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Abstract:   In order to satisfy the requirements of large workspace and high dexterity for processing equipment of oversized cylindrical
boxes′ spherical crown surfaces in the aerospace industry, a novel serial-parallel hybrid processing robot mechanism is proposed. The de-
grees of freedom of the 5PUS-(2UR)PU parallel mechanism are obtained by using the screw theory. The inverse kinematics of the hy-
brid mechanism are analyzed and the velocity Jacobian matrix is established. Then, the constraints of the main factors influencing work-
space of the mechanism are given, and the position and posture workspace are obtained. Next, the dexterity and stiffness performance of
the mechanism is analyzed based on the Jacobian matrix. The virtual prototype is established, and the theoretical calculation and simu-
lation analysis of the hybrid mechanism with arc curve as the processing trajectory are carried out by using Matlab and Adams software.
The research results show that the mechanism can satisfy the requirements of large workspace and high dexterity of oversized cylindric-
al boxes′ spherical crown surface processing, and has feasibility and practical application value.
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1   Introduction

At present,  there are technical  difficulties  in the pro-

cessing of spherical crown surfaces on oversized cylindric-

al  boxes  in  the  aerospace  field.  First  of  all,  due  to  the

huge size of the box structure, the processing equipment

is required to have a large processing space. Secondly, the

box  is  a  thin-walled  structure  with  severe  deformation,

and the traditional forming and processing methods can-

not satisfy the processing requirements.  Finally,  the sur-

face of  the  box  has  a  complicated  structure,  which  re-

quires  that  processing  equipment  has  higher  dexterity.

However, existing computerized numerical control (CNC)

machine  tools,  serial  robots,  and  parallel  robots  cannot

satisfy their  processing requirements.  Therefore,  it  is  ne-

cessary to design a robot mechanism that satisfies the re-

quirements  for  processing  of  oversized  cylindrical  boxes′
spherical crown surface.

Due to  the  large  size,  serious  deformation  and  com-

plicated convex structure of the cylindrical box, the pro-

cessing robot is required to have a large workspace. The

focus  is  on  the  large  displacement  along  the  axis  of  the

box. At the same time, the processing robot is required to

have high dexterity. Serial robots have been widely used

in  industrial  production  because  of  their  advantages  of

flexible  operation  and  large  workspace,  such  as  PUMA

(programmable  universal  machine  for  assembly)[1],

SCARA (selective compliance assembly robot arm)[2] and

IRB (industrial robots)[3]. However, the serial robots also

have  the  disadvantage  of  small  stiffness.  Parallel  robots

have many obvious advantages compared with tradition-

al serial robots, such as high accuracy, high stiffness, and

small  error  accumulation[4-7], which  are  applied  to  paral-

lel  machining machines[8,9].  But  parallel  robots  also  have

the disadvantage of small workspace.

A hybrid robot is a combination of serial and parallel

robots,  or  a  sequence  of  two  parallel  robots[10]. The  hy-

brid robots overcome the limited workspace of the paral-

lel robots  and  combine  the  advantages  of  large  work-

space,  high  dexterity  and  high  stiffness  of  serial  robots

and  parallel  robots[11-13], which  can  satisfy  the  require-

ments for processing of oversized boxes to the greatest ex-

tent.

Hybrid robots have been widely used in aerospace and

automotive  processing,  such  as  Tricept  robot[14] and Ex-

echon robot[15, 16]. At present, the design of the hybrid ro-

bot mechanism can be divided into two categories[17]. The

first is a two-degree-of-freedom (2-DOF) rotating head in

series  at  the  end  of  a  parallel  mechanism.  For  example,

Huang  et  al.[18, 19] proposed  a  Trivariant  hybrid  robot

based on the Tricept robot, which has a large workspace.

Dong et al.[20], Song et al.[21] proposed a novel 5-DOF hy-

brid mechanism by connecting a 2-DOF rotating head at

the end  of  a  3-DOF  parallel  mechanism.  And  the  kin-

ematics  and stiffness  modeling  are  analyzed.  The  second

type  is  a  combination  of  guide  rails  or  rotary  platforms

and  parallel  mechanisms.  For  example,  Yang  et  al.[22, 23]
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proposed  a  large-workspace  hybrid  robot  mechanism  by

connecting circular guides to a fixed platform. Designing

new  manipulator  structures  is  defined  as  type  synthesis

that has been the interest of many authors recently. They

are considered type synthesis as a geometrical constraint

problem  and  defined  distance  and  angular  constraints

between points,  lines,  and  planes  on  the  base  and  mov-

ing  platforms[24].  Xie  et  al.[25] proposed  several  3-DOF

parallel mechanisms through the type synthesis, and com-

bined them with 1T1R (T denotes translation and R de-

notes  rotation)  worktable  to  obtain  the  hybrid  machine

tools. Kakinuma et al.[26] developed a 5-DOF portable hy-

brid  polishing  machine  by  connecting  a  fixed  platform

with a two-way moving guide rail.

The  control  of  a  hybrid  robot  is  very  complicated.

Regular  shape  trajectories  are  important  in  application

environment of the industrial robots since robots are eas-

ily controlled in regular-shaped workspaces[10]. In order to

reduce  the  complexity  of  control  during  processing,  the

entire  box  spherical  crown  surface  is  divided  into  many

small cylindrical areas with the same shape. The parallel

processing head  of  the  hybrid  robot  completes  the  pro-

cessing of a local cylindrical area and moves to the next

cylindrical  area to complete  the processing.  At the same

time, the  trimming  process  of  locally  complex  protru-

sions  is  completed.  By  analogy,  the  processing  of  the

spherical crown of the entire box is completed.

