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Efficient Coordinated Control Strategy to Handle
Randomized Inclination in Precision Assembly
Dengpeng Xing , Fangfang Liu , and De Xu

Abstract—This article proposes an efficient insertion
strategy for inclined precision assembly. According to the
characteristics of the inclined insertion, the radial force
between objects is separated into three parts: the force
due to insertion, the force retained from previous compensation, and the force caused by estimation error of object
inclination. We employ Gaussian distribution to model the
probability of the radial force in insertion and predict the
future contact based on the current force and the compensation movement. Object inclination is online estimated by
peeling off the forces not related with inclination and investigating the relationship between inclination difference
and radial force error. The insertion of the lower object is
originated from the parameter iteratively updated by past
performance, the current assessment depicting the current
state, the confidence on future execution, and the coordinated motion of the upper object is then planned based
on the inclined insertion, the estimated inclination, and the
force to be compensated. Experiments are carried out to
demonstrate the validation of the proposed method.
Index Terms—Efficient inclined insertion, force prediction, inclination estimation, precision assembly.

I. INTRODUCTION
UE TO the property of high accuracy acquisition, precision
assembly is an important research topic in advanced manufacturing [1], [2]. Precision assembly deals with objects that are
small-sized, ranging from micron to millimeter, and thin-walled,
within dozens of microns, and aims at achieving high accuracy,
from submicron to micron. These conditions bring challenges
in insertion control, and then microscopes and microforce sensors are used to assist precise manipulating in alignment and
insertion. Due to these properties, wide attention has been paid
in this field and many achievements have been addressed, e.g.,
accurate attitude acquisition [3], aligning long components [4],
reconfigurable module assembly [5], etc. In alignment, multiple
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microscopes are equipped and vision-based strategies are used to
locate the objects [6], [7]; and after fine alignment, force-based
methods are employed to fulfill the insertion while protecting objects with the microforce sensors [8]. In insertion, the controller
needs to limit the contact force in interference fit and to deal
with uncertainties, such as the alignment error, the unexpected
object flaws, and the model errors [9]. Assembly accuracy has
been basically guaranteed for different targets, but its efficiency
still needs to be further explored while considering the above
problems in insertion.
Insertion controllers are classified into two types: modelbased and model-free, whose difference lies in whether mathematical model has been built in advance or not. With prior knowledge, the designer manually gives a mathematical model to
express the object contact in insertion, where basic assumptions
are made, and then a control strategy is proposed to adjust the
objects based on this model. The model may not exactly match
the real situation and the force controller needs to handle this abnormality [10]. Normally, different object shapes and materials
correspond to different models. Assembly contacts are modeled
as a set of contact states in [11] and admittance is selected for
each contact state. Gaussian mixture regression is used in [12] to
learn state-varying admittance of peg-hole-insertion. Constructing 3-D structure with only planar microfabricated parts in [13] is
another example. These models are used to show the generality
in performing insertions with various objects and different fit
types, while efficiency is not the first concern according to these
algorithms. For the model-free methods, the controllers simply
take the forces to be compensated as input for object adjustment
in order to decrease or restrict the contact force [14]. They
are simple and can be applied to many kinds of insertion, but
as a conservative method, their efficiency is low. In [15], 3-D
insertion is achieved in interference fit and a fixed step is used to
adjust the relative position based on the feedback force. In [16],
a sequence of precision subassemblies among irregular shaped
objects are carried out on a platform with multiple manipulators,
and the controller moves objects proportional to the contact force
magnitude. Basically, model-free methods are commonly used
in precision assembly, with much attention on force limiting.
However, to facilitate efficient planning, modeling the insertion
process between small-sized, thin-walled objects is a necessity.
Uncertainties and parameter identification are investigated in
traditional assembly using robust control methods. The uncertainty includes manufacturing errors, detection noise, object’s
anisotropy, etc., and Gaussian distribution is commonly used to
describe uncertainties [17], [18]. In [19], an assembly approach
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is provided with maximal robustness in terms of positioning
errors of the robot and residual position uncertainties of object
localization. In a wiring harness assembly, an online algorithm is
obtained in [20] to estimate bounds of uncertain transition points
of the piecewise affine model, together with a robust online fault
detection. These methods work well in traditional assembly,
but due to the differences between traditional assembly and
precision assembly, they cannot be directly applied to precision
assembly.
As mentioned above, inclined insertion is indispensable due
to disturbances or required by the tasks. Moreover, handling
inclined problem can improve the robustness of the insertion
controller. This article introduces an efficient precision assembly
strategy based on contact force prediction and inclination online
estimation. The radial force is modeled as three parts, in which
one relates with insertion, one remained from previous compensation, and one is caused by the inclination estimation error. The
object inclination is online estimated by subtracting the other two
forces and only considering the force produced by estimation
error. To model the insertion uncertainty, Gaussian distribution
is used to express the future force probability. The coordinated
motion consists of two parts: the lower object’s insertion is
derived from the past execution performance, the current state
assessment, and the confidence on future insertion; and the upper
object’s coordination includes the kinematic constraint motion
with respect to the insertion’s deviation and the compensation of
the radial force. We testify the proposed method in experiments
on a precision assembly platform.
The main contributions of this article include:
1) Efficient inclined insertion in interference fit. Interference
fit inevitably leads to contact force and the object inclination increases the difficulty of handling these forces. This
article intends to realize efficient insertion while solving
these two problems.
2) Unknown object inclination. As an uncertain perturbation, the posture deviation should be online estimated,
rather than determined in advance. Dealing with this
unknown inclination improves the insertion robustness.
The proposed method has potential applications in advanced
manufacturing. Inclined insertion is popular since the pose
difference commonly exists between the object’s axis and the
insertion axis of the manipulator. Inclination can be seen as a
large perturbation in precision assembly and investigation on
inclined assembly is indispensable to improve robustness of the
insertion controller. Meanwhile, it can improve efficiency for
both inclined and noninclined insertions.
II. ASSEMBLY MODEL
A. Variable Definition
Table I defines the main variables used in this article, where
the subscript t means at the time t.
B. Model Description
Consider two hollow cylinder-shaped objects in the manipulation space, as shown in Fig. 1, where the upper and lower
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TABLE I
MAIN VARIABLES USED IN THIS ARTICLE

