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Abstract:   This paper surveys the recent advances on the modeling and control of hysteresis of piezoelectric actuators (PTAs) in the
context of high precision applications of atomic  force microscopes  (AFMs). The  current  states,  findings, and outcomes on hysteresis
modeling and control in terms of achievable bandwidth and accuracy are discussed in detailed. Future challenges and the scope of pos-
sible research are presented to pave the way to video rate atomic force microscopy.
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1   Introduction

Optimum performance and safety of mechanical struc-

tural systems are desired requirements in practical engin-

eering applications[1–9]. In practice, most of the mechanic-

al  structures  have  some  degree  of  non-linearities  which

have  significant  effect  on  optimum  performance[10, 11].

These nonlinearity  phenomena  cause  distortion  or  mis-

match between input and output of that system. Depend-

ing on the  degree  of  non-linearity  and required perform-

ance of  interest,  some  systems  are  treated  as  linear  sys-

tems.  However,  in  some practical  cases  like  atomic  force

microscopes  (AFM),  scanning  tunneling  microscopy

(STM), a small degree of non-linearity has significant ef-

fects  on  the  performance  of  those  systems.  Hysteresis  is

considered as  the  most  adverse  non-linearities  in  piezo-

electric  actuators  (PTAs)[12–17].  The  hysteresis  occurs

when the  output  depends  both  on  present  and  past  in-

puts. It  is  the  memory effect  in  magnetic  and ferromag-

netic  materials[18–20].  In  these  materials,  magnetization

curve occurs in one direction and relaxation curve occurs

in other direction when magnetizing field is removed and

creates hysteresis loop. It is the simple lag between input

u and output y in the u-y plane as shown in Fig. 1.

Hysteresis may cause several loops. The major loop is

defined as the region where the output has multiple val-

ues  within a  range of  [– y, y]  corresponding to  the input

range [– u, u]. The branch, output trajectory in u-y plane,

which  passes  through  major  loop  is  called  minor  loop.

The hysteresis  loop  indicates  the  hysteresis  loss  depend-

ing on the size of the hysteresis loop, and helps to select

materials for making permanent magnet and core of ma-

chine by analyzing the value of retentivity. Higher hyster-

esis  loop  represents  higher  retentivity  and  coercivity  of

the material which is useful in hard disk drive, audio re-

cording and credit cards applications[21].

The  performance  of  the  micro/nanoscanning  systems

depends  on  the  accurate  position  of  PTAs.  The  PTAs

provide large bandwidth, high stiffness and unlimited dis-

placement resolution[19, 22].  However, the output result of

PTAs is not proportional to the excitation force[23]. When

voltage  is  applied  to  the  PTAs,  it  elongates  but  when

voltage is removed, it does not trace the same path. This
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Fig. 1     Graphical representation of hysteresis obtained from [12]
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phenomenon has significant effects on nano-manipulating

systems[6, 7].

15%

The severity of the hysteresis in the PTAs depends on

excitation.  The intensity  is  directly  proportional  both to

the amplitude and frequency of the excitation signal. The

effects of  hysteresis  for  image  scanning  in  AFM is  illus-

trated in Fig. 2 (a). The rectangular blocks in the images

are required to follow the reference line. But due to hys-

teresis, the blocks deviate from reference line and distor-

tion  occurs  in  the  resultant  images.  position devi-

ation  of  the  total  displacement  range  can  occur  due  to

hysteresis[24]. The  position  deviation  bounds  the  imple-

mentation  of  scanning  prob  microscopy  for  long  range

scanning. In commercial application of AFM, high image

scanning speed  is  required.  But  long  time  scanning  pro-

duces hysteresis, which reduces the tracking accuracy and

provides low quality scanning performance[25].

Creep effect is another nonlinearity of the PTAs that

causes unwanted displacement in the scanning image over

time which is shown in Fig. 2 (b). It is a result of low fre-

quency signals and occurs when the AFM running in low

operation range.  In high speed operation,  the creep non-

linearity is neglected[26, 27]. The creep is generated due to

the  continuous  displacement  of  the  PTA after  removing

the excitation signal which causes distortion in the scan-

ning  image  of  the  AFM[28–30].  Generally,  for  slow  speed

operation of AFM, creep can be mitigated by designing a

closed-loop control algorithm[31, 32].

The imaging performance of the PTAs for high speed

operation also depends on precise controlling of mechanic-

al vibration.  However,  low  mechanical  resonance  fre-

quency  reduces  the  bandwidth.  But  at  high  operating

speed  while  scanning  the  low  resonant  characteristics  of

the  PTAs  creates  oscillatory  displacement  of  the  PTAs.

The  resonant  mode  of  the  PTAs  which  causes  tracking

error is created by applying a triangular signal in the X-

axis. An effect is illustrated in Figs. 3 (a) and 3 (b) at two

different  frequencies  which indicates  that  the  images  are

more distorted at high frequencies.

The effect of hysteresis introduces a number of static

and dynamic hysteresis models and control techniques of

PTAs[2–5, 33–43]. Accurate modeling of  PTAs provides sig-

nificant position and tracking control. Modeling of hyster-

esis  can  be  summarized  into  two  ways:  1)  physics-based

model[44–46] and  2)  mathematical-based  model[40–43].  The

physics-based  models  depend  on  material  properties  or

physical  principles.  Implementation  of  the  first  principle

is  challenging  because  of  unavailability  of  the  material′s
microstructure  data.  It  may  not  be  applicable  to  some

practical  problems.  However,  it  is  useful  in  designing  of

new material.

Consequently,  the  mathematical-based  models  are

widely used to characterize wide class of hysteresis. These

models  are  phenomenological  in  nature  and  are  used  to

describe the microscopic structure by using experimental

data.  The  Preisach  model[40–43],  Prandtl-Ishlinskii

model[2–5, 33–35],  Bouc-Wen  model[36–39],  Duhem  model[47],

thermal  variable  time  relay  hysteresis  model,  the  Jiles-

Atherton  model,  and  the  generalized  Maxwell[6, 7] resist-

ive  capacitor-based  lumped-parameter  model  are  some

phenomenology-based models which have been adapted to

describe  the  characteristics  of  hysteresis.  Their  inversion

models are  then constructed  to  reduce  hysteresis  nonlin-

earity.

The non-linear static hysteresis can be described by a

classical  Preisach  model  (CPM)[40].  The  hysteresis  has

two main  properties,  wiping-out  and  congruency  prop-

erty,  that  must  be  satisfied  when  modeling  hysteresis.

But  CPM  model  only  follows  the  wiping-out  property.

Moreover,  application  of  classical  Preisach  model  in  the

minor  hysteresis  loop  will  produce  significant  distortion.

To overcome these limitations,  modified generalized Pre-
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Fig. 2     Effect of non-linearities on scanned images: (a) Hysteresis effects on scanned image; (b) Creep effects on scanned image obtained
from [12]
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isach model  is  proposed for  arbitrary  types  of  input  sig-

nals. However, these model are not practically invertible.

The  classical  Prandtl-Ishlinskii  model,  subclass  of  CPM

model,  is  introduced  to  overcome  the  limitations  of  the

Preisach model[4]. It is the most widely used model which

is analytically invertible. The classical P-I model consists

of  a  family of  play and stop operators.  It  is  adapted for

the modeling of symmetric and non-structured hysteresis.

However,  many  modified  P-I  models  are  introduced  for

the modeling  of  rate-independent  hysteresis  and  asym-

metric rate-dependent hysteresis.

The  Bouc-Wen  model[36, 37] describes  both  hysteresis

non-linearity  and  dynamics  of  the  PTA using  non-linear

differential equations.  It  describes  the  symmetric  hyster-

esis of the PTA while introduces wide class of hysteresis.

It uses  a few number of  parameters  for  the implementa-

tion  of  this  model.  It  was  first  introduced  by  Bouc  in

1971.  In 1976,  Wen generalized it  which is  based on the

consideration  of  mass-damper  system  with  non-linear

restoring force. As PTA possesses asymmetric hysteresis,

modified  Bouc-Wen  model  are  used.  The  LuGre  model,

Coleman-Hodgdon  model,  Dahl  model  and  the  Maxwell-

Slip model are the frictional physical based models[6, 7, 47].

The  Duhem  model  which  is  a  phenomenological  explicit

dynamic  model,  describes  dynamic  hysteresis  based  on

differential  equation.  It  is  introduced  by  Pierre  Duhem

1897 to characterize the hysteresis. It is the time derivat-

ive  of  the  input  signal.  However,  implementation  of  this

model is complex because of the parameter identification

complexity of its piecewise function.

The  conventional  and  most  commercial  AFMs  take

several minutes  to  scan  an  image  due  to  its  slow  scan-

ning  frequency.  Due  to  higher  scanning  speed  compared

to  the  AFM′s  operating  speed,  distortion  occurs  in  the

scanning image.  To  minimize  the  distortion  of  the  scan-

ning  image,  high  operating  speed  AFM is  required.  But

scanning at high frequency is a challenging task. For the

achievement of high speed scanning AFMs, advanced con-

trol algorithms  are  developed  and  designed.  But  design-

ing  of  controller  for  high  speed  AFMs  introduces  some

challenges such as:

1) Scanning method. The optimal scanning method is

the non-raster-scan  method  which  requires  further  ad-

vancement.

2)  Closed-loop  bandwidth.  For  the  AFM  positioning

accuracy, high closed-loop bandwidth is required.

