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Tussle Between APs in a
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Abstract—In recent years, many pricing schemes have been
proposed for network service access in wireless networks. Most
of them model this access problem as a cooperative game, where
the network service is assumed to be open to every user. However,
few of them have considered the scenario where the network
service is private, i.e., users cannot access the network service
freely. In this paper, we study the network pricing of private
wireless access points (APs) under the awareness of the growing
popularity of private APs and the increasing attention on their
potential usage of providing network service to public users. We
formulate this problem as a location-dependent pricing game,
and use pricing mechanism to motivate AP owners to share
their private networks. Our theoretical study has identified the
unique characteristics of the Nash equilibria in single AP and two
AP scenarios. We further propose an optimization problem to
calculate the optimal strategies in general multiple AP scenarios.
The correctness and accuracy of the theoretical analysis have
been validated by numerical results.

Index Terms—Wireless networks, wireless access points,
location-dependent property, pricing game.

I. INTRODUCTION

NOWADAYS, there is a large and growing number of
wireless access points (APs) deployed in our daily lives,

e.g., homes, offices. The way of utilizing these private APs
has received increasing attention, since many of these APs
could potentially be used to provide Internet access to public
users that lie or are passing within the coverage area of the
APs. However, owners of APs often choose to encrypt their
networks to prevent outsiders from accessing their private APs.
Without a mechanism to compensate, the network owners have
no incentive to release their APs to share with public users and
bear with the increase of network traffic and security risk. A
basic idea to address this problem is to allow owners to price
their APs to gain profit while users to pay for the service. This
problem can be modeled as a network pricing game due to the
fact that the owners and the users have conflicting objectives.
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Many existing approaches tackle the service sharing prob-
lem by modeling it as a cooperation game and applying
game theory to find a unique equilibrium point between users.
Unfortunately, most of these approaches assume the service
resources are open to users and seek to maximize the service
utilization efficiency, which lacks a support to the scenarios
that the service is private and AP owners may not share their
private networks without incentives.

In this paper, we use pricing mechanism to motivate AP
owners to share their private networks. This pricing mecha-
nism is somewhat like an auction [1]. When a user wants to
access the Internet, it sends an access request to the nearby
APs. To guarantee the revenue, each AP replies with a reserve
price [2], below which the access request will be refused. If
this user believes that the minimal reserve price is appropriate,
it makes an agreement with the corresponding AP, and then
accesses the Internet through it. However, even if there is
only one AP, this AP cannot offer an arbitrarily high reserve
price, since the utility of the user is bounded and any reserve
price above the utility will be rejected. Note that this pricing
game differs from traditional auctions, because users can only
send access requests to nearby APs, and APs can only receive
access requests from users in their coverage areas. We call
this location-dependent property.

To make this model practical, payment mechanism and
security issue must be taken into account. Suppose the user
pays the AP for each Internet access session. However, most
electronic payment schemes in common use today incur a
relatively large amount of transaction overhead. Research on
the payment architecture is beyond the scope of this paper,
and we assume there exists some payment mechanism (e.g.
PayWord [3]) or the Internet Service Provider (ISP) is re-
sponsible for collecting and distributing the revenue. Security
is another critical issue that this model faces. Users need to
know that APs are not eavesdropping on the traffic, or spoofing
the websites that they are trying to reach. Similarly, APs need
to know that users cannot use the accesses to launch attacks.
We believe that these problems can be addressed by existing
techniques, and ignore these security issues for the rest of this
paper.

In this paper, we assume APs are rational, and use pricing
game to model the interactions between APs. We fucus on
the location-dependent property of this pricing game, and
our theoretical study has identified the unique characteristics
of the Nash equilibria in single AP and two AP scenarios.
We further propose an optimization problem to calculate the
optimal strategies in general multiple AP scenarios. As far as
we are aware, there is no prior work that studies the location-
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dependent property of pricing game between multiple APs.
We believe that these results can help us to understand the
behaviors of APs which provide Internet access to public
users, and this analysis framework can be used to calculate the
potential incoming for APs, which may serve as a guidance
in future research.

The remainder of this paper is organized as follows. We
review the related work in section II, and present the system
model in section III, including the user model, the AP model
and the game model. Then we study the pricing games in
special scenarios in section IV, and investigate the pricing
game in general scenario in section V. Finally we conclude
this paper in section VI.

II. RELATED WORK

Economic theories have been used to analyze the problems
in networks where decision-makers have conflicting objec-
tives. Early work on network pricing [4]–[6] mainly consider
throughput maximization, and prices play the role of Lagrange
multipliers, which are used mainly to achieve better utilization
of network resource.

In wireless networks, some recent papers investigate pric-
ing as a mechanism to motivate participation and coopera-
tion in packet forwarding. Anderegg and Eidenbenz [7] de-
velop a Vickrey-Clarke-Groves (VCG) routing protocol which
achieves truthfulness from wireless clients and cost efficiency
by assuming a selfish relaying node will forward a packet if
the cost of forwarding is covered. Zhong et al. [8] propose
a cooperation-optimal routing and forwarding protocol for
wireless ad-hoc networks, which integrates VCG mechanism
and cryptographic technique. Emmanouil and Lassous [9]
propose an auction mechanism for allocating the bandwidth
in wireless networks, which comprise multiple heterogeneous
geographically coexisting wireless networks, so as to maxi-
mize social welfare. However, all these papers are based on
VCG mechanism, and aim to guarantee truthfulness, which
incurs much computational cost.

Many papers apply game theory to analyze the spectrum
sharing problems. In cognitive radio network [10], multiple
users compete to access open spectrum. They may behave
selfishly and have no incentive to cooperate with each other.
Cao et al. [11] propose a local bargaining mechanism to
optimize the efficiency of distributive spectrum allocation and
maintain bargaining fairness among secondary users. Based
on double auction rule, Ji et al. [12] propose a belief-based
dynamic pricing approach to optimize the overall spectrum
efficiency, while keeping incentives of the selfish users. Zhang
et al. [13] propose a cooperative cognitive radio framework
where both primary and secondary users target at maximizing
their utilities, and formulate this model as a Stackelberg game,
where a unique Nash equilibrium point is achieved. However,
most of these papers consider the selfish behavior of users,
and try to maximize the spectrum utilization efficiency. Jia and
Zhang [14] propose a three-layer spectrum market model, in
which the interaction among spectrum holder, wireless service
providers and end users are considered. However, they don’t
consider the location-dependent property, and only study a
duopoly situation. Jia et al. [15] study a specific auction format

where secondary wireless service providers have demands for
fixed locations, and use the VCG mechanism to maximize
the expected revenue while enforcing truthfulness. However,
they assume a single spectrum holder, and ignore the tussle
between different spectrum holders.

