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the robust controller of the original uncertain system is derived by adding a feedback gain
to the optimal controller of the nominal system. It is also shown that this robust controller
can achieve optimality under a specified cost function, which serves as the basic idea of the
robust optimal control design. Then, a critic network is constructed to solve the Hamilton-
Jacobi-Bellman equation corresponding to the nominal system, where an additional stabi-
lizing term is introduced to verify the stability. The uniform ultimate boundedness of the
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Decentralized optimal control closed-loop system is also proved by using the Lyapunov approach. Moreover, the obtained
Neural network results are extended to solve decentralized optimal control problem of continuous-time
Robust optimal control nonlinear interconnected large-scale systems. Finally, two simulation examples are pre-

sented to illustrate the effectiveness of the established control scheme.
© 2014 Elsevier Inc. All rights reserved.

1. Introduction

In practical control systems, model uncertainties arise frequently and can severely degrade the closed-loop system per-
formance. Hence, the problem of designing robust controller for nonlinear systems with uncertainties has drawn consider-
able attention in recent literature [43,15,31]. Lin et al. [15] showed that the robust control problem can be solved by studying
the optimal control problem of the corresponding nominal system, but the detailed procedure was not presented. In [31], the
authors developed an iterative algorithm for online design of robust control for a class of continuous-time nonlinear systems.
However, the optimality of the robust controller with respect to a specified cost function was not discussed. In [43], the
authors addressed the problem of designing robust tracking controls for a class of uncertain nonholonomic systems actuated
by brushed direct current motors, while the research was not related with the optimality.

The starting point of the obtained strategy of this paper is optimal control. The nonlinear optimal control problem always
requires to solve the Hamilton-Jacobi-Bellman (H]JB) equation. Though dynamic programming has been a conventional
method in solving optimization and optimal control problems, it often suffers from the curse of dimensionality, which
was primarily due to the backward-in-time approach. To avoid the difficulty, based on function approximators, such as
neural networks, adaptive/approximate dynamic programming (ADP) was proposed by Werbos [35] as a method to solve
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optimal control problems forward-in-time. Recently, the study on ADP and related fields have gained much attention from
various scholars [1-10,12-14,16-25,28-30,32-34,36-38,40-42,44-46]. Lewis and Vrabie [13] stated that the ADP technique
is closely related to the field of reinforcement learning. As is known to all, policy iteration is one of the basic algorithms of
reinforcement learning. In addition, the initial admissible control is necessary when employing the policy iteration algo-
rithm. However, in many situations, it is difficult to find the initial admissible control.

To the best of our knowledge, there are few results on robust optimal control of uncertain nonlinear systems based on ADP,
not to mention the decentralized optimal control of large-scale systems. This is the motivation of our research. Actually, it is
the first time that the robust optimal control scheme for a class of uncertain nonlinear systems via ADP technique and without
using an initial admissible control is established. To begin with, the optimal controller of the nominal system is designed. It
can be proved that the modification of optimal control law is in fact the robust controller of the original uncertain system,
which also achieves optimality under the definition of a cost function. Then, a critic network is constructed for solving the
HJB equation corresponding to the nominal system. In addition, inspired by the work of [5,24], an additional stabilizing term
is introduced to verify the stability, which relaxes the need for an initial stabilizing control. The uniform ultimate bounded-
ness (UUB) of the closed-loop system is also proved via the Lyapunov approach. Furthermore, the aforementioned results are
extended to deal with the decentralized optimal control for a class of continuous-time nonlinear interconnected systems. At
last, two simulation examples are given to show the effectiveness of the robust optimal control scheme.

2. Problem statement and preliminaries

In this paper, we study the continuous-time uncertain nonlinear systems given by

X(t) = f(x(6)) + g(x(£) (u(t) + d(x(t))), (1)

where x(t) € R" is the state vector and &(t) € R™ is the control vector, f(-) and g(-) are differentiable in their arguments with
f(0) =0, and d(x) is the unknown nonlinear perturbation. Let x(0) = x, be the initial state. We assume that d(0) = 0, so that
x = 0 is an equilibrium of system (1). As in many other literature, for the nominal system

X(t) = f(x(t)) + g(x(t)u(t), (2)

we also assume that f + gu is Lipschitz continuous on a set Q in R" containing the origin and that system (2) is controllable.