In this paper, a hybrid robot mechanism for spherical

processing of oversized boxes is designed. The workspace

of the robot can cover the entire spherical crown surface.

The remainder of  this  article  is  given as follows.  In Sec-

tion 2, the hybrid mechanism is designed according to the

processing  requirements,  and  the  degrees  of  freedom are

obtained for the parallel mechanism. The analysis of kin-

ematics  including  inverse  solution  and  velocity  Jacobian

matrix is  conducted in Section 3.  Section 4 analyzes  the

performance  of  the  hybrid  mechanism.  In  Section  5,  the

kinematic  simulation  of  the  mechanism  is  analyzed  and

compared with  the  theoretical  calculation.  Finally,  con-

clusions are given in Section 6.

2   Configuration design and freedom
calculation

2.1   Configuration design

The  structural  design  of  the  mechanism  requires  the

mechanism to  have  a  large  stroke  in  the  vertical  direc-

tion.  And  a  single  parallel  mechanism,  because  of  the

small  workspace,  is  difficult  to  satisfy  the  needs  of  large

stroke in the vertical direction. Therefore, it is necessary

to connect a large-stroke mechanism in series on the basis

of a  parallel  mechanism  to  achieve  the  design  require-

ments by a hybrid connection.

For  the  structure  configuration  of  the  large  stroke

part, the expandable mechanism can be a good choice to

satisfy the  large  stroke  and  reduce  the  size  of  the  pro-

cessing  equipment  as  much  as  possible.  The  expandable

mechanism  is  composed  of  connecting  links,  connectors

and  rollers,  which  is  shown  in Fig. 1 (a).  The  connecting

links  are  connected  with  the  connectors  and  rollers,  and

the  mechanism  can  expand  and  contract  in  the  vertical

direction. In order to increase the stiffness of the mechan-

ism,  a  pentahedral  structure  based  on  the  expandable

mechanism  is  adopted,  and  a  lifting  adjustment  device

(LAD)  is  obtained,  as  shown  in Fig. 1 (b). The  five  ex-

pandable mechanisms are  arranged in  a  space  pentahed-

ron. The structure can withstand forces in different direc-

tions,  which  has  higher  stiffness  and  a  larger  stroke-to-

size ratio.

For the configuration of the parallel part, because the

spherical surface of the box is a complex curved surface,

the  mechanism  is  required  to  have  at  least  5  degrees  of

freedom (3T2R). Therefore, five 6-DOF branches are used

as actuated branches, and a 5-DOF constrained branch is

added as a passive branch,  which is  the basic  configura-

tion of the parallel mechanism.

For the design of the actuated branch, in order to in-

crease the vertical stroke, a PRR (P denotes the prismat-

ic  joint,  R  denotes  the  revolute  joint)  passive  branch  is

connected on the basis of the PUS (U denotes the univer-

sal  joint,  S denotes the spherical  joint) actuated branch,

as shown in Fig. 2. The prismatic joint in the PRR pass-

ive branch is fixedly connected with the connector of the
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Fig. 1     Structural configuration of large stroke
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LAD, which can move along the guide rail with the con-

nector. This article classifies the PRR passive branch in-

to the LAD. The P joint of the PUS branch is the actu-

ated  joint.  This  structure  configuration  can  achieve  the

secondary superposition of vertical displacement.

The  structure  of  the  constrained  branch  is  shown  in

Fig. 3.  And  two  U  joints  and  R  joints  are  connected  to

form  a  2UR  closed-loop  structure.  There  are  U  and  P

joints at the top. The structure uses R joints instead of P

joints, which makes the structure compact, effectively in-

creases  the  strength  of  the  branch,  and  avoids  self-lock-

ing due to excessive P joints.

The schematic  diagram of  the  overall  processing  sys-

tem is shown in Fig. 4 (a). It is mainly composed of a hy-

brid mechanism, a horizontal  rail,  longitudinal  rails,  and

brackets. The hybrid mechanism can be moved along the

horizontal and longitudinal guide rails.  With the degrees

of  freedom of  the  hybrid  mechanism,  the  end processing

head can reach the  entire  spherical  crown surface  of  the

box.

The  machining  system  uses  a  machining  scheme  for

local real-time milling of the parallel mechanism. That is,

when the parallel mechanism moves to a position on the

surface of the box, it is automatically scanned and detec-

ted.  Based  on  the  5  degrees  of  freedom  of  the  parallel

mechanism,  the  milling  of  local  profiles  is  completed.

Then,  it  moves  to  the  next  position  to  complete  the

milling  of  another  profile,  etc.  The  processing  of  the

spherical crown surface is completed. This processing sys-

tem  solution  can  eliminate  the  accumulated  errors  of

large long  guide  rails  and  LADs.  It  has  lower  require-

ments for the accuracy of the guide rails and LADs, and

relatively reduces the cost. Through the positioning of the

local  parallel  mechanism, the local  profile  processing can

be completed, which can achieve higher processing accur-

acy. During the entire processing process,  the end-effect-

or of the hybrid robot mainly fulfills two tasks. The first

is to complete the washing process of the fixed cylindric-

al area. The second step is to complete the 5-DOF trim-

ming process for locally complex protruding structures.

