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Abstract—This paper uses a multiple compliant degree-offreedoms (DOFs) mechanism (i.e., a spring) to facilitate compliant insertion in precision assembly and proposes an efficient
insertion strategy accordingly. The addition of a spring increases
the insertion compliance while resulting in that the object is
not directly controllable. The proposed strategy handles both
vertical insertion and inclined insertion with an unknown posture
according to force feedback. We investigate horizontal compliance
when the spring is compressed or stretched and introduce the
withdrawal process for exceptional situations by taking advantage
of insertion compliance. The inclined insertion is a process
of inserting while estimating the hole posture and a radial
compensation strategy is presented not affecting the axial length
of the spring. Efficient insertion planning is discussed in the
presence of uncertainty caused by the spring for both insertion
types. Experiments are carried out to demonstrate the validation
of the proposed method.
Keywords—Compliant insertion, precision assembly, inclination
estimation.

I.

I NTRODUCTION

Different from the traditional assembly, precision assembly
targets on the objects with small size, in submillimeter to
millimeter dimension, and reaches the accuracy of microns
or sub microns. This property demands high precision in
alignment and insertion, and therefore it employs microscopes
for accurate visual feedback and micro force sensors to detect
the contact. It has received wide attention since it can obtain
high precision and attained many accomplishments so far [1][4].
Various topics are investigated in precision assembly. To
measure precisely, a combined strategy involving a laser triangulation measurement instrument and microscopes is used
in [5] to acquire the attitude of a slice micropart based
on the nonlinear damping least square method. As to the
assembly process, a general control strategy [6] is proposed to
obtain high precision in assembling five objects on a platform
equipped with six robot arms and different approaches are
used for interference fit and clearance fit. Investigating on
efficient assembly, the work in [7] chooses an action by
stochastically modeling the insertion as an uncertain transition
process. For multiscale assembly, Das et al [8] introduce
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a system equipped with multiple end-effectors that can be
arranged in several reconfigurable modules according to the
task. To resist disturbance, a hybrid control strategy [9] is
discussed to coordinate both grippers for inclined insertion and
the mismatch between inclined posture and insertion direction
is compensated for. High precision is attained in these works
and the force-based strategy is used to align during insertion in
order to protect the small objects. Most of these results in the
precision assembly are implemented on systems where objects
are rigidly held by their grippers and active compliant methods
are applied according to the contact force.
Compliance is important for assembly in protecting small
objects and compensating for the misalignment between them,
and there are two methods to increase the system compliance.
One is the active compliant control strategy, using force
feedback to identify the misalignment and compensating for
the positioning error. Hybrid position/force control [10] and
impedance control [11] are the two approaches that actively
adjust manipulators according to the contact force to make the
system compliant. Passive mechanisms, on the contrary, are
used to add compliance in the robotic assembly system [12],
[13] from the perspective of hardware, and various flexible
grippers are designed to adapt to different objects [14], [15].
In [16], compliance is added in the form of a microgripper
based on two ionic polymer-metal composite fingers. Peg-inhole assembly is considered and the force required to correct
the lateral and angular errors is calculated and corrected by
the compliant gripper. In [17], equipped with a compliant
mechanism with two-stage stiffness, a compliant gripper is
presented to provide the force sensing with dual sensitivities
and measuring ranges to accommodate the grasp of objects
with different sizes and weights. As a specific configuration,
the remote center compliance (RCC) unit is a simple and
effective solution to avoid undesired conditions [18], but the
fixed position of the compliance center renders different RCCs
are used to adapt to different object lengths. To overcome this
shortcoming, many RCCs are developed, e.g., variable RCC
[19]. Those passive compliant mechanisms have the difficulty
of generalized application, and although RCC has been put
for practical use to passively realize the compliant assembly,
it still has problems such as non-applicable for a non-vertical
insertion task [20].
In precision assembly, the compliant insertion allows relative
large misalignment and generates smaller horizontal forces,
which is fundamental in protecting the small-sized, thin-walled
objects. The coil spring has the flexibility of compression,
transverse, and bending, [21] where the compression offers compliance in insertion, the transverse serves for radial
compensation, and the bending renders the insertion insensitive to orientation misalignment. It determines the spring

has more compliant degrees, which further benefits object
protection. Adding a spring also has the merit of designability:
according to the tasks, various materials can be chosen to
acquire different insertion stiffness. With insertion compliance,
this paper also introduces a withdrawal strategy to deal with
exceptional situations and applies this configuration to inclined
insertion with unknown posture for dealing with misalignment
disturbances. To handle uncertainties in insertion, we present
a spring model to relate its state and force and investigate
strategies for the passive insertion/withdrawal based on the insertion ratio expectation, the contact force, and the inclination
estimated error.
The main contributions include: first, in precision assembly,
we propose an efficient strategy for the insertion of an object
with a spring attached between it and its manipulator. Second,
a withdrawal strategy is presented for exceptional situations
taking advantage of passive compliance. Third, we apply the
strategy and the compliance configuration to handle inclined
insertion with randomized postures.
II.