For system (1), in order to deal with the robust control problem, we should find a feedback control policy (x), such that
the closed-loop system is globally asymptotically stable for all uncertainties d(x). In this paper, we will show that this prob-
lem can be converted into designing an optimal controller for the corresponding nominal system with appropriate cost
function.

Let R € R™™ be a symmetric positive definite matrix. Then, we denote d(x) = R'/*d(x), where d(x) € R™ is bounded by a
known function dy(x), i.e., [|[d(x)|| < du(x) with dy(0) = 0. For system (2), in order to deal with the infinite horizon optimal
control problem, we have to find the control policy u(x), which minimizes the cost function given by

Jixo) = [ {dx(e) + uTx(m)Rucx()) e 3)

Based on optimal control theory, the designed feedback control must not only stabilize the system on £, but also guarantee
that the cost function (3) is finite. In other words, the control policy must be admissible [1,28]. Let ¥ () be the set of admis-
sible controls on Q. For any admissible control policy u € ¥(Q), if the associated cost function (3) is continuously differen-
tiable, then its infinitesimal version is the nonlinear Lyapunov equation given by

0 = dyy(X) + uT (}Ru(x) + (VJ(x))" (F(x) + gx)u(x)), (4)

with J(0) = 0. In Eq. (4), the symbol V(-) £ 9(-)/8x is the notation of gradient operator, for example, VJ(x) = 9J(x)/0x.
Define the Hamiltonian function of system (2) as follows:

H(x, u, VJ(x)) = dy (X) + u" (X)Ru(x) + (V] (%)) (f (%) + gX)u(x)). (5)
The optimal cost function of system (2) can be formulated as
J (%) = min /0 " (x(0) + T (o) Ru((1)) (6)

According to optimal control theory, the optimal cost function J*(x) satisfies the HJB equation
0= MI’EI‘]PI(g)H(X, u, VJ*(x)). (7)

Assume that the minimum on the right hand side of (7) exists and is unique. Then, the optimal control policy is

W) = R W (x). ®)

Based on (5) and (8), the HJB Eq. (7) becomes
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0 = dy(x) + (VI'(x)"f(x) - % (V' (%) g0R'g" XV (%), 9)
with J*(0) = 0.

Consider system (2) with cost function (3) and the optimal feedback control (8). The following assumption is presented
for the robust optimal control design.

Assumption 1. Let J,(x) be a continuously differentiable Lyapunov function candidate satisfying

Jx) = (VL)% = (V],x)T(f (%) + gxu’) < 0. (10)
Assume there exists a positive definite matrix A(x) such that the following relation holds:
(V)T (F(x) +gx)u’) = = (V)" AX) VI, (X)- (11)

Remark 1. This is a common assumption that has been used in some literature, for instance [5,24], to facilitate discussing
the stability issue of closed-loop system. According to [5], we assume that the closed-loop dynamics with optimal control
can be bounded by a function of system state. Without loss of generality, we assume that ||f(x) + g(x)u*|| < || VJ,(x)|| with

1 > 0. Hence, we can further obtain [|(V/,(x))" (f(x) +gX)u")|| < nl|VJ;(X)||. Let A, and Jy be the minimum and maximum
eigenvalues of matrix A(x). Considering (VJ,(x))" (f(x) + g(x)u*) < 0 and the fact that i,|V/,(X)|* < (VJs(x))" AX)V],(x) <

JmlIVJs(x)|1%, we can conclude that Assumption 1 is reasonable. Specifically, in this paper, J,(x) can be obtained by properly
selecting a quadratic polynomial.

3. Robust optimal control design of uncertain nonlinear systems

In this section, for establishing the robust stabilizing control strategy of system (1), we modify the optimal control law (8)
of system (2) by proportionally increasing a feedback gain, i.e.,

() = (' () = — 5 ROV (4. (12)

Now, we present the following lemma to indicate that the optimal control has infinite gain margin.

