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1. Introduction

The nonlinear optimal control has been the focus of control fields for many decades [8,16]. It often needs to solve the non-
linear Hamilton-Jacobi-Bellman (H]B) equation. For instance, the discrete-time HJB (DTHJB) equation is more difficult to
work with than the Riccati equation because it involves solving nonlinear partial difference equations. Although dynamic
programming has been a useful technique in handling optimal control problems for many years, it is often computationally
untenable to perform it to obtain the optimal solutions [4].

Effective techniques have been employed to construct learning systems [22,20,37,19,35,3,12,11]. Characterized by strong
abilities of self-learning and adaptivity, artificial neural networks (ANN or NN) are also a functional tool to implement learn-
ing control [33,15,13,34]. Additionally, they are often used to carry out universal function approximation in adaptive/approx-
imate dynamic programming (ADP) algorithms. The ADP method was proposed by Werbos [33,34] to deal with optimal
control problems forward-in-time. There were several synonyms used for ADP, including “adaptive critic designs” [21],
“adaptive dynamic programming” [30,17], “approximate dynamic programming” [34,24,2], “neuro-dynamic programming”
[5], “neural dynamic programming” [23], and “reinforcement learning” [6].

In recent years, ADP and related research have gained much attention from researchers [1,2,5,6,9,10,14,17,18,21,23-
32,34,36]. According to [21] and [34], ADP approaches were classified into several main schemes: heuristic dynamic pro-
gramming (HDP), action-dependent HDP (ADHDP), also known as Q-learning, dual heuristic dynamic programming
(DHP), ADDHP, globalized DHP (GDHP), and ADGDHP. Al-Tamimi et al. [2] proposed a greedy HDP iteration algorithm to
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solve the DTHJB equation of optimal control of discrete-time affine nonlinear systems. Abu-Khalaf and Lewis [1], Vrabie and
Lewis [27], and Vamvoudakis and Lewis [25] investigated the continuous-time nonlinear optimal control problems based on
the idea of ADP.

With the increasing complexity of industry processes, the data-based method has achieved great interest among control
engineers. It does not need to build accurate mathematical models of controlled plants and thus has significant practical
value. Kim and Lewis [14] presented a model-free H,, control design scheme for unknown linear discrete-time systems
via Q-learning, which was expressed in the form of linear matrix inequality. Campi and Savaresi [7] proposed a virtual ref-
erence feedback tuning approach which was in fact a data-based method. In this paper, we solve the constrained optimal
control problem of unknown discrete-time nonlinear systems based on the iterative ADP algorithm via GDHP technique
(i.e., iterative GDHP algorithm). An NN model is constructed as an identifier to learn the unknown controlled plant. Then,
the iterative ADP algorithm is introduced to solve the DTH]B equation with convergence proof. Next, the optimal controller
can be designed by employing the GDHP technique.

This paper is organized as follows: In Section 2, the optimal control problem and the DTH]B equation are recalled for
discrete-time nonlinear systems. In Section 3, we first design an NN identifier for unknown controlled system with stability
proof. Then, the optimal control scheme based on the iterative ADP algorithm is developed with convergence analysis. In
Section 4, the implementation of iterative ADP algorithm is presented through NN-based GDHP technique. In Section 5,
two numerical examples are given to demonstrate the effectiveness of the proposed optimal control scheme. In Section 6,
concluding remarks are given.

2. Preliminaries

In this paper, we study the nonlinear discrete-time systems described by
Xie1 :F(x’(vuk)7 I<:07]727"' (])

where x, € R" is the state vector and u, = u(x,) € R™ is the control vector. Let the initial state be denoted by x,. The system
function F(xy, uy) is continuous for V x,,u, and F(0,0) = 0. Hence, x = 0 is an equilibrium state of system (1) under control u = 0.
We define Q, = {uy|ux = [u1x, Uz, - - .umk]T € R™, Juy| < U;,i=1,2,...m}, where ; is the saturating bound for the ith actuator.
Let U = diag{iy, il, .. .1, } be a constant diagonal matrix.

