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Joint Alignment and Simultaneous Insertion of
Multiple Objects in Precision Assembly
Dengpeng Xing , Fangfang Liu , and De Xu , Senior Member, IEEE

Abstract—This article investigates simultaneous precision assembly of multiple objects, which plays a significant
role in forming combined and complicated structures. Taking circular assembly as an example, we present a general
alignment and insertion strategy, considering the difficulties of joint alignment as well as complicated interaction. In
alignment, this article uses movable microscopic cameras
to realize a large view area required by the spatial alignment
and an optimization approach to achieve the even display
of multiple objects. In insertion, we propose a wriggling
insertion method to distinguish interaction forces, iteratively counting according to the relative movements of adjacent objects, and also an algorithm to plan the insertion:
the compensational motion regarding the mutual effects of
all objects and the toward-center motion based on radial
forces. Experiments are carried out to demonstrate the validation of the proposed method.
Index Terms—Joint alignment, precision assembly, simultaneous insertion.

I. INTRODUCTION
RECISION assembly attains worldwide attention in advanced manufacturing, due to its capability of achieving
high accuracy. It is different from the traditional assembly,
with characteristics of handling with small-sized objects, in
submillimeter to millimeter dimension, and reaching the accuracy of microns or submicrons [1]–[3]. This property demands
employment of microscopes for accurate visual alignment and
microforce sensors to display interaction forces precisely [4],
[5]. Many accomplishments in this field have been attained so
far.
Precision assembly consists of two phases: alignment and
insertion. In alignment, objects are moved by precise actuators
to the states where they are in the same posture, their axes are
coincident, and their end surfaces are slightly in contact or a
certain displacement away [6], [7]. In this process, a noncontact
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manner is necessary to direct object motion, where vision-based
methods are the most commonly used based on the image Jacobian matrix taking advantage of small pixel size of microscopes.
Various strategies are basically proposed for different shapes,
e.g., multiscale objects arrangement [8], aligning 16 holes of two
layers [9], etc. The usage of microscopic cameras also needs to
consider the constraints of small view field and view depth, and
then relating techniques are demanded [10]. Alignment accuracy
can be generally guaranteed, but due to the constraint of view
field and view depth, the spatial joint alignment for multiple
objects viewed by multiple microscopes still needs to be further
investigated.
After alignment precision is reached, the insertion process
begins, with an aim of inserting one object or a part of it into
another [11]. In this process, due to image occlusion, visual
feedback degenerates to an auxiliary role, and force-based methods are usually employed to distinguish the contact state so as
to facilitate motion planning. The insertion controller basically
needs to limit contact forces and to deal with uncertainties, such
as alignment errors, object flaws, and modeling errors [12].
Besides, many controllers are proposed for diverse situations.
To handle disturbances, inclined insertion is studied in [13] and
a hybrid coordination strategy is presented to compensate for
the mismatch between inclined posture and insertion direction.
To improve efficiency, a strategy is addressed [14] to choose
an action by stochastically modeling the insertion as an uncertain transition process. To enhance assembly compliance,
passive mechanisms are designed to protect small objects and
compensate for the misalignment while adapting to various objects [15], [16]. Learning algorithms are also applied to improve
assembly intelligence [17], [18]. Most works focus on the two
parts assembly or sequential assembly of multiple objects [19].
However, simultaneous insertion of multiple objects is still an
open problem as it has to deal with some difficulties that are not
concerned in the two parts assembly.
One core insertion problem is the contact status perceiving,
based on which the insertion is planned. The common researches
in precision assembly involves one contact surface and then the
interaction force can be directly measured by a force sensor,
visual-based methods [20], or a specially designed manipulator [21]. Simultaneous assembly is different, which incorporates
multiple contact surfaces and needs to analyze or distinguish the
contact status since a force sensor displays the resultant force
on an object. Another distinction between these two assemblies
lies in motion planning. The motion of the two parts assembly is
a relative one whose compensation and insertion planning can
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Fig. 2. Objects considered in this article, setting n = 4. (a) Single
object. (b) Assembled objects.

Fig. 1. Platform configuration, where the black stands for manipulators, the red is force sensors, the blue stands for cameras and their
mechanisms, and the purple represents objects.

only rely on contact forces. However, the simultaneous assembly
involves multiple relative motion that means the insertion of an
object needs to consider the states of all contact surfaces not
just the interaction forces upon it. The control method for simultaneous assembly of multiple components is rarely reported
up to now. Meanwhile, the simultaneous assembly is an important topic as it can achieve some combined and complicated
structures that cannot be fulfilled by the two parts assembly.
This article investigates a simultaneous assembly strategy of
n objects that are desired to be inserted into each other. In
alignment, we study the spatial joint alignment using movable
microscopic cameras and resorting to an optimization method.
In insertion, an accumulative approach is proposed to estimate
interaction forces and an insertion planning method is addressed
based on the contact considering all objects as a whole. We test
the proposed method with experiments on a precision assembly
platform.
The main contribution of this article is the strategy for simultaneous assembly of multiple objects. Specifically in details it
includes the following.
1) This article presents a spatial joint alignment method
of multiple objects, in which spatial arrangement and
optimization are employed, using movable cameras.
2) An accumulative approach with wriggling insertion is
proposed to distinguish interaction forces, which are not
directly measurable.
3) We also discuss an insertion strategy of n objects in which
the compensational motion is optimized to reduce all
radial interaction forces.
II. SYSTEM CONFIGURATION
This article considers the simultaneous assembly of n > 2
objects, and Fig. 1 shows the system configuration to realize
it. In this basic setup, n manipulators are used to hold the
objects and to move with three translational degrees of freedom
(DOFs) and three rotational DOFs. To reasonably arrange the
operational space, it is better to place manipulators in a circle.