Lemma 1. For system (2), the feedback control given by (12) ensures that the closed-loop system is asymptotically stable for all
(=1/2

Proof. We show that J*(x) is a Lyapunov function. In light of (6), we can easily find that J*(x) is positive definite. Considering
(9) and (12), the derivative of J*(x) along the trajectory of the closed-loop system is

J) = (V7)) + g0y
o R (| LA

2

(13)

Hence, J*(x) < 0 whenever ¢ > 1/2 and x # 0. Then, the conditions for Lyapunov local stability theory are satisfied. O

Theorem 1. For system (1), there exists a positive number {; > 1, such that for any { > (3, the feedback control developed by (12)
ensures that the closed-loop system is asymptotically stable.

Proof. We select L(x) = J*(x) as the Lyapunov function candidate. Taking the time derivative of L(x) along the trajectory of
the closed-loop system, we obtain

00 = (V7" () (0 + g0)(ax) + d). (14)
Based on (13), we find that
£ < {0+ 5 (£ 3) |77 (0 "800R 2" 7 0 g0R 2 o} (15)

Let & = [dM(x), H(V]* (x))Tg(x)R’”ZH]T. Then, we have L(x) < —¢" @¢, where

@—{1 - } (16)
“[- 360p)
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From (16), we observe that there exists a positive number {; > 1 such that any { > (] can guarantee the positive definiteness
of @. Then, we have L(x) < 0, which implies that the closed-loop system is asymptotically stable. [

According to Theorem 1, ui(x) is the robust control strategy of the original system (1). Next, we will show that it also pos-

sesses the property of optimality.
For system (1), we define the following cost function

_ © 1 - _
](Xo):/0 {Q(X(T)HZH (X(T))RH(X(T))}dﬂ (17)
where

Q) = dyy(x) = (V] (%)) g(x)d(x) + 411 (E= DV (%)'g®R 'g" XV (). (18)

Lemma 2. There exists a positive number (5 > 2 such that for all { > (5, the function Q(x) is positive definite.

Proof. Adding and subtracting (1/({ - 1))d" (x)d(x) to (18), we find that

2 1 . T _ T BN - _ T T
Q) = diy() + g5 (€~ DIV ()8R 24700 ) (¢~ (V)" () "gloR "~ 2d" ()
1 7
_C*—ld (x)d(x). (19)
Recalling ||d(x)|| < du(x)and { > 2, we can obtain
QW) > diyo) - ;" 00d) > S dew. (20)

This proves that Q(x) is a positive definite function. O

Theorem 2. Consider system (1) with cost function (17). There exists a positive number {* such that for any { > (", the feedback
control law obtained by (12) is an asymptotically stabilizing solution of the optimal control problem.

Proof. The Hamiltonian function of system (1) with cost function (17) is

T -

H(V](x)) = Q(x) + %ET(X)RTJ(X) + (V) (f(x) +gx)(u(x) +d(x))), (21)
where { > {5 > 2. Replacing J(x) with J*(x) and observing (18), the Eq. (21) becomes
H(VI (%)) = dy (%) + (V] (%) f(x) + % (= 1)(V]' (%) g®R g () VI (x) + %ﬂT(X)Rﬁ(X) + (V) (%) gX)(x). (22)

Using (9) and (12), we can further obtain that H(VJ*(x)) = 0, which shows that J*(x) is a solution of the H]B equation of sys-
tem (1). Then, we say that the control law (12) achieves optimality with cost function (17). Furthermore, there exists a posi-
ok A

tive number {* £ max{{j, {3} such that for any { > {*, the control law (12) is an asymptotically stabilizing solution of the
corresponding optimal control problem. O

Remark 2. Based on Theorems 1 and 2, there exists { > {* such that the control law (12) cannot only stabilize system (1), but
also achieve optimality with the defined cost function. That is to say, for a fixed { > {*, the derived control law is the robust
optimal control of the original uncertain nonlinear system.

