence, in this subsection, a new “design method of the convergence criteria”
will be established. It permits the developed generalized value
iteration algorithm to design a suitable approximation error
adaptively that makes the iterative performance index function
converge to a finite neighborhood of the optimal one.
Define the target iterative performance index function as


U
(x
)
=
min
,
u
+
V̂
(15)
(x
)
(x
)
i k
k k
i−1 k+1
uk

where V̂0 (xk ) = 0 (xk ) = (xk ). For ∀ i = 1, 2, . . . , let σi > 0
be a finite approximation error that satisfies
V̂i (xk ) ≤ σi i (xk ).

(16)

From (16), we can see that the iterative performance index
function i (xk ) can be larger or smaller than V̂i (xk ) and the
convergence properties are different for different values of
σi . As the convergence analysis methods for 0 < σi < 1
and σi ≥ 1 are different, in the following, the convergence
properties for different σi will be discussed separatively.
Theorem 2: Let xk ∈ x be an arbitrary controllable state
and Assumptions 1–4 hold. For ∀ i = 1, 2, . . . , let i (xk ) be
expressed as in (15) and V̂i (xk ) be expressed as in (10). If for
∀ i = 1, 2, . . . , there exists 0 < σi < 1 that makes (16) hold,
then we have that the iterative performance index function converges to a bounded neighborhood of the optimal performance
index function J ∗ (xk ).
Proof: If 0 < σi < 1, according to (16), we have 0 ≤
V̂i (xk ) < i (xk ). Using mathematical induction, we can prove
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that for ∀ i = 1, 2, . . . , the following inequality holds:
0 < V̂i (xk ) < Vi (xk ).

we have
(17)

According to Theorem 1, we have Vi (xk ) → J ∗ (xk ). Then
for ∀ i = 0, 1, . . . , V̂i (xk ) is upper bounded and
0 < lim V̂i (xk ) ≤ lim Vi (xk ) = J ∗ (xk ).
i→∞

(18)

i→∞

The proof is completed.
Theorem 3: Let xk ∈ x be an arbitrary controllable state
and Assumptions 1–4 hold. For ∀ i = 1, 2, . . . , let i (xk )
be expressed as (15) and V̂i (xk ) be expressed as (10). Let
0 < γi < ∞ be a constant that makes
Vi (F(xk , uk )) ≤ γi U (xk , uk )

(19)

hold. If for ∀ i = 1, 2, . . . , there exists 1 ≤ σi < ∞ that makes
(16) hold uniformly, then we have
⎡
i−1




σi−1 σi−2 · · · σi−j+1 σi−j − 1
V̂i (xk ) ≤ σi ⎣1+
j=1

γi−1 γi−2 · · · γi−j


×
(γi−1 + 1) (γi−2 + 1) · · · γi−j + 1


Vi (xk )
(20)

where we define

i

j

(·) = 0 for ∀j > i, i, j = 0, 1, . . . , and

σi−1 σi−2 · · · σi−j+1 (σi−j − 1) = (σi−1 − 1) for j = 1.
Proof: The theorem can be proven by mathematical induction. First, let i = 1. We can easily obtain 1 (xk ) = V1 (xk ).
According to (16), we have V̂1 (xk ) ≤ σ1 V1 (xk ). Thus, the conclusion holds for i = 1. Next, let i = 2. According to (15),
l (xk )
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2 (xk )



= min U(xk , uk ) + V̂1 (F(xk , uk ))
uk


σ1 − 1
U(xk , uk )
≤ min 1 + γ1
uk
γ1 + 1



σ1 − 1
V1 (xk+1 )
+ σ1 −
γ +1

1 

σ1 − 1
= 1 + γ1
min U(xk , uk ) + V1 (xk+1 )
γ1 + 1 uk


σ1 − 1
V2 (xk ).
(21)
= 1 + γ1
γ1 + 1

According to (16), we can obtain


σ1 − 1
V̂2 (xk ) ≤ σ2 1 + γ1
V2 (xk )
γ1 + 1

(22)

which shows that (20) holds for i = 2. Assume that (20) holds
for i = l−1, where l = 2, 3, . . . Then, for i = l, we can obtain
(23), which can be seen at the bottom of the page.
Then, according to (16), we can obtain (20) which proves
the conclusion for ∀ i = 0, 1, . . .
From (20), we can see that for i = 0, 1, . . . , there exists
an error between V̂i (xk ) and Vi (xk ). As i → ∞, the bound
of the approximation errors may increase to infinity. Thus, in
the following, we will give the convergence properties of the
iterative ADP algorithm (7)–(10) using error-bound method.
Before presenting the next theorem, the following lemma is
necessary.
Lemma 2: Let {bi }, i = 1, 2, . . . , be a sequence of positive
numbers. Let 0 < λi < ∞ be a bounded positive constant for



= min U (xk , uk ) + V̂l−1 (F (xk , uk ))
uk
⎧
⎛
⎞
l−2
⎨



γl−2 γl−3 · · · γl−j−1

 ⎠
σl−2 σl−3 · · · σl−j σl−j−1 − 1
≤ min U (xk , uk ) + σl−1 ⎝1 +
uk ⎩
+
1)
+
1)
·
·
·
γ
+
1
(γ
(γ
l−2
l−3
l−j−1
j=1
⎫
⎬
× Vl−1 (xk )
⎭
⎧⎛
⎛
⎞
l−1
⎨



γl−2 γl−3 · · · γl−j

 ⎠ U (xk , uk )
≤ min ⎝1 + γl−1 ⎝
σl−1 σl−2 · · · σl−j+1 σl−j − 1
uk ⎩
+
1)
+
1)
·
·
·
γ
+
1
(γ
(γ
l−1
l−2
l−j
j=1
⎛
⎞
⎛
l−2