3) Resonant mode. The AFMs are resonant system. So

proper identification of resonant mode′s parameters is ne-

cessary.

4)  Nonlinearity  effects.  Hysteresis,  creep  and  their

cross coupling effect. The controller must be robust over

nonlinearity effects.

The above  discussion  clarifies  that,  the  effect  of  hys-

teresis  underpins  the  lack  of  performance  of  PTA  when

performing scanning  at  a  high speed.  Accurate  modeling

and control for compensation of hysteresis is necessary to

achieve video rate atomic force microscopy.

In this  paper,  a  brief  of  the  models  have  been  sum-

marised to represent the dynamics  effect  of  hysteresis  in

the context of high speed imaging of the AFM, then dis-

cussed  accuracy  of  the  models  to  capture  measure  data

and  investigate  high  accuracy  models  for  hysteresis.

Later, the details on control techniques to compensate for

hysteresis  are  discussed  broadly  and  confirms  optimum

controller in terms of achievable bandwidth. Finally,  the

paper is  concluded  with  remarks  of  future  work  and  re-

commendation.

2   Modeling of hysteresis

Fig. 4 depicts different types of hysteresis models that

are used for the modeling of PTA′s hysteresis. The main

goal  of  hysteresis  modeling  is  to  precisely  characterises

the system behaviors  in  terms  of  hysteresis.  In  this  sec-

tion, a detailed discussions on different hysteresis models
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Fig. 3     Effect of cross coupling at (a) 15.62 Hz and (b) 62.5 Hz obtained from [12]
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is presented.

2.1   Physics-based model

This  type  of  models  are  material  dependent  and  are

complicated. The  most  widely  known physics-based  hys-

teresis model is Jiles-Atherton model (J-A) which was in-

troduced  to  describe  the  ferromagnetic  hysteresis[44, 45].

Based  on  these  models,  Smith  and  Ounaiesa  introduced

domain  wall  model[46] for  this  non-linearity.  From  J-A

model,  the  relation  between  magnetization M and ap-

plied magnetic field strength H is defined as:

dM
dH =

(1− c)(Ma −Mi)

Ksgn(Ḣ)− δ(Ma −Mi)
+

dMa

dH (1)

Ma = Ms

(
coth1 + δM

a
− a

1 + δM

)
(2)

Ma Miwhere  and  are  defined  as  anhysteretic  and

Ms

δ a c

irreversible  parts  respectively.  The other parameters ,

, ,  and K are linked nonlinearly.

Though  physics-based  model  describes  ferromagnetic

hysteresis,  model developed for one material  may not be

used for another material.

2.2   Mathematical-based model

Owing to the complexity of the physics-based models,

in  this  section,  a  brief  discussion  on  the  Mathematical-

based models are presented.
2.2.1   Preisach model

Ψδλ[u(t)]

Ψδλ[u(t)] δ λ

δ ≥ λ Ψδλ[u(t)]

u(t) δ

u(t)

λ

The simple and compact relative to other model is the

classical  preisach model  (CPM)[40–43]. Because  of  its  sim-

plicity,  it  is  widely  used and provides  fast  algorithms to

compensate  hysteresis.  Ferenc  Preisach[34] first  proposed

this model as a mathematical model for the study of fer-

romagnetism. Due to its characteristics, it is only used for

the purpose  of  describing  the  static  hysteresis.  The  Pre-

isach model consists of infinite number of continuous hys-

teron  operators  which  is  shown  in Fig. 5.  The

CPM  has  relay  type  two-state  discontinuous  operator

 where  and  are  acting  as  on  and  off

thresholds with .  becomes +1 when the ex-

citation  exceeds  the  threshold  value  of  and be-

comes 0 when excitation  is less than threshold value

of . However,  the  previous  value  retains  if  the  excita-

tion  remains  between  the  two  thresholds  value.  More

simply, the hysteron operator for PTA can be written as:

Ψδλ[u(t)] =


1, u(t) ≥ δ;

Ψδλ[u(t)], λ ≤ u(t) ≤ δ;

0, u(t) ≤ λ.

 .

µ(λ, δ)

This hysteron operator possesses the properties of the

hysteresis where the output depends both on the extreme

values  in  the  current  and  past  inputs.  This  is  called

memory effect. To produce wide range of reversal curves

in the hysteresis loop on which accuracy of the CPM de-

pends,  the  hysteron  operator  weighted  with  distribution

function . Mathematically, this model can be writ-

ten as

 

Hysteresis model

Mathematical-based model Physics-based model

Domain wall
model

Jiles-Atherton
model

Krasnosel'skii-Pokrovkii
(KP) model

Prandtl-Ishlinskii model

Bouc-Wen model

Dhal model 

Duhem model

Backlash-like model

Preisach model

Classical Preisach model

Modified Preisach
model (MPM)

Polynomial rate-dependent
PI model

Extended unparalleled
PI model

Modified P-I model
with two play operator

Symmetric Bouc-
wen model

Asymmetric Bouc-
wen model

Fuzzy model

Support vector model

Family of ellipses
model

Charge drive model

 
Fig. 4     Different types of hysteresis model
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ψδλ[u (t)]
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Fig. 5     Geometric representation of Relay operator
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x(t) = Pp[u(t)] =

∫∫
δ≥λ

µ(λ, δ)Ψδλ[u(t)]d δ dλ (3)

x(t)

u(t) Ψδλ[u(t)] µ(λ, δ)

where  is defined as output displacement due to input

voltage ,  is the hysteron state and  is

the experimental distribution function.

(δ − λ)The  Preisach  plane  facilitates  to  make  the

memory function. The geometric illustration of the equa-

tion in (3) is depicted in Fig. 6. In this plane,

p ≜ {(δ, λ) ∈ p|δ ≥ λ, λ ≤ λ0, δ ≥ 0}, T (δ, λ)

s− s+ s− s+

Ψδλ[u(t)] = 1

which is divided into  and  surface.  The  and 

are created when  and 0, respectively.

s+

u(t)

In the ascending loop of the hysteresis,  the  region

increases  from bottom to  top  and  decreases  from left  to

right in the descending loop. From wiping-out property of

the CPM, the input history vanishes when the input 

increases above  or  decrease  below  from the  previous  ex-

tremum. The  increasing  of  input  above  the  previous  ex-

tremum prevents the hysteresis growth. The geometric in-

terpretation in (3) can defined as follows:

x(t)=

∫∫
s+

µ(λ, δ)Ψδλ[u(t)]dδdλ+

∫∫
s−

µ(λ, δ)Ψδλ[u(t)]dδdλ.

(4)

For the PTA, it can be simplified as

x(t) =

∫∫
s+

µ(λ, δ)dδdλ (5)

Ψδλ[u(t)] = 1 u(t) ≥ δ Ψδλ[u(t)] =

u(t) ≤ λ

because  of  when  and 

0 when .

u(t) δ λAs  varies  from  to ,  the  output  also  changes

which can be defined by Everett function:

X(δ, λ) =
1

2
(x(δ)− x(δ, λ)) (6)

δ

λ u(t)

x(δ) x(δ, λ)

which represents the output on the descending curve,  is

the maxima and  is the minima of . Now, at points

 and , the Everett function shows that

x(δ) =

∫∫
s++T (δ,λ)

µ(λ, δ)dδdλ

x(δ, λ) =

∫∫
s+

µ(λ, δ)dδdλ.

X(δ, λ)Rewriting above and taking into consideration, 

can be written as

X(δ, λ) =

∫∫
T (δ,λ)

1

2
(x(δ)− x(δ, λ))dδdλ.

Similarly, the discrete CPM model can be expressed as

x(t) =


Υ1, if du(t)

dt > 0

Υ2, if du(t)
dt > 0

where

Υ1 = X(u(t), δN ) +
N∑
i=1

X(δi, λi−1)−X(δi, λi)

Υ2 = X(u(t), δN−1)−X(λN , u(t))+

N∑
i=1

X(δi, λi−1)−X(δi, λi)

T (λ, δ)

(δi, λi)|i = 1, · · · , N j = 1, · · · , N

where N defines  the number of  memorized extrema.  For

the  description  of  the  discrete  Preisach  model,  the

triangle  split  up  into  mesh.  It  contains

.  The  accurate

hysteresis  representation  depends  on  the  selection  of N.

Higher  number  of N provides  higher  accuracy  of  the

hysteresis measurement.