Remark 3. According to Theorems 1 and 2, in order to complete the robust optimal control design, we should put emphasis
upon solving the optimal control problem of the nominal system. As we see in the introduction, the ADP approach is effective
in nonlinear optimal control design. Hence, in next section, we will present the design method based on neural network and
the corresponding stability proof of the closed-loop system.

4. Optimal control design via ADP approach and the stability proof

According to the universal approximation property of neural networks, J*(x) can be reconstructed by a single-layer neural
network on a compact set Q as
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T () = 0l 0c(x) + &c(), (23)

where @, € R' is the ideal weight, oc(x) € R' is the activation function, I is the number of neurons in the hidden layer, and
&:(x) is the approximation error. Then, we have

V' (%) = (Voc(x) 0 + Ve (X). (24)
Based on (24), the Lyapunov Eq. (4) becomes
0= diy(x) + U (RU(X) + (@I VI () + (Veel)) ") (F(X) + gR)uX)). (25)

In light of [28,4,5], in this paper, we also assume that w., Vo.(x), and &.(x) and its derivative Ve.(x) are all bounded on a
compact set Q.
Since the ideal weights are unknown, a critic neural network is built as

Jx) = @l o.(x), (26)

to approximate the optimal cost function. Similarly, we have

VI(x) = (Voe(x) . (27)
According to (8) and (24), we have
u(x) = — %R’lgT(x) ((Vo—c(x))Twc + VSC(X)). (28)

In light of (8) and (27), the approximate control function can be given as
. 1 __ .
ux) =-5R 'g" (%)(Vae(x)) . (29)

Applying (29) to system (2), the closed-loop system dynamics is expressed as

x=fx) - %g(X)R‘lgT (X)(Voe(x))" do. (30)
Using the neural network expression (24), the Hamiltonian function becomes

H(x, ;) = d%(x) + 0 Vo (X)f (X) + e — }lwIV(ic(x)g(x)R’]gT(x)(Vac(x))Twc =0, (31)
where

ear = (Vecx))'F(X) — 5 (V) R 18" ()(V0.(9) 0 — 5 (Ve() g0OR 87 () V(). (32)
denotes the residual error. Using the estimated weight vector, the approximate Hamiltonian function can be derived as

A, ) = ) + GIVOLX ()~ IV (0ZMR '8 ((V0e(0) e 2 ec. (33)
Let the weight estimation error of the critic network be . = . — @,. Then, based on (31) and (33), we obtain

€ = ~DIVONF(X) - g OIVO(MZR '8 (X)(V0L(0) De + 5 D VOB WR ' (I(Voex) 0 e (34
In order to train the critic network, we aim at designing &, to minimize the objective function

E = %ezec. (35)

Here, the weights of the critic network are tuned based on the standard steepest descent algorithm with an additional term
introduced to ensure the boundedness of system state, i.e.,

: 1) 1 . _

o = ot ) + 3 4T 8) V(0 0OR '8 (VL) (36)
C

where o > 0 is the learning rate of the critic network, o;; > 0 is the learning rate of the additional term, J;(x) is the Lyapunov

function candidate given in Assumption 1, and II(x, o) is the additional stabilizing term defined as

0, if Ji(x) = (VJs(0)"(fx) + g(x)it) <0,

37
1, else. (37)

TI(x, i) = {
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Remark 4. It is important to note that the term II(x, 1) is defined based on the Lyapunov condition for stability. The second
term of (36) is removed when the nonlinear system exhibits stable behavior. However, in case of the controlled system
exhibits signs of instability, the second term of (36) is activated for reinforcing the training process.