γl−2 γl−3 · · · γl−j−1
γ
σ
l−1
l−1
⎝1 +

⎠
σl−2 σl−3 · · · σl−j σl−j−1 − 1
+⎝
γl−1 + 1
+
1)
+
1)
·
·
·
γ
+
1
(γ
(γ
l−2
l−3
l−j−1
j=1
⎫

⎬
1
+
Vl−1 (xk )
⎭
γl−1 + 1
⎛
⎞
l−1




γl−1 γl−2 · · · γl−j

 ⎠ min {U (xk , uk ) + Vl−1 (xk )}
= ⎝1 +
σl−1 σl−2 · · · σl−j+1 σl−j − 1
uk
(γl−1 + 1) (γl−2 + 1) · · · γl−j + 1
j=1
⎛
⎞
l−1




γl−1 γl−2 · · · γl−j

 ⎠ Vl (xk )
= ⎝1 +
σl−1 σl−2 · · · σl−j+1 σl−j − 1
(23)
+
1)
+
1)
·
·
·
γ
+
1
(γ
(γ
l−1
l−2
l−j
j=1
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∀i = 1, 2, . . . and let ai = λi bi . If
that

∞


∞


bi is finite, then we have

i=1

ai is finite.

i=1

Proof: Since for ∀ i = 1, 2, . . . , λi is finite, we can let
∞
∞
∞



λ̄ = sup{λ1 , λ2 , . . .}. Then, we have
ai =
λi bi ≤ λ̄
bi
i=1

i=1

i=1

is finite.
Theorem 4: Let xk ∈ x be an arbitrary controllable state
and Assumptions 1–4 hold. If for ∀ i = 1, 2, . . . , V̂i (xk )
satisfies (20) and the approximation error σi+1 satisfies
γi + 1
1 ≤ σi+1 ≤ qi
(24)
γi
γi
where qi is an arbitrary constant which satisfies
<
γi + 1
qi < 1, then as i → ∞, the iterative performance index
function V̂i (xk ) of the generalized value iteration algorithm
(7)–(10) converges to a bounded neighborhood of the optimal
performance index function J ∗ (xk ).
Proof: For (20) in Theorem 3, if we let
i =

i−1




σi−1 σi−2 · · · σi−j+1 σi−j − 1

j=1

×

γi−1 γi−2 · · · γi−j


(γi−1 + 1) (γi−2 + 1) · · · γi−j + 1

(25)

then we can get
i =

i−1


σi−1 σi−2 · · · σi−j γi−1 γi−2 · · · γi−j


(γi−1 + 1) (γi−2 + 1) · · · γi−j + 1

j=1

(26)

where we define σi−1 σi−2 · · · σi−j+1 = 1 for j = 1. If we let
σi−1 σi−2 · · · σi−j γi−1 γi−2 · · · γi−j


aij =
(27)
(γi−1 + 1) (γi−2 + 1) · · · γi−j + 1
bij =

σi−1 σi−2 · · · σi−j+1 γi−1 γi−2 · · · γi−j


(γi−1 + 1) (γi−2 + 1) · · · γi−j + 1

(28)

where i = 1, 2, . . . , and j = 1, 2, . . . , i − 1, then we have
i−1
i−1
i−1
i−1




i =
aij −
bij . We know that if
aij and
bij are
j=1

j=1

j=1

j=1

both finite as i → ∞, then lim i is finite. According to (28),
i→∞
σi−j+1 γi−j
bij
bij
=
≤ qi−j < 1, then we
we have
. If
bi(j−1)
(γi−j + 1)
bi(j−1)
γi−j + 1
can get σi−j+1 ≤ qi−j
. Let  = i − j. We can obtain
γi−j
γ + 1
σ+1 ≤ q
where  = 1, 2, . . . , i − 1. Letting i → ∞,
γ
we can obtain (24).
Letq = sup{q1 , q2 , . . .}, where 0 < q < 1. We can get
bij ≤

γi−1 +1
γi−1

qj−1 . Thus, we can obtain

i−1

j=1

bij ≤


i−1 

γi−1 + 1
j=1

γi−1

q j−1 .

i→∞ j=1

On the other hand, for ∀ i = 1, 2, . . . , and for ∀j =
1, 2, . . . , i−1, we have aij = σi−j bij . As for ∀ i = 1, 2, . . . and
for ∀j = 1, 2, . . . , i − 1, 1 ≤ σi−j < ∞ is finite, according to
i−1

Lemma 2, we conclude lim
aij must be finite. Therefore,
i→∞ j=1

we can obtain lim i is finite. According to Theorem 1, we
i→∞

have lim Vi (xk ) = J ∗ (xk ). Hence, the iterative performance
i→∞

index function V̂i (xk ) is convergent to a bounded neighborhood of the optimal performance index function J ∗ (xk ). The
proof is completed.
Remark 3: From Theorem 4, we can see that there is no
constraint for the approximation error σ1 in (24). If we let the
parameter γ0 satisfy
V0 (F(xk , uk )) ≤ γ0 U (xk , uk )

(29)