Each manipulator is equipped with a force sensor to display
the resultant force on the corresponding object. Owing to the
symmetrical setting, one force sensor can be taken off since
the force sum of all objects equals zero and one manipulator
can also be replaced by an unmoved holder as all movements
are relative. In order to clearly observe and align objects,
three optical microscopic cameras are used at the front, the
side, and the top of the working space, which are represented
by the indexes of “f, s, and t.” Each camera locates on a
mechanism with three translational DOFs to expand the view
area.
The coordinates of the system are established as: {Oi } for the
coordinates on the manipulator, where i = 1, . . . , n, {OF i } for
the coordinates on force sensors, {Oj } for the coordinates on
microscopes, where j = f, s, t, and {Ocj } for the coordinates
on the mechanisms that are used to move cameras.
The objects considered in this article are n equal partition
of a cylinder or a convex prism and Fig. 2 shows an example
with n = 4. Each object has a peg and a hole structures on the
middle of its two sides and the structures are perpendicular to
the sides on which they locate. To facilitate later expression,
each peg is on the right-hand side of the object and the hole is
on the left-hand side. Those pegs and holes are of the same size
and each pair to be assembled is in clearance fit. Each angle
between the planes on which the peg and the hole of an object
locate is 2π
n . The assembly task is to insert all n objects into
each other and to form a cylinder or a prism in the end, i.e.,
inserting the peg of the object i−1 into the hole of the object i.
This is a typical simultaneous assembly: aligning all of them in
the assembly space and inserting all in one procedure.
III. OBJECT ALIGNMENT
As stated earlier, there are total 2n + 6 coordinates in the
system and the first task is to find the relationship among them.
We use the image Jacobian matrix j J i to express the mapping
from the movement of the manipulator i to the image change
in the camera j, and J r i to express the relationship between
the rotation of the manipulator i and the angle increments in all
cameras. Since cameras also move during alignment, the effect
of camera’s movements on object alignment is not negligible and
we use j J cj to stand for the relationship between the Cartesian
movement of cameras and the image change. With the image
Jacobian matrix and the camera intrinsic parameters, we can
acquire the rotational matrix j Ri from the manipulator i to
the camera j. With these matrices, the relationship between the
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Fig. 3. Alignment illustration with n = 6. (a) In a horizontal camera’s
view. (b) Viewed by the top camera.

coordinates of the top camera and one horizontal camera (e.g.,
the front one) yields
f

Rt =

f

Ri R−1
i
t

where [Δαi , Δβi , Δγi ]T is the rotational increment of the object
i, K p1 , K i1 ∈ R3×3 are the proportional and integral parameter
matrices, θf i and θsi are the current detected angles in the
horizontal cameras, and k is the discrete step. This controller
activates until posture errors are small enough.
The second alignment step concerns the objects’ distances
to the view plane of the top camera. Since position adjustment relates with moving cameras, to align objects in different
view planes, we mark the height of the first object and align
the others with this marked value in each new view. Label
uf m = [uf m , vf m ]T as the pixel location of the first object’s
top surface in the front view and then move the front camera to
clearly view another object. Due to the camera movement, this
marked pixel location changes to
i

uf m i v f m

(1)

where f Rt is the rotational matrix mapping from the top camera‘s coordinates to the front camera’s coordinates.
The alignment process includes the mating of posture and
position. Considering the multiple objects setting, we sequently
align postures first and then positions; align in horizontal views
first and then vertical. Concerning the limitation of the small
view depth and the characteristics of multiple spatial alignments,
we need to move cameras to focus on regions of interest, which
means different view planes for different objects. Fig. 3(a) shows
the scenario of camera movements in order to clearly observe
the next object.
The first alignment step is to adjust objects to vertical states in
{Ot }, with which the desired posture in the front camera results
in
w f d = f Rt w

(2)

where wf d is the desired direction measured in the front camera’s coordinates and w = [0, 0, 1]T . The projection of this
direction onto the view plane yields
wpf d = w × wf d × w

(3)

wpf d

is the desired posture on the view plane and “×” is
where
the cross product. The corresponding angle results in


(4)
θf d = arccos wpf d · u
wpf d ,

where θf d is the desired angle corresponding to
u=
[1, 0, 0]T , and “·” is the dot product. Referring to the aforementioned three equations, the desired angle viewed in the side
camera θsd can also be computed. An incremental PI controller
is used to gradually adjust the objects’ postures
⎤
⎤
⎡
⎡
Δθf i (k)
Δαi (k)
−1
⎣ Δβi (k) ⎦ = J r i K p1 ⎣ Δθsi (k) ⎦
Δγi (k)
0
⎤
⎡
θf i (k) − θf d
⎣ θsi (k) − θsd ⎦
+ J r −1
(5)
i K i1
0

T

=



T

uf m v f m

+ f J cf Δi xcf Δi ycf Δi zcf

T

(6)

where i uf m = [i uf m , i vf m ]T is the marked pixel location in
the new view plane to observe the object i and Δi xcf =
[Δi xcf , Δi ycf , Δi zcf ]T is the camera’s accumulated movement. The desired location for the new objects’ top surface in
the front view is on the line that passes the position i uf m and is
perpendicular to wpf d , which leads to
⎤ ⎛⎡ i
⎤
⎤
⎞
⎡
uf m − uf i
uf i
uf id
⎣ vf id ⎦ = ⎝⎣ i vf m − vf i ⎦ · wp ⎠ wp + ⎣ vf i ⎦
fd
fd
0
0
0
⎡

