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Abstract
In this paper, a novel compliant joint with two identical torsion springs is proposed for a
biomimetic multi-joint robotic fish, which enables imitatation of the swimming behavior of live
fish. More importantly, a dynamic model based on the Lagrangian dynamic method is developed to
explore the compliant passive mechanism. In the dynamic modeling, a simplified Morrison
equation is utilized to analyze the hydrodynamic forces. Further, the parameter identification
technique is employed to estimate numerous hydrodynamic parameters. The extensive
experimental data with different situations match well with the simulation results, which verifies
the effectiveness of the obtained dynamic model. Finally, motivated by the requirement for
performance optimization, we firstly take advantage of a dynamic model to investigate the effect of
joint stiffness and control parameters on the swimming speed and energy efficiency of a
biomimetic multi-joint robotic fish. The results reveal that phase difference plays a primary role in
improving efficiency and the compliant joint presents a more significant role in performance
improvement when a smaller phase difference is given. Namely, at the largest actuation frequency,
the maximum improvement of energy efficiency is obtained and surprisingly approximates 89%.
Additionally, the maximum improvement in maximum swimming speed is about 0.19 body
lengths per second. These findings demonstrate the potential of compliance in optimizing joint
design and locomotion control for better performance.

1. Introduction

Fish have evolved to own remarkable capabilities
in underwater locomotion, including high maneu-
verability, high efficiency and low noise [1, 2].
Inspired by that, many researchers and engineers
have devoted themselves to developing innovative
underwater unmanned vehicles with fish-like propul-
sion mode, often known as biomimetic robotic
fish. As promising underwater unmanned systems,
biomimetic robotic fish exhibit excellent adaptability
in complex ocean environments and are deemed to
have a wide range of application prospects, such as
aquatic environment monitoring [3, 4], underwater
rescue and fish supervision [5]. With the unremitting
efforts of researchers, various bio-inspired robotic

fish have been designed and have achieved good
effects. Yu et al developed an excellent robotic dol-
phin with the capacity of leaping out of water [6].
Katzschmann et al developed a soft robotic fish
equipped with cameras which can observe marine life
closely [7]. However, even though a variety of meth-
ods have been adopted [8–10], biomimetic robotic
fish still have apparent shortcomings in swimming
performance, which severely limits their applications
in practice [11].

In nature, fish possess astonishing swimming abil-
ities not only for the propulsion mechanism, but also
for the compliant passive properties of the fish body
[12, 13]. By changing the stiffness of their body with
their muscles, fish can make better use of the passive
mechanism to achieve an outstanding swimming per-
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formance [14]. Motivated by this, growing attention
has been paid to investigating the compliant passive
mechanism in many aspects. For example, Yeh et al
investigated the swimming speed and efficiency of an
actuated flexible plate with a passive attachment and
revealed that the passive mechanism can bring some
improvements [15]. The effect of passive tail flexibil-
ity on the wake structure was also analyzed in [16]
and indicated that the same wake structures were pro-
duced qualitatively among a passive flexible tail, an
actively flexing tail and eels. In [17, 18], a spring was
integrated into a tail and the thrust was studied with
the changes of spring constants. The results showed
the signs on drag reduction. Particularly, Park et al
studied the passive mechanism of the compliant joint
and caudal fin on thrust with the changes of stiff-
ness and proposed a maximum thrust condition [19,
20]. Although these studies mentioned above all sug-
gest that the passive properties with flexible fins or
compliant joints are of great significance in swim-
ming propulsion, most of them primarily focus on
experiments to investigate the effect of stiffness.

To date, some dynamic models for biomimetic
robotic fish with flexible components have been
developed to predict swimming performance
[21–27]. Kopman et al used the Euler–Bernoulli
beam theory to model a flexible tail and hydro-
dynamic parameters were estimated with the least
squares method [23]. Nguyen et al built a dynamic
model for a non-uniform flexible tail which was con-
sidered as a rotary slender beam [24, 25]. However, in
these studies, the influences of flexible components
on swimming performance were not analyzed. Only
Tan et al built dynamic models for two kinds of
flexible joints and further analyzed the influence
of joint stiffness on swimming performance [26,
27]. Nevertheless, these developed dynamic mod-
els mainly focus on simple robotic fish which are
merely equipped with one actuator and swim slowly.
Furthermore, only the effect of joint stiffness with
frequency was analyzed. Generally, the multi-joint
robotic fish as a more common type of biomimetic
robotic fish involves more control parameters and has
better swimming performance, which contributes
to fully exploiting the advantages of biomimetic
robotic fish in diverse environments. Although the
effect of the compliant passive joint on swimming
speed was analyzed experimentally in our previous
work [28], a tremendous amount of work had to be
conducted and only swimming speeds with limited
situations were considered. Thus, it is essential to
establish a dynamic model to evaluate the influence
of the passive joint more comprehensively. However,
on account of the great complexity of the interaction
between water and flexible components, a few works
on dynamic models were conducted to explore the
compliant mechanism of a multi-joint robotic fish.

