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As a widely used numerical solution for the radiation transport equation (RTE), the discrete ordinates
can predict the propagation of photons through biological tissues more accurately relative to the diffusion
equation. The discrete ordinates reduce the RTE to a serial of differential equations that can be solved by
source iteration (SI). However, the tremendous time consumption of SI, which is partly caused by the
expensive computation of each SI step, limits its applications. In this paper, we present a graphics pro-
cessing unit (GPU) parallel accelerated SI method for discrete ordinates. Utilizing the calculation inde-
pendence on the levels of the discrete ordinate equation and spatial element, the proposed method
reduces the time cost of each SI step by parallel calculation. The photon reflection at the boundary
was calculated based on the results of the last SI step to ensure the calculation independence on the
level of the discrete ordinate equation. An element sweeping strategy was proposed to detect the calcula-
tion independence on the level of the spatial element. A GPU parallel frame called the compute unified
device architecture was employed to carry out the parallel computation. The simulation experiments,
which were carried out with a cylindrical phantom and numerical mouse, indicated that the time cost
of each SI step can be reduced up to a factor of 228 by the proposedmethod with a GTX 260 graphics card.
© 2011 Optical Society of America
OCIS codes: 170.3010, 170.6960, 230.6080.

1. Introduction

The accurate modeling of photon transport in biolo-
gical tissues is one of the most important issues for
optical tomography [1]. Historically, the diffusion

equation (DE), which is a diffusion approximation
of the radiation transport equation (RTE), has been
widely accepted as a means to describe the photon
propagation through biological tissues for its low
computational cost [1–5]. The limitations of the
DE are the requirements of the scattering dominated
optical property and a large source–detector distance
[6]. These limitations are particularly addressed by
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small animal optical tomography, mainly because of
the small volumes and wide variety of tissue optical
properties [7,8]. The RTE or its high-order approxi-
mations, which can accurately predict photon trans-
port through highly absorptive tissues and small
volumes, have become attractive choices as light
transport models through biological tissues in small
animal optical tomography [9–11].

Discrete ordinates (SN) is the most widely used
technique to obtain numerical solutions of RTE. By
restricting the direction distribution of photon radi-
ance into a discrete direction set defined by a sphe-
rical quadrature set, SN reduces the RTE to a set of
differential equations (discrete ordinate equations)
whose number is equal to that of the discrete direc-
tions. Each of the discrete ordinate equations corre-
sponds to the calculation of photon radiance in one
discrete direction.

The discrete ordinate equations are usually solved
iteratively by source iteration (SI) [12–17], in which
the photon radiances of each SI step are calculated
based on the scattering source constructed by the
photon radiances of the last SI step. During one SI
step, each discrete ordinate equation can be solved
by the discontinuous finite element method (DFEM)
[13], according to which spatial discrete elements are
processed in a special order to obtain the nodal
photon radiances.

One of the main flaws of SI is its large time cost,
which is caused by two factors. The first one is the
slow convergence in an optically thick region with
a small absorption [18]. To solve this problem, many
acceleration methods have already been proposed
[17,19]. These methods utilized the acceleration
equations to estimate the error between the results
calculated by the current SI step and the true solu-
tion, and accelerated the convergence by modifying
the scattering source by this error. The acceleration
effect of these methods is affected by many factors,
such as the spatial and direction discrete scheme
and optical properties [19]. The second factor is
the expensive calculation of each SI step, in which
all of the discrete ordinate equations must be solved
based on an updated scattering source. This factor
becomes quite critical in the case of low scattering.
SI converges quickly in this case, but the computa-
tion of each SI step increases greatly by the large
number of discrete ordinate equations that is needed
to ease the ray effect [1].

The acceleration technology of solving SN on mas-
sively parallel computers, including clusters of CPUs
and graphics processing units (GPUs), has been de-
veloped during the past decades, and several parallel
transport codes have already been explored [20–22].
However, the massive parallel computation system
that is required by this kind of technology is extre-
mely expensive. The high price of the computational
device makes it not the best choice for the field of op-
tical tomography. In this paper, we present a GPU
parallel accelerated SI method for discrete ordinates.
The proposed method utilizes the calculation inde-

pendence on the levels of the discrete ordinate equa-
tion and spatial element to divide the calculation, so
the time consumption can be reduced by parallel cal-
culation. In the case of a boundary refractive index
mismatch, the calculations of different discrete ordi-
nate equations are connected with each other by the
boundary reflection. This problem was resolved by
approximately calculating the boundary reflection
with the photon radiance produced by the last SI
step. As mentioned before, the spatial discrete ele-
ments should be processed in a spatial order accord-
ing to DFEM, so that the calculation independence
does not exist for two arbitrary spatial elements.
An element sweeping strategy was proposed to de-
tect the information of calculation independence be-
tween different spatial elements. A GPU parallel
frame named the compute unified device architec-
ture (CUDA) [23], which provides a low-cost method
to perform massive parallel computation, was em-
ployed to carry out the parallel computation. All of
the parallel computation in this work was performed
on a GTX 260 graphics card.

The remainder of this contribution is organized as
follows. In Section 2, we first introduce the discrete
ordinate equations and the SI. Then the calculation
of boundary reflection and the element sweeping
strategy is presented, and we describe the GPU-
based parallel calculation in the last part of this sec-
tion. In Section 3, the performance of the proposed
method is verified by simulation experiments. The
discussion and conclusion are given in Section 4.

