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Abstract:   The goal of this paper is to design a model-free optimal controller for the multirate system based on reinforcement learning.
Sampled-data control systems are widely used in the industrial production process and multirate sampling has attracted much attention
in the study of the sampled-data control theory. In this paper, we assume the sampling periods for state variables are different from peri-
ods  for  system  inputs. Under  this  condition, we  can obtain an  equivalent discrete-time  system using  the  lifting  technique. Then, we
provide an algorithm to solve the linear quadratic regulator (LQR) control problem of multirate systems with the utilization of matrix
substitutions. Based on a reinforcement  learning method, we use online policy  iteration and off-policy algorithms to optimize the con-
troller  for multirate  systems. By using  the  least  squares method, we convert  the off-policy algorithm  into a model-free  reinforcement
learning algorithm, which only requires the input and output data of the system. Finally, we use an example to illustrate the applicabil-
ity and efficiency of the model-free algorithm above mentioned.
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1   Introduction

It is  well  known  that  nearly  all  modern  control  sys-

tems are  implemented  digitally,  which  results  in  the  re-

search significance of sampled-data systems[1–5]. In indus-

trial  process  control,  there  commonly  exist  conditions

where the periods for the practical plant inputs are differ-

ent.  Then  traditional  and  advanced  control  methods  for

sampled-data  systems  will  not  adapt  to  such  multirate

systems.  Researchers  noticed  this  problem  in  the  1950s

and Kranc first used the switch decomposition method to

solve  this  problem in  [6].  Kalman and Bertram[6], Fried-

land[7], and Meyer[8] also made contribution to the devel-

opment of  multirate  systems.  In  1990,  the  lifting  tech-

nique was  brought  out  to  simplify  the  multirate  prob-

lems by  converting  these  systems  to  the  equivalent  dis-

crete systems. The topic became active ever since.

H∞

H∞ H2

Based on  the  lifting  method,  standard  control  meth-

ods can be applied to solve the multirate problems. With

the  development  of  the  advanced  control  theory,  more

and more research has been reported so far. In [9], an 

controller  is  designed  for  the  multirate  system  with  the

nest  operator  method  by  Chen  and  Qiu.  Sågfors  and

Toivonen[10] utilized the Riccati equation to address simil-

ar  multirate  sampling  problems.  Also  problems

are solved by Qiu and Tan[11] and linear quadratic Gaus-

sian (LQG) problem are addressed by Colaneri and Nicol-

ao[12].  Recently  the  control  difficulties  of  the  networked

systems with multirate  sampling were  solved by Xiao et

al.[13], Chen and Qiu[14]. Xue et al.[15] and Zhong et al.[16]

utilized different  methods  to  deal  with  the  fault  detec-

tion problems. Gao et al.[17] designed an output feedback

controller for  a  general  multirate  system  with  finite  fre-

quency  specification.  However,  all  controllers  mentioned

above  are  designed  according  to  the  system  dynamics

model.  When  system  structure  is  unknown  or  system

parameters are uncertain, these controllers will not satis-

fy our demands. The authors in this paper aim to design

a  controller  that  can  make  use  of  the  input  and  output

data to optimize itself and we denote this kind of control-

ler as a model-free controller.

Reinforcement  learning  (RL)  is  an  important  branch

of  machine  learning.  Famous  research  groups  utilize  RL

to  solve  artificial  intelligence  problems  and  teach  robots

to play games[18, 19]. Through the interactions with envir-

onment,  the  cognitive  agents  can  obtain  the  rewards  of

their  actions.  With  the  utilization  of  the  value  function,

which is  calculated  by  rewards,  agents  use  the  RL  al-

gorithm  to  optimize  the  policy.  A  similar  idea  was

brought  from  control  theory  by  Bertsekas  and  Tsitsiklis

in  1995[20],  which  is  adaptive  dynamic  programming

(ADP).  And  a  detailed  introduction  about  ADP  can  be

found in [21]. And in past decades, this method was util-

ized  to  deal  with  output  regulation  problems[22],  switch

systems[23], nonlinear systems[24], sliding mode control[25, 26]
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and so on[27–29]. Both ADP and RL are studied based on

the Bellman equation and researchers combine these two

algorithms and apply it for solving control problems. RL

algorithms  have  been  used  to  deal  with  controller

design  problems[30].  Also  the  optimal  regulation  problem

was solved by Kamalapurkar et  al.[31] The RL algorithm

can  optimize  the  policy  only  with  the  use  of  the  input

and output data, which discards the requirements of sys-

tem  dynamics.  Such  model-free  algorithms  were  applied

for  solving  discrete  systems[32] and  heterogeneous

systems[33]. Controller design methods based on reinforce-

ment learning have many directions. Madady et al.[34], Li

et  al.[35] proposed  a  RL  based  control  structure  to  train

neuro-network controllers  for  a  helicopter.  Similar  meth-

ods  can  also  be  applied  in  unmanned  aerial  vehicle

(UAV)[36]. Some other learning-based control methods can

also  be  used  in  the  servo  control  systems[37] and  traffic

systems[38]. In this paper, authors aim to design a model-

free optimal controller for multirate systems through sim-

ilar schemes.

