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Abstract: This article is devoted to the problem of composite control design for continuous nonlinear singularly perturbed (SP)

system using approximate feedback linearization (AFL) method. The essence of AFL method lies in the feedback linearization only of

a certain part of the original nonlinear system. According to AFL approach, we suggest to solve feedback linearization problems for

continuous nonlinear SP system by reducing it to two feedback linearization problems for slow and fast subsystems separately. The

resulting AFL control is constructed in the form of asymptotic composition (composite control). Standard procedure for the composite

control design consists of the following steps: 1) system decomposition, 2) solution of control problem for fast subsystem, 3) solution of

control problem for slow subsystem, 4) construction of the resulting control in the form of the composition of slow and fast controls. The

main difficulty during system decomposition is associated with dynamics separation condition for nonlinear SP system. To overcome

this, we propose to change the sequence of the design procedure: 1) solving the control problem for fast state variables part, 2) system

decomposition, 3) solving the control problem for slow state variables part, 4) construction of the resulting composite control. By this

way, fast feedback linearizing control is chosen so that the dynamics separation condition would be met and the fast subsystem would

be stabilizable. The application of the proposed approach is illustrated through several examples.

Keywords: Approximate feedback linearization (AFL), composite control, nonlinear singularly perturbed system, order reduction,

decomposition.

1 Introduction

Feedback linearization (external linearization) is an effec-

tive method of nonlinear control systems design[1−3]. The

idea of this method lies in transformation, by means of the

feedback, of nonlinear system into linear one, written in

canonical form, which is then subjected to the methods of

the linear feedback system theory.

Validity of the external linearization method is guaran-

teed by compliance of the strict controllability and involu-

tiveness conditions for the nonlinear system that does not

always take place. On this occasion, approximate feed-

back linearization (AFL) methods are used[4]. The most

widely used approach for AFL is based on Taylor expan-

sion of the original nonlinear system[4, 5]. Another approach

is based on similarity transformation or dynamic feedback

and the notion of d-relative degree, where d is given integer

number[6, 7]. Here, the main idea consists of the rearrange-

ment of the system dynamics equation into linear form with

additional terms of higher order than the given integer d.

The main drawback of such solution is aligned with the raise

of the system order and the order of the dynamic feedback.

From this point of view, an opposite approach for AFL is

based on transformation of the original system into singu-

larly perturbed (SP) form that provides order reducing of
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the system model[8].

A mathematical description of SP system uses small

number of parameters that multiply the time derivative of

some state variables (so-called fast variables) in the equa-

tion of the system state[9−12].

Multiple scales of the system motions can be explained

by different physical factors, such as the presence of small

masses and moments of inertia, inductance, the high gain

feedback, etc[8, 9, 13].

The works[14−22] are devoted to the problem of feed-

back linearization of nonlinear SP systems. Khorasani et

al.[14−17] introduced approaches that are based on feedback

linearization of the so-called “slow” subsystem, not the en-

tire SP system. Such approaches are based on the reduction

of the original nonlinear SP system with the following lin-

earization of the slow subsystem. So when the fast subsys-

tem is stabilizable and the slow subsystem is input/output

linearizable, the developed state feedback guarantees sta-

bility of closed-loop system. In [18], analogous result was

obtained for the SP systems with time-varying uncertainty.

The development of such results is shown in [19, 20] where

composite control for the original nonlinear SP system is

built based on the solution of the external linearization

problems for slow and fast subsystems.

The main limitation of the above results is aligned with
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the class of the considered systems – SP systems with the

fast state equation that is linear in the vector of fast vari-

ables. This is primarily due to the possibility of decompo-

sition of the nonlinear SP system.

Diffeomorphism for SP system that is nonlinear in both

slow and fast state variables was suggested[21, 22]. Proposed

diffeomorphism does not depend on small SP parameter and

converts the original nonlinear SP system into special lin-

ear form (not canonical). This diffeomorphism is also built

separately for fast and slow system motions.

In [8], similar results are obtained for non-perturbed sys-

tem, where, to convert a system to the SP form, a special

conversion is presented. Parameters of this conversion are

connected with high gain feedback for state variables, which

are considered as fast. Proposed controller can stabilize the

whole system if the reduced slow uncontrolled subsystem is

stable.

