
Caiyun Yang
Institute of Automation,

Chinese Academy of Sciences,

Beijing 100864, China

e-mail: caiyun.yang@ia.ac.cn

Yutaka Ohtake
RCAST (Research Center for Advanced

Science and Technology),

The University of Tokyo,

Tokyo 13-8654, Japan

e-mail: yu-ohtake@den.rcast.u-tokyo.ac.jp

Masaki Moriguchi
Computer Science,

Chuo University,

Tokyo 112-0003, Japan

e-mail: moriguchi@ise.chuo-u.ac.jp

Hiromasa Suzuki
RCAST (Research Center for Advanced

Science and Technology),

The University of Tokyo,

Tokyo 13-8654, Japan

e-mail: suzuki@den.rcast.u-tokyo.ac.jp

Generation of Segmented
Triangular Meshes From
CT Images Based on Centroidal
Voronoi Tessellation and the
Graph Cut Method
Mesh generation from X-ray computed tomography (CT) images of mechanical parts is
an important consideration in industrial application, and boundary surface meshes in
multimaterial parts can be extracted by generating segmented meshes from segmented
images. In this paper, the authors outline a new approach for achieving segmented mesh
generation. The image is first subjected to centroidal Voronoi tessellation and Delaunay
tessellation steered by a density map to create a triangular mesh while maintaining dis-
continuities between materials. Given an input domain and a number of initial sites, the
energy function is minimized automatically by iteratively updating the Voronoi tessella-
tion and relocating sites to produce optimized domain discretization and form the mesh.
Thus, the mesh in question is effectively and quickly segmented into different parts via
this new graph cut method. The proposed approach is considered more efficient because
there are fewer triangles than pixels, which reduces computation time and memory usage.
[DOI: 10.1115/1.4026292]
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1 Introduction

X-ray CT scanning is commonly adopted in industry to detect
internal voids and cavities in manufactured parts. Thanks to recent
advances in the field, the technique can now be used to generate
object shapes with sufficient accuracy for industrial application
[1]. Against this background, there is a need for a method to gen-
erate models of shapes such as boundary surface meshes and finite
element meshes to support engineering simulation.

CT scanners output images of objects with pixels, whose CT
values are roughly proportional to the actual density of the materi-
als they represent. The top-left image in Fig. 1 shows a typical
example of such a CT image with a number of segments indicat-
ing different materials. The pixels in each segment have a uniform
gray color.

Surface meshes for single-material objects can be extracted
using an iso-surfacing method such as Marching Cubes. However,
pixels in multimaterial objects need to be classified into material
segments, and boundary meshes between different materials
must be generated. This process is known as segmentation in the
field of image processing. Thus, a common way of generating
meshes involves the two steps of image segmentation and iso-
surfacing [2].

In the novel approach proposed here, the image is first sub-
jected to centroidal Voronoi tessellation (CVT) [3] (see Fig. 1)
and Delaunay tessellation to create a mesh of triangles, which is
then segmented into different components representing different
materials using the graph cut method [4]. Although this method
provides powerful segmentation performance, it is time-
consuming (approximately Oðn2 log n) where n is the number of

elements such as pixels) and memory-intensive. With this in
mind, the graph cut approach is applied not to the image itself but
to the tessellated triangles because there are significantly fewer
triangles than pixels in the image. The technique is also expected
to be beneficial for extending the application of the proposed
approach to 3D volumetric CT images in the future.

Based on the proposed method, a nonsegmented CT image with
gray values is transformed into a mesh with discontinuities
between different materials preserved using CVT. For this
purpose, an energy function reflecting the image gradient is intro-
duced. The image in the bottom right of Fig. 1 shows small trian-
gles generated along the material boundaries. The graph cut
method is subsequently applied to the mesh to segment the trian-
gles into different components representing different materials
with reference to the gray values of the triangles.

2 Paper Overview

In the rest of this paper, Sec. 2 outlines related work, Sec. 3
introduces CVT, Sec. 4 presents the CVT-based mesh generation
method, Sec. 5 highlights the new graph cut approach developed
to segment generated meshes, Sec. 6 details the results of the
study’s experiments, and Sec. 7 concludes the work.