In this  paper,  a  model-free  algorithm based on RL is

developed  to  help  us  to  design  an  optimal  controller  for

multirate systems. We assume that the sampling periods

for  the  state  variables  are  different  from  the  periods  of

the system inputs. Instead of the lifting method, a differ-

ent technique was used to convert the multirate systems

into an  equivalent  discrete  system.  With  matrix  trans-

formations, we put forward an algorithm to design a lin-

ear  quadratic  regulator  (LQR)  controller  for  multirate

systems. Later, we propose the definition of the behavior

policy and target policy, and then an off-policy algorithm

based  on  RL  was  provided.  With  the  utilization  of  the

least  squares  (LS)  method[38–40],  we  reformulate  the  off-

policy  algorithm  into  a  model-free  RL  algorithm,  which

can help us to optimize the controller in an uncertain en-

vironment.  Finally,  an example  is  presented to  illustrate

the applicability and efficiency of the proposed methods.

The paper is organized as follows. A multirate system

model with a state feedback controller is provided in Sec-

tion 2. Section 3 proposes a controller design method and

three controller  optimization methods.  Finally,  Section 4

gives an industrial example to illustrate the applicability

of the methods above mentioned.

Rn

⊕
vec(A)

Notation. This paper standardly use notation as fol-

lows.  denote  the n-dimensional  Euclidean  space.  T

and –1 mean matrix transposition and inverse.  stands

for the Kronecker product and  denotes the vector-

ization of the matrix A.

2   Problem formulation

x(t)

psh

u(t) puh

The multirate system we considered in this paper is a

system that  has  multirate  periods  for  system states  and

inputs,  which  means  the  sampling  periods  for  state 

are . Also we assume the periods for the holds of the

 are all . Here h denotes a real positive integer re-

ferred to the basic period. Then we define this multirate

system G with assumptions as

ẋ(t) = Acx(t) +Bcu(t). (1)

x(t)

psh u(t) puh

Assumption 1. The periods of  samplers  for  are

all . The periods for the holds of the  are all .

x(t) x ∈ Rn u(t)

u ∈ Rm Ac Bc

Gd

Here  is  the  state  vector  and .  is  the

system  input  and .  and  are  the  system

matrices  with  appropriate  dimension.  We  first  convert

the  multirate  system G to  the  equivalent  linear  discrete

system  with the discrete time period h as

x(k + 1) = Ax(k) +Bu(k) (2)

A = eAch B =
∫ h

0
eAcτdτBcwhere , .

N = ps × pu Nh

Researchers traditionally  solve  the  multirate  prob-

lems through utilization of the lifting method in [10]. Ac-

cording  to  this  traditional  method,  a  dynamic  output

feedback  controller  can  be  designed[18].  It  is  difficult  to

directly  use  reinforcement  learning  based  method  for  a

dynamic output feedback controller. In this paper, we ad-

dress  this  difficulty  through  another  lifted  method.  We

can  design  a  state-feedback  controller  under  this  lifting

technology.  Define .  In  the  time  period ,

we have

x(1) = Ax(0) +Bu(0),

x(2) = Ax(1) +Bu(1),

...

x(N + 1) = Ax(N) +Bu(N).

(3)

x̄

ū

Here  we  define  the  new  state  vector  and new  sys-

tem input  in the following lines:

x̄(k) =


x(kN −N + s)

x(kN −N + 2s)
...

x(kN)

 , ū(k) =


u(kN)

u(kN + p)

...
u(kN +N − p)


p=pu, s=ps x̄(0)=

[
0 · · ·x(0)T]T

Ḡ Gd

where  and the initial state .

With  the  utilization  of  the  above  vectors,  we  have  the

discrete-time system , which is equivalent to .

x̄(k + 1) = Āx̄(k) + B̄ū(k) (4)

where

Ā =


0 · · · 0 As

0 · · · 0 A2s

...
. . .

...
...

0 · · · 0 AN

 , B̄ =


B̄s1 B̄s2 · · · B̄1N

p

B̄2s1 B̄2s2 · · · B̄2sN
p

...
...

. . .
...

B̄N1 B̄N2 · · · B̄N N
p


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B̄ij =


∑p

k=1 A
i−jp+k−1B, if i > jp+ p

0, if i < jp∑p
k=1+jp−i A

i−jp+k−1B, otherwise.

In this article, we design a state feedback controller as

ū(k) = −Kx̄(k). (5)

Ḡ

(kN −N + 1)h kNh

kNh (kN +N − p)h

From (5) and system , one can see that the control-

ler  (5)  utilizes  the  data  collected  in  the  time  interval

[ , ].  The  system  inputs  obtained  by

control law are used in [ , ].

