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Abstract—Simultaneously inserting multiple objects is an essential topic in precision assembly to compose complicated shapes.
This task involves the acquisition difficulty of unobservable
interaction states, which makes it hard to plan the insertion. To
solve it, this paper investigates the circular assembly of multiple
objects and proposes a strategy to control the simultaneous
insertion in belief space. We first present the insertion state
transition and observation models, in which the stochastic parts
are modeled as Gaussian noise, and then estimate the belief
state using an extended Kalman filter. An optimization approach
is discussed, for the compensational movement planning, to
decrease the estimated radial interaction forces and the towardcenter movement is thus determined, considering the optimized
compensational movement and the belief state. Experiments are
carried out to demonstrate the validation of the proposed method.
Keywords—Simultaneous insertion, belief space planning, precision assembly.

I. I NTRODUCTION
Targeting objects with size ranging from a few submillimeters to several millimeters and reaching the precision of
microns or sub-microns is the focus of the precision assembly.
It differs from the traditional assembly, including employing
microscopes to facilitate accurate alignment and micro force
sensors to detect interaction forces. Owing to its capability of
achieving high accuracy, the precision assembly has received
wide attention, with many attained accomplishments [1], [2].
One common assumption of precision assembly is the accurate
acquisition of interaction forces, based on which strategies
are proposed to process insertions while protecting small
objects. This assumption holds as long as the readings of force
sensors reflect the contact situations, but for the assembly
with unobservable interaction states, e.g., the simultaneous
assembly of multiple objects, it is crucial to find a method
to fulfill the insertion without anxiety about object safety.
The precision assembly consists of two subprocesses: alignment and insertion. Due to the demands of high assembly accuracy and protection of small objects, in alignment, microscopes
are used to facilitate implementing vision-based strategies to
locate objects, and many topics are discussed in this field,
e.g., vision-auxiliary passive insertion [3], gripping objects [4],
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alignment learning [5]. After fine alignment, the insertion starts
employing force-based methods to adjust relative positions.
Due to the object’s characteristics, the precision insertion
requires the objects to be well aligned: they have the same
postures and their end surfaces are in slight contact. The
target of the insertion controller is to plan the insertion step,
to limit or reduce radial contact forces, and to deal with
uncertainties [6]. There are primarily two kinds of insertion
controllers: model-based and model-free. The model-based
controllers adjust objects with a predetermined mathematical
model, usually describing the object contact, and handle the abnormality caused by the mismatch between the model and the
real situation [7]. Different models are proposed for different
object shapes and materials, i.e., a Gaussian model to describe
the uncertainty in insertion [8], modeling assembly contacts
as a set of contact states [9], Gaussian mixture regression
to learn state-varying insertion admittance [10]. With the
advantage of prior knowledge, some model-based methods
show great efficiency in insertion [11]. On the contrary, the
model-free controllers adjust the object’s position based on the
detected forces and can be applied in various situations. For
example, a fixed step is used for insertion in an interference
fit, adjusting positions based on the feedback force [12], and
Ref. [13] investigates a sequence of precision sub-assemblies,
in which objects are inserted scaling with the radial force
magnitude. The model-free methods are more commonly used
in the precision assembly but suffer from low efficiency as
they are conservative. Although many topics are addressed in
precision assembly, simultaneous assembly of multiple objects
is still open, which can not be directly replaced by procedural
subassemblies of parts of objects [14]. Simultaneous assembly confronts difficulties of multiple contact surfaces, which
lead to unobservable interaction forces between two adjacent
objects, and the above-mentioned methods can not be directly
applied since they need explicit interaction force feedback [15].
This paper turns to plan in belief space to solve this problem.
Control in the face of uncertainty is an essential problem
in robotics, and planning in belief space (the space of all
possible distributions over the state space) is a solution, which
accounts for the process and sensing uncertainties. Different
from the tasks in a deterministic environment, the controllers
in belief space may select actions based on the current most
likely state and the gathered information [16]. The challenging
problems include the nonlinear, underactuated and stochastic
belief dynamics as well as the higher dimensionality expanded
in belief space [17]. Many works are presented recently
to solve different problems. As to the partially observable
Markov decision process, an approximate solution is proposed
to assume maximum likelihood observation [18], and linear
quadratic regulation is applied to encourage goal-directed
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Fig. 1. The task illustration figure. a) The platform configuration. b) The object examples with n = 6 assembled in this paper. c) The initial state viewed in the
top camera where O is the distribution center.