The most related work of network pricing of private AP
networks are the studies in [16]–[18]. Musacchio and Walrand
[16] model the pricing for AP as a dynamic game, and study
clients with different utility functions. Given that clients have
the web browsing utility function, they prove that the fixed-
rate pricing is optimal to AP. However, they assume AP
has unlimited capacity, so it can maximize the total profit
by separately maximizing the gain in each interaction. Lam
et al. [17] relax the unlimited capacity assumption in [16],
and show that the fixed-rate pricing is no longer optimal to
AP. Huang and Neely [18] consider the profit maximization
problem of an AP in a wireless mesh network, and develop an
online scheme that jointly solves the pricing and transmission
scheduling problem in a dynamic environment. However, all
these approaches consider the scenario with only one AP, and
focus on the behavior of users rather than that of AP owners.

III. SYSTEM MODEL

In this section, we present the system model, including the
user model, the AP model and the game model. Based on
these models, we can investigate the AP behaviors, and then
model the interactions between APs as a pricing game.

A. User Model

In this paper, users have no Internet access and arrive
randomly in the network. If a user lies in the coverage area
of an AP, it can send an access request to the AP. If the
user makes an agreement with the AP, it accesses the Internet
through this AP, and pays for the Internet access service.
The user arrival rate at a specific location follows a two-
dimensional Poisson distribution. That’s to say, the AP with a
larger coverage area receives more access requests.

To simplify the analysis, we ignore the user mobility in
this paper, and leave it as a future work. Actually, if the
coverage situation of a user is changed, for example, it leaves
the coverage area of one AP and moves into the coverage area
of another, it should send an access request to the latter AP
to make a new agreement. So this user can be considered as
a new arrival.

After accessing the Internet, the user gets a utility. As men-
tioned in [16], users normally have different utility functions
which are related to the application types, e.g., web browser
applications have a utility function growing linearly, and file
transferor applications have a step utility function. No matter
what type of utility function is, we assume the AP cannot be
aware of the user’s utility value.

We assume that the utilities of different users are indepen-
dent and identically distributed, drawn from the distribution
function 𝐹 (𝑣), which is non-decreasing and differentiable over
the interval [𝑣𝑚𝑖𝑛, 𝑣𝑚𝑎𝑥], where 𝑣 denotes the utility of a user
and 𝑣𝑚𝑖𝑛 (𝑣𝑚𝑎𝑥) denotes the minimal (maximal) utility a user
can get. We let 𝐹 (𝑣𝑚𝑖𝑛) = 0, 𝐹 (𝑣𝑚𝑎𝑥) = 1 and assume
𝐹 (𝑣), 𝑣𝑚𝑖𝑛 and 𝑣𝑚𝑎𝑥 are of common knowledge to APs and
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users. For simplicity, we assume the utility function follows a
uniform distribution1. That’s to say,

𝐹 (𝑣) =
𝑣 − 𝑣𝑚𝑖𝑛

𝑣𝑚𝑎𝑥 − 𝑣𝑚𝑖𝑛
. (1)

B. AP Model

In this paper, we assume APs are rational, and adopt the
concept of reserve price in [2]. Each AP has a reserve price to
guarantee its revenue, below which the access requests from
users will be denied. For AP 𝑖, let the reserve price be 𝑟𝑖, and
the cost to conduct an Internet access session be 𝑟0. Note that
𝑟𝑖 should not be greater than 𝑣𝑚𝑎𝑥, or users will definitely
refuse this reserve price. So we have 𝑟𝑖 ∈ [𝑟0, 𝑣𝑚𝑎𝑥].

Let 𝑃𝑟𝑜𝑏{𝑟𝑖 = 𝑟} denote the probability that AP 𝑖 chooses
a value 𝑟, and 𝐺𝑖(𝑟), a cumulative distribution function where
𝑟𝑖 ≤ 𝑟, denote the strategy that AP 𝑖 adopts. Then

𝐺𝑖(𝑟) = 𝑃𝑟𝑜𝑏{𝑟𝑖 ≤ 𝑟}. (2)
Note that 𝐺𝑖(𝑟) may be discontinuous sometimes. If 𝐺𝑖(𝑟) is
discontinuous at 𝑟′, we know that 𝑃𝑟𝑜𝑏{𝑟𝑖 = 𝑟′} > 0.

C. Game Model

In practice, a user can send multiple access requests to
different APs simultaneously, and an AP may receive multiple
access requests from different users. This is actually a double
auction [1], i.e., there are multiple buyers and multiple sellers.
To simplify the model, we focus on AP behaviors only and
make the following assumptions:

∙ Users are sensitive to access delay. The user expects
to get response from the AP right after sending an
access request, or they will choose to try another access
approach;

∙ The user arrival rate at a specific location is much smaller
than the service capacity that an AP can provide. The
probability that an AP receives multiple access requests
in a short time interval is small.

These two assumptions indicate that this pricing game is
a single-user multiple-AP game, which is actually a reverse
auction [1]. However, this pricing game differs from traditional
reverse auctions, since users can only send access requests to
nearby APs, and APs can only receive access requests from
users in their coverage areas, which we call location-dependent
property in this paper.

At a Nash equilibrium, each player’s strategy is a best re-
sponse to the strategies of the other players, and no player can
improve its utility by unilaterally changing its own strategy.
So each Nash equilibrium corresponds to a steady state.

For a player with finite strategies in a game, support is the
set of pure strategies that it adopts with positive probabilities.
We extend this concept to the continuous game where players
have infinite strategies, and define the support of AP 𝑖 as the
set of reserve price 𝑟, where 𝑃𝑟𝑜𝑏{𝑟𝑖 = 𝑟} > 0, or 𝑃𝑟𝑜𝑏{𝑟𝑖 =
𝑟} = 0 but 𝐺′

𝑖(𝑟) > 0. Note that at the Nash equilibrium,
the expected revenues of the reserve prices in the support are
maximized and equivalent, or the AP will choose a strategy by
adopting the reserve price with the maximal expected revenue.

1Note that other distribution functions can also be considered in this
framework.
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Fig. 1. Two AP scenario.

IV. PRICING GAME IN SPECIAL SCENARIOS

In this section, we investigate the pricing game in special
scenarios. We first study the optimal strategy for the single
AP scenario, and then the pricing game between two APs.

A. Single AP Scenario

In the single AP scenario (the coverage area of an AP does
not overlap with that of any other AP), when a user sends this
AP an access request, if the user’s utility 𝑣 is larger than the
AP’s reserve price 𝑟𝑖, the user will accept 𝑟𝑖 and connect to
the Internet through this AP. Therefore, the expected revenue
of the AP is
𝑈(𝑟𝑖) = (𝑟𝑖− 𝑟0)𝑃𝑟𝑜𝑏{𝑣 > 𝑟𝑖} = (𝑟𝑖− 𝑟0)(1−𝐹 (𝑟𝑖)). (3)
According to the definition of 𝐹 (𝑣), since 𝑟𝑖 ∈ [𝑟0, 𝑣𝑚𝑎𝑥],

from equations (1) and (3) we know that 𝑈(𝑟𝑖) is concave and
can be maximized at

𝑟∗ =
1

2
(𝑣𝑚𝑎𝑥 + 𝑟0). (4)

So the optimal strategy for a single AP is

𝐺∗(𝑟𝑖) =
{

0, if 𝑟0 ≤ 𝑟𝑖 < 𝑟∗,
1, if 𝑟∗ ≤ 𝑟𝑖 ≤ 𝑣𝑚𝑎𝑥.