In this paper, we propose a method of composite control

for nonlinear SP system, based on approximate feedback

linearization. Here, the essence of AFL lies in the feedback

linearization of slow and fast state variables system parts

separately, instead of the feedback linearization of the en-

tire original nonlinear SP system. Standard procedure for

the composite control design consists of four steps: 1) sys-

tem decomposition, 2) solution of control problem for fast

subsystem, 3) solution of control problem for slow subsys-

tem, 4) construction of the resulting control in the form of

a composition of slow and fast controls. The main diffi-

culty in the first step of this procedure is associated with

the dynamics separation condition for nonlinear SP system

(in particular, solvability condition for nonlinear algebraic

equation with respect to the fast state variables). To over-

come this, we propose to change the sequence of the design

procedure: 1) solving the control problem for fast state vari-

ables part, 2) system decomposition, 3) solving the control

problem for slow state variables part, 4) construction of the

resulting composite control. This way, fast feedback lin-

earizing control is chosen so that the dynamics separation

condition would be met. Then using a standard method of

singular perturbation theory, a slow state variables system

is obtained for which the problem of feedback linearization

is solved. Thus, if the original nonlinear system is repre-

sented in SP form, then decomposition and diffeomorphism

building, separately for slow and fast motions, can be used

as means of the AFL control design.

This article is organized as follows. Section 2 contains

the statement of the control problem. Section 3 contains a

number of mathematical definitions which are used in the

article. The solution of the problem of AFL design is shown

in Section 4. The examples of the control design on the ba-

sis of the developed method are given in Section 5. The

main inferences are presented in the conclusion.

2 Problem formulation

A nonlinear SP system is considered as

ẋ(t) = F (x, z, u), x(0) = x0, y = ϕ(x) (1)

εż(t) = f(x, z) + g(x, z)u, z(0) = z0 (2)

where x ∈ Rn1 and z ∈ Rn2 are state variables. y, u ∈ R1

are output and control, respectively. F (x, z, u), f(x, z) and

g(x, z) are continuous smooth vector functions, continu-

ously differentiable for all their arguments. ε > 0 is small

perturbation parameter.

It is required to find control and nonsingular transfor-

mation T (x, z), not depending on parameter ε, such that in

case of rather small ε, system (1), (2) can be transformed to

the linear one approximately (within the accuracy of O(ε))

with regard to a scalar output function y = ϕ(x).

3 Preliminary data

Here are some basic definitions that will be used[1]. Let

ϕ(x) be a smooth function and f(x) be a smooth vector

field defined on X ⊂ Rn. The scalar function

Lfϕ(x) =
∂ϕ

∂x
f(x)

is the so-called a (scalar) Lie derivative of scalar function

ϕ(x) along vector field f(x).

Let f(x) and g(x) be smooth vector fields defined on X.

The vector field introduced as

Lfg(x) =
∂g

∂x
f(x)− ∂f

∂x
g(x)

is a vector Lie derivative, often called a Lie bracket

[f(x), g(x)] = Lfg(x).

In addition, the following notation is used to define the

Lie derivative of order k

L0
fϕ(x) = ϕ(x), L0

fg(x) = g(x)

LgLf = Lg(Lf ), Lk
f = Lf (Lk−1

f ), k = 2, 3, · · · .

By analogy with [22], let us modify the above mentioned

definitions for the case with two variables x ∈ Rn1 , z ∈ Rn2 :

ϕ(x, z) is smooth scalar function on a set Dx ×Dz → R1.

f(x, z) is smooth vector field on a set Dx ×Dz → Rn2 .

Lie derivative of scalar function ϕ(x, z) along vector field

f(x, z) will be called a function of the form

Lfϕ(x, z) =
∂ϕ

∂x
f(x, z).

Let g(x, z) be a smooth vector field on a set

Dx ×Dz → Rn2 . The mapping introduced as

adfg(x, z) =
∂g

∂x
f(x, z)− ∂f

∂x
g(x, z)

is called a Lie derivative from a vector field g(x, z) along a

vector field f(x, z) or the Lie bracket

[f(x, z), g(x, z)] = adfg(x, z).
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The Lie derivative of order k is also used as

L0
fϕ(x, z) = ϕ(x, z), LgLf = Lg(Lf )

ad0
fg(x, z) = g(x, z)

Lk
f = Lf (Lk−1

f ), adk
f = adf (adk−1

f ), k = 2, 3, · · · .

4 Approximate feedback linearization

Let system (1), (2) meet the following condition.

Assumption 1. There is a scalar function Tf1(x, z) that

satisfies the following relation for all (x, z):

LgLi−1
f Tf1(x, z) = 0, i = 1, n2 − 1

LgLn2−1
f Tf1(x, z) 6= 0.

Lemma 1. Under Assumption 1 there is a diffeomor-

phism




ξ1

...

ξn2


 = ξ = Tf (x, z) =




Tf1(x, z)
...