Remark 1. In this  paper,  we use our lifting method

to  deal  with  a  kind of multirate  system,  whose  sampling

periods  for  inputs  or  outputs  are  the  same.  As  for  the

general multirate sampled-data systems, whose input and

output both have different sampling periods, we can find

such systems in [10–13, 16, 18].  In these papers,  authors

utilize  the  lifting  technique  to  deal  with  the  multirate

problems. The lifting method in [16] combines the N state

vectors for the new system state vector and system input

in such a form:

x̂(k) =



x1(kN)
...

x1(kN +N − 1)
...

xn(kN)
...

xn(kN +N − 1)


, û(k) =



u1(kN)
...

u1(kN +N − 1)
...

un(kN)
...

un(kN +N − 1)


.

(6)

x̂ û x̄ ū

x̂ û

u(k + t)

x(k + s) t > s

Ḡ

(kN −N + 1)h kNh

kNh (kN +N − p)h

Obviously,  and  are  different  from  and .  The

equivalent system with the vectors  and  will result in

the  causal  constraints  problem,  which  denotes  that  the

control  output  cannot  be  controlled  by  state

. t and s are positive integers and . The con-

troller K(5) in this article provides the system  with the

data  in  [ , ]  by  utilizing  the  data  in

[ , ].  In  other  words,  the  method  in

this paper used to deal with the multirate difficulties can

avoid causal constraints.

Gd

γ

Define the cost function of the system  with the dis-

counting factor  as

J =

∞∑
k=0

γk(xT(k)Qx(k) + uT(k)Ru(k)) =

lim
N→∞

(x̄T(N)Q̄x̄(N)+

N−1∑
k=0

γk(x̄T(k)Q̄x̄(k) + ūT(k)R̄ū(k))). (7)

Gd Ḡ

From  the  above  description,  we  can  obtain  that  the

systems G,  and  are  approximately  equivalent.

Thus,  our  purpose  in  this  paper  can  be  described  as

designing a  model-free  controller  for  the  multirate  sys-

tem G to minimize the cost function J based on the rein-

forcement learning method.

3   Main results

In this section, we propose several methods to design

optimal controllers  for  multirate  system  based  on  rein-

forcement  learning.  Based  on  the  cost  function J,  the

value function given in this article can be described as

V (x̄(k)) =

∞∑
i=k

γi−kr(x̄(i), ū(i)) (8)

r(x̄(i), ū(i)) = x̄T(i)Q̄x̄(i) + ūT(i)R̄ū(i)where .  Also,  we

find that the value function (8) can be reformulated as

V (x̄(k)) = r(x̄(k), ū(k)) +

∞∑
i=k+1

γi−kr(x̄(i), ū(i))

which yields the Bellman equation

V (x̄(k)) = r(x̄(k), ū(k)) + γV (x̄(k + 1)). (9)

ḠAlso for  the system , the value function can be de-

scribed in a quadratic form as

V (x̄(k)) = x̄T(k)P x̄(k).

With the above quadratic form, the Bellman equation

(9) becomes

x̄T(k)P x̄(k) = r(x̄(k), ū(k)) + γx̄T(k + 1)P x̄(k + 1).

H(x̄(k), ū(k), λ(k))

We  define  the  Hamiltonian  function

 as

H = r(x̄(k), ū(k)) + λ(k)T(γV (x̄(k+1))− V (x̄(k))). (10)

Ḡ

Then  we  can  obtain  the  optimal  control  policy  after

we solve this Hamiltonian function. Moreover, the optim-

al feedback matrix for the system  is given as

K∗ = (R̄+ γB̄TPB̄)−1γB̄TPĀ (11)

where P is the solution for the algebratic Riccati equation

(ARE):

γĀTPĀ− P − γ2ĀTPB̄(R̄+ γB̄TPB̄)−1B̄TPĀ+ Q̄ = 0.
(12)

3.1   LQR controller design

γ = 1When , one can see that the controller designed

through (11) and (12) is equivalent to a LQR controller.
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Ā ĀFrom the structure of the matrix , we can find that  is

singular  and  it  is  difficult  to  solve  the  Riccati  equation

(12). We give the following matrix transformations

Ā = [0 F ] , FT = [ĀT
1 , Ā

T
2 ] ,

B̄T = [B̄T
1 , B̄

T
2 ] , Ā2 = AN , N0 = N − 1,

B̄1 =


B̄s1 B̄s2 · · · B̄sN

p

B̄2s1 B̄2s2 · · · B̄2sN
p

...
...

. . .
...

B̄N01 B̄N02 · · · B̄N0
N
p

 , Ā1 =

[
As

...
AN−1

]
,

B̄2 =
[
B̄N1 B̄N2 · · · B̄N N

p

]
,

P =

[
P11 P12

P21 P22

]
, U = PB̄(R̄+ γB̄TPB̄)−1B̄TP

B̄ij Q̄ = diag{Q1,Q2}
Q2 ∈ RN×N Q1

γ = 1

where  can be found in (4). Set  and

,  has  appropriate  dimension.  Then,  with

utilizing the above matrix transformations and , the

ARE can be converted to the following equations:[
0

FT

]
P [0 F ]− P −

[
0

FT

]
U [0 F ] +

[
Q1 0
0 Q2

]
= 0.