Modified Preisach model (MPM)[48]: The limita-

tions  of  the  CPM  model  can  be  removed  by  using  the

modified  Preisach  model.  This  model  adds  a  derivative

term with the CPM and is written as follows:

x(t) = Pp[u(t)]−GD
du(t)

dt

Pp[u(t)] GD

GD

where  is  the  CPM model  and  is  defined  as

derivative  gain.  is  used  to  decrease  the  error  in  the

measurement in the hysteresis loop. Also, it describes the

detachment  phenomenon  between  major  and  minor

hysteresis loops.
2.2.2   Prandtl-Ishlinskii model (PI)

The classical  P-I  model  comprises of  a family of  hys-

teresis  play  or  stop  operator  as  shown  in Fig. 7 and  is

widely  used  to  capture  the  hysteresis  effect[4].  The  play

operator  possesses  the  rate-independent  and  symmetric

hysteresis  properties.  As  it  is  rate-independent  function,

it  is  influenced  by  both  present  and  past  input  function

u(t). It was first introduced by Prandtl in 1928, as

 

x (t)u (t)

+

+

+ψλ1, δ1[u (t)]

ψλ2, δ2[u (t)]

ψλn, δn[u (t)]

μ (λ
n
, δ

n
)

μ (λ2, δ2)

μ (λ1, δ1)

∫

 
Fig. 6     Schematic representation of Preisach model
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y(t) = Pdt[u(t)] = P0u(t) +

∫ Ξ

0

PrGr[u](t)dr (7)

u(t) y(t)

P0

r

r ∈ [0 Ξ] P (r)

P (r) > 0
∫∞
0

rP (r)dr < ∞ P (r) r

Gr[u]

where  and  are  defined  as  input  parameter  and

output parameter with respect to time, respectively.  is

defined  as  positive  constant.  is  the  threshold  with

.  is  the  known  density  function  with

 and .  vanishes  as  goes

to infinite.  is the play operator.

u(t)

r

Play operator: The play operator defines the width

of the hysteresis loop. It relies on input  and threshold

 such that

Gr[u](0) = gr(u(0), 0)

Gr[u](t) = gr(u(t), Gr[u](ti))

ti < t ≤ ti+1, 0 ≤ i ≤ N − 1 gr[u, v] = max
(u− r,min(u+ r, v)).
for  with 

[0, tN ]

0 = ti < · · · < tN
[ti, ti+1] u(t)

Here  the  time  interval  is  with

,  such  that  in  every  subinterval  of

, the input  is monotone.

The  P-I  model  can  also  be  written  as  discrete  form

which is defined as

y(k) = Pdt[u](k) = P0u(k) +

N∑
i=1

PiGriu(k)

P0 Piwhere  is the positive parameter and  is the weighted

value.  The  classical  play  operator  based  P-I  model

describes only the symmetric rate-independent hysteresis.

It does not describe the asymmetric hysteresis property of

PTAs.  These  drawbacks  of  the  classical  P-I  model  are

overcome  by  introducing  various  types  of  modified  P-I

model[1–3, 5, 16, 17, 19, 21, 33, 35, 49–53].

P0[u]

Polynomial  rate-dependent  P-I  (PRPI)

model[33]: The  asymmetric  behavior  of  the  hysteresis  is

characterized by the PRPI model. Instead of using linear

input  function  of  the  classical  P-I  model,  it  uses

polynomial  with  time  rate  input  function.  The  PRPI

model is defined as:

y(t) = Pdt[u(t)] = kp1[u(t)]+kp2

[
u(t)

dt

]
+

∫ Ξ

0

PrGr[u](t)dr

kp1[.] kp2[.]where  and  are two odd functions.

Asymmetric  shift  P-I  (ASPI)  model[53]: The

symmetric  hysteresis  described  by  classical  P-I  model  is

converted into asymmetric form by using a shift function.

The saturated  phenomenon  is  described  by  using  auxili-

ary function along with P-I model. The ASPI model dir-

ectly uses the available inverse results of PI model to con-

struct  an  analytical  form  of  it.  It  does  not  require  the

first order derivation and is able for describing asymmet-

ric hysteresis.  It  does  not  provide  precise  parameter  es-

timation  but  provides  inverse  compensation  error.  The

ASPI model is written as

y(t) = Pdt[u](t) + Pas[u](t)

Pas[u](t) = RΦ

where

Φ = sat

(
Ψ[u]

R

)

Ψ[u] = Ψ1[u](t) + Ψ2[u](t)

R > 0

Ψ1[u](t) Ψ2[u](t)

Pdt[u](t)

sat(κ)

where R is  defined  as  design  parameter  with .

 and  are  the  shift  model  and  auxiliary

function,  respectively.  is  the  P-I  model  in  (7).

The saturation function  is given as

sat(κ) =


1, if κ > 1
κ, if − 1 ≤ κ ≤ 1
−1, if κ ≤ −1

and

Ψ1[u](t) =

∫ m1

m0

Pam(m)Gm[u](t)dm

Pam ≥ 0∫m1

m0
mPam(m)Gmdm = lpam < ∞ Gm[u](t)

where  is  the  density  function  with

 and  is  the

shift operator.

The play operator is written as

Gm[u](0) = gm(u(0), 0)

Gm[u](t) = gm(u(t), Gm[u](ti))

ti < t ≤ ti+1, 0 ≤ i ≤ N − 1for  with

gm[u, v] = max(um, min(u, v))

[0 tN ] 0 = ti < t2 < · · · < tN

[ti, ti+1] u(t)

where m determines  the shape of  the shift  operator;  the

time  interval  is  with .  In

every subinterval of , the input  is monotone.

 

u(t)u(t)

E
r
[u](t)F

r
[u](t)

−r

−r

+r

r

0
0

(a) (b)
 

Fig. 7     Play and stop operators
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Gm[u](t)

m > 1 0 < m < 1

Generally,  is  defined  as  left  shift  operator  if

 and right shift operator if .

Extended  unparalleled  P-I  (EUPI)  model[54]:

The EUPI model can capture a large range of hysteresis

precisely.  It  uses  a  memoryless  auxiliary  function  with

UPI operator to describe the asymmetric hysteresis of the

PTA. It is more capable of capturing complex hysteresis

and relatively  easier  than  generalized  PI  model  to  de-

scribe hysteresis.

UPI  operator: The  UPI  operator  is  designed  using

classical  P-I  framework.  A  tilt  factor  is  used  to  capture

asymmetric hysteresis. It is given as

Hr,β [u](t) = max{u(t)− r, minβ(u(t) + r, v), Hr,β(t̂)}

t̂ = limδ→0+(t− δ) r ≥ 0, β > 0 u(t)

r β

β r

β = 1 r = 0

with  and ,  where  is

defined  as  input,  is  dead  zone  and  is  slope.

Depending  on  and ,  the  UPI  operator  becomes

classical  P-I  operator  when  and  when ,  the

UPI operator becomes shifted P-I operator. Based on the

UPI operator, the EUPI model is written as

UPI [u](t) =

∫ β̄

β

∫ ru

0

v(β, r)Hr,β [u](t)drdβ + Pau[u](t)

v(β, r) ≥ 0, β̄, β, r > 0 v(β, r)

ru
Pau[u](t)

[β̄, β]

subjected  to ,  where  is  the

density function,  is the dead zone of upper boundary,

 is an auxiliary polynomial function and the tilt

is  defined in the range of .  For the wiping out and

congruency  properties,  the  memory  operators  of  EUPI

model is defined as

Hr,β [u](t) =

∫∫
m≤n

φ(m,n)ςm,n[u](t)dmdn

ςm,n[u](t) φ(m,n)where  and  are  the  Preisach  hysteron

and  density  functions,  respectively.  Consequently,  the

discrete form of EUPI model is written as

UPI [u](k) = µ1[u](k) + µ2[u](k) + Pau[u](k)

µ1[u](k) =

Nµ1∑
i

BiHi,1u(k) +A0u(k)

µ2[u](k) =

Nr∑
i

Na∑
j

Di,jHri,βju(k)

Pau[u](k) =

Np∑
i

P(au)iu(k) + P(au)0

A0where  is defined as linear gain with A0 > 0, r = 0.

Modified P-I (MPI) model with two play oper-

ator: This hysteresis model consists of two play operator:

1) right side, and 2) left side.

Right  side  portion  of  the  hysteresis  loop  is  described

by right  side  play  operator  consequently,  left  side  por-

tion is described by left side operator.

0 < r < 1

GR
r [u](t)

1)  Right  side  play  operator: For ,  the

right side operator  is described as

v(0) = GR
r [u](0) =

∫ R

r

(u(0), 0, 1, 0)dr

v(t) = GR
r [u](t) =

∫ R

r

(u(t), GR
r [u](ti), α(t), β(t))dr

u(t)

u : [0, tN ] → [0, 1], ti < t < ti+1, 0 < i < N

and  the  input  function  is  monotone  with

, where

∫ R

r

(u, v, α, β)dr = max{u−R

1− r
,min(αu+ β, v)}

α(t) =
vM (t)− vm(t)

uM (t)− um(t)

β(t) =
uM (t)vm(t)− um(t)vM (t)

uM (t)− um(t)

[uM (t), um(t)]

[vM (t), vm(t)]

here, the input string is defined as  and the

output string is  defined as .  These extrema

have significant impact on the memory of the hysteresis.

u(t)

v(t)

Input/output  string: Using  the  Madelung  deletion

rule,  the  maxima  and  minima  of  current  input  and

current output  is written as

uM (t) = min(suM (t))

um(t) = max(sum(t))

vM (t) = min(svM (t))

vm(t) = max(svm(t))

suM (t)

sum(t)

svM (t) svm(t)

where  the  input  maxima  and  minima  are  and

, respectively. The output maxima and minima are

 and , respectively.

0 < r < 1

GL
r [u](t)

2) Left side play operator: For , the left

side play operator  is written as

v(0) = GL
r [u](0) =

∫ L

r

(u(0), 0, 1, 0)dr

v(t) = GL
r [u](t) =

∫ L

r

(u(t), GL
r [u](ti), α(t), β(t))dr

ti < t < ti+1, 0 ≤ i ≤ N − 1
∫ L

r
(u, v, α, β) =

max{ u
1−r

, min{αu+ β, v}}
for ,  where 

.

Combining  these  two  play  operators,  MPI  model  is

written as
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y(t) = Pdt[u](t) = P0u(t) +

∫ Ξ

0

PR(r)GR
r [u](t)dr+∫ Ξ

0

PL(r)GL
r [u](t)dr

P0 PL(r) PR(r)here,  is the positive constant,  and  are left

side  and  the  right  side  density  function,  respectively.