The main objective of this paper is to explore the
influence of the compliant passive joint with both

frequency and phase difference on a biomimetic
multi-joint robotic fish’s propulsion performance
theoretically. To meet this goal, several efforts have
been made. First, to gain a clear understanding of
the compliant passive mechanism, a brief mechani-
cal design of the compliant joint is presented, which
is especially suited to a multi-joint robotic fish. In
particular, torsion springs are employed as the com-
pliant components, which reduce the complexity
of dynamic modeling distinctly. Second, a dynamic
model for a multi-joint robotic fish with com-
pliant components is established. The biomimetic
robotic fish forms an underactuated system and the
Lagrangian dynamic method is utilized to describe
it completely. Meanwhile, the simplified Morrison
equation is used to analyze hydrodynamic forces and
the parameter identification technique is adopted to
reshape the model with data-driven features as well as
estimate numerous hydrodynamic parameters. Bene-
fiting from extensive experimental data with different
situations, the effectiveness of the obtained model is
also validated. Finally, we utilize the dynamic model
to explore the effect of joint stiffness and control
parameters on swimming speed and efficiency. The
proposed modeling method can be extended to model
a flexible passive tail directly through the pseudo-
rigid-body model (PRBM) theory in which the tail
is modeled as rigid links connected serially by tor-
sional springs [29]. More importantly, along with the
analysis of results, the proposed dynamic model pro-
vides some significant insights into the optimization
of bioinspired propulsion performance.

The remainder of this paper is organized as fol-
lows. Section 2 briefly presents the mechanical design
of the multi-joint robotic fish with a compliant pas-
sive joint. The dynamic model derived with the
Lagrangian dynamic method is described in section 3.
In section 4, the parameter identification and valida-
tion of the proposed dynamic model are conducted
with experimental data. The validated dynamic model
is utilized to evaluate the effect of joint stiffness and
control parameters on the swimming performance
in section 5. Finally, conclusions are summarized in
section 6.

2. Overview of the robotic fish with a
compliant passive joint

2.1. Mechanical structure
For the purpose of investigating the influence of the
compliant mechanism, the multi-joint robotic fish
developed in our previous work [30] is modified to
act as the platform of this study. The mechanical
structure of the robotic fish is shown in figure 1(a).
Obviously, the self-propulsive body forms a multi-
joint structure. In addition, a pair of pectoral fins
with four degrees of freedom is designed. The ascend-
ing/descending motions can be easily realized by
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Figure 1. Multi-joint robotic fish with a compliant passive joint. (a) Mechanical structure of the multi-joint robotic fish.
(b) Illustration of the designed joint.

Figure 2. Topology of the CPG network.

cooperating pectoral fins with a self-propelled body.
However, for the convenience of dynamic model-
ing and swimming performance analysis, only planar
motion is considered and the pectoral fins are kept
still. To integrate a compliant passive mechanism into
the robotic fish, we add a passive joint at the loca-
tion of the caudal peduncle, as shown in figure 1(b).
Two identical torsion springs are installed on the pas-
sive joint symmetrically, which ensures the symmet-
rical swing of the caudal fin. In contrast to most
studies with a flexible plate, we design the compli-
ant joint with two torsion springs which have better
mechanical behavior and a simple model. To explore
the effect of joint stiffness on swimming performance,
torsion springs with different spring constants are
selected. It is worth noting that for the ease of solv-
ing the dynamic model, the first active joint is locked.
Thereby, the robotic fish can be considered as four
segments and three joints, including two active joints
driven by servomotors and one compliant passive
joint.

2.2. Central pattern generator (CPG)-based
locomotion control
In this study, a Hopf oscillator-based CPG model is
chosen to control the locomotion of the multi-joint
robotic fish [31]. The coupled connections and topol-

Table 1. Parameters of the Hopf oscillator-based CPG model.

A1 A2 h1 h2 ci bi

19.08 25.50 4.0 5.0 6.0 0.0

ogy of the CPG model are shown in figure 2. The CPG
model is also presented below:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

ζ̇ i = −ωi(ψi − bi) + ζi(Ai − ζ2
i − (ψi − bi)

2)

+h1(ζi−1 cos ξi + (ψi−1 − bi−1) sin ξi)

ψ̇i = ωiζi + (ψi − bi)(Ai − ζ2
i − (ψi − bi)

2)

+h2(ζi+1 sin ξi+1 + (ψi+1 − bi+1) cos ξi+1)

ϕi = ciψi

,

(1)
where ζ i and ψi denote state variables of the ith oscil-
lator; ωi and Ai stand for the intrinsic oscillation fre-
quency and amplitude, respectively; bi indicates the
directional bias of locomotion; ξi corresponds to the
phase difference between the (i − 1)th and ith oscilla-
tors; h1 and h2 represent the coupling coefficients; ci is
a constant magnification coefficient; andϕi is the out-
put of the ith oscillator. The oscillation frequency ω is
adjusted to control the rotational frequency of each
joint. The same CPG parameters from our previous
work [28] are used and tabulated in table 1.
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Figure 3. Schematic illustration of coordinate systems and notations.