2. Method

A. Discrete Ordinate Equations and Source Iteration

By restricting the direction distribution of photon
radiance Φ into a discrete direction set defined in
a spherical quadrature set, SN reduces the RTE to
a set of discrete ordinate equations as follows [11]:

Ωm ·∇ΦðΩm; rÞ þ μtΦðΩm; rÞ

¼ μs
XM
m0¼1

ΦðΩm0 ; rÞpiðΩm0 · ΩmÞwm0 þQðΩm; rÞ;

m ¼ 1; 2; :::;M;

ð1Þ

where ΦðΩm; rÞ denotes the photon radiance, which
is decided by the discrete direction Ωm and spatial
position r, μt is the attenuate coefficient, which is de-
fined by the sum of scattering coefficient μs and ab-
sorption coefficient μa, M is the number of discrete
directions, and wm is the quadrature weight value
of a discrete direction. The Lebedev quadrature set
is employed as the quadrature set in this application
[24,25]. piðΩm0 · ΩmÞ is the Legendre expansion of the
phase function with an order of i. In this application,
i is set as 3 and the following Henyey–Greenstein
phase function is used [26]:
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pðΩ0 · ΩÞ ¼ 1 − g2

4πð1þ g2 − 2g cos θÞ3=2 ; ð2Þ

where θ is the scattered angle between Ω and Ω0, and
g is the anisotropy parameter.

After discretizing the interesting domain into an
unstructured tetrahedral mesh, Eq. (1) can be
further processed by DFEM. Applying the Galerking
method to Eq. (1) and using the divergence theorem,
we obtained the equation of an element as

X4
l¼1

Z
δVl

k

ðΩm ·nl
kÞΘΘTφl;s

k;mdS−

Z
Vk

ðΩm ·∇ΘÞΘTφk;mdV

þ
Z
Vk

ΘfμtΘTφk;m

− μsΘT
XM
m0¼1

p3ðΩm0 ·ΩmÞwm0φk;m0 −ΘTqkgdV

¼ 0: ð3Þ

Here, Vk stands for the kth tetrahedral element, δVl
k

is the lth element boundary of this element and nl
k is

the outward unit normal vector of the element
boundary, Θ is the finite element approximation
shape function, φk;m and qk denote the column vector
of nodal photon radiance and nodal source of Vk in
themth discrete direction, and φl;s

m;k is defined accord-
ing to the up-wind scheme as

φl;s
m;k ¼

� φk;m; Ωm · nl
k ≥ 0

φl;inc
k;m ; Ωm · nl

k < 0
; ð4Þ

where φl;inc
k;m is the nodal photon radiance of the ele-

ment that shares the lth element boundary of Vk.
δVl

k is the up-wind element boundary of an element
if it meets Ωm · nl

k ≥ 0, otherwise it is a low-wind ele-
ment boundary.

Solving Eq. (3) directly results in a large linear sys-
tem whose solution is quite complicated and memory
consuming. For this reason, Eq. (3) is usually solved
iteratively by the source iteration method, which can
be written as

X4
l¼1

Z
δVl

k

ðΩm · nl
kÞΘΘTφl;sðiÞ

k;m dδV

−

Z
Vk

ðΩm ·∇ΘÞΘTφðiÞ
k;mdV þ μt

Z
Vk

ΘΘTφðiÞ
k;mdV

−

Z
Vk

ΘΘTqkdV

¼ μs
Z
Vk

ΘΘT
XM
m0¼1

p3ðΩm0 · ΩmÞwm0φði−1Þ
k;m0 dV;

ð5Þ
where φðiÞ

k;m is the photon radiance that needs to be
solved in the current SI step. The right side of

Eq. (5) is the scatter source of the current SI step.
It is calculated based on the photon radiance of
the last SI step φði−1Þ

k;m . Equation (5) can be solved only
if φl;sðiÞ

k;m has already been known, thus the element Vk
cannot be processed until all of the elements that
share its low-wind element boundaries have been
processed. The element process here means con-
structing and solving a small linear system defined
by Eq. (5) to obtain the nodal photon radiance of the
element. This is the order of the element process that
should be obeyed in the DFEM solution for each dis-
crete ordinate equation.

The following equation was employed to calculate
the stopping criterion e for SI in this work [19]:

e ¼ ei;i−1
1 − ðeiþ1;i=ei;i−1Þ

; with

ei;i−1 ¼
P

M
m¼1

P
K
k¼1

P
4
l¼1 jΦl;ðiÞ

m;k −Φl;ði−1Þ
m;k

����
P

M
m¼1

P
K
k¼1

P
4
l¼1 jΦl;ði−1Þ

m;k

����
;

ð6Þ

where Φl;ðiÞ
m;k is the lth nodal photon radiance of the

kth element in the mth discrete direction, which is
calculated by the ith SI step, and K is the total num-
ber of elements. In our work, the toleration is set
as 10−5.

B. Calculation of Boundary Reflection

When a low-wind element boundary is at the region
boundary, φl;sðiÞ

k;m in Eq. (5) becomes the boundary re-
flection in the mth discrete direction on this element
boundary. In the presence of a boundary mismatch of
the refraction index, the boundary reflection shown
in Fig. 1 is not zero and needs to be considered. With
an incidence unit direction vector I and boundary
unit outer normal vector N, the reflection unit direc-
tion vector R and refraction unit direction vector T
can be determined as [22]

Fig. 1. Reflection and refraction at the boundary.
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R ¼ I − 2ðI ·NÞN;

T ¼ sin θt
I − ðI ·NÞN
jI − ðI ·NÞNj þ signðI ·NÞ cos θtN;

ni sin θi ¼ nt sin θt:

ð7Þ

Here, θi and θt are the incidence and refraction an-
gles, respectively, ni and nt are the refraction indices
of incidence and the refraction side, respectively, and
signð·Þ is the sign function.

The ratio of reflection energy is determined by re-
flection index L, which can be calculated by Fresnel’s
law [27]:

LðθiÞ

¼
8<
:

1
2

�
ni cos θi−nt cos θt
ni cos θiþnt cos θt

�
2
þ 1

2

�
ni cos θt−nt cos θi
ni cos θtþnt cos θi

�
2

θi < θc
1 θi < θc

:

ð8Þ
Here, θc ¼ arc sinðnt=niÞ is the critical angle.