information-gathering behavior. In [19], an approach of interfaced belief space planning is discussed to combine task and
motion planning through the maximum likelihood observation
determinization principle. A sampling-based stochastic optimal
control approach is addressed in [20] to perform sampling in
belief space using approximate inference in probabilistic models. So far, applying techniques in belief space to investigate
assembly tasks, especially precision assembly, has not been
reported.
This paper focuses on the simultaneous precision assembly
of multiple objects, particularly a circular assembly forming
a cylinder with n equal partitions, and solves the problem
of efficient insertion with unobservable interaction states. To
achieve it, we build stochastic models of assembly state transition and observation, in which the effects of object movements
upon interaction forces are studied. Since the interaction forces
are not measurable, we use an extended Kalman filter to
estimate them in belief space. The compensational movement
is calculated, by optimizing one step cost function to reduce
the estimated radial forces, and the toward-center movement is
then acquired, considering the optimized results and the belief
state. We implement experiments on a precision assembly
platform to validate the proposed method.
There are two reasons to consider this circular assembly.
The first is a similar requirement from the mortise and tenon
connection, where parts are connected mutually. The circular
assembly can be used to form a complicated part with a combination of different materials, which means different stiffness,
conductivity, etc. The second is that this kind of assembly is
a representative of a class of assemblies with difficulties in
acquiring interaction forces directly from sensors.
The main contribution of this paper is the belief space
planning for simultaneous assembly instead of attempting to
distinguish interaction forces, which is hardly fulfilled. To do
it, we stochastically model the variation of interaction forces
and plan each object’s movements in belief space. The novelty
of the proposed method lies in the motion planning without
explicitly distinguishing interaction forces and the achievement
of “simultaneity” for the assembly of multiple objects.

II.

TASK DESCRIPTION

Fig. 1(a) shows a platform configuration to achieve the
simultaneous assembly of n objects. Three cameras are placed
to facilitate alignment from the front, the side, and the top,
and once the insertion starts, only the top camera is utilized
in an auxiliary role. Each object is held by a manipulator
with six degrees of freedom (DOFs), where the rotational ones
are prepared only for alignment. Due to the small operational
space in precision assembly, a circular arrangement of the
manipulators is necessary to fulfill non-collision assembly. A
force sensor locates on each manipulator to detect forces upon
the object that it holds, and, since the resultant force on all
objects equals zero, one force sensor can be saved.
This paper considers identical objects, as shown in Fig.
1(b) (where the object number is specifically 6), which can
be assembled into a cylinder. On each object, two side faces
can fit other objects, and the angle between the two side faces
is 2nπ . A peg and a hole situate in the middle of its two
sides and are perpendicular to the corresponding sides. Without
loss of generality, the peg is assumed on the left side of the
object, and the hole is on the right side. Since this paper only
focuses on the insertion part, all objects are assumed to be
well aligned in advance, which means all objects are vertically
placed in the same height and are evenly distributed around
a center, as shown in Fig. 1(c). All pegs are well aligned
with corresponding holes: their axes are identical and their
end surfaces are in slight contact. The task is to insert those
pegs into the holes, i.e., objects into each other, finally forming
a cylinder.
This is a typical simultaneous insertion: we need to simultaneously insert pegs into holes with which the objects move
toward the distribution center O. The “simultaneity” implies
the task can not be fulfilled by first inserting parts of objects
and then assembling the others. The difficulty in simultaneous
insertion lies in the unobtainable of the explicit interaction state
for each object. Label f i,i+1 as the interaction force from the
objects i upon i + 1 and Fi as the detected force from the force
sensor i, both measured in the world coordinates. According
to the peculiarity of the contact, each force sensor obtains the

resultant force that is exerted from adjacent objects
Fi (k) = f i−1,i (k) − f i,i+1 (k) ,

(1)

where k is the discrete step. There are totally n equations for
n objects. Besides, viewing all objects as a whole, the sum of
all resultant forces is zero
n

∑ Fi (k) = 0.