V ERTICAL INSERTION

Fig. 1 shows the paper structure. The vertical insertion
is a normal type for precision assembly, where the object’s
axes are adjusted to be vertical via vision-based methods. A
detailed discussion about the compliance of adding a spring in
the equipment is made, together with the control strategy to
achieve compliant insertion.
A. Configuration
Fig. 2 shows the basic platform configuration for the compliant assembly. The upper manipulator has three translational DOFs and two rotational DOFs to fulfill alignment and insertion.
The lower manipulator has one translational DOF and three
rotational DOFs for posture alignment. A force sensor locates
upon the upper manipulator to detect the contact force that the
lower object executes upon the upper one. Two microscopes
are placed horizontally for observation. The upper object is
connected to the upper manipulator via a spring, using soluble
glue for fixation and solvent to dissolve after assembly. The
lower object is gripped by the lower manipulator by vacuum
absorbing, or pin sealing, or gluing, etc.
The task is to insert the upper object into the hole of the
lower object with an interference fit between them. The objects
are small-sized and thin-walled, which demands highly on
force control. The insertion starts with the objects well aligned
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(coincident axes and no distance between objects) with no
contact between them. Fig. 3(a) shows the configuration of
the vertical compliant insertion. According to the motion type
of insertion or withdrawal, the spring is in tension or compression, with the forces upon the upper object shown in Figs.
3(b) and 3(c). Since in precision assembly, the misalignment
is much small (let alone to be compared with the spring’s free
length) and we use a straight line to approximate the real curve
with very small curvature in modeling the spring configuration.

B. Compliance analysis
In Fig. 3(b), the spring is in tension and the center of the
manipulator deviates from the center of the objects. Label F
as the spring force upon the upper object
F = k (L − L0 ) ,

(1)

where L is the current spring length, L0 is the spring length
with no load, and k is the spring coefficient. Label Fh as
its projection onto the horizontal plane. Supposing the spring
force direction is coincident with the spring axis leads to
Fh
kh ∆xs
∆xs
=
=
,
F
k (L − L0 )
L

(2)

where kh is the horizontal stiffness reflecting the rate between
the horizontal force and displacement, and ∆xs is the horizontal
center distance between the manipulator and the upper object.
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The configuration and force analysis of vertical insertion. a)
Configuration. b) In tension. c) In compression.

Since the force is known with a force sensor, changing the
variable from the spring length L to the spring force F yields
kh =

kF
.
F + kL0

(3)

It can be seen that the horizontal stiffness is not constant, in
a range kh ∈ [0, k]. The horizontal stiffness kh increases monotonically with increasing force of the spring. Accordingly, the
horizontal distance between the two ends of the spring yields
Fh Fh
+ L0 .
(4)
k
F
On the other hand, the horizontal component of the contact
force between the two objects can be modeled as linearity to
the deformation length in the scale of microns
∆xs =

Fh = M∆xo ,

(5)

where ∆xo is the deformation length between objects and M
is the proportionality factor of the deformation between the
material and exerted force. The resultant horizontal force on
the upper object is zero, which leads to
kh ∆xs − M∆xo = 0.

(6)

∆xs and ∆xo locate on the same side of the object axis
and to compensate for the misalignment of objects, the total
movement of the upper manipulator is
∆xt = ∆xs + ∆xo ,

(7)

where ∆xt is the upper object’s movement with a tension
spring to well align the upper manipulator and the two objects.
Combining the above three equations, the compliance of a
tensile spring results in
kt =

Fh
Mkh
=
,
∆xt
kh + M

(8)

where kt is the horizontal stiffness with a tensile spring.
Considering (5), the horizontal compliance of a tensile spring
is 1+ kM times of insertion without compliant equipment. Since
h
kh relates to the force magnitude, the lowest ratio of horizontal
compliance is 1 + Mk times. This means that a vertically
equipped spring can also enhance the insertion compliance in
the horizontal plane.
Fig. 3(c) shows the posture where the spring is in compression, and ∆xs and ∆xo locate on different sides of the object’s
main axis. The upper manipulator’s movement depends on the
magnitudes of spring displacement and of object deformation
∆xc = ∥∆xs − ∆xo ∥,

(9)

where ∆xc is the motion of the upper manipulator to align the
objects and the manipulator. In the case kh equals M, ∆xc is
zero while Fh is non-zero. For this setting, the posture of the
spring and the upper object is balanced and the manipulator
needs to move a little to break the posture balance and then
move back. For the non-equal kh and M, combining Eqs. 6
and 9 leads to
Mkh
Fh
=
,
(10)
kc =
∆xc
∥M − kh ∥