3. Dynamic modeling of multi-joint
robotic fish

One of the main purposes of this study is to analyze
the effect of the designed compliant passive joint on
swimming performance. Therefore, a dynamic model
in the two-dimensional plane is constructed for the
robotic fish with a compliant passive joint. Because of
the specific design of the compliant joint which con-
nects the rigid caudal fin with a peduncle, the passive
joint angle is completely unknown. In order to deal
with this situation, the Lagrangian dynamic approach
is adopted [32, 33].

3.1. Coordinate frames and notations
To establish the dynamic model of the robotic fish
clearly, coordinate systems and corresponding nota-
tions are defined. As illustrated in figure 3, the struc-
ture of the robotic fish is simplified as four links and
three joints. The inertial coordinate system denoted
as Ow − xwywzw is attached to the surrounding envi-
ronment and the plane owxwyw is fixed on the water
surface. The axis zw is defined according to the right-
hand rule. The relative coordinate system described as
Oi − xiyizi is attached to the link Li, where i denotes
the ith link and i ∈ [0, 3]. Especially, the link L0 rep-
resents the head of the robotic fish and the origin O0

is located at the starting point J0. For other relative
coordinate systems Oi − xiyizi, the origin Oi lies in the
center of joint Ji. The axis xi is parallel to the ith link.
The plane oixiyi is also overlapped with the water sur-
face, and the axis zi is perpendicular to the plane oixiyi

and points upward. The length of link Li is denoted as
li. The center of mass (CM) of the ith link is denoted
as Ci and its length relating to Ji is lc,i. θi indicates the
angle between the axis xi and xw. Specially, θ0 repre-
sents the yaw angle of the robotic fish. ϕi(i = 1, 2, 3)
denotes the angle between ith link and (i − 1)th link.
Therefore, the relationship of the defined angles can

be obtained as follows:

θi = θ0 +

i∑
j=1

ϕj, (i = 1, 2, 3). (2)

Notice that all the defined variable angles are anti-
clockwise positive. Moreover, we should keep in
mind that the joint Ji(i = 1, 2) is an active joint and
ϕi(i = 1, 2) is given, but J3 is a passive joint and ϕ3 is
unknown.

For the convenience of clarifying the deriva-
tion of the dynamic model, some notation con-
ventions are defined in this paper. Let ci and
ri denote the position vector of Ci in Oi − xiyizi

and Ow − xwywzw , respectively. i−1Pi denotes the
position vector of origin Oi expressed in its prior coor-
dinate system. Particularly, wP0 = (x0, y0, z0)T repre-
sents the position vector of origin O0 in the iner-
tial coordinate system. wvi = (wvx,i,

wvy,i,
wvz,i)

T and
wωi = (wωx,i,

wωy,i,
wωz,i)

T denote the translational
velocity and angular velocity of Ci with respect to the
inertial coordinate system, respectively. The angular
velocity of Ci with respect to Oi − xiyizi is defined as
ωi = (0, 0, ϕ̇i)T. Because only planar motion is con-
sidered and the roll motion and pitch motion are
not taken into account in this paper, vz,i = 0, ωx,i = 0
and ωy,i = 0 are adopted. The orientation of the rel-
ative coordinate systems can be described through a
series of rotation transformation of the inertial coor-
dinate system, and wRi is defined as the rotating trans-
formation matrix of the relative coordinate systems
Oi − xiyizi with respect to the inertial coordinate sys-
tem Ow − xwywzw .

3.2. Kinematic analysis
The kinematics of robotic fish are similar to those
of robotic fish with a multi-link body. Specifically,
according to the four-link structure of robotic fish,
the rotating transformation matrix wRi and position
vector i−1Pi are given as follows:

4
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wRi =

⎛
⎝cos θi − sin θi 0

sin θi cos θi 0
0 0 1

⎞
⎠ , i−1Pi =

⎛
⎝li−1

0
0

⎞
⎠ .

(3)
In order to obtain the translational velocity and

angular velocity of Ci, the position vector ri is derived
from coordinate transformation and given as follows:
(

ri

1

)
4×1

=

(
wRi

wPi

01×3 1

)(
ci

1

)
, (i = 0, 1, 2, 3),

(4)
where wPi denotes the position vector of origin Oi in
the inertial coordinate system Ow − xwywzw and can
be calculated as

wPi =
wP0 +

i∑
j=1

wRj−1
j−1Pj, (i = 1, 2, 3). (5)

Then, the translational velocity wvi of Ci can be
obtained by taking the time derivative of the position
vector ri,

wvi = ṙi =
w

Ṙici +
w

Ṗi, (6)

where
w

Ṙi =
wRiω̂i and ω̂i is the skew-symmetric

matrix of ωi.
Obviously, the angular velocity wω0 = (0, 0, θ̇0)T

and the angular velocity of rest links wωi produced by
the rotation of the ith link Li and the rotation of its
prior link Li−1 can be obtained as the following form:

wωi =
wωi−1 +

wRiωi, (i = 1, 2, 3). (7)

3.3. Lagrangian dynamic modeling
The Lagrangian dynamic method is adopted to model
the robotic fish. First, the generalized coordinates
should be selected to describe the states of the
dynamic model completely. In this study, the joints
J1 and J2 are actuated by motors independently and
the passive joint J3 is unactuated. Therefore, posi-
tion and orientation variables which can describe
the system completely are chosen as the general-
ized coordinates and shown in the following vec-
tor form: q = [X, Y,Φ,Θ]T. In this paper, x0, y0, θ0

and θ3 are selected as the generalized coordinates.
Let X = x0, Y = y0, Φ = θ0 and Θ = θ3, namely,
q = [x0, y0, θ0, θ3]T. Moreover, the generalized veloc-
ities can be obtained by taking the time derivative of
the generalized coordinates as q̇ = [ẋ0, ẏ0, θ̇0, θ̇3]T.