The objective for general optimal control problems is to find the control law u(x) which minimizes the infinite horizon
cost function given by

J(x) = iU(xf,ui),
i=k

where U is the utility function, U(0, 0) = 0, and U(x;, u;) > 0 for Vx;, u;. According to Bellman'’s optimality principle, the opti-
mal cost function

J (X)) = min iU(X,»,u,-)

U U1 Uoo 4

can be rewritten as

T (x) = n}lin{U(xk,uk) +u min i U(x,-,u,»)}.

o
ket

In other words, J*(x;) satisfies the DTH]B equation

T (x) = “}lzn{U(Xm ) +J (K1) }- (2)
The corresponding optimal control u* is

" (x¢) = arg min{U(xe, ) +J' (%1)}- 3)
In many literatures [2,9,28], the utility function is chosen as

U(x:, u;) = x7Qx; + uf Ru, (4)

where Q and R are positive definite matrices with suitable dimensions. However, when dealing with constrained optimal
control problems, it is not the case any more. Inspired by the work of [1,36], we can employ a generalized non-quadratic
functional

Y(u) =2 /0 " (U5 URds (5)



D. Liu et al./Information Sciences 220 (2013) 331-342 333

to substitute the quadratic term of u; in (4). Note that in (5), ¥~ '(u;) = [¢~'(u15), ¢ (uz:), - . .. ¢~ (umi)]", R is positive definite
and assumed to be diagonal for simplicity of analysis, s € R™,y € R™, " denotes ()T, and ¢(-) is a bounded one-to-one
function satisfying |¢(-)| < 1 and belonging to C°(p > 1) and L,(£2). Moreover, it is a monotonic odd function with its first
derivative bounded by a constant M. The well-known hyperbolic tangent function ¢(-) = tanh (-) is one example of such func-
tion. Besides, it is important to note that Y(u;) is positive definite since ¢~!(-) is a monotonic odd function and R is positive
definite.

In this sense, the utility function becomes U(x;, u;) = xTQx; + Y(u;). Accordingly, (2) and (3) becomes

I (%) = nggn{xEka 2 [y guRds +J*<xk+1>}

and

Uy . .
w ) = argmin{ Q.+ 2 [ (U 9URS +J (v .
k 0

respectively.

3. Neural optimal control scheme based on the iterative ADP algorithm

In this section, we present the neural optimal control scheme for unknown controlled system using the iterative ADP
algorithm. Three subsections are embodied, including the NN identification of the unknown controlled plant, the derivation
of the iterative ADP algorithm, and the convergence proof of the iterative algorithm.

3.1. Identification of the unknown controlled system using NN

In this section, a three-layer feedforward NN is constructed to identify the unknown system dynamics. Let the number of
hidden layer neurons be denoted by [, the ideal weight matrix between the input layer and hidden layer be denoted by v;,,
and the ideal weight matrix between the hidden layer and output layer be denoted by w;,. According to the universal
approximation property [13] of NN, the system dynamics (1) has an NN representation on a compact set S, which can be
written as

Xky1 = w;;ra(‘);;rzk) + & (6)
In (6), z, = [x{u{f is the NN input, ¢ is the bounded NN functional approximation error, and [g(&)]; = (e% —e~%)/
(efi +e~%),i=1,2,...1are the activation functions. Let z, = v:1z, 2, € R'. The selected activation functions are bounded such
that ||o(zy)|| < on for a constant oy

In this paper, we define the NN system identification scheme as

X1 = oF (K)0(Z) — T, (7)

where X, is the estimated system state vector, r is the robust term, and w,,,(k) is the estimation of the constant ideal weight
matrix.

Denote X, = X, — X, as the system identification error. Then, combining (6) with (7), we obtain the identification error
dynamics

X1 = Qg (k) 0(Z¢) — 1y — &, (8)

where @y, (k) = wn (k) — w;,. Inspired by the work of [9], we define the robust term as a function of the identification error X
and an additional tunable parameter g(k) € R, i.e., 1y = B(k)X/ (XX + C), where C > 0 is a constant. Denote * as the constant
ideal value of the parameter fi(k). Besides, let f(k) = p(k) — ",y = ®F(k)o(z), and @, = B(k)X/ (XX + C). Then, the system
dynamics (8) can be rewritten as

o B X
X = - - = T~  ~ 8 . 9
1 = Ve — Oy AR +C & 9
The parameters in the system identification process are updated to minimize the following performance measure:
Ei.1 = 0.5%],X,1. Using the gradient-based adaptation rule, the NN weight and tunable parameter can be updated by

Om(k+1) = Op(k) — o [ 0‘25:&)} = O (k) — UG (Z)RL (10)
Ey. Xi X
Bk 1) = ) = | 225 = )+, e, (1)

where o, >0 and o, > 0 are the learning rates.
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Before presenting the stability proof of the error dynamics, we give the following assumption, which has been used in
[13,9].