(30)

where V0 (F(xk , uk )) = (F(xk , uk )) and let the approximation
γ0 + 1
error σ1 satisfy 1 ≤ σ1 <
, then we can see that the
γ0
convergence criterion (24) is valid for ∀ i = 0, 1, . . . .
Combining Theorems 2 and 4, the convergence criterion of the finite-approximation-error-based generalized value
iteration algorithm can be established.
Theorem 5: Let xk ∈ x be an arbitrary controllable state
and Assumptions 1–4 hold. If for ∀ i = 0, 1, . . . , inequality
0 < σi+1 ≤ qi

i−1

σi−1 σi−2 · · · σi−j+1 γi−1 γi−2 · · · γi−j


−
(γi−1 + 1) (γi−2 + 1) · · · γi−j + 1
j=1

and

γi
< q < 1 and γi−1 is finite for ∀ i = 1, 2, . . . ,
γi + 1
i−1

letting i → ∞, we have lim
bij is finite.
As

γi + 1
γi

(31)

holds, where 0 < qi < 1 is an arbitrary constant, then as
i → ∞, the iterative performance index function V̂i (xk ) converges to a bounded neighborhood of the optimal performance
index function J ∗ (xk ).
D. Designs of the Convergence Criteria With Finite
Approximation Errors
In the previous subsection, we have discussed the convergence property of the generalized value iteration algorithm.
From (31), for ∀ i = 0, 1, . . . , the approximation error σi+1
is a function of γi . Hence, if we can obtain the parameter
γi for i = 1, 2, . . . , then we can design an iterative approximation error σi+1 to guarantee the iterative performance
index function V̂i+1 (xk ) to be convergent. In the following,
the detailed design method of the convergence criteria will
be discussed.
According to (19), we give the following definition. Define
γi as
γi = {γi |γi U(xk , uk ) ≥ Vi (F(xk , uk )), ∀xk ∈ x , ∀uk ∈ u }.
(32)
As the existence of approximation errors, the accurate iterative performance index function Vi (xk ) cannot be obtained in
general. Hence, the parameter γi cannot be obtained directly
from (19). In this subsection, several methods will be introduced on how to estimate γi .
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Algorithm 1 Method I for Estimating γi
1: Given an arbitrary admissible control law μ(xk ) for nonlinear system (1);
2: Construct an iterative performance index function Pi (xk )
by (34), i = 1, 2, . . . , where P0 (xk ) = V0 (xk ) = (xk );
3: Compute the constant γ̃i by (35);
4: return γ̃i and let γi = γ̃i .

Algorithm 2 Method II for Estimating γi

Lemma 3: Let νi (xk ), be an arbitrary control law. Define
Vi+1 (xk ) as in (10) and define i+1 (xk ) as

So, the conclusion holds for i = 1. Assume that the conclusion holds for i = l − 1, l = 2, 3, . . . Then for i = l, we can
obtain


V̂l (xk ) ≥ l (xk ) = min U(xk , uk ) + V̂l−1 (xk+1 )

i+1 (xk ) = U (xk , νi (xk )) + i (xk+1 ).

(33)

If V0 (xk ) = 0 (xk ) = (xk ), then for ∀ i = 1, 2, . . . , we
have Vi (xk ) ≤ i (xk ).
Theorem 6: Let μ(xk ) be an arbitrary admissible control
law of nonlinear system (1), that is
Pi+1 (xk ) = U (xk , μ(xk )) + Pi (xk+1 )

(34)

where P0 (xk ) = V0 (xk ) = (xk ). If there exists a constant γ̃i
that satisfies
γ̃i U(xk , uk ) ≥ Pi (F(xk , uk ))

(35)

then we have γ̃i ∈ γi .
Proof: As μ(xk ) is an arbitrary admissible control law,
according to Lemma 3, we have Pi (xk ) ≥ Vi (xk ). If γ̃i satisfies
(35), then we can get
γ̃i U(xk , uk ) ≥ Pi (F(xk , uk )) ≥ Vi (F(xk , uk )).

(36)

The proof is completed.
From Theorem 6, the first estimation method of the parameter γi can be described in Algorithm 1.
Remark 4: Theorem 6 shows that if we find an arbitrary
control law μ(xk ), then for ∀ i = 1, 2, . . . , the parameter γ̃i can
be estimated and the convergence criterion can be provided.
The merit of this method is the convenience for estimating γ̃i .
But the admissible control law μ(xk ) of system (1) is generally difficult to obtain. Only in [40], a neural-network-based
method is presented to obtain the admissible control law μ(xk )
by experiments. Thus Algorithm 1 is generally difficult to
implement and more effective methods will be developed.
Lemma 4: For ∀ i = 1, 2, . . . , let i (xk ) be expressed as in
(15) and V̂i (xk ) be expressed as in (10). If for ∀ i = 1, 2, . . . ,
the inequality
V̂i (xk ) ≥

i (xk )

(37)

holds, then we have
V̂i (xk ) ≥ Vi (xk )

(38)

where Vi (xk ) is defined in (11).
Proof: This conclusion can be proven by mathematical
induction. First, consider i = 1. We have
V̂1 (xk ) ≥

1 (xk )

= min {U(xk , uk ) + V0 (xk+1 )}
uk

= V1 (xk ).