(5)

Note that if the utility function 𝐹 (𝑣) does not follow a
uniform distribution, 𝑈(𝑟𝑖) may not be concave. Then we may
solve the equation 𝑈(𝑟𝑖) = 0 by numerical method. If there
are many local maximal values for 𝑟∗, there will be many
Nash equilibria in a pricing game, and we need to study these
Nash equilibria separately.

B. Two AP Scenario

In this subsection, we study the pricing game of a two AP
scenario. We first analyze the structure of the support space
in the equilibrium, and then study the Nash equilibrium.

As shown in Fig. 1, the radii of the coverage areas of AP
1 and AP 2 are 𝑅1 and 𝑅2, respectively, and the distance
between these APs is 𝐷. Let 𝑆 denote the amount of the
shadow area. Note that the user arrival rate at a specific
location follows a two-dimensional Poisson distribution. If AP
𝑖 receives an access request, the probability that the user is in
the shadow area is

𝑝𝑖 =
𝑆

𝜋𝑅2
𝑖

. (6)

For AP 𝑖, let 𝑟𝑖 denote its reserve price, and 𝐺𝑖(𝑟𝑖) denote
its strategy. For the case that two APs have the same reserve
price, we assume the user will choose an AP randomly after
they agree with the price. Let

𝑅(𝑟𝑖) = (𝑟𝑖 − 𝑟0)(1 − 𝐹 (𝑟𝑖)), ∀𝑖 ∈ {1, 2}. (7)

When AP 𝑖 gets an access request, the expected revenue is
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𝑈𝑖(𝑟𝑖) = 𝑅(𝑟𝑖)
(
𝑃𝑟𝑜𝑏{𝑟3−𝑖 > 𝑟𝑖}+ 1

2
𝑃𝑟𝑜𝑏{𝑟3−𝑖 = 𝑟𝑖}

)
𝑝𝑖

+𝑅(𝑟𝑖)(1− 𝑝𝑖)

=𝑅(𝑟𝑖)
(
1−𝐺3−𝑖(𝑟𝑖)𝑝𝑖 +

1

2
𝑃𝑟𝑜𝑏{𝑟3−𝑖 = 𝑟𝑖}𝑝𝑖

)
. (8)

1) Support Structure Analysis:
For each AP 𝑖, let 𝑟𝑖 ∈ [𝑟𝑚𝑖𝑛𝑖 , 𝑟𝑚𝑎𝑥𝑖 ], where 𝑟𝑚𝑖𝑛𝑖 (𝑟𝑚𝑎𝑥𝑖 ) is

the lower (upper) bound of AP 𝑖’s reserve price in the support.
We have:

Theorem 1: 𝑟𝑚𝑎𝑥𝑖 ≤ 𝑟∗, ∀ 𝑖 ∈ {1, 2}.
Proof: Suppose 𝑟𝑚𝑎𝑥𝑖 > 𝑟∗. Then for AP 𝑖 with 𝑟𝑖 ∈

[𝑟∗, 𝑟𝑚𝑎𝑥𝑖 ], according to equation (8), we know that

∙ if 𝑟3−𝑖 > 𝑟∗, suggested by the single AP scenario, AP 𝑖
can reduce 𝑟𝑖 and let 𝑟𝑖 = 𝑟∗ to maximize the revenue;

∙ if 𝑟3−𝑖 ≤ 𝑟∗, AP 𝑖 may reduce 𝑟𝑖 to 𝑟∗ without decreasing
its revenue.

According to the analysis above, there is no incentive for AP
𝑖 to choose 𝑟𝑖 > 𝑟∗. Note that APs are rational, we have
𝑟𝑚𝑎𝑥𝑖 ≤ 𝑟∗, ∀ 𝑖 ∈ {1, 2}.

Theorem 2: 𝑟𝑚𝑖𝑛1 = 𝑟𝑚𝑖𝑛2 , and 𝑃𝑟𝑜𝑏{𝑟𝑖 = 𝑟𝑚𝑖𝑛𝑖 } = 0,
∀ 𝑖 ∈ {1, 2}.

Proof: Suppose 𝑟𝑚𝑖𝑛𝑖 ∕= 𝑟𝑚𝑖𝑛3−𝑖 . Without loss of gen-
erality, we assume 𝑟𝑚𝑖𝑛𝑖 < 𝑟𝑚𝑖𝑛3−𝑖 . Then for AP 𝑖 with
𝑟𝑖 ∈ [𝑟𝑚𝑖𝑛𝑖 , 𝑟𝑚𝑖𝑛3−𝑖 ], AP 𝑖 can raise 𝑟𝑖 to 𝑟𝑚𝑖𝑛3−𝑖 − 𝜖, for some
𝜖→ 0, to increase the revenue. Since AP 𝑖 is rational, it will
not choose 𝑟𝑖 from [𝑟𝑚𝑖𝑛𝑖 , 𝑟𝑚𝑖𝑛3−𝑖 ). Namely the lower bound of
the support of AP 𝑖 is 𝑟𝑚𝑖𝑛3−𝑖 in the two AP scenario. Therefore
we have 𝑟𝑚𝑖𝑛𝑖 = 𝑟𝑚𝑖𝑛3−𝑖 , i.e., 𝑟𝑚𝑖𝑛1 = 𝑟𝑚𝑖𝑛2 .

Let 𝑟𝑚𝑖𝑛 = 𝑟𝑚𝑖𝑛1 = 𝑟𝑚𝑖𝑛2 . Suppose 𝑃𝑟𝑜𝑏{𝑟3−𝑖 = 𝑟𝑚𝑖𝑛} >
0. Note that 𝑟𝑚𝑖𝑛 is the lower bound of the reserve price. So
𝐺3−𝑖(𝑟𝑚𝑖𝑛) = 𝑃𝑟𝑜𝑏{𝑟3−𝑖 ≤ 𝑟𝑚𝑖𝑛} = 𝑃𝑟𝑜𝑏{𝑟3−𝑖 = 𝑟𝑚𝑖𝑛}.
According to equation (8), for AP 𝑖 with 𝑟𝑖 = 𝑟𝑚𝑖𝑛, the
expected revenue is

𝑈𝑖(𝑟𝑚𝑖𝑛) = 𝑅(𝑟𝑚𝑖𝑛)
(
1−𝐺3−𝑖(𝑟𝑚𝑖𝑛)𝑝𝑖 +

1

2
𝑃𝑟𝑜𝑏{𝑟3−𝑖 =

𝑟𝑚𝑖𝑛}𝑝𝑖
)
= 𝑅(𝑟𝑚𝑖𝑛)