3 Related Work

3.1 Mesh Generation. Meshes are extensively adopted to
provide solutions to various application problems. Due to the
wide range of mesh generation approaches proposed in recent dec-
ades, an exhaustive review of all such methods is outside the
scope of this paper. In general meshing, Delaunay-based techni-
ques [5–11] are quite popular. For a given set of sample points in
a 2D domain, CVT can be used to generate mass center points of
corresponding Voronoi regions with respect to a given density
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function globally [12]. The dual structure of CVT is the
corresponding Delaunay triangulation, which has the canonical
property of maximizing the minimum angle of the minimum con-
tainment sphere. The quality of meshes created using Delaunay
triangulation is often closely related to the point placement
generated in CVT, although other factors need to be addressed to
produce good meshes. In Ref. [13], CVT was used to optimize the
distribution of generated points so that high-quality meshes were
achieved. Thus, CVT can be applied to produce good meshes that
satisfy the desired specifications in terms of considerations such
as local refinement and the sizing field. In other words, it can be
used in the research discussed here to provide meshes with edges
maintained between different materials in image data. The authors
of Ref. [14] discussed segmented mesh generation from an image
with presegmentation. In addition, Ref. [15] proposed mesh
images labeled ahead of time. Our method is different from
them in Refs. [14,15] in that our inputs are “unsegmented”
images, which are first subject to centroidal Voronoi tessellation
and Delaunay tessellation determined by gray values to generate
unsegmented meshes with discontinuities between different mate-
rials. Those unsegmented triangular meshes with gray values are
then segmented into different parts using a new graph cut.

3.2 Segmentation. Segmentation involves dividing an input
model into a set of meaningful sections, each of which is smaller
and simpler than the overall object. Although a variety of algo-
rithms are used for this purpose, a detailed discussion of related
literature is outside the scope of this paper, which therefore simply
outlines a number of segmentation methods related to the graph
cut approach. Combinatorial min-cut algorithms on graphs are
widely applied as a useful optimization tool in medical imaging,
computer vision and computer graphics [16–18]. Graph cut meth-
ods can provide piecewise smoothness for graphs while maintain-
ing relevant sharp discontinuities [18]. The study outlined in
Ref. [19] used the graph cut method to segment an image into tar-
get and other parts, including the background. The authors of
Ref. [20] converted a triangular mesh into a tetrahedral mesh and
then segmented it into two components iteratively until no further
segmentation was possible. In the final version, each mesh was
successfully segmented into functional parts.

4 Centroidal Voronoi Tessellation (CVT)

CVT is a particular type of Voronoi tessellation in which each
site becomes the mass center (centroid) of the Voronoi region
associated with it [12]. Recently, this approach and a wide range
of related applications in computational science engineering have
been studied [3]. A brief outline of the basic CVT concept
follows.

Given a set of sites (also called generators) X ¼ xif gn
i¼1 belong-

ing to a domain X � RN , the Voronoi region Xi of site xi is
defined as the set of points whose closest site is xi:

Xi ¼ x 2 RN; kx� xik � kx� xjk; 8j 6¼ i
� �

: (1)

Voronoi tessellation (or a Voronoi diagram) is a set of Voronoi
regions Xif gn

i¼1 and involves the decomposition of X into n
regions. The dual tessellation of the Voronoi diagram generates
Delaunay triangulation, and especially, the dual representation of
CVT can be used for high-quality mesh generation.

In CVT, each site coincides with the centroid of the Voronoi
region associated with it. The mass center x�i of the Voronoi
region Xi is defined as

x�i ¼

ð
Xi

x � qðxÞdr

ð
Xi

qðxÞdr

(2)

where q xð Þ is a mass density function defined over X. CVT can be
computed by considering a particular energy function. Given any
set of sites xif gn

i¼1, this function is defined by

Fðfxign
i¼1Þ ¼

Xn

i¼1

ð
Xi

qðxÞkx� xik2dr

� �
(3)

where Xi is the Voronoi region of site xi. CVT can then be applied
by minimizing this function, as the tessellation is a local optimal
solution of the function [12]. For example, in the Lloyd relaxation
method, CVT is applied by alternating the computation of Voro-
noi tessellation and the optimization of site positions.