(39)

For ∀ i = 1, 2, . . . , obtain V̂i (xk ) by (7)–(10);
Obtain the iterative performance index function V̂i (xk )
by (43);
3: Let V̂i (xk ) = V̂i (xk );
4: Obtain the parameter γ̂i by (41);
5: return γ̂i and let γi = γ̂i .
1:
2:

uk

≥ min {U(xk , uk ) + Vl−1 (xk+1 )} = Vl (xk ).
uk

(40)

The conclusion is proven.
Then, we can derive the following theorem.
Theorem 7: For ∀ i = 0, 1, . . . , V̂i (xk ) is obtained
by (7)–(10). If for ∀ i = 0, 1, . . . , the approximation error
of the iterative performance index function πi (xk ) ≥ 0, and
there exists γ̂i that satisfies
γ̂i U(xk , uk ) ≥ V̂i (F(xk , uk ))

(41)

then we have γ̂i ∈ γi .
Proof: According to the generalized value iteration algorithm (7)–(10). As the existence of the approximation error
ρ0 (xk ) in the iterative control law, for i = 1, we have
1 (xk )

= min {U(xk , uk ) + V0 (xk+1 )}
uk


≤ U xk , v̂0 (xk ) + V̂0 (xk+1 )

(42)

where V̂0 (xk ) = 0 (xk ) = (xk ). If π0 (xk ) ≥ 0, then we
can get V̂1 (xk ) ≥ V1 (xk ). Using the mathematical induction,
we can prove that V̂i (xk ) ≥ Vi (xk ) holds for ∀i = 1, 2, . . .
According to (41) we can get γ̂i U(xk , uk ) ≥ Vi (F(xk , uk )),
which proves γ̂i ∈ γi .
From Theorem 7, we can see that if for ∀ i = 0, 1, . . . ,
we can force the approximation error πi (xk ) ≥ 0, then the
parameter γi can be estimated. An effective method is to add
another approximation error |πi (xk )| to the iterative performance index function V̂i+1 (xk ). The new iterative performance
index function can be defined as
V̂i+1 (xk ) = U(xk , v̂i (xk )) + V̂i (xk+1 ) + πi (xk ) + |πi (xk )|
(43)
= V̂i+1 (xk ) + |πi (xk )|.
Hence, the second estimation method of the parameter γi
can be described in Algorithm 2.
Remark 5: In Algorithm 2, we use the iterative performance
index function V̂i (xk ) to obtain the parameter γ̂i by (41).
According to Lemma 4, we have V̂i (xk ) ≥ Vi (xk ). Hence, we
can get γ̂i ∈ γi and the admissible control law μ(xk ) is unnecessary. This is a merit of Algorithm 2. However, by introducing
an additional error |πi (xk )|, the difference between V̂i (xk ) and
i (xk ) may be enlarged. This makes the iterative performance
index function V̂i (xk ) possible to diverge as i → ∞. This is
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the disadvantage of Algorithm 2. In the following, another
method is developed to overcome this difficulty.
For ∀ i = 1, 2, . . . , there exists a finite constant 0 < σ i ≤ 1
that makes
V̂i (xk ) ≥ σ i i (xk ).

(44)

If V̂i (xk ) ≥ i (xk ), then we define σ i = 1. We can derive
the following results.
Lemma 5: Let xk ∈ x be an arbitrary controllable state
and Assumptions 1–4 hold. Let V̂0 (xk ) = V0 (xk ) = (xk ). For
∀ i = 1, 2, . . . , let i (xk ) be expressed as in (15) and V̂i (xk )
be expressed as in (10). Let 0 < γi < ∞ be a constant that
satisfies (19). If for ∀ i = 1, 2, . . . , there exists 0 < σ i ≤ 1
that satisfies (44), then we have
⎡
i−1 


σ i−1 σ i−2 · · · σ i−j+1 σ i−j − 1
V̂i (xk ) ≥ σ i ⎣1+
j=1

×

γi−1 γi−2 · · · γi−j
(γi−1 + 1)(γi−2 + 1) · · · (γi−j + 1)

Algorithm 3 Method III for Estimating γi
1: For ∀ i
= 1, 2, . . . , record σ 0 , σ 1 , . . . , σ i−1 and
γ 0 , γ 1 , . . . , γ i−1 ;
2: Obtain V̂i (xk ) and i (xk ) by (10) and by (15), respectively;
If V̂i (xk ) ≥ i (xk ), then we let σ i = 1. Otherwise, obtain
the approximation error σ i by (44);
4: Obtain γ̂i according to V̂i (xk ) and U(xk , uk ). Solve γ by
i
(50);
5: return γ and let γi = γ .
i
i
3:

As for ∀ i = 1, 2, . . . , 0 < σ i ≤ 1 and 0 < γi < ∞, we
have
⎛
l−2 


σ l−2 σ l−3 · · · σ l−j σ l−j−1 − 1
0 < σ l−1 ⎝1 +
j=1

!
Vi (xk )

×

(45)
where we define

i


(·) = 0, for ∀j > i, i, j = 0, 1, . . . , and we

j

let σ i−1 σ i−2 · · · σ i−j+1 (σ i−j − 1) = (σ i−1 − 1), for j = 1.
Theorem 8: For ∀ i = 1, 2, . . . , let 0 < γi < ∞ be a constant that satisfies (19). Define a new iterative performance
index function as
⎡
i−1 


σ i−1 σ i−2 · · · σ i−j+1 σ i−j − 1
V i (xk ) = σ i ⎣1+
j=1

γi−1 γi−2 · · · γi−j
×
(γi−1 + 1)(γi−2 + 1) · · · (γi−j + 1)

Vi (xk )

Substituting (49) into (48), we can obtain the conclusion
holds for i = l. The proof is completed.
From Theorem 8, we can estimate the lower bound of the
iterative performance index function Vi (xk ). Hence, we can
derive the following theorem.
Theorem 9: For ∀ i = 1, 2, . . . , let V̂i (xk ) be the iterative
performance index function that satisfies (37). If for ∀ i =
1, 2, . . . , there exists γ̂i that satisfies (41), then we have
γi =
where

⎡

i = σ i ⎣1+

where 0 < σ i ≤ 1. Then for ∀ i = 1, 2, . . . , we have

≤ 1.
(49)

!
(46)

0 < V i (xk ) ≤ Vi (xk ).