Similarly,  the discrete form of  the MPI model  is  written

as

y(k) = Pdt[u](k) = P0u(k) +
N∑
i=1

PR
i (r)GR

ri[u](k)+

N∑
i=1

PL
i (r)GL

ri[u](k)

PR
i PL

iwhere  and  are the model parameters.

2.2.3   Bouc-Wen model

It describes  both hysteresis  non-linearity  and dynam-

ics of the PTA using differential non-linear equations. Ba-

sically, it describes the symmetric hysteresis of the PTA.

As  PTA  possesses  the  asymmetric  hysteresis,  modified

Bouc-Wen  model  are  used[36, 37, 39].  It  has  the  ability  to

describe a wide range of hysteresis.

Symmetric Bouc-Wen model[39]: If the state vari-

able of PTA is y and the excitation is u, then from Bouc-

Wen  model,  the  relationship  between u and y can  be

defined as

ẏ = Au̇(t)− λ|u̇|y|ẏ|n−1 − λ
′
u̇|y|n

ẏ =
dy
dt , u̇ =

du
dt

λ

λ
′

n

where A is defined as the magnitude of the excitation, 

and  are  used  to  control  the  shape  and  scale  of  the

hysteresis,  is the transformation parameter.

Asymmetric Bouc-Wen model[36, 38]: An addition-

al asymmetric operator is used with the Bouc-Wen mod-

el to characterise asymmetric hysteresis. The model is as

ẏ = Au̇(t)− λ|u̇|y(t)| ˙y(t)|n−1 − γu̇|y(t)|n −Ψu(t)ϕ

Ψwhere  is the asymmetric operator, and

ϕ = sgn(u̇(t)) =


1, if u̇(t) > 0
0, if u̇(t) = 0
−1, if u̇(t) < 0

λ γ ϕwhere  the  Bouc-Wen  model  parameters A, ,  and 

should be specified.

2.2.4   Dhal model[55, 56]

The  second  order  Dhal  model  for  the  modeling  of

PTA hysteresis with state space representation is written

as

v̇ = αv
dx
dt + βφ

dx
dt

H = γv

x

v φ

where  is the displacement in x-axis due to the applied

excitation,  is  the  intermediate  state  vector,  is  the

constant and

α =

 0 1

Ω1 −sgn
(

dx
dt

)
Ω1

 , β =

[
0
1

]

γ =

[
Ψ1 sgn

(
dx
dt

)
Ψ2

]
, v =

[
Ω1 Ω2

]T
=

[
Ω1

Ω2

]

Ω1 = 2
T

ln
(

Pn−1

Pn

)
where 

Ω2 =

(
2π

T

)2

+

(
Ω1

2

)2

Ψ1 = GΩ2, Ψ2 = s0

Pn

s0

where T is the time period,  is the n-th peak overshoot,

G is the DC gain and  is the initial slop.
2.2.5   Duhem model[57]

The Duhem hysteresis operator focuses on the changes

in output with respect to the changes in input. Basically,

it is used to characterise magnetic hysteresis since 1897[47, 58].

However,  it  has  been  adapted  effectively  to  describe  the

piezoelectric  hysteresis[57, 59]. It  uses  a  differential  equa-

tion  or  an  integral  operator  to  capture  linear  relation

between  input u and  output y[58]. The  differential  equa-

tion of the Duhem model is as

ẏ(t) = f1(y(t), u(t))u̇+(t)− f1(y(t), u(t))u̇−(t) (8)

u̇+(t) = max[0, u̇(t)] u̇−(t) = min[0, u(t)]where  and .  By

using  an  integral  operator,  a  simplified  model  of  a

particular case is given as

ẏ(t) + a|u̇|g(u, y) = bu̇ (9)

g(u, y) = y − cϕ(u)where g is defined as .
2.2.6   Backlash-like model[60, 61]

The  Backlash-like  model  is  a  simplified  form  of

Duhem model. The Backlash-like model is defined as

u̇(t) = ρ|u̇|[σu− y] +B1u̇ (10)

ρ σ B1 σ > B1where ,  and  are  the  constant  with .  The

solution of (10) is expressed as

y(t) = σu(t) + d(u(t)) (11)

d(u(t)) = [y0 − σu0]eρ(u−u0)sgn(u̇) + e−ρusgn(u̇)×∫ u

u0
[B1 − σ]eρξsgn(u̇)dξ y0 = y(0) u0 = u(0)

with 

, where  and  are
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u̇ sgn sgnthe  initial  condition  for  constant  and  is  a 

function.[60, 62–64].

2.2.7   Krasnosel′skii-Pokrovkii (KP) model[65]

The Krasnosel′skii-Pokrovkii (KP) model as shown in

Fig. 8 consists of an elementary KP hysteresis operator[65].

The KP model is given as

y(t) = Λ[u(t)] =

∫∫
ρ2≥ρ1

µ(ρ2, ρ1)Kp[u, ξ(ρ)](t)dρ2dρ1

(12)

µ(ρ2, ρ1)

ρ2 > ρ1 Kp[u, ξ(ρ)](t) KP

where  is  the  switching  thresholds  value  with

 and  is the  operator with

Kp[u, ξ(ρ)](t) =


maxρ∈P {ξ0(ρ), r(u, ρ2)}, if du

dt > 0

minρ∈P {ξ0(ρ), r(u, ρ1)}, if du
dt < 0

kp−, if du
dt = 0

r(u, x) =


−1, if du

dt ≤ 0;

−1 + 2
α
(u− x), if x < u < x+ α;

1, if u > x+ α

with 

ρ = (ρ1, ρ2), α > 0 kp−

ξ0(ρ)

−1 ≤ ξ0(ρ) ≤ 1

where ,  indicates  that  KP

operator  remains  unchanged  and  is  defined  with

.

2.2.8   Other models

Besides  the  aforementioned  models,  a  support  vector

machines[66],  fuzzy  systems[67],  artificial  neural  net-

works[23, 68, 69],  a family of ellipses models[31, 40, 70],  charge

drive model[71] have been developed. In addition, a phase

shift model  has  been  designed  to  capture  the  piezoelec-

tric  hysteresis[72]. Moreover,  a  polynomial  based  hyster-

esis models has been introduced to capture rate-independ-

ent hysteresis[18, 20, 73].

A  summery  of  these  hysteresis  models  is  shown  in

Table  1.  The  above  models  have  been  implemented  to

precisely  model  the  piezo-actuated  stages  in  particular

applications. But it is quite challenging to develop a gen-

eralized  model  for  hysteresis  nonlinearity  of  piezo-actu-

ated stages.

3   Model identification method

This section deals with the dynamic model identifica-

tion  of  the  PTA  system.  The  PTS  system  may  be  a

simple  input  simple  output  (SISO)  or  a  multiple  input

multiple  output  (MIMO)  system.  Usually,  a  swept  sine

wave  is  used  for  both  SISO  and  MIMO  cases  as  input

through a  high  voltage  amplifier  to  drive  the  piezoelec-

tric  tube  actuator.  The  input  is  applied  by using  digital

 

kp (u, ξ(ρ))

r (u, ρ1)

ρ1

r (u, ρ2)

ρ1 ρ2

−1

+1

u (t)

γi

 
Fig. 8     Block diagram of the KP operator

 

 

Table 1    A brief summary of different types of hysteresis model

Techniques References Highlights

Preisach model (PM) [40]

It describes the static hysteresis behaviour. They are not practically invertible and do
not satisfy congruency property. It produces significant distortion on the minor loop. It
does not provide sufficient information about actual hysteresis curve. Major and minor
loop detachment is not considered in this model. Also, hysteresis model identification
and implementation are very complex.

Prandtl-Ishlinskii model
(PIM)

[74, 75]
The PI model is analytically invertible and more flexible in real time implementation. It
does  not  describe  the  structured  hysteresis  behaviour.  It  is  only  used  to  model
symmetric hysteresis.

Bouc-Wen model [76, 77]

It  provides  less  computation  of  its  parameters  and  substantially  reduces  the  cross-
coupling effect. This model does not require any computation and model inversion to
develop  compensator.  Moreover,  the  rate  dependency  and  asymmetric  hysteresis
property are not described by this model. Also finding a general solutions of this model
is quite challenging.

Dhal model [55]

It describes asymmetric hysteresis better than Bouc-Wen model. Due to its less number
of parameters, implementation of this model is very easy. Also it can capture dynamic
model of hysteresis. The rate dependent property of the PTAs is not taken into account
this model.

Backlash-like model [60]

Backlash-like  model  is  based  on  first-order  differential  equation  and  describes  the
dynamic hysteresis without modeling the inverse hysteresis. It is simpler than other
hysteresis model and controller design is easier with this model. The drawback is its
complexity to get a general solution of the model.