(7)

where uf i = [uf i , vf i ]T is the current pixel location in the front
view and uf id = [uf id , vf id ]T is the desired pixel location for
the object i. The same method can be applied to obtain the
parameters in the side view: usi for the current pixel location
and usid for the desired. A similar incremental PI controller is
used to approximate the desired position
⎡

⎤
 f † 


Δxi (k)
Δuf i (k)
⎣ Δyi (k) ⎦ = s J i
K p2
Δusi (k)
Ji
Δzi (k)


uf i (k) − uf id
+ K i2
usi (k) − usid

(8)

where [Δxi , Δyi , Δzi ]T is the relative motion of the manipulator, K p2 , K i2 ∈ R4×4 are the proportional and integral parameter matrices, and “†” means pseudoinverse. This position
alignment repeats until the desired position is reached.
After alignment in horizontal views, all objects are perpendicular to the view plane of the top camera and the next two
alignment steps start for horizontal display and rotation. The
desired state is shown in Fig. 3(b), where multiple objects are
evenly distributed and each peg is aligned with its corresponding
hole. To improve alignment efficiency, we need to consider all
objects as a whole in planning rather than to adjust individually
and present an optimization approach for horizontal display and
rotation.
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In the view plane of the top camera, the edge lines of objects
are extracted, which are represented as

Lil : ail u + bil v + cil = 0
(9)
Lir : air u + bir v + cir = 0
where Lil and Lir represent the left and the right side lines
obtained from image features and a, b, and c are the parameters
satisfying a2 + b2 = 1. The intersection of these two side lines
is the vertex location pi
⎡
−1   ⎤
ail bil
cil
pi = − ⎣ air bir
(10)
cir ⎦ .
0
Since n > 2, these two side lines are not parallel and the point
pi exists. Label dil = [−bil , ail , 0]T and dir = [−bir , air , 0]T
as the directions of both sides. The sign of a and b needs to
be determined since these two directions need to point outward
other than to the center of all objects. For any feature point
[uil , vil , 0]T on the left side line, it satisfies


T
uil vil 0 − pi · dil ≥ 0
(11)
and using this constraint, the sign of a and b is obtained.
For object yaw adjustment, the direction of angle bisector is
used as an alignment parameter to ensure that these directions
are evenly distributed in the desired posture. The angle bisector
direction di is computed as
(dir − dil ) × w
.
di =
dir − dil 2

(12)

For any initial setting, the horizontal alignment relates with
the states of all objects, which need to be treated as a whole.
Label φid as the desired yaw adjustment of the object i and the
optimization function is listed as
min

n


φid 

i=1


n 


2π 


s.t.
Rot (φid ) di · Rot (φi−1 d ) di−1 − cos n  < θ
i=1

(13)
where Rot(·) is the rotational matrix around w and θ is an angle
error threshold under which the rotation adjustment satisfies
the angle constraint of even distribution. The aforementioned
optimization objective is to minimize the sum of angle adjustments of all objects, subjected to the requirement that each
angle between adjacent directions of angle bisector is the same.
SNOPT [22] is a general purpose system for constrained optimization, using sequential quadratic programming, and we use it
as the optimization tool to acquire all objects’ yaw adjustments.
With optimized φid , a similar controller to (5) can be used for
posture alignment.
The last alignment step is to consider horizontal position
display. As shown in Fig. 3(b), the desired alignment state is
that each object is evenly distributed with the distance between
neighbors labeled as l. That means each vertex pi locates on a
circle and its direction of angle bisector di is perpendicular to
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the circle. The circle radius yields
r=

l
2 sin nπ

(14)

where r is the radius of the circle which the vertices are desired
to form. Since the objects’ postures are already aligned, the
positional adjustment aims to move the vertices to the circle and
to ensure that each direction of angle bisector passes through the
circle center, which also means di is perpendicular to the circle.
Label pid as the desired vertex position of the object i and the
optimization function for positional alignment is listed as
min

n


pid − pi 2

i=1



n 
n



pid


− r · d i  < r
s.t.
pid −


n
i=1

i=1

(15)

2

where r is a threshold
 for position alignment. In the aforementioned function, ni=1 pnid represents the circle center for
every set of pid , the inequality constrains to distribute evenly
relative to the circle center, and the objective means the minimum
movements of all objects. With the aforementioned optimization
method, the optimal pid is obtained and a PI controller can be
used for position alignment. The joint alignment ends after the
positional precision is satisfied.
IV. INTERACTION FORCE ACQUISITION
The insertion process starts after the alignment finishes. Since
one object interacts with two adjacent counterparts and the
compensation target is to eliminate or reduce radial forces on
objects, each interaction force needs to be distinguished to
facilitate compensation.
The interaction force upon adjacent objects is implicitly measured by two force sensors and we need to relate them first. Label
i
Rf i as the rotational matrix mapping from the coordinates
of the force sensor i to those of the manipulator on which it
locates. The relationship between the coordinates of adjacent
force sensors yields
−1 j i

f i+1
Rf i = j Ri+1 i+1 Rf i+1
Ri Rf i
(16)
where f i+1 Rf i transforms from the coordinates of the force
sensor i to i + 1.
Based on the assembly peculiarity, each force sensor measures
the resultant force that is exerted from adjacent objects
f i (k) = f i−1,i (k) + f i+1,i (k)

(17)

where f i is the resultant force upon the object i, f i−1,i is the
force on the object i from i − 1, and k is the simultaneous
insertion step. We can extend (17) to n equations for n objects.
According to Newton’s third law, the sum of all these resultant
forces relative to the same coordinates is zero
n

f1
Rf i f i (k) = 0.
(18)
i=1

The interaction force on adjacent objects has a relationship
f i−1,i (k) + f i Rf i−1 f i,i−1 (k) = 0.