Ln2−1
f Tf1(x, z)


 (3)

which transforms (2) into the form

εξ̇(t) = Afcξ + Bfcaf (x, z)(u− bf (x, z))+

ε
∂Tf (x, z)

∂x
F (x, z, u)

af (x, z) = LgLn2−1
f Tf1(x, z)

bf (x, z) =
−Ln2

f Tf1(x, z)

af (x, z)
(4)

where Afc, Bfc is a Brunovsky canonical pair.

Proof. The derivative ξ̇ can be found using the trans-

formation (3) (during the proof, the dependence on x, z is

omitted for simple presentation):

ξ̇(t) =
∂Tf

∂x
ẋ +

∂Tf

∂z
ż =

1

ε

(
∂Tf

∂z
f +

∂Tf

∂z
gu

)
+

∂Tf

∂x
F (u).

The expression for
∂Tf

∂z
f can be calculated by using the

definition of the Lie derivative:

∂Tf

∂z
f =




∂Tf1

∂z
f

...

∂Ln2−2
f Tf1

∂z
f

∂Ln2−1
f Tf1

∂z
f




=




LfTf1

...

Ln2−1
f Tf1

Ln2
f Tf1




=




ξ2

...

ξn2

Ln2
f Tf1




.

Similarly, the expression for
∂Tf

∂z
g is obtained as

∂Tf

∂z
f =




LgTf1

...

LgLn2−2
f Tf1

LgLn2−1
f Tf1




=




0
...

0

LgLn2−1
f Tf1




.

The last formula shows that (2) is led to a form (4).

To show that transformation Tf is diffeomorphism, the

Jacobian matrix J(x, z) should be determined:

J(x, z) =

(
∂Tf

∂x

∂Tf

∂z

)
.

If the Jacobian matrix J(x, z) has the maximum possi-

ble rank, the mapping Tf will be nonsingular[1], i.e., Tf is

non-singular transformation if

rankJ(x, z) = min(n2, n) = n2. (5)

The last statement holds in case of nonsingularity of
∂Tf

∂z
.

By analogy with [23], let us show that for all (x, z) and for

k ≥ 0 and j : 0 ≤ j ≤ n2 − k − 1, the following is true:

L
ad

j
f

g
Lk

fTf1 = (−1)jLgLn2−1
f Tf1 6= 0, j + k = n2 − 1

L
ad

j
f

g
Lk

fTf1 = 0, 0 ≤ j + k < n2 − 1. (6)

The left part of the first equation in (6) is determined by

using Jacobi identity

L
ad

j
f

g
Lk

fTf1(x, z) = LfL
ad

j−1
f

g
Lk

fTf1(x, z)−

L
ad

j−1
f

g
Lk+1

f Tf1(x, z). (7)

For j = 0 under Assumption 1, (7) yields

Lad0
f

gLk
fTf1(x, z) = LgLk

fTf1(x, z) = 0

0 ≤ k < n2 − 1.

For j = 1 under Assumption 1, (7) yields

Lad1
f

gLk
fTf1(x, z) = LfLgLk

fTf1(x, z)−
LgLk+1

f Tf1(x, z) = 0

0 ≤ 1 + k < n2 − 1.

Let us calculate (7) for some j. Assumption 1 can be

rewritten using Lie bracket operator[21]:

LgLi−1
f Tf1(x, z) = L

adi−1
f

g
Tf1(x, z) = 0, i = 1, n2 − 1

LgLn2−1
f Tf1(x, z) = L

ad
n2−1
f

g
Tf1(x, z) 6= 0.

Thus for the first term of sum in (7), the following is true:

LfL
ad

j−1
f

g
Lk

fTf1(x, z) = LfLgLk+j−1
f Tf1(x, z) = 0

0 ≤ j + k − 1 < n2 − 1.

The second term of sum has the form:

L
ad

j−1
f

g
Lk+1

f Tf1 =

{
0, 0 ≤ j + k < n2 − 1

LgLj+k
f Tf1 6= 0, j + k = n2 − 1.
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Expression (6) holds for j = 0, j = 1, for some j, so by

induction of j, the exposition with the number j + 1 is also

holds.

To prove an absence of singularity of
∂Tf

∂z
, the following

matrix equation is considered

∂Tf

∂z

[
g · · · adn2−1

f g

]
=




LgTf1 Ladf gTf1 · · · L
ad

n2−1
f

g
Tf1

LgLfTf1 . . . · · · ∗
...

...

LgLn2−1
f Tf1 ∗ · · · ∗




.

Taking into account (6), this matrix takes a form as

∂Tf

∂z

[
g · · · adn2−1

f g
]

=




0 0 · · · · · · ∆

0
... · · · ∆ ∗

... ∆
...