Krasnosellskii-Pokrovkii
model (KP)

[65, 78] The  KP  model  is  generally  used  to  characterise  the  shape  memory  alloy  actuator′s
hysteresis. The analytical inversion of the KP model is also complex.
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signal  analyzer.  For  the  identification  of  SISO  case,  the

input  is  applied  along  X-axis,  and for  MIMO case,  both

X-axis,  and  Y-axis  are  excited.  The  displacement  of  the

PTA′s tip  with  respect  to  the  excitation  voltage  is  cap-

tured by using DSPACE control system. A system identi-

fication method is used to obtain the transfer function for

X-axis  and  Y-axis  dynamics  of  the  PTS.  The  frequency

response  data  are  then  analysed  in  Matlab  toolbox  to

identify transfer function of  the plant.  In [22, 79],  swept

sine voltage from 10 Hz to 2 kHz were applied along X-ax-

is and  both  X,  Y-axis  for  SISO  and  MIMO  system,  re-

spectively. The plant transfer function is identified using

frequency response data. Fig. 9 represents the bode plot of

the  SISO  PTS  plant.  To  develop  the  LSVM  model,  a

swept  sine  approach  is  used  for  the  identification  of  the

linear system[80]. The sine wave is generated to derive the

piezoelectric  tube  bimorph  with  an  amplitude  of  0.5 V
and frequency range of  1–1 000 Hz.  A 2 Hz sampling rate

is  used  to  record  the  position  response  of  the  PTAs.  In

[52],  a  bandlimited  noise  signal  is  used  in  the  system

identification method which helps to characterise dynam-

ics model of the system with sufficient accuracy. In some

researches,  black-box  identification  technique  is  used[81].

In this technique, the linear model is identified by select-

ing a specific point within an operating range over a pre-

specified bandwidth.

3.1   Modeling accuracy

The main motivation of modeling piezoelectric actuat-

or  is  to  precisely  describe  the  nonlinearity  behaviors.  In

Section  2,  various  types  of  models  are  used  to  describe

the hysteresis non-linearity. Symmetric, asymmetric, rate-

dependent and rate-independent hysteresis models are fo-

cused  for  the  modeling  of  PTAs.  Almost  all  the  models

have great precision and accuracy with a small modeling

error, but their modeling accuraces are different with dif-

ferent  working  ranges.  The  most  widely  used  Preisach

model has an average tracking error which is 3%. Fig. 10

shows  the  comparison  of  modeling  accuracy  of  different

types of Preisach model. In 1995, Ge and Jouanech[82] ad-

apted  the  classical  Preisach  model  to  characterise  the

hysteresis  of  PTAs. The maximum modeling error is  3%

with  a  working  range  of  0–15 μm.  But  classical  Preisach

model  produces  a  significant  distortion when running on

minor  loop  of  the  hysteresis  output.  To  overcome  this

limitation,  in  1997,  they  adapted  a  generalised  Preisach

model  for  this  non-linearity  in  a  new  way[83].  It  has  a

modeling error less than 2.7% with a tracking accuracy of

0.25 μm. The hysteresis non-linearity is also described by

Preisach-type hysteresis model which is based on switch-

ing  system  concept[84].  The  modeling  error  is  4 μm,  i.e.,

2% of the total displacement of 200 μm. In [85], a bilinear

interpolation  Preisach  hybrid  model  was  proposed  with

an  error  about  3.3%  of  the  output  displacement.

Moreover, a modified Preisach model is proposed that has

an error  about 2% compared with the CPM with an er-

ror about 4%[48]. The Prandtl-Ishlinskii  (PI) model is  in-

troduced  to  compensate  the  limitations  of  the  Preisach

model. For this purpose, a rate-dependent PI model is de-

veloped  which  has  peak  errors  bounded  between

3.57%–4.77% over a frequency range about 0.1–200 Hz[49].

In [17], a generalized PrandtlIshlinskii model is proposed.

It has a peak position error near to 7.52%. Also the peak

error is reduced to 2.43% using a feedforward control ap-

proach. However, in [86], a rate-dependent Prandtl-Ishlin-

skii model is proposed which has an ERMS of about 1.4%

and maximum error of about 5.3%. The classical Prandtl-

Ishlinskii model directly compensates the hysteresis error

which is less than 2.5%[4]. Also a modified Prandtl-Ishlin-

skii  model  with  a  mean  modeling  error  less  than  1%  is

presented in [52]. In [53], an asymmetric shifted Prandtl-

Ishlinskii (ASPI) model is developed which has modelling

error less than 2.5%. A polynomial-based rate-dependent

Prandtl-Ishlinskii (PRPI) model is introduced for charac-

terising asymmetric  hysteresis  with  root-mean-square  er-

ror  (ERMS)  is  about  0.6%  and  maximum  is  about

1.52%[33]. The modeling accuracy in terms of ERMS error

is  summarised  in Fig. 11.  It  is  noticed  that  PRPI  model

has a excellent modeling accuracy than other P-I models.

However, the fractional-order Maxwell resistive capacitor

model  has  maximum normalized  root  mean  square  error

about 0.29% and an integrated physical model which uses

Maxwell-slip  elements  has  a  maximum  error  about

0.93%[7, 87]. The  Dahl  model-based  hysteresis  compensat-

or has modelling error about 4.2%[88]. In the Duhem mod-
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Fig. 10     Modeling accuracy of different types Preisach model
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dashed line) frequency responses of PTS[79]
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el  presented in [57],  the ERMS is  about 0.084 80 μm and

the Bouc-Wen Model[37] has an error less than 2.5%.

Along  with  the  aforementioned  model,  a  simplified

fuzzy  based  hysteresis  model  is  introduced  for  capturing

rate dependency and independency characteristics[89]. The

maximum  error  and  ERMS  are  0.31%  and  0.001 6, re-

spectively.  A neural  network  based  hysteresis  model  has

mean square error 0.010 27 and maximum error 0.061 7[68].

Instead  of  modeling  inverse  hysteresis  compensator  in

feedforward loop, a least squares support vector machine

(LSSVM)-based hysteresis  model  is  introduced  to  com-

pensate  this  non-linearity[80],  but  has  ERMS  error  of

about  0.15%  and  output  position  error  about  0.50%.

Moreover, an  adaptive  model  is  designed  for  character-

ising  hysteresis  nonlinearity[90].  The  maximum  error  of

the model is 0.036 3 and mean square error is 0.013.

The  hysteresis  modeling  accuracy  of  different  models

are  aggregated  in Fig. 12. It  is  pointed  out  that  the  LS-

VM-based hysteresis model shows better modeling accur-

acy that of other hysteresis models.

4   Control scheme of PTAs

In this section, various types of control algorithms are

discussed  for  achieving  of  high  tracking  accuracy  and

nanopositioning  requirements  for  different  purposes.  The

main goal to control the PTAs is to mitigate the non-lin-

ear  effects  such  as  the  hysteresis,  creep  and  vibration.

However, achievement of  high speed scanning and preci-

sion positioning of PTAs stage is a challenging task. It is

well known that scanning inaccuracy, oscillation and sys-

tem  instability  are  the  phenomenon  that  are  caused  by

hysteresis non-linearity. So, design and development of ef-

fective controller  for  controlling the hysteresis  effect  is  a

challenging task in the area of control system research.

However,  many  researchers  have  developed  various

control approaches over the past decades. The control ap-

proaches are classified into open-loop or feedforward con-

trol  scheme  and  closed-loop  control  scheme.  Further

more, the closed-loop control scheme is divided into feed-

backward (FB) control  scheme and feedforward-feedback

(FF-FB)  control  scheme.  Through  the  literature  review,

these  types  of  control  approaches  are  described  along

with their tracking accuracy and closed-loop bandwidth.

The detailed of the aforementioned approaches will be

discussed in the next section.

4.1   Open-loop control schemes of PTAs

The  most  used  control  approach  is  the  feedforward

control approach which is based on the hysteresis model-

ing and their inversion modeling as described in Section 2.

A  block  diagram  of  the  feedforward  control  scheme  is

shown  in Fig. 13.  Designing  of  open-loop  control  scheme

has mainly two parts, 1) construction of the required hys-

teresis model, and 2) developing of feedforward controller.

In  the  first  approach,  the  feedforward  compensators

are  designed  by  the  adaptation  of  the  direct  hysteresis

models[4, 21, 37, 42, 57].  For  the  need  of  high  performance,

easily  computable  and  implementable  control  techniques

and for avoiding use of bulky sensors, a feedforward con-

troller  using  Bouc-Wen  hysteresis  model  is  developed[42].

It  is  based  on  multiplicative  inverse  structure.  This

provides less computation for designing the compensator.

It utilizes direct model in designing the compensator. The

main advantages of this model is the simplicity of compu-

tation and  implementation.  This  prescribed  model  de-

scribes the static hysteresis but does not describe the dy-

namic one. Moreover, the traditional Bouc-Wen model is

extended  for  multiple  degree  of  freedom  (DoF)

systems[37]. The proposed model reduces the direct hyster-

esis  less  than  2.5%  and  substantially  reduces  the  cross-

coupling effect.

Based on the  classical  P-I  model,  an extended multi-

plicative-inverse structure is developed which reduces the

 

0.00%

1.00%

2.00%

3.00%

4.00%

5.00%

[4] [17] [49] [52] [53] [86] [33]
 
Fig. 11     Modeling accuracy of different types Prandtl-Ishlinskii
models
 

 

0.00%

0.50%

1.00%

1.50%

2.00%

[80] [7] [89] [33] [52] [86] [85]
 
Fig. 12     Modeling accuracy of different types Hysteresis models

 

 

(b)

(a)

H[.]
hysteresis
model

yUpea G
dynamics
model

PEA

H[.]
hysteresis
model

Gc
creep
model

Gv
vibration
model

Upea

y

PEA

 
Fig. 13     A feedforward control architecture for PTAs

 

M. Armin et al. / A Survey on Modelling and Compensation for Hysteresis in High Speed Nanopositioning of ··· 489 

 



hysteresis less  than 2.5% for  the considered working fre-

quency[4].  It also compensates the static hysteresis of the

PTAs by constructing the compensator directly from the

identified  and  obtained  model.  In  [57],  the  generalized

Duhem model (GDM) is adapted for the compensation of

hysteresis  nonlinearity  of  a  biaxial  piezo-actuated  stage.