This  paper  mainly  analyzes  the  part  of  the  hybrid

mechanism. The 3D model of the new hybrid mechanism

is shown in Fig. 4 (b). The mechanism consists of a LAD,

a fixed platform, a moving platform, 5 identical PUS act-

ive branches and a (2UR)PU passive branch. Active and

passive branch  chains  connect  fixed  platforms  and  mov-

ing platforms. The LAD is mainly composed of a central

driving bevel gear, five driven bevel gears, lead screws, a
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Fig. 2     Schematic diagram of parallel branch
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Fig. 3     Schematic diagram of constrained branch
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shear  fork  group  and  five  identical  PRR  passive  lifting

branch  chains.  When  the  active  bevel  gear  rotates,  it

drives  the  shear  bar  group and the  PRR passive  branch

chain  to  contract  inward.  At  the  same  time,  the  whole

parallel  mechanism  part  is  moved  vertically.  The  active

branches of the parallel mechanism are evenly connected

to the fixed platform. Each active branch is composed of

a P joint, a U joint, and a S joint. P is the actuated joint

and is  driven by a  linear  motor.  For  the  passive  branch

chain, it consists of a 2UR closed-loop structure, a P joint

and a U joint, where the U joint is connected to the mov-

ing platform.

The  structure  of  the  parallel  mechanism  is  shown  in

Fig. 5. Ai is  the  center  of  the  S  joint  connected  to  the

moving platform on the i-th (i=1, 2, ···, 5) active branch

chain  of  the  mechanism,  and  the  center  of  the  U  joint

connected to the actuated P joint is Ci. B is the center of

the  fixed  platform. A is the  center  of  the  moving  plat-

form.  And D is  the  center  of  the  middle  platform.  The

fixed  platform B1B2B3B4B5 is  a  regular  pentagon,  and

the  moving  platform A1A2A3A4A5 is  a  symmetrical

pentagon.  The joint  points Ai (i=2, 3,  ···,  5)  are  evenly

distributed, and the interval angle is 90°. A fixed coordin-

ate system B-x0y0z0 and a moving coordinate system A-
uvw as  shown in Fig. 5 are  established.  The  direction  of

the x0 axis is from B to B1. The z0-axis direction is ver-

tically upward. The u-axis direction is from A to A1. And

the w-axis direction is vertically upward.

2.2   Degrees of freedom

The movement of the hybrid mechanism is divided in-

to  two  parts.  When  the  actuated  P  joint  of  the  parallel

part  is  locked,  it  is  driven  by  the  LAD,  and  the  whole

mechanism  will  move  in  the z-axis  direction.  When  the

LAD is locked, the degree of freedom of the hybrid mech-

anism  is  determined  by  the  5PUS-(2UR)PU  parallel

mechanism  part.  Because  five  identical  PUS  active

branches are  unconstrained  branches,  the  degree  of  free-

dom of the 5PUS-(2UR)PU mechanism is determined by

the (2UR)PU constrained branch.

The  screw  theory  is  used  to  analyze  the  constrained

branches[27].  The  schematic  diagram  of  the  kinematic

screw  system and  coordinate  system of  the  intermediate

constrained  branch  chain  is  shown  in Fig. 6. The  direc-

tions of the xD axis and the yD axis are respectively along

the two rotation axes of the U joint. Assume the position

of each point in the branch chain relative to the coordin-

ate  system D1-xDyDzD is: D2(0, yD2, zD2) D3(0, yD3,  0)

D4(0, yD2+yD3, zD2) D5(0, yD5, zD5). The direction vector

of the z7 axis is (mD5, 0, nD5).

As  for  the  (2UR)PU  branch  chain,  it  contains  the

2UR closed-loop chain, which can be regarded as a gener-

al  kinematic  pair.  The  kinematic  screw  of  the D1D2

branch in  the  2UR  closed-loop  chain  can  be  easily  ob-

tained as 
S/1 = [100; 000]

S/2 = [010; 000]

S/3 = [100; 0zD2 − yD2].

(1)

The reciprocal screw of (1) is obtained as
S/r

11 = [1 0 0; 0 0 0]

S/r
12 = [0 yD2 zD2; 0 0 0]

S/r
13 = [0 0 0; 0 0 1].

(2)

S/r
11 S/r

12
S/r

13

where  and  represent  two  constraint  forces  along

the x-axis  and D1D2 directions,  respectively. 
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Fig. 5     Schematic diagram of the parallel mechanism
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represents  a  constraint  force  couple,  along  the z-axis

direction.

Because the left and right branches are the same and

the reciprocal screw is also the same, the maximum unre-

lated  reciprocal  screw  group  for  the D2D4 link is  ob-

tained as


S/r

1 = [1 0 0; 0 0 0]

S/r
2 = [0 yD2 zD2; 0 0 0]

S/r
3 = [0 0 0; 0 0 1]

S/r
4 = [0 yD2 zD2; yD3zD2 0 0].