(
1− 1

2
𝑃𝑟𝑜𝑏{𝑟3−𝑖 = 𝑟𝑚𝑖𝑛}𝑝𝑖

)
. (9)

If AP 𝑖 chooses 𝑟𝑖 = 𝑟𝑚𝑖𝑛 − 𝜖, for some 𝜖→ 0, the expected
revenue is

lim
𝜖→0

𝑈𝑖(𝑟𝑚𝑖𝑛 − 𝜖) = 𝑅(𝑟𝑚𝑖𝑛)
(
1−𝐺3−𝑖(𝑟𝑚𝑖𝑛)𝑝𝑖

+ 𝑃𝑟𝑜𝑏{𝑟3−𝑖 = 𝑟𝑚𝑖𝑛}𝑝𝑖
)
= 𝑅(𝑟𝑚𝑖𝑛), (10)

which is larger than 𝑈𝑖(𝑟𝑚𝑖𝑛). That’s to say, AP 𝑖 can achieve
a higher utility by choosing 𝑟𝑖 = 𝑟𝑚𝑖𝑛 − 𝜖, which is not in
the support, which contradicts the utility maximization in the
support. Therefore we have 𝑃𝑟𝑜𝑏{𝑟𝑖 = 𝑟𝑚𝑖𝑛𝑖 } = 0, ∀ 𝑖 ∈
{1, 2}.

Theorem 3: For any 𝑟, if 𝑃𝑟𝑜𝑏{𝑟3−𝑖 = 𝑟} > 0, then
𝑃𝑟𝑜𝑏{𝑟𝑖 = 𝑟} = 0.

Proof: If 𝑃𝑟𝑜𝑏{𝑟3−𝑖 = 𝑟} > 0 and 𝑃𝑟𝑜𝑏{𝑟𝑖 = 𝑟} > 0,
according to equation (8), for AP 𝑖 with 𝑟𝑖 = 𝑟, the expected
revenue is

𝑈𝑖(𝑟) = 𝑅(𝑟)
(
1−𝐺3−𝑖(𝑟)𝑝𝑖 +

1

2
𝑃𝑟𝑜𝑏{𝑟3−𝑖 = 𝑟}𝑝𝑖

)
. (11)

If AP 𝑖 chooses 𝑟𝑖 = 𝑟 − 𝜖, for some 𝜖 → 0, the expected
revenue is

lim
𝜖→0

𝑈𝑖(𝑟 − 𝜖) = 𝑅(𝑟)
(
1−𝐺3−𝑖(𝑟)𝑝𝑖 + 𝑃𝑟𝑜𝑏{𝑟3−𝑖 = 𝑟}𝑝𝑖

)
,

which is larger than 𝑈𝑖(𝑟). That’s to say, AP 𝑖 can achieve a
higher utility by choosing 𝑟 − 𝜖 other than 𝑟. Note that APs
are rational, so we have 𝑃𝑟𝑜𝑏{𝑟𝑖 = 𝑟} = 0.

Theorem 4: If 𝑟𝑚𝑎𝑥𝑖 < 𝑟∗, ∀ 𝑖 ∈ {1, 2}, we have 𝑟𝑚𝑎𝑥1 =
𝑟𝑚𝑎𝑥2 , and 𝑃𝑟𝑜𝑏{𝑟𝑖 = 𝑟𝑚𝑎𝑥𝑖 } = 0.

Proof: Suppose 𝑟𝑚𝑎𝑥𝑖 ∕= 𝑟𝑚𝑎𝑥3−𝑖 . Without loss of gen-
erality, we assume 𝑟𝑚𝑎𝑥𝑖 > 𝑟𝑚𝑎𝑥3−𝑖 . Then for AP 𝑖 with
𝑟𝑖 ∈ (𝑟𝑚𝑎𝑥3−𝑖 , 𝑟

𝑚𝑎𝑥
𝑖 ], AP 𝑖 can raise 𝑟𝑖 to 𝑟∗ to increase the

revenue. Note that 𝑟∗ is not in the support, which contradicts
the utility maximization in the support. Therefore we have
𝑟𝑚𝑎𝑥1 = 𝑟𝑚𝑎𝑥2 .

Let 𝑟𝑚𝑎𝑥 = 𝑟𝑚𝑎𝑥1 = 𝑟𝑚𝑎𝑥2 . From Theorem 3, 𝑃𝑟𝑜𝑏{𝑟𝑖 =
𝑟𝑚𝑎𝑥} > 0 and 𝑃𝑟𝑜𝑏{𝑟3−𝑖 = 𝑟𝑚𝑎𝑥} > 0 cannot hold simul-
taneously. Suppose 𝑃𝑟𝑜𝑏{𝑟𝑖 = 𝑟𝑚𝑎𝑥} > 0 and 𝑃𝑟𝑜𝑏{𝑟3−𝑖 =
𝑟𝑚𝑎𝑥} = 0. For AP 𝑖,

𝑈𝑖(𝑟𝑚𝑎𝑥) = 𝑅(𝑟𝑚𝑎𝑥)
(
1−𝐺3−𝑖(𝑟𝑚𝑎𝑥)𝑝𝑖

+
1

2
𝑃𝑟𝑜𝑏{𝑟3−𝑖 = 𝑟𝑚𝑎𝑥}𝑝𝑖

)
= 𝑅(𝑟𝑚𝑎𝑥)

(
1− 𝑝𝑖

)
, (12)

which is smaller than

𝑈𝑖(𝑟
∗) = 𝑅(𝑟∗)

(
1−𝐺3−𝑖(𝑟∗)𝑝𝑖 +

1

2
𝑃𝑟𝑜𝑏{𝑟3−𝑖 = 𝑟∗}𝑝𝑖

)
= 𝑅(𝑟∗)

(
1− 𝑝𝑖

)
. (13)

That’s to say, AP 𝑖 can raise 𝑟𝑖 = 𝑟𝑚𝑎𝑥 to 𝑟∗ to increase the
revenue. Note that 𝑟∗ is not in the support, which contradicts
the utility maximization in the support. Therefore we have
𝑃𝑟𝑜𝑏{𝑟𝑖 = 𝑟𝑚𝑎𝑥𝑖 } = 0, ∀ 𝑖 ∈ {1, 2}.

Theorem 5: If 𝑟𝑚𝑎𝑥𝑖 = 𝑟∗ and 𝑟𝑚𝑎𝑥3−𝑖 < 𝑟∗, we have
𝑃𝑟𝑜𝑏{𝑟𝑖 ∈ (𝑟𝑚𝑎𝑥3−𝑖 , 𝑟

∗)} = 0, 𝑃𝑟𝑜𝑏{𝑟3−𝑖 = 𝑟𝑚𝑎𝑥3−𝑖 } = 0 and
𝑃𝑟𝑜𝑏{𝑟𝑖 = 𝑟𝑚𝑎𝑥3−𝑖 } = 0.