The proposed GDM is a combination of the Duhem mod-

el, BoucWen model and Dahl model. The proposed feed-

forward controller effectively compensates the nonlinearit-

ies within a contouring error less than 0.1 μm.

In the second approach, the most widely used feedfor-

ward compensator requires inversion of the adapted hys-

teresis  model.  Among the models  discussed in Section 2,

Preisach and P-I models are operated based models from

which inversion models are constructed. However, analyt-

ical  inversion  of  the  Preisach  model  is  not  possible.  For

this  reason,  various  numerical  methods  are  used  for  the

inversion of the Preisach model[17, 41, 91–95].

The third approach is to develop a direct inverse hys-

teresis  model  without  modeling  the  hysteresis  effects[96].

The  orientation  of  the  hysteresis  loop  is  different  from

those  of  the  PTAs.  Using  this  concept,  the  inversion  of

Preisach  model  is  directly  constructed[31].  Also  the  P-I

model and modified  P-I  model  for  symmetric  and asym-

metric hysteresis compensation are used, respectively[33, 97].

However,  modeling  error,  external  loads  and  changes

in the dynamic of PTAs will cause position inaccuracy of

the feedforward control  approach.  To account this  prob-

lem,  disturbance-observer  is  used  with  the  inverse  MRC

hysteresis  model[51]. It  is  noted  that  the  tracking  accur-

acy  and  precession  positioning  of  the  PTAs  is  depended

on the hysteresis modeling accuracy.

The  feedforward  (FF)  control  approach  is  used  to

manage  complex  hysteresis  nonlinearities.  But  in  all

cases,  the  FF  approach  does  not  assure  the  stability  of

the entire model. To compensate these drawback, closed-

loop control approaches are developed which is discussed

in this section.

4.2   Closed-loop control schemes of PTAs

This control schemes are adapted both to mitigate the

non-smooth hysteresis and to improve the performance of

the  PTAs.  It  can  handle  the  parameter  variations  and

disturbances as well as modeling uncertainties and nonlin-

earities. The challenging task is obtaining the robust sta-

bility in the feedback loop. Moreover, at high frequencies,

tracking performance will degrade.
4.2.1   Feedback control schemes of PTAs

The feedback control schemes are widely used to com-

pensate the modelling errors,  variation in external loads,

and dynamic  model  changes  of  the  PTAs  for  the  accur-

ate  position  control.  It  is  the  most  adaptable  technique

which guarantees  the  position  control  of  the  PTAs  sys-

tem.  When the  dynamics  of  the  systems are  unmodeled,

it  ensures  the  system′s  stability. Fig. 14 shows  a  typical

yd

feedback approach. In this approach, hysteresis nonlinear-

ities  are  treated  as  uncertainties.  Also  the  output y is

forced  to  follow  the  desired  output .  Based  on  the

tracking performance error  with unknown hysteresis,  the

practical  implementation  of  the  feedback  controllers  for

dynamic  systems  is  challenging[2, 5, 25, 50, 64, 98–103].  The

feedback  controller  can  be  designed  with  or  without  the

adaptation of hysteresis model. The former technique uses

the known hysteresis  models  for  capturing hysteresis  be-

havior. In the later approach, the feedback controllers are

designed directly without utilising the hysteresis models.

Estimation of any unknown disturbances in the PTAs

system utilizing  disturbance  observer  (DOB) compensat-

or is known as a key idea of the later approach. However,

to guarantee  the  tracking  performance,  additional  feed-

back  or  feedforward  controllers  may  be  included  in  the

system. In [56, 59, 104], various types of PID controllers,

are used as a DOB compensator. In [59], the disturbance

observer  based  proportional  integral  derivative  (PID)

controller  compensates  the  hysteresis  of  the  piezoelectric

actuators under an input frequencies up to 150 Hz. An ex-

tended state observer is used as DOB with nonlinear PID

controller  in  [56, 104].  However,  precise  tracking  control

is challenging by the classical PID controller as well as by

the linear controllers due to phase lag problem. Consider-

ing this  phase  lag  problem,  a  phase  shift  rate  independ-

ent  hysteresis  model  is  constructed  using  the  concept  of

Preisach  model[72] and  a  variable  phaser  is  designed  to

mitigate the minor hysteresis loop.

H∞

All  the  above  controllers,  state  feedback,  classical

PID, are only used at low frequencies. To overcome these

problems,  many  modern  control  techniques  have  been

uesd  by  the  researchers.  In  [81, 105, 106],  a  robust 

feedback controller  is  used  to  mitigate  the  hysteresis  ef-

fect. At  high  frequency  scanning  speed,  the  plant  reson-

ant  behavior  can  be  significantly  compensated  in  this

closed-loop system. Another simple and robust controller

is  the  sliding  mode  controller[107–110].  To  enhance  the

tracking performance against different types of uncertain-

ties, an enhanced sliding mode motion tracking controller

is adapted[107]. In [109], a disturbance observer is used to

augment the  sliding  mode  controller.  Moreover,  a  dis-

crete-time output integral sliding-mode controller (DOIS-

MC)  is  constructed  with  two  observers[110].  However,  a

PID  based  sliding  mode  controller  (PIDSMC)  with  a

PIDSM  observer  is  combined  to  develop  a  PID-sliding-

mode-observer-controller  (PIDSMOC)[111].  It  ensures  an

excellent  tracking  performance  with  small  phase  lag  and

error less  than  3%.  Though  SM controller  provides  pro-
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missing performance, accurate estimation of system para-

meters is challenging.

L1

The incapability  of  sliding  mode  controller  is  over-

come  by  adaptive  controller,  adaptive  controller  and

an robust adaptive controller[19, 53, 63, 96, 112–118]. The devel-

opment  of  the  asymmetric  shifted  Prandtl-Ishlinskii

(ASPI) model is based on PI model, a shifted model and

an auxiliary function[53]. It directly uses the available in-

verse result of PI model to construct an analytical model

of it.  With  this  model,  the  adaptive  approach  is  de-

veloped  in  feedback  path  for  the  enhancement  of  the

closed-loop stability  and  for  the  mitigation  of  the  com-

pensation error. Moreover, a robust adaptive model refer-

ence controller  is  designed  based  on  hysteresis-creep  in-

version  technique[112].  In  [98], an  adaptive  control  ap-

proach is adapted for parameter estimation of PTAs. Also

the  integration  of  sliding  mode  controller  with  adaptive

controller ensures  the  tracking  accuracy  under  paramet-

ric  uncertainties  and  uncertain  nonlinearities.  Moreover,

combining the advantages of both SM and model predict-

ive controller,  a model predictive sliding mode controller

has been reported in [119, 120].

A  repetitive  feedback  controller  has  been  designed

based on the the Maxwell slip hysteresis model[121]. It im-

proves  the  tracking  accuracy  for  scanning  images  in

PTAs.  A  fuzzy  logic  controller  (FLC)  with  single-loop

and dual-loop is presented in [122]. The mechanical reson-

ance  of  the  nanomanipulator  is  damped  using  integral

resonant  controller  (IRC)  with  FLC.  With  this  control

shame, a better control is achieved in both x and y direc-

tions. In [66, 81, 105, 123], the hysteresis is treated as dis-

turbance, and  based  on  this  phenomenon,  various  feed-

back controllers are designed.

Along  with  these,  a  gain  schduling  controller[124],  a

Smith  predictor-based  controller[125],  neural

network[126–128],  fuzzy  controller[129, 130], iterative  control-

ler[1, 131],  linear-quardratic Gaussian (LQG) controller[132],

linear-quardratic  regular  (LQR)  controller[133],  improve

charge  amplifier[15] and  an  active  damping  controller[134]

have been used to achieve precision tracking of the scan-

ner. In the next section, feedforward-feedback approach is

discussed  to  mitigate  the  drawback  of  both  feedforward

and  feedbak  controller  for  the  enhancement  of  tracking

accuracy and loop stability.
4.2.2   Feedforward-feedback (Ff/Fb) control

schemes of PTAs

Though both  the  feedforward  and  feedback  control-

lers  have  great  advantages,  they  alone  are  insufficient.

The  feedback  controller  is  widely  used  to  provide  high-

gain at low frequencies. But when frequency level is high,

it  provides  low  open-loop  gain  which  is  insufficient  to

compensate  the  hysteresis  nonlinearities.  Moreover,  it  is

challenging for  feedforward  controller  to  have  an  accur-

ate model  due  to  parameter  uncertainty.  Thus,  to  over-

come  these  problems,  a  combination  of  feedforward  and

feedback  controller  is  used.  Since  feedforward-feedback

controller  is  the  combination  of  the  advantages  of  the

feedforward  and  feedback  controllers,  it  improves  the

drawback of the feedforward and feedback controllers[6, 135].

A typical  feedforward-feedback  control  scheme  is  repres-

ented in Fig. 15. Feedforward loop is used to improve the

high-frequency  performance  where  feedback  controller  is

used  to  linearize  the  piezo-positioning  systems  or  it  is

used to augment the feedback controller. Various types of

hysteresis  models  are  used  for  feedforward  compensator

to  approximately  compensate  hysteresis  and  feedback

loop is adopted for the reduction of the system modeling

error  and the system uncertainties[6, 10, 38, 40, 66, 91, 135–141].