(3)

Based on the reciprocal screw system of (3), the basic

kinematic screw of D2D4 link can be obtained as

{
S/11 = [0 1 0; 0 0 0]

S/22 = [0 0 0; 0 zD2 − yD2].
(4)

Then, the kinematic screw system of (2UR)PU branch

can be expressed as



S/11 = [0 1 0; 0 0 0]

S/22 = [0 0 0; 0 zD2 − yD2]

S/7 = [0 0 0; 0 0 zD5]

S/8 = [0 1 0;−zD5 0 0]

S/9 = [mD5 0 nD5; yD5nD5 zD5mD5 −mD5yD5].

(5)

Based  on  the  kinematic  screw  system  of  (5),  we  can

get the constraint screw of the (2UR)PU branch as:

S/r = [0 0 0;−nD5 0 mD5]. (6)

Equation  (6)  represents  a  constraint  force  couple

whose  direction  is  around  the  plane  normal  direction

formed by the two rotation axes of the U pair connected

to  the  moving  platform.  Therefore,  the  constraint  force

couple  constrains  the  rotation  of  the  moving  platform

around  its  normal  direction.  Then  the  5PUS-(2UR)PU

parallel  mechanism is  a 5-DOF mechanism (3T2R),  that

is, three translations along the x, y,  and z axes and two

rotations around the x, y axes.

3   Kinematic analysis

Establish  the  coordinate  system  as  shown  in Fig. 5,

and assume the parameters in the mechanism as follows:

AAi=ra, BBi=rb, CiAi=l (i=1, 2, ···, 5). Parameter φi is

the angle measured from x0 axis to vector BBi, φi is the

angle  measured  from u axis  to  vector AAi and η is  the

angle measured from u axis to vector AAi. Parameter ai
and bi represent the position vector of joint Ai and Bi in

the  fixed  coordinate  system B-x0y0z0,  respectively.  The

BiCi direction vector is si0,  and the CiAi direction vec-

tor  is li0. R represents the  rotation  transformation  mat-

rix  of  the  moving  coordinate  system A-uvw relative  to

the fixed coordinate system B-x0y0z0.

Assume β being  the  angle  that  the  moving  platform

rotates around the u axis, and α being the angle that the

moving  platform  rotates  around  the v axis.  During  the

coordinate  transformation,  the  angle α is  first  rotated

around the v axis, and then the angle β is rotated around

the u axis. The rotation matrices are expressed as Rv(α)

and Ru(β), respectively. The total transformation matrix

can be represented as

R = Rv (α) Ru (β) . (7)

The position vector of Bi in the fixed coordinate sys-

tem B-x0y0z0 can be obtained as

bi = rb [cosφi, sinφi, 0]
T. (8)

The  position  vector  of Ai in  the  moving  coordinate

system A-uvw can be obtained as

Aai = ra [cosϕi, sinϕi, 0]
T. (9)

According  to  the  rotation  transformation  matrix,  the

position  vector  of Ai in  the  fixed  coordinate  system B-
x0y0z0 can be expressed as

ai= RAai. (10)

3.1   Inverse kinematics of parallel mechan-
ism

r = [x, y, z, α, β]T

For the  5PUS-(2UR)PU parallel  mechanism part,  as-

sume that the pose parameter of the center A relative to

the coordinate system B-x0y0z0 is . And

the direction  vector  of  the  actuated  P  joint  can  be  ob-

tained as

si0 = [− cosφi cos η, − sinφi cos η, sin η]T. (11)

Based  on  the  close-loop  vector  method,  establish  the

constraint equation as

Li=BiAi=− bi+r+ai=sisi0+lili0. (12)

Taking the square of both sides of (12) yields

si
2 − 2Lisi0si +Li

TLi − l2 = 0. (13)

By  solving  the  equation  of si from (13),  the  transla-

tion of the actuated P joint can be obtained as

si = Li
Tsi0 ±

√
(Li

Tsi0)
2 −Li

TLi + l2 (14)

where i = 1, 2, ···, 5.

3.2   Positive forward of vertical translation

The movement of the hybrid mechanism is divided in-
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to the  overall  vertical  movement  and  the  5-DOF  move-

ment  of  the  local  5PUS-(2UR)PU  parallel  mechanism.

When  the  end  moving  platform  moves  vertically  only

along the z0 axis, and the driving displacement rb of the

LAD and the displacement si (i=1, 2, ···, 5) of the actu-

ated P joint are known, the vertical  translation z of  the

moving platform can be solved.

Because the LAD has a regular pentagonal structure,

the included angle of the drive axis is 54°. The length of

the  connecting  link  is lb.  From the  structure  of  a  right-

angled  triangle,  the  vertical  translation  of  the  LAD can

be obtained as

zb = 2

√
lb

2 − 4rb2 cos (54◦)2. (15)

r2 = [0, 0, za]
T

Assume that the position vector of BA in the coordin-

ate  system B-x0y0z0 is .  And  the  posture

angles α and β are  0.  Since  there  is  only  one  unknown,

the constraint equation of the parallel part driving branch

1 can be established by (12):

−b1+r2+a1=s1s10+l1l10 (16)

Substituting (8), (10) and (10) into (16) and squaring

both sides of (16) can be deduced as

za =

√
l2 − (ra − rb + s1 cos η)2 + s1 sin η. (17)

Adding (15) and (17) gives a total vertical translation

as

z = zb + za. (18)

3.3   Inverse kinematics of constrained
branch

The D-H  method  is  used  to  analyze  the  inverse  kin-

ematics of  (2UR)PU constrained  branches.  Establish  co-

ordinate systems as shown in Fig. 6, where z2, z3, z6 and

z7 are along the axis of the U joint, z4 is along the axis of

the R joint, and z5 is along the moving direction of the P

joint.