When calculating the boundary reflection, only the
boundary reflection whose direction is coincident
with one of the discrete directions was considered
in the calculations of the discrete ordinate equations
in this work. Given the unit outer normal of a bound-
ary triangle, all of the possible directions of the
boundary reflection were first picked out from the
discrete ordinates. Then, the directions of the inci-
dent radiance for these reflections can be calculated
based on Eq. (7). Since the outer normal of the bound-
ary triangle is arbitrary, the direction of the incident
radiancemay not be coincident with a direction of the
discrete ordinates. In this case, we used the photon
radiance of a discrete direction whose angle with that
of the incident direction is smallest as an approxima-
tion for the incident radiance.

With the variance of the boundary unit outer nor-
mal vector, the boundary reflection in one discrete
direction could be produced by the photon radiance
in many different discrete directions, which are
the solutions of many different discrete ordinate
equations of the current SI step. This means that all
of the discrete ordinate equations should be solved
simultaneously with a large linear system during
each SI step. To ensure the calculation independence
of different discrete equations, the photon radiance
produced by the last SI step was employed to ap-
proximately calculate the boundary reflection. The
approximated reflection will approach the true value
when the difference between photon radiance calcu-
lated by two successive SI steps becomes smaller
with the process of SI. When it becomes the boundary
reflection, φl;sðiÞ

k;m in Eq. (5) then can be calculated as
follows:

φl;incðiÞ
k;m ¼ φl;ði−1Þ

k;m0 LðΩm · Ωm0 Þ; ð9Þ
where m0 denotes the index of the discrete direction
that can produce the reflection on the discrete direc-

tion m at the lth element boundary of element k, and
Ωm0 and Ωm are two unit direction vectors. φl;ði−1Þ

k;m0 pre-
sents the photon radiance at the lth element bound-
ary of element k with the discrete directionm0, and it
is produced by the last SI step. By calculating the
boundary reflection in this way, the calculations of
all discrete ordinate equations are independent of
each other during each SI step and can be carried
out in parallel.

C. Element Sweeping Strategy

Although the utilization of the calculation indepen-
dence on the level of discrete ordinate equations
can provide an attractive acceleration effect in theory
(an acceleration ratio equals the number of discrete
directions), the complicated calculation of each dis-
crete ordinate equation reduces the efficiency of the
GPU significantly. As a result, the acceleration ratio
obtained in practice is far lower than the theoretical
value. To further improve the performance of parallel
computation, more calculation independence needs
to be utilized. When solving a discrete ordinate equa-
tion with DFEM during an SI step, the spatial
elements should be processed in an order that satis-
fies the requirement mentioned in Subsection 2.A.
This means that we cannot process all of the spatial
elements in parallel simultaneously. However, calcu-
lation independence still exists for some of the spa-
tial elements, and an element sweeping strategy was
proposed to find it. Based on the relationship of cal-
culation independence, the proposed method orga-
nizes all of the spatial discrete elements into some
groups, which satisfies that the elements in the same
group can be processed in parallel.

If the low-wind element boundaries of an element
are all at the boundary, the φl;sðiÞ

k;m for them in Eq. (5)
become the boundary reflections, which can be calcu-
lated in advance according to Eq. (9). Since the pro-
cesses of this kind of element do not depend on that of
any other elements, they are the primary elements to
begin the calculation of a discrete ordinate equation.
It also means that the processes of this kind of ele-
ment can be carried out in parallel. We swept all
of the elements to find this kind of element and used
them to construct group 1. Then, according to the
principle mentioned in Subsection 2.A, any element
whose low-wind boundary-shared elements are all
contained by group 1 is ready to be processed after
group 1. The elements that meet this condition can
be found with the second sweeping to build group
2 (the sweeping is carried out for the elements that
are not contained in a previous building group).
Because the process for the elements in group 2 de-
pends only on the processing results of the groups
that have already been calculated, it can be carried
out in parallel for all of the elements in group 2. Dur-
ing the pth sweeping, the element whose low-wind
boundary-shared elements are all contained in the
previous building groups is found to build group p.
The sweeping is carried out repeatedly until all of
the elements are included in a group. The process
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of different groups should be carried out serially in
an order according to the group index; however,
the elements included in the same group can be pro-
cessed in parallel. Sometimes the dependence cycle
may appear. This results in a failure to find at least
one proper element to construct a new group at the
end of a sweeping. To break the cycle, we first need to
find a remedial element that is defined by the follow-
ing. (1) There is only one of its low-wind element
boundaries whose boundary-shared element is not
included by an existing group (here we named this
low-wind element boundary eb). (2) The center of eb
has the smallest projection on the current discrete
direction. Then, we constructed a new group for this
single remedial element. When calculating Eq. (5) for
the remedial element, the nodal photon radiance of
the element that shares the element boundary eb
is approximated by the values of the last SI step.
The usage of this approximation will not noticeably
degrade the performance or stability of the SI [13].
The flow diagram of the element sweeping strategy
is presented in Fig. 2. Figure 3 gives a simple exam-
ple of dividing 12 elements into four groups using the
element sweeping strategy. Since the results of the
element sweeping strategy are only relative to the
discrete directions and spatial discrete mesh, it can
be carried out for each discrete ordinate equation be-
fore the SI, and the results can be stored and repeat-
edly used by each SI step. Since there are a lot of
branching and iterations in it, the calculation of
the element sweeping strategy is more suitable for
a CPU.