(19)
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subprocess of each new wriggling circle, the object i moves
and the variation of f i−1,i equals the negative variation of f i−1
after transforming into the coordinates of the force sensor i. The
middle row derives from the unchanged positions of the objects
i − 1 and i. The third step of each wriggling circle only moves
the object i − 1 and the variation of f i−1,i equals that of f i ,
which is shown in the last row. In the same way, the other two
interaction forces result in
f i,i+1 (κ)
⎧
f i+1 (κ) − f i+1 (κ − 1)
κ mod 3 = 0
⎪
⎪
⎪
⎪
⎨ +f i,i+1 (κ − 1),
= f i+1 Rf i [−f i (κ) + f i (κ − 1)] κ mod 3 = 1
⎪
⎪
+f i,i+1 (κ − 1),
⎪
⎪
⎩
otherwise
f i,i+1 (κ − 1),
Fig. 4. Graphical illustration of distinguishing interaction forces in a
wriggling circle. (a) State before a new wriggling. (b) κ mode 3 = 0.
(c) κ mode 3 = 1. (d) κ mode 3 = 2.

Combining the aforementioned two equations and the n interaction force equations yields a set of linearly dependent equations
and this makes it difficult to obtain interaction forces directly
from force sensors. We propose an approach of alternate insertion, which regularly moves objects in sequence, and determine
interaction forces according to the movement state of objects.
Instead of moving objects at exactly the same time, in obtaining interaction forces, each discrete insertion step consists
of three subprocesses, in which a part of objects are inserted
while the others stay still. An index κ is used to represent the
subprocess step, which counts three times as fast as the insertion
step. We name the three subprocesses as a wriggling circle. For
a clear explanation, at one subprocess, we move the objects
. . . , i − 3, i, i + 3, . . . and keep the others still. The interaction
force on the object i + 1 from i + 2 is unchanged, and as a result,
the variation of resultant force on the object i + 1 equals that of
the interaction force on the object i + 1 from i, i.e.,
Δf i+1 (κ) = Δf i,i+1 (κ) .

(20)

This equality holds true for the object i − 1. Therefore, the
interaction force can be determined by counting variations at
each subprocess, as illustrated in Fig. 4.
We can insert objects in a way that every object moves once
in a wriggling circle. For example, move the objects i, i + 1,
and i + 2 in sequence in every subprocess step, and the iteration
equations to acquire the interaction force between the objects
i − 1 and i lead to
f i−1,i (κ)
⎧ fi
Rf i−1 [−f i−1 (κ) + f i−1 (κ − 1)]
⎪
⎪
⎨
κ mod 3 = 0
+f i−1,i (κ − 1),
=
f i−1,i (κ − 1),
κ mod 3 = 1
⎪
⎪
⎩
f i (κ) − f i (κ − 1) + f i−1,i (κ − 1), otherwise.
(21)
This interaction force is iteratively computed based on the state
in a wriggling circle. The first row means that at the first

(22)

f i+1,i+2 (κ)
⎧
f i+1,i+2 (κ − 1),
κ mod 3 = 0
⎪
⎪
⎪
⎪
f
(κ)
−
f
(κ
−
1)
⎨ i+2
i+2
κ mod 3 = 1
= +f i+1,i+2 (κ − 1),
⎪
f i+2
⎪
R
[f
(κ
−
1)
−
f
(κ)]
⎪
f i+1 i+1
i+1
⎪
⎩
otherwise.
+f i+1,i+2 (κ − 1),
(23)
The aforementioned three equations show that horizontal forces
can be distinguished with wriggling insertion. At the initial
insertion state, the pegs and the holes are aligned without
contact, and all forces are zero, i.e., f i−1,i (0) = f i,i+1 (0) =
f i+1,i+2 (0) = 0. With this initial value and the aforementioned
iterative calculation, exact interaction forces are obtained.
The aforementioned method uses numerical integration to estimate interaction forces and inevitably introduces accumulated
errors due to measurement noise, e.g., zero drift. The influence
increases as the insertion time becomes longer and the object
number increases.
V. INSERTION CONTROL
Simultaneous insertion begins after attaining interaction
forces. The insertion is separated into two parts: the compensational motion to decrease radial contacts and the toward-center
motion to reach the target. This can be expressed as
xi (k) = ci (k) + mi (k)

(24)

where xi is the motion of the object i, ci means the compensational motion, and mi represents the toward-center motion.
Compensational motion aims at eliminating or decreasing
radial interaction forces so as to protect objects and its planning
needs to consider all objects as a whole other than individual
handling. That is because one object is subjected to two interaction forces and that means there are two relative movements
to be considered for one compensational motion. Since the
two adjacent pegs are usually not perpendicular (only happens
when n = 4), the compensation planning only focusing on an
individual object cannot meet the requirement of eliminating or
decreasing two interaction forces. To solve it, we obtain each
object’s motion resorting to an optimization approach.
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The peg axis of the objects i is represented as
hi = dil × w

(25)

where hi is the axis direction of the peg i expressed in the
coordinates of the top camera. Projecting the interaction force
onto the plane that is perpendicular to the peg axis yields
f r i−1,i (k) = hi−1 × t Ri i Rf i f i−1,i (k) × hi−1