Assumption 1. The NN approximation error term ¢ is assumed to be upper bounded by a function of the state estimation
error Xy, i.e.,
ele, < ey = OXTX 12
ek < Emk = Xy Xy, (12)

where ¢ is a bounded constant value such that ||§]| < du.

Theorem 1. Let the identification scheme (7) be used to identify the nonlinear system (1), and let the parameter update law given
in (10) and (11) be used for tuning the NN weights and the robust term, respectively. Then, the state estimation error X is asymp-
totically stable while the parameter estimation error @, (k) and p(k) are bounded.

Proof. Consider the positive definite Lyapunov function candidate defined as

L = Lix + Lok + Lsy, (13)
where
B (k)

.
Ly = XXk, Lok =
%

1 - .

, Ly = @tr{w;(k)wm(k)}.
In the following, we denote Cy = X[, + C for brief. By taking the first difference of the Lyapunov function (13) and substi-
tuting the identification error dynamics (9) and the parameter update law (10) and (11), we can derive that

ALy = ?{“ikﬂ — XX = Wl + PPy + ExEi — XpXi — 205 0y — 208k + 20058

B Zﬁ*l//EXk 25 Pie | 2B e R

Ck Ck Ck aG
2 ) 5T & % 2
AszZﬁ (k+1)—p (k)zz lﬁE*(PE*ﬂxk*gz oy + o e A
oy Ck Ck
For ALz, we apply the Cauchy-Schwarz inequality, and then obtain

1 B . B . ~ B *2 5T
ALy = _—tr{@p, (k + 1)@ (k + 1) = O (k) m(K) } < ~20 &1 + 40m0" (21) 0 (2 )(mm + ol + e+ kax">~
m k

Noting that AL, = Ay, + ALy, + Az, and considering ||a(z,)|| < om and (12), we can find that
ALy < — (1 — 4002, — 40) ([l + 1| @il®) — (1 — 20 — 203 — A0tmdm 02y — A0, 0% — 404-dn — 40405 ) [|Re )
+ 2l @ll- (14)
Then, we define 61y, = ¥, 0Py = @,, where 0; and 0, are constants. After selecting the parameters as ¢, 0%, = %, 010, =

0,80,03, < 62, and applying the Cauchy-Schwarz inequality, (14) becomes

ALy < — (1 -6 (92> * = (1 — 07 ——) lpell* = (1 = 26 — 253 — om67 — 53,07) I

_<1_9§_9£2>||a)f,,(k)a(zk)}|2_<1_e§ ) H
1

From (15), we can conclude that AL, < 0if 0 < oy < )/2 0 < p < 1/4, and 11 < 01 < min{t,, 73, 74}, Wwhere

/ 1— 1— 20y — 264, D 1+/1-4p
5 , T3 = , Tg =\ —————
5M+6M ]+p 2

As long as the parameters are selected as above, AL, < 0 in (15), which shows the stability of error dynamics in the sense
of Lyapunov. Therefore, X, @, (k), and g(k) are bounded, provided X,, ®,,(0), and B(0) are bounded in the compact set S. Fur-
thermore, by summing both sides of (15) to infinity and taking the absolute value, we can obtain

i{(l —92—> T (kKo@) + <1 —9$—9?> 1B
k=0 P

<>oaL

k=0

X R ~
Sl — (1 = 20w — 2063 — omb% — 55,02 || (15)

+ (1 =20y — 203 — om0F — 6540%>||5<k||2}

_|11mLk—L0|<oo (16)

From (16), we can conclude that ||X|| — 0 as k - co. O
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According to Theorem 1, after a sufficient learning process, the NN system identification error converges to zero and the
robust term approaches zero as well, i.e., we have

X1 = 0 (k)0 (20). (17)
Then, we can further derive that

M 0L (k)o(zy))

_ _ T /(= *T
U ous = w,,(k)o'(Zy)v;, O, (18)
where
/(5 \ 86(2k) _ aZk o Onxm
0'(z) = 02, ’@’auk’ In

and I, is an m x m identity matrix.