Fig. 1. Diagram of platform and components as well as their inclination
approximation. In (b), a is the object axis, d is the feeding direction,
and c is the compensation direction. With the subscript t, at means
the estimated inclination and ct is the corresponding compensation
direction.

objects are held by upper and lower manipulators, respectively.
The upper manipulator consists of, in sequence, three motordriving translational degree of freedoms (DOFs) and two manual
rotational DOFs, and the lower arm has three rotational DOFs
upon an insertion DOF, all motor-driving. The objects are thin,
expected to be assembled in interference fit. While due to disturbances, the objects are initialized as inclined and accurate force
control is then required in order to achieve efficient inclined
insertion. A force sensor is used to obtain the contact force
and cameras are used to align the objects in advance. {O w }
is the world coordinate frame and {O e } is the end-effector’s
coordinates: z e is along the main axis of the object and the other
two axes are arbitrary satisfying the right-hand rule. This article
assumes the objects are aligned before insertion since it is better
not to rotate in interference fit for object projection.
In insertion, the contact force is decomposed into the axial
force along object’s main axis and the radial force perpendicular
to that axis, which reflects the relative displacement between
objects
F t,r = at × F t × at

(1)
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where “×” is the cross product and at is the estimated object
inclination at the time t. The above equation projects the contact
force onto the plane that is perpendicular to the estimated
object inclination. Since z e of the coordinates O e is defined
as parallel to this estimated inclination at , the transformation
matrix between the coordinates O e and O w is different during
estimating. Relating the coordinates of O w and O e yields


×at
w
Rt,e = Rot zzww×a
,
arcsin
(z
×
a

)
(2)
w
t
2
t 2
where zw = [0, 0, 1]T , Rot(r, θ) is the transformation matrix
rotating θ about the axis r, and w Rt,e transforms from the
coordinates of O e to the world coordinate frame.
C. Insertion Model
The inclined assembly is an insertion process with coordinated manipulation of two objects: the lower object inserts
along d with its speed constrained to the contact force and the
synchronism of the upper object; the upper object is responsible
for the compensation of insertion deviation of the lower object
and the contact force. The dynamics of the two manipulators can
be written irrespectively as

ẍl = fl (t, ẋl , ul , d, −F t )
(3)
ẍu = fu (t, ẋu , ẋl , uu , d, at , F t )
where fl and fu mean the dynamics function of the manipulators, l stands for the lower manipulator, and u represents the
upper manipulator, and ul and uu are the inputs. The system
constraints are
ul 2 ≤ Tu,l , ẋl 2 ≤ Tẋ,l , uu 2 ≤ Tu,u , ẋu 2 ≤ Tẋ,u
(4)
where Tu,l and Tu,u are the torque limitations, and Tẋ,l and
Tẋ,u are the velocity limitations.
The coordination of the two manipulators determines that the
upper object’s compensation movement consists of the kinematic constrained part and the force-related part
ẋu =

ẋku

+

ẋfu .

(5)

The kinematic part depends on the insertion speed
ẋkt,u = at × ẋt,l × at

(6)

which intends to compensate for the projection of the insertion
onto the plane that is perpendicular to the estimated inclination
at . Then the compensation movement leads to
 t+1
 t+1
ẋl dτ × at , Δc = a ×
ẋl dτ × a
Δct = at ×
t

t

(7)
where Δc is the desired compensation movement and Δct is
the actual executed compensation movement according to the
current inclination estimation. The force-related velocity of the
upper object ẋfu will be introduced in Section V.
For the solid materials in the scale of microns, elastic deformation linearly relates with exerted force
f = M ΔL

(8)

where M is the object’s stiffness, f is the contact force, and ΔL
is the deformation length.