where kc is the horizontal stiffness with a compressive spring.
Compared with the M1 compliance in (5), a compressive spring
has ∥1− kM ∥ times horizontal compliance. It means that adding
h
a spring is more compliant if kh < M2 and this condition can be
MkL0
extended to the force magnitude F < 2k−M
, limiting the force
magnitude. The compliance is unchanged if kh = M2 , which can
MkL0
also be expressed as F = 2k−M
, an instantaneous state. The
MkL0
stiffness is strengthened if kh > M2 , which means F > 2k−M
or
M
k ≥ 2 , a choice of compliant spring.
C. Vertical insertion controller
To insert the object with a spring between it and the
manipulator, a force-based method is employed to plan the
manipulator’s motion. The horizontal motion intends to compensate for the horizontal contact and the vertical insertion is
planned efficiently considering the contact force. If the vertical
force is too large, we need to withdraw the object and try
insertion again after adjustment. This force-based insertion
strategy for the mechanism with a coil spring can better protect
the objects and be robust to many kinds of manufactured
surfaces.
According to the current force Ft , its decomposition into
the vertical axis and the horizontal plane results in
{
Fv,t = (Ft · iz ) iz ,
(11)
Fh,t = iz × Ft × iz ,
where Fv,t is the vertical force, Fh,t is the horizontal force, iz
is the vertical axis, “·” is the dot product, and “×” is the cross
product. The insertion controller consists of two parts: vertical
insertion and horizontal compensation. The insertion depth is
planned based on the previous execution performance and an
incremental PI controller is used for horizontal compensation
{
∆vi,t+1 = ξv,t ∆v
[ i,t(,
)
]
(12)
∆h
= 1 k F −F
+k F ,
i,t+1

kc,t

p

h,t

h,t−1

i h,t

where ∆vi,t is the current insertion vector, ∆hi,t is the current
compensation vector, ξv,t is the parameter between the two
insertions, and k p and ki are the proportional and integral
parameters. The parameter ξv,t is introduced in Section IV.
When the vertical force surpasses its limitation, a withdrawal
controller is initialized to pull the object out over a distance
{
∆vw,t+1 = ξv,t ∆v
)
]
[ w,t(,
(13)
∆h
= 1 k F −F
+k F ,
w,t+1

kt,t

p

h,t

h,t−1

i h,t

where ∆vw,t is the withdrawal vector and ∆hw,t is the compensation vector in withdrawal. The horizontal compensation
difference between these two controllers lies in the horizontal
compliance with the spring in tension or compression.
Define a length function

 F j ·iz + L0 ∥Fv, j ∥2 , ∥F j ∥2 ̸= 0
k
∥F j ∥2
Lv, j =
(14)
 L0 ∥Fv, j−1 ∥2 ,
otherwise
∥F ∥
j−1 2

where the subscript j means the time step and Lv, j is the
projection of the spring length onto iz axis. When no load is

on the spring, we can not obtain the angle between the vertical
axis and the spring and then use the previous information to
replace the current projection angle. Label sv as the motion
status flag for vertical insertion: sv = 1 means in the insertion
state and sv = 0 indicates withdrawal is undergoing. The
conditions to transform from one status to the other yield

(−Ft · iz − Fv,m ) > 0
 1 → 0,
t
(15)
sv :
w
 0 → 1, Lv,t − Lv,s0 + ∑ ∆vw, j · iz − ∆vm > 0

The upper object’s movement yields
(
)
t
xo,t = ∑ ∆xi, j − Fkt + L0 ∥FFtt∥ + iz + xo,t0 ,
2

j=1

where xo,t0 is the initial location of the upper object. The
above equation determines the object’s position according to
the manipulator’s movement and the spring force. In insertion,
xo,t − xo,t0 is opposite to the hole’s axis dt , and its average
value over the past several steps yields

j=s0

n

where Fv,m corresponds to the maximum vertical force allowed
in insertion, s0 is the time step when the motion state changes
from insertion to withdrawal, and ∆vwm is the withdrawal distance above which insertion restarts. This switch condition uses
force to transit from insertion, surpassing the force limitation,
to withdrawal and uses a position related indicator to end the
withdrawal.
Combining the above controllers and the switch condition,
the controller for vertical insertion with a spring is
∆xv,t = sv (∆vi,t + ∆hi,t ) + (1 − sv ) (∆vw,t + ∆hw,t ) ,

(16)

where ∆xv,t is the manipulator’s motion for vertical insertion.
III.

I NCLINED INSERTION WITH UNKNOWN POSTURE

As a necessary topic, inclined insertion occurs due to
disturbance or in the case with a tilted hole as shown in Fig.
4(a), and investigation on inclined insertion can improve the
insertion robustness.

(17)

∆x̄ =

j

xo,t− j −xo,t
0
o,t− j −xo,t0 ∥2
n1
j
∑ j=0 γ1

1 γ
∑ j=0
1 ∥x

,

(18)

where n1 means how many steps to look back, ∆x̄ is the
average value of the upper object’s insertion over the past
n1 steps, and γ1 is a discounted parameter. To overcome
disturbances, the inclination is estimated using a gradual
approaching method
dt+1 = γ2 (−∆x̄ − dt ) + dt ,

(19)

where dt+1 contains the direction of dt+1 and γ2 is a discounted
parameter scaling the direction error. The above equation
approaches the real inclination by finding the error between the
previously estimated inclination and the upper object’s current
motion direction. After unitization, the estimated inclination
results in
d
dt+1 = ∥d t+1∥ .
(20)
t+1 2

When the updating steps of the above approaching are small,
the estimation process ends with a well-estimated inclination.
The estimation termination condition is
n
∑ 2 dt− j