(2)

i=1

The above two equations result in a set of linearly dependent
equations, which means it is impossible to obtain interaction
forces directly from force sensors. In other words, there are
n − 1 linear independent equations and n unknown interaction
forces, and as a result, the interaction forces are unmeasurable
even given sufficient sensors. Therefore, unlike the conventional assembly problem, this is a Markov process with unobserved
states.
The method in [15] is the application of alternate insertion,
moving objects in sequence. But it has severe problems,
such as low efficiency and large accumulative errors. The
low efficiency is caused by the small insertion steps, arising
from the restriction of relative movements between adjacent
objects, and the large accumulative errors derive from long
term execution and mutual effects of a large number of objects.
For simultaneous insertion, it is still hard to attain the exact
interaction forces, and this paper intends to plan the insertion
in belief space.
III.

A SSEMBLY M ODELLING

Since the explicit interaction force is hardly obtained, this
paper estimates it in belief space to direct movement planning.
To do that, we model stochastically the state transition process
and noisy measurement of the simultaneous assembly and then
estimate the next belief state using an extended Kalman filter,
as shown in Fig. 2.
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(3)

where w = [0, 0, 1]T is the optical axis of the top camera and
“×” is the cross product. As we assume the objects are well
aligned, this angle bisector direction should point toward the
distribution center O. Label hi as the peg axis of the object i
and it is calculated by
hi = w × dli .

(4)

At each insertion step, the object movement consists of
two parts: the toward-center movement to move toward the
distribution center O and the compensational movement to
decrease radial interaction forces
x(k) = m(k) + c(k),

(5)

where x is the object movement, m is the toward-center movement, and c = [c1 , c2 , · · · , cn ] is the compensational movement,
all belonging to R3×n . The compensational movement is based
on the radial interaction forces that are perpendicular to peg
axes. Due to the task circularity, this compensation needs to be
planned, considering all objects as a whole rather than focusing
on each object. Meanwhile, the radial interaction force reflects
the contact state and also affects the toward-center movement.
At the initial position, the pegs and holes are not in contact
resulting in zero interaction forces, and the first movement is
thus set
x(1) = m(1) = m1 [d1 , d2 , · · · , dn ] ,
(6)
where m1 is the initial toward-center movement magnitude.
The magnitude of the toward-center movement of each object
is the same due to the insertion symmetry.
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Fig. 2. The overall process of estimation and planning in belief space, where
F is the measured forces, f̂ is the interaction force mean, s is the column
vector composed of all columns of covariance matrix, ∆m is the toward-center
movement step, and ∆c is the compensational movement step.

B. Underlying model
The insertion target of precision assembly is to achieve
the predetermined insertion length while keeping low radial
interaction forces. Since the interaction force in simultaneous
insertion can not be explicitly measured, we build a state
transition model to approximate the effect of object movements
upon interaction forces and an observation model to relate
measured forces with interaction forces.
Define the state as the interaction force state, i.e., f =
[f T1,2 , · · · , f Tn,1 ]T ∈ R3n×1 , and the observation as the detected force state observed from force sensors, i.e., F =
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The graphical explanation of the relative insertion depth.

[FT1 , · · · , FTn−1 ]T ∈ R3(n−1)×1 . Since the sum of all measured
forces is zero, the observation contains only n − 1 measured
force vectors, which are sufficient for representation.
It is difficult, given object movements, to explicitly express interaction state transition, but, after examining the
data achieved by repeatedly inserting a peg in a hole at the
same spot, we find this process approximately conforms to
a Gaussian distribution (see the experiments). Therefore, the
state transition process is modeled as
f (k + 1) = f (k) + g (∆c(k)) + εδ (k) ,

(7)

where g(·) is the function describing the effect of relative
movements upon interaction forces, ∆c(k) is the compensation movement increment, εδ (k) is an uncertain item relating
with movements, and δ (k) is the one-step relative insertion
depth vector. Given the relative movements of all objects,
this equation approximates how interaction forces change. The
stochastic element εδ (k) is a Gaussian vector whose parameters
depend on the insertion depths between pegs and holes. For
the movement x(k), the relative insertion depth results in