Second, the Lagrangian L(q, q̇) can be expressed as
the difference between the kinetic energy and poten-
tial energy of the robotic fish system,

L(q, q̇) = T(q, q̇) − E(q). (8)

The kinetic energy of the robotic fish T(q, q̇)
contains the translational kinetic energy and the rota-
tional kinetic energy of each link in the inertial coor-
dinate system and is expressed in the following form:

T(q, q̇) =
3∑

i=0

1

2
wvT

i Mi
wvi +

3∑
i=0

1

2
wωT

i Ii
wωi, (9)

where Mi and Ii denote the mass matrix and iner-
tia matrix of the ith link which include the added
effects, respectively; the added mass ma,i and added
moment of inertia Ia,i are equal to the mass mi and
moment of inertia Ir,i multiplied by the coefficient cma

and coefficient cIa, respectively.
In this study, only two-dimensional motion in the

horizontal plane is taken into consideration; namely,
the gravitational potential energy of the robotic fish
is zero. Moreover, the elastic potential energy of the
torsion springs should also be taken into account.
Therefore, the total potential energy contains only the
elastic potential energy of the two torsion springs and
is given below:

E(q) = Ks(ϕ3)2, (10)

where Ks is the spring constant of torsion spring.
Thus, we can obtain the Lagrangian function in

the following form:

L(q, q̇) =
3∑

i=0

1

2
wvT

i Mi
wvi

+

3∑
i=0

1

2
wωT

i Ii
wωi − Ks(ϕ3)2. (11)

Finally, the dynamic model of robotic fish can be
clearly described by a Lagrange equation of the second
kind as ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

d

dt

∂L

∂ẋ0
− ∂L

∂x0
= Fx

d

dt

∂L

∂ẏ0
− ∂L

∂y0
= Fy

d

dt

∂L

∂θ̇0

− ∂L

∂θ0
= τ0

d

dt

∂L

∂θ̇3

− ∂L

∂θ3
= τ3

, (12)

where Fx, Fy, τ 0 and τ 3 are the generalized forces pro-
duced by fluid around the robotic fish; Fx and Fy are
equal to the compositions of the hydrodynamic forces
on axis xw and axis yw, respectively; and τ 0 and τ 3

are the moments generated by hydrodynamic forces
about joint J0 and joint J3, respectively.

3.4. Hydrodynamic analysis
The generalized forces derived by Lagrangian dynam-
ics are equivalent to the hydrodynamic forces and
moments acting on the robotic fish. The robotic
fish swims freely under the interaction between the
robotic fish and surrounding fluid, which is extremely
complicated. For ease of the calculation of hydrody-
namics, the fluid in which the robotic fish swims is
assumed to be inviscid, incompressible and irrota-
tional. Additionally, because only planar swimming
motion is of concern in this study, the rolling iner-
tia and vertical cross-sectional inertia are not consid-
ered in the hydrodynamic analysis [34]. In order to
analyze the generalized forces derived from (12), the
Morrison equation including added mass forces and
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drag forces is employed to calculate the hydrodynamic
forces exerted on the body and caudal fin, respectively
[35].

The added mass forces come from the reaction
of the surrounding fluid, which is accelerated by the
motion of the robotic fish. For the ith link, we assume
that the added mass force Fa,i acts on its CM. Thereby,
one can obtain the added mass forces in the following
form:

Fa,i =

(
Fax,i

Fay,i

)
= −ma,i

(
wv̇x,i
wv̇y,i

)
, (13)

where Fax,i and Fay,i represent the added mass forces
acting on the ith link in axis xw and axis yw, respec-
tively; and wv̇x,i and wv̇y,i denote the acceleration of
Ci in axis xw and axis yw .

The drag forces iFd,i generated from the friction
viscosity and pressure difference are also simplified;
namely, the drag forces are considered to act on the
CM of the ith link, and the surface area and transversal
area of each link are used as the interaction surface in
axes xi and yi, respectively. The expression in relative
coordinate systems Oi − xiyizi is given as follows:

iFd,i =

(iFdx,i
iFdy,i

)
=

⎛
⎜⎝−1

2
cf ,iρSx,i |vx,i| vx,i

−1

2
cd,iρSy,i

∣∣vy,i

∣∣ vy,i

⎞
⎟⎠ , (14)

where cf,i and cd,i denote the dimensionless friction
coefficient and drag coefficient of the ith link, respec-
tively; ρ indicates the density of the fluid; Sx,i and
Sy,i represent the characteristic areas of the ith link,
respectively; and vx,i and vy,i are the translational
velocity of Ci in Oi − xiyizi.