γl−2 γl−3 · · · γl−j−1


(γl−2 + 1) (γl−3 + 1) · · · γl−j−1 + 1

γ̂i
∈ γi
i

(50)

i−1 

σ i−1 σ i−2 · · · σ i−j+1 (σ i−j − 1)
j=1

(47)

Proof: The conclusion can be proven by mathematical
induction. First, let i = 1. we have V 1 (xk ) ≤ σ 1 V1 (xk ) which
shows (47) holds for i = 1. Assume that the inequality (47)
holds for i = l − 1, l = 2, 3, . . . Then for i = l, we can get
⎡
l−1 


σ l−1 σ l−2 · · · σ l−j+1 σ l−j − 1
σ l ⎣1 +
j=1

⎤

γl−1 γl−2 · · · γl−j
⎦
×
(γl−1 + 1)(γl−2 + 1) · · · (γl−j + 1)
⎡
⎛
⎛
l−2 

γ
l−1
⎝σ l−1 ⎝1 +
σ l−2 σ l−3 · · · σ l−j
= σ l ⎣1 +
γl−1 + 1
j=1

⎞
⎞⎞⎤
σ l−j−1 − 1 γl−2 γl−3 · · · γl−j−1
⎠ − 1⎠⎠⎦.
×
(γl−2 + 1)(γl−3 + 1) · · · (γl−j−1 + 1)
(48)

⎞⎤
γ i−1 γ i−2 · · · γ i−j
⎠⎦.


× 
γ i−1 + 1 γ i−2 + 1 · · · γ i−j + 1
(51)
Proof: The conclusion can be proven by mathematical
induction. First, let i = 1. According to (51) we have
γ̂1 U(xk , uk ) ≥ V̂1 (F(xk , uk )) ≥ σ 1 V1 (F(xk , uk )).

(52)

Assume that the conclusion holds for i = l−1, l = 2, 3, . . . .
For i = l, According to Lemma 5, we can get V̂l (xk ) ≥
l Vl (xk ). From (41), we can obtain
γ̂l U (xk , uk ) ≥ V̂l (F(xk , uk )) ≥ l Vl (F(xk , uk ))

(53)

γ̂l
∈ γl . The proof is completed.
l
The third estimation method of the parameter γi can be
described in Algorithm 3.
Remark 6: We can see that if we record σ j and γ j ,
j = 1, 2, . . . , i − 2, then we can compute i−1 by (51).
which shows that γ l =
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Algorithm
4
Finite-Approximation-Error
Based
Generalized Value Iteration Algorithm
Initialization:
Choose randomly an array of system states xk in x ;
Choose a semi-positive definite function (xk ) ≥ 0;
Choose a convergence precision ζ ;
Give a sequence {qi }, i = 0, 1, . . . , where 0 < qi < 1;
Give two constants 0 < ς < 1, 0 <  < 1.
Iteration:
1: Let the iteration index i = 0;
2: Let V0 (xk ) = (xk ) and obtain γ0 by (30);
3: Compute v̂0 (xk ) by (7) and obtain V̂1 (xk ) by (8);
4: Obtain σ1 by (16). If σ1 (xk ) satisfies (24), then estimate γ1
by Algorithm ϒ, ϒ = 1, 2, 3. Let i = i + 1 and goto next
step. Otherwise, decrease ρ0 (xk ) and π0 (xk ), i.e., ρ0 (xk ) =
ςρ0 (xk ) and π0 (xk ) = π0 (xk ), respectively. Goto Step 3;
5: Compute v̂i (xk ) by (9) and obtain V̂i+1 (xk ) by (10);
6: Obtain σi+1 by (16). If σi+1 satisfies (24), then estimate γi+1 by Algorithm ϒ, ϒ = 1, 2, 3, and goto
next step. Otherwise, decrease ρi (xk ) and πi (xk ), i.e.,
ρi (xk ) = ςρi (xk ) and πi (xk ) = πi (xk ), respectively. Goto
Step 5;
7: If |V̂i+1 (xk ) − V̂i (xk )| ≤ ζ , then the optimal performance
index function is obtained and goto Step 8; else let i = i+1
and goto Step 5;
8: return v̂i (xk ) and V̂i (xk ).
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approximation errors are required to ensure the convergence
of the generalized value iteration algorithm. It is an important property for the neural network implementation of the
finite-approximation-error based generalized value iteration
algorithm. For large xk , approximation errors of neural networks can be large. As xk  → 0, the approximation errors of
neural networks are also required to be zero. As is known, the
approximation of neural networks cannot be globally accurate
with no approximation errors, so the implementation of the
generalized value iteration algorithm by neural networks may
be invalid as xk → 0. On the other hand, in the real world,
neural networks are generally trained under a global uniform
training precision or approximation error. Thus, the developed
generalized value iteration algorithm requires that the training
precision is high and the approximation errors are small that
make the iterative performance index function convergent for
most of the state space.
IV. S IMULATION S TUDIES
To evaluate the performance of our finite-approximationerror-based generalized value iteration algorithm, we choose
two examples for numerical experiments.
Example 1: In our first example, we will consider a
spring-mass-damper system [59]. The system function can be
expressed by
dy
d2 y
+ b + κy = u
2
dt
dt
where y is the position and u is the control input. Let
M = 0.1 kg denote the mass of object. Let κ = 2 kgf/m be
the stiffness coefficient of spring and let b = 0.1 be the wall
friction. If we let x1 = y, x2 = dy
dt . Discretizing the system
function using Euler method [60] with the sampling interval
t = 0.1s leads to
$
! %
!
$
1
T
x1k
x1(k+1)
κ
b
=
x2(k+1)
x2k
− T
1 − T
M
M
%