Next, we will find the dynamics of the weight estimation error @.. According to (33), we have

oec
0,

=Va(X)f(x) - %Vﬂc(x)g (OR™'g"(X)(Voc(x) . (38)

In light of (36), the dynamics of the weight estimation error is

o = e e ) 5 TN 0) VoL WEOR ' (9 V). (39)

Then, combining (34) and (38), the error dynamics (39) becomes

e = 0 (—cb: Vo (X)f (x) - }1cblwdx)g(x)R*gT(x)(Vm(x)fd)e

+ 3 BIVONZ0R ' ()(Voc(x)" 0 — e

(Vo) - 5 VoIR8 0(Vc(0) e + 5 Vo0g(oR g (Vo x) o

Tl VO 0g R g (T, x). (40)

Theorem 3. For system (2), let the control input be provided by (29) and the weight of the critic network be tuned by (36). Then,
the state x of the closed-loop system and the weight estimation error . of the critic network are UUB.
Proof. Choose the Lyapunov function candidate as
1 . Ols
Lfﬂwcwﬁ-z—acjs(x). (41)
The derivative of (41) with respect to time along the dynamics (30) and (40) is

i- alcd’zd’f + % (V],(x)%. (42)
Substituting (40) into (42), we have

IVGX)EXR g0 (Va() i

(Vae(x) . - ecy)

x (wc (0F () = 5 VO Z0OR ™87 (V) -+ 5 Vo (Xg0R " (Vo) o )

T 15T s T
*zTCCH(X )OIV (x)gX)R' T (x) V() 9y (VIs(X)) % (43)

L =af (—@IVJC(x)f(x) —%
5O Voe(x )g(X)R g'(x

Denote A = Vo, (x)g(x)R'g" (x)(Va.(x))". Then, (43) becomes
. - 1., - 1. - 1., - 1.
L =— (wCTV(;C (x)f (x) + i OIAD: — 3 Ol Ao + ecH> (wCTVo*C (x)f (x) + 3 OIAD: — 3 wIch>

T —15T %s Ty
—EH(X )OIV (0gXRE (V%) oy (VIs(®) X (44)

We assume Ay, > 0 and 4y > 0 are the lower and upper bounds of the norm of matrix A, respectively. Additionally, assume
that [|[Vo.(x)f (X)|| < 23, ||Awc|| < Z4, and |lecu| < 45, where 13, 44, and A5 are positive constants. Hence, the inequality (44)
becomes

. 1 3 1. . 3V, (3 3\,L)li- 0 3.
<—|zs-2¢2—= = = > ) o+
L<(g- 34 - 569 ) Anllel’ +{22W5+<1+8¢%>A3+<4 16¢%)ﬂ4}w I +57%

os g . os T
—2aCH(X,u)ch0c(X)g(X)R 'g" (%) V(%) +E(V]s(x)) X, (45)

where ¢, and ¢, are constants chosen for the design purpose.
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Case 1: TI(x, @) = 0. Since (VJ(x)) "% < 0, there exists a positive constant i such that 0 < /|| VJ,(x)| < —

Then, the inequality (45) becomes

. N o 3, o
L < =2ll@dl* + el +5 7 - 5 261Vl
C

Therefore, whenever the inequality

N Jg+ /3020 + 75
[l = g A

(30207 + 73)
205647

or

IVl = =B

holds, we have L < 0.
Case 2: I(x, 1) = 1. According to (28) and (29), we have
U= %R’]gT(X) ((Va(x))chc + Vec(x)).

In addition, we assume that ||g(X)R'g"(X)|| < Ao, || Voc(x)|| < /10, and || Vec(x)|| < 211, where Ag, 210, and /1
constants. Then, considering (11) and (51), the inequality (45) becomes

: 1 3 3 2 - 1 , 3, 3 3 - 3
L < *(g*gd’% *ﬁd’%)ﬂ%m”wcﬂél + {Zilmﬂs + (1 +8¢%>A§ + <4+16¢§)Ai}”w5|2 +Z/1§

%s T o _ % =7 -1,T
+ o (V)T (0 + 80u") — 5 DI V(g0 8T () V()
+4“7;<ws<x>)Tg<x)R*‘gT<x>Vec<x>

- o - 3, O
< —inlnl* + (s + g ) Nel” + 38 — il VLGOI + g 2o I VA0,

where

o 1.,
/‘{]2 = T;C <;Vm — Z}.,Z/L%0> .