(26)

where f r i−1,i is the radial interaction force between the objects
i and i − 1 expressed in the coordinates of the top camera.
For solid materials in the scale of microns, elastic deformation
linearly relates with exerted force, with which we can approximately model the expected radial force after compensation
f r i−1,i (k) = f r i−1,i (k − 1) − Mi (k − 1) hi−1
× [ci (k) − ci−1 (k)] × hi−1

(27)

where Mi is a time-variant parameter related with material and
insertion depth and f r is the expected remained radial force after
compensation. This equation computes the radial force change
according to the radial component of the relative movement
between two adjacent objects.
The compensational motion of adjacent objects affects their
interaction forces and as a result, we need to plan motion of
all objects at the same time. With given interaction forces,
appropriate compensational motion is selected satisfying
[c1 (k), . . . , cn (k)]T =

arg min

n


c1 (k),...,cn (k) i=1

f r i−1,i (k)2

+ γ1 ci (k)2
+ γ2 f r i−1,i (k) − f r i,i+1 (k)2
(28)
where γ1 and γ2 are weight parameters. The aforementioned
equation means the appropriate compensational motion should
render the minimum sum of the expected remained radial forces,
the object movement magnitudes, and the expected radial forces
still upon an object. The part of the expected remained radial
forces is to lower the average radial force; the addition of the object movement magnitudes intends to avoid big compensational
motion, which is necessary when handling multiple objects; and
the role of considering the expected radial forces still upon an
object is to prevent the case in which the averaged radial force
is small, whereas a few forces are still large. The weights γ1 and
γ2 scale those effects. The initial values for this optimization are
set to
f r i−1,i (k − 1) − f r i,i+1 (k − 1)
ci0 (k) =
Mi (k − 1)

(29)

where ci0 (k) is the initial value computed from the resultant
radial forces to be compensated for.
As stated earlier, Mi is not constant, changing as inserting,
because the contact state varies during insertion and each pair of
pegs and holes may be different. Therefore, we need to update
this parameter according to the compensational execution in
order to predict more reasonable expected radial force results.
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A gradual approximating method is used to update its value
 k1
γ k−τ M i (k − τ )
Mi (k) = γ3 Mi (k − 1) + (1 − γ3 ) τ =04k1
k−τ
τ =0 γ4
(30)
where γ3 and γ4 are weight parameters, k1 means how many
previous steps to count in, and M i is the parameter determined
by the real radial force change with respect to the compensational
motion, i.e.,
M i (k) =

f r i−1,i (k) − f r i−1,i (k − 1) 2
.
hi−1 × [ci (k) − ci−1 (k)] × hi−1 2

(31)

Its initial value is chosen as the object’s stiffness.
The toward-center motion intends to insert all objects toward
the center and its aim is to insert all pegs into holes to form
a complete structure in the end. For efficient insertion and
consideration of object protection, the planning of this motion
is based on radial forces: the insertion step grows as radial
forces decrease. We use the following equation to facilitate state
judgment of the current radial forces
(1 − γ5 ) 
f r i−1,i (k)2
i=1,...,n
n
i=1
(32)
where γ5 means how much the regulation depends on the maximum radial force other than the average one and δ evaluates the
current radial state. Adding the maximum item in the aforementioned equation is to consider the case where the averaged radial
force is small, whereas a part is large. The magnitude of each
insertion is determined by




δ(k)
− Tn m(k − 1), mm
m(k) = min 1 −
(33)
δm
n

δ(k) = γ5 max f r i−1,i (k)2 +

where m(k) is the current insertion step of all objects, δm is
the maximum allowed radial force, Tn is a parameter above
which the insertion step decreases, and mm is the maximum
insertion step. In this equation, if the radial force is lower
than δm Tn , the insertion step increases with a percentage of
the previous magnitude and decreases otherwise. The insertion
step is constrained by its maximum value. The insertion motion
yields
mi (k) = −m(k)di .
The inserted lengths of pegs into holes are computed


k





[xi (k − 1) − xi (k)] × dir 
Li−1,i (k) = dir ×


τ =0

(34)

(35)
2

where Li−1,i is the inserted length of the peg i − 1 into the hole
i. The terminal condition for simultaneous insertion relates with
radial forces and the inserted lengths
max {f r i−1,i (k)2 } ≥ Tf r ,

i=1,...,n

max {Li−1,i (k)} ≥ Lm

i=1,...,n

(36)
where Tf r is the allowed maximum radial force and Lm is the
allowed maximum insertion length.
Fig. 5(a) presents the insertion structure of simultaneous
assembly. The compensational motion is optimized in order to
decrease radial interaction forces and the toward-center motion
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Insertion of simultaneous assembly. (a) Whole insertion structure. (b) Process of obtaining the interaction force f i−1,i (k) with κ mod 3 = 0.