For 2D images consisting of pixels, Voronoi tessellation can
also be defined in a similar way. In such images, Voronoi regions
Xif g are defined as sets of pixels, and the distance to a pixel is

measured as the distance to its center. Each site is located in a
pixel.

5 CVT-Based Mesh Generation

The triangles in the resulting meshes are smaller in regions rich
in details, and their edges need to respect with the discontinuities
of the underlying images. CVT is a good approximation of the
different segments representing the materials of the original image
data. Second, a centroidal distribution of sites is useful as the sites
are well-spaced, our density function steered regions with higher
values of q more sites than regions with lower values of q. It is
more precise than triangular meshes achieved by algorithms
without any relationship to the underlying images. Third, for the
centroidal Voronoi regions, it is simpler to implement some inte-
gral computations required by our method. At last, it is easy to
constrain the corners of the original data to be vertices in the

Fig. 1 Outline of the proposed method. CVT, centroidal Voronoi tessellation; DT, Delaunay triangulation
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CVT, which ensures they will be kept in the subsequent
segmentation.

This section outlines an efficient technique based on CVT for
the generation of triangular meshes from images. The steps of the
proposed approach can be summarized as follows:

(1) Input the image X
(2) Compute the mass density function
(3) Construct initial sites X ¼ xif gn

i¼1 inside X
(4) Minimize the energy to implement CVT
(5) Generate the triangular mesh based on CVT

5.1 Mass Density Function. In this research, the input CT
image X is of a connected compact set with gray values that deter-
mines the image weight as well as the density function.

For the purpose of preserving discontinuities between different
components in an image on the edges of the resulting triangular
meshes, the density function q xð Þ is constructed to enable focus
on considerably more Voronoi region sites in discontinuity
positions, while the sites are updated. To this end, the proposed
density function should have a higher value near boundaries and a
lower value in other regions. In this study, different density func-
tion methods were experimented with, including those involving
the Sobel weight and the gradient magnitude. It was found that
gradient magnitude consideration results in appropriate adaptive
meshes with smaller triangles in higher-gradient regions and
larger ones in lower-gradient regions (Fig. 2).

Therefore, CVT steered by the density map can approximate
well the different regions of the underlying image data [3,12] and
guarantee the accuracy, the boundaries in the original images are
aligned with the edges of the obtained triangular meshes.

5.2 Initial Site Sampling. Good initialization of site points
for CVT is desirable due to the potential complexity of the input
domain and optimized CVT in terms of geometry and topology.
To achieve this, Ward’s hierarchical clustering method [21] is
used for the initial site sampling. This method involves greedy
iterative merging of clusters in which the pair of clusters with the
minimum energy increase is merged at each step. Energy is meas-
ured as the weighted sum of the squared distances between data
and cluster centers. Here, the weight is the density of each element
proposed above. As this energy is the same as that used in CVT,
the adoption of Ward’s method can be expected to create high-
quality initial samples. Although the initialization method is
slower than that with random sampling, it results in the generation
of high-quality initial sample points.

5.3 Energy Minimization. For the images used in this
research, the energy function of CVT can be defined as follows:

F ¼
Xn

i¼1

X
uj2Xi

ð
uj

q xð Þkx� xik2dr

0
@

1
A

¼
Xn

i¼1

X
uj2Xi

qj xi � cj

� �T
xi � cj

� �2
4

3
5 (4)

where qj ¼
ð

uj

q xð Þdr; and cj ¼ ð1=qjÞ
ð

uj

x � q xð Þdr uj is a pixel

in the input image, and xi is the site of a Voronoi region Xi. To
simplify the density function computation for each element, the
gray value on one element is assumed to be uniform, as this does
not affect the results.

The sites of the Voronoi diagram are updated to give their opti-
mal positions with the following three steps:

(1) If no boundary pixels of the domain are included in a Voro-
noi region Xi, the site xi in the region Xi is defined as the
region barycenter

xi ¼

X
Xi

qj � cj

X
Xi

qj

(5)

(2) Otherwise, if a corner pixel of an image belongs to a Voro-
noi region Xi, the site xi is constrained to the center of the
pixel.

(3) Otherwise, if the boundary curve passes through a Voronoi
region Xi, the site xi is set as the barycenter of the boundary
curve @Xi.

xi ¼

X
@X

qj � cj

X
@X

qj

(6)

Energy is minimized by alternately implementing CVT from
the current site positions and moving each Voronoi region site to
its optimal placement until the convergence is reached.

