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Abstract:   This paper presents a novel 1T2R three degrees of freedom redundantly actuated and overconstrained 2 RU- R S par-

allel machining head (  denotes the active prismatic joint), which can construct 5-axis hybrid machine to complete high speed freedom

surface milling for  large complex structural components  in aerospace. Firstly, based on the screw theory, the mobility of the proposed
parallel manipulator is briefly analysed. Secondly, the kinematic inverse position and the parasitic motion of the parallel manipulator are
explicitly expressed. Furthermore, motion-force transmission performance evaluation indices are derived in detail via an alternative ap-
proach based on the screw theory. More importantly, a simple method for quickly solving the maximum virtual power coefficient is pro-
posed, and the motion-force transmission performance evaluation index is greatly improved. To evaluate the kinematic performance, its
workspace is calculated. With numerical examples, performance distribution atlases of the manipulator are depicted visually. The cor-
responding results  illustrate that the proposed parallel manipulator has better orientation workspace and superior motion-force trans-
mission performance than the 2PRU-PRS parallel manipulator, which proves the validity and applicability of applying this manipulat-
or as a machining head.

Keywords:   Redundantly actuated, overconstrained, parallel manipulator, motion-force transmission performance, workspace.

 

1   Introduction

Hybrid  configuration  equipment  with  five  degrees  of

freedom  has  the  characteristics  of  compact  structure,

large workspace, and at the same, high stiffness, low iner-

tia, and  high  reconfigurable  ability  due  to  its  combina-

tion of  serial  and  parallel  topological  structure  advant-

ages, which has been widely utilized in the aerospace and

automotive industry for specified structural freedom surface

milling  processing  and  aluminum  structural  components

assembly  operations  such  as  Sprint  Z3  spindle  head[1],

the  well-known  Tricept  hybrid  machine  tool[2],  Exechon

hybrid machine tool[3]. Moreover,  another extremely suc-

cessful parallel  manipulator  is  the well-known Delta  ma-

nipulator[4] that  can  be  commonly  employed  for  efficient

high-speed pick-and-place applications. In practical engin-

eering applications, to expand the workspace of the lower

mobility parallel manipulator (PM), a long stroke rail can

be  connected  normally  in  series,  and  to  further  improve

the orientation ability of the end effector, a two or three

degrees of  freedom rotating head can be attached to the

moving  platform,  which  can  construct  a  multi-degree  of

freedom hybrid manipulator with large workspace or high

orientation  capability.  In  order  to  ensure  the  machine

tool can accomplish the complex processing task require-

ments,  usually  the  manipulator  needs  to  demonstrate

high  orientation  capability,  high  stiffness  and  precision

characteristics. In  such  circumstances,  the  overcon-

strained PM, as a special lower mobility, came into being,

which means a PM with common constraints or redund-

ant constraint such that the branch chain exerts the con-

strained fore  or  constrained  couple  on  the  moving  plat-

form. It  mainly  consists  of  two categories,  i.e.,  the  pass-

ive  overconstrained  and  active  overconstrained  PM.

Moreover, the active overconstrainted PM is comprised of

a redundancy actuation PM and a redundantly actuated

and  overconstrained  PM.  Some  excellent  studies[5–8] on

overconstrained PMs  have  been  conducted,  and  numer-

ous facts have proved that such manipulators can effect-

ively avoid  the  singularity,  increase  the  workspace,  im-

prove the  kinematics  and  dynamics  performance  of  ma-

chine tools,  and  improve  stiffness  as  well,  which  has  at-

tracted increasing  attention  in  both  academia  and  in-

dustry.

At present, the 1T2R configuration parallel kinematic

machines  (PKM)  have  been  extensively  and  successfully

applied to a five-axis hybrid machine tool to process large

and complex structural components with freedom surface

machining, and numerous examples show that they have

a good application prospects in manufacturing industry[9].