is planned after evaluating the current state δ. The object insertion increment is the sum of these two types motion, and the
inserted length is acquired accordingly. The insertion condition
is then checked to determine if the insertion is finished, and if
not, the wriggling circle motion is executed so as to facilitate
the interaction force acquisition. According to the current radial forces and the insertion motion of the previous step, the
parameter Mi is updated.
Fig. 5(b) shows the process to obtain the interaction force
f i−1,i by applying the wriggling insertion method, where the
insertion movements xi , xi+1 , and xi+2 are planned together
but executed sequently. For the subprocess step κ, where κ mod
3 = 0, the object i moves and the force on the sensor i − 1
is measured. According to (21), the variation of f i−1,i equals
the negative variation of f i−1 after multiplying the rotational
matrix. In the next subprocess, the object i + 1 inserts and the
interaction force f i−1,i has no change. In the last subprocess,
the object i + 2 moves and the force on the sensor i is measured.
The force f i−1,i is computed whose variation is the same as f i .
The interaction forces f i,i+1 and f i+1,i+2 can be updated using
the same method.
Although the method in this article is proposed for circular
assembly, it can also be applied to other cases. The alignment
approach is suitable for the situations where multiple objects
are arranged via observations of microscopes but difficulties
arise due to occlusion. The interaction force acquisition method
helps to distinguish the relative forces that are hardly obtained
directly from force sensors. The simultaneous insertion strategy
is useful when considering how to determine adequate motion
for multiple objects.
Oscillation may exist in radial adjustment since optimization
is employed to compute the radial compensation considering the
whole insertion task. However, this oscillation does not affect
the insertion much as long as it is constrained in a small range.
For a not-too-large radial force, according to (32) and (33), the
toward-center movement is still planned. This shows that the
convergence of the insertion controller is fine and no withdrawal
occurs.
The limitations of the proposed method include: first, it has
accumulated errors in acquiring interaction forces since the numerical integration is used and this puts a constraint on insertion

Fig. 6. Assembly platform, a close view of the assembly, and the
objects. 1–3 are the front, side, and top microscopes and 4–6 are three
manipulators.

time and object number. Second, no torque is acquired in each
peg-in-hole and it leads to the fact that no posture adjustment is
given. This demands that the objects, especially pegs and holes,
are well manufactured.
VI. EXPERIMENTS
The proposed method is tested on the precision assembly
platform, as shown in Fig. 6. To accommodate the task discussed
in this article, on the platform, we use three microscopes to
facilitate object alignment, three manipulators to move objects,
and two force sensors to obtain contact states. The manipulators
5 and 6 are equipped with three Suguar KWG06030-G, whose
translational resolution is ±0.5 μm, and a two-DOF tilt adjustment Sigma KKD-25C. The manipulator 4 has a Micos ES100 with movement errors within 0.1 μm, and KGW06050-L,
KGW06075-L, and SGSP-40yaw for rotation. The front and the
top cameras are GC2450 with resolution of 2448 × 2050 pixels
and the side camera is PointGrey 50S5M-C whose resolution is
2448 × 2048 pixels. The maximum pixel size is 3.45 μm. The
force sensors are Nano-43 with resolution of 1/128 N, which
can be further improved with filtering. The equipment of the
two force sensors indicates the maximum object number that
can be handled with explicit interaction force computation is
three. Therefore, this article experiments simultaneous assembly
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Fig. 7. Objects’ postures in alignment, where the upper subfigures are the initial states and the lower are the aligned states. (a) Object 1.
(b) Object 2. (c) Object 3. For each object, the left, the middle, and the right columns are the views from the front, the side, and the top cameras,
individually.

Fig. 9. Aligned state viewed in the front, the side, and the top cameras
sequently.
TABLE I
PARAMETERS USED IN EXPERIMENTS

Fig. 8. Alignment trajectory examples in each alignment subprocess.
(a) Posture alignment trajectory of object 1. (b) Position alignment error
of object 2. (c) Yaw alignment error of object 1. (d) Array alignment error
of object 2.

of three objects, which are of the same size evenly separating a
3-mm diameter and 4-mm length cylinder. Their pegs locate
in the middle of the side planes, with 10−0.002 mm diameter
and 0.6 mm length. The holes are of 10+0.003 mm diameter.
It means that the clearance between objects is within 0 ∼ 5 μm.
The objects are made of aluminum.
Object alignment is first carried out and the proportional and
integral parameters of all the incremental PI controllers are set
to 0.3 and 0.5, which are regulated with the Ziegler–Nichols
method. The objects are randomly initialized, as shown in the
upper subfigures of Fig. 7. According to the alignment process
mentioned in this article, we first align all objects’ postures to
be parallel with the optical axis of the top camera, adjust the
positions of the objects 2 and 3 to be the same height as the
object 1 in the coordinates of the front camera, rotate all objects
for array angle arrangement, and then move the manipulators
5 and 6 to keep a predetermined distance between each object.
For each subprocess, alignment examples are shown in Fig. 8. In
the posture alignment subprocess, the posture trajectories of the
object 1 in the horizontal views are shown in Fig. 8(a) with the
desired posture being the optical axis of the top camera. After
the objects are adjusted to be vertical in {Ot }, their heights are

concerned to make sure the distances of each object relative to
the top camera are the same. A height adjustment example of
the object 2 is shown in Fig. 8(b) where the object’s top center
gradually moves to its desired location. The next subprocess
focuses on the yaw adjustment and the optimization in (13) is
applied to obtain the desired posture based on the initialized yaw
angles of each object. The manipulator 4 gradually rotates to
reach the goal, as shown in Fig. 8(c). After these three steps, the
objects are adjusted in states, as shown in the lower subfigures of
Fig. 7. In the end, after determining positions in the top camera
(needs to move the top camera and records the coordinates if
the three objects are initialized far away), the objects gather
around, with the desired positions optimized using (15). Fig. 8(d)
presents the approaching trajectory of the object 2. After the
aforementioned alignment, in the horizontal views, the objects
block each other and in the top view, they are evenly displayed
around a circle, as shown in Fig. 9. During this stage, we
obtain the pegs’ directions are h1 = [−0.9999, −0.0152, 0]T ,
h2 = [0.5041, −0.8636, 0]T , and h3 = [0.4897, 0.8719, 0]T .
With the well-aligned objects, the simultaneous insertion
starts. The insertion parameters used in experiments are shown
in Table I and the Butterworth method is applied to filter force
sensors. The initial setting of the parameter Mi is 60 mN/μm
and the initial toward-center step is m(1) = 5 μm. The proposed
method is applied to plan the insertion and the experimental
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Fig. 10. Simultaneous insertion results. (a) Toward-center motion increment. (b) Toward-center motion trajectory. (c) Forces measured from the
force sensor 2. (d) Forces measured from the force sensor 3. (e) Interaction force f 1,2 . (f) Interaction force f 2,3 . (g) Interaction force f 3,1 . (h) Radial
interaction force f r 1,2 . (i) Radial interaction force f r 2,3 . (j) Radial interaction force f r 3,1 .