In  [10], the  Preisach  model  was  adapted  in  the  feedfor-

ward  path  for  hysteresis  identification,  and  for  feedback

loop, a PID controller is used to reduce error and model-

ing  uncertainties.  Depending  on  PrandtlIshlinskii  model,

a compensator is designed as feedforward controller with

repetitive  feedback  controller  to  increase  the  stability

margin[139].  However,  at  high  hysteresis  non-linearities,

where  hysteresis  is  significant,  the  RC  system  becomes

unstable.  In  [142],  a  modified  Prandtl-Ishlinskii  model  is

used for the modeling of asymmetric hysteresis of PTAs.

Based  on  MPI  model,  an  inverse  hysteresis  compensator

is  designed  to  capture  this  non-linearity.  Moreover,  a

DOB  is  used  to  reject  the  disturbance.  For  precision

tracking control,  a  proportional-integral  controller  is  de-

veloped with DOB. The PIC+DOB+IHC control scheme

reduces the hysteresis error about 80%.

In  [66],  a  least  squares  support  vector  machines  (LS-

SVM) method is  extended.  To get  control  over  the  hys-

teresis model, the LSSVM model is trained using current

input value and variation rate of the input. Based on in-

verse  LSSVM model,  a  PID  controller  is  combined  with

feedforward  controller  to  suppress  the  hysteresis.  The

proposed model is simpler and more computationally effi-

cient  than  standard  SVM  because  it  uses  the  equality

constraints  rather  than inequality  constraints.  Moreover,

it needs to tune fewer parameters.

A  PrandtlIshlinskii  model  and  its  modified  model  is

adapted in the feedforward loop for the compensation of
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hysteresis[136, 143]. In [140], the feedforward compensator is

combined  with  a  robust  controller.  The  feedforward

scheme  reduces  hysteresis  where  controller  ensures

high performance. It provides a tracking error below 1%.

The odd hysteresis non-linearity and disturbances are re-

duced  using  sliding  mode  controller[144].  The  proposed

control strategy produces 4 nm tracking resolution. An in-

version-based  model  predictive  controller  (MPC)  is  used

to  reduce  the  hysteresis  of  the  piezoelectric  actuator[141].

The MPC controller is combined with an inverse feedfor-

ward  control  scheme  and  integral-of-error  state  variable.

The  adapted  feedforward  controller  is  simple  than

the Preisach model based inverse feedforward controller.

Many  researchers  have  been  used  the  feedforward-

feedback controller for both hysteresis and vibration con-

trol[11, 24, 136, 145, 146].  In  [145],  modified  PrandtlIshlinskii

(MPI) model is adapted as feedforward control scheme to

mitigate the asymmetric hysteresis nonlinearity. This dir-

ect  inversion  process  reduces  hysteresis  error  up  to

81.35%.  The  feedback  loop  consists  of  a  proportional-in-

tegral (PI)  controller  for  creep  non-linearity  and  uncer-

tainty of  the  hysteresis  and  vibration  modeling.  It  in-

creases the bandwidth of the PTA system from 65 Hz to

605 Hz.

H∞

Also  in  [24],  a  linear  integral  resonant  controller  is

used with the inverse MPI model for the compensation of

both hysteresis and vibration of the the dynamic system.

To enhance the tracking accuracy and closed-loop band-

width, a  tracking controller  is  designed as  feedback con-

troller. The proposed control scheme increases the closed-

loop tracking bandwidth from 22 Hz to 657 Hz. In [146], a

classical sky-hook  controller  is  combined  with  feedfor-

ward  controller.  A  robust  feedback controller  is  in-

tegrated  with  the  feedfoward control  scheme to  mitigate

both hysteresis and vibration of the PTA system[11]. The

feedforward loop is adapted from the inversion of the Pre-

isach model for hysteresis compensation.

A  feedforward  controller  for  hysteresis  compensation

and  proportional  integral  (PI)  controller  for  high  speed

raster  scanning  is  implemented  in  [64]. It  provides  im-

proved tracking performance when the frequency range is

low. But, when the frequency range is high, it introduces

phase  lag  between  reference  input  and  actual  output.

Therefore,  at  high  frequencies,  the  proposed  model  does

not  provide  satisfactory  results  for  high  speed  raster

tracking.  In  [6], a  new  control  technique  has  been  pro-

posed  to  compensate  hysteresis  to  achieve  high  tracking

accuracy of the micromanipulator.

A  PID  controller  with  antiwindup  strategy  in  the

feedback path and an inverse Dahl model in the feedfor-

ward path is designed. It is simple and easy structure to

implement  for  one  or  two  dimensional  tracking  control.

Above 700 Hz and 800 Hz frequency, the Ff/Fb approach

does  not  provide  precise  results.  This  approach  provides

precise linear results losing bandwidth.

Based on inverse Maxwell resistive capacitor model, a

feedforward control  approach  is  developed  for  the  aug-

mentation of feedback controller[6]. The proposed control-

ler provides  precise  linear  results  and  enhances  perform-

ance at high frequencies. In the feedback loop, a propor-

tional-integral controller is designed to enhance the track-

ing  performance  at  high  frequencies.  Feedback/feedfor-

ward control  schemes provides faster response and smal-

ler  tracking  errors  about  0.12 μm.  In  [6],  an  asymmetric

hysteresis  of  piezoelectric  actuator  is  modeled  through  a

modified Bouc-Wen model. For this purpose, a new digit-

al  inverse  compensator  with  a  simple  structure  cascaded

in  the  feedforward  path  is  designed.  The  modeling  error

and parameter  uncertainties  are  eliminated  by  integrat-

ing the inverse controller with a PID feedback loop.

The  static  hysteresis  of  piezoelectric  actuator  is

modeled  through  classical  Preisach  model[40]. The  inver-

sion  of  the  Preisach  model  and  a  cascaded  PD/leadlag

feedback  control  approach  is  developed  for  precession

control of PTAs. This approach is used for microposition-

ing  control  with  both  major  and  minor  loop  hysteresis

compensations. It reduces the RMS error by 50% to 70%.

Moreover, a  rate-dependent  feedforward  control  ap-

proach  is  derived  and  implemented  from  rate-dependent

PrandtlIshlinskii (RDPI) model[91]. The Lipschitz continu-

ity of the model is analyzed by bounding the tracking er-

ror. The feedforward control system is used to augment a

feedback  controller.  The  feedback  controller  reduces  the

remaining error  and  rejects  disturbance  that  a  feedfor-

ward  controller  would  not  eliminate.  It  provides  infinite

gain margin and larger phase margin compared to rate-in-

dependent Prandtl-Ishlinskii (RIPI) model.

Another  feedforward-feedback  controller  is  shown  in

Fig. 15 (b), where in feedback loop, a controller with high

gain is used to compensate the uncertainties and non-lin-

ear  effect.  The  feedforward  controller  is  the  inversion  of

the  linear  closed-loop  dynamic  model.  It  suppresses  the

computational  error.  However,  zero-phase-error,  zero-

magnitude-error, and pre-filters like closed-loop stable in-

version  technique  have  also  been  developed  for

PTAs[147–151]. In this control approach, feedback path con-

tains low gain margin problem.

Finally, Fig. 16 depicts different  types  of  control  ap-

proaches  and Table  2 highlights the  main  control  tech-

niques.

4.3   Control accuracy

Based  on  the  aforementioned  control  algorithms  and

approachs,  the  hysteresis  control  accuracy  of  the  PTAs

are different.  Using  the  hysteresis  model  and  their  in-

verse model  as  feedforward  control  approach  and  differ-

ent control algorithm as feedback approach, the tracking

error of the piezoelectric tube stage is decreased to a ac-

ceptable range.

An  inverse  Preisach  model  in  the  feedforward  loop

and a hybrid controller with PID feedback is used for the
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compensation of hysteresis[94]. The average tracking error

with this approach is 36 nm. In [40], an inversion hyster-

esis  model  derived  from classical  Preisach  model  is  used

for the  compensation  of  hysteresis.  To  improve  the  con-

trol accuracy,  a  cascaded  PD/lead-lag  controller  is  com-

bined with  various  types  of  hysteresis  model.  This  ap-

proach  has  a  maximum  tracking  error  about  2.5 μm.  A

PD type feedback controller is integrated with a feedfor-

ward  switching-type  asymmetric  hysteresis  model  that

has  a  average  tracking  error  about  0.68 μm[84].  In  [11],  a

 controller is used in the feedback loop with Preisach

model in the feedforward loop. This control approach has

a  root  mean square  error  about  0.262 μm to track  10 μm
triangle trajectory.

A  proportional  integral  (PI)  feedback  controller  is

combined with  model-based  inversion  feedforward  con-

trol  approach for  the  compensation of  hysteresis  and for

achieving precise tracking accuracy[152]. This type of com-

posite  approach  achieved  a  closed  loop  bandwidth  of

70 Hz and precision accuracy about 0.281 μm. Based on el-

lipse-based  hysteresis  model,  an  inverse  based  hysteresis

compensator is developed for rate-dependent hysteresis[31].

A hybrid control scheme is designed by integrating a PID

controller  with  the  hysteresis  model  in  the  feedforward

loop. From experiment, it is evident that the tracking er-

ror  is  less  than  0.1 μm,  which  is  0.7%  of  the  moving

range.  Furthermore,  a  real-time feedforward controller  is

designed  with  the  proposed  hysteresis  model[70]. It  pro-

duces a maximum tracking error 0.08 μm which is 1.52%

of  the  18 μm  displacement  range.  The  Maxwell  resistive

capacitor  model  is  designed  as  a  feedforward  hysteresis

compensator and a proportional integral feedback control-

ler  is  combined  with  the  proposed  hysteresis  model[135].