∆ ∗ · · · · · · ∗




where ∆ is a nonzero element, * is a some arbitrary element.

As this matrix is nonsingular,
∂Tf

∂z
is also nonsingular and

has a full rank. Thus, it is proved that mapping Tf is a

diffeomorphism. ¤
As Tf (x, z) is diffeomorphism, there is an inverse trans-

formation T−1
f (x, ξ) such that z = T−1

f (x, ξ).

Applying the transformation (3) and taking into account

z = T−1
f (x, ξ), system (1), (2) takes the form

ẋ(t) =F (x, z, u)|
z=T−1

f
(x,ξ)

, x(0) = x0

εξ̇(t) =Afcξ + Bfcaf (x, z)(u− bf (x, z)))+

ε
∂Tf (x, z)

∂x
F (x, z, u)|

z=T−1
f

(x,ξ)
. (8)

Following the standard technique of feedback lineariza-

tion, control u(x, z) is selected in the following form:

u(x, z) = bf (x, z) + a−1
f (x, z)(Kfξ −Kf1us(x)) (9)

where the feedback gain matrix Kf =
(
Kf1 · · · Kfn2

)

is selected so that the close-loop matrix (Afc +BfcKf ) has

eigenvalues in the left half plane, us(x) is a control signal

for slow system (it will be defined later).

Substituting (9) into (8) yields

ẋ(t) = F̂ (x, ξ, us)

εξ̇(t) = (Afc + BfcKf )ξ −BfcKf1us(x) + O(ε)

x(0) = x0, ξ(0) = Tf (x0, z0)

F̂ (x, ξ, us) = F (x, z, u)
∣∣∣

z = T−1
f (x, ξ)

u = bf + a−1
f (Kfξ −Kf1us).

(10)

The principal advantage of nonlinear SP system (10) over

the original system (1), (2) is that for the system (10) under

corresponding choice of Kf , the dynamics separation con-

dition for SP system is met, i.e., slow integral manifold[24]

Ms : ξ(t) = h(x, us, ε)

exists and satisfies the equation in partial derivatives

(Afc+BfcKf )ξ −BfcKf1us(x) + O(ε) =

ε
∂h

∂x
F̂ (x, h(x, us, ε), us).

The motion along the slow manifold ξ(t) = h(x, us, ε) is

described by the equation

ẋ(t) = F̂ (x, h(x, us, ε), us). (11)

It is a common practice to call equation (11) the exact

slow subsystem of the SP system (10)[19].

4.1 Feedback linearization of a slow sub-
system

Let a diffeomorphism T̂s(x, ε) exist and modify the exact

slow subsystem (11) into a linear form

η̇ = Acsη + Bcsυs (12)

where (Asc, Bsc) is a canonical pair in the form of

Brunovsky, υs is an external control signal.

The function h(x, us, ε) can be presented in the form of

asymptotic expansion in ε:

h(x, us, ε) = h0(x, us) + O(ε) + · · · .

Substitution of the last expression in (11) gives

ẋ(t) = F̂ (x, h0(x, us), us) + O(ε) + · · · . (13)

By analogy, diffeomorphism T̂ (x, ε) can be expressed as

the power series in ε :

T̂ (x, ε) = Ts(x) + O(ε) + · · · .

Limiting by the accuracy of the order O(ε), the slow (re-

duced) subsystem, which is resulted from (13) under ε = 0,

is considered as

ẋ(t) = Fs(x, us) = F̂ (x, h0(x, us), us)

h0(x, us) =
(
Kf1us(x) 0 · · · 0

)
, x(0) = x0. (14)

The Lie derivative of a scalar function ϕ(x) along the

vector field Fs(x, us) is

LFsϕ(x, us) =
∂ϕ(x)

∂x
Fs(x, us).

For the Lie derivatives of higher orders, it can be written

as

Lk
Fs

ϕ(x, us) =
∂Lk−1

Fs
ϕ(x, us)

∂x
Fs(x, us)

L0
Fs

ϕ(x, us) = ϕ(x).

Assumption 2. Let system (14) have the relative degree

r = n1 in a point (x0, u0
s), it is equivalent to conditions[25]:

∂

∂us
Lk

Fs
ϕ(x, us) = 0,

∂

∂us
Lr

Fs
ϕ(x0, u0

s) 6= 0
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for all x in neighborhood x0, us in neighborhood u0
s and all

k < r = n1.

By Assumption 2, the first n1 Lie derivatives of ϕ(x) are

clearly independent of control signal us:

Lk
Fs

ϕ(x, us) = Lk
Fs

ϕ(x), 0 ≤ k ≤ n1 − 1.