The displacement of the coordinate system D-x1y1z1 of

the middle branch relative to the fixed coordinate system

B-x0y0z0 is: (0, 0, h0). The Euler angle of Z-Y-X is (–π/2,

–π/2,  0).  The  displacement  of  the  coordinate  system A-
uvw relative to the coordinate system D5-x7y7z7 is (h1, 0,

0), and the Euler angle of Z-Y-X is (π, –π/2, 0). The D-H

parameters of the middle branch are shown in Table 1.

where θ1, θ2, θ5, θ6,  and d4 are  variables, g2 and g3 are

constants.

From Table 1 the transformation matrix of  the mov-

ing  platform  coordinate  system A-uvw relative  to  the

fixed  platform  coordinate  system B-x0y0z0 can be  ob-

tained as

TA−B (θ1, θ1, θ1, θ1, d4) =
s(θ1 + θ5)

0

c(θ1 + θ5)

0

−c(θ1 + θ5)sθ6

cθ6

s(θ1 + θ5)sθ6

0

−c(θ1 + θ5)sθ6

−sθ6

cθ6s(θ1 + θ5)

0
(g2cθ2 + d4)(sθ1)− h1c(θ1 + θ5)cθ6

−g2sθ2 − h1sθ6

h0 + cθ1(g2cθ2 + d4 + h1sθ5cθ6) + h1sθ1cθ5cθ6

1


(19)

where s and c are the abbreviations of sine and cosine.

The Y-X-Z Euler angle (α, β, γ) is used to represent

the posture of the moving platform. The displacement is

(x, y, z).  Then the transformation matrix of the moving

coordinate system A-uvw relative to the fixed coordinate

system B-x0y0z0 can be expressed as

TA−B (x, y, z, α, β, γ) =
cαcγ + sαsβsγ cγsαsβ − cαsγ cβsα x

cβsγ cβcγ −sβ y

cαsβsγ − cγsα cαsβcγ + sαsγ cαcβ z

0 0 0 1

 .

(20)

The parameters of the matrix in (19) and (20) corres-

pond to each other.



x = sθ1(g2cθ2 + d4)− h1c(θ1 + θ5)cθ6

y = −g2sθ2 − h1sθ6

z = h0 + cθ1 (g2cθ2 + d4) + h1s (θ1 + θ5) cθ6

α = (θ1 + θ5)− π/2

β = θ6

γ = 0◦.

(21)

It can  be  seen  from (21)  that  γ = 0°.  Therefore,  the

rotation parameter of  the moving platform around the z

axis (the moving platform coordinate normal) is 0°, which

is a constant. The rotational angular velocity of the mov-

ing platform around its normal is 0. It can be known that

in the movement of the mechanism, the 2UR-PU middle

 

Table 1    D-H parameters of constrained branch

Link
i

Torsional
angle γi–1 (º)

Length
gi–1

Offset
distance di

Joint
angle θi (º)

1 0 0 0 θ1

2 – 90 0 0 θ2

3 0 g2 0 – θ2 – 90

4 – 90 g3 d4 90

5 90 0 0 θ5

6 – 90 0 0 θ6
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constraint  branch  will  always  constrain  the  rotation  of

the moving platform around its normal direction. This is

consistent  with  the  conclusions  analyzed  by  the  screw

theory.

When  the  posture  parameters  (x, y, z, α, β)  of  the

moving platform are known, the joint parameters (θ1, θ2,

θ5, θ6, d4) of the middle constraint branch can be determ-

ined as



θ2 = arcsin
(
−y + h1sβ

g2

)
d4 = −g2cθ2+√

(x− h1sαcθ6)
2 + (z − h0 − h1cαcθ6)

2

θ1 = arctan
(

x− h1sαcθ6
z − h0 − h1cαcθ6

)
θ5 = α− θ1 + π/2

θ6 = β.

(22)

3.4   Jacobian matrix

sj,i

q̇i q̇ = (q̇1 q̇2 q̇3 q̇4 q̇5)
T

ẋ = (α̇ β̇ ẋ ẏ ż)T

The  method  of  screw  theory  is  used  to  establish  the

Jacobian  matrix.  The  kinematic  screw  of  each  joint  is

shown in Fig. 5.  represents the axis direction of the j-

th joint of the i-th branch. Assume the linear velocity of

the  actuated  P  joint  is , ,

and  the  output  speed  vector  of  the  moving  platform  is

.  Then,  the  mapping  relationship

between them can be expressed as

Jxẋ = Jpq̇ (23)

Jx Jpwhere  and  are  called indirect  and direct  Jacobian

matrices of the parallel mechanism, respectively.

S/p = [ ωT vT ]T
According to the screw theory, the instantaneous velo-

city (where v is  the  linear  velocity  of

the moving platform center and ω is the angular velocity

of  the  moving platform) of  the  moving platform relative

to the base can be written as a linear combination of the

speed and screw of each joint in each branch. And so

S/p = [ωT vT]T = qiS/1,i + θ2,iS/2,i+

θ3,iS/3,i + θ4,iS/4,i + θ5,iS/5,i + θ6,iS/6,i (24)

θj,iwhere i = 1, 2, ···, 5,  represents the angular velocity

of  the j-th  (j = 2,  3,  ···,  6)  R  joint  in  the i-th  branch

chain.