The  feedback/feedforward  control  scheme  has  a  small

tracking  error  about  0.12%.  In  [80], a  least  squares  sup-

port vector machine (LSSVM)-based hysteresis model re-

duces the RMS tracking error to a level of 0.62 μm.

The most widely used hysteresis compensator model is

the  Prandtl-Ishlinskii  (PI)  model.  By  using  inverse  PI

model in the feedforward loop, the effect of the hysteresis

nonlinearity  is  reduced[144].  Then,  a  sliding  controller  is

designed in the feedback loop, to mitigate the remaining

hysteresis.  The  proposed  control  approach  has  a  closed

loop bandwidth about 80 Hz and a maximum tracking er-

ror 0.039 μm. Also a repetitive controller is designed with

RMS  error  about  1.38%[139]. A  rate  dependent  feedfor-

ward  controller  is  designed  with  PI  hysteresis  model

which has mean RMS error about 0.094 3 μm with maxim-

um  error  about  0.389 9 μm[143].  In  [153],  a  modified  PI

model is cascaded with a feedforward controller which has

an error below 1%. Also, the inversion of the MPI hyster-

esis  model  is  used  with  a  feedback  proportional  integral

controller which  produces  root-mean-square  tracking  er-

ror  about  0.007 2%[145].  The proposed closed loop control

system has a bandwidth from 65 Hz to 605 Hz.

Moreover,  to  improve  the  closed  loop  bandwidth,  an

integral  tracking  controller  (ITC),  an  integral  resonant

controller (IRC),  and  a  feedforward  controller  is  cas-
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Fig. 16     Different types of control techniques for the control of
PTAs hysteresis
 

 

Table 2    Highlights of different types of control approaches

Techniques Highlights

Feedforward (Ff) control scheme

The feedforward controllers are constructed by cascading different types of hysteresis models and
their inverse models. It utilizes known dynamic models of the system for the control input. It improves
the control performance of the PTAs. But, alone FF controller can not improve the tracking accuracy.
Moreover, due to parameter uncertainty, it is quite challenging to have a accurate model.

Feedback control (Fb) scheme

The feedback control scheme eliminates the remaining hysteresis by using robust control algorithm. It
guaranties robust tracking performance under nonlinearities, unmodeled dynamics, parameter
variations and uncertainties. It provides high open loop gain at low operating frequencies. However,
its implementation is difficult and sophisticated and needs bulky sensors for output signal. It becomes
complex to design a feedback controller for high operating frequencies. Also, stability in the control
loop is the most important thing in designing feedback controller.

Feedback/Feedforward (Ff/Fb)
control scheme

The Ff/Fb controller holds the advantages of feedforward and feedback controller. It is implemented
to get high precession and high operating speed of piezo-actuated stages.
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H∞

H∞

caded with inverse hysteresis compensator based on modi-

fied  PI  model[24].  The  closed  loop  tracking  bandwidth  is

657 Hz  and  RMS  tracking  error  is  about  8.6 nm,  i.e.,

0.008 6 μm.  In  [154],  a  PI  controller  is  integrated  with

Smith  predictor  and  input  shaper.  It  achieves  a  closed

loop  bandwidth  at  a  range  about  22.6 Hz  to  510 Hz  and

tracking  error  about  0.056 9 μm. Also,  a  proportional  in-

tegral controller (PIC) and a disturbance observer are de-

signed  with  the  inverse  modified  Prandtl-Ishlinskii

model[142].  It  accounts  a  RMS  tracking  error  about

0.027 8 μm. In [21], inversion of the CPI model is adapted

in the feedforward loop with a  feedback controller to

compensate  hysteresis  effect.  It  provides  a  closed  loop

bandwidth 67 dB and RMS tracking error 0.814 μm under

1 Hz applied frequency. Also, a full-order and fixed-order

 feedback control approach is develoed to mitigate the

remaining  hysteresis[140].  The  full-order  controller

provides  a  fine  tracking  accuracy with  RMS error  about

0.09 μm.  With  the  PI  model,  an adaptive  controller  is

used with a tracking error 0.080 4 μm[19].

The  summarised  control  accuracy  of  different  control

approaches  is  represented  in Fig. 17.  Among  the  control

approaches it is noted that the ITC+IHC+IRC+FFI con-

troller[24], provides  better  tracking  accuracy  of  the  scan-

ning  images.  It  provides  high  scanning  speed  and  high-

precision performances than the other control approaches.

However,  there  are  many  feedback  controllers  which

are used to achieve better tracking accuracy without us-

ing hysteresis modeling. For high-precision positioning, a

LQG controller is designed which is integrated with aug-

mented  plant  model[155]. This  closed  loop  control  ap-

proach  provides  high  quality  image  up  to  120 Hz scan-

ning  frequency  with  a  RMS  tracking  error  about

10.32 nm.  Using  the  sliding  mode  control  scheme,  the

bandwidth  of  closed  loop  system  is  improved  by  88 Hz

and provides a tracking error about 3.6% of the maxim-

um amplitude[156]. In [118], a PID-based sliding mode con-

troller  is  designed.  It  has  an  excellent  tracking  accuracy

with the  maximum tracking  error  less  than  3%.  A cere-

bellar  model  articulation  controller  (CMAC)  is  designed

based  on  neural  network  control  algorithm[126].  It  has  a

tracking  resolution  about  2 nm.  When  plant  parameter

uncertainties  are  absent,  an  inversion-based  feedforward

control  technique  is  more  compatible  to  achieve  the

tracking accuracy of the PTAs[150]. It improves the closed

loop  bandwidth  310 Hz to  1 320 Hz with  a  tracking  error

about 5% of 100 Hz scanning frequency. In [157], a high-

bandwidth  and  high  tracking  resolution  XY  nano-posi-

tioning stage are developed. To increase the tracking ac-

curacy and bandwidth, a proportional integral control al-

gorithm is  implemented.  The  proposed  controller  in-

creased the closed loop bandwidth about 2 000 Hz with a

tracking  resolution  about  1nm.  However,  for  enhancing

the  flexibility  of  the  AFM imaging  accuracy,  some  local

data are used to compensate hysteresis effect[158,159].

The aforementioned  modelling  and  control  ap-

proaches  for  hysteresis  mentioned  in  this  paper  are  also

related  to  other  positioning  systems  other  than  AFMs.

Such nanopositioning  systems  are  scanning  probe  micro-

scopy (SPM)[160], ultra-precision machine tools[161], micro-

manipulators[162],  piezoelectric  actuator  drive  (PAD) and

hard disk drive[163], etc. However, there are many new ad-

vanced control  algorithms  which  can  be  used  for  con-

trolling purpose of AFMs[164–167].

5   Conclusions & future recommenda-
tions

The high speed nano-positioning of PTA has been an

area  of  active  research  for  decades  now.  The  control  of

PTA based on hysteresis modelling has attracted the re-

searchers for high level of accuracy of hysteresis modeling.

This paper investigates the merit of seven hysteresis mod-

els  that  are  used for  control  of  piezo-electric  actuator  in

high speed nano-positioning. The investigated models are

summarised  in  terms  of  tracking  accuracy  for  command

signals. The investigation shows that Bouc-Wen model is

simple to obtain, however least square support vector ma-

chine based hysteresis model has higher accuracy as com-

pared to other models presented in this paper.

H∞

Moreover,  to  improve  the  tracking  accuracy  at  high

frequencies,  different  types  of  feedback  and  feedforward

controllers,  such  as  PID,  LQG,  LQR, ,  ITC,  MPC,

fuzzy controller,  neural  network,  etc.  are  used.  The  in-

vestigation summarises the control accuracy of these con-

trollers.  Aforementioned  discussion  concluded  that  PID

controller  is  versatile  and simpler  than other  controllers,

but  among  them,  the  combination  of  ITC+IHC+IRC+

FFI  controller  provides  better  tracking  accuracy  of  the

scanned image.

Finally, this  survey  paper  concluded  with  the  follow-

ing future recommendation:

1) Though the raster scanning method is widely used,

it  takes  several  times  and  damages  the  sharp  tip  of  the

scanning images. Moreover, raster scanning tracks the tri-

angular  signal  and  produces  vibration  on  the  scanning

tip.  For  the  improvement  of  these  problems,  non-raster

scanning  method  can  take  the  place  of  the  conventional

raster scanning method.

2)  Adaptive  artificial  control  algorithms  can  be  used

in terms of conventional control approach to improve the
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tracking accuracy at high speed operating range.

3)  When  scanning  images  at  high  frequencies,  the

feedback control approach provides low closed loop band-

width. Also, feedforward control approach has some limit-

ations such as instability of the entire model. For the im-

provement of the tracking accuracy and closed loop band-

width at high frequencies, inverse feedforward control ap-

proach can be used with the combination of feedforward/

feedback control approach.

4)  Moreover,  modern  technology  included  AFM such

as artificial intelligent AFM can be used for getting bet-

ter scanning results.

5)  The  hysteresis  of  an  AFM  is  not  only  from  the

piezoelectric  actuators  but  also  from  the  mechanical

mechanisms. Therefore,  the  control  system  should  con-

sider the hysteresis of the mechanical mechanism.
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