In the conditions of the established premises, there is a

diffeomorphism[25]:

Ts(x) = {T k
s (x)}, k = 1, 2, · · · , n1

elements of which are given by

T k
s (x) = Lk−1

Fs
ϕ(x), 1 ≤ k ≤ n1.

Lemma 2. If Assumption 2 holds, the diffeomorphism

η = Ts(x) transforms (14) into

η̇ = Acsη + Bcsγ(η, us)

γ(η, us) = Ln1
Fs

ϕ(T−1
s (η), us).

Proof. Let some vector η contain elements, which are

expressed in terms of the transformation Ts(x):

η1 = T 1
s (x) = L0

Fs
ϕ(x) = ϕ(x)

ηk = T k
s (x) = Lk−1

Fs
ϕ(x), 2 ≤ k ≤ n1.

Differentiating on t, a variable ηn1 , one obtains

η̇n1 = γ(η, us) = Ln1
Fs

ϕ(T−1
s (η), us).

Combining the last expression with ηk = T k
s (x) = η̇k−1,

lemma statement is obtained. ¤
Linearizing control for system (14) is obtained through

the solution of the nonlinear equation for the input us.

γ(η, us) = υs. (15)

Assumption 3. Let equation (15) have an analytical

solution

us = ψ(η, υs). (16)

In view of Assumption 3, a diffeomorphism Ts(xs) and

control us = ψ(η, υs) transform system (14) to the linear

canonical form (12).

An external control υs can be selected in the form of

state feedback υs = Ksη, where matrix Ks is chosen from

the requirement:

Re(λ(Acs + BcsKs)) < 0.

Taking into account (9) and (16), a final form of compos-

ite linearizing control is obtained as

u(x, z) = bf (x, z) + a−1
f (x, z)×

(Kfξ −Kf1ψ(η, υs))|η=Ts(x),ξ=Tf (x,z). (17)

Theorem 1. Suppose that Assumptions 1−3 hold.

Then, the following transformation exists:
(

η

ξ

)
=

(
Ts(x)

Tf (x, z)

)

and nonlinear SP system (1), (2) with control (17) can be

transformed by this nonsingular transformation into a lin-

ear system of the form:

η̇(t) = Ascη + Bscυs + O(ε)

εξ̇(t) = (Afc + BfcKf )ξ −BfcKf1ψ(η, υs) + O(ε). (18)

Proof. By Assumption 1, Lemma 1 is true, whence it

follows that

εξ̇(t) = Afcξ + Bfcaf (x, z)(u− bf (x, z)) + O(ε).

The last expression is modified by substituting of (17):

εξ̇(t) = (Afc + BfcKf )ξ −BfcKf1ψ(η, υs) + O(ε). (19)

The derivative of a vector η = Ts(x) is determined by

η̇ =
∂Ts(x)

∂x
ẋ =

∂Ts(x)

∂x
F (x, z, u).

Substituting (17) and z = T−1
f (x, ξ), for η̇, one gets

η̇ =
∂Ts(x)

∂x
F̂ (x, ξ, us)

us = ψ(η, υs). (20)

In equation (19), the matrix Kf is chosen so that eigen-

values λi of the matrix (Afc +BfcKf ) are subjected to the

inequality Re(λi) < 0. Thus, the slow integral manifold for

the system (19) exists, so (20) can be equated as

η̇ =
∂Ts(x)

∂x
F̂ (x, h0(x, us), us) + O(ε)

us = ψ(η, υs).

In accordance to Lemma 2 from the last expression, it

follows that

η̇ = Acsη + Bcsγ(η, us) + O(ε). (21)

The theorem proof is obtained by combining (19) and

(21). ¤
Remark 1. A special case, which simplifies the problem,

turns out, when the equation (1) for the slow state variables

is affine in control as well as (2):

ẋ(t) = F (x, z) + G(x, z)u (22)

where the function G(x, z)|
z=T−1

f
(η,ξ)

is independent of ξ1,

and the function F (x, z)|
z=T−1

f
(η,ξ)

depends linearly on ξ1,

i.e.,

F (x, z)|
z=T−1

f
(η,ξ)

= F1(x, ξ2, · · · , ξn2)+

F2(x, ξ2, · · · , ξn2)ξ1.