Proof: If 𝑃𝑟𝑜𝑏{𝑟𝑖 ∈ (𝑟𝑚𝑎𝑥3−𝑖 , 𝑟
∗)} > 0, for AP 𝑖 with

𝑟𝑖 ∈ (𝑟𝑚𝑎𝑥3−𝑖 , 𝑟
∗), it can raise 𝑟𝑖 to 𝑟∗ to increase the revenue.

Since AP 𝑖 is rational, it will not choose 𝑟𝑖 from (𝑟𝑚𝑎𝑥3−𝑖 , 𝑟
∗).

Therefore we have 𝑃𝑟𝑜𝑏{𝑟𝑖 ∈ (𝑟𝑚𝑎𝑥3−𝑖 , 𝑟
∗)} = 0.

From Theorem 3, 𝑃𝑟𝑜𝑏{𝑟3−𝑖 = 𝑟𝑚𝑎𝑥3−𝑖 } > 0 and 𝑃𝑟𝑜𝑏{𝑟𝑖 =
𝑟𝑚𝑎𝑥3−𝑖 } > 0 cannot hold simultaneously. We know that

∙ if 𝑃𝑟𝑜𝑏{𝑟3−𝑖 = 𝑟𝑚𝑎𝑥3−𝑖 } = 0 and 𝑃𝑟𝑜𝑏{𝑟𝑖 = 𝑟𝑚𝑎𝑥3−𝑖 } > 0,
for AP 𝑖 with 𝑟𝑖 = 𝑟𝑚𝑎𝑥3−𝑖 , it can raise 𝑟𝑖 to 𝑟∗ to increase
the revenue. Since AP 𝑖 is rational, it will not choose
𝑟𝑖 = 𝑟𝑚𝑎𝑥3−𝑖 ;

∙ if 𝑃𝑟𝑜𝑏{𝑟3−𝑖 = 𝑟𝑚𝑎𝑥3−𝑖 } > 0 and 𝑃𝑟𝑜𝑏{𝑟𝑖 = 𝑟𝑚𝑎𝑥3−𝑖 } = 0,
for AP 3−𝑖 with 𝑟3−𝑖 = 𝑟𝑚𝑎𝑥3−𝑖 , it can raise 𝑟3−𝑖 to 𝑟∗−𝜖,
for some 𝜖→ 0, to increase the revenue. Since AP 3− 𝑖
is rational, it will not choose 𝑟3−𝑖 = 𝑟𝑚𝑎𝑥3−𝑖 .

Therefore we have 𝑃𝑟𝑜𝑏{𝑟3−𝑖 = 𝑟𝑚𝑎𝑥3−𝑖 } = 0 and 𝑃𝑟𝑜𝑏{𝑟𝑖 =
𝑟𝑚𝑎𝑥3−𝑖 } = 0.

From Theorem 2, Theorem 4 and Theorem 5, we conclude
that there are three possible supports for APs:

∙ both supports are [𝑟𝑚𝑖𝑛, 𝑟𝑚𝑎𝑥], while 𝑟𝑚𝑎𝑥 < 𝑟∗;
∙ one support is [𝑟𝑚𝑖𝑛, 𝑟𝑚𝑎𝑥], and the other is

[𝑟𝑚𝑖𝑛, 𝑟𝑚𝑎𝑥] ∪ {𝑟∗}, while 𝑟𝑚𝑎𝑥 < 𝑟∗;
∙ both supports are [𝑟𝑚𝑖𝑛, 𝑟

∗].

2) Nash Equilibrium Analysis:
Now we begin to study the Nash equilibria for these possible

supports.
Case 1: Both supports are [𝑟𝑚𝑖𝑛, 𝑟𝑚𝑎𝑥], while 𝑟𝑚𝑎𝑥 < 𝑟∗.
According to Theorem 4, we know that for AP 𝑖,
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𝑈𝑖(𝑟𝑚𝑎𝑥) = 𝑅(𝑟𝑚𝑎𝑥)
(
1−𝐺3−𝑖(𝑟𝑚𝑎𝑥)𝑝𝑖

+
1

2
𝑃𝑟𝑜𝑏{𝑟3−𝑖 = 𝑟𝑚𝑎𝑥}𝑝𝑖

)
= 𝑅(𝑟𝑚𝑎𝑥)

(
1− 𝑝𝑖

)
, (14)

which is smaller than

𝑈𝑖(𝑟
∗) = 𝑅(𝑟∗)

(
1−𝐺3−𝑖(𝑟∗)𝑝𝑖 +

1

2
𝑃𝑟𝑜𝑏{𝑟3−𝑖 = 𝑟∗}𝑝𝑖

)
= 𝑅(𝑟∗)

(
1− 𝑝𝑖

)
. (15)

This contradicts the utility maximization in the support. There-
fore Case 1 cannot be the support for a Nash equilibrium.

Case 2: One support is [𝑟𝑚𝑖𝑛, 𝑟𝑚𝑎𝑥], and the other is
[𝑟𝑚𝑖𝑛, 𝑟𝑚𝑎𝑥] ∪ {𝑟∗}, while 𝑟𝑚𝑎𝑥 < 𝑟∗.

Without loss of generality, let AP 𝑖’s support be
[𝑟𝑚𝑖𝑛, 𝑟𝑚𝑎𝑥] ∪ {𝑟∗}. According to Theorem 5, we get
𝑈𝑖(𝑟𝑚𝑎𝑥) = 𝑅(𝑟𝑚𝑎𝑥)

(
1−𝐺3−𝑖(𝑟𝑚𝑎𝑥)𝑝𝑖

+
1

2
𝑃𝑟𝑜𝑏{𝑟3−𝑖 = 𝑟𝑚𝑎𝑥}𝑝𝑖

)
= 𝑅(𝑟𝑚𝑎𝑥)(1− 𝑝𝑖), (16)

which is smaller than
𝑈𝑖(𝑟

∗) = 𝑅(𝑟∗)
(
1−𝐺3−𝑖(𝑟∗)𝑝𝑖

+
1

2
𝑃𝑟𝑜𝑏{𝑟3−𝑖 = 𝑟∗}𝑝𝑖

)
= 𝑅(𝑟∗)(1 − 𝑝𝑖). (17)

This contradicts the utility equivalence in the support. There-
fore Case 2 cannot be the support for a Nash equilibrium.

Case 3: Both supports are [𝑟𝑚𝑖𝑛, 𝑟
∗].