Therefore, it is the innovative configuration of the 1T2R
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PM that is the kernel of the hybrid machine tool. There

is  an  abundance  of  research  on  the  1T2R  configuration

mechanism. Kong et al.[10, 11] divided the 1T2R PM into

three categories including PU configuration, UP configur-

ation and RPR configuration. Li et al.[12] pointed out that

a class of one translational and two rotational degrees of

freedom  (DOFs)  PM  called  [PP]S  configuration,  mainly

including  3-PRS,  3-RPS,  3-RRS  and  3-PPS.  Wang  et

al.[13] presented the 3-PUU PM with rotational and trans-

lational  coupling  degrees  of  freedom;  the  difference

between  the  proposed  mechanism  and  the  3PRS  PM  is

that the former has no spherical  joint,  but yet  possesses

much  larger  rotation  angle  and  higher  precision.  Cui  et

al.[14] designed a 3RPS PM with compound spherical joint

that can increase the rotation angle. Li et al.[15] proposed

a  novel  over-constrained  2RPU&SPR PM,  the  degree  of

freedom was analyzed based on screw theory, and a kin-

ematic inverse  position  and  a  Jacobian  matrix  were  de-

rived.  Xie  et  al.[16] conducted  performance  comparison

analysis including motion-force transmission performance,

parasitic motion and orientation capability of 2PRU-PRS

and  2PRU-UPR  overconstrainted  PM.  Pashkevich  et

al.[17] demonstrated the  overconstrained  PM  can  effect-

ively improve the stiffness characteristic.

For  the  PM,  the  numerical  methods  fail  to  illustrate

the relationship between the performance indices and par-

allel manipulator configurations, and therefore to explore

and make  full  advantage  of  the  optimal  kinematic  per-

formance, which  will  be  an  important  guiding  signific-

ance for  the configuration synthesis  and dimensional  op-

timization.  At  present,  the  performance  evaluations  are

mainly based on the algebraic eigenvalue of the Jacobian

matrix[18–25] and the  motion-force  transmission  perform-

ance  index  in  terms  of  screw  theory.  Ball[26] first

proposed  the  concept  of  a  virtual  coefficient.  Yuan  et

al.[27] defined  the  transfer  factor  as  the  evaluation  index

to estimate the motion-force transformation capability of

the  manipulator  afterwards.  Much  progress  has  been

made in developing the motion-force transmission capab-

ility  based  on  previous  researchers.  Sutherland  and

Roth[28] performed a  standardization  of  the  transforma-

tion  factor,  and  proposed  the  transmission  index.  Tsai

and Lee[29, 30] improved the transmission index (TI),  and

proposed  a  method  for  computing  the  maximum  of  the

transfer  rate  and  virtual  coefficient,  however,  the  final

results relied  on  the  selected  reference  point  cannot  re-

flect  the  inherent  transmission  performance  of  the  PM.

Takeda and Funabashi[31] defined a novel power transmis-

sion index for  parallel  manipulators  based on the  notion

of  pressure  angles,  and the  minimum value  of  cosines  of

the pressure angles can be demonstrated with the motion

transmissibility.  Then,  Chen  and  Angeles[32] proposed  a

generalized  transmission  index  (GTI)  and  the  virtual

coefficient maximum  value  was  modified,  which  are  ap-

plied to  evaluate  the  motion-force  transmission  perform-

ance of the single loop spatial linkage. Xie et al.[33, 34] pro-

posed a  new  motion-force  transmission  performance  sys-

tem, and the calculation criteria of the output twist screw

are  systematically  addressed  in  reachable  position  and

orientation workspace,  the  input  and  output  transmis-

sion  index  and  local  transmission  index  (LTI)  and  good

transmission  workspace  (GTW)  were  defined  based  on

the  power  transmission  coefficients.  Huang  et  al.[35, 36]

constructed  the  mapping  matrix  which  can  describe  the

transformation  relationship  of  force  and  motion  between

joint space and operation space by resorting to dual bases

and dual space, and kinematic performance evaluation in-

dices  such  that  inter  chain  and  intra  chain  transmission

performance are deduced. Because the instantaneous vir-

tual power and the maximum transmission power ratio is

an  important  index  with  which  to  evaluate  the  motion-

force  characteristics,  this  method  is  more  suitable  for

lower mobility PMs with the combined DOFs in terms of

translations and rotations.

Undoubtedly, workspace is also a key performance in-

dex of  PM,  so  it  is  necessary  to  investigate  the  work-

space in more detail. Many scholars investigated this with

different  methods  and  algorithms.  In  [37, 38],  a  discrete

boundary searching  method  was  implemented  to  calcu-

late the workspace of PM considering the driving and ro-

tation  angle  constraints  in  the  polar  coordinate  system.