III. CONTACT DECOMPOSITION MODEL
The radial force between two objects consists of three parts
F t,r = F it,r + F ft,r + F at,r .

(9)

These forces have different properties: F ir acts during the whole
assembly process, F fr exists only when the previous radial force
is not totally compensated, while F ar becomes trivial after the
inclination is well estimated.
The radial force changes as the objects insert, which reflects
the uncertainty of the contact force in insertion, and this uncertainty is diverse as the insertion speed is different. This
force is perpendicular to the estimated inclination at+1 , and
from experimental analysis, Gaussian distribution is applied to
model the probability of F ir . Since only the force on the plane
perpendicular to at is considered, we first transform F ir to a
planar vector in the coordinates of O e for simple expression
e

i
F it,r = S w R−1
t,e F t,r

(10)

where S = [ 01 01 00 ] is a truncation matrix. Using Gaussian
distribution to model the uncertainty yields


 t+1

(11)
ẋl dτ ∼ N e F iμ,ẋl,t , e Σẋl,t
P e F it+1,r |
t

e i
F μ,ẋl,t

where
is the planar force expectation in the coordinates of O e due to insertion with the velocity of ẋl,t and
σ
σ2
e
Σẋl,t = [ σ ẋl,t ,x σẋ2l,t ,xy ] is the planar variance matrix in the
ẋl,t ,xy

ẋl,t ,y

coordinates of O e for the insertion with the velocity of ẋl,t . It
means that different insertion velocity corresponds to different
mean force and variance matrix, and in calibrating, we use velocity segmentation and expectation/variance linearization to span
the whole velocity space. Combining the above two equations
leads to


 t+1

(12)
ẋl dτ ∼ N F iμ,ẋl,t , Σẋl,t
P F it+1,r |
t

where F iμ,ẋl,t = w Rt,e S † e F iμ,ẋl,t and
S † e Σẋl,t S w RT
t,e depend on the estimated

Σẋl,t = w Rt,e
object inclination

and † means pseudoinverse.
Since this insertion is an interference fit, contact force between
two objects is inevitable, and the radial force can be modeled
using Hooke’s law
 t
a × (ẋl − ẋu ) × adτ
(13)
F ft,r = M
0

where the integration part is the relative position of objects in
the direction that is perpendicular to their main axes. This deformation resulted from the relative displacement of two objects
on a plane perpendicular to the main axis, and the speed ẋfu is
regulated to compensate for this displacement, based on which
the radial force at the next time yields


 t+1
ẋfu dτ × at+1 . (14)
F ft+1,r = at+1 × F t,r − M
t

The inclination direction a has not been given in advance, but
estimated during insertion, and its estimation precision affects
the contact force. The radial force due to inclination estimation
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error is obtained by projecting the insertion distance multiplying the parameter M onto the inclination direction a and its
estimated value at+1 and projecting their difference onto the
plane that is perpendicular to at+1 . Since the real inclination is
unknown, to predict the radial force due to inclination estimation
error of the next state, historical execution data is used to
recompute the residual force according to the current estimated
inclination at for a time range. At the time k ≤ t, the force error
between prediction and execution comes from the kinematic
constraint motion of the upper object


 k
ΔF ak,r = M at ×
ẋl dτ × at − at × Δck−1 × at
k−1

(15)
where ΔF ak,r is the force error caused by the kinematic constraint motion perpendicular to different inclinations. The force
compensation is along the direction ck , and transforming it to
be perpendicular to at yields
 k
ẋfu dτ × at
(16)
ΔF fk,r = −M at ×
k−1

where ΔF fk,r is the compensated force perpendicular to at of
the compensation movement at time k. The force error due to
insertion is
ΔF ik,r = w Rt,e S †e F iμ,ẋl,k−1

k = at × (F k,r − F k−1,r ) × at − ΔF ik,r − ΔF ak,r − ΔF fk,r
(18)
where k is the residual error to use at to go over the insertion
again at time k. Therefore, the force due to the inclination
estimation error of the next state can be composed of
k 1

i
i=0 γ1 t−i

k1
i
i=0 γ1

(19)

t
t−1


ẋfu dτ

(21)

a

where F̂ t,r is the estimated radial force due to inclination estimation error and F ∗t,r = at−1 × F t × at−1 is the force projected
a
onto the plane perpendicular to at−1 . The force F̂ t,r is generated
due to the compensation movement execution error and the
relation between force and movement leads to
a

F̂ t,r = M [a × (Δc − Δct−1 ) × a]
= M (Δc − a × Δct−1 × a)
 t

=M a×
ẋl dt − Δct−1 × a

=M

t−1
t

ẋl · at−1 dτ (a × at−1 × a)