The drag forces need to be expressed in the inertial
coordinate system

Fd,i =
wRi

iFd,i. (15)

According to the analysis mentioned above, one
can obtain the generalized forces and moments as
follows: (

Fx

Fy

)
=

3∑
i=0

Fa,i +

3∑
i=0

Fd,i (16)

(
τ0

τ3

)
=

3∑
i=0

τa,i +
3∑

i=0

τd,i, (17)

where τ a,i and τ d,i represent the moments produced
by added mass forces and drag forces in the inertial
coordinate system, respectively.

As a result, the dynamic model of robotic fish
is described completely through the Euler–Lagrange
dynamic equation. By solving these equations, one
can estimate the locomotion states of robotic fish.

4. Experiments and model validation

4.1. Experimental setup
In order to explore the designed compliant pas-
sive mechanism and validate the proposed dynamic

Table 2. Specifications of four different passive joints.

Joint name JN1 JN2 JN3 JN4

Stiffness Ks (g·mm/deg) 100 200 300 Inf

model, experiments are conducted in a water tank
with a size of 5 m× 4 m× 1.2 m. The tank is equipped
with a global vision camera to capture the swimming
motion of the robotic fish. In the experiments, the
prototype has slightly positive buoyancy, and only
planar motion of straight forward swimming is per-
formed. By analyzing recorded videos of the swim-
ming motion with specially developed motion mea-
surements in our previous work [36], the swimming
speed curves can be drawn easily. In our experi-
ments, three different compliant joints presented in
table 2 are used to investigate the effect of stiffness on
swimming performance. The rigid connection (JN4)
between the caudal fin and body is also considered.
In order to simplify the experiments, we choose six
oscillation frequencies (ω = 18, 20, 22, 24, 26, 28) to
conduct experiments for all cases. The tail-beating
frequencies f are also measured, which have a little
difference.

4.2. Hydrodynamic parameter identification
The dynamic model derived in section 3 involves
many parameters which should be determined
respectively. The physical parameters of the robotic
fish presented in table 3 are measured or calcu-
lated from the mechanical model of robotic fish in
SolidWorks. However, the hydrodynamic parameters
including the added moment of inertia coefficient,
the added mass coefficient, the friction coefficient
and the drag coefficient are difficult to acquire for
the complex profile of robotic fish. Therefore, in this
study, we utilize the nonlinear gray-box identification
method of the system identification toolbox in
MATLAB to estimate the hydrodynamic parameters.
To simplify the analysis of the dynamic model,
these coefficients are considered as constants. More-
over, the identical values of added mass and added
moment of inertia are used for all links. According
to the similarity of L1 and L2 in shape and material,
the same friction coefficient and drag coefficient
are chosen. Finally, eight parameters remain to be
identified in this study.

The initial values of parameters are given after
a few trials of simulation. In addition, the range of
estimated parameters are restricted by extending the
bounds of the empirical values appropriately. These
parameters are tabulated in table 4. The acquired
experimental data of swimming motion are utilized
to identify the parameters of the dynamic model, as
well as to validate its effectiveness. The minimum
prediction error between the experimental data and
output of the dynamic model is used to solve the
optimization problem. Because only straight forward
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Table 3. Physical parameters used for dynamic model of robotic fish.

Item Unit L0 L1 L2 L3

mi kg 1.40 0.15 0.08 0.10
li m 0.35 0.06 0.03 0.11
lc,i m 0.19 0.03 0.016 0.03
Sx,i m2 (×10−4) 722 127 65 139
Sy,i m2 (×10−4) 215 42 22 58
Ir,i kg · m2 (×10−4) 609 2.47 0.54 1.28

Table 4. Hydrodynamic parameters of identified dynamic modela.

Item cma cIa cf,0 cf,1−2 cf,3 cd,0 cd,1−2 cd,3

λl 0.01 0.1 0.01 0.01 0.01 0.01 0.01 0.1
λu 1 3 1 1 1 6 6 15
λ0 0.1 0.12 0.01 0.2 0.2 0.2 0.4 10
λ∗ 0.06 0.1 0.01 0.01 0.01 5.69 0.014 1.66

aNote: the notation λl, λu and λ0 denote the lower bound, upper bound and initial
value of λ, respectively. λ∗ is the identified parameter.

Figure 4. Snapshot sequence of straight forward swimming with a tail-beating frequency of 2.27 Hz (JN1, ω = 28 and ξ = 70◦).

swimming speed is considered in this study, a set
of experimental data with the speeds of the robotic
fish is selected to estimate the hydrodynamic param-
eters, where Vx and Vy denote the components of V0

along axis xw and axis yw , respectively. Figure 4 depicts
the snapshot sequence of straight forward swimming
motion which is used to identify the hydrodynamic
parameters. Ultimately, the identified hydrodynamic
parameters are obtained and presented in table 4.
The comparison between experimental data used for
parameter identification and simulation output with
the identified parameters is shown in figure 5. Intu-
itively, the simulated data match very well with the
experimental data.