Since it is difficult to get dx,.1/0uy otherwise, we can use (18) instead when solving the optimal control via (3). Next, this
result will be used in the derivation and implementation of the iterative ADP algorithm.
3.2. Derivation of the iterative algorithm

The iterative ADP algorithm is performed as follows. First, we start with the initial cost function Vy(-) = 0 and solve

Vo (xk) = argminy, {U(xx, ux) + Vo(Xks1)} = argming, {U (X, ux) + Vo(F(xk, )} (19)
Then, we update the cost function by
Vi(xe) = mu};n{U(Xl<, Ug) + Vo(Xir1)} = UKk, Vo(Xk)) + Vo (F(Xk, Vo (Xk)))- (20)
Next, fori=1, 2, ..., the algorithm iterates between
vi(X) = argmin,, {U(X, ux) + Vi(Xei1)} = argming, {U(x;, ug) + Vi(F(Xi, ue)) } (21)
and
Vi (x) = muin{U(xk:uk) + Vi(Xe1)} = Ulxk, vi(Xe)) + Vi(F (X, i(Xk)))- (22)

In the following, we will present the convergence proof of the iteration (19)-(22) with the cost function V; — J* and the
control law #; — u* as i — oo.

3.3. Convergence analysis of the iterative algorithm

Lemma 1. Let {v;} be the control laws defined as in (21) and {1} be any arbitrary sequence of control laws. Define V; as in (22) and
Ajas
A1 (Xk) = U(xk, pi(xk)) + Ai(Xie1).- (23)

If Vo(-) = Ag(-) = 0, then Viuy(x) < Apg(X), Vi

Proof. Since Vy(-) = Aq(-) =0, we have
Vi(xe) = “32“{”("’“ we)} < Uk, Uo(Xe)) = A1 (Xe).- (24)
It reveals that Vi(x) < Ay(x) since (24) is true for any x,. Next, we assume that Vi(x)< A(x). Then, we have
Vi(Xp1) < Ai(Xg+1). According to (22) and (23), we can obtain that
Vigr (%) < ngﬂ{U(Xk, Ug) + Ai(Xi1) ) < Aia (Xk). (25)

It implies Vi.1(x) < A;1(x) because (25) is true for any x,. Thus, we complete the proof by mathematical induction. O

Lemma 2. Let the sequence {V;} be defined as in (22). If the system is controllable, then there is an upper bound Y such that
0 < Vi(xk) < Y, Vi.

Proof. Let 7(x;) be any admissible control input. Let V; be updated as in (22) and Z; be updated by Zi.1(xx) = U(xy,
N(xk)) + Zi(xk+1), where Vo(-) = Zo(-) = 0. Clearly, Z;(xx) = U(xy, n(xx)). By observing

Zisi (X)) — Zi(X) = Zi(Xk1) — Zic1 (X)) = Zica (Xii2) — Zica(Rir2) = Zica (Xia3) — Zis3(Xes3) -« = Z1(Xewi) — Zo(Xiri)
= Zl (xk+i)7
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we have
Zi1(Xk) = Z1 (X)) + Zi(Xk) = Z1 (Xiyi) + Z1 (Kpewic1) +Zica (Xk) = Z1 (Kiwi) + Z1 Kiewio1) + Z1 (Keri—2) + Zia (Xee)
=Z1(Xk1i) + Z1 (Xpesic1) + Z1 (Keri2) + - + Z1 (K1) + Z1 (k).

Therefore, we obtain

Zia (%) =Y Z1(Xij) = UKy (X))
=0

j=0

Since 7(x,) is an admissible control input, we have

Zia (%) <D _U(Xiej, N(Xerj)) < Y, V.
j=0
By using Lemma 1, we can obtain Vi.q(x;) < Zi1(xx) < Y, Vi, and thus complete the proof. O
Based on Lemmas 1 and 2, we now present our main results.

Theorem 2. Define the sequence {V;} as in (22) with Vy(-) =0, and the control law sequence {v;} as in (21). Then, {V;} is a
nondecreasing sequence satisfying V; < V.1, Vi.