Pond  and  Carretero[39] investigated the  reachable  work-

space and dexterous workspace of three PMs (including 3-

PRS, 3-RPS, and Tricept) based on a homogeneous Jac-

obian matrix condition number, and conducted quantitat-

ive analysis on the workspace. Herrero et al.[40] solved the

workspace of 2PRU-1PRS PM based on the calculation of

inverse kinematics and geometrical  constraint and singu-

larity  constraint.  What′s  more,  they  pointed  out  that

maximum  inscribed  ball  can  be  utilized  to  measure  the

workspace.  Fu  and  Gao[41] obtained the  position  work-

space  and  orientation  workspace  of  the  PM  by  using  a

numerical searching method, and determined the maxim-

um inscribed cylinder and sphere envelope by parameter

optimal design for a specified workspace.

P P P
A  novel  redundantly  actuated  and  overconstrained

2 RU- R S  PM is  proposed,  which  can  be  applied  to

high  speed  freedom surface  machining  for  large  complex

components in the aerospace field. By resorting to screw

of  theory,  the  mobility  of  the  PM was  briefly  analyzed.

The  closed-loop  vector  method  is  employed  to  establish

the mathematical  model  of  inverse  kinematics;  after-

wards,  the  orientation  conversion  relations  between  the

Euler  angle  and  T-T  angle  are  explicitly  derived.  The

transmission performance  indices  are  mathematically  ex-

pressed  by  using  the  theory  of  reciprocal  screws.  A  new

and  simple  calculation  method  of  potential  maximum

transmission power is straightforwardly deduced, and the

maximum virtual  power  coefficient  can  be  obtained  ex-

pediently  via  this  approach.  To  evaluate  the  kinematic

performance, its workspace is calculated. With numerical

examples, performance  distribution  atlases  and  work-

space  of  the  manipulator  are  depicted  visually.  Finally,
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the performance indices are investigated and the compar-

isons are made, and some useful conclusions are given.

2   Mobility analysis of the parallel mani-
pulator

2.1   Architecture description

P P P
A  novel  redundantly  actuated  and  overconstrained

2 RU- R S PM (P denotes the active prismatic joint)

has been proposed in this paper, as shown in Fig.1, which

is composed of a moving platform, a fixed base and two

identical constrained  PRU  chains  and  one  double  actu-

ated PRPS chain together connecting the fixed base and

the moving platform by a prismatic (P) joint, a revolute

(R) joint followed by a universal (U) joint or a spherical

(S) joint  in  sequence.  Two  of  the  PRU chains  are  sym-

metrically arranged  and  are  located  in  a  plane,  further-

more  two  rotational  axes  are  parallel  to  each  other,  the

second revolute  axes  of  two Hooke joints  are  coincident,

and perpendicular to the third revolute axis of the spher-

ical  joint.  The  PM  is  actuated  by  four  active  prismatic

joints,  and  three  actuators  are  fixed  at  the  base,  which

reduces  the  inertia  of  the  parallel  manipulator  tool[42].

The  spindle  head  is  mounted  at  the  end  of  the  moving

platform to accomplish the high speed milling.

For the purpose of facilitating analysis, as depicted in

Fig. 2,  fixed  coordinate  system B-xyz is  located  at  the

center of the fixed base, and a moving coordinate system

A-uvw is attached at the center of the moving platform, ∆B1B2B3 ∆A1A2A3

∠B1B3B2 ∠A1A3A2 90◦

θ

respectively. Let the middle point of hypotenuse B1B2 be

B,  the x-axis  is  perpendicular  to B1B2,  the y-axis coin-

cides  with B1B2,  and  the z-axis  is  perpendicular  to  the

fixed base upward. Similarly, let the middle point of hy-

potenuse A1A2 be A, the u-axis is perpendicular to A1A2,

v-axis is coincide with A1A2, and the w-axis is perpendic-

ular to the moving platform upward. Without loss of gen-

erality,  and  are both isosceles right

triangles, = = , and  their  circumra-

dius are designated as a and b, respectively. BB1=BB2=

BB3=b, and AA1=AA2=AA3=a. With respect to B-xyz,

the position vector of B1, B2 and B3 are (0 b 0), (0 −b 0),

(b 0 0), and A1, A2, and A3 are (x1 y1 z1), (x2 y2 z2), (x3

y3 z3), respectively. The layout angle of the fixed actuat-

ors is defined as .