Taking into account (22), system (8) becomes

ẋ(t) = F1(x, ξ2, · · · , ξn2) + F2(x, ξ2, · · · , ξn2)ξ1+

G(x, z)|
z=T−1

f
(x,ξ)

u, x(0) = x0

εξ̇(t) = Afcξ + Bfcaf (x, z)(u− bf (x, z))+

ε
∂Tf (x, z)

∂x
F (x, z, u)|

z=T−1
f

(x,ξ)
. (23)
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Substituting in (23), the control (9) leads to

ẋ(t) = F1(x, ξ̄) + F2(x, ξ̄)ξ1+

Ĝ(x, ξ̄)(bf + a−1
f (Kfξ −Kf1us))

εξ̇(t) = (Afc + BfcKf )ξ −BfcKf1us(x) + O(ε)

x(0) = x0, ξ(0) = Tf (x0, z0), ξ̄ = (ξ2, · · · , ξn2)
T

Ĝ(x, ξ̄) = G(x, z)|
z=T−1

f
(x,ξ)

. (24)

If the following relation holds for function bf (x, z):

bf (x, z)|
z=T−1

f
(x,ξ)

= bf1(x, ξ̄) + bf2(x, ξ̄)ξ1

then the slow subsystem is obtained from (24) with ε = 0:

ẋ(t) = Fs(x) + Gs(x)us(x), ξ1 = us(x)

Fs(x) = F1(x, 0) + Ĝ(x, 0)bf1(x, 0)

Gs(x) = F2(x, 0) + Ĝ(x, 0)bf2(x, 0). (26)

If there exists scalar function Ts1(x) that satisfies the

following relation for all x

LGsLi−1
Fs

Ts1(x, z) = 0, i = 1, n1 − 1

LGsLn1−1
Fs

Ts1(x, z) 6= 0

then there is a slow diffeomorphism



η1

...

ηn1


 = η = Ts(x) =




Ts1(x)
...

Ln1−1
Fs

Ts1(x)




which transforms the equation (26) into the form:

η̇(t) = Ascη + Bscas(x)(us − bs(x))

as(x) = LGsLn1−1
Fs

Ts1(x)

bs(x) =
−Ln1

Fs
Ts1(x)

as(x)
.

The slow linearizing control is obtained as

us(η) = bs(x) + a−1
s (x)υs

where external control υs can be selected in the form of

state feedback υs = Ksη.

Resulting composite feedback linearizing control has the

following form:

u(x, z) =bf (x, z) + a−1
f (x, z)(Kfξ−

Kf1bs(x)−Kf1a−1
s (x)×Ksη).

Another class of SP systems is obtained, when the right

part of the equation (2) is linear in z:

f(z, x) + g(x, z)u = f1(x) + f2(x)z + g(x)u.

In such case, if function f2(x)−1 exists for all

x ∈ D ⊂ Rn1 , it is possible to decompose the original

system and consider slow motions separately. To stabilize

fast motions, the following subsystem is considered:

żf (τ) = f2(x)zf + g(x)uf .

Fast control uf is chosen in the form of the state feedback

uf =−Gf (x)zf = −Gf (x)(z + f2(x)−1(f1(x) + g(x)us))

where us is determined as a result of slow subsystem exter-

nal linearization. Gf (x) is rated, so that

Reλ(f2(x)− g(x)Gf (x)) < 0, ∀x ∈ D.

Resulting composite control is determined in the form[17]

u = (1−Gf (x)f2(x)−1g(x))us −Gf (x)(z + f2(x)−1f1(x)).

(27)

Remark 2. Composite control does not depend on the

perturbation parameter ε. The system (1) with the con-

trol (17) will possess robustness property with respect to

ε. Description of the robustness properties of the system in

the approach rests on Klimushev-Krasovskiy theorem[26],

that actually confirms the existence of asymptotically sta-

ble family of the systems, parameterized by the values ε

from the interval ε : {0 < ε < ε̄}. For various ε̄, let us

denote E = {ε̄ : 0 < ε < ε̄}. The finite value ε∗ = sup E

is critical in the sense that for sufficiently small µ > 0 for

ε = ε∗ + µ, the close-loop system becomes unstable (for

unlimited E, one accepts ε∗ = ∞). Thus, ε∗ can be consid-

ered, on one hand, as a measure of stability against singu-

lar perturbations, and on the other, is as a characteristic of

the nonroughness or nonstiffness[27, 28]. It is natural to call

value υ∗ = 1
ε∗ , its inverse, is the stiffness. It characterizes

the structural nonroughness of the system.

It is clear that for nonlinear systems, generally, it is prac-

tically impossible to determine the exact value ε∗. The

existing results can be found in [9]. However, for linear

systems, the problem of determining the critical value ε∗

is completely solvable and there are different approaches

to its solution. One is presented in [29], where the critical

value ε∗ was determined on the basis of constructing the

amplitude phase frequency response function (APFRF) of

some matrix function M(jω). Later this result was obtained

by other investigators on the basis of the linear fractional

transformation conversion[30, 31]. The APFRF method is

graphical and not analytical. In addition, the complexity

of its implementation depends on the dimension of the fast

state variables.