0
+ T uk .
(56)
M
M

Then we can obtain γ i−1 by (50). For ∀ i = 2, 3, . . . , the
convergence criterion (31) can be justified. Hence it is unnecessary to construct a new iterative performance index function
to estimate the parameter γi . On the other hand, from the
expression of (51), we know that 0 < i ≤ 1 holds for
∀i = 1, 2, . . . . It shows that the convergence criterion (50)
is feasible. Therefore, it is recommended to use Algorithm 3
to estimate γi . In this paper, we will give comparisons of these
three methods.
E. Summary of the Finite-Approximation-Error-Based
Generalized Value Iteration Algorithm
Now, we summarize the finite-approximation-error-based
generalized value iteration algorithm in Algorithm 4.
Remark 7: Generally, in iterative ADP algorithms, the difference between V̂i (xk ) and i (xk ) is obtained, that is
V̂i (xk ) −

i (xk )

= i (xk )

(54)

where i (xk ) is the approximation error function. According to
the definition of σi in (16) and the convergence criterion (24),
we can easily obtain the following equivalent convergence
criterion:
i (xk ) ≤

1
γi−1 +1 V̂i (xk ).

(55)

From (55), we can see that for different system state xk ,
it requires different approximation error i to guarantee the
convergence of V̂i (xk ). If xk  is large, then the developed
generalized value iteration algorithm permits large approximation errors to converge and if xk  is small, then small

Let the initial state be x0 = [1, −1]T . Let the performance
index function be expressed by (2). The stage cost function is
expressed as U(xk , uk ) = xkT Qxk + uTk Ruk , where Q = R = I
and I denotes the identity matrix with a suitable dimension.
Let the state space be x = {x | − 1 ≤ x1 ≤ 1, −1 ≤
x2 ≤ 1}. We choose 5000 states in x to implement the
generalized value iteration algorithm to obtain the optimal
control law. Neural networks are used to implement the developed generalized value iteration algorithm. The critic and
the action networks are both chosen as three-layer backpropagation (BP) neural networks with the structures of
2–8–1 and 2–8–1, respectively. The implementations of ADP
by neural networks can be seen in [34], [40], and [58]
and the details are omitted here. To illustrate the effectiveness of the algorithm, four different initial performance index
functions are considered. Let the initial performance index
function be expressed by  j (xk ) = xkT Pj xk , j = 1, . . . , 4. Let
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(a)

(b)

(c)

(d)

Fig. 1. Trajectories of γ ’s by  1 (xk )– 4 (xk ). γI , γII and γIII by (a)  1 (xk ),
(b)  2 (xk ), (c)  3 (xk ), and (d)  4 (xk ).

P1 = 0. Let P2 –P4 be initialized by arbitrary positive definite
matrices with the forms P2 = [8.60, −0.66; −0.66, 3.09],
P3 = [1.06, −1.6587; −1.66, 13.09], P4 = [60, 4; 4, 4],
respectively. Let γI , γII , and γIII denote the γ ’s which are
obtained by Algorithms 1–3, respectively. Let qi = 0.9999
for ∀ i = 0, 1, . . . , and let ς =  = 0.5. For linear
system (56), it is easy to find an admissible control law
μ(xk ) = [0.30, −0.30]xk . Let the control spaces be u =
{u | − 3 ≤ u ≤ 3}. Initialized by  j (xk ), j = 1, . . . , 4, implement the finite-approximation-error based generalized value
iteration algorithm. We choose 20 000 data in x × u to
compute γI , γII , and γIII . The corresponding trajectories are
presented in Fig. 1(a)–(d), respectively.
Define the admissible error as
¯i (xk ) =

1
V̂i (xk ).
γi−1 + 1

Fig. 2. Plots of the admissible errors corresponding to  1 (xk ) and  2 (xk ).
Admissible errors by (a) γI and  1 (xk ), (b) γII and  1 (xk ), (c) γIII and  1 (xk ),
(d) γI and  2 (xk ), (e) γII and  2 (xk ), and (f) γIII and  2 (xk ).

(57)

From (57), we can see that for different initial performance
index functions  j (xk ), j = 1, 2, 3, 4, and for different iteration index i, we can obtain different V̂i (xk ), which means ¯i (xk )
will be different. As V̂i (xk ) is a function of xk , we have that
¯i (xk ) is also a function of xk . From Fig. 1, we can see that
for Algorithms 1–3, the parameters γI , γII , and γIII are different. Hence, if we choose different Algorithms 1–3 to obtain
γi−1 , then the admissible errors ¯i (xk ) will be different. These
properties will be displayed in Figs. 2 and 3, respectively,
where “In” denotes initial iteration and “Lm” denotes limiting
iteration.
According to γI , γII , and γIII , the plots of the admissible
errors corresponding to  1 (xk ) are shown in Fig. 2(a)–(c),
respectively. The plots of the admissible errors corresponding
to  2 (xk ) are shown in Fig. 2(d)–(f ), respectively. According
to γI , γII , and γIII , the plots of the admissible errors corresponding to  3 (xk ) are shown in Fig. 3(a)–(c), respectively.
The plots of the admissible errors corresponding to  4 (xk ) are
shown in Fig. 3(d)–(f ), respectively.
Let V γI , V γII and V γIII be the iterative performance index
functions that are obtained by γI , γII and γIII , respectively.

Fig. 3. Plots of the admissible errors corresponding to  3 (xk ) and  4 (xk ).
Admissible errors by (a) γI and  3 (xk ), (b) γII and  3 (xk ), (c) γIII and  3 (xk ),
(d) γI and  4 (xk ), (e) γII and  4 (xk ), and (f) γIII and  4 (xk ).