2.2   Mobility determination

P P P

The  mobility  determination  is  the  first  and  foremost

issue in  designing  a  PM.  In  order  to  determine  the  mo-

tion  pattern  of  the  2 RU- R S PM,  mobility  analysis

is  indispensable.  Furthermore,  it  is  necessary  to  analyze

the constraint screw provided by each branched chain to

the  moving  platform,  and  comprehensively  analyze  the

constraint type of the moving platform, and the detailed

analysis process is as follows.

The twist screw of the first PRU limb is given in the

fixed coordinate system by
$11 = (0 0 0; 0 −cθ sθ)

$21 = (1 0 0; 0 s1sθ s1cθ − b)

$31 = (1 0 0; 0 z1 −y1)

$41 = (0 e1 f1; f1y1 − e1z1 −f1x1 e1x1)

(1)
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P P PFig. 1     3D model of the 2- RU- R S PM (Color versions of

the figures in this paper are available online)
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Fig. 2     Schematic diagram of the PM
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where s and c are  the  abbreviation  of sine and cosine,

respectively, si denotes  the  twist  of  the P joint,  and ei

and fi represent  the  direction  cosine  of  the  second

revolute axis of the Hooke joint of i limb.

Then,  employing  reciprocal  screw  theory,  the  wrench

system of (1) is easily obtained as

{$c1 = (e1 0 0; 0 e1z1 − f1y1 0)

$c2 = (0 0 0; 0 −f1 e1)
(2)

$c1

$21 $c2

$31

where  represents  a  constraint  force  that  passes

through  the  point A1 and  is  parallel  to ,  and 

represents  a  constraint  couple  that  is  perpendicular  to v

and .

In  a  similar  approach,  the  twist  screw  of  the  second

PRU limb can be expressed mathematically as
$12 = (0 0 0; 0 cθ sθ)

$22 = (1 0 0; s2sθ 0 b− s2cθ)

$32 = (1 0 0; 0 z2 −y2)

$24 = (0 −e1 −f1; e1z2 − f1y2 f1x2 −e1x2).

(3)

The wrench screw of (3) is obtained as

{$c3 = (e1 0 0; 0 e1z2 − f1y2 0)

$c4 = (0 0 0; 0 −f1 e1)
(4)

$c3

$22 $c4

$32

where  represents  a  constraint  force  that  passes

through the  point A2 and is  parallel  to  the ,  and 

represents  a  constraint  couple  that  is  perpendicular  to v

and .

The twist  screw  of  the  third  PRPS  limb  can  be  ex-

pressed numerically as



$13 = (0 0 0; −cθ 0 sθ)

$23 = (0 1 0; −s3sθ 0 b−s3cθ)

$33 = (0 0 0; m3 0 n3)

$43 = (−m3 0 −n3; −n3y3 n3x3 −m3z3 m3y3)

$53 = (−n3 e3 m3; m3y3 − e3z3 −m3x3 − n3z3

e3x3 + n3y3)

$63 = (g1 −f1 e1; e1y3 + f1z3 g1z3 − e1x3

−f1x3 − g1y3)
(5)

g1 =
e1m3 − f1e3

n3
where , e3 is  a  constant, m3 and n3

represent the direction cosine of the third joint axis.

Subsequently, the wrench screw of (5) can be expressed as

$c5 = (0 1 0; −z3 0 x3) (6)

$c5

A3 $23

where  represents  a  constraint  force  that  passes

through the point  and is parallel to the screw .

So far, the constraint wrench screw of the PM can be

expressed as



$c1 = (e1 0 0; 0 e1z1 − f1y1 0)

$c2 = (0 0 0; 0 −f1 e1)

$c3 = (e1 0 0; 0 e1z2 − f1y2 0)

$c4 = (0 0 0; 0 −f1 e1)

$c5 = (0 1 0;−z3 0 x3).

(7)

It should be noted that the direction vector A1A2 co-

incides  with  the  second  joint  axis  of  the  Hooke  joint  in

the two PRU limbs, so the relation can be obtained as

z2 − z1
y2 − y1

=
f1
e1

. (8)

By combining (8) and rearranging (7), the twist screw

of the moving platform yields the following:


$m
1 = (1 0 0; 0 z3 0)

$m
2 = (0 e1 f1; f1y2 − e1z2 0 0)

$m
3 = (0 0 0; 0 0 1).