(22)

t−1

where “·” is the dot product and Δc − Δct−1 represents the
displacement error between the compensation movement perpendicular to a and to the estimated inclination at−1 .
Since it is hard to acquire the true value of the radial force
due to the inclination estimation error, a gradual approaching
method is used to estimate inclination

(17)

where ΔF ik,r is the force caused by the insertion of the time
k − 1 but expressed in perpendicular to at .
As described above, the expected radial force constitutes the
force due to insertion, the force caused by inclination estimation,
and the residual force after compensation. If we use at to replace
ak , it yields

F at+1,r =

The subtracting equation yields


a
∗
i
F̂ t,r = F t,r − F μ,ẋl,t−1 − F t−1,r − M
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at =

at−1 −
at−1 −

a
γt,2
F̂ t,r
·a
dτ
ẋ
t−1
t−1 l
a
γ
 t t,2
F̂ t,r 2
M t−1 ẋl ·at−1 dτ
M

t

(23)

where γt,2 is the time-variant coefficient to scale the direction
change magnitude. The determination of this coefficient is based
a
on the discounted sum of the previous magnitudes of F̂ r , in order
to set the current direction according to the historical adjustment
γt,2 =

k2
i=0

a

γ3i F̂ t−i,r 2
k2
i=0

γ3i

(24)

where γ3 is a positive discounted factor and k2 means how many
previous steps are used in evaluating radial force.
When the adjustment magnitude becomes small, well estimation is promised and then the assembly focus switches
from inclination estimation to efficient insertion. The estimation
continues until the following constrain holds

where γ1 discounts the historical results and k1 means how many
steps the above equation looks back.
ã = at ,
Since the inclination is updated online, for prediction, the
s.t. max{γt−k3 ,2 , . . . , γt,2 } ≤ ε
(25)



current inclination is used and the cross product on the right
k3
hand of (14) can be eliminated. Combining the above forces
where ε is a positive parameter, k3 means how many steps the
leads to the resultant transition probability of the next state
above
guarantee checks, and ã is an approximation to the real



 t+1
i
inclination.
It restricts a series of γt,2 within the threshold to end
ẋl dτ = N F t+1,r |F t,r + F μ,ẋl,t
P F t+1,r |F t,r ,
the estimation process.
t

 t+1
−M
ẋfu dτ + F at+1,r , Σẋl,t . (20)
V. INSERTION PLANNING
t

A. Assessment and Confidence
IV. INCLINATION ONLINE ESTIMATION
According to (20), the expected force includes three parts:
the expected insertion force, the effects of inclination estimation, and the residual force after previous compensation.

The insertion efficiency is improved resorting to the assessment of the current performance and the confidence on the
future execution. The assessment function evaluates the current
performance of the insertion, which is also the evaluation of the

Authorized licensed use limited to: INSTITUTE OF AUTOMATION CAS. Downloaded on June 04,2020 at 01:15:29 UTC from IEEE Xplore. Restrictions apply.

5818

IEEE TRANSACTIONS ON INDUSTRIAL INFORMATICS, VOL. 16, NO. 9, SEPTEMBER 2020

past execution with the supposed model. This current assessment
concerns about safety and efficiency: a big assessment corresponds to small radial force and large insertion speed. Therefore,
it is defined as
Ct,p = 2e

−

γ4 F t,r 2
ẋl 2

−1

(26)

where γ4 is a scaling parameter and Ct,p ∈ [−1, 1] represents
the current assessment at time t.
Since the insertion is expected to be efficient, its strategy
regulation is also related with the confidence on the future
contact states. Based on the probability function of the next state
in (20), the radial force probability of time t + 2 results in


 t+2
ẋl dτ
P F t+2,r |F t+1,r ,
=

t+1




N

F iμ,ẋl,t+1 = F iμ,ẋl,t . Applying the Fourier transform and inverse
Fourier transform, the above equation is rearranged as


 t+2
ẋl dτ
P F t+2,r |F t+1,r ,

F t+2,r |F t+1,r + F iμ,ẋl,t+1

−M

t+2
t+1


ẋfu dτ + F at+2,r , Σẋl,t+1

t+1

−M



=

N

t

=N




F at+2,r

−M

t+2
t+1

dF t+1,r

t




+ F at+1,r , Σẋl,t

t+1
t

=N



i
∗ N F t+2,r |F t,r + F μ,ẋl,t −M

t+1
t

t+n

−M

t+1

(28)

F t+n,r |F t,r + nF iμ,ẋl,t + nF at+1,r


dF t+1,r
t+2

.

t+n−1



ẋfu dτ



i
a
= N F t+2,r |F μ,ẋl,t+1 + F t+2,r − M


ẋfu dτ, 2Σẋl,t

Expanding this result to the distribution of the future n steps
leads to


 t+n
ẋl dτ
P F t+n,r |F t+n−1,r ,

ẋfu dτ, Σẋl,t+1



i
N F t+1,r |F t,r + F μ,ẋl,t − M

t+2

−M

F t+2,r − F t+1,r |F iμ,ẋl,t+1
+

F t+2,r |F t,r + 2F iμ,ẋl,t + 2F at+1,r


ẋfu dτ + F at+1,r , Σẋl,t

t+1




N F t+1,r |F t,r + F iμ,ẋl,t


Fig. 2. Radial force prediction using Gaussian distribution. (a) One
time step ahead. (b) n time steps ahead.