D. Parallel Calculation with a Graphics
Processing Unit Frame

The parallel calculation in our work is based on a
GPU-based parallel frame named CUDA, which is
NVIDIA developed hardware and software architec-
ture for general computing purposes on GPUs. In an
implementation of CUDA, the computation is di-
vided into many parts and carried out in parallel by
many different threads. The threads of CUDA are or-
ganized by the block and grid. A block includes sev-
eral threads and a grid contains several blocks. Since
the threads of the same block are performed in par-
allel in one multiprocessor of a GPU, they can be
synchronized and share data through high-speed
on-chip memory. Different blocks of the same grid are
carried out in parallel in different multiprocessors.
The threads of different blocks cannot be synchro-
nized and can only share data with a high-latency
global memory. Different grids have to be performed
serially. The number of threads included in a block is
called “block dimension,” and the number of blocks
included in a grid is called “grid dimension.” The di-
mension must be the same for the blocks included in
the same grid. The grid dimension should be set to be
large enough to hide the memory latency.

The flow diagram of GPU parallel accelerated SI is
shown in Fig. 4. Based on the boundary reflection
and scattering source that are obtained with the no-

dal photon radiance from the last SI step, the nodal
photon radiance of the current SI step is calculated
by solving the discrete ordinate equations. Since syn-
chronization is needed for data updating, each dis-
crete ordinate equation was solved by the threads
included in one block. This means that the parallel
calculation on the level of the discrete ordinate equa-
tion was carried out by multiple multiprocessors of
the GPU (there are 24 multiprocessors in our device).
When solving a discrete ordinate equation with
DFEM, the cycle operations were employed to pro-
cess different groups serially. During each cycle,
the different elements of one group were processed
in parallel by different threads in one block; hence,
the parallel calculation on the level of the spatial

Fig. 2. Flow diagram of the element sweeping strategy. Herein,
grouppm presents the pth groups of the discrete equation m, and
Npm stands for the number of elements included in it, Nm is the
number of elements included in all of the existing groups,Ne is the
total number of elements, and M denotes the number of discrete
directions.
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element was implemented by multiple threads in
each multiprocessor. Because of the fact that the
number of elements varies in a wide range for differ-
ent groups while dimensions must be identical for all
of the blocks, the determination of the block dimen-
sion was difficult. In CUDA, the threads of a block
are not really carried out in parallel at the same
time; instead, they are carried out in parallel in a
group of 32. Although a block dimension larger than
32 can help hide thememory latency, it also results in
an increasing risk of idled threads in our case. There-
fore, a serial of simulations is carried out in Subsec-
tion 3.B.2 to find an optimal choice for the block
dimension. The size of a group must be less than or
equal to the block dimension, so the groups whose
sizes are larger than the block dimension should be
divided further. Moreover, for the large amount of
memory requirement of SN, the utilization of global
memory is inevitable. Considering the high latency of
global memory, the trick by which the memory access
of 16 successive threads can be coalesced into a single
memory transaction of 32, 64, or 128 bytes should be
utilized as much as possible, or the efficiency can be
reduced significantly.

3. Experiments and Results

To verify the performance of the proposed me-
thod, several simulation experiments were carried
out with a cylindrical phantom and numerical
mouse. First, we verified the accuracy of our GPU-
accelerated SN method. TheMonte Carlo (MC) meth-
od, which is considered a reliable simulation method
for photon transport in tissues [28–30], was em-
ployed as the benchmark. Here, the MC simulations
were carried out by software named the Mouse Op-
tical Simulation Environment (MOSE) [30]. Then,
the acceleration effect of the proposed method was
evaluated by comparing the average computational
time of one SI step by our method performed on a
GPU with that of the serial calculations carried on
the CPU. The code carried out on the CPU was

implemented by C++, and its structure was quite
similar to that of the GPU code, except that the cal-
culation was carried out in a series (the discrete or-
dinate equations were solved one by one and each
discrete ordinate equation was solved by construct-
ing and solving a small linear system for each spatial
discrete element in the series during one SI step). All
simulation experiments were carried out on a desk
computer with an Intel Xeon W3503 CPU, 4Gbytes
RAM and NVIDIA, GTX 260 graphics card with an
896Mbyte display memory.

The geometrical information of the cylindrical
phantom is shown in Fig. 5. Its six groups of optical
parameters are listed in Table 1, in which μs and μa
are the scattering and absorption coefficients, respec-
tively, g is the anisotropy parameter, and n is the re-
fraction index. The numerical mouse was built based
on the data provided in [31]. It includes six types of
tissues, which are adipose, heart, lungs, liver, sto-
mach, and kidneys, as shown in Fig. 6. A cylindrical
source with a 0:5mm radius and 1mmheight was set
in the liver. The optical parameters of each tissue
with a wavelength of 640nm are listed in Table 2 ac-
cording to [32], in which μ0s ¼ ð1 − gÞμs is the reduced
scattering coefficient. The anisotropy parameter and
refraction index of all of the tissues were set as 0.9
and 1.37, respectively. The power density of the
source was set at 1mW=mm3 in both models, and
the refraction index of the air was 1.00.

Both the cylindrical phantom and the numerical
mouse were discreted by three different meshes,
and the basic information of these meshes is listed
in Table 3. Five different Lebedev quadrature sets,
which are G13 with 74 directions, G19 with 146
directions, G25 with 230 directions, G27 with 266 di-
rections, and G29 with 302 directions, were employed
as the direction discrete schemes in this section.