(9)

$m
1

$m
2

$m
3

In (9),  represents one rotational degree of freedom

that passes through the point A3 and is parallel to the x-

axis,  represents  one  rotational  degree  of  freedom  of

the  moving  platform  that  passes  through  the  point A2

and is parallel to the v-axis, and  represents a transla-

tional degree of freedom that is perpendicular to the fixed

base.  Note  that  the  proposed  manipulator  has  the  same

degree of  freedom  and  kinematics  characteristics  com-

pared with the 2PRU-PRS PM.

3   Kinematic analysis

3.1   Position inverse analysis

The inverse  kinematics  solution  is  based  on  the  de-

termination of  the  structural  parameters  of  the  mechan-

ism,  when  the  position  and  orientation  of  the  moving

platform are given, so as to solve the input displacement

of the prismatic joints.

B − xyz

p =
[

x y z
]T

ai bi

The position vector of the original point A in the fixed

coordinate  system  can  be  denoted  by

.  and  represent the position vec-

tor of joint Ai and Bi in the fixed coordinate, which can

be respectively expressed in matrix form as


a1 = R(0 a 0)T

a2 = R(0 − a 0)T

a3 = R(a 0 0)T

,


b1 = (0 b 0)T

b2 = (0 − b 0)T

b3 = (b 0 0)T

(10)

R

γ

β

where  denoted  the  orientation  matrix,  herein  one

adopted Z-Y-X Euler  angles  to  describe  the  orientation

matrix  of  the  moving  coordinate  system with  respect  to

the  fixed  coordinate  system,  first  rotating  the  moving

coordinate about the z-axis by angle , then about the y-

axis of the new coordinate system by angle , and finally
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α

about  the x-axis  of  the  new coordinate  system by  angle

. Thus, this can be expressed as

R = R (γ, z)R (β, y)R (α, x) = cβcγ sαsβcγ − cαsγ cαsβcγ + sαsγ
cβsγ sαsβsγ + cαcγ cαsβsγ − sαcγ
−sβ sαcβ cαcβ

. (11)

Because of the arrangement of the revolute joint, the

center  of  Hooke  joints  and  spherical  joint  cannot  move

along the axis of the revolute joint, so the following con-

straint conditions can be structured as


(p+ a1)

T · (1 0 0) = 0

(p+ a2)
T · (1 0 0) = 0

(p+ a3)
T · (0 1 0) = 0.

(12)

α β zSelecting parameters ,  and  as three independent

parameters, parasitic motion can be arranged as
x = 0
y = −acβsγ

γ = arctan
(
sαsβ

cα

)
.

(13)

The close-loop vector method is used to establish the

equation of vector AiBi in the fixed coordinate system B-

xyz as the following:

Li=ai+p−bi = lili0 + sisi1. (14)

Taking the square of both sides of (14) yields

s2i − 2LT
i si1si +LT

i Li − li
2 = 0. (15)

Position  inverse  solution  of  the  PM about si in  (15)

can be analysed in detail as follows, which is used to de-

termine the reachable workspace of the manipulator[43].

si = LT
i si1 ±

√
(LT

i si1)
2 −LT

i ·Li + li
2 (16)

si1 =
[

−cθicθ −sθicθ sθ
]T

where , l1=l2=l,  and l3 is

an extensible and compressible chain.

3.2   Orientation description of tilt-torsion
(T-T) angle

To  better  describe  the  orientation  capability  of  the

PM, Liu et al.[44] pointed out that the [PP]S mechanism

is  three-degree  of  freedom  with  zero  torsion  angle,  and

systemically  studied  the  relationships  between  different

Euler angles and the tilt-torsion (T-T) angle, i.e., the ori-

entation  of  the  moving  platform can  be  easily  described

as  the  azimuth  angle  and  tilt  angle.  When  the  torsion

angle is zero, the orientation matrix of T-T angle can be

expressed as

T−TR(φ, ϕ, 0) = Rz (φ)Ry (ϕ)Rz (−φ)Rz (0) = s2φ+ c2φcϕ sφcϕ(cϕ− 1) cφsϕ
sφcϕ(cϕ− 1) c2φ+ s2φcϕ sφsϕ

−cφsϕ −sφcϕ cϕ

 . (17)

Combining  (11)  and  (17),  the  T-T  angles  with  zero-

torsion  can  be  converted  to  the Z-Y-X Euler  angles  via

the following equations:

β = a sin (cφsϕ)

α = a sin
(
−sφsϕ

cβ

)
γ = a sin

(
sφcϕ (cϕ− 1)

cβ

)
.