4.3. Dynamic model validation
To further evaluate the dynamic model at different
frequencies and phase differences of the robotic fish,

both physical parameters and identified hydrody-
namic parameters are substituted into (12) to obtain a
complete dynamic model. Substantially, the dynamic
model of an underactuated robotic fish system has
highly nonlinear properties, which cause difficulty in
solving the analytical solution. A numerical method
is adopted to solve the ordinary differential equations
of the dynamic model.

It is noteworthy that we mainly focus on the swim-
ming speed of robotic fish in this study, so only the
experiments of straight forward swimming were con-
ducted. The extensive results between experiments
and simulations are compared. Figure 6 presents
detailed comparisons of swimming speed varying
with time of the experiments and simulation results
in a totally different situation (JN1, ω = 22 and
ξ = 10◦). To assess the accuracy of the proposed
dynamic model with the identified parameters, the

7



Bioinspir. Biomim. 16 (2021) 026007 D Chen et al

Figure 5. Comparison of the experimental data used for parameter identification and simulated data of dynamic model with
identified parameters corresponding to a tail-beating frequency of 2.27 Hz (JN1, ω = 28 and ξ = 70◦).

Figure 6. Comparison of experimental data and simulated data corresponding to a tail-beating frequency of 1.78 Hz (JN1,
ω = 22 and ξ = 10◦).

deviations between experimental data and simulated
data are calculated with the root-mean-square error
(RMSE) and normalized RMSE [23, 37] which are
defined below (take Vx, for instance).

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
ΔVx =

√√√√ 1

N

N∑
i=0

(Vx,e(i) − Vx,s(i))2

ΔV̄x = ΔVx/(max(Vx,e) − min(Vx,e))

, (18)

where ΔVx and ΔV̄x are the RMSE and normalized
RMSE of Vx, respectively; Vx,e(i) and Vx,s(i) are the
experimental value and simulated value of Vx at the

ith sampling point; and N is the total number of

samples.

In brief, twelve cases with two different phase dif-

ferences (ξ = 10◦, 70◦) and six different oscillation

frequencies (ω = 18, 20, 22, 24, 26, 28) are calculated.

The results are tabulated in table 5 from which we

can see that the proposed dynamic model shows good

accuracy on the swimming speed. Nevertheless, both

the RMSE and normalized RMSE of Vy are a little

higher than Vx, which is mainly attributed to the yaw

problem caused by the disturbances of waves acting

on the passive joint.
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Table 5. Deviation between experimental results and simulation resultsb.

Mode ΔVx (m s−1) ΔVy (m s−1) ΔV (m s−1) ΔV̄ x ΔV̄y ΔV̄

v1,1 0.024 0.074 0.027 0.072 0.242 0.081
v1,2 0.032 0.064 0.027 0.085 0.209 0.070
v1,3 0.026 0.050 0.028 0.059 0.158 0.065
v1,4 0.035 0.062 0.031 0.070 0.202 0.064
v1,5 0.042 0.066 0.037 0.079 0.211 0.073
v1,6 0.034 0.064 0.034 0.065 0.218 0.065
v2,1 0.037 0.048 0.041 0.104 0.214 0.121
v2,2 0.027 0.043 0.030 0.068 0.185 0.079
v2,3 0.030 0.061 0.024 0.063 0.291 0.062
v2,4 0.029 0.042 0.029 0.066 0.143 0.065
v2,5 0.019 0.048 0.019 0.040 0.168 0.042
v2,6 0.025 0.030 0.023 0.050 0.141 0.048

bNote: the notation vi,j corresponds to a steady forward speed with different ξ and ω.
Namely, i = [1, 2]T corresponds to ξ = [10◦ 70◦]T and j = [123456]T corresponds to
ω = 16 + 2j.

Figure 7. Comparison of steady forward speed of experimental results and model prediction results for JN1
(ω = 18, 20, 22, 24, 26, 28).

In the interest of brevity and explication, we also
calculate and compare the steady forward speeds for
all cases. The results are shown in figure 7. The exper-
imental data and simulated data have a good match.
The steady forward speed increases with the tail-
beating frequency and the case with smaller phase
difference has a higher steady forward speed. There
are some discrepancies between the simulation results
and experimental data and we have attributed this
phenomenon to the approximation of the dynamic
model and the measurement of experiments. In the
developed dynamic model, some assumptions are
proposed to simplify the analysis of hydrodynamic
forces. For example, the effect of the Reynolds num-
ber is not taken into consideration and the coeffi-
cients of hydrodynamic parameters are considered
as constants. Errors of the measurement system
are also inevitable in experiments; for example, the
passive joint is easily disturbed by waves from the

interaction between the water and tank walls, which
causes the yaw motion in straight forward swim-
ming. The presented results indicate that the con-
structed dynamic model is capable of capturing the
relationship between the swimming speed and con-
trol parameters very well.

5. Effect of the compliant joint on
swimming performance

In this section, we take advantage of the validated
dynamic model to investigate the effect of joint
stiffness and control parameters on swimming per-
formance, which will further validate the proposed
dynamic model and demonstrate its potentiality in
the optimization of design. As a primary indicator,
the swimming speeds of robotic fish are compared
between the experimental data and simulated data for

9
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Figure 8. Comparison of experimental data and simulated data corresponding to a tail-beating frequency of 1.65 Hz (JN2,
ω = 20 and ξ = 70◦).