Therefore, whenever the inequality

] > 80 g + Ols (Bods + o) 372 | o2ighy N
1 6065;7 2560{% )% 4A7 640{? A712

or

V], () > St \/<8°‘f*8+°‘s>2 313 RIS s
S = £

8aici12 2560207412 4l12 64(%%/1%2

holds, we obtain L < 0.

173

(VJ4(x))"% holds.

(46)

(50)

(51)

are also positive

(52)

(53)

(54)

(55)

According to Cases 1 and 2, if the inequality [|@,|| > max(A4;,.4y) or || V](x)| > max(B;,B,) holds, then L < 0. Thus, by

using the standard Lyapunov extension theorem [11], the state x and the error @, are UUB. O

5. Decentralized optimal control design of nonlinear interconnected systems

Large-scale systems are common in engineering area when doing research on complex dynamical systems that can be
partitioned into a set of interconnected subsystems. The decentralized control is one of the effective design approaches
and has attracted a great amount of interest due to its advantages in easier implementation and lower dimensionality
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[17,10,26,27,39]. In this section, we generalize the aforementioned results to decentralized optimal control for a class of con-
tinuous-time nonlinear interconnected large-scale systems. This part is also an extension of the decentralized control strat-
egy developed in [17].

Consider nonlinear large-scale systems composed of N interconnected subsystems which are described by

Xi(t) = fixi(t)) + & (xi(t)) (@i(t) + di(xo (1)), i=1,2,...,N, (56)
where x;(t) € R" and u;(t) € R™ are the state vector and the control vector of the ith subsystem, respectively, and
Xp = [x],x],... ,me € R™ is the overall state with np = 3"} ,n;. Note that for subsystem i, fi(x;), g;(x:), and g;(x;)d;(xp) repre-
sent the nonlinear internal dynamics, the input gain matrix, and the interconnected term, respectively. Here, x1, x>, ..., Xy are
called local states while iy, 1, ..,y are local controls.

Let x;(0) = X0 be the initial state of the ith subsystem,i=1,2,...,N. Let R, € R™*™ i=1,2,...,N, be a set of symmetric
positive definite matrices. Denote d;(xp) = R}"*d;(xp),i = 1,2,...,N, which are bounded as

lldi(xp)] Zpu i), i=1,2,...,N. (57)

In (57), p; are nonnegative constants and hj(x;) are positive semi-definite functions with i,j=1,2,...,N. If we define
hi(x;) = max{hq;(x;), hoi(xi), ..., hni(x)}, i=1,2,...,N, then the Eq. (57) becomes

lldi(xp)] Zr,, ), i=1,2,. (58)

where 1; > pyhy(x;)/hi(x), i,j =1,2,...,N, are also nonnegative constants.

In the following, we focus on designing the decentralized optimal control law. First, we should find N control policies
1 (x1), U2 (X2), - .., tUn(Xy), such that the constituted control vector (il (x1),l2(X2), ..., Un(Xy)) can stabilize system (56). As is
shown in [17], the decentralized control can be obtained by solving the optimal control problem of the N isolated subsystems
given by

%(6) = fi(a(0) + gaO)m(t), i=1,2,....N. (59)

Let hi(x;) < dim(x;), i=1,2,...,N. According to [17], we can find a set of optimal control policies u;(x;),i = 1,2,...,N, which
minimize the local cost functions

Jilxio) = /OOQ {dizM(xi(r)) + uiT(xi(r))Riui(xi(r))}dr, i=1,2,...,N. (60)
Using the notation of optimal cost functions J; (x;), i = 1,2, ..., N, the HJB equations of the isolated subsystems are

0 = )+ (VJ; (0) k) — (V1 (60) " (R T () ), (61)
with J;(0) = 0. Then, there exist N positive numbers such that the feedback controls

ui(xi) = (it (xi) = *%Cinng(Xf)VJ}‘(Xi)? i=12...N, (62)

can form a control pair (i1 (X1), U2(X2), . .., Un(xn)), which is just the decentralized control strategy of system (56).
Next, we study the optimality of the decentralized control scheme with a specified overall cost function. Denote

fikx1) Uy (X1) dy (xp)
i

LX) | Ua(x2) | ds (xp)
folxp) = ||, Un(%p) = .| do(x0) =

fn(xn) U (xn) dy ('XD)