(18)

4   Motion-force transmission perfor-
mance

4.1   Screw analysis

In practice, it is a kind of ability that power is mainly

transmitted  from  the  actuators  to  the  moving  platform.

However, the power will be loss a lot in the transmission

process. Therefore,  we  can  treat  the  motion-force  trans-

mission  capability  as  the  performance  index  to  measure

the transmissibility of the PM.

$ck

In  order  to  introduce  the  motion-force  transmission

performance index, a single chain is taken as an example

to analyse the motion screw and the constraint screw 

of the chain is obtained by reciprocal product.

Since the prismatic joint of the PM is the active joint,

so  the  corresponding  motion  screw  denotes  the  input

twist screw (ITS), which can be expressed as follows:

$Ii = $1i = (0 0 0; −cθicθ −sθicθ sθ) (19)

θi

θ1 =
π

2
θ2 = −π

2
θ3 = 0

where  denotes  the  angle  between  the  joint Bi of  the

fixed base and the x-axis of the fixed coordinate system,

here , , and .

$Ti

Assume that the input twist screw is locked temporar-

ily,  a  new  unit  transmission  wrench  screw  (TWS）

can then be  obtained,  which represents  the  intermediate

medium  that  transmit  the  power  from  the  input  to  the

output terminal.

$Ti =
(
li0

T; (ai × li0)
T
)
. (20)

$TiObviously, the constraint wrench screw  denotes a

pure force in the link direction passing through the point

Ai.

$Ti

When  all  the  active  prismatic  joints  except  the i-th

chain are locked, then the manipulator became the single

degree  of  freedom  for  the  time  being.  In  this  situation,

only the unlocked transmission wrench represented by 
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$Oi

can  contribute  to  the  moving  platform,  while  all  other

transmission wrenches don′t do any work. In other words,

the three locked transmission wrenches can be treated as

additional constraint wrenches at this time. Thereby, the

instantaneous motion screw of the end effector was called

the output twist screw (OTS), then for convenience of a

further derivation, the output twist screw  can be ex-

pressed with six algebraic symbols:

$Oi = (l m n; d e f) . (21)

$OiSimultaneously,  the  output  twist  screw  should

satisfy the following constraint conditions:


$Tj ◦ $Oi = 0 (j = 1, 2, 3, j ̸= i)

$Ck ◦ $Oi = 0 (k = 1, 2, 3, 4, 5)

l2 +m2 + n2 = 1.

(22)

For a detailed calculation process and rigorous math-

ematical proof  of  the  above  expression,  literature  is  re-

commended in  the  introduction  section.  In  brief,  the  in-

put  twist  screw,  the  transmission  wrench  twist  and  the

output twist screw of the manipulator can be obtained for

given structural parameters and pose of the PM, respect-

ively, which will be employed in the performance analys-

is in  terms  of  the  motion-force  transmission  in  the  sub-

sequent section.

4.2   Motion-force transmission perform-
ance indices

Motion-force transmission performance index is one of

the  main methods  for  evaluating  the  performance  of  the

lower mobility PM. By analyzing the motion-force trans-

mission  performance,  the  parameters  of  the  PM  can  be

optimized so that the mechanism has better working per-

formance.
1) The input transmission performance index of the i-

th chain can be expressed mathematically as

λi =
|$Ii ◦ $Ti|

|$Ii ◦ $Ti|max
(i = 1, 2, 3, 4) (23)

λi ∣∣$Ii ◦ $Ti

∣∣∣∣$Ii ◦ $Ti

∣∣
max

where  denotes  the  ratio  between  the  instantaneous

power  coefficient  and  the  potential  maximum

power coefficient .

λiFor the PM, the minimum value  of the input trans-
mission power can be used as an index to evaluate the in-
put transmission performance of the whole PM, i.e.,

λ = min (λi) . (24)

2) Similarly, the output transmission index of the i-th
chain can be defined as

ηi =
|$Ti ◦ $Oi|

|$Ti ◦ $Oi|max
(i = 1, 2, 3, 4). (25)

∣∣$Ti ◦ $Oi

∣∣
max∣∣$Ti ◦ $Oi

∣∣
max =

√
hi

2 + d2max

$Oi

$Ti $Oi

Therefore, the key issue of (25) is converted to