According to Theorem 3, 𝑃𝑟𝑜𝑏{𝑟𝑖 = 𝑟∗} > 0 and
𝑃𝑟𝑜𝑏{𝑟3−𝑖 = 𝑟∗} > 0 cannot hold simultaneously. With-
out loss of generality, we let 𝑃𝑟𝑜𝑏{𝑟𝑖 = 𝑟∗} > 0 and
𝑃𝑟𝑜𝑏{𝑟3−𝑖 = 𝑟∗} = 0. Let

lim
𝜖→0

𝐺𝑖(𝑟
∗ − 𝜖) = 𝑞. (18)

Then 𝑃𝑟𝑜𝑏{𝑟𝑖 = 𝑟∗} = 1 − 𝑞. From Theorem 2, we know
that 𝑃𝑟𝑜𝑏{𝑟𝑖 = 𝑟𝑚𝑖𝑛} = 0, 𝑃𝑟𝑜𝑏{𝑟3−𝑖 = 𝑟𝑚𝑖𝑛} = 0, and
then 𝐺𝑖(𝑟𝑚𝑖𝑛) = 0, 𝐺3−𝑖(𝑟𝑚𝑖𝑛) = 0. So

𝑈𝑖(𝑟𝑚𝑖𝑛) = 𝑅(𝑟𝑚𝑖𝑛)
(
1−𝐺3−𝑖(𝑟𝑚𝑖𝑛)𝑝𝑖

+
1

2
𝑃𝑟𝑜𝑏{𝑟3−𝑖 = 𝑟𝑚𝑖𝑛}𝑝𝑖

)
= 𝑅(𝑟𝑚𝑖𝑛), (19)

𝑈3−𝑖(𝑟𝑚𝑖𝑛) = 𝑅(𝑟𝑚𝑖𝑛)
(
1−𝐺𝑖(𝑟𝑚𝑖𝑛)𝑝3−𝑖

+
1

2
𝑃𝑟𝑜𝑏{𝑟𝑖 = 𝑟𝑚𝑖𝑛}𝑝3−𝑖

)
= 𝑅(𝑟𝑚𝑖𝑛). (20)

That’s to say, both APs’ expected revenues at 𝑟𝑚𝑖𝑛 are the
same. Let

𝑅(𝑟𝑚𝑖𝑛) = 𝑐. (21)
Since 𝑃𝑟𝑜𝑏{𝑟3−𝑖 = 𝑟∗} = 0, and 𝑟∗ is in AP 𝑖’s support,

𝑈𝑖(𝑟
∗) =𝑅(𝑟∗)

(
1−𝐺3−𝑖(𝑟∗)𝑝𝑖 +

1

2
𝑃𝑟𝑜𝑏{𝑟3−𝑖 = 𝑟∗}𝑝𝑖

)
=𝑅(𝑟∗)(1 − 𝑝𝑖) = 𝑐. (22)

From equations (1), (3) and (4), we have

𝑐 =
(1− 𝑝𝑖)(𝑣𝑚𝑎𝑥 − 𝑟0)

2

4(𝑣𝑚𝑎𝑥 − 𝑣𝑚𝑖𝑛)
. (23)

Then from equations (21) and (23), we get

𝑟𝑚𝑖𝑛 = 𝑟∗ −
√
𝑝𝑖

2
(𝑣𝑚𝑎𝑥 − 𝑟0). (24)

From equation (18), we know 𝑃𝑟𝑜𝑏{𝑟𝑖 = 𝑟∗} = 1− 𝑞 > 0.
Then

lim
𝜖→0

𝑈3−𝑖(𝑟∗ − 𝜖) = 𝑅(𝑟∗)𝑃𝑟𝑜𝑏{𝑟𝑖 = 𝑟∗}𝑝3−𝑖
+𝑅(𝑟∗)(1 − 𝑝3−𝑖), (25)

which is larger than

𝑈3−𝑖(𝑟∗) =
1

2
𝑅(𝑟∗)𝑃𝑟𝑜𝑏{𝑟𝑖 = 𝑟∗}𝑝3−𝑖

+𝑅(𝑟∗)(1 − 𝑝3−𝑖). (26)

Therefore 𝑟∗ is not in the support of AP 3 − 𝑖, which is
[𝑟𝑚𝑖𝑛, 𝑟

∗).
From equation (25), we get

𝑅(𝑟∗)𝑃𝑟𝑜𝑏{𝑟𝑖 = 𝑟∗}𝑝3−𝑖 +𝑅(𝑟∗)(1− 𝑝3−𝑖)
= 𝑅(𝑟∗)(1 − 𝑞)𝑝3−𝑖 +𝑅(𝑟∗)(1− 𝑝3−𝑖)

= 𝑅(𝑟∗)
(
1− 𝑞𝑝3−𝑖

)
= 𝑐. (27)

From equations (23) and (27), we get

𝑞 =
𝑝𝑖
𝑝3−𝑖

. (28)

Note that 0 ≤ 𝑞 ≤ 1, so we have

𝑝𝑖 ≤ 𝑝3−𝑖. (29)

Theorem 6: 𝐺𝑖(𝑟𝑖) and 𝐺3−𝑖(𝑟3−𝑖) are continuous except
for the point 𝑟∗.

Proof: Suppose 𝐺3−𝑖(𝑟3−𝑖) is discontinuous at 𝑟′ (𝑟′ ∕=
𝑟∗). We have 𝑟′ < 𝑟∗ and 𝑃𝑟𝑜𝑏{𝑟3−𝑖 = 𝑟′} > 0. We know
that for AP 𝑖,

∙ if 𝑟′ is in the support, lim𝜖→0 𝑈𝑖(𝑟
′ − 𝜖) must be larger

than 𝑈𝑖(𝑟
′), which contradicts the utility maximization

or the utility equivalence in the support;
∙ if 𝑟′ is not in the support, denote by 𝑟′′ the infimum of

AP 𝑖’s reserve prices which are larger than 𝑟′. If 𝑟′′ = 𝑟′,
lim𝜖→0 𝑈𝑖(𝑟

′ − 𝜖) must be larger than lim𝜖→0 𝑈𝑖(𝑟
′ + 𝜖),

which contradicts the utility maximization in the support;
if 𝑟′′ > 𝑟′, AP 3− 𝑖 can raise 𝑟3−𝑖 from 𝑟′ to 𝑟′′ − 𝜖, for
some 𝜖→ 0, to increase the revenue.

Therefore, we know that except for the point 𝑟∗, 𝐺𝑖(𝑟𝑖) and
𝐺3−𝑖(𝑟3−𝑖) are continuous, and the probability that these two
APs choose the same reserve price simultaneously is 0.