1 1

RD-dnag{ Ri LR, RN}, 85(%p) = diag(g, (x1),8,(X2). ... g ()} (63)

G767
For system (56), we define the following cost function

To(xoo) = /0 " Q7)) + 1) (%(T))Rotin (x0 (1)) }d, (64)

where

N
) = 3 { ) — (V0 00 x0) -+ 6 = 1V (o) OR8] ) ) (65)

i=1
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Then, we have the following theorem.

Theorem 4. Consider system (56) with cost function (64 ). There exists a set of positive numbers such that the feedback control
laws obtained by (62) constitute the decentralized optimal control of the interconnected large-scale system.

Proof. Similar to Lemma 2 and by considering (58), we have

N

Qolto) > 3-{diytx) — L o))}

i=1

N N 2
> Z{d?M(xo - (Zwm(xf)) } (66)
Jj=1

i=1

Then, we find that the positive definiteness of Qp(xp) can be guaranteed if (;,i = 1,2,...,N, are sufficiently large. Moreover,
based on (61) and (65), we can prove that J;(xp) = S_V,J! (x;) satisfies the equation
Qo (xp) + 1 (Xp)Rotin (Xp) + (VI (X)) " (fo(Xp) + &5 (Xp) (ip (Xp) + dp(xp))) = 0. (67)

Therefore, consider system (56) with cost function (64), there exists a set of positive numbers such that the control pair
(U1 (x1), U2(X2), ..., un(xy)) Obtained by (62) is the decentralized optimal control law. O

Remark 5. It should be pointed out that, in this part, the ADP technique can also be employed to design the optimal controls
of the isolated subsystems, where N critic networks will be constructed to facilitate the implementation procedure. Then, the
decentralized control of the interconnected system can be obtained, which is, simultaneously, the optimal control with
respect to an overall cost function. In this sense, we accomplish the decentralized optimal control design of the nonlinear
interconnected large-scale system based on ADP approach.

6. Simulation studies
Two examples are provided in this section to demonstrate the effectiveness of the robust optimal control strategy.

Example 1. Consider the following continuous-time nonlinear system:

v —0.5% +x3(1 + 0.5x3) 071 -
X = [0.8(x1 + %) +0.5%,(1 — 0.3x§)} LO.G} (u+d(x)), (68)

where x = [xl,xz]T € R? and & € R are the state and control variables, respectively. The term a(x) = 01X COS(I2X1 + 03X2)
reflects the uncertainty of the controlled plant, where J;, J,, and 3 are unknown parameters with §; € [-1,1],5, € [-5,5],
and d3 € [-3,3]. We set R =1 and choose dy(x) = ||x|| as the bound of d(x).

According to the results in this paper, in order to derive the optimal control of the nominal system

_ 2
e 0.5x1 + X2(1 + 0.5x3) N { 0 }u (69)
—0.8(X; +X3) + 0.5%,(1 — 0.3x3) -0.6

with cost function
Joxo) = [ { (o) + T x(e) R e, (70)
we have to construct a neural network based on the idea of ADP. In this example, the critic network is built as

Tix) — %2 1 0 P R N S N PO NP X R NI BTN
J(X) = Wc1X] + WaX1Xz + D3X5 + WeaX] + DesX7Xo + We6X1X5 + De7X1X5 + DegXs. (71)

During the simulation process, the probing noise is introduced to satisfy the persistency of excitation condition. Let the
learning rates of the critic network and the additional term be o, = 0.8 and o, = 0.5, respectively. In addition, let the initial
weight of the critic network be zero vector and the initial state of the controlled plant be xo = [0.5, —0.5]". After simulation,
we can observe that the convergence of the weights has occurred after 2500 s. Then, the probing signal is turned off. In fact,
the weights of the critic network converge to [0.8709,0.1291,1.0617,0.0868, —0.1566,0.2053, —0.0059,0.0651]", which is
displayed in Fig. 1.