5.4 Mesh Generation. In this method, a dual representation
of the final CVT diagram is used to generate the corresponding tri-
angular mesh. The Delaunay tessellation provided in CGAL [22]
is applied to the set of sites, and the mesh produced represents
material boundaries accurately. In Fig. 2(a) shows the original 2D
image. The density map in (b) is constructed by computing the
gradient of each pixel. The energy function is consistently mini-
mized for repeatedly updating of the Voronoi diagram and the

Fig. 2 Mesh generation based on CVT (a): the input image with a gray value (500*700 pixels)
(b): the corresponding density map (c): the final CVT diagram with 1200 sites (d): the corre-
sponding triangular mesh associated with the final CVT diagram
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optimization of its sites, resulting in the final CVT diagram shown
in (c). The dual representation of the CVT is used to define the tri-
angular mesh in (d).

6 Graph-Cut-Based Mesh Segmentation

This section outlines a method of segmenting the triangular
mesh obtained from an image depending on the material in ques-
tion using the method presented in the previous section. For
instance, there are three materials in Fig. 2(a): the background
(air) and two metals. Each triangle is classified as representing
one of these materials.

To achieve this segmentation, the graph-cut-based method pre-
sented in Ref. [17] is extended using a triangular mesh M with its
underlying image as input. To simplify the computation of the
gray value f ðtiÞ for all triangles ti, f ðtiÞ is defined as the average
gray value of all pixels in the triangle ti. The pixels on the edges
of a triangle are subdivided to compute a precise average gray
value for the triangle.

As graph cut involves binary segmentation, a recursion strat-
egy is used for triangular mesh segmentation. A triangular mesh
is taken as a component. If the difference between the highest
and lowest gray values in the component is above a certain
threshold (which depends on the image), the component will be
segmented into two smaller ones via the proposed graph cut
technique. The process is repeated until the difference between
the highest and lowest gray values in each component is below
the threshold.

6.1 Graph Cut Technique. A triangular mesh M ¼ tif g can
be segmented into two sub triangular meshes using the graph cut
method. For this purpose, a graph G ¼ V;Nð Þ is constructed
whose node set V includes all triangles tif gn

i¼0 in the triangular
mesh M. These triangles are initially classified into three sets by
their gray values. In the case of Fig. 2, they are classified into
a set V0 of those in the background and a set V1 of those in the
metals. The third set Vf contains all other triangles that cannot be
easily classified

Two triangles s0 and s1, which, respectively, have the lowest
and highest gray values in V, are selected. V0, V1, and Vf , which
are subsets of V, are then defined: V0 ¼ fv 2 Vj f vð Þ � f ðs0Þj j
� hg

V1 ¼ fv 2 Vj f vð Þ � f ðs1Þj j � hg and

Vf ¼ V � V0 [ V1ð Þ

where h is a user-defined threshold value. The user can also
directly select s0 and s1. The two triangles s0 and s1 are
denoted as the source node and the sink node. The undirected
edges N of the graph G consist of two kinds of edges. One set
contains edges defined between two neighboring triangles in
M, and the other contains those between each triangle and s0

and s1.
The goal of triangular mesh segmentation is to give a binary

label Cm 2 f0; 1gto each triangle tm in Vf . Thus, C ¼ Cmjtmf
2 Vf g represents a binary labeling of the triangular mesh M. If
Cm ¼ 0, tm is added to V0, and if Cm ¼ 1, tm is added to V1. As a
consequence, any one triangle tm in Vf can be classified into either
of V0 and V1. Accordingly, the triangular mesh M becomes seg-
mented into two sub meshes.