ẋfu dτ, Σẋl,t+1


ẋfu dτ +F at+1,r , Σẋl,t .
(27)

In the above equation, the second and third rows are based on
the probability of F t+2,r , which is the integration of all the
possibilities that the insertion between times t + 1 and t + 2
transits from all possible F t+1,r to F t+2,r . In the next two rows,
F t+2,r is translated by −F t+1,r since the mean value of the
distribution of F t+2,r is linearly determined by F t+1,r . The last
two rows are based on the definition of convolution.
The radial force due to inclination estimation error is based
on the inclination online estimation, and since this inclination
keeps unchanged in prediction, F at+2,r = F at+1,r is assumed.
Moreover, the aim of predicting the future force is to regulate
the insertion motion, and then in prediction, the insertion holds
the same speed at time t, which means Σẋl,t+1 = Σẋl,t and

t


=N

e


ẋfu dτ, nΣẋl,t

F t+n,r |e F t,r + ne F iμ,ẋl,t


+n

e

F at+1,r

t+n

−M


e

t

ẋfu dτ, ne Σẋl,t

(29)

where e F t+n,r = S w R−1
t,e F t+n,r is the 2-D expression of
F t+n,r in the coordinates of O e , and e F t,r , e F iμ,ẋl,t , e F at+1,r ,
and e ẋfu are also the corresponding expressions in O e .
Fig. 2 shows the radial force distributions of one step ahead
and of n steps ahead, where the dotted blue lines are one standard
deviation to the vertical axis. The predicted radial force is expected to be around zero and the green-filled region determines
the confidence on future execution. Therefore, the probability
of radial force distribution is defined as
 σn,x  σn,y 
1
P e F t+n,r |e F t+n−1,r ,
Ct,f =
Tt,c −σn,x −σn,y

 t+n
e
ẋl dτ de F t+n,r (30)
t+n−1
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√
√
where σn,x = nσẋl,t ,x and σn,y = nσẋl,t ,y are the standard
deviations corresponding to the future covariance, Ct,f is the
confidence at time t on future execution, and Tt,c is the scaling
parameter of the current time. Tt,c is computed as
 σn,x  σn,y
1
− 1 τ Te Σ−1
ẋl,t τ
√
Tt,c =
e 2
dτ
(31)
2π n −σn,x −σn,y
which means the probability of standard multivariate Gaussian
distribution locating between ±σn,x and ±σn,y divided by the
square of the prediction step. In other words, Tt,c is the confidence if the future radial force is predicted as zero.
B. Coordinated Motion Planning
With the current assessment and the confidence, we can plan
the insertion of the lower object and then the movement of the
upper one with the aim at compensating both for the radial
force and for the direction discrepancy between inclination and
insertion. The current assessment reflects how well the model
fits the insertion in previous steps and we use it to update an
internal parameter
βt = (1 + Ct,p ) βt−1

(32)

where βt ∈ [−1, 1] is the parameter reflecting the effect of
current assessment on insertion velocity change at time t. The
confidence shows how much we trust the current insertion strategy based on the theoretical model, and with the confidence,
aggressive or conservative policy is picked. The velocity of the
lower object yields

 t

t−i
i=t−k4 γ5 Ci,f

¯
− Tn ẋt,l
ẋt+1,l = 1+ βt + (1 + Ct,p )
t
t−i
i=t−k4 γ5
(33)
¯
is
the
where¯is the sign meaning the computed value, ẋ
t+1,l
planned velocity without considering the system constraints,
γ5 is the discounted factor for confidence, k4 is the number
of previous steps used to evaluate the confidence, and Tn is
a positive parameter.
According to the velocity relationship between two objects
in (6), the corresponding velocity of the upper object related to
¯
ẋ
t+1,l yields
¯ t+1,u = at × ẋ
¯ t+1,l × at + ẋf
ẋ
t+1,u

(34)

where, for convenience, we simply set the velocity of the upper
object due to force-related compensation unchanged. Combining the above equation and the velocity constraints in (4) leads
to the expected velocity of the lower object
¯ t+1,l =
ẋ
⎧
¯
ẋ
t+1,l
⎪
⎪
⎨ Tẋ,l ẋ¯  2 ,
t+1,l
¯
Tẋ,u ẋ
t+1,u