A. Verification of Accuracy

Because of the limitation of our MC simulation soft-
ware, only the simulation results on the boundary
were considered. In order to compare the simulated
results obtained by the MC and SN methods without
normalization, several steps were necessary. First,
the source in the MC method should be set equiva-
lent to that in the SN method. The geometrical infor-
mation of the source in the MC method was
determined by triangles that made up the surface of
the source area in the spatial discrete mesh. The
power W of the source in the MC method was calcu-
lated by the following equation:

W ¼ dw ·
XI

i¼1

Vi; ð10Þ

where dw presents the power density of the source,Vi
denotes the volume of the ith tetrahedron that was
included in the source area of a spatial discrete mesh,
and I is the total number of these tetrahedrons. Sec-
ond, since the physical quantities of the results given
out by the two methods were different, these two

Fig. 3. Example of dividing 12 elements into four groups by using
the element sweeping strategy. Herein, Eij presents the jth ele-
ment of group i, and U and L denote the up-wind and low-wind
element boundaries, respectively.
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kinds of data needed to be converted into the photon
flux density on each boundary node to enable the
comparison. The simulation of the MC method re-
cords the power sum of the photons that pass
through each boundary triangle, and this kind of
data can be converted into the photon flux density
of each boundary node as follows:

Ψj ¼
P

K
k¼1 WkP
K
k¼1 Sk

; ð11Þ

where Ψj is the photon flux density on the boundary
node j,Wk presents the MC recorded power of the kth
boundary triangle, which uses node j as a vertex, Sk
is the area of this triangle, and K denotes the total

Fig. 4. Flow diagram of a GPU parallel accelerated SI. grouppm is the pth group of the mth discrete ordinate equation and Npm is the
number of elements included in this group, db presents the dimension of the block,Pm is the number of groups for themth discrete ordinate
equation, Thread m;TI presents the TIth thread of the block m, Vp;m;TI denotes the TIth element of the pth group for the mth discrete
ordinate equation, and M is the number of discrete directions.
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number of boundary triangles that have a common
vertex node j. The simulation results from the SN
method are the photon radiance on the vertices of
each boundary triangle. Since the data is discontin-
uous across the triangle boundaries, it could have
several different values for a boundary nodal, as
shown in Fig. 7. Before converting the photon radi-
ance into flux density, we should first obtain a unique
value for each boundary node as follows:

Φm
j ¼

P
K
k¼1

R
Tk

P
3
l¼1 Φm

klΘkldSP
K
k¼1 Sk

; ð12Þ

whereΦm
j is the photon radiance on boundary node j,

the superscriptm denotes themth discrete direction,
Tk presents the kth boundary triangle, which uses
node j as a vertex, and Φm

kl and Θkl are the discontin-
uous photon radiance and finite element method
shape function on its three vertices, respectively,
and Sk is the area of this triangle. The flux density
on the boundary nodes can be obtained from the ra-
diance by the following equation:

Ψj ¼
XM
m¼1

ððΩm ·N þ jΩm ·NjÞ=2Þ

× ð1 − LðΩm ·NÞÞðΩm ·NÞΦm
j wm; ð13Þ

whereN is the unit outer normal vector of the bound-
ary, L represents the reflection index, Ωm is the unit

vector of the mth discrete direction, wm is the quad-
rature weight value of a discrete direction, Φm

j de-
notes the photon radiance on boundary node j in
themth discrete direction, andM is the total number
of discrete directions. The average relative error
(ARE) was used to measure the difference between
the results obtained by the SN and MC methods,
and it is defined as follows:

ARE ¼
�XJ

j¼1

jdm
j − ds

j j
jdm

j j
�
=J; ð14Þ

where dm
j and ds

j denote the data of the MC and SN
methods, respectively, and J is the total number of
the data. To reduce the disturbance of the random
noise in the MC data, only the data of the nodes
on which the MC data is larger than or equal to
1% of the maximum of the MC data were considered
for the calculation of ARE.

Verification studies were first performed using the
cylindrical phantom. The phantom was discretized
with the cylindrical phantom mesh 3 in Table 3. This
mesh was used in both the SN and MC simulations.
The Lebedev quadrature set G29 was employed as
the direction discrete scheme for the SN method.
The number of simulated photons in the MC method
was 108. Six groups of simulations were carried out
with the optical parameters listed in Table 1. They
were used to test the accuracy of SN in cases of high
absorption, strong forwarding scattering, and isotro-
pic scattering, and both the refractive index matched
and mismatched boundary conditions were applied
in each case. To do the comparison, the photon flux
density on the boundary at the heights of 15, 20, and
25mm were sampled from the results of the two
methods with a sampling interval of 2 deg. The com-
parison results for each simulation are shown in
Figs. 8(a)–8(f). It can be found that the results of
the SN method make a good agreement with that
of the MC method in Fig. 8. The quan-
titative evaluation of the accuracy is presented in
Table 4, which indicates that the maximum AREs be-
tween the data of the two methods were smaller than
1.77% in all of the simulations. The influence of ran-
dom noise in the MC data and the ray effect and the
numerical error in the SN data cause variability in
ARE with the change of optical parameters.

The simulation was also carried out with the
numerical mouse, which was discretized by the nu-
merical mouse mesh 3 in Table 3. Because of the lim-
itation of display memory, the Lebedev quadrature
set G27 was employed as the direction discrete
scheme for the SN method in this simulation. The
number of simulated photons for the MC method
was also 108. To evaluate the results of the two meth-
ods in this simulation, the photon flux density on the
boundary nodes, which are located in z ¼ 10� 1,
z ¼ 15� 1, and z ¼ 20� 1mm, are compared in
Fig. 9. Although there is good agreement between
the results of the SN and MC methods at most of

Table 1. Optical Parameters of the Cylindrical Phantom

Index μa (mm−1) μs (mm−1) g n

1 0.600 5.000 0.9 1.00
2 0.600 5.000 0.9 1.37
3 0.025 5.000 0.9 1.00
4 0.025 5.000 0.9 1.37
5 0.025 5.000 0.0 1.00
6 0.025 5.000 0.0 1.37

Fig. 5. (Color online) Geometrical information of the cylindrical
phantom. (a) Cylindrical phantomwith a spherical source; (b) mid-
dle cross section.
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the boundary nodes, a distinct deviation could be ob-
served near the peak of the second curve. The ARE
between the data of the two methods also increased
to 1.86% in this simulation. This result was mainly
caused by the poor quality of the spatial discrete
mesh around these positions. The accuracy of our
method heavily depends on the quality of the spatial
discrete mesh. A finer mesh with more nodes and
tetrahedrons is needed for the high-quality discreti-
zation of a complex region, such as in a numerical
mouse. Unfortunately, the shortage of the display
memory prevented the employment of a finer mesh.
Moreover, because the source was set in the liver
with high absorption and the direction discrete
scheme was coarser relative to that used in previous
simulations, the ray effect could also worsen the
accuracy of our method.