The labeling C for the triangles of Vf can be made by minimiz-
ing the following energy function [17]

E Cð Þ ¼
X
tm2V

E1 Cmð Þ þ k
X

tm ;tn2N
E2 Cm;Cnð Þ (6)

which includes the following cost functions for the edges of E1:

E1 Cm ¼ 0ð Þ ¼

1 tm 2 V0

0 tm 2 V1

1� f tmð Þ � f s0ð Þj j
f tmð Þ � f s0ð Þj j þ f tmð Þ � f s1ð Þj j tm 2 Vf

8>>><
>>>:

(7)

E1 Cm ¼ 1ð Þ ¼

0 tm 2 V0

1 tm 2 V1

1� f tmð Þ � f s1ð Þj j
f tmð Þ � f s1ð Þj j þ f tmð Þ � f s0ð Þj j tm 2 Vf

8>>><
>>>:

(8)

as well as for those of E2

E2 Cm;Cnð Þ ¼ 1

f tmð Þ � f tnð Þj j Cm � Cnj j

þ b
d tm; tnð Þ

d tm; tnð Þ þ d
�� �� Cm � Cnj j (9)

where d tm; tnð Þ represents the distance between the barycenter of
the triangle tm and that of the triangle tn. The triangle tm is adja-
cent to the triangle tn. d is the average value of the sum of the dis-
tance between the barycenters of any two neighboring triangles.

While the coefficient k � 0 provides the relationship between
the two costs E1 and E2, the coefficient b � 0 represents the rela-
tive importance of the distance and the gray values of triangles. In
this experiment, the models had values of k ¼ 70 and b ¼ 0:286.

This problem can be solved using the graph-cut technique [4]
by finding the minimum cut C consisting of a set of edges that
separate the graph G into two sub graphs whose triangles repre-
sent the relevant segments (see Fig. 3). Finally, the required mini-
mum cut is generated using the max-flow/min-cut algorithm
provided in Ref. [4].

An example of graph cut technique application is shown in
Fig. 4. The picture on the left presents a triangular mesh from a
CT image. The average gray value for all the triangles is com-
puted and shown in the middle picture. The triangular mesh is suc-
cessfully classified into different materials as shown in the picture
on the right.

Fig. 3 Graph of G 5 V;Nð Þ. V represents all triangles
t1; t2; t3; . . . ; tm; tn in one model and the source node s0/the sink
node s1. N denotes the edges between the centroids of any two
adjacent triangles and the edges linking triangles and the
source node/sink node. E1 and E2 are, respectively, the cost of
the edges linking triangles and the source node/sink node and
the cost of the edges between the centroids of any two adjacent
triangles. The graph is segmented into two parts by a min cut
consisting of edges.
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7 Experiment Results and Discussion

The gray values of pixels are almost the same in identical mate-
rials but vary among different ones. Those on the interface
between different materials change abruptly. Based on these CT
image characteristics, a suitable density map is generated that can
be used to minimize the energy function and produce a triangular
mesh with respect to such boundaries. The graph cut method can
then be applied to successfully segment the triangular mesh into
different materials based on the gray values of the CT image and
the boundaries conforming to the edges of the triangular mesh.

Several examples are shown in Figs. 5–7, where the 2D image
shown in (a) is input. In line with the relevant gray values, the
density map shown in (b) is generated. The Voronoi regions are
iteratively optimized and their sites are relocated by minimizing

the energy function until convergence is reached, which results in
the final CVT shown in (c). The dual graph is the triangular mesh
given in (d), (e) shows the average gray value of each triangle,
and (f) shows the segmented triangular mesh created using the
graph cut method. Even if the number of sites is selected differ-
ently, the desired triangular meshes and their segmented meshes
are also obtained (see Figs. 5 and 8). In Fig. 5, the number of sites
was set as 1200 for a cylinder head image consisting of 500 * 700
pixels. Here, (a) shows the input image with the gray value, (b)
illustrates the corresponding CVT, (c) introduces the correspond-
ing triangular mesh, (d) shows the corresponding triangular mesh
segmented into differently colored patches using the graph cut
method, (e) presents the average gray values for all triangles, and
(f) indicates the segmented meshes created using the novel graph
cut method. In Fig. 8, the number of sites is 1000 for a 2D image

Fig. 4 Mesh segmentation. The image on the left shows the triangular mesh, the one in the
middle presents the average gray value for all triangles, and the one on the right illustrates the
segmented mesh model with individual materials represented in different colors.

Fig. 5 2D example: Cs1 consisting of 512 * 512 pixels with 1000 sites. (a) Shows the input image with the gray value. In line
with this value, the density map shown in (b) is generated. (c) Presents the final optimized CVT, (d) gives the corresponding tri-
angular mesh associated with CVT, (e) shows the average gray value for all triangles, and (f) indicates the segmented meshes
created using the novel graph cut method.