(13)

P12 = PT
21 = 0

P11 = PT
11 = Q1

From  (13),  we  have  that  and

.  Also  one  can  see  that  when  (13)  holds,

we have the following equation:

FTPF = P22 +FTUF +Q2 = ĀT
1 Q1Ā1 + ĀT

2 P22Ā2. (14)

Let

P̃ = P22, S̃ = ĀT
1 Q1B̄1, Ã = Ā2, B̃ = B̄2,

Q̃ = Q2 + ĀT
1 Q1Ā1, R̃ = R̄+ γB̄TQ1B̄.

P22

Then we can obtain (15), which can solve for the solu-

tion of .

ÃTP̃ Ã− P̃ − L̃+ Q̃ = 0,

L̃ = (ÃT̃ P̃ B̃ + S̃)(R̃+ B̃TP̃ B̃)−1(B̃TP̃ Ã+ S̃T). (15)

P22 P11 = Q1

K=(R̄+B̄TPB̄)−1B̄TPĀ

According to the  from (15) and , we can

obtain the optimal controller with .

We conclude the  Algorithm 1 to  solve  the  LQR con-

troller design problem for the multirate system G.

The optimal control is to find a control law under the

given constraints to maximize or minimize the given cost

function.  The  optimization  algorithm  is  the  algorithm

that  helps  agent  maximize  or  minimize  the  given  cost

function. We think these two optimization problems have

the same target. In this paper, the main target is to ob-

tain  a  data-driven  parameters  optimization  method  for

multirate systems.  Here  Algorithm 1 is  the optimal  con-

trol problem and the optimization algorithm will  be giv-

en in the following parts of the article.

Algorithm 1. LQR controller for multirate systems

Ḡ

1) Solve the (4) to get the equivalent discrete system

.

P222) Get  by utilizing the matrix transformations to

solve ARE (15).

K=(R̄+B̄TPB̄)−1B̄TPĀ3) Obtain the LQR controller .

Algorithm 2. Online PI algorithm for multirate sys-

tems

j = 0

ū0(k) = K0x̄(k)

1)  Initialization:  Set  the  iteration  number  and

start with a stabilizing control law .

P j+1 P j+1
11 = Q1

x̄T(k)P j+1x̄(k) = r(x̄(k), ūj(k)) + γx̄T(k + 1)P j+1x̄

2) Solve  by following equation with ,

.

Kj+1 Kj+1 =
(R̄+ γB̄TP j+1B̄)−1γB̄TP j+1Ā

3)  Update  the  control  policy  with 

.

||Kj+1 −Kj ||2 ≤ ϵ

ϵ j = j + 1

4) Stop if  for a small positive value

, otherwise set  and return to Step 2).

Ā K = [0 Km]

Km

ū(k) x(kN)

Km ū(k)

kNh (kN +N − p)h

Remark 2. From the structure  of  the  controller,  we

can find that the structure of  results in . It

means that the valid part of the controller K is  and

the  system input  is  decided by .  When using

Algorithm 1, we can directly solve (15) to obtain the con-

troller gain . Also, according to the structure of ,

one can see that the controller calculates the control out-

puts each long period from  to .

3.2   Model-based PI algorithm

In this  subsection,  we  aim  to  solve  the  optimal  con-

troller  design  problem  based  on  reinforcement  learning

under  the  condition  that  the  model  dynamic  is  known.

The  main  difficulty  is  to  solve  the  ARE (12)  for  matrix

P.  In Algorithm 1, we utilize the matrix transformations

to  reformulate  a  new  ARE  (15),  and  we  can  solve  this

function directly.

P12 = PT
21 = 0 P11 = PT

11 = Q1

According  to  [32, 33],  another  popular  algorithm  for

solving the ARE is the policy iteration (PI) algorithm, an

online algorithm. In tradition, the controller updates with

the  optimization  of  the  matrix P.  Based  on  Section  3.1,

we  can  obtain  the  matrix P which  has  such  structure,

 and .  Motivated  by  this

condition, the online PI algorithm for multirate sampling

systems has been converted into Algorithm 2.

ūj(k)

Ḡ

The Algorithm 2 is an online algorithm, which means

the policy updates each step according to . Our pur-

pose is  to  design  a  model-free  controller,  which  can  up-

date itself  with the use of the control output. Therefore,

it  is  inevitable  for  us  to  design  an  off-policy  algorithm.

Rewriting the system  in (4) as

x̄(k + 1) = Ākx̄(k) + B̄(ū(k) +Kj x̄(k)) (16)

Āk = Ā− B̄Kj ū(k)where .  Here  in  (16),  denotes  the
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ūj(k) = −Kj x̄(k)

ūj(k) = −Kj x̄(k)

x̄(k + 1) = (Ā− B̄Kj)x̄(k)

behavior  policy  which  is  applied  in  the  practical  system

and we collect data for the algorithm through this policy.

 is the target policy that are updated by

the  PI  algorithm.  With ,  the  system in

Algorithm 2 is shown as . Then

the  Step  2  in  Algorithm  2  is  equal  to  the  following

equation:

x̄T(k)Q̄x̄(k) + x̄T(k)(Kj)TR̄Kj x̄(k) =

x̄T(k)P j+1x̄(k)−γx̄T(k)(Ā−B̄Kj)TP j+1(Ā−B̄Kj)x̄(k).
(17)