A. inclination estimation
Commonly, inclined insertion is not desired and happens
unconsciously, which requires estimating the inclination during
inserting. Label the following variables: dt as the estimated
inclination, xo,t as the upper object’s location, and ∆xi,t as the
upper manipulator’s motion of each step for inclined insertion,
all at t time step. With a coil spring in the middle, the upper
manipulator’s movement may or may not lead to the insertion
of the upper object. Update the inclination estimation when the
upper object moves and otherwise insert the upper manipulator
according to the estimated inclination.
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Fig. 4. The configuration with a tilted hole and two types motion for inclined
insertion. a) Tilted hole. b) In tension. c) In compression.

d̃ = j=0
n2 +1 ,
s.t. max{∥dt − dt−1 ∥2 , · · · , ∥dt−n2 − dt−n2 −1 ∥2 } ≤ ε ,
|
{z
}

(21)

n2

where ε is a positive parameter, n2 means how many previous
steps to compute, and d̃ is an approximation to the real
inclination. The above condition means that only when the
previous n2 adjustment steps are all small enough ends the
estimation process.
B. Inclined insertion controller
Based on the estimated inclination, the controller inserts the
manipulator considering the contact force, object’s motion, and
insertion efficiency, and compensates for the radial force without effects on the spring length projected onto the inclination
axis.
The contact force is decomposed into the axial component
along the main axis and the radial component that is perpendicular to the main axis
{
Fa,t = (Ft · dt ) dt ,
(22)
Fr,t = dt × Ft × dt ,
where Fa,t is the axial force and Fr,t is the radial force at time
t. The current spring length vector is expressed as
{ F
Ft
t
k + L0 sgn (Ft · dt ) ∥Ft ∥2 , ∥Ft ∥2 ̸= 0
Lt =
(23)
F
L0 sgn (Ft−1 · dt ) ∥F t−1∥ , otherwise
t−1 2

where Lt is the spring length vector pointing from its lower
end to the upper one and sgn(·) is the sign function. It means
that when there is no load on the spring the length vector is
parallel with the spring’s former posture.
Let θ represent the angle between the spring and the object’s
main axis and it can be acquired from the contact force and
the estimated inclination
Ft ·dt
θt = arccos ∥F
.
t ∥2

(24)

This angle may be large for the first several insertions depending on the initial setting and the compensation along the radial
direction may compress the spring and then affect the radial
force or the spring length. For example, if compensating for
the radial force without considering the axial motion, the axial
force can be large enough to break the objects or the desired
insertion position is surpassed. Therefore, the compensation
motion is planned without changing the axial state.
After θt is obtained, we can regulate the compensation to
gradually decrease this angle using an incremental PI method.
The next angle is expected to be

θ t+1 = θt − kθ ,p (θt − θt−1 ) − kθ ,i θt ,

(25)

where θ t+1 is the expected angle of the next time step, and
kθ ,p and kθ ,i are the proportional and integral parameters. In
other words, θt − θ t+1 is the angle that is expected to rotate.
With that rotation, the expected spring length vector yields
(

Lt+1 =

Ft ·dt
k cos θ t+1

)
(
)
sgn(Ft ·dt )Ft ×dt
sgn(Ft ·dt )Ft
+ L0 Rot
θ
θ
,
,
−
t
t+1
∥Ft ×dt ∥2
∥Ft ∥2
(26)

where Lt+1 is the expected spring length vector of the next
time step in insertion and Rot ( f , α ) is the transformation matrix rotating α about the axis f . The above equation determines
the spring length by maintaining the same axial force during
compensation and the spring posture by the expected rotation
planning. On the right hand of (26), the first part is the spring
length computed from the unchanged axial force and the next
desired angle between spring and object’s axis; and the rest part
rotates from the current spring length vector (opposite to Ft )
towards the estimated inclination dt . This radial compensation
strategy intends to keep Fa,t unchanged in the next state.
Correspondingly, the controller for inclined insertion is
∆ai,t+1 = ξi,t ∆ai,t ,
∆ri,t+1 = Lt+1 − Lt ,

(27)

where ∆ai,t is the motion that is parallel with the estimated inclination, ∆ri,t is the compensational motion without affecting
the axial state, and ξi,t is the planning parameter between two
inclined insertions.
The withdrawal controller is similar to the vertical one
{
∆aw,t+1 = ξi,t ∆ai,t ,
(28)
∆rw,t+1 = k1t,t [k p (Fr,t − Fr,t−1 ) + ki Fr,t ] ,
where ∆aw,t and ∆rw,t are the withdrawal motion in the axial
and radial directions. In the withdrawal motion, there is no
need of maintaining the axial force during radial compensation,
and the reason is that the transition duration from spring
compression to tension is enough for the inclination angle

compensation since this angle should not be big in precision
assembly.
Use si to represent the motion status for inclined insertion:
si = 1 for insertion and si = 0 for withdrawal. The switch
conditions yield

(−Ft · dt − Fv,m ) > 0
 1 → 0,
si : 0 → 1. (L − L ) · d + t ∆a · d − ∆vw > 0 (29)
∑
t
t
w, j
t
s0

m
j=s0

The combined controller for inclined insertion results in
∆xi,t = si (∆ai,t + ∆ri,t ) + (1 − si ) (∆aw,t + ∆rw,t ) .