Proof. Define a new sequence ®;.1(Xy) = U(Xy, vi+1(Xx)) + @i Xp+1) With @g(-) = Vo(-) = 0. Next, we prove that @;(x;) < Vi+1(xx) by
mathematical induction.

First, we prove that it holds for i = 0. Since V;(xx) — ®@o(xx) = U(Xk, vo(Xk)) = 0, we have ®g(x;) < Vi(xi). Second, we assume
that it holds for i — 1, i.e., @;_1(xx) < Vi(x), Vxr. Then, for i, by noticing Vi.(xx) = U(xk, vi(xk)) + Vi(Xe1) and @i(x) = U(xy,
V(X)) + Di_1(Xp+1), we can get Vieq(xg) — Di(xx) = Vi(xpe1) — DPi_1(Xps1) = 0, i.e., @i(xx) < Vis1(xk). Thus, we complete the proof
by mathematical induction. Furthermore, from Lemma 1, we know that Vi(x,) < ®@,(x,). Therefore, we have

Vi(x) < Pi(xe) < Vigpr (%) (26)
and also complete the proof. O
In light of Lemma 2 and Theorem 2, the limit of the cost function sequence {V;} exists when i — oo. The same is true for the
sequence {#;} according to (3) and (21). Here, we denote V.. (x) = lim;_,..Vi(xi) and v..(x,) = lim;_, .. 24(Xx), respectively. Next,
we give the following theorem.
Theorem 3. Let the cost function sequence {V;} be defined as in (22) and V. (x) be its limit. Then, we have

V(%) = nzin{U(xk, ) + Voo (Xee1) }- (27)

Proof. On one hand, for any u, and i, according to (22), we can derive

Vi(x) < U(Xk, te) + Vi (Xei1)- (28)
Combining (28) with
Vi(xk) < Voo(Xk), Vi, (29)
which is obtained from (26), we have Vi(x,) < U(xy, uy) + V. o(Xk+1),Vi. By letting i —» oo, we obtain
Voo (i) < Uk, Ui) + Voo (Xi1)- 30)

Since uy is chosen arbitrarily in (30), we have
Voo (Xk) < n}lin{U(xk,uk) + Voo (Xki1) }- (31)
On the other hand, since the cost function sequence satisfies V;(x) = min,, {U(xk, ux) + Vi_1(Xi41)} for any i, considering
(29), we have V. (x¢) = miny, {U(X, ux) + Vi1 (Xky1)}, Vi. By letting i — oo, we can get
V() = rrlllin{U(xk,uk) + Voo (Xpey1) }- (32)
Based on (31) and (32), we can conclude that (27) is true. O

By observing (2) and (27), we obtain V. =J*, which implies that the cost function sequence converges to the optimal cost
function of the DTHJB equation. Additionally, the control law related to V., can be formulated by

Voo (Xk) = argming, {U (xk, Ug) + Voo (Xe11) }- (33)

By making a comparison between (3) and (33), we can further derive that v, = u*. Therefore, we acquire the main conclusion
Vi—J*and v; » u* as i — co.
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4. Implementation of the iterative ADP algorithm via GDHP technique

In this section, we implement the iterative ADP algorithm described by (19)-(22) via GDHP technique. The idea is to take
the function approximation structure, such as NN, to approximate both Vi(x,) and z{(xy).

4.1. The iterative GDHP algorithm

In the iterative GDHP algorithm, there are three NNs, which are model network, critic network, and action network. In this
paper, all the NNs are chosen as three-layer feedforward ones. It is important to note that the critic network of GDHP tech-
nique outputs both the cost function J(x,) and its derivative 9J(x;)/0x, [21], which is schematically depicted in Fig. 1. Similar
to the critic network, the input of action network is also x,. However, the input of model network consists of x, and ?;_ (xy).
The whole structural diagram of the iterative GDHP algorithm is shown in Fig. 2, where

ORpei1 R OV (x)\'
OXy (91?1;1 (Xk) OX '

DER = <

According to Fig. 2, we observe that the outputs of critic network of the iterative GDHP algorithm contain not only the
cost function but also its derivatives. This is a significant property of the iterative GDHP algorithm since the information
associated with the cost function is as useful as the knowledge of its derivatives. Therefore, when training the critic network
of the iterative GDHP algorithm, we should utilize an error measure which is a combination of the error measures of HDP and
DHP. Consequently, the resulting behavior is expected to be superior to simple ADP methods.