δi (k) = [(∆xi (k) − ∆xi+1 (k)) · hi ] hi ,

(8)

where δi is a subvector of the vector δ , ∆xi (k) is the object
movement increment, and “·” is the dot product. The graphical
explanation of δi is shown in Fig. 3. The uncertain item then
conforms to
(
)
(9)
εδ (k) ∼ N µδ (k) , Σδ (k) ,
where µδ (k) and Σδ (k) are the mean and the covariance
corresponding to the relative insertion depth. It shows that
the Gaussian parameters in the state transition process vary
with movements, and this varying rule should be obtained via
experiments in advance [8].
The effect of relative movements upon interaction forces is
an important aspect and, to approximate it, we separate it into
two parts
g (∆c(k)) = gr (∆c(k)) + ga (∆c(k)) ,



where M is a positive parameter scaling deformation with
force. This equation approximates radial forces based on
relative movements in the directions that are perpendicular
to pegs. Due to the symmetry, the toward-center movements
of adjacent objects theoretically do no affect the radial force
change, since the sum of their projections on the corresponding
peg directions is zero1 , and the function gr (·) only depends
on the compensational movement c instead of the resultant
movement x.
The axial force is along the peg direction. With a high
resolution of a vision system, well alignment is commonly
achieved before insertion, and this is the basis for insertion
control in precision assembly. It is then reasonable to model
the axial force as static friction, which is possible with an
assumption of no posture errors. Its magnitude is then approximated relating with the radial force


ρ1 (k)∥gr1 (∆c(k)) ∥2 h1


..
(12)
ga (∆c(k)) = − 
,
.
ρn (k)∥grn (∆c(k)) ∥2 hn
where ρ1 , · · · , ρn are the time-variant scaling parameters, which
need to be iteratively updated with observation to reduce
approximation errors. There may be other concerns about the
generation of the axial force, and we can model them as an
uncertain part of the parameter ρ . Considering only the mean
of (7), (1) is expanded as
∆Fi (k + 1) = − gri (∆c(k)) − ρ̄i (k)∥gri (∆c(k))∥2 hi
− µδi (k) + µδi+1 (k) + gri+1 (∆c(k))
+ ρ̄i+1 (k)∥gri+1 (∆c(k))∥2 hi+1 ,

(13)

where ∆Fi is the resultant force increment and ρ̄ (k) is the
computed value after resorting to the next resultant force
measurement Fi (k + 1). In this equation, only two scalar
variables ρ̄i and ρ̄i+1 are to be solved, and it is noted that,
since hi and hi+1 [are planar vectors,
the third column is
]
1 0 0
omitted. Label S =
as a truncation matrix and
0 1 0
ϕ = ∆Fi (k + 1) + gri (∆c(k)) − gri+1 (∆c(k)) + µδi (k) − µδi+1 (k)
for simple expression, thus the variables yield
[
] (
[
])−1
ρ̄i (k)
−∥gri ∥2
0
= S [ hi hi+1 ]
Sϕ . (14)
ρ̄i+1 (k)
0
∥gri+1 ∥2
We can iteratively update the scaling parameters using

(10)

where gr (·) = [gTr1 (·), gTr2 (·), · · · , gTrn (·)]T and ga (·) are two
functions relating to radial and axial forces with respect to
their own peg directions, individually. For solid materials in
the scale of microns, radial forces correspond to positional
misalignments between pegs and holes, and we use linear
elastic deformation to model the expected radial force after

(11)

∑τ1=0 γ2k−τ ρ̄i (k − τ )
k

ρi (k + 1) = γ1 ρi (k) + (1 − γ1 )

∑τ1=0 γ2k−τ
k

,

(15)

1 This is because objects are of the same shape and because pegs are
perpendicular to their side surfaces. Since the toward-center movement mi
is along the angle bisector di , mi + mi+1 is then perpendicular to hi . It yields
that the toward-center movements of adjacent objects have no projections on
the peg direction hi .
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C. Assembly belief system
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Fig. 4. The graphical explanation of the relationship between force changes
and movements.