The kinematic screw of the joints in each branch is as

follows:


S/1,i = [0; si0]

S/j,i = [sj,i; (ai + li)× sj,i] , j = 2, 3

S/j,i = [sj,i; ai × sj,i] , j = 4, 5, 6
(25)

li = lili0where .

If the actuated P joint is locked, a reciprocal screw of

the branch chain can be obtained as

S/i
r = [ li0 ai × li0 ]T (26)

S/i
rwhere  is the unit screw passing through the center of

the S joint and parallel to li0.

From (24) and (26),

S/i
r ◦ S/p = q̇iS/i

r ◦ S/1,i. (27)

Substituting  (25)  and  (26)  into  (27)  and  stacking  5

branches can be obtained as

JAS/p = Jtq̇ (28)

where

Jt =


lT
10s10 0 0 0 0
0 lT

20s20 0 0 0
0 0 lT

30s30 0 0
0 0 0 lT

40s40 0
0 0 0 0 lT

50s50

 (29)

JA =


(a1 × l10)

T lT
10

(a2 × l20)
T lT

20

(a3 × l30)
T lT

30

(a4 × l40)
T

(a5 × l50)
T

lT
40

lT
50

 . (30)

ω = [ ωx ωy ωz ]T

ω1 = [ α̇ β̇ γ̇ ]T

The  angular  velocity  of  the

moving platform can also be expressed by the derivative

 of  the Y-X-Z Euler  angle  (α, β, γ)

with respect to time:

ω = R(Y, α)

 0
1
0

 α̇+R(Y, α)R(X,β)

 1
0
0

 β̇+

R(Y, α)R(X,β)R(Z, γ)

 0
0
1

 γ̇

(31)

So, simplification can be obtained as

ω =

 0 cosα cosβ sinα
1 0 − sinβ
0 − sinα cosβ cosα

 α̇

β̇
γ̇

 . (32)

γ = 0 γ̇ = 0Because of , so , and then

 ωx

ωy

ωz

 =

 0 cosα
1 0
0 − sinα

[
α̇

β̇

]
. (33)

Therefore,  the  six-dimensional  velocity  of  the  moving

platform can be expressed as
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[
ω
v

]
= Ta

 α̇

β̇
v

 (34)

where

Ta =


0 cosα 0 0 0
1 0 0 0 0
0 − sinα 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

 . (35)

So it can be obtained as

JATa

[
α̇

β̇
v

]
= Jtq̇. (36)

The complete  Jacobian matrix  of  the  mechanism can

be obtained by simplifying (36):

J = J−1
t JATa. (37)

4   Performance analysis

4.1   Workspace analysis

In  order  to  satisfy  the  needs  of  processing  space  for

spherical  crown  surfaces,  it  is  necessary  to  analyze  the

workspace  performance  of  the  hybrid  mechanism.  The

workspace of the hybrid mechanism can be divided into a

position workspace and a posture  workspace.  In this  pa-

per,  the numerical  search method is  utilized to calculate

the workspace.
4.1.1   Position workspace

The position workspace of the hybrid mechanism can

be regarded as the overlapping area of the working space

of  the  LAD,  the  parallel  active  branch  and  the  passive

constraint branch.

For constrained  branch  chains,  the  main  factors  af-

fecting  the  workspace  are:  the  moving  distance  of  the  P

joint,  and  the  rotation  limit  of  the  U  joint  and  the  R

joint in the branch chain.

The rotation angle θb of the U joint and R joint in the

passive branch should be satisfied as

−θbm ≤ θb ≤ θbm (38)

where θbm represents the maximum rotation angle of the

rotating joint in one direction.

The translation lb of the passive P joint should be sat-

isfied as

lb min ≤ lb ≤ lb max (39)

where lb  min and lb  max represent  the  minimum  and

maximum translation of passive P joint, respectively.

For  the  driving  part,  the  main  factors  affecting  the

workspace are the driving displacement of  the LAD, the

moving  distance  of  the  parallel  actuated  joint,  and  the

length of the link.

The  driving  displacement rb of  the  LAD  should  be

satisfied as

rb min ≤ rb ≤ rb max (40)

where rb  min and rb  max represent  the  minimum  and

maximum driving displacement of LAD, respectively.

The translation si (i=1, 2,  ···,  5)  of  actuated P joint

should be satisfied as

smin ≤ si ≤ smax (41)

where smin and smax represent  the  minimum  and

maximum translation of actuated P joint, respectively.

The angle θpi between the actuated link and the actu-

ated direction of the P joint should be satisfied as

θp min ≤ θpi ≤ θp max (42)

θpi = arccos(si0li0)where , θp min and θp max represent the

minimum and maximum angle between the actuated link

and the actuated direction of the P joint, respectively.

The angle θdi between the actuated link and the mov-

ing platform should be satisfied as

θd min ≤ θdi ≤ θd max (43)

θdi = arccos
(
aili0
ra

)
where , θd min and θd max represent the

minimum and maximum angle between the actuated link

and the moving platform, respectively.

An example of dimensional parameters and constraint

range of the mechanism are given in Table 2.