Next, the scalar parameters are chosen as { = 3, 6; = 0.8,, = —5, and 63 = 3, respectively, so as to evaluate the robust
control performance. Under the action of the robust control strategy, the state trajectory of system (68) during the first 20 s
is shown in Fig. 2. In light of Theorem 2, it also achieves optimality with cost function defined as in (17). These results
authenticate the validity of the robust optimal control scheme developed in this paper.
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Fig. 1. Convergence of the weight vector of the critic network (w, represents @y, i=1,2,..., 8).

0.5 T T T

0.3 [ 1

02 : 1

0.1 4

State trajectory
o

05 i i i
0 5 10 15 20

Time (s)

Fig. 2. The state trajectory.

Example 2. Consider the continuous-time nonlinear large-scale system [17]

—0.5%11 — 0.5%1, — 0.5X12(COS(2X11) + 2)2 2X11) +2
. X2 01, -
Xy = iy (x d>(xp)), 72
’ {—le —0-5X22+0-5X§1X22} - L(Zl}( 2(%2) + &2 (%)) (72)

where x; = [xn,xlz]T € R? and i1;(x;) € R are the state and control variables of subsystem 1, x, = [x21,x22]T € R? and
iIy(x;) € R are the state and control variables of subsystem 2, and xp = [x],x]]" is the overall state. The interconnected terms
are dy(xp) = (X11 + X22) sinx3, c0s(0.5x2;) and  dy(xp) = 0.5(X12 + X22) COS (6"51) Let Ri=Ry=1I, hi(x;)=]xi|l, and
hz(Xz) :| X22 ‘

In order to design the decentralized optimal controller of interconnected system (72), we first aim at solving the optimal
control problem of the two isolated subsystems

X 7{ —X11 + X12 }+|: 0 }u(x)
17 | —0.5%;1 — 0.5x12 — 0.5%15(cOS(2x11) + 2)2 cos(2xy)+2]

% = [ 22 } 4 {Xgl}uZ(Xz). (73)

—Xp1 — 0.5x5, + 0.5X%1x22
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Fig. 6. The state trajectory of subsystem 2.

Here, we choose dim(x1) = ||x1]| and dam(x2) =| X2z |- Hence, the cost functions of the optimal control problem are

Ji(xi0) = / IO + u] xR (x(0) e, (74)
and

Jo(x20) = /0 {10 + xR (x(1)) b, (75)
respectively.

Here, two critic networks are constructed with activation functions chosen as [x%l,xnxmxfzf and [x3, 7x21x22,x§2]T,
respectively. Besides, let the learning rates be the same as in Example 1, the initial weights of the two critic networks be
[0,0, O]T, and the initial states of the two isolated subsystems be xjp = x50 = [1, —1]T. During the simulation, we can find that
after 180s, the weights of the critic networks converge to [0.5000,0.0001, 1.0000]"and [0.9949, —0.0034,0.9959]" (see Figs. 3
and 4). Next, we apply the decentralized control scheme to controlled plant (72) for 25s and obtain the evolution processes of
the state trajectories illustrated in Figs. 5 and 6. These simulation results verify the validity of the decentralized optimal con-
trol scheme developed in this paper.

7. Conclusion

A novel robust optimal control scheme for a class of uncertain nonlinear systems via ADP approach is developed in this
paper. It is proved that the robust controller of the original uncertain system achieves optimality under a specified cost func-
tion. During the implementation process, a critic network is constructed to solve the HJB equation of the nominal system and
an additional stabilizing term is introduced to verify the stability. The obtained results are also extended to design the decen-
tralized optimal control for a class of nonlinear interconnected large-scale systems. Simulation studies verify the good con-
trol performance. In the future, we will focus on studying the robust and decentralized optimal control for nonlinear systems
with unknown dynamics. In this sense, the requirement of system dynamics will be further reduced, which reflects the supe-
riority of ADP technique in dealing with the optimal control problem under nonlinear, uncertain, and complex environment.
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