Then we can obtain the following equation according

to the above statements:

x̄T(k)P j+1x̄(k)− γx̄T(k)ĀTP j+1Āx̄(k) =

x̄T(k)Q̄x̄(k) + γx̄T(k)(B̄Kj)TP j+1B̄Kj x̄(k)+

x̄T(k)(Kj)TR̄Kj x̄(k)− 2γx̄T(k)(B̄Kj)TP j+1Āx̄(k).
(18)

For the off-policy algorithm, the state signals are ob-

tained  according  to  (16).  Then  we  add  polynomials  into

both sides of (18), an equivalent equation is given as

x̄T(k)P j+1x̄(k)− γx̄T(k + 1)P j+1x̄(k + 1) =

x̄T(k)Qx̄(k) + x̄T(k)(Kj)TRKj x̄(k)−
2γ(ū(k) +Kj x̄(k))TB̄TP j+1Āx̄(k)+

γ(ū(k) +Kj x̄(k))TB̄TP j+1B̄(ū(k)−Kj x̄(k)). (19)

x̄It should be noted that  in (18) and (19) are differ-

ent. But  (19)  is  equal  to  (18).  From  the  above  state-

ments,  we  can  conclude  the  off-policy  RL  algorithm  as

Algorithm 3.

Algorithm 3. Off-policy algorithm for multirate sys-

tems

j = 0

ū(k) = Kx̄(k)

1)  Initialization:  Set  the  iteration  number  and

start with a stabilizing control law .

P j+1 P j+1
11 = Q1

x̄(k) x̄(k + 1) ū(k) Kj

2)  Solve  in  (18)  with  by  using  data

, , , .

Kj+1

Kj+1 = (R̄+ γB̄TP j+1B̄)−1γB̄TP j+1Ā

3)  Update  the  target  policy  with

.

||Kj+1 −Kj ||2 ≤ ϵ

ϵ j = j + 1

4) Stop if  for a small positive value

, otherwise set  and return to Step 2).

x̄(k + 1)

x̄(k + 1) = Āx̄(k)+

B̄ū(k) ̸= Āx̄(k) + B̄ūj(k)

Remark 3. It is obvious that the difference between

Algorithms  2  and  3  is  that  the  policy  system utilized  is

changed each step in Algorithm 2 and fixed in Algorithm

3. In Algorithm 3, the state vector  is decided by

the  behavior  policy,  which  means 

. Algorithm 3  provides  a  optim-

ization method  under  such  a  condition  that  system  dy-

namic  process  and  optimize  process  are  uncoupled.  We

can  later  obtain  the  model-free  algorithm  based  on  this

off-policy algorithm.

Remark  4. In  the  reinforcement  learning  field,  the

main difference  between  model-based  and  model-free  al-

gorithms  is  whether  the  algorithm  uses  the  neuro-net-

work to estimate the next state or not. The model-free al-

gorithm directly optimizes the policy network through in-

put  and  output  data.  The  model-based  algorithm  will

first use the input and output data to optimize a neuro-

network, which  can  correctly  predict  the  next  state  ac-

cording to  the  present.  In  conclusion,  model-based  al-

gorithms  need  the  agent  to  have  a  physical  dynamic

plant.  Both  model-free  and  model-based  algorithms  are

data-driven  methods.  However,  in  the  control  field,  this

will  be  different.  There  are  no  specific  explanations  for

model-based and model-free control  methods.  In this pa-

per,  we  think  model-based  methods  rely  on  the  system

dynamics, including  system  structures  and  system  para-

meters.  Model-free  methods  only  use  input  and  output

data to optimize controller parameters. Both these meth-

ods are data-driven but model-based methods use inputs,

outputs  and  system  dynamics.  In  this  paper,  we  aim  to

propose  a  method that  only  uses  input  and output  data

to optimize controllers.

3.3   Model-free RL algorithm

vec(aTWb) = (bT ⊕ aT)vec(W )

The algorithms  mentioned  above  require  system  dy-

namics  to  optimize  the controller.  In this  subsection,  we

propose a method to design a model-free optimal control-

ler. It is well known that .

Set that

Āx̄(k) =

[
0 Ā1

0 Ā2

] [
x̄1(k)

x̄2(k)

]
.

P11 = Q1We can obtain (20) through (18) with .

x̄T(k)Q̄x̄(k) + x̄T(k)(Kj)TR̄Kj x̄(k) =

x̄T
1 (k)Q1x̄1(k)− γx̄T

1 (k + 1)Q1x̄1(k + 1)+

x̄T
2 (k)P

j+1
22 x̄2(k)− γx̄T

2 (k + 1)P j+1
22 x̄2(k + 1)+

2γ(ū(k) +Kj x̄(k))T(B̄T
1 Q1Ā1 + B̄2P

j+1
22 Ā2)x̄2(k)+

γ(ū(k) +Kj x̄(k))TB̄TP j+1B̄(ū(k)−Kj x̄(k)).
(20)

r̄(x̄(k))Define  as

r̄(x̄(k)) = x̄T(k)Q̄x̄(k) + x̄T(k)(Kj)TR̄Kj x̄(k)−
x̄T
1 (k)Q1x̄1(k) + γx̄T

1 (k + 1)Q1x̄1(k + 1).