¯
ẋ
t+1,u 2


⎪
⎪
⎩¯
ẋt+1,l ,

−

¯
ẋ
ẋft+1,u 2 at ×dt+1,l
¯
2 ẋ

t+1,l 2

¯
ẋ
t+1,l 2 > Tẋ,l
¯ t+1,u 2 > Tẋ,u
, ẋ
otherwise
(35)
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which is saturated by the velocity limitations. The acceleration
to achieve this velocity yields
¯
¯ t,l = ẋt+1,l − ẋt,l .
(36)
ẍ
Δt
On the other hand, insertion with inaccurate inclination estimation leads to the relative movement between objects along the
main axis, and then the insertion depth has been adjusted until
the inclination is well estimated
t
L + 0 Δcτ · at dτ
(37)
D=
at · d
where L is the desired insertion length between objects and
D denotes the insertion depth of the lower object in order to
achieve the desired relative insertion length. Considering the
system constraints, the actuation of the lower object yields
ut,l =
⎧
⎪
⎪
⎨ −T



ẋt,l
u,l ẋt,l 2 ,

ẋt,l 2 ≥

2(Tu,l −F t ·d)(D−
ml

t
0

ẋl dτ )

¯
¯ t+1,l + (F t · d) d2 ≤ Tu,l
m ẍ
+ (F t · d) d, ml ẍ
⎪
⎪
⎩ l t+1,l
Tu,l d,
otherwise
(38)
where ml is the mass of the lower object. In the first row of
the above equation, the deceleration is actuated in the case that
the insertion depth is close to the desired length and this is
also the terminal condition for the insertion. The last row means
the force saturation according to the constraints. Accordingly,
the acceleration of the lower object results in
ut,l − (F t · d) d
.
(39)
ml
After the lower object’s insertion is computed, the motion
planning of the upper manipulator starts, whose velocity of the
kinematic part is calculated by
ẍt,l =

at × ẋt+1,l × at − ẋkt,u
.
(40)
Δt
The upper manipulator is also responsible for contact force
compensation. The force to be compensated for may be updated
frequently due to the insertion and the measurement noise.
Considering it, the state of the force-related part takes the form
ẍkt,u =

xft,u = p2 ◦ e−(τ −p1 )◦(τ −p1 )

(41)

where ◦ means the Hadamard product, p1 , p2 ∈ R3×1 are the
parameter vectors which are determined at each time when the
force-related compensation is initialized, and τ ∈ R3×1 is the
time counted from the appearance of the compensated force.
The parameters p1 and p2 are solved using

−F t,r = M p2 ◦ e−p1 ◦p1
·
(42)
ẋft,u = 2p2 ◦ p1 ◦ e−p1 ◦p1
The acceleration acquired after the parameters are obtained
¯ ft,u = (4p2 ◦ p1 ◦ p1 − 2p2 ) ◦ e−p1 ◦p1 .
ẍ

(43)

With the above equation, the state approaches to zero without
overshooting given any initial setting and frequent disturbances.
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Fig. 3. Process for inclined insertion control. “A” is a paramea
ter set including ẋt−1,l , at−1 , ẋft−1,u , F t−1,r , F iµ,ẋt−1,l , F̂ t−1,r ∼
a

F̂ t−k2 ,r , and γt−1,2 ∼ γt−k3 ,2 . “B” is a set including parameters

ẋft,u ,

F t−1,r ∼ F t−k1 −1,r , ẋft−1,u ∼ ẋft−k

1 −1,u

, F iµ,ẋt,l ∼ F iµ,ẋt−k

1 −1,l

,

at−1 ∼ at−k1 −1 , and ẋt,l ∼ ẋt−k1 −1,l . The parameter set “C” includes
ẋft,u , βt−1 , Ct−1,f ∼ Ct−k4 ,f , a0 ∼ at−1 , and ẋ0,l ∼ ẋt,l . The parameter set “D” includes D, ẍkt,u , and ẍft,u .

The actuation of the upper object results in
ut,u =

⎧
¯ ft,u −F t,r ,
⎪
mu ẍkt,u + ẍ
⎪
⎨
⎪
⎪
⎩ Tu,u

¯f
mu (ẍk
t,u +ẍt,u )−F t,r
,
f
¯
mu (ẍk
+
ẍ
)−F t,r 2
t,u
t,u


¯ ft,u
mu ẍkt,u + ẍ
−F t,r 2 ≤ Tu,u

(44)

otherwise

where mu is the mass of the upper object. Due to the system constraints, the input ut,u may not achieve the desired
¯ ft,u ; therefore, allocation between the two
acceleration ẍkt,u + ẍ
kinds of compensation movement is needed. Since the kinematic
constrained motion relates with the current insertion of the lower
object, force-related compensation is limited
ẍft,u =

ut,u + F t,r
− ẍkt,u .
mu

(45)