Another approach is based on the D-partitioning method

of the characteristic polynomial of a closed system by the

parameter of singular perturbations ε[27, 28]. This approach

is implemented to the systems in the canonical form of sin-

gular perturbations.

5 Examples

Example 1.[22] The following nonlinear SP system is
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considered:

ẋ1 = x2
1 + x2 + z2

ẋ2 = sin(x1) + z1 + x2z
2
2 + u

εż1 = (1 + 0.5sinx1)(−x1 + z2)

εż2 = x2
2 + z2

2 + u. (28)

The subsystem for fast state variables is given by

εż1 = (1 + 0.5sin(x1))(−x1 + z2)

εż2 = x2
2 + z2

2 + u.

The fast diffeomorphism is obtained from (3) by choosing

Tf1(x, z) = z1:

Tf (x, z) =

(
z1

(1 + 0.5sinx1)(−x1 + z2)

)
(29)

and corresponding control is taken from (9):

u(x, z) =− x2
2 − z2

2 + (1 + 0.5sinx1)
−1×

(Kfξ −Kf1us(x)). (30)

By applying diffeomorphism (29) and control (30) to the

system (28), letting ε → 0, slow subsystem takes the form

ẋ1 = x2
1 + x2 + x1

ẋ2 = sinx1 + x2x
2
1 + x2

2 − x2
1 + us. (31)

Solving the feedback linearization problem for the slow

subsystem (21), a slow control is evaluated as

us = x2
2 − x2

1x2 − sinx1 − x2 − x1−
2x2

1 − 2x1(x
2
1 + x2) + υs

υs = Ks1η1 + Ks2η2

η1 = x1, η2 = x2
1 + x1 + x2. (32)

Substituting (32) into (30), the resulting composite feed-

back linearizing control is determined as

u(x, z) =− x2
2 − z2

2 + (1 + 0.5sinx1)
−1(Kfξ−

Kf1(x
2
2 − x2

1x2 − sinx1 − x2 − x1−
2x2

1 − 2x1(x
2
1 + x2) + Ks1η1 + Ks2η2)).

The simulation results of the system (28) with control

(30), (32) under Kf1 = −1, Kf2 = −2, Ks1 = −10, Ks2

= −4 and ε = 0.01 are shown in Fig. 1.

Fig. 1 Reference signal and system coordinate x1 (top dia-

grams), system coordinates x2, x3 and x4 (bottom diagrams)

Simulation results for different values of perturbation pa-

rameter (ε = 0.01, ε = 100) are shown in Fig. 2. The results

demonstrate that the system coordinate x1 corresponds to

the reference signal well, and while doing so, it is robust

relative to perturbation parameter ε.

Fig. 2 System coordinate x1 under different values of perturba-

tion parameter ε

Example 2.[15] The problem of control of direct current

(DC) motor with series excitation is considered. A mathe-

matical model of DC motor is presented as

L
di

dt
= −Ri−KT iω + V

J
dω

dt
= KT i2 −Dω − τL (33)

where i is armature current, ω is rotor angular velocity

of rotation, V is armature circuit voltage, τL is load mo-

ment. The same motor parameter as in [15] are considered:

L =0.091 7 (Hn), R = 7.2 (Ohm), D = 0.000 4 (N·m· s/rad),

KT = 0.012 36 (N ·m/Wb·A), J = 0.000 706 4 (kg ·m2).

Load moment is τL =
K2

mLω

(RaL+RL)
, where

KmL = 0.173 (N ·m/A), RaL = 2.5 (Ohm), RL = 5 (Ohm)

is external resistor.

Following [15], the control problem is formulated as the

problem of tracking control system design for angular ve-

locity of the DC motor, the reference signal is ωref.
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System (33) can be presented in a SP form (1) and (2):

ẋ = a1x + a2z
2, εż = (a3x + a4)z + u

where

x = ω, z = i, , u = V, ε = L

a1 = −
D +

K2
mL

RaL+RL

J
, a2 =

KT

J

a3 = −KT , a4 = −R.

Let ξ = Tf (z) = z, then the control signal from (9) is

u = −(a3x + a4)z + gfξ − gfus.

The slow subsystem is given by

ẋ = a1x + a2u
2
s. (34)

Solving the feedback linearization problem for system

(34), one gets a diffeomorphism and control

η = Ts(x) = x

us =

√
υs − a1x

a2
.

Relation for composite control is taken from (17)

u = −(a3x + a4 − kf )z − kf

√−a1x + υs

a2
. (35)

The linearized slow subsystem has the form

ẋ = υs, x = ω.