results are shown in Fig. 10. Fig. 10(a) presents the insertion
increment step, whose change relates with the current radial
interaction forces according to (32) and (33). As can be seen
from this subfigure, the insertion increment step increases to
its maximum after start, maintains for several steps, and then
gradually decreases until the insertion is done. Fig. 10(b) shows
the object insertion trajectory and the insertion terminates until
the predetermined insertion depth between adjacent objects is
reached. During insertion, the forces measured from the two
force sensors are exhibited in Fig. 10(c) and (d), where the
force magnitudes maintain within 0.8 N. These forces change in
several reasons, which are as follows:
1) the errors of object manufacturing, calibration, and alignment;
2) the compensational motion of each object with an aim to
reduce radial forces;
3) the wriggling insertion where the objects 2 and 3 insert
sequently.
Due to the reason that in a wriggling cycle, there are two
peg insertions and two measurements from force sensors are
needed, the horizontal axis lengths of these two subfigures are
twice those of the other subfigures. After obtaining resultant
forces on each object, we apply the proposed method to compute
interaction forces, which are demonstrated in Fig. 10(e)–(g),
and then compute radial contact forces, shown in the last subfigures in Fig. 10. As can be seen, the radial contact forces
are limited within a small range, which verifies the feasibility
of the compensation. The experimental results show that the
proposed alignment method is practical for fine alignment of
multiple objects and the insertion strategy works to assemble
these multiple objects together while maintaining low radial
interaction forces.
We also implement comparative experiments employing the
the method in [9]. In conventional methods, the interaction
forces between each object are hardly distinguished, referring to
(18), and therefore, in comparative experiments, only resultant

Fig. 11. Comparative experiment results. (a) Forces measured from
the force sensor 2. (b) Forces measured from the force sensor 3.

forces on an object are measurable. That means no radial interaction force feedback of each peg-in-hole insertion is available and
correspondingly an open-loop strategy is applied. Considering it,
the objects are inserted simultaneously with the insertion step set
to 6 μm. The initial condition and the expected inserted length
are the same as previous. Fig. 11 shows the forces measured
from two sensors in the comparative experiments. As inserting
deeper, the resultant forces on each object consistently grow
larger. The whole process lasts 58 steps and the largest forces
of f 2 and f 3 reach about 11.5 N. Compared with this result,
our method has better performance, as shown in Fig. 10(c) and
(d), presenting much less forces on each object. The reasons
include that our method employs a wriggling insertion method
to distinguish interaction forces and plans compensation using
an optimization approach viewing all objects as a whole.
VII. CONCLUSION
This article presented a strategy to concern simultaneous assembly of multiple objects. To reach this goal, we first presented
the procedure of aligning multiple objects, in which the difficulties in joint alignment were solved using movable cameras to
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enlarge view planes and optimization approaches to find the desired state for fine array arrangement. Another difficulty comes
from the acquisition of interaction forces since force sensors
only provides resultant forces locating on objects. To solve it,
we proposed a wriggling insertion method to sequently move a
group of objects in a wriggling circle and to compute interaction
forces accumulatively. The insertion motion was planned as
a sum of the toward-center motion and the compensational
motion: the variation of the toward-center step depends on radial
contact forces and the compensation was calculated resorting to
optimization viewing all objects as a whole. Experiments were
implemented to validate the proposed method.
REFERENCES
[1] H. V. Brussel et al., “Assembly of microsystems,” CIRP Ann.—Manuf.
Technol., vol. 49, no. 2, pp. 451–472, 2000.
[2] F. Li et al., “Realization of an automated microassembly task involving micro adhesive bonding,” Int. J. Autom. Comput., vol. 10, no. 6,
pp. 545–551, 2013.
[3] D. Xing, Y. Lv, S. Liu, D. Xu, and F. Liu, “Efficient insertion of multiple
objects parallel connected by passive compliant mechanisms in precision
assembly,” IEEE Trans. Ind. Informat., vol. 15, no. 9, pp. 4878–4887,
Sep. 2019.
[4] B. Tamadazte, N. L. Piat, and S. Dembele, “Robotic micromanipulation
and microassembly using monoview and multiscale visual servoing,”
IEEE/ASME Trans. Mechatronics, vol. 16, no. 2, pp. 277–287, Apr. 2011.
[5] J. Zhang et al., “Position/force hybrid control system for high precision
aligning of small gripper to ring object,” Int. J. Autom. Comput., vol. 10,
no. 4, pp. 360–367, 2013.
[6] Y. Shen, W. Wan, H. Lu, T. Fukuda, and W. Shang, “Automatic sample
alignment under microscopy for 360◦ imaging based on the nanorobotic
manipulation system,” IEEE Trans. Robot., vol. 33, no. 1, pp. 220–226,
Feb. 2017.
[7] F. Qin, F. Shen, D. Zhang, X. Liu, and D. Xu, “Contour primitives of
interest extraction method for microscopic images and its application on
pose measurement,” IEEE Trans. Syst., Man, Cybern., Syst., vol. 48, no. 8,
pp. 1348–1359, Aug. 2018.
[8] A. N. Das, R. Murthy, D. O. Popa, and H. E. Stephanou, “A multiscale
assembly and packaging system for manufacturing of complex micronano devices,” IEEE Trans. Autom. Sci. Eng., vol. 9, no. 1, pp. 160–170,
Jan. 2012.
[9] S. Liu, D. Xu, D. Zhang, and Z. Zhang, “High precision automatic
assembly based on microscopic vision and force information,” IEEE Trans.
Autom. Sci. Eng., vol. 13, no. 1, pp. 382–393, Jan. 2016.
[10] F. Qin, D. Xu, D. Zhang, and Y. Li, “Robotic skill learning for precision
assembly with microscopic vision and force feedback,” IEEE/ASME Trans.
Mechatron., vol. 24, no. 3, pp. 1117–1128, Jan. 2019.
[11] D. Xing, F. Liu, S. Liu, and D. Xu, “Efficient insertion of partially flexible
objects in precision assembly,” IEEE Trans. Autom. Sci. Eng., vol. 16,
no. 2, pp. 706–715, Apr. 2019.
[12] M. Savia and H. N. Koivo, “Contact micromanipulation—Survey of
strategies,” IEEE/ASME Trans. Mechatron., vol. 14, no. 4, pp. 504–514,
Aug. 2009.
[13] D. Xing, F. Liu, F. Qin, and D. Xu, “Coordinated insertion control for
inclined precision assembly,” IEEE Trans. Ind. Electron., vol. 63, no. 5,
pp. 2990–2999, May 2016.
[14] D. Xing, F. Liu, and D. Xu, “An efficient coordinated control strategy to
handle randomized inclination in precision assembly,” IEEE Trans. Ind.
Informat., to be published.
[15] Q. Xu, “Robust impedance control of a compliant microgripper for highspeed position/force regulation,” IEEE Trans. Ind. Electron., vol. 62, no. 2,
pp. 1201–1209, Feb. 2015.
[16] Y.-B. Bang, K.-M. Lee, J. Kook, W. Lee, and I.-S. KIm, “Micro parts
assembly system with micro gripper and RCC unit,” IEEE Trans. Robot.,
vol. 21, no. 3, pp. 465–470, Jun. 2005.