C. Planning Process
Fig. 3 shows the planning process for inclined insertion. At
each time, the whole process consists of the following steps:
the current contact force F t is acquired after filtering and transforming from sensors, and is sent into the inclination estimation
module to estimate the inclination direction at ; the radial force
F t,r is then separated and the future contact is predicted, and
as a result, the assessment and the confidence are computed;
and after that the insertion and the compensation movement are
planned considering the system constraints and torques are its
output to drive the system. The force prediction part is in the
confidence computation module. It needs the parameters in set
“B” in Fig. 3 to compute the mean of the future force, according
to (29).
VI. EXPERIMENTS
We testify the proposed method on our precision assembly
platform with six robot arms and three microscopes, as shown
in Fig. 4. To achieve inclined insertion between two objects,
only two arms and two microscopes are used for verification.
The upper arm is equipped with a motorized stage, consisting

of three Suguar KWG06030-G, whose translational resolution
is ±0.5 μm, and a two-DOF manual tilt adjustment Sigma
KKD-25 C. The lower arm constitutes a high-precision
motorized positioning stage: Micos ES-100 with movement errors within 0.1 μm, to realize the vertical elevation, and a three-axis motorized goniometer stage, including
KGW06050-L, KGW06075-L, and SGSP-40yaw, to rotate.
The horizontal cameras are GC2450 with a resolution of
2448 × 2050 pixels and PointGrey 50S5M-C whose resolution
is 2448 × 2048 pixels; their cell size is 3.45 μm; their frame
rate is 15 fps; and both are equipped with zoom lenses, Navitar
Zoom 6000, whose magnification ranges from 0.7 to 4.5. The
force sensor is Nano-43 whose resolution is 1/128 N. The objects
to be assembled are shown in Fig. 4(c). The upper one is a
hollow cylindrical-shaped part, with 5 mm diameter and 0.1 mm
thickness, i.e., the inside diameter is 4.8 mm, attached to a
long bar and the lower component is also a hollow cylinder
with 50 μm thickness, 4.8 mm diameter, and 4 mm length. The
materials are aluminum and copper and the interference between
them lies in the range of 0–10 μm.
To calibrate the insertion direction, we place the lower object
in the region where the two horizontal cameras can clearly
view it, move the object up and down with certain steps,
record the image changes during the movement, and apply the
least square method to obtain two image Jacobian matrices.
Combining these matrices leads to the insertion direction as
d = [−0.0046, 0.0101, 0.9999]T . To get Gaussian distribution
parameters, we put the lower object into the other, pick multiple
insertion depths, and repeatedly insert in fixed steps at the same
spot. The first two subfigures in Fig. 5 are the mean force and
covariance for insertion distance of 2, 5, 10, 20, 30, 40, and
50 μm. It can be seen that the mean force and covariance scale
with the insertion distance. In application, we use a lookup
table to find the Gaussian parameters for the current velocity, by
projecting the velocity onto the segments spanned by the above
points and choosing the larger mean force and the corresponding
covariance on that segment. To look into the Gaussian fitting, we
use the 20-μm insertion as an example and show the frequencies
of the change of the radial force and the fitting curves in Fig. 5(c)
and (d). The forces are organized into groups with an interval
of 7 mN, which is the resolution of the force sensor. The
goodness, measured by the R-square, of the Gaussian fitting
is 0.99 and 0.96, respectively, which verifies the correctness
of using Gaussian distribution to model the insertion. We also
experiment to get the deformation factor of the materials by
inserting the lower object into the upper one and moving the
upper manipulator in the horizontal plane. We applied the least
squared method to the recorded data and obtained the parameter
M as 61 mN/μm.
The parameters are shown in Table II, where the parameter
γ4 = 0.05 ln 2 zeroes the assessment corresponding to maximum velocity and 1 N contact force. There are force sensors,
grippers, and other mechanisms between the actuators and the
objects, and therefore the whole mass being actuated is hardly
to be accurately measured. For this reason, we use acceleration
limitations Tẍ,l = Tẍ,u = 20 μm/s2 to replace the torque
limitations. The velocity and acceleration limitations are
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Experiment platform. (a) Platform overview. (b) Close view of the insertion. (c) Objects to be inserted.

Fig. 5. Gaussian distribution verification and parameters acquired in experiments. a) and b) are the mean force and the covariance parameters
obtained by inserting the objects in the distances of 2 μm, 5 μm, 10 μm, 20 μm, 30 μm, 40 μm, and 50 μm. c) and d) are the proportions of the
change of the radial force occurred in 20 μm insertion and the Gaussian distribution fitting curves. The goodness of Gaussian distribution fit for F x
and F y are 0.99 and 0.96.