With  the  utilization  of  the  Kronecker  product,  (16)

can be rewritten as

r̄(x̄(k)) =

(x̄T
2 (k)⊕ x̄T

2 (k)− x̄T
2 (k + 1)⊕ x̄T

2 (k + 1))vec(P j+1
22 )+

2γ(x̄T
2 (k)⊕ (ū(k) +Kj x̄(k))T)vec(B̄T

1 Q1Ā1)+

2γ(x̄T
2 (k)⊕ (ū(k) +Kj x̄(k))T)vec(B̄T

2 P
j+1
22 Ā2)+

γ((ū(k)−Kj x̄(k))T⊕(ū(k)+Kj x̄(k))T)vec(B̄TP j+1B̄).
(21)
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n2 +N2m2/p2 +Nmn/p+ (N − 1)(N − p)

n2 +N2m2/

p2 +Nmn/p+ (N − 1)(N − p)mn/p

s ≥ n2 +N2m2/

p2 +Nmn/p+ (N − 1)(N − p)mn/p

From the Bellman equation (20), one can see that this

equation  has 

mn/p unknown parameters. Therefore, at least 

 data sets  are  re-

quired to update the control policy. It also means that in

each iteration,  we will  collect s groups of  data  to  calcu-

late the policy. We set a positive integer 

,  and  it  also  means

that in each iteration, we will collect s groups of data to

calculate the policy.  Then define the parameter matrices

as

Φj =
[
r̄(x̄(k))T r̄(x̄(k + 1))T · · · r̄(x̄(k + s− 1))T]T

Ψj =



M(xx)1 M(xu)1 M(uu)1

M(xx)2 M(xu)2 M(uu)2

...
...

...

M(xx)s M(xu)s M(uu)s


(22)

where

M(xx)i = x̄T
2 (k + i− 1)⊕ x̄T

2 (k + i− 1)−
x̄T
2 (k + i)⊕ x̄T

2 (k + i)

M(xu)i = 2γ(x̄T
2 (k + i− 1)⊕ (ū(k + i− 1)+

Kj x̄(k + i− 1))T)

M(uu)i = γ((ū(k + i− 1)−Kj x̄(k + i− 1))T⊕
(ū(k + i− 1) +Kj x̄(k + i− 1))T).

Define the unknown variables as

W j+1
1 = P j+1

22 , W j+1
2 = B̄T

1 Q1Ā1 + B̄T
2 P

j+1
22 Ā2,

W j+1
3 = B̄TP j+1B̄. (23)

With the utilization of (20)–(22), we can obtain that

Ψj [
vec(W j+1

1 )T vec(W j+1
1 )T vec(W j+1

1 )T]T
= Φj .

(24)

The  above  equation  (20)  can  be  solved  by  the  LS

method as

[
vec(W j+1

1 )T vec(W j+1
1 )T vec(W j+1

1 )T]T
=

((Ψj)TΨj)−1(Ψj)TΦj . (25)

W j+1
1 W j+1

2 W j+1
3With the solution for ,  and , we can

have the controller gain as

K = (R+W j+1
3 )−1

[
0 W j+1

2

]
. (26)

Conclude  above  statements,  we  can  have  the  model-

free algorithm as Algorithm 4.

Algorithm  4. Model-free controller  optimization  al-

gorithm for multirate systems

j = 0

ū(k) = −Kx̄(k) + e(k)

e(k) j = 0

1)  Initialization:  Set  the  iteration  number  and

start with a stabilizing control law ,

where  is the probing noise. Set .

2) Run the system with controller s step to collect in-

puts and outputs data.

Φj Ψj3) Reformulate data to  and  according to (22).

W j+1
1 W j+1

2 W j+1
3

4)  With  the  LS method and (24),  we  can  obtain  the

matrices , , .

Kj+1

Kj+1 = (R+W j+1
3 )−1

[
0 W j+1

2

]5)  Update  the  control  policy  with

.

||Kj+1 −Kj ||2 ≤ ϵ

ϵ j = j + 1

6) Stop if  for a small positive value

, otherwise set  and return to 2).

Remark 5. The main technology we used in this sub-

section  is  the  LS  method  and  an  important  point  when

using  LS  is  persistent  excitation  condition  (PE).  In  the

reinforcement  learning  such  as  deep  Q-network  (DQN)

and deep  deterministic  policy  gradient  (DDPG),  the  re-

searchers always added noise signals in the learning pro-

cess to ensure the agents explore more information about

the environment, and respectively PE in the policy itera-

tion  method  can  guarantee  the  sufficient  exploration  of

the  state  space.  It  should  be  noted  that  when  the  state

converges  to  the  desired  value,  PE will  not  be  satisfied.