(30)

IV. E FFICIENT P LANNING OF C OMPLIANT I NSERTION
Adding a spring into the system results in uncertainties
in insertion. Another disturbance comes from the unknown
inclination, which constrains the insertion step. A strategy is
needed to efficiently plan the insertion to fasten the insertion
process while considering the above-mentioned difficulties,
compensating for the horizontal/radial forces, and responding
to exceptional situations.
A. Planning for vertical insertion
Since the object and its manipulator are connected by a
spring, the manipulator’s insertion does not naturally equal
the object’s insertion. A parameter is defined to represent this
difference
{
Lv,t −Lv,t−1
1 + −∆v
, sv = 1
∆vo,t
i,t ·iz
σv,t =
=
(31)
Lv,t −Lv,t−1
∆vg,t
1 − ∆vw,t ·iz , sv = 0
where σv,t is the insertion/withdrawal ratio between the motion
of the upper object and its manipulator in vertical insertion,
∆vo,t and ∆vg,t are the insertion/withdrawal depths of the object
and its manipulator, as shown in Fig. 5(a). This ratio is an
important factor that affects future insertion planning.
There are four conditions for different insertion/withdrawal
ratio considerations. 1) In the initial insertion process, the
spring length has not yet been compressed to an extent, and
the object keeps still or moves only a little, i.e., σv,t < εσ
exists, where εσ is a small parameter. In this sense, the maximum insertion depth is chosen and the manipulator insertion
parameter is ξv,t = 1.
dt

d

dt

∆vg,t
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Fig. 5. The scheme for insertion ratio. (a) Vertical insertion. (b) Inclined
insertion.

2) After the initial process ends, with the spring’s compressive force the object moves inside as its manipulator inserts
and the ratio σv,t ≥ εσ . Using historical execution information,
we can estimate the next insertion/withdrawal ratio
n
j
∑ 3 γ (σv,t− j −σv,t− j−1 )
,
(32)
σ v,t+1 = σv,t + j=0 3 n3 j

Combining them, the manipulator insertion parameter yields

1,
σv,t < εσ

 ∆evt
g,t+1
ξv,t =
(37)
∆vg,t , L − Lv,t < TL

 ∆evg,t+1
otherwise
∆vg,t ,

where γ3 is a discounted factor, n3 means how many steps to
look back, and σ v,t+1 is the estimated ratio of the next step. In
the above equation, the second part on the right hand computes
the difference between the current ratio and the expected ratio
of the next step according to the discounted previous ratio
differences. With it, we can plan the next insertion depth of
the object
)
}
{(
∥F ∥ −∥F
∥
∆e
vo,t+1 = min 1 − h,t 2 k f h,t−1 2 ∆vo,t , ∆vo,m , (33)

where TL indicates whether the object is close to its goal.
4) The object may occasionally be stuck during insertion,
which stops the object, i.e., σv,t < εσ with substantial vertical
force upon the object. In this case, the withdrawal operation
is needed with the indicator sv switching to zero. In the
withdrawal’s first process, the spring changes from compressed
to tensed resulting in σv,t < εσ until the spring’s tensile force is
accumulated enough to move the object and the manipulator’s
motion can be its maximum ∆vg,m . After the object moves,
the ratio is σv,t ≥ εσ and (34) is applied to generate the
manipulator’s motion until the switch condition is reached.
Therefore, the manipulator insertion parameter of the withdrawal controller is the same as the insertion controller. This
paper uses withdrawal and insertion strategy to deal with the
stuck problem. If it still fails after several trials, we consider
this insertion unreachable and withdraw the object completely.
Fig. 6 shows the block diagram of the proposed vertical insertion controller. With the measured force, the spring vertical
length is computed and then the switch mechanism checks if
the insertion/withdrawal state needs to alter. The horizontal
stiffness is then calculated and the horizontal compensation
is generated accordingly. To plan the vertical insertion, we
compute the insertion ratio, σv,t , and estimate the next ratio.
The gripper’s motion is obtained according to this expected
ratio, the previous insertion step, and the current contact force.
The terminal condition check indicates if the terminal state is
close, which determines whether the gripper’s motion when
close to its goal activates. The insertion parameter determination accepts all these results and chooses ξv,t according to
(37) and the value of sv . The sum of vertical insertion and
horizontal compensation is sent to move the plant.

∑ j=0 γ3

where ∆e
vo,t+1 is the expected object insertion for the next
step, k f scales the error between the current horizontal force
and the previous one, and ∆vo,m is the maximum expected
insertion of the object. In the above equation, the object’s next
insertion is expected based on the horizontal force change: if
the horizontal force becomes smaller, caused by the horizontal
compensation, it means the controller can handle with the
contact for the current insertion depth and the insertion has
potential to enlarge its depth with the increased magnitude
scaled with k f ; and otherwise, we need to slow the insertion
down and focus on the horizontal force compensation. The
minimum between this computed insertion and the object’s
maximum insertion step is chosen to keep the precision insertion under surveillance. Therefore, the manipulator’s insertion
is determined after limiting its magnitude
{
}
∆e
vo,t+1
∆e
vg,t+1 = min σ v,t+1
, ∆vg,m ,
(34)
where ∆vg,m is the maximum insertion of the manipulator and
∆e
vg,t+1 is its expected insertion for the next step.
3) The insertion may have two kinds of termination conditions: inserting the object to the bottom of the hole or a certain
place. For the first condition, the parameter ξv,t is the same as
the above process until the following inequalities hold
∥Lv,t − L ∥ < εL ,