where γ1 , γ2 ∈ (0, 1) are weight parameters and k1 means how
many previous steps to count in. This parameter is gradually
updated, referring to several previous reversely-computed values rather than only depending on the current computation.
The graphical explanation of gr and ga is shown in Fig. 4.
The parameter ρ is updated because it is not a fixed value,
changing in each step. Since the radial interaction force is
the dominating factor in compensation, a small error on this
parameter does not affect much on insertion. Moreover, the
radial interaction force can be modeled confronting to a Gaussian distribution with good fittings (verified in experiments),
and, for each step, it is reasonable to evaluate the previous
estimation of the axial force with the measured resultant forces.
This parameter is bounded, and its acquisition is an estimation
process. Therefore, with the form in (15), we can stably
approximate its real value, and this does not affect the stability
of the controller. In this sense, it is reasonable to iteratively
update the parameter ρ .
In summary, the basic idea for modeling state transition
process is that: the stochastic part is obtained via experiments,
including the distribution function and the parameters; the
radial interaction force change is computed according to linear
elastic deformation; and the axial force change is approximated
based on the radial force magnitude and scaling parameters,
which are updated, given observations, to reduce approximation errors.
Noisy observations are a stochastic function of interaction
states, and referring to (1), the observation model is


−I3
0
··· 0
0
I3
0
0 
 I3 −I3 · · · 0
 f (k) + ω , (16)
F(k) = 
.


..
|

0

0

· · · I3
{z

−I3

0

}

A

where I3 is a three-dimensional identity matrix, A ∈ R3(n−1)×3n
is a matrix describing the relationship between interaction
forces and the measured ones, and ω is zero-mean Gaussian
noise with a covariance Σω . Note that composing 3(n − 1)
dimensional F intends to avoid the singularity of the measurement matrix A. Considering Eqs. 7 and 16, we can

T

b(k) = f̂ (k), sT (k) , where f̂ is the interaction force mean
and s is the column vector composed of all columns of the
covariance matrix Σ(k), i.e., s = [ΣT1 , · · · , ΣT3(n−1) ]T where Σi is
the column of Σ. With the symmetry of the covariance matrix,
the dimension of the belief state can be reduced. We use an
extended Kalman filter to approximate the Gaussian belief state
dynamics [17]
[
]
f̂ (k + 1) = f̂ (k) + g (∆c(k)) + µδ (k) + K(k)
F(k) − A]f̂ (k) ,
[
Σ(k + 1) = Σ(k) + Σδ (k) − K(k)A Σ(k) + Σδ (k) ,
(17)
where the Kalman gain is
(
) [ (
)
]−1
K(k) = Σ(k) + Σδ (k) AT A Σ(k) + Σδ (k) AT + Σω
. (18)
Given the initial belief and movements, we can approximate
interaction forces using the above iterative estimation.

IV. I NSERTION C ONTROL IN B ELIEF S PACE
After the assembly model is built, we can plan insertion
movements to protect objects as well as improve assembly
efficiency. The basic idea is that the compensational movement
aims to reduce radial interaction forces and that the towardcenter movement is planned based on interaction states.
Given the belief state b(k), for any movement input ∆x̃(k),
the next belief state b̃(k + 1) can be computed according to
˜ + 1) yields
(17), and then the radial interaction force fr(k


h1 × f̃ 1,2 (k + 1) × h1

..
˜ + 1) = 
fr(k
(19)

,
.
hn × f̃ n,1 (k + 1) × hn
where the hat˜means the predicted values. The compensational
movement of one object affects two interaction forces, and due
to the assembly circularity, we view all objects as a whole to
facilitate reducing all interaction forces. In consideration of the
object number, optimization is applied, and the one-step value
function is
˜ + 1) + s̃T (k + 1)R2 s̃(k + 1)
˜ T (k + 1)R1 fr(k
J(b(k),∆x̃(k)) = fr
(
)T
˜ + 1) + ∆c̃T (k)R4 ∆c̃(k),
˜ + 1) R3 Afr(k
+ Afr(k
(20)
where J(·) is a one-step cost function, ∆c̃ is the computed
compensational movement corresponding to ∆x̃, and R1 ∼ R4
are weight matrices. By minimizing this value function, the
first item intends to reduce the radial force mean, the next
considers the percentage of how much the mean is trusted, the
third limits the radial force remaining upon every single object,
and the last tries to avoid big compensational movements. In