Fig. 6 Engine head 2 consisting of 500 * 700 pixels with 1000 sites. (a) Shows the input image with the gray value. In line with
this value, the density map shown in (b) is generated. (c) Presents the final optimized CVT, (d) gives the corresponding triangu-
lar mesh, (e) shows the average gray value for all triangles, and (f) indicates the segmented mesh created using the novel graph
cut method.
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with 512 * 512 pixels. Here, (a) shows the input image with the
gray value, (b) presents the final optimized CVT, (c) gives the
corresponding triangular mesh associated with CVT, and (d) illus-
trates segmented meshes created using the novel graph cut
method. Table 1 shows the running time and other statistics for
some of the outcomes detailed in this paper. The results were
generated using a desktop computer with an Intel(R) Core(TM)
i7-2600S CPU @ 2.80 GHz. In this paper, the edges of the trian-
gles in the resulting meshes can be aligned with the boundaries of
the original image data to guarantee the accuracy. CVT can
approximate the different regions representing the materials of the
underlying images. Second, CVT steered by the density map can
ensure the Voronoi sites well-spaced as the density map decide
segments with higer values of q more sites than segments with
lower values of q, which lead to more accurate triangular meshes
than those gained by methods without any relationship to the
underlying images. Third, with CVT, some integral computations
required by our method can be simple done. At last, the corner
pixels of the underlying images can be easily constrained in
the triangular as vertices, which guarantees those sites will be

maintained in the triangular meshes. On the other hand, in the
novel approach proposed here, the computation cost is signifi-
cantly reduced. The image is first subjected to CVT [3] (see
Fig. 1) and Delaunay tessellation to make a triangular mesh, which
is then clustered into different segments expressing different mate-
rials using the graph cut method [4]. Although this approach gives
powerful clustering performance, it is time-consuming (approxi-
mately Oðn2 log n), where n is the number of elements such as pix-
els and triangles) and memory-intensive. Thus, the graph cut
method is used not to the pixels but to the tessellated triangles as
there are greatly fewer triangles than pixels in the same image.

Judging the quality of these experimental results is a difficult
task, as a variety of quality evaluation methods have been pro-
posed in recent decades. However, visual inspection enables good
assessment of the results.

8 Conclusion

This paper introduces a new meshing approach for X-ray CT
images with different materials. Rather than being initially

Fig. 7 Engine head 3 consisting of 500 * 700 pixels with 1000 sites. (a) Shows the input image with the gray value. In line with
this value, the density map described in (b) is generated. (c) Presents the final optimized CVT, (d) gives the corresponding trian-
gular mesh, (e) shows the average gray value for all triangles, and (f) indicates the segmented meshes created using the novel
graph cut method.

Fig. 8 2D example: Cs2 consisting of 512 * 512 pixels with 1200 sites. (a) Shows the input image with the gray value, (b)
presents the final optimized CVT, (c) gives the corresponding triangular mesh, and (d) illustrates the segmented meshes cre-
ated using the novel graph cut method.

Table 1 Time statistics

Models #input pixels #output vertices Mesh generation time (s) Mesh segmentation (s)

Cs1 512*512 1000 11.12 1.16
Cs2 512*512 1200 10.01 1.36
EngineHeadl 500*700 1000 9.56 1.18
EngineHead2 500*700 1000 10.21 1.16
EngineHead3 500*700 1000 10.16 1.19
EngineHead4 500*700 1000 9.43 1.12
EngineHead5 500*700 1000 10.31 1.17
EngineHead6 500*700 1000 10.29 1.15
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segmented, the image is converted into a triangular mesh using
CVT with more vertices focusing on the boundaries between dif-
ferent materials. This mesh is then segmented into components
made of different materials using a graph cut method. Here, a
minimum cut is used to segment the mesh into two components
including seed triangles with the highest and lowest gray values.
This step is repeated recursively until the gray values of all trian-
gles in every part are almost the same. The experiment results
show that the proposed approach can be adopted to successfully
generate segmented triangular meshes from CT images. The
authors plan to extend the method to 3D application in future
work. In addition, as the quality of the triangular meshes gener-
ated needs improvement, this will be investigated based on a new
method.
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