Since the control problem is formulated as a speed track-

ing control problem, the reference signal is ωref then the

external control υs is conveniently implemented as a pro-

portional controller for tracking error, i.e.,

υs = kpe, e = ωref − ω.

The simulation results of the application of the composite

control (35) in system (33) are shown in Fig. 3. In addition,

simulation results for different values of coefficient kp are

shown in Fig. 4. The results show that the angular velocity

corresponds to the reference signal ωref , wherein the track-

ing quality increases with the rise of the coefficient kp.

To demonstrate the robustness property of the closed

loop system with respect to the parameter ε, the system

is modeled for different values of perturbation parameter

ε = 0.091 7, ε = 2.5 and ε = 10.5. Fig. 5 shows transient

response and indicates a good quality of system tracking for

the reference signal with the presence of uncertainty in the

system in the form of a perturbation parameter[24].

Fig. 3 Angular velocity ω of DC motor and reference signal (top

diagrams), DC current and voltage (bottom diagrams)

Fig. 4 Angular velocity ω for different values of the controller

coefficient kp

Fig. 5 Angular velocity ω for different values of perturbation

parameter ε

Example 3.[21] The following non-perturbed nonlinear

system is considered:
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ẋ = z2 − z1

ż1 = −z1 − u

ż2 = x2 − z2 + u (36)

with an output h(x) = x. System (36) has a relative degree

2, thus it cannot be fully linearized.

Let us introduce in (36) parameter ε fictitiously, consid-

ering that x is a slow variable, and z1, z2 are fast variables.

Letting ε → 0 , a slow and fast subsystems are obtained as

ẋs = x2
s + 2us (37)

˙xf2 = −xf2 − uf , ẋf3 = −xf3 + uf . (38)

The slow control is calculated by solving the feed-

back linearization problem for the slow subsystem (37):

us = −0.5x2
1 +υs. External control is convenient to present

in the form of a proportional controller for tracking error,

i.e., υs = kpe, e = x1ref − x1.

Fast control uf for the system (38) is chosen as

uf = (Kf3 −Kf2)us −Kf2x2 −Kf3(x3 − x2
1)

where Kf2, Kf3 are feedback coefficients.

Composite control in accordance with (27) is equal to

u = (1−Kf2 + Kf3)(υs − 0.5x2
1)−Kf2x2 −Kf3(x3 − x2

1).

The simulation results of system (36) with the composite

control u (for Kf2 = −104, Kf3 = 104, kp = 1 and ε = 1)

are shown in Fig. 6. Reference signal is taken in the form

of a rectangular wave with amplitude 2 and frequency ratio

1Hz.

Fig. 6 System coordinate x1 and reference signal (top dia-

grams), system coordinates x2, x3

A transient response for the variable x1 under ε = 500

(dotted line) is shown in Fig. 7. The results show that the

system variable x1 corresponds to the reference signal well,

and while doing so, it is robust with respect to ε that was

introduced fictitiously.

Fig. 7 System coordinate x1 for different values of perturbation

parameter ε

6 Conclusions

The method of composite control for nonlinear SP sys-

tems based on approximate feedback linearization is pro-

posed. The advantage of the presented method consists in

simplifying the feedback linearization problem for the orig-

inal nonlinear system by means of decomposition into two

subproblems: separately for the slow and fast subsystems.

At first, the feedback linearization problem for the fast state

variables part is solved to provide the dynamics separation

condition. This allows reducing SP system to the slow sub-

system for which afterwards an external linearization prob-

lem is solved. Resulting control is determined in the form of

compositions of controls for the slow and fast subsystems.

The obtained composite control does not depend on the per-

turbation parameter and provides the system with robust-

ness property with regard to parameter. This fact allows

using the proposed method for composite control design for

non-perturbed nonlinear systems. In such case, the pertur-

bation parameter ε is introduced fictitiously to realize the

procedure of decomposition. So the designed control law

should provide the robust stability of the close-loop system

for higher values of the perturbation parameter (ε > 1).

The presented approach is effective in cases when the

original nonlinear system is not full-state linearizable by the

feedback. Decomposition of the original system, solution of

the reduced subproblems and composition of these solutions

act as a natural tool of simplification of the original control

design problem, based on the feedback linearization.

In future studies, for a closer approximation to reality in

the mathematical description of the system, we should take

into account the presence of the uncertainty (some unknown

parameters, not only singular perturbation). In that case,

for the synthesis of external linearizing feedback control for

uncertainties compensation, it is planned to use the adap-

tive techniques of parameter self-tuning and neural network

estimation[32−34].
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