4.2. The training process

The training of model network is completed after the system identification process and its weights are kept unchanged.
Then, according to Theorem 1, when given x; and #;_;(x,), we can compute X,,; by (7). As a result, we avoid the requirement
of knowing F(xy, uy) during the implementation of the iterative GDHP algorithm.

Next, the learned NN model will be used in the training process of critic network and action network.

We define Zi(xi) = 0Vi(x)/0x, during the training process. Hence, the critic network is used to approximate both Vi(x;) and
Ai{xx). The output of critic network is expressed as

[V""")} _ {“’y } o (V) = Gl (Vxy),

where o = [0); ®2]. Accordingly, we have V;(x) = oTo(vix) and % (x) = w2 o (vIx,). The target function can be written
as

Vi(xe) = Uxk, D1 (X)) + Vica (Xpw1)

and

AU (X, D1 (%) | OV (Rir) v 1)\, OXje Mt IVa()\'s o
Ai = =2 2(———2) Ry - i .
I(Xk) an + (9Xk ka * E)xk vi 1(Xk) + 8Xk + 81};,] (Xk) (9Xk ;Ll ](Xkﬂ)

Then, we define the error function of critic network as e, = Vi(x) — Vi(x) and e2, = Ji(X) — %i(xx). The objective function

to be minimized in the critic network is Eqy = (1 — 17)E}, -+ #E%,, where E}, = 0.5ellel, and E2, = 0.5e2Le2,. The weight up-

cik cik cik ™ cik*

date rule for training critic network is also gradient-based adaptation which is given by

. . OEL OE%
@all +1) = @al)) = % [(1 - E)wccilgi) (96056)} 7
. . OEL OE%
Yall 1) = va(j) — o {(1 e avc,-m(l;') i ”av;g‘) ’

where o, >0 is the learning rate of critic network, j is the inner-loop iteration step for updating weight parameters, and
0 <7 <1 is aparameter that adjusts how HDP and DHP are combined in GDHP.

X Critic > S
Network oJ(x,)

ox,

Fig. 1. The critic network of GDHP technique.
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Y (BER | e

\ 0x;

\"’647 Target Control

Input Equation

—_— Signal Line
********** #  Back-propagating Path

:> Weight Transmission

Fig. 2. The structural diagram of the iterative GDHP algorithm.

In the action network, the state x; is used as input to obtain the approximated optimal control as output of the network,
which is formulated as ;¢ (x;) = a)g(,-fl)a(vg(if”x,S. The target control input is given by

vi1(Xk) = argminy, {U(xy, ux) + \7,«,1()?,(“)}.

The error function of action network can be defined as eq;_1)x = ¥i_1(Xk) — #i_1(Xx). The weights of action network are up-
dated to minimize E;; 1 = O.SeZ(H)kea(i,Uk. Similarly, the weight update algorithm is

. . OE, i
. . OEq i
Vai-1y(J + 1) = Vai—1) () — % {ﬁ}

where o, > 0 is the learning rate of action network, and j is the inner-loop iteration step for updating weight parameters.

Remark 1. According to Lemma 2 and Theorems 2 and 3, V; — J*as i — oo. Since Ai(xy) = OVi(x)/0xk, we can conclude that the
sequence {/;} is also convergent with 2; - A* as i — oc.

Note that some parameters, like the number of neurons, are difficult to determine in terms of theory. Thus, at the present
stage, these parameters in the algorithm are mainly chosen according to experience. Meanwhile, one of our main efforts is to
investigate how the parameters affect the control performances and when the best results can be derived.

5. Numerical examples

In this section, two numerical examples are provided to demonstrate the effectiveness of the control scheme derived by
the iterative GDHP algorithm.

Example 1. This example is chosen from [31] with some modifications. Considering the following nonlinear system:
Xy = 1.2% + sin(0.1x2 + uy), (34)

where x;, € R, u, € R, k=1,2,....Clearly, x, = 0 is an equilibrium state of system (34). However, the system is unstable at this
equilibrium, since (8 Xk+1/0xk)|(0,0y = 1.2 > 1. It is desired to control the system with control constraint of |u| < 1. The cost func-
tion is chosen as

00

Jx) = Z{XiTQX,- +2 /O.Ui tanh’T(U‘]s)URds}, (35)

i=k

where Q and R are identity matrices with suitable dimensions.
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Fig. 3. (a) The system identification error. (b) The convergence process of the cost function and its derivative.