TABLE II
PARAMETERS FOR EXPERIMENT SET

Fig. 6. Objects’ states in the view of horizontal cameras, where the
upper half is viewed by the camera j and the lower by the camera i.
(a) Randomized state before alignment. (b) Well-aligned state before
insertion.

determined by the capability of actuators and the characteristics
of precision assembly. k1 –k4 are set as 5 because those
parameters with too many steps have little effect on the current
computation. γ1 , γ3 , and γ5 are set as 0.9 to avoid the influence
of big variations. The objects are randomly initialized as the
positions and postures shown in Fig. 6(a). After detecting the
posture of the upper object, resorting to the alignment method
in [16], we can adjust the lower object’s posture to make
sure their main axes are parallel, and then move both objects

ensuring the centers of their end surfaces locate at the same
spot, as shown in Fig. 6(b). The object angles to the vertical axes
of the microscopes j and i are 2.27◦ and 2.66◦ , respectively.
Their postures and positions have been aligned in advance.
Open-loop insertion or the methods for vertical insertion are
difficult to achieve this assembly with small radial forces.
The proposed method is used to accomplish this insertion and
Fig. 7 shows its performance, where the discounted confidence
corresponds to the discounted part in (33). In the first several
steps, the contact force is small due to the chamfer and then
the assessment and confidence are big, leading to insertion
acceleration. When contact occurs, the force changes to above
1 N due to the inclination error and the assessment and the
discounted confidence drop down quickly, and as a result, the
insertion velocity decreases. The inclination is then estimated
quickly converging to its real posture and the force-related
compensation of the upper object starts. From the viewpoint
of protecting objects, we add motion adjustment to help quickly
reducing the radial force in this stage. After the contact force
is compensated to a low level, the current assessment and the
confidence recover and the insertion starts to accelerate until saturated. In the full-speed insertion, the contact force may increase
due to the insertion and the object flaw, but it is compensated
by the upper object’s motion. The current assessment and the
discounted confidence vibrate with the radial force, but it does
not affect the insertion, whose velocity is still smooth. The lower
object decelerates right before reaching the desired insertion
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Fig. 7. First experimental results. (a) Insertion distance. (b) Insertion velocity. (c) Upper object’s velocity. (d) Inclination estimation error.
(e) Discounted confidence. (f) Radial forces.

Fig. 8. Object configurations at 0, 3, 8, 13, 18, 23, 28, and 32.9 s. The first row is the figures in the view of microscope j and the second row is of
microscope i.

Fig. 9. Second experimental results. (a) Insertion distance. (b) Insertion velocity. (c) Upper object’s velocity. (d) Inclination estimation error.
(e) Discounted confidence. (f) Radial forces.

depth and, finally, it inserts 9.6 μm longer than L. Since there is
a deviation between the object axis and insertion direction, the
inserted distance should be longer than the parameter L, which
stands for the length of inserting the lower object into the upper
one. The whole process costs 42.8 s and the insertion speed
averages 47 μm/s. If small contact forces are strictly required
for the sake of object protection, big inclination needs to be
avoided and small insertion increments are definitely demanded
before the inclination is well estimated.
Another experiment is carried out with different objects of
the same size, which means different interference fit. The serial
figures in insertion are shown in Fig. 8. The insertion length
is 1.5 mm and the object is inclined in a posture the angles of
which to the vertical axes of the microscopes j and i are −2.61◦
and −2.89◦ , respectively. The same parameters in Table II are
applied and Fig. 9 shows the performance of the proposed
strategy. Compared with the first experiment, this setup has a

larger initialized inclination. These lead to slight changes in
other parameters. The object inserts 9.8μm longer than L and
the whole process costs 32.9 s.
We also carried out comparative experiments with the method
proposed in [14], which is a model-free one using impedancebased method to deal with the contact-inclined insertion. It
adjusts insertion velocity according to the contact force and
always compensates for the radial force. In the comparative
experiments, the insertion step is picked as Δzmax = 5μm and it
inserts ten times a second, i.e., the maximum velocity is the same
for the two methods. The object’s posture is known in advance
since there is no inclination estimation in this comparative
method. We employ four different (two sets) objects, and there
are four pairs of object combination, which present different
interference fits (within 0–10 μm) and different uncertainties on
the contact surface. For each object pair (also each insertion fit),
ten insertions are implemented and comparative experiments
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TABLE III
COMPARATIVE RESULTS OF EXPERIMENTS IN 16 OBJECT PAIRINGS

are conducted. Table III shows the average time and standard
deviation used for each object pair where the inserting length is
2 mm. Although inclination is not given beforehand, our method
still spends about 43.8 s while the comparative method costs
about 70.5 s. This shows the efficiency and the repeatability of
the proposed approach.
VII. CONCLUSION
This article mainly focused on two aspects in inclined precision insertion: efficient inclined insertion in interference fit and
online estimating the inclination while inserting. We classified
the radial force in inclined insertion into three elements and
used different methods to distinguish them: employing Gaussian
distribution to model the random force due to insertion; going
over the historical data to predict the force caused by inclination
estimation error; and resorting to the compensation movement
to compute the force retained from previous compensation.
Based on this separation, the inclination was estimated online by
discarding the force due to insertion and the residual force from
previous compensation and investigating on the force/inclination
relationship. Confidence on insertion strategy was obtained by
predicting the radial force in the next few steps. Based on the
past performance, the current assessment, and the confidence
on future execution, the insertion and compensation movements
were planned subjected to the system constraints. Experiments
were implemented to validate the proposed method.
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