B. Evaluation of the Acceleration Effect

Several simulation experiments were carried out to
evaluate the acceleration performance of the pro-
posed method in this section. Since the parallel
computation has no influence on the convergence
speed, the difference between the computation speed
of parallel and serial calculations is decided by the

time cost of each SI step. Since the time cost varies
slightly for different SI steps, the average time of
each SI step (ATES) was employed to estimate the
time cost of each SI step. The acceleration ratio,
which is defined by the ratio between ATES of the
CPU and GPU, was used to evaluate the acceleration
effect of our method. For simplicity, the ATES in the
serial calculation, which was carried out on a CPU
for both a cylindrical phantom and a numerical
mouse, was first presented in Tables 5 and 6. For
the reason we explained in Subsection 3.B.1, only
the fourth group of the optical parameters in Table 1
was used in the simulations of the cylindrical
phantom.

Fig. 6. (Color online) Geometrical information of the numerical mouse. (a) Front view; (b) side view.

Table 2. Optical Parameters in the Mouse Tissues

Tissues μa (mm−1) μ0s (mm−1)

Adipose 0.0057 1.2374
Heart 0.0910 1.0291
Lungs 0.3045 2.2273
Liver 0.5458 0.7115
Kidneys 0.1021 2.4144
Stomach 0.0171 1.5022 Fig. 7. Diagram of the data at a boundary obtained from the SN

method.
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1. Acceleration Effect with Different
Optical Parameters

We carried out the simulations for the cylindrical
phantom with different optical parameters listed
in Table 1. The first and the third spatial discretiza-
tion meshes in Table 3 were used as a spatial discrete
scheme in this section, and the Lebedev quadrature
sets G13, G19, and G27 were used as the direction
discrete schemes. The block dimension was set as
32 for the simulations in this section. The ATES of
the CPU for each simulation are shown in Table 7,
and the acceleration ratios of the GPU are shown
in Table 8. It can be found that ATES could be con-
sidered stable with different optical parameters for
the CPU, and the variances of the GPU acceleration
ratios are quite small for different optical param-
eters. This phenomenon lies in the fact that the var-
iance of the optical parameters changes neither the
time consumption nor the times of building and sol-
ving Eq. (5), regardless of whether the calculation is
carried out in the CPU or the GPU. Since the accel-
eration effect of the proposed method is independent
of the optical parameters, we employed only one
group of optical parameters, which is the fourth
group listed in Table 3, for the cylindrical phantom
in the following simulations.

2. Effect of the Element Sweeping Strategy and
the Choice of the Block Dimension

The effect of the proposed element sweeping strategy
and the optimal selection of the block dimension
were studied in this section though a series of simu-
lations. The simulations were carried out for both the
cylindrical phantom and the numerical mouse. For
the cylindrical phantom, spatial meshes 1 and 3 were
employed. Spatial meshes 1 and 2 were used for the
numerical mouse. The Lebedev quadrature sets G13,
G19, and G27 were employed as the direction dis-
crete schemes in these simulations. For each combi-
nation of the spatial and direction discrete schemes,
a group of simulations were carried out with six dif-
ferent block dimensions of 1, 8, 16, 32, 128, and 256.
For limitation of the memory on the chip, the block
dimension could not be set as 512 on our device.
The acceleration ratio of each simulation is shown
in Fig. 10, in which each curve represents the accel-
eration ratios of the simulations in one group. The
element sweeping strategy is disabled when the

block dimension is set as 1, and the acceleration
ratios in that case are obtained only by the parallel
calculation on the level of the discrete ordinate equa-
tion. It can be found in Fig. 10 that the acceleration
ratios in this case are quite limited, and far lower
than the expected theoretical value. The ratio be-
tween the best data and the data on a block dimen-
sion of 1 on each curve presents the speed gain by the
parallel calculation on the level of the spatial ele-
ment via the element sweeping strategy. The maxi-
mum value of the ratio is 17.19 in Fig. 10, and the
minimum value is 7.73. Furthermore, the simulation
with a block dimension of 32 obtained the best re-
sults in 10 of the 12 simulation groups in Fig. 10,
and its results in the remaining two groups was close
to the best one. This indicates that 32 can be consid-
ered a proper choice of the block dimension for our
method. However, it is important to note that this
choice is dependent on the device frame. If the num-
ber of threads that can be carried out at the same
time in a multiprocessor is increased or the dimen-
sion can be changed for different blocks in the future,
the optimal block dimension can be a different value.

3. Acceleration Effect with Different
Discrete Schemes

We then studied the acceleration ratios of the pro-
posed method with different discrete schemes. Each
combination of the spatial and direction discrete
schemes, which was mentioned at the beginning of
Section 3, was tested in this part. The only exception
is the combination of numerical mouse mesh 3 and
Lebedev quadrature set G29 because of the shortage
of the display memory. The block dimension was set
as 32 for all simulations according to the results we
obtained in Subsection 3.B.2. The acceleration ratio
of each simulation is shown in Fig. 11. The accelera-
tion ratios for the simulations with the cylindrical
phantom are between 53.63 and 148.93 in Fig. 11(a),
and the acceleration ratios for the simulations with
the numerical mouse in Fig. 11(b) are between 61.15
and 228.69.