239

[17] T. Inoue, G. De Magistris, A. Munawar, T. Yokoya, and R. Tachibana,
“Deep reinforcement learning for high precision assembly tasks,” in Proc.
IEEE/RSJ Int. Conf. Intell. Robot. Syst., 2017, pp. 819–825.
[18] T. Tang, H. Lin, Y. Zhao, Y. Fan, W. Chen, and M. Tomizuka, “Teach
industrial robots peg-hole-insertion by human demonstration,” IEEE Int.
Conf. Adv. Intell. Mechatro., 2016, pp. 488–494.
[19] D. Xing, D. Xu, F. Liu, H. Li, and Z. Zhang, “Precision assembly among
multiple thin objects with various fit types,” IEEE/ASME Trans. Mechatro.,
vol. 21, no. 1, pp. 364–378, Feb. 2016.
[20] J. D. Wason, J. T. Wen, J. J. Gorman, and N. G. Dagalakis, “Automated
multiprobe microassembly using vision feedback,” IEEE Trans. Robot.,
vol. 28, no. 5, pp. 1090–1103, Oct. 2012.
[21] B. Komati, K. Rabenorosoa, C. Clvy, and P. Lutz, “Automated guiding task
of a flexible micropart using a two-sensing-finger microgripper,” IEEE
Trans. Autom. Sci. Eng., vol. 10, no. 3, pp. 515–524, Jul. 2013.
[22] P. E. Gill, W. Murray, and M. A. Saunders, “SNOPT: An SQP algorithm
for large-scale constrained optimization,” SIAM J. Optim., vol. 12, no. 4,
pp. 979–1006, 2002.

Dengpeng Xing received the B.S. degree in
mechanical electronics and the M.S. degree
in mechanical manufacturing and automation
from Tianjin University, Tianjin, China, in 2002
and 2006, respectively, and the Ph.D. degree in
control science and engineering from Shanghai
Jiao Tong University, Shanghai, China, in 2010.
He is currently an Associate Professor with
the Research Center of Precision Sensing
and Control, Institute of Automation, Chinese
Academy of Sciences, Beijing, China. His research interests include robot control and learning, precision assembly,
and optimization.

Fangfang Liu received the B.S. and Ph.D. degrees in mechanical electronics from Zhejiang
University, Hangzhou, China, in 2006 and 2012,
respectively.
She is currently an Associate Professor with
the Research Center of Precision Sensing
and Control, Institute of Automation, Chinese
Academy of Sciences, Beijing, China. Her research interests include precision mechanical
design and mechatronic control.

De Xu (Senior Member, IEEE) received the
B.S. and M.S. degrees in control science and
engineering from the Shandong University of
Technology, Jinan, China, in 1985 and 1990,
respectively, and the Ph.D. degree in control science and engineering from Zhejiang University,
Hangzhou, China, in 2001.
Since 2001, he has been with the Institute
of Automation, Chinese Academy of Sciences,
Beijing, China, where he is currently a Professor
with the Research Center of Precision Sensing
and Control. His research interests involve robotics and automation, in
particular, the control of robots, such as visual control and intelligent
control.

Authorized licensed use limited to: INSTITUTE OF AUTOMATION CAS. Downloaded on October 30,2020 at 07:04:08 UTC from IEEE Xplore. Restrictions apply.