σv,t < εσ ,

−Ft · iz − Fv,m > 0, (35)

where Lv,t = ∑tj=0 ∆xv, j · iz + Lv,t − L0 is the object’s insertion
length in vertical insertion and L is the desired insertion
length. The above three inequalities indicate the object reaching the bottom of the hole from the viewpoint of insertion
length, insertion ratio, and vertical force. For the second
termination condition, when the object is close to its goal,
an incremental PI controller is used to gradually approach to
the desired position without overshooting
{
}
∆e
vto,t+1 = min k p1 (Lv,t−1 − Lv,t ) + ki1 (L − Lv,t ) , ∆vo,m ,
(36)
where ∆e
vto,t+1 is the object’s expected insertion of next step
when close to its goal, and k p1 and ki1 are two PI parameters.
Resorting to (34), use ∆e
vto,t+1 to replace ∆e
vo,t+1 and obtain
the manipulator’s expected insertion when close to the desired
state ∆e
vtg,t+1 .

B. Planning for inclined insertion
In the same way, we can define the insertion/withdrawal
ratio for inclined insertion with the difference lying in the
Fh,des +
-

Fh,t

Horizontal
compensation

Δht+1
+
+

Vertical insertion Δv
t+1

Δxv,t+1 Assembly
Plant
Force sensor

Horizontal
kc,t,kt,t stiffness

sv Insert/withdraw switch
ξv,t
Δv~ g,t+1 Gripper motion
computation
Estimate
Insertion
next
ˉσv,t+1
parameter
insertion
determination
Close
to
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ratio
t
Δv~ g,t+1
gripper motion

Fig. 6.

Block diagram of the proposed vertical insertion controller.

projection onto the estimated inclination
{
(Lt −Lt−1 )·dt
1 + −∆a
, si = 1
∆ao,t
i,t ·dt
=
σi,t =
(Lt −Lt−1 )·dt
∆ag,t
1 − ∆aw,t ·dt , si = 0

Fr,des +
-

Axial insertion

Fr,t

Radial compensation

(38)

where ∆ao,t and ∆ag,t are the insertion depths of the object and
the manipulator, independently, for the current time step, and
σi,t represents the insertion/withdrawal ratio between object
and manipulator for inclined insertion, as shown in Fig. 5(b).
There are also four similar stages for inclined insertion. 1)
The first stage is the initial insertion process where the spring
is compressed and the object does not insert. The inclination
estimation has not yet started and the maximum insertion depth
is applied with ξi,t = 1. 2) After the object moves, the ratio
is σi,t ≥ εσ , and resorting to (32), the estimated ratio of the
next step σ i,t+1 is computed by replacing σv,t with σi,t . Since
the inclination needs to be estimated online, the next insertion
depth of the object leads to
(
)
∥F ∥ −∥F
∥
∆e
ao,t+1 = |1 − kd ∥dt − dt−1 ∥2 | 1 − r,t 2 k f r,t−1 2 ∆ao,t ,
(39)
where ∆e
ao,t+1 is the object’s computed insertion for the
next time step before limitation and kd scales the inclination
estimation error. In the above equation, the more the estimated
direction error between two consecutive time steps, the less the
object’s insertion depth. This expression contains the affection
of inclination error between the estimated and the real one
on the insertion confidence. Referring to the vertical insertion
planning, the manipulator’s expected insertion ∆e
ag,t+1 chooses
the minimum one between the manipulator’s maximum insertion ∆ag,m and the object’s insertion depth ∆e
ao,t+1 divided
by the next estimated insertion ratio σ i,t+1 after limiting by
the object’s maximum insertion ∆ao,m . Basically, the object’s
maximum insertion depth decrease as the hole inclines more,
and we choose ∆ao,m = ∆vo,m iz · dt , which varies with the
estimated inclination. That means the efficiency of inclined
insertion relates to the hole inclination.
3) The termination condition for inclined inserting the upper
object into the end of the hole is similar to the counterpart
in vertical insertion. The object’s insertion length for inclined
insertion is computed as Li,t = ∑tj=0 ∆xi, j · dt + Lt · dt − L0 .
Resorting to (36), using the corresponding parameters for
inclined insertion to substitute those of vertical insertion results
in the manipulator’s expected insertion when close to the
goal for inclined insertion ∆e
atg,t+1 . The manipulator insertion
parameter for inclined insertion yields

1,
σi,t < εσ

 ∆eat
g,t+1
ξi,t =
(40)
∆ag,t , L − Li,t < TL

 ∆eag,t+1
otherwise
∆ag,t .
4) When the object is stuck, e.g., σi,t < εσ and the axial force
surpasses its threshold, the withdrawal controller is activated,
and its planning is similar to vertical insertion.
Fig. 7 shows the block diagram of the proposed inclined
insertion controller. According to the contact force, the inclination is first estimated based on the object movement results.

kt,t Horizontal
stiffness
si
ξi,t
Δa~ g,t+1
Insertion
parameter
determination
t
Δa~ g,t+1
ˉLt+1

Δat+1
+
+

Δrt+1

Δxi,t+1 Assembly
Plant
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Gripper motion
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ˉσi,t+1

Estimate
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insertion
ratio
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gripper motion
Expected spring dt Inclination estimation
length vector

Fig. 7.