˜ represents resultant radial force means on
the third item, Afr
n − 1 objects, and the addition of this part is to avoid the case
in which a part of interaction forces are large while their sum
is small. Viewing Eqs. 17-20, the first three parts of the value
function all relate to ∆x̃, which specifically shows the effect
of the next insertion movement on distribution parameters.
In the optimization of the compensational movement, it is
reasonable to set the toward-center movement unchanged, i.e.,
∆m̃(k) = ∆m̃(k − 1), and then the value function becomes
J(b(k), ∆x̃(k)) = J(b(k), ∆c̃(k)). With this simplified setting,
the desired compensational movement can be planned as the
minimum result of the above value function
∆c̄(k) = arg min J(b(k), ∆c̃(k)),

(21)

∆c̃(k)

where ∆c̄ is the optimized value of the compensational movement. SNOPT [21] is a general-purpose system for constrained
optimization, using sequential quadratic programming (SQP).
We use it to find the optimal compensational movement.
With the obtained compensational movement ∆c̄, we can
acquire the toward-center movement based on the estimated
radial interaction force. The smaller the radial force mean is,
the larger the objects move toward the center. Meanwhile,
the less we trust the estimated value, the less the towardcenter movement is planned. To consider the mean effect, we
investigate the estimated radial interaction force
[
]
˜ + 1) T Afr(k
˜ + 1)
˜ T (k + 1)fr(k
˜ + 1)
Afr(k
fr
+(1 − γ3 )
,
σ (k) = γ3
T f r1
T f r2
(22)
where the parameter σ includes the information of radial
interaction forces, γ3 ∈ (0, 1) is a ratio parameter, and T f r1 and
T f r2 are scaling parameters. This equation considers the sum
of radial interaction forces and the sum of resultant forces on
each object. To address the confidence in the estimated values,
we investigate the covariance
∫ √Σ̃(k+1)
1 T −1
1
C (k) = √
e− 2 τ Σ̃ (k+1)τ d τ ,
(23)
√
2π − Σ̃(k+1)
√
where Σ̃ is the principal square root of the estimated covariance and C is the probability locating between two standard
deviations, which also depicts how much we trust the estimated
values.
The toward-center movement is planned as a function of the
above two parameters
(
) 

2 σσ(k)
−
T
n
m
 m(k),
m(k + 1) = 1 −
(24)
1 + e−(C (k)−TC 1 )
where σm is the maximum allowed radial force parameter, and
TC 1 and Tn are scaling parameters. The mean effect is a basic
comparative function: if the percentage of σ (k) relative to its
maximum allowance is larger than the parameter Tn , which
shows radial interaction forces are estimated with high values,
the toward-center movement needs to slow down; and speed
up otherwise. Meanwhile, the covariance effect is composed
of a sigmoid function, whose output locates between zero

and two and equals one if C (k) = TC 1 holds. In the above
equation, the radial interaction force mean is in charge of
increasing/decreasing the insertion step, and its covariance
adapts the movement varying ratio. Besides, the planned
toward-center movement is constrained in magnitude, i.e.,
∥m(k + 1)∥2 ≤ mm , given mm as the maximum toward-center
movement step. Equation (24) is an iterative representation,
and its initial value is given in (6).
With the newly planned toward-center movement m(k + 1),
we can substitute it into (21) to update the compensational
movement c(k + 1). Their sum constitutes the insertion movement.
The inserted length changes as inserting and is one of the
indices to terminate the insertion. As shown in Fig. 1(c), in the
initial state, the two side surfaces between adjacent objects are
l distance away, and that is the desired length to insert pegs.
Since the compensational movement is perpendicular to the
peg direction, only the toward-center movement affects the
inserted length. Due to the symmetry and circularity of the
assembly, we only focus on the distance between two objects
L (k) = [xi (k) − xi+1 (k)] · hi ,