In [32, 33, 41, 42],  authors  always utilized probing noise

as PE, which consists of  sinusoids of  varying frequencies

to ensure  PE qualitatively.  The  amplitude  for  the  prob-

ing noise will affect the algorithm results. The algorithm

will  not  converge  if  the  amplitude  is  too  large  and  the

probing noise will be useless if the amplitude is too little.

We usually decide the parameters according to our exper-

ience in the simulation.

H∞ H2

Remark  6. In past  decades,  research  about  multir-

ate system paid more attention in the traditional control

theory field.  problems,  problems, time-delay prob-

lems and LQG problems have been solved in the existing

related literatures.  In recent  years,  papers  have reported

slide mode controller design, nonlinear multirate systems

and multirate systems under switch condition. The above

algorithms are all model-based and in this paper we pro-

pose  a  model-free  LQR controller  for  multirate  systems.

When we are not sure about system structure or system

parameters,  our  algorithm  can  efficiently  help  users

design a LQR controller only with input and output data.

Also  when  the  parameters  of  the  system  are  uncertain,

the controller designed by our algorithm will have better

performance.

The  main  results  of  this  paper  are  4  algorithms  for

multirate systems. Algorithms 2 and 3 are preliminary for

Algorithm 4. So the main contribution can be concluded

as two control system schemes. One is optimal controller

design for the new multirate system. The other is model-

free controller optimization for the new multirate system.

Consider the multirate system described as (1). Its equi-

valent discrete  system  is  (4)  and  its  state-feedback  con-
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troller is in the form of (5). Then the closed-loop equival-

ent multirate control system can be described as

x̄(k + 1) = (Ā− B̄K)x̄(k). (27)

K = (R̄+ B̄TPB̄)−1B̄TPĀ

P11 = Q1 P22

For the  optimal  controller  design  of  the  new  multir-

ate system, system dynamics and system parameters are

known.  We  can  use  Algorithm  1  to  obtain  an  optimal

controller with . For the mat-

rix P,  we  can  obtain  and  from  the  ARE

(15).

For  the  model-free  controller  optimization  for  new

multirate systems, system dynamics and system paramet-

ers are unknown. We first initialize with a stabilized con-

troller  and  then  use  Algorithm  4  to  optimize  controller

parameters. Run the closed-loop system, collect data and

reformulate data according to (22)–(24). Finally, use (25)

to update the controller.

The  main  contribution  of  this  paper  is  to  propose  a

model-free controller optimization for a class of multirate

systems through a new lifting technique. For the multir-

ate systems, the optimal controller design method is com-

plicated[11] and there is no data-driven method for multir-

ate systems. So the results of this article can make up for

the deficiency of the multirate systems. Also, for the con-

troller  optimization,  this  paper  presents  a  realization

method and we think our algorithms can improve the de-

velopment of the data-driven method, controller optimiz-

ation for multirate systems.

4   Simulation results

Tc

CAi

CA

In  this  section,  we  provide  a  continuous-stirred  tank

reactor  (CSTR) to  prove  the  applicability  and efficiency

of the proposed algorithms.  And the structure of  the in-

dustrial  CSTR  is  given  in Fig. 1.  The  main  character

parameters of CSTR are reaction temperature T and cool-

ing medium temperature . There are two main chemic-

al species A and B. The input of CSTR is pure A with its

concentration  described  as , the  output  is  the  mix-

ture of A and B with their concentration .

For this model, we define state vector and system in-

put as follows:

x =
[
CA

T

]
, u =

[
Tc

CAi

]
.

Based  on  [16], we  can  convert  the  sampled-data  sys-

tem  into  an  equivalent  discrete  system  with  frequency

2 Hz:

x(k + 1) =
[
0.9719 −0.0013
−0.034 0.8628

]
x(k)+[−0.0839 0.0232

0.0761 0.4144

]
u(k). (28)

It is assumed in this example that the sampling peri-

CA

Ḡ Ā

B̄ 6× 6 6× 4

ods  for  and T are  2 s,  the  periods  for  system  inputs

are 3 s.  With the technique of  this  paper,  we can obtain

the equivalent system  with the system matrices  and

, which are  and  matrices.

Ã, B̃, P̃ , Q̃, R̃ Q = diag
{
1, 1

}
R = diag

{
0.1, 0.1

}
Km

With  the  matrix  transformations,  we  can  obtain  the

matrices  by  (14).  Set ,

,  and  through  Algorithm  1  and  the

toolbox of Matlab, we can get the optimal controller 

as

Km =


−2.181 5 0.165 2
0.345 5 0.706 4
−0.831 4 −0.002 7
0.128 0 −0.109 9

 . (29)

γ = 0.95 K0
m

The target of our paper is to propose a model-free al-

gorithm as Algorithm 4. Algorithms 2 and 3 are the im-

portant conditions for Algorithm 4 and we first prove the

accuracy and  efficiency  of  Algorithm  2,  we  set  the  dis-

counted factor  and initial controller  as

K0
m =

[−1 0 −2 0.4
0 1 0.1 1

]T
.