Moreover, it can be noted that the acceleration
ratio increases quickly with the number of discrete
directions in most cases. The two exceptions ap-
pear in the simulations with the combination of
the Lebedev quadrature set G29 and cylindrical
phantom meshes 1 and 2. After checking the data,
we found that these two exceptions were caused by
the dependence circle mentioned in Subsection 2.C.
Since each dependence circle resulted in a series of
groups with a small number of elements that make
most of the threads in a block idle, the efficiency can
be decreased significantly by the dependence circle.
Fortunately, the appearance of the dependence circle
is unusual, and, as shown in Fig. 11(a), it can be
eliminated by modifying the spatial or direction dis-
crete schemes. The improvement obtained by the in-
crease in the discrete direction can be explained by
the increase in calculation independence. Since the

Table 3. Information of the Spatial Discrete Meshes

Mesh Index
Number of

Nodes
Number of

Tetrahedrons

Cylindrical phantom mesh 1 2182 11,125
Cylindrical phantom mesh 2 4841 25,276
Cylindrical phantom mesh 3 6908 36,272
Numerical mouse mesh 1 3381 18,364
Numerical mouse mesh 2 7054 38,560
Numerical mouse mesh 3 10,045 55,190
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number of discrete directions is equal to that of the
discrete ordinate equation, a larger number of dis-
crete directions means that more discrete ordinate
equations can be solved in parallel. Although there
are not enough multiprocessors to solve all of the dis-
crete ordinate equations at the same time in our case,

high efficiency can still be gained from hiding the
memory latency. The multiprocessor can carry out
the calculation and memory access for different
blocks simultaneously to hide the time cost of mem-
ory access. The greater the number of blocks that are
processed in a multiprocessor, that more time that

Fig. 8. (Color online) Curve comparisons of the photon flux density at the boundary of the cylindrical phantom between the results of the
SN and MC methods. (a) and (b) Comparisons of the results in the cases of high absorption. (c) and (d) Comparisons of the results in the
cases of strong-forwarding scattering. (e) and (f) Comparisons of the results in the cases of isotropic scattering. Panels (a), (c), and (e) are
relative to the simulations that were applied with the refractive index matched boundary condition, and panels (b), (d), and (f) are relative
to the simulations that were applied with the refractive index mismatched boundary condition.

Table 4. Average Relative Error Between the Results of the SN and MC Methods in the Simulations with a Cylindrical Phantom

Optical parameter index 1 2 3 4 5 6
Average relative error 1.76% 1.43% 0.63% 1.07% 1.62% 1.74%
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can be hidden for memory access, as shown in Fig. 12.
It is then obvious that the efficiency is improved with
the increase in the total number of blocks if the num-
ber of multiprocessors remains unchanged.

The improvement of the efficiency can also be ob-
served with the refining of the spatial discrete mesh
in Fig. 11. This is because the average number of the
elements contained in the element groups on a fine
mesh is larger than that on a coarse mesh, as shown
in Fig. 13. The mesh in Fig. 13 is refined from that in
Fig. 3, and the average number of the elements con-
tained in the element groups increases from 3 to 4.
Since this average number is proportional to the cal-
culation independence on the level of the spatial
element, a larger value means a better parallel
efficiency.

4. Discussion and Conclusion

The computational consumption of each SI step is
one of the most important factors that slow down
the SI method. Utilizing the calculation indepen-
dence on both levels of the discrete ordinate equation
and spatial element, the parallel computation car-
ried out on a GPU reduced the time cost of each
SI step significantly, and we obtained an acceleration
ratio of up to 228 in our simulations. The calculation
independence on the level of the discrete ordinate
equation is obvious for the SI method. However, since

CUDA is optimized for launching many threads to
run the same program with different data and the
calculation of each discrete ordinate equation still
involves too many branches and iterations, the accel-
eration effect that can be obtained by parallel compu-
tation at this single level is quite limited; as we can
see in Subsection 3.B.2, the acceleration ratio in this
situation is below 20 in our simulations. With the ele-
ment sweeping strategy, the calculation indepen-
dence at the spatial element level is introduced for
the parallel computation, which brings in an extra
gain of efficiency for about 1 order of magnitude.
Since the acceleration effect of the proposed method
is the product of that on two levels, a significant
improvement of the efficiency was obtained in our
simulations.

Unlike the acceleration methods that tried to im-
prove the iteration convergence, the acceleration
effect of the proposed method is independent of the
optical property. In our simulation experiments,
the proposedmethod obtained almost the same accel-
eration ratio with various kinds of optical properties.
It is an important characteristic for the photon trans-
port in vivo because of the wide range of optical prop-
erties in biological tissues. On the other hand, since
the proposed method does not change the conver-
gence rate of the SI method, any convergence accel-
erated method that modifies the scattering source
between two successive SI steps to accelerate the
convergence can be combined with the proposed
method without much difficulty. The combination
of these two kinds of acceleration methods may have
the potential to reduce the time cost of SN to an
acceptable level.

The computational burden of each SI step in-
creases rapidly with the precision improvement of
both the direction discrete scheme and the spatial
discrete scheme. However, a discrete scheme with
higher precision also provides more calculation inde-
pendence that can be utilized by the proposed meth-
od. Just as shown in Subsection 3.B.3, the proposed
method provides a better acceleration effect with the
improvement of discrete precision. It makes the pro-
posed method an attractive choice for an application
that requires highly discrete precision if there is en-
ough display memory on the computation device.

The GTX 260 graphics card that was employed
to perform the parallel computation in this work
costs only about $200. It is much cheaper than the

Fig. 9. (Color online) Curve comparisons of the nodal photon flux
density at the boundary of the numerical mouse between the re-
sults of the SN and MC methods.

Table 5. Average Time of an SI Step in a CPU with Different Spatial and
Direction Discrete Schemes in Simulations for the Cylindrical Phantoma

Index of
Quadrature Set

ATES of CPU
(s) (M1)

ATES of CPU
(s) (M2)

ATES of CPU
(s) (M3)

G13 4.29 9.95 14.08
G19 12.71 29.75 41.93
G25 27.71 63.17 91.54
G27 35.65 82.19 118.40
G29 44.82 102.67 148.93

aMi denotes the ith spatial mesh.