(25)

where L is the inserted length. The terminal condition for
simultaneous insertion relates to the radial interaction force
mean and covariance as well as the inserted length
maxi=1,··· ,n {∥hi × f̃ i,i+1 (k) × hi ∥2 } ≥ Ftr ,
C (k) ≤ TC 2 , L (k) ≥ l,

(26)

where Ftr is the maximum allowed radial interaction force
and TC 2 is the parameter below which the estimation is
doubted. The occurrence of any condition in (26) will cease
the insertion.
The control procedure of simultaneous insertion is presented
in Fig. 5. Before insertion, the key directions hi and di are
obtained, and the first toward-center movement mi (1) is set.
While inserting, force sensors measure the resultant forces
on each object, and with these results, the parameter ρi is
updated. An extended Kalman filter is then used to estimate the
current belief state (interaction force means and covariances).
The terminal condition is then checked to decide whether
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Fig. 6. The experiment platform and the objects to be assembled. a) The CAD model where 1-3 are microscopes and 4-9 are six robot arms. b) The platform.
c) The objects. d) The well-aligned state.

or not to end the insertion, based on the radial interaction
forces, the inserted length, and the covariance. If forward
is demanded, the next insertion is planned: first optimize
the compensational movement by setting the toward-center
movement unchanged; with the optimized results, determine
the toward-center movement based on the estimated belief
state; and then, with this toward-center movement, update the
compensational movement. Simultaneously insert all objects
until reaching the terminal condition.
The following issues are considered to apply the proposed
method to non-circular precision assembly. First, investigate
the relationship between the measured and the interaction
forces, to construct the observation model. In the second step,
analyze the transition law of the components of the interested
forces, model the state transition, and update the approximation
parameters. The third step is to define belief states and to
build the belief state dynamics. Lastly, plan the compensation
movement in belief space according to the interested forces,
and compute the insertion movement based on the contact and
the confidence.
V.

E XPERIMENTS

Fig. 6 shows the precision assembly platform, which is used
to test the proposed method. In this experiment, we use three
microscopes to align objects, three manipulators to move objects, and two force sensors to measure forces on an individual
object. The manipulators 4 and 5 are equipped with six DOFs:
three motorized stages, Suguar KWG06030-G, whose translational resolution is ±0.5µ m for translational movement, and a
three-DOF tilt adjustment Sigma KKD-25C. The manipulator
6 is equipped with four DOFs: a high-precision motorized
positioning stage, Micos ES-100, for elevation with movement
errors within 0.1µ m, and a 3-axis motorized goniometer stage:
including KGW06050-L, KGW06075-L, and SGSP-40yaw for
rotation. The cameras 1 and 2 are GC2450 and the camera 3 is
PointGrey 50S5M-C, whose maximum pixel size is 3.45µ m.
All cameras are equipped with zoom lenses, Navitar Zoom
6000, with magnification ranging 0.7 ∼ 4.5. The force sensors
are Nano-43 with a resolution of 1/128N, which can be further
improved with filtering. According to the number of force

sensors, this paper implements experiments of simultaneous
insertion with three objects, which have the same size and
can form a cylinder with 3mm diameter and 4mm length.
Each peg is 1mm in diameter and 0.6mm in length, locating
in the middle of the side planes. The clearances between
pegs and holes are between 0 ∼ 5µ m. Larger clearances will
generate smaller radial interaction forces, and correspondingly
the insertion step can also be increased. But larger clearances
also mean that the formed cylinder after assembly is less
firm, which is not in accordance with our original intention.
Therefore, this paper focuses on small clearances. The object
material is aluminum.
To verify the correctness of using Gaussian distribution to
model the insertion, we put one peg into a hole at a certain
position and repeatedly insert the peg with fixed steps. Figs.
7(a) and 7(b) present the means and covariances for insertion
distances in the range of 1 ∼ 25µ m. Since the insertion is
parallel with the x-axis, only the forces in the y and z directions
are presented. It can be seen that the magnitudes of the force
mean and covariance increase as inserting larger. To check the
Gaussian fitting, we show the proportions of the change of
the radial force and the fitting curves in Figs. 7(c) and 7(d),
where the insertion step is 10µ m. The forces are organized into
groups with an interval of 7mN, which is the resolution of the
force sensor. The goodness, measured by the R-square, of the
Gaussian fitting is 0.98 and 0.99, respectively, and this shows
it is reasonable to employ Gaussian distribution in modeling
the radial interaction force transition in insertion.
After implementing several experiments of moving a peg
in a radial direction when it contacts with a hole, we can
compute the parameter between object deformation and force
as M ≈ 60mN/µ m. The observation covariance, Σω , is measured via experiments, and the weight matrices, R1 ∼ R4 , in
(20) are all set as identity matrices. Tab. I shows the other
insertion parameters. The parameter γ1 is set as 0.8 to avoid
the influence of big variations in updating the parameter ρ ,
γ2 is set as 0.9 to update ρ relying more on the recently
estimated values, and γ3 is set as 0.7 to consider the individual
interaction force twice as much as the resultant force on an
object. k1 is set as 5 because recent parameters have larger
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TABLE I.