For the 5PUS-2(UR)PU parallel mechanism part, the

position workspace of the parallel  mechanism can be ob-

tained according to the constraints shown in Fig. 7. It can

 

Table 2    Parameters of mechanism

Parameter Value Parameter Value

rc (mm) 400 smin (mm) 0

ra (mm) 250 smax (mm) 660

l (mm) 850 θp min (°) 0

h1 (mm) 90 θp max (°) 90

g2 (mm) 240 θd min (°) 60

g3 (mm) 70 θd max (°) 160

l1 (mm) 1 200 θbm (°) 60

rb min (mm) 600 lb min (mm) 350

rb max (mm) 1 000 lb max (mm) 700
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be seen from Fig. 7 that the vertical displacement of only

the parallel mechanism is about 230 mm.

When the  posture  angles α and β are  both zero,  the

position workspace of the hybrid mechanism is shown in

Fig. 8.  It  can  be  seen  from Fig. 8 that  the  workspace  of

the hybrid mechanism is 1 200 mm at the lowest position

in the vertical z direction and 3 500 mm at the highest po-

sition.

Comparing  the  position  workspace  of  the  parallel

mechanism  and  the  hybrid  mechanism,  it  can  be  seen

from Figs. 7 and 8 that  the  vertical  displacement  of  the

hybrid  mechanism is  about  10 times  that  of  the  parallel

mechanism. Therefore, the workspace of the mechanism is

increased  by  the  way  of  mixed  connection.  At  the  same

time,  the stroke-to-size ratio of  the hybrid mechanism is

as high  as  292%,  and  the  mechanism  has  a  large  work-

space. This parameter can be used as a reference for the

design of the actual processing mechanism.
4.1.2   Posture workspace

BA = (x, y, z)
BA = (0, 0, 900) BA = (0, 0, 980)

The analysis method is the same as the position work-

space.  According  to  the  constraint  conditions  and  given

the  coordinates  of  the  center  point A,  the

posture workspace when , 

are shown in Figs. 9 (a) and (b), respectively.

It can be seen from Fig. 9 that the maximum rotation

angle range of the hybrid mechanism is ±35°. The mech-

anism has good posture ability.

4.2   Dexterity analysis

The Jacobian condition number can be used as a dex-

terity  index  for  a  purely  translational  or  purely  rotating
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parallel mechanism. However, for a 5-DOF parallel robot

mechanism  that  has  both  rotation  and  translation,  its

conclusion cannot  be  guaranteed.  Therefore,  local  condi-

tion indicators are used for analysis.

For the  velocity  Jacobian  matrix,  write  it  as  an  in-

verse Jacobian matrix:

J−1q̇ =

[
α̇

β̇
v

]
. (44)

Because  the  dimensions  are  not  uniform,  (44)  can be

rewritten as [
α̇

β̇

]
= J1q (45)

V = J2q (46)

where J1 is a 2×5 matrix composed of the first two lines

of J–1, J2 is a 3×5 matrix composed of the last three lines

of J–1.

Then,  the  condition  numbers  of  the  matrices J1 and

J2 can be obtained as

{
κJω = σω1/σω2

κJv = σv1/σv2

(47)

κJω κJv

where σω1 and σω2 are  the  maximum singular  value  and

minimum  singular  value  of  matrix J1 respectively, σv1
and σv2 are  the  maximum  singular  value  and  minimum

singular value of matrix J2 respectively.  and  are

angular  velocity  and  linear  velocity  isotropic  indexes,

respectively,  which are  used to  evaluate  the  dexterity  of

the  angular  velocity  and  linear  velocity  of  the  robot,

respectively.

κJω κJv

When x = 0, y = 0, z = 950 mm, the angular velocity

and  linear  velocity  condition  number  distributions  with

the  rotation angles α and β based on the  parameters  in

Table  2 are  shown  in  Figs.  10(a)  and  (b),  respectively.

The maximum values of  and  are 2.4 and 20, re-

spectively.

κJω κJv

When α = 0, β = 0, z = 950 mm, the  angular  velo-

city  and  linear  velocity  condition  number  distributions

with displacement x, y and z based on the parameters in

Table  2 are  shown  in Figs. 11 (a) and (b),  respectively.

The maximum values of  and  are 1.45 and 8, re-

spectively.  It  can  be  seen  from Figs. 10 and 11 that  the

value  of  the  condition  number  is  small,  the  change  is

stable,  and  there  are  no  sudden  changes  in  the  entire

workspace. The mechanism has good dexterity.

4.3   Stiffness analysis

To analyze the stiffness change of the mechanism dur-

ing the movement, the most commonly used method is to
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solve the stiffness matrix of the mechanism[28]. The stiff-

ness matrix of the mechanism can be expressed as

K = JTχJ (48)

χ = diag(k1, k2, · · · , ki) ki

ki

where K is the stiffness matrix, J is the Jacobian matrix

of the mechanism, , (i=1, 2, ···,
5) is the equivalent spring coefficient of each joint. Here,

 is set to 1 000 N/mm[29].

The relationship between the equivalent force screw F

of the moving platform and its small deformation amount

ΔX is

F = K∆X. (49)

The minimum eigenvalue of the stiffness matrix K is

selected as an index to evaluate the stiffness performance.

When  the  position  of  the  moving  platform  is  fixed,  i.e.,

x =  0, y =  0,  and z =  950 mm,  the  distribution  of  the

stiffness  with  the  rotation  angles α and β is  shown  in

Fig. 12.  It  can  be  seen  from Fig. 12 that when  the  abso-

lute  value  of α is  small,  the  overall  stiffness  value  is

small.