Figure 9. Comparison of steady forward speed of experimental results and model prediction results for four different passive
joints. (a) The phase difference ξ = 10◦ . (b) The phase difference ξ = 70◦.

three different compliant joints. Specifically, the rigid
joint is considered and approximated with a relatively
large spring constant. We also numerically evaluate
the energy efficiency of the robotic fish and explore its
dependence on joint stiffness, tail-beating frequency
and phase difference.

5.1. Swimming speed
The compliant components of the joint are two tor-
sion springs; therefore, the stiffness is directly gov-
erned by the spring constants. We choose compli-
ant joints with different spring constants as shown
in table 2 to explore the influence on swimming
performance. First, we further validate the effec-
tiveness of the proposed dynamic model on differ-
ent joint stiffnesses. Figure 8 illustrates the compar-
isons between the swimming speeds of experimen-
tal data and model prediction data (JN2, ω = 20 and

ξ = 70◦) in detail. The comparison of steady forward
speed between experiments and model predictions
at different tail-beating frequencies and phase differ-
ences is presented in figure 9. We also calculate the
relative errors of steady speed between the simulation
results and experiment results. As for the robotic fish
with three compliant passive joints, the errors of one-
fifth of the simulation data have exceeded 10% and
the maximum error is about 19.6%. Therefore, we
can draw the conclusion that the simulation results
present a good agreement with the experimental
results. With regard to the situation of the rigid joint,
there are two errors of simulation data over 10% and
the maximum error is 15.0% when ξ = 70◦. More-
over, two clear errors exceeding 10% appear when
ξ = 10◦ and the maximum error achieves 15.9%,
which is mainly due to the approximation of the rigid
joint with a large-stiffness compliant joint. Even when

10
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Figure 10. Evaluated energy efficiency versus tail-beating frequency and spring constant. (a) The phase difference ξ = 10◦.
(b) The phase difference ξ = 40◦ . (c) The phase difference ξ = 70◦.

the upper limit frequency of the active joint is about
2.4 Hz, we still extend the simulation results with a
higher tail-beating frequency to 3.2 Hz to capture the
trend of swimming speed. For three compliant joints,
at lower tail-beating frequencies, a joint with lower
stiffness has a higher swimming speed. As the fre-
quency increases, the steady forward speed of robotic
fish with higher stiffness joint trends to exceed that
of robotic fish equipping with a more flexible joint.
In particular, when the frequency is around maxi-
mum actuation of the joint, the robotic fish with
smaller phase difference swims faster. The steady for-
ward speed of JN1 will drop after reaching the optimal
frequency. Furthermore, we compare the experimen-
tal swimming speed of the compliant joint with that
of the rigid joint. Under the same control parameters,
the impact of joint stiffness on the swimming speed is
greater with the phase difference ξ = 10◦. The maxi-
mum speed of the robotic fish with a complaint joint
(JN3 and ω = 28) is about 0.544 m (0.99 BL/s) and
that of the robotic fish with a rigid joint (ω = 28) is
about 0.442 m (0.80 BL/s). Namely, the improvement
in maximum swimming speed is about 0.19 BL/s.

5.2. Energy efficiency
As a significant indicator of propulsive performance,
swimming efficiency is closely related to the practi-
cal applications of an underwater unmanned system.
Therefore, we utilize the validated dynamic model
of robotic fish to evaluate the swimming efficiency.

Generally, the efficiency of robotic fish is defined
as the ratio of useful power for propulsion to total
work done by the active joints. For a robotic fish, all
the propulsive forces are fluid forces and the power
exerted by fluid forces can sometimes be negative,
which causes difficulty in the calculation of useful
work. Therefore, the definition shown in (19) is more
suitable for a multi-joint robotic fish to estimate the
efficiency of the straight forward swimming motion
[38]:

η =
Vsteady

WT
with WT =

1

T

n∑
i=1

∫ t+T

t
|τiϕ̇i| dτ ,

(19)
where Vsteady is the steady forward speed; WT is the
average power of active joints in a swimming period;
τ i is the output torque of the active joint Ji(i = 1, 2);
ϕ̇i denotes the angular velocity of joint Ji(i = 1, 2).
The dimension of energy efficiency is m J−1, which
indicates the displacement distance per unit energy
consumed.