From Theorem 6, we know 𝐺3−𝑖(𝑟3−𝑖) is continuous. Then

𝑈𝑖(𝑟𝑖) =𝑅(𝑟𝑖)
(
1−𝐺3−𝑖(𝑟𝑖)𝑝𝑖 +

1

2
𝑃𝑟𝑜𝑏{𝑟3−𝑖 = 𝑟𝑖}𝑝𝑖

)
=𝑅(𝑟𝑖)

(
1−𝐺3−𝑖(𝑟𝑖)𝑝𝑖

)
. (30)

Using the fact that each reserve price in the support of the
optimal strategy must yield the same utility,

𝑅(𝑟𝑖)
(
1−𝐺3−𝑖(𝑟𝑖)𝑝𝑖

)
= 𝑐. (31)

Therefore we get 𝐺3−𝑖(𝑟𝑖) = 1
𝑝𝑖

− 𝑐
𝑝𝑖𝑅(𝑟𝑖)

, and the optimal
strategy for AP 3− 𝑖 is

𝐺∗
3−𝑖(𝑟) =

⎧⎨
⎩

0, if 𝑟 < 𝑟𝑚𝑖𝑛,
1
𝑝𝑖

− 𝑐
𝑝𝑖𝑅(𝑟) , if 𝑟𝑚𝑖𝑛 ≤ 𝑟 < 𝑟∗,
1, if 𝑟 ≥ 𝑟∗.

(32)

We can also get the expression for 𝐺𝑖(𝑟𝑖), which is

𝐺∗
𝑖 (𝑟) =

⎧⎨
⎩

0, if 𝑟 < 𝑟𝑚𝑖𝑛,
1

𝑝3−𝑖
− 𝑐

𝑝3−𝑖𝑅(𝑟) , if 𝑟𝑚𝑖𝑛 ≤ 𝑟 ≤ 𝑟∗,
1, if 𝑟 > 𝑟∗.

(33)

Remark: Note that 𝐺∗
𝑖 (𝑟) is the same as 𝐺∗

3−𝑖(𝑟), except
that 𝐺∗

𝑖 (𝑟) = 𝑞𝐺∗
3−𝑖(𝑟) as 𝑟 ∈ [𝑟𝑚𝑖𝑛, 𝑟

∗). We know that the
expected revenues2 for both APs are 𝑐, which is determined
by min{𝑝1, 𝑝2} (from equations (23) and (29)).

2Note that the expected revenue is the average revenue a AP gets after
receiving an access request. Even for the same expected revenue, AP with
larger coverage area (e.g., AP 1 in Fig. 1) may receive more access requests,
so as to get higher total expected revenue.
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Fig. 2. Optimal strategy and utility function for AP 1.
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Fig. 3. Optimal strategy and utility function for AP 2.

C. Numerical Verification

In this subsection, we conduct numerical study to verify
the above theoretical analysis. In the initial setting, we set
𝑟0 = 03, 𝑣𝑚𝑖𝑛 = 0, 𝑣𝑚𝑎𝑥 = 1, 𝑝1 = 1

9 , 𝑝2 = 1
3 . We then

get 𝑟∗ = 1
2 . Since 𝑝1 < 𝑝2, we know 𝑃𝑟𝑜𝑏{𝑟1 = 𝑟∗} > 0

and 𝑞 = 𝑝1
𝑝2

= 1
3 . From equations (32), (33) and (8), we get

the optimal strategies and the utility functions for both APs,
which are depicted in Fig. 2 and Fig. 3.

Note that 𝑟𝑚𝑎𝑥 = 𝑟∗, and from equation (24) 𝑟𝑚𝑖𝑛 = 1
3 .

The support of AP 1 is [ 13 ,
1
2 ], and the support of AP 2 is

[ 13 ,
1
2 ), where their utilities are maximized and equivalent.

These results are illustrated in Fig. 2 and Fig. 3.

V. PRICING GAME IN GENERAL SCENARIO

In this section, we study the pricing game in a multiple AP
scenario. We assume there are 𝑀 APs randomly deployed in
the network with identical coverage area radius. Given a com-
mon area 𝑠, we define 𝐼𝑠 = (𝐼𝑠

(1), 𝐼𝑠
(2), . . . , 𝐼𝑠

(𝑀)), where
𝐼𝑠

(𝑖) ∈ {0, 1} and 𝐼𝑠
(𝑖) = 1 indicates 𝑠 is covered by AP 𝑖.

For example, given 4 APs shown in Fig. 4, 𝐼2 = (1, 0, 1, 0)
for area 2.

A. Pricing Game

According to subsection IV-B, the support structure analysis
could be very complicated even for the two AP scenario. To
simplify the support structure analysis of the multiple AP
scenario, we study the pricing game in a discrete way, i.e.,

3For an Internet access, most ISPs charge a fixed monthly or annually fee
with no download limits. Then AP owners cannot reduce the costs even if
they do not offer Internet access. So we can assume 𝑟0 = 0 in this situation.

AP 1 1

2

3

4

7

6

5

AP 3

AP 2

AP 4

8 9

Fig. 4. Scenario with 4 APs.

the strategies in the supports are finite and discrete. Let the
strategy sets for all APs be {𝑟0, 𝑟1, . . . , 𝑟𝑁}, where

𝑟𝑘 = 𝑟𝑚𝑖𝑛 +
𝑟𝑚𝑎𝑥 − 𝑟𝑚𝑖𝑛

𝑁
𝑘, 0 ≤ 𝑘 ≤ 𝑁. (34)

Let 𝑞(𝑖)𝑘 be the probability that AP 𝑖 chooses the reserve price
𝑟𝑘 . The strategy of AP 𝑖 can be defined as a probability vector

𝑞(𝑖) = (𝑞
(𝑖)
0 , 𝑞

(𝑖)
1 , . . . , 𝑞

(𝑖)
𝑁 ), (35)

where 𝑞(𝑖)𝑘 ≥ 0 and
∑

0≤𝑘≤𝑁 𝑞
(𝑖)
𝑘 = 1. When a user arrives

in area 𝑠 covered by AP 𝑖, let 𝜙(𝑖)𝑠 be the set of APs which
cover area 𝑠 except AP 𝑖. That’s to say,

𝜙(𝑖)𝑠 = {𝑗∣𝐼𝑠(𝑗) = 1 and 𝑗 ∕= 𝑖}. (36)
We now calculate the probability that AP 𝑖 wins the bidding

if it chooses 𝑟𝑘 .
Case 1: 𝜙(𝑖)𝑠 = . The probability AP 𝑖 wins is 1;
Case 2: Only AP 𝑖 chooses 𝑟𝑘. The probability AP 𝑖 wins

is
∏
𝑗∈𝜙(𝑖)

𝑠

∑
𝑘<𝑙≤𝑁 𝑞

(𝑗)
𝑙 ;

Case 3: There are 𝑚 other APs choose 𝑟𝑘 , where 𝑚 > 0.
If 𝑟𝑘 is the smallest among the submitted reserve prices, the
chance that AP 𝑖 wins is 1

𝑚+1 . Denote by Φ
(𝑖)
𝑠 (𝑛) the set of

the subsets of 𝜙(𝑖)𝑠 , which consist of 𝑛 APs. That’s to say, for
𝜓 ⊂ 𝜙

(𝑖)
𝑠 , if ∣𝜓∣ = 𝑛, then 𝜓 ∈ Φ

(𝑖)
𝑠 (𝑛). So the probability AP

𝑖 wins is∑
1≤𝑚≤∣𝜙(𝑖)

𝑠 ∣

1

𝑚+ 1

∑
𝜓∈Φ

(𝑖)
𝑠 (𝑚)

∏
𝑗∈𝜓

𝑞
(𝑗)
𝑘

∏
𝑗∈𝜙(𝑖)

𝑠 −𝜓

∑
𝑘<𝑙≤𝑁

𝑞
(𝑗)
𝑙 .