The trajectories of the iterative performance index functions
initialized by  1 (xk )– 4 (xk ) are shown in Fig. 4(a)–(d),
respectively.
From Fig. 4, we can see that for different initial performance index functions, under γI , γII , and γIII , the iterative
performance index functions can converge to a finite neighborhood of the optimal performance index function. The iterative
states and iterative controls by  1 (xk ) and γI are shown
in Fig. 5(a) and (b), respectively, where we can see that
the iterative states and controls are also convergent. For linear system (56), the optimal performance index function can
analytically be expressed as J ∗ (xk ) = xkT P∗ xk , where P∗
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(a)

(b)

(c)

(d)

Fig. 4. Trajectories of the iterative performance index functions. V γI , V γII
and V γIII by (a)  1 (xk ), (b)  2 (xk ), (c)  3 (xk ), and (d)  4 (xk ).

(a)

(b)

(c)

(d)

Fig. 5. Iterative trajectories and comparisons. (a) States by  1 (xk ) and
γI . (b) Control signals by  1 (xk ) and γI . (c) Comparisons of states.
(d) Comparisons of controls.

can be obtained by algebraic Riccati equation, i.e., P∗ =
[26.61, 1.81; 1.81, 1.90] and the optimal control law can be
expressed as u∗ (xk ) = [0.67, −0.65]xk . The comparisons
of the states and control by the developed algorithm and
the optimal ones are shown in Fig. 5(c) and (d). Therefore,
the effectiveness of the developed finite-approximation-errorbased generalized value iteration algorithm can be proven
for linear systems. In next example, the effectiveness of the
developed algorithm will be illustrated for nonlinear systems.
Remark 8: If V0 (xk ) =  1 (xk ), then the developed generalized value iteration algorithm is reduced to the traditional
value iteration algorithms [42]–[44], [48]–[51], where we can
see that all the properties of traditional value iteration can be
verified by generalized value iteration algorithm. On the other
hand, initialized by an arbitrary positive semi-definite function, the developed generalized value iteration algorithm can
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also be implemented. So we say that the traditional value iteration algorithm is a special case of the developed generalized
value iteration algorithm. This is a superiority of the developed
algorithm.
Example 2: We now examine the performance of the developed algorithm in a torsional pendulum system [40], [55], [58].
The dynamics of the pendulum is as follows:
⎧
dθ
⎪
⎪
=ω
⎨
dt
(58)
⎪
dθ
dω
⎪
⎩J
= u − Mgl sin θ − fd
dt
dt
where M = 1/3 kg and l = 2/3 m are the mass and length of
the pendulum bar, respectively. The system states are the current angle θ and the angular velocity ω. Let J = 4/3Ml2 and
fd = 0.2 be the rotary inertia and frictional factor, respectively.
Let g = 9.8 m/s2 be the gravity. Discretization of the system function and performance index function using Euler and
trapezoidal methods [60] with the sampling interval t = 0.1s
leads to
! $
!
$
0.1x2k + x1k
x1(k+1)
=
x2(k+1)
−0.49 × sin(x1k ) − 0.1 × fd × x2k + x2k
$
!
0
+
(59)
u
0.1 k
where x1k = θk and x2k = ωk . Let the initial state
be x0 = [1, −1]T . We choose 10 000 states in x . The
critic and the action networks are also chosen as threelayer BP neural networks, where the structures are set by
2–8–1 and 2–8–1, respectively. To illustrate the effectiveness of the algorithm, we also choose four different initial performance index functions which are expressed by
 j (xk ) = xkT Pj xk , j = 1, . . . , 4. Let P1 = 0. Let P2 –P4
be initialized by positive definite matrices given by P2 =
[2.35, 3.31; 3.31, 9.28], P3 = [5.13, −5.72; −5.72, 15.13],
P4 = [100.78, 5.96; 5.96, 20.51], respectively. Let qi =
0.9999 for ∀ i = 0, 1, . . . , and let ς =  = 0.5. We use the
action network to obtain the admissible control law [40] with
the expression given by μ(xk ) = Winitial φ(Yinitial xk + b initial ),
where φ(·) denotes the sigmoid activation function [40], [58].
The weight matrices are obtained as
$
4.15 −0.14
2.64
0.93 −3.74
0.39
Winitial =
−3.67 −0.67 −0.25 −2.59
0.27 −1.58
!T
1.13 1.40 0.24
1.13 −2.69 −4.77
3.49 4.91 0.60 −3.55
2.97
0.22
Yinitial = [ 0.01, 1.89, −0.12, 0.10, −0.02, 0.18, −0.01,
− 0.01, −1.75, 0.03, −0.00, 0.04].
and
b initial = [ − 5.88, 0.81, −2.72, −2.07, −0.03, −0.23,
− 0.41, 1.59, 0.88, 1.97, −2.92, −4.28]T .
Initialized by  j (xk ), j = 1, . . . , 4, we choose 50 000 data
in x × u to compute γI , γII , and γIII . The corresponding trajectories are presented in Fig. 6(a)–(d), respectively. According
to γI , γII , and γIII , the plots of the admissible errors with
 1 (xk ) are shown in Fig. 7(a)–(c), respectively. The plots of
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(a)

(b)

(c)

(d)

Fig. 6. Trajectories of γ ’s by  1 (xk )– 4 (xk ). γI , γII , and γIII by (a)  1 (xk ),
(b)  2 (xk ), (c)  3 (xk ), and (d)  4 (xk ).