The calculated energy efficiency of JN1, JN2, JN3
and JN4 along with the tail-beating frequency and
phase difference is shown in figure 10. We also extend
the bound of actuation frequency to show the vari-
ation tendency of energy efficiency. Moreover, three
phase differences (ξ = 10◦, 40◦, 70◦) are considered to
analyze the influence on energy efficiency. From the
comparison, we can observe some interesting phe-
nomena. Obviously, for a given stiffness of a joint,
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at lower frequencies, the energy efficiency is much
higher but the swimming speed is lower. When at
higher frequencies, the tendency is the inverse. In
addition, the energy efficiency drops rapidly with the
rise of frequency. More importantly, as for the devel-
oped multi-joint robotic fish with a compliant joint,
the phase difference plays a more essential role in
energy efficiency. Along with the increase of phase dif-
ference, a higher energy efficiency is obtained, but the
effect of joint stiffness becomes weaker, as shown in
figure 10(c). When a lower phase difference is consid-
ered, a higher energy efficiency is obtained with lower
stiffness, and the rigid joint has the lowest energy
efficiency, as shown in figures 10(a) and (b). Such
a phenomenon is more intuitive when the robotic
fish swims at the working frequencies presented in
our experiments (namely, f ∈ [1.4, 2.4] Hz). We also
compare the energy efficiency of the compliant joint
with that of a rigid joint in the range of actuation fre-
quency in our experiments. Under the same control
parameters, the maximum improvement of efficiency
is achieved at the maximum actuation frequency
f= 2.4 Hz (JN1, ξ = 10◦) and approximates 89%. It is
noteworthy that the swimming speeds are improved
when the actuation frequency is around the largest
frequency. Thus, the compliant joint enables increas-
ing both the efficiency and swimming speed at higher
actuation frequency considerably, which also presents
the great potentiality of the proposed dynamic model
in the design and control optimization problem.

5.3. Discussion
We have developed a dynamic model for a robotic fish
with a compliant joint. In contrast to the elastic plates
that are often chosen as the flexible components of
a robotic fish [22–27], we adopt torsion springs to
constitute a compliant passive joint, which reduces
the complexity of dynamic modeling distinctly. The
Lagrangian dynamic method is adopted to model an
underactuated system and the Morrison equation is
utilized to calculate the hydrodynamic forces exerted
on robotic fish. Compared with the dynamic mod-
els in [23, 37], we simplify the Morrison equation to
analyze the hydrodynamics of the robotic fish. Even
though fewer fluid factors are taken into considera-
tion and some coefficients are idealized, the measured
experimental data have validated the effectiveness of
the proposed dynamic model to some extent. Some
discrepancies emerge between the experimental data
and simulation results, which are largely attributed
to the simplification of the dynamic model and the
measurement of experiments.

As opposed to tuning numerous parameters
manually or calculating parameters using existing
approaches for regular shapes, the parameter iden-
tification technique is utilized to estimate numbers
of hydrodynamic coefficients and the results demon-
strate its feasibility and convenience in the acquisition
of many unknown system parameters. However, in

this study, only the straight forward swimming mode
is considered and the experimental data of swimming
speed are used. The accuracy in the performance pre-
diction of other swimming modes is maybe not as
good as expected. With the promise of the proposed
approach of dynamic modeling, we can improve the
prediction performance by establishing the dynamic
model in a more precise way and adopting experi-
mental data with multiple swimming modes.

In contrary to a robotic fish with a single joint, in
which the stiffness of the compliant joint plays a pri-
mary role in affecting the efficiency [26], the phase
difference is the dominant factor for a multi-joint
robotic fish, and the influence of the compliant pas-
sive joint becomes weakened. However, the proposed
compliant passive joint can improve both the swim-
ming speed and energy efficiency in the maximum
actuation frequency significantly with a smaller phase
difference; namely, heightening the ceiling of swim-
ming performance. Owing to the actuation capability
of the servomotor, the analyses of this study are con-
fined to swimming at low frequency. It is worthwhile
to note that in [39], a passive peduncle joint is also
designed with two elastic bands to improve the swim-
ming performance. The robotic fish developed in [39]
mainly operates at high frequency and has achieved
an excellent swimming speed of 4 BL/s at 15 Hz,
which also demonstrates the significant potentiality
of the complaint joint in performance improvement
at high-frequency oscillation propulsion.

6. Conclusion and future work

In this paper, we have presented a novel design and
dynamic model of a multi-joint robotic fish with
a compliant joint which enables the caudal fin to
oscillate passively and similarly to subcarangiform
swimming mode. In contrast with existing studies
which typically adopt flexible plates to connect the
fin and body, two torsion springs acting as the com-
pliant components are integrated into the passive
joint to reduce the complexity of dynamic model-
ing. For the purpose of exploring the influence of
the compliant joint on the swimming performance
of a multi-joint robotic fish, a dynamic model is
established where the Lagrangian dynamic method
is utilized to describe the underactuated robotic fish
system completely. Nevertheless, numerous hydrody-
namic parameters bring great difficulties in fitting the
experimental data manually. Therefore, we employ
the parameter identification technique to acquire
parameters efficiently. Extensive experiments with
different control parameters and joint stiffnesses are
performed to collect the swimming performance
data, and comparisons between the experimental data
and simulation results demonstrate the effectiveness
of the obtained dynamic model. Finally, based on
the dynamic model, we investigate the effect of joint
stiffness and CPG parameters on swimming speed
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and efficiency. As is clearly shown in the analysis of
the results, the designed compliant joint can improve
the swimming motion performance. The proposed
dynamic method can be simply extended to the sit-
uation with a flexible passive tail with the PRBM the-
ory, and presents potentiality in the optimization of
propulsion performance.

In future work, we will integrate more compli-
ant components into the robotic fish, in particular a
variable stiffness structure to optimize the locomo-
tion performance with control parameters. It is also of
interest to explore the compliant passive mechanism
of a robotic fish in high-frequency oscillation.
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