Block diagram of the proposed inclined insertion controller.

The insert/withdrawal switch module identifies whether the
switch between insertion and withdrawal is needed. If inserts,
the radial compensation is computed resorting to the expected
spring angle and length; and if in withdrawal, the horizontal
stiffness is obtained and the PI controller is applied for radial
compensation. The planning process of the axial insertion is
similar to that of the vertical insertion and the difference is the
consideration of object inclination. The sum of axial insertion
and radial compensation is sent to move the plant.
The insertion manipulators are driven by stepper motors,
and accordingly, it can be modeled as a one-order inertial
element and an integral element. With a PI controller, the
control system is thus stable with well-tuned parameters.
This paper mainly considers discrete insertion and assumes
that an appropriate time interval is given between two consecutive steps to ensure in each step the spring is static and
balanced. Due to the contact constraint, the peg is horizontally
limited in a small region by the hole. Therefore, it is reasonable to treat the contact at each time step as static, without
concerning the dynamic transient effect.
The features of the proposed strategy lie in two aspects. The
first is the estimation and prediction of the object insertion.
Since the upper object insertion does not naturally equal that
of the manipulator, owing to the addition of a coil spring,
it becomes necessary to estimate the current object insertion
and to predict the next ratio between the insertions of the
manipulator and the object. The second is the withdrawal
strategy. Utilizing the vertical compliance provided by the
spring, we can plan to withdraw the object when exceptional
situations appear and reinsert again after adjustment.
The paper in [21] also uses a coil spring and presents a hybrid method incorporating vision and force feedback. However,
it requires good properties of the spring, such as consistency
and strict parallelity of the peg and hole, and has no adaptation
to assembly posture. This paper deals with inclined insertion
with randomized postures, proposes withdrawal strategies to
handle exceptional situations, and presents efficient insertion
strategies considering the uncertainty introduced by adding a
spring, of which the paper in [21] is incapable.
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V.

TABLE I.

E XPERIMENTS

We test the proposed method on the precision assembly
platform, as shown in Fig. 8, which has three microscopes for
visual feedback, two force sensors to acquire contact states,
and six robot arms for multiple objects assembly. In this experiment, only two arms, two microscopes, and a force sensor
are used for verification. The upper arm is equipped with
three Suguar KWG06030-Gs, whose translational resolution is
±0.5µ m, and a two-DOF manual tilt adjustment Sigma KKD25C. The lower arm has a Micos ES-100 with movement errors
within 0.1µ m, and KGW06050-L, KGW06075-L, and SGSP40yaw for rotation. The horizontal microscopes are GC2450
with a resolution of 2448×2050 pixels and PointGrey 50S5MC whose resolution is 2448 × 2048 pixels. The maximum pixel
size is 3.45µ m. The force sensor is a Nano-43 whose resolution
is 1/128N. The upper object is a hollow cylindrical shaped
part and the lower object is also a hollow cylinder with 50µ m
thickness and 4mm length. The materials are aluminum and
copper and the interference between them lies in 0 ∼ 5µ m.
The spring is 8.5mm long and 2.5mm in diameter.
We calibrate the rotational matrix between the coordinates
of the force sensor and the upper robot arm using the least
square method. The upper manipulator is not strictly mounted
vertically, a little deviated from the vertical, which we treat as a
disturbance. By experimenting several times and averaging the
ratios between forces and the compressed lengths, the spring
coefficient k is obtained. In the same way, the proportional
factor M can also be calibrated by averaging the ratios between horizontal movements and horizontal force changes. The
proportional and integral parameters of all the incremental PI
controllers are set as 0.3 and 0.5, which are regulated with the
Ziegler-Nichols method, and the Butterworth method is applied
to filter the force sensor. The parameters used in experiments
are shown in Table I.
In the initialization of vertical insertion, the objects are
aligned as shown in Fig. 9(a), where the images from the
two horizontal microscopes are presented and the objects
are in slight contact. The proposed method is used with its
performance shown in Fig. 10. We compute the horizontal

A

PART OF PARAMETERS USED IN THIS PAPER .