Fig. 7. Plots of the admissible errors corresponding to  1 (xk ) and  2 (xk ).
Admissible errors by (a) γI and  1 (xk ), (b) γII and  1 (xk ), (c) γIII and  1 (xk ),
(d) γI and  2 (xk ), (e) γII and  2 (xk ), and (f) γIII and  2 (xk ).

the admissible errors corresponding to  2 (xk ) are shown in
Fig. 7(d)–(f), respectively. According to γI , γII , and γIII , the
plots of the admissible errors corresponding to  3 (xk ) are
shown in Fig. 8(a)–(c), respectively. The plots of the admissible errors corresponding to  4 (xk ) are shown in Fig. 8(d)–(f),
respectively.
Initialized by  1 (xk )– 4 (xk ), the trajectories of the iterative
performance index functions for V γI , V γII , and V γIII are shown
in Fig. 9(a)–(d), respectively. The iterative control and state trajectories by  1 (xk ) and γI are shown in Figs. 10(a) and 11(a),
respectively. The iterative control and state trajectories by  2 (xk )
and γII are shown in Figs. 10(b) and 11(b), respectively. The iterative control and state trajectories by  3 (xk ) and γIII are shown in
Figs. 10(c) and 11(c), respectively. The iterative control and state
trajectories by  4 (xk ) and γIII are shown in Figs. 10(d) and 11(d),
respectively.

Fig. 8. Plots of the admissible errors corresponding to  1 (xk ) and  2 (xk ).
Admissible errors by (a) γI and  3 (xk ), (b) γII and  3 (xk ), (c) γIII and  3 (xk ),
(d) γI and  4 (xk ), (e) γII and  4 (xk ), and (f) γIII and  4 (xk ).

(a)

(b)

(c)

(d)

Fig. 9. Trajectories of the iterative performance index functions. V γI , V γII ,
and V γIII by (a)  1 (xk ), (b)  2 (xk ), (c)  3 (xk ), and (d)  4 (xk ).

From Figs. 9–11, we can see that for different initial performance index functions under γI , γII , and γII ,
the iterative performance index functions can converge to
a finite neighborhood of the optimal performance index
function. The corresponding iterative controls and iterative states are also convergent. Therefore, the effectiveness
of the developed finite-approximation-error based generalized value iteration algorithm can be shown for nonlinear
systems.
On the other hand, we should say that if the initial weights
of the neural networks, such as weights of the initial admissible control law, are changed, then the convergence property
will also be different. Now, we also use the action network
to obtain the admissible control law [40] with the expression
given by μ (xk ) = Winitial φ(Yinitial xk + b initial ), and the weight
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(a)

(b)

(a)

(b)

(c)

(d)

(c)

(d)

Fig. 10.
Iterative control signals. Trajectories by (a)  1 (xk ) and γI ,
(b)  2 (xk ) and γII , (c)  3 (xk ) and γIII , and (d)  4 (xk ) and γIII .

(a)

(b)

(c)

(d)

Fig. 11.
Iterative state trajectories. Trajectories by (a)  1 (xk ) and γI ,
(b)  2 (xk ) and γII , (c)  3 (xk ) and γIII , and (d)  4 (xk ) and γIII .

matrices are obtained as
$
−1.92 −2.35
4.59 −0.44 −2.10 −3.97
Winitial =
4.45
4.27 −1.55
4.89
4.49 −2.81
!T
1.41 −4.61 −3.37 2.99 −3.48 −2.39
4.64
1.53
3.32 3.81
3.30
4.24
Yinitial = [ − 0.064, 0.002, 0.013, 0.012, −0.101, 0.015,
0.008, 0.019, −0.178, −0.002, −0.123, −0.091]
and
b initial = [ − 4.87, 3.90, −3.09, 2.21, 1.35, 0.44,
− 0.45, −1.33, −2.16, 3.08, −3.92, −4.86]T.
We choose  3 (xk ) as the initial performance index function
for facilitating our analysis. The trajectories of γI by μ(xk ) and
γI by μ (xk ) are shown in Fig. 12(a). We can see that if the
initial weights of the neural networks for admissible control
law are changed, then the parameter γI is also changed. For

Fig. 12. Comparisons for different μ(xk ). (a) γI and γI by μ(xk ) and μ (xk ).
(b) V γI and V γI . (c) System states by γI and γI . (d) Optimal control by
γI and γI .

different γI , according to Theorem 4 of the revised paper, we
know that the iterative performance index function can be convergent under different approximation errors. The trajectories
of the iterative performance index function by γI and γI are
shown in Fig. 12(b), respectively, where we can see that for
different initial weights of the neural networks for admissible control law, the iterative performance index function will
converge to different values. Hence, we can say that the initial weights of the neural network will make the convergence
properties different. The optimal trajectories of system states
and control by γI and γI are shown in Fig. 12(c) and (d),
respectively.
V. C ONCLUSION
In this paper, an effective generalized value iteration algorithm is developed to solve optimal control problems for
infinite horizon discrete-time nonlinear systems. The developed generalized value iteration algorithm of ADP permits
an arbitrary positive semi-definite function to initialize the
algorithm, which overcomes the disadvantage of traditional
value iteration algorithms. When the iterative control law and
iterative performance index function in each iteration cannot accurately be obtained, we emphasize that for the first
time a new “design method of the convergence criteria” for
the finite-approximation-error-based generalized value iteration algorithm is established to make the iterative performance
index functions converge to a finite neighborhood of the optimal performance index function. BP neural networks are used
to implement the finite-approximation-error-based generalized
value iteration algorithm. Finally, two simulation examples are
given to illustrate the performance of the developed algorithm.
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