We choose three-layer feedforward NNs as model network, critic network, and action network with structures 2-8-1, 1-
8-2, and 1-8-1, respectively. In the system identification process, the initial weights between input layer and hidden layer,
and between hidden layer and output layer are chosen randomly in [—0.5,0.5] and [-0.1, 0.1], respectively. We apply the NN
identification scheme for 100 time steps under the learning rate ¢, = 0.05 and obtain the result shown in Fig. 3a. We observe
that the NN identifier successfully learns the unknown controlled system. Then, we finish the training of the model network
and keep its weights unchanged.

Let the initial state xo = 1.5. Besides, the initial weights of the critic network and action network are all set to be random in
[-0.1, 0.1]. Then, letting the adjusting parameter # = 0.5 and the learning rate o, = o, = 0.05, we train the critic network and
action network for 115 iterations with each iteration of 2000 training epochs. The changing process of the cost function and its
derivative of the iterative GDHP algorithm is shown in Fig. 3b, for k = 0, which displays the convergence of the two sequences.

For the purpose of making a comparison with the controller derived without considering the actuator saturation, we
apply the controllers related to the two cases to system (34) for 20 time steps, respectively. The obtained simulation results
are shown in Fig. 4. We can see that the restriction of actuator saturation has been overcome successfully. The excellent
control performance verifies the effectiveness of the iterative GDHP algorithm.
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Fig. 4. Simulation results of Example 1. (a) The state trajectory x. (b) The control input u. (c) The state trajectory x without considering the control
constraint. (d) The control input u without considering the control constraint.
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Example 2. The following nonlinear system is a modification of the nonlinear equation in [15]:

X1k + Sin(4uy — 2xo) } (36)

X1 =
o [ Xak — 2Ug

where x;, = [XlkXZk]T e R, u € R, k=1,2,.... We can see that x; = [0 0]" is an equilibrium state of system (36). However, the
system (36) is marginally stable at this equilibrium, since the eigenvalues of

7[1 —2}
0,0) 0 1

are all 1. It is desired to control the system with control constraint of |u| < 0.5. The cost function is chosen the same as in (35).

8Xk+]
an

(a) (b)
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2
2
53 = 1
= o <
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2, 22 0
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g =N — -k
o E 8 -1
o 88 [l
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= \
N e e e e e e -
0 -3
0 10 20 30 0 10 20 30
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Fig. 5. (a) The convergence process of the cost function. (b) The convergence process of the derivatives of the cost function.
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Fig. 6. Simulation results of Example 2. (a) The state trajectory x. (b) The control input u. (c) The state trajectory x without considering the control
constraint. (d) The control input u without considering the control constraint.
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In this example, the three NNs are chosen with structures 3-8-2, 2-8-3, and 2-8-1, respectively. Here, we train the critic
network and action network for 26 iterations, while setting other parameters the same as in Example 1. When k = 0, the
convergence process of the cost function and its derivatives is depicted in Fig. 5.

Next, for given initial state [x;0x20]" =[0.5 —1]", we apply the optimal control laws designed by the iterative GDHP
algorithm, with and without considering the actuator saturation, to system (36) for 20 time steps, respectively. The
simulation results are shown in Fig. 6, which also exhibits excellent control effects of the iterative GDHP algorithm.

6. Conclusion

An iterative ADP algorithm is developed in this paper for near optimal control of unknown discrete-time nonlinear sys-
tems with control constraints. The GDHP technique is employed to perform the algorithm, with three NNs constructed to
approximate the cost function and its derivatives, the control law, and the unknown controlled system, respectively. The
numerical examples demonstrate the validity of the control scheme.

Since the tracking problem is another important topic of control engineering, it is necessary to expand the developed ap-
proach to solve the optimal tracking control problem in the future. Additionally, considering the fact that existing results
about tracking control mainly aim at affine nonlinear systems, our future work will focus on dealing with the nonaffine case.
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