Let the proportion of a common area 𝑠 to the AP coverage
area be 𝑝𝑠, and 𝑆 be the set of all common areas. Denote∏
𝑗∈𝜙(𝑖)

𝑠

∑
𝑘<𝑙≤𝑁 𝑞

(𝑗)
𝑙 = 1 if 𝜙(𝑖)𝑠 = . When AP 𝑖 receives an

access request, the expected revenue of AP 𝑖 choosing 𝑟𝑘 is

𝑈
(𝑖)
𝑘 = 𝑅(𝑟𝑘)

∑
𝑠∈𝑆,𝐼𝑠(𝑖)=1

𝑝𝑠

( ∏
𝑗∈𝜙(𝑖)

𝑠

∑
𝑘<𝑙≤𝑁

𝑞
(𝑗)
𝑙 +

∑
1≤𝑚≤∣𝜙(𝑖)

𝑠 ∣
1

𝑚+ 1

∑
𝜓∈Φ

(𝑖)
𝑠 (𝑚)

∏
𝑗∈𝜓

𝑞
(𝑗)
𝑘

∏
𝑗∈𝜙(𝑖)

𝑠 −𝜓

∑
𝑘<𝑙≤𝑁

𝑞
(𝑗)
𝑙

)
. (37)

Let 𝑄 denote the strategy matrix, with each row rep-
resenting the strategy vector of an AP, and 𝑄−𝑖 de-
note the strategy matrix except the strategy vector of
AP 𝑖, i.e., 𝑄 = (𝑞(1), 𝑞(2), . . . , 𝑞(𝑀))𝑇 , and 𝑄−𝑖 =
(𝑞(1), . . . , 𝑞(𝑖−1), 𝑞(𝑖+1), . . . , 𝑞(𝑀))𝑇 . Given the strategy ma-
trix 𝑄, the expected revenue of AP 𝑖 is

𝑈 (𝑖)(𝑄) =
∑

0≤𝑙≤𝑁
𝑈

(𝑖)
𝑙 𝑞

(𝑖)
𝑙 . (38)

Let the strategy matrix 𝑄∗ = (𝑞(1)∗, 𝑞(2)∗, . . . , 𝑞(𝑀)∗)𝑇 de-
fines a Nash equilibrium, if for every AP 𝑖, we have
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𝑈 (𝑖)(𝑞(𝑖)∗, 𝑄∗
−𝑖) ≥ 𝑈 (𝑖)(𝑞(𝑖)

′
, 𝑄∗

−𝑖) (39)

for every strategy 𝑞(𝑖)
′
.

B. Optimization Problem

Note that every finite game has at least one Nash equi-
librium, which is actually a fixed point. Let 𝑈

(𝑖)
𝑚𝑎𝑥 =

max𝑙{𝑈 (𝑖)
𝑙 }. When reaching the equilibrium, we have 𝑈 (𝑖) =

𝑈
(𝑖)
𝑚𝑎𝑥 (For simplicity purpose, we use 𝑈 (𝑖) to represent

𝑈 (𝑖)(𝑄)). Solving this fixed point problem is equivalent to
solving the following optimization problem

min
∑

1≤𝑖≤𝑀
(𝑈 (𝑖)

𝑚𝑎𝑥 − 𝑈 (𝑖))2

s.t. 𝑞𝑖𝑙 ≥ 0, ∀ 0 ≤ 𝑙 ≤ 𝑁, 1 ≤ 𝑖 ≤𝑀,∑
0≤𝑙≤𝑁

𝑞𝑖𝑙 = 1, ∀ 1 ≤ 𝑖 ≤𝑀.

Note that at the fixed point,
∑

1≤𝑖≤𝑀 (𝑈
(𝑖)
𝑚𝑎𝑥 − 𝑈 (𝑖))2 is

minimized, whose value is 0.
The optimization problem is non-linear and non-convex, and

there seems to be no efficient method. In the following, we
take the scenario with 4 APs as an example and solve this
optimization problem by numerical method.

In Fig. 4, there are 4 APs, whose coverage radii are 3.
Denote by 𝑑(𝑖, 𝑗) the distance between AP 𝑖 and AP 𝑗, and let
𝑑(1, 2) = 4, 𝑑(2, 3) = 3, and 𝑑(1, 3) = 𝑑(2, 4) = 5. For each
common area, we can calculate the proportion of the area to
the AP’s coverage area. We let 𝑟0 = 0, 𝑣𝑚𝑖𝑛 = 0 and 𝑣𝑚𝑎𝑥 =
1. From equation (37), we can get the utility expression for
each AP. Let 𝑁 = 50, 200. The optimal strategies and the
utility functions are illustrated in Fig. 5 and Fig. 6, from which
we can see that the utilities are maximized and equivalent in
the strategy supports.

Remark: From Fig. 5 and Fig. 6, note that AP 1 and AP
4 always choose the reserve price 𝑟∗, while the strategies of
AP 2 and AP 3 seem to be the same. A possible reason may
be the following: for AP 2 and AP 4, the overlapped area is
small, and AP 2 suffers much more competition, so AP 4 can
simply choose 𝑟∗ to maximize its revenue. Among AP 1, AP
2 and AP 3, AP 1 suffers less competition, so it also chooses
𝑟∗. Since AP 1 and AP 4 choose 𝑟∗, they give up competing
with AP 2 and AP 3. So AP 2 and AP 3 compete with each
other, and this is actually a two homogeneous AP scenario,
where these two APs adopt the same strategy.

Furthermore, we observe that for AP 2 and AP 3, as 𝑁
increases, the probability gaps between nearby reserve prices
in the supports decrease, and the strategies look continuous as
𝑁 → ∞. So the discrete cases can help us to determine the
support ranges in the continuous cases.

VI. CONCLUSION

In this paper, we consider the private AP pricing problem,
and formulate it as a location-dependent pricing game. We
present a theoretical study of the support structure of the
pricing game in the single AP scenario as well as the two
AP scenario, and then propose their unique characteristics in
the equilibrium, which may serve as a guidance in future
research. We further propose an optimization problem to
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Fig. 5. Optimal strategies and utility functions for APs when 𝑁 = 50.
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Fig. 6. Optimal strategies and utility functions for APs when 𝑁 = 200.

calculate the optimal strategy of pricing to reach the equi-
librium in general multiple AP scenarios. The correctness and
accuracy of the theoretical analysis have been validated by
numerical results. The future work includes extension of the
concrete effectiveness analysis in double auction framework
and searching for a tradeoff between economic impacts and
efficiency degradation.
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