Table 6. Average Time of an SI Step in a CPU with Different Spatial and
Direction Discrete Schemes in Simulations for the Numerical Mousea

Index of
Quadrature Set

ATES of CPU
(s) (M1)

ATES of CPU
(s) (M2)

ATES of CPU
(s) (M3)

G13 7.95 20.15 110.50
G19 24.10 62.20 129.32
G25 53.13 134.95 302.83
G27 69.33 179.52 404.78
G29 89.16 243.04 \

aMi denotes the ith spatial mesh.
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traditional parallel computation system. The main
drawback of it is that it has a limited displaymemory
capacity. The shortage of display memory capacity

can be solved on two levels. The first one is the code
level. Our code is optimized for efficiency, so the
memory request can be reduced greatly with the

Table 7. Average Time of Each SI Step of the CPU with Different Optical Parameters in Simulation for the Cylindrical Phantoma

Index of Optical
Parameters

ATES (s)
(M1, G13)

ATES (s)
(M1, G19)

ATES (s)
(M1, G27)

ATES (s)
(M3, G13)

ATES (s)
(M3, G19)

ATES (s)
(M3, G27)

1 4.28 12.73 35.65 14.08 41.90 118.52
2 4.32 12.71 35.67 14.03 41.91 118.37
3 4.30 12.66 35.62 14.10 41.96 118.31
4 4.29 12.71 35.65 14.08 41.93 118.40
5 4.29 12.69 35.65 14.02 41.90 118.55
6 4.28 12.75 35.61 14.13 41.89 118.49

aMi denotes the ith mesh; Gi denotes the index of the Lebedev quadrature set.

Table 8. Acceleration Ratio of a GPU with Different Optical Parameters in Simulation for the Cylindrical Phantoma

Index of Optical Parameters AR (M1, G13) AR (M1, G19) AR (M1, G27) AR (M3, G13) AR (M3, G19) AR (M3, G27)

1 53.44 70.78 111.29 67.22 83.77 124.41
2 53.89 70.54 111.84 67.19 84.10 124.23
3 53.65 70.84 111.66 67.33 83.99 124.15
4 53.63 70.61 111.41 67.05 83.86 124.63
5 53.24 70.82 111.31 66.87 83.90 124.61
6 53.28 70.51 111.78 67.54 83.52 124.33

aAR denotes the acceleration ratio; Mi denotes the ith mesh; Gi denotes the index of the Lebedev quadrature set.

Fig. 10. (Color online) Acceleration ratios with different block dimensions. (a) Simulations with cylindrical phantom mesh 1, (b) simula-
tions with cylindrical phantom mesh 3, (c) simulations with numerical mouse mesh 1, and (d) simulations with numerical mouse mesh 2.
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expense of efficiency. For example, all of the discrete
ordinate equations can be divided into several differ-
ent parts (each part contains several ordinate equa-
tions) and let the GPU carry out the calculation for
only one part at a time. This strategy can not only
reduce the memory requirement, but can also enable
the employment of advanced iteration methods, such
as the Gauss–Seidel and successive-over-relaxation
methods [17,33], which can speed up the convergence
significantly. Moreover, if the number of discrete or-
dinates equations for each part is large enough, the
loss of efficiency could be small. The second level of
solution for the display memory shortage is the de-
vice level. The real large-scale computation is more
suitable to be carried out on a professional GPU com-
putational device, such as a Tesla C1070. The Tesla
C1070 not only has a 16Gbyte display memory capa-
city, which can ease the shortage of display memory
efficiently, but also has 5 times more multiprocessors
respective to the device employed in this paper. The
proposed method may have the potential to reduce
the ATES up to 3 orders of magnitude with a C1070.

The quadrature sets that were employed in this
work are not quite accurate for the description of

Henyey–Greenstein phase scattering of high aniso-
tropy (e.g., g ¼ 0:9) [24,25]. A common approach
for this issue is to split the solution into the highly
anisotropic part and the isotropic part. The solution
of the highly anisotropic part can be seen as a special
problem and solved separately [34–37]. In the future,
this kind of approach will be employed to further im-
prove the accuracy of the proposed method in the
case of highly anisotropic optical parameters or con-
centrated or collimated light sources. Moreover, a
quite rough approximation was employed to decide
the direction of the incident radiance in the calcula-
tion of the boundary reflection in this work. As shown
in Subsection 3.A, although the error that is intro-
duced by this approximation may be acceptable when
the number of discrete directions is large enough, it
can be expected that this error will increase quickly
with the decrease of the number of discrete direc-
tions. To fix this problem, some advanced quadrature
sets that can enable the usage of the interpolation
will be considered in our future work [17,38].

Fig. 11. (Color online) Acceleration ratios of our method with different discrete schemes. (a) Acceleration ratios of simulations with the
cylindrical phantom; (b) acceleration ratios of simulations with the numerical mouse.

Fig. 12. (Color online) Time cost of memory access is hidden in a
multiprocessor by carrying out the calculation and memory access
for different blocks at the same time.

Fig. 13. Division results of the element sweeping strategy for a
mesh that is refined based on that in Fig. 2. Here, Eij presents the
jth element of group i, and U and L denote the up-wind low-wind
element boundaries, respectively.
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In conclusion, a GPU-based parallel method was
proposed in this paper to accelerate SI by reducing
the time cost of each SI step. The calculation of each
SI step was first divided into many parts according to
the calculation independence on a discrete ordinate
equation level and spatial element level, and was
then carried out in parallel to reduce the time con-
sumption. The boundary reflection was calculated
based on the results of the last SI step to break
the connection between the calculations of different
discrete ordinate equations during each SI step. An
element sweeping strategy was employed to find the
calculation independence between different spatial
elements. A GPU parallel frame named CUDA,
which provides high performance at a low cost, was
employed to perform the parallel computation in this
work. The simulations carried out in Section 3 de-
monstrate that the proposed method can reduce
the time cost of each SI step dramatically.
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