T HE PARAMETERS USED

mm

l

25µ m

600µ m

T f r1 , T f r2
1N

2

IN EXPERIMENTS .

Ftr

TC 1

σm

1N

0.3

1

γ1

γ2

γ3

k1

Tn

TC 2

0.8

0.9

0.7

5

0.4

0.3

effects on the current computation. σm equals 1 so that σ is
not scaled in computing insertion steps. The parameter Tn is set
as 0.4 to allow increasing the insertion step when interaction
forces are under 600mN. The Butterworth method is applied
to filter the two force sensors. From the images captured
by the microscopes, we can obtain the pegs’ directions as
h1 = [−0.9999, −0.0152, 0]T , h2 = [0.5041, −0.8636, 0]T , and
h3 = [0.4897, 0.8719, 0]T . In the initial setting, ρi (1) = 1 and
m1 = 10µ m.
The proposed method is applied to insert objects simultaneously, and the experimental results are shown in Fig. 8. The
resultant forces measured by the two force sensors are shown
in Figs. 8(e) and 8(f), and with them, the interaction forces
are estimated as shown in Figs. 8(g)-8(i). After projecting
interaction forces onto the corresponding radial planes, we
can obtain radial interaction forces as shown in Figs. 8(j)8(l) and optimize the compensational movement as shown in
Figs. 8(c) and 8(d). Meanwhile, the toward-center movement is
planned relating to the estimated interaction force means and
covariances according to (24), and the insertion step and the
insertion trajectory are displayed in Figs. 8(a) and 8(b). As can
be seen, the insertion step increases from its initial value to its
maximum and drops as the estimated interaction forces become
large. The compensational movement is determined to decrease
the radial interaction forces, and as a result, the insertion step
rises to its maximum again until the desired inserted length
is reached. The inserted length trajectory also indicates this
change. Both the measured forces and the estimated interaction
forces stay within a small range so that the insertion maintains
at full speed. These results show that the proposed method

is practical for simultaneous insertion while maintaining low
radial interaction forces.
We implement a comparative experiment employing the
method in Ref. [12]. Without specific solutions, conventional
methods hardly distinguish interaction forces, and as a result,
an open-loop strategy is applied. We set the insertion step
to 6µ m to slow the process and the other parameters as in
previous settings. Fig. 9 shows the forces measured from the
two sensors, which grow with the inserted depth, reaching to
about 11.5N in the end. This demonstrates that our method
has better performance, with much smaller forces.
VI.

C ONCLUSIONS

This paper investigates the simultaneous insertion of multiple objects by addressing its difficulty of multiple contact surfaces, which leads to unobservable interaction forces between
adjacent objects. To solve it, we propose a method to estimate
interaction forces and plan insertion in belief space. Assembly
state transition and observation are stochastically modeled,
in which we consider the effects of object movements upon
interaction forces and update the corresponding parameters
after each step. An extended Kalman filter is employed to estimate the unobservable interaction force mean and covariance.
Optimization is used to plan the compensational movement
based on the one-step estimation, and then the toward-center
movement is computed. Experiments are implemented to validate the proposed method.
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