Kj K∗

K∗
m

When each  iteration  system  runs,  the  controller  up-

dates itself  according  to  Algorithm  2.  With  using  Al-

gorithm 2,  we  can  obtain Fig. 2.  From that  one  can  see

that  after  5  iterations,  the  2-norm  of  the  error  between

 and  nearly converges to 0. And the final result of

Algorithm 2 is  as follows:

Km =


−2.182 3 0.171 1
0.343 5 0.712 1
−0.835 1 −0.002 6
0.131 1 −0.110 1

 . (30)

From (28),  we  can  get  that  the  controller  results  we

obtained from Algorithm 2 nearly equal to the results we

get from Algorithm 1, which denotes that Algorithm 2 is

also  a  useful  way  to  optimize  controllers.  Except  using

Algorithm  1  to  find  optimal  controller,  we  can  also  use

Algorithm 2. Then we test the controller (27), the initial

controller of Algorithm 2 and the controller after 3 itera-

tions  of  Algorithm  2,  and  we  can  obtain Fig. 3. Al-

gorithm 3 is another form of Algorithm 2, so we will not

test Algorithm 2 here.

 

Mixture of A and B with C
A

Temperature TStirrer

Pure A with C
Ai Motor

Cooling
medium

with
temperature 

T
c

 
Fig. 1     Continuous-stirred tank reactor model
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To  test  the  model-free  Algorithm  4,  we  assume  that

the system matrices we get are different from the practic-

al system and thus suppose

x(k + 1) =
[
0.481 9 −0.001 3
−0.034 0.562 8

]
x(k)+[−0.139 0.023

0.096 0.214

]
u(k). (31)

Here  the  example  means  that  there  is  difference

between the actual system and system parameters we get.

This also denotes that if the system has large uncertain-

ties,  we  cannot  directly  use  Algorithms  1  and  2  and  we

will prove the efficiency of  Algorithm 4.  The actual  sys-

tem is (28), and the incorrect information we get is (31).

First we use Algorithm 1 to obtain the LQR control-

ler of the system we know as follows:

Km =


−0.341 2 0.161 2
0.059 2 0.450 2
−0.012 1 −0.016 0
0.011 2 −0.016 0

 . (32)

Set the probing noise e(k) = sin(0.9k) + sin(1.009k) +

cos(100k) and run system (26) with Algorithm 4, similar

we have  the  2-norm  error  between  the  controller  of  Al-

gorithm 4 and the controller of Algorithm 1 in Fig. 4.

And  we  can  obtain  the  final  controller  as  follows,

which nearly equals to (27).

Km =


−2.181 2 0.170 1
0.341 5 0.713 2
−0.834 2 −0.002 9
0.130 9 −0.109 7

 . (33)

Also  when running  Algorithm 4,  we  have  the  system

states in Fig. 5. Different from Fig. 3 and Algorithm 2, Al-

gorithm 4 is the off-line algorithm, which means the con-

troller  can  be  optimized  when  the  system is  running.  In

Fig. 5, Controller 1 response means that system runs with

the  initial  controller  (31)  and  Controller  3  denotes  the

system running with the final controller (32). Controller 2

response  means  the  system runs  with  Algorithm 4.  Here

probing noise ends after 20 s.

The  above  simulation  results  can  illustrate  that  we

can only use the input and output data to design an op-

timal  controller  with an initial  stabilizing  control  policy,

appropriate probing noise and Algorithm 4.

Remark 7. In the practical plants, the system model

we obtain is almost different from the actual one due to

the uncertainties. And in our opinion, we can first design

the LQR controller with the mathematical system model

and  then  utilize  the  model-free  Algorithm  4  to  get  the
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Fig. 2     Convergence of the controller in Algorithm 2

 

 

−0.5

0

0.5

1.0

1.5

2.0

2.5

3.0

C
o
n
ce

n
tr

at
io

n
 o

f 
th

e 
m

ix
tu

re
 A

 a
n
d
 B

0 5 10 15 20 25
Time (s)

Initial controller of Algorithm 2
Controller after 3 iteration of Algorithm 2
Controller of Algorithm1

 
Fig. 3     System states in the Online PI Algorithm
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Fig. 4     Convergence of the controller in Algorithm 4
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true optimal controller. This optimal controller can actu-

ally satisfy our demand for system performance.

5   Conclusions

In this paper, an optimal controller design problem for

multirate  systems  with  unknown  dynamics  is  presented.

A novel lifting technique is utilized to deal with the mul-

tirate sampling  problems  and  provide  an  equivalent  dis-

crete-time  system  for  authors  to  design  algorithms.  We

then use the Q-learning idea to design a model based off-

policy  to  optimize  an  algorithm  for  multirate  systems.

The  LS method can  be  applied  to  convert  the  off-policy

algorithm to the model-free algorithm and the utilization

of the  probing  noise  is  necessary.  Finally,  a  CSTR  ex-

ample  is  presented  to  illustrate  the  applicability  of  the

model-free RL based algorithm.

Future  research  efforts  will  focus  on  the  controller

design with multiple targets. Due to the limitation of the

policy iteration methods, we aim to use the policy gradi-

ent methods to design better controllers.
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