M

∆vg,m

Fv,m

εσ

kd

γ2

γ1 , γ3

60mN/µ m

10 µ m

200mN

0.1

0.3

0.2

100mN

k

L

∆vwm

TL

kf

n2

n1 , n3

4mm

10µ m

1µ m

0.9

5

3

27.4mN/µ m

trajectories of the upper object from the horizontal forces.
Since the minimum movement of the electrical motors is 1µ m,
only when the accumulative error in an axis surpasses this minimum acceptable magnitude is the horizontal compensational
motion in this axis performed. Therefore, the overall horizontal
trajectories of the manipulator are ladder-like, as shown in
Fig. 10(b), and due to the deviation of the insertion axis, the
manipulator compensates in the x direction up to more than
100µ m and in the y direction less than 50µ m. The horizontal
motion ratio of the object and the manipulator lies in the range
of [0.0055, 0.1538], which manifests the compliance of adding
a spring in insertion. The object remains vertically unchanged
in the first ten steps when the spring’s force is accumulated
to break the balance. The contact forces are shown in the
last two subfigures. The horizontal forces are mostly within
±20mN and the negative vertical force denotes the spring is
in compression. The insertion step averages 9.2µ m, a little less
than the maximum limit.
To verify the control strategy for inclined insertion, the
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y
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(b)
Fig. 9. Initialized object states in horizontal cameras. a) Vertical insertion
initialization. b) Inclined insertion initialization.
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Fig. 10. The experiment results for vertical insertion. a) Object’s computed adjustments. b) Manipulator’s horizontal trajectories. c) Manipulator’s vertical
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Fig. 11. The experiment results for inclined insertion. a) Object’s computed adjustments. b) Manipulator’s horizontal trajectories. c) Manipulator’s vertical
trajectories. d) Horizontal forces. e) Vertical forces. f) Inclination estimation errors.

objects are randomly rotated to the deviated state of 3.44◦ and
3.63◦ from the vertical state in the horizontal microscopes, as
shown in Fig. 9(b), and they are in slight contact. Fig. 11 shows
the performance of the inclined insertion. For the first several
steps, the object is stuck due to the posture error between
the insertion and the object’s axes. During this process, the
inclination estimation error reduces and the manipulator starts
to move horizontally to compensate for the posture error. After
the vertical force surpasses Fv,m , the withdrawal strategy pulls

the manipulator back until the vertical force restores to the
desired range. The insertion continues and since the inclination
error is estimated within a substantial extent, the vertical
force no longer exceeds its maximum limit. The withdrawal is
reflected from the trajectory in the subfigure 11(c) and the
vertical force in the subfigure 11(e). As can be seen from
the experiment results, the withdrawal strategy helps to deal
with the exceptional situations where insertion is temporarily
unworkable. The estimation error approaches to almost zero

DIFFERENT INCLINATIONS .
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TABLE III.

H ORIZONTAL FORCES OF COMPARATIVE EXPERIMENTS IN
6 OBJECT PAIRINGS .
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Fig. 12. The contact forces in vertical insertion without using spring. a)
Horizontal forces. b) Vertical force.
Pairing ID
Our

Mean(mN)

1

2

3

4

5

6

11.0 11.2 10.9 11.4 10.6 10.8

method

standard deviation(mN)

The method

Mean(mN)

91.6 97.3 85.5 109.3 90.7 99.2

5.7

5.7

5.6

6.0

5.3

5.6

in [6]

standard deviation(mN)

42.2 43.8 40.1 44.7 41.5 44.4

after 150 steps. Compared with vertical insertion, the manipulator’s horizontal adjustments in inclined insertion are larger,
as shown in Fig. 11(b), including the radial compensation
for the object misalignment and the deviated insertion of the
upper manipulator, while the computed object’s movements are
not much different from the vertical insertion. The horizontal
displacement ratio of the object to the manipulator ranges
in [0.0085, 0.098], showing the compliance exists by using
a spring in inclined insertion. The average insertion step is
9.08µ m, almost the same as the vertical insertion.
We also implement experiments with various interference
fits and initial inclinations. Table II presents the results of
inclined insertions with different initial angles, and it shows
that the withdrawal activates when the inclination is large.
Table III presents the results of vertical insertions in six object
pairings with interference fits of 0 ∼ 5µ m. These show the
generality of the proposed method.
Comparative experiments without spring on the same objects
are also conducted. Inclined insertion is not included in this
comparison since the lack of compliance requires well object
alignment and the knowledge of object posture in advance
[9]. This also shows that with the spring compliance the
randomized inclination can be handled which is unavailable for
rigid insertion. In the comparative experiment, the controller
in [6] is employed with the insertion step fixed as 9µ m
and Fig. 12 shows the performance. Without compliance, the
contact forces are relatively large. The reason is that the
compensator activates only when the horizontal force surpasses
a large threshold because of the translational resolution. It
shows that the horizontal force of the proposed method with
a spring is about 11% that of the compared method without
spring and that the vertical force is reduced approximately
77%. More comparative experiments are carried out in six
object pairings and the results are listed in Table III. We also
implement comparative experiments using the method in [21]
and the results of vertical insertion are quite similar to ours.
It, however, can not be used to handle inclined insertion tasks.
These demonstrate the advantage of the proposed method.

VI.

C ONCLUSIONS

This paper considers the precision assembly where a coil
spring is added between the manipulator and the object, and
presents the corresponding strategies taking advantage of the
provided passive compliance of compression, transverse, and
bending. We first study the horizontal stiffness with a tensile
or compressed spring and then propose motion controllers
for both vertical insertion and inclined insertion. In case of
exceptional situations where insertion is unable to proceed,
we investigate withdrawal strategies from the viewpoint of
object protection. The insertion efficiency is improved by
investigating on insertion ratio expectation, contact force, and
inclination estimated error. Experiments are carried out and the
results demonstrate the validity of the proposed method.
This paper directly places a spring between the manipulator
and the object, without auxiliary designs. Later research will
consider how to design these sophisticated mechanisms to
make practical use of it.
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