When  the  posture  angles  of  the  moving  platform are

fixed, i.e., α = 0, β = 0, the distribution of stiffness with

displacement x, y and z is  shown  in Figs. 13.  It  can  be

seen  from Fig. 13 that the  stiffness  of  the  moving  plat-

form  increases  as  the  absolute  values  of x, y and z in-

crease.  In  general,  the  value  of  the  stiffness  at  different

locations  in  the  workspace  is  mostly  above  100 kN/m.

And the  stiffness  performance  of  the  mechanism is  good

in the entire workspace.

5   Simulation analysis

In this section, in order to verify the correctness of the

mechanism  design  and  kinematic  model,  the  theoretical

calculation and simulation analysis of the hybrid mechan-

ism with  arc  curve  as  the  processing  trajectory  are  car-

ried out by using Matlab and Adams software. The theor-

etical and simulation curves of the driving parameters of

the P joint are compared and analyzed.

The moving platform center is used as the position of

the machining tool, and the arc curve is used as the ma-

chining  trajectory  to  complete  the  kinematic  simulation.

The motion trajectory of the processing tool is  shown in

Figs. 14 (a) and (b). The tool moves from the Q point to a

circle at a constant speed along the arc trajectory and re-

turns to the Q point.  Assume that the radius of the arc

trajectory  is  20 mm,  the  time t of the  simulation  move-

ment is  20 s, and the initial  position of the moving plat-

form  is  parallel  to  the  fixed  platform.  Because  it  is  a

plane motion, the tool rotation angles α and β are 0, and

the z-axis direction is a constant value. Then the driving

equation can be obtained as
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Fig. 12     Distribution of stiffness when x=0, y = 0, z = 950 mm
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{
x = 20 + r cos(0.1t× π − π)

y = r sin(0.1t× π − π).
(50)

Substituting (50) into the inverse kinematics (14), ac-

cording to the motion trajectory of the moving platform,

the corresponding  theoretical  displacement  of  each  actu-

ated P joint can be calculated. And the velocity and ac-

celeration of each actuated P joint can be obtained by the

first  and  second  derivative  of  time.  A  virtual  prototype

simulation  model  of  the  mechanism  is  established  in

Adams,  and  (50)  is  used  as  the  driving  equation  of  the

moving  platform  center  in  the  simulation  model.  Then,

the simulation curve of the translation, velocity, and ac-

celeration  of  the  actuated  P  joint  can  be  obtained.  The

comparison between the theoretical calculation curve and

the simulation curve of the translation, velocity, and ac-

celeration  of  each  actuated  P  joint  is  shown  in Fig. 15.

The solid line in Fig. 15 is the theoretical curve of the ac-

tuated  joint  calculated  by  Matlab  software.  The  dashed

line marked with the character "o" is  a simulation curve

of motion parameters obtained from Adams software.

It can be seen from Fig. 15 that the theoretical calcu-

lation  curve  of  the  translation,  velocity  and  acceleration

of  the  actuated  P  joint  coincides  with  the  simulation

curve. And the simulation results verify the correctness of

the theoretical calculation. At the same time, the curve of

each  actuated  joint  is  smooth  and  continuous,  with  no

sudden  changes  such  as  sharp  points,  which  proves  that

the mechanism can achieve the motion ability of a given

trajectory.

6   Conclusions

1) A novel 5PUS-(2UR)PU hybrid robot mechanism is

designed for the processing of spherical crown surface on

oversized cylindrical  boxes.  The  workspace  of  the  mech-

anism is increased by connecting the LAD in series with

the parallel mechanism. By using the parallel mechanism

as  a  local  processing  head,  the  overall  dexterity  of  the

mechanism is improved.
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Fig. 14     Motion trajectory of simulation
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Fig. 15     Theory  and  simulation  kinematics  curve  of  actuated
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2)  The  degrees  of  freedom of  the  parallel  mechanism

are  obtained  by  using  the  screw  theory,  and  the  result

satisfied the  processing  requirement  of  5  degrees  of  free-

dom. Constraints affecting workspace are established, and

the workspace of the mechanism is solved. The dexterity

and  stiffness  analyses  are  obtained  on  the  basis  of  the

Jacobian matrix. The stroke-to-size ratio of the designed

hybrid mechanism is as high as 292%, and it has a large

workspace. In  the  effective  workspace,  the  dexterity  in-

dex of the mechanism is less than 5, and the mechanism

has high dexterity. The value of the stiffness at different

locations  is  mostly  above  100 kN/m.  And  the  stiffness

performance of the mechanism is good in the entire work-

space.

3) The theoretical calculation and simulation analysis

of the  hybrid  mechanism  with  arc  curve  as  the  pro-

cessing  trajectory  are  carried  out  by  using  Matlab  and

Adams software. The theoretical calculation curve of the

translation,  velocity  and  acceleration  of  the  actuated  P

joint coincides with the simulation curve, and the simula-

tion results verify the correctness of the theoretical calcu-

lation. At the same time, the curve of each actuated joint

is  smooth  and continuous,  with  no  sudden changes  such

as  sharp  points,  which  proves  that  the  mechanism  can

achieve the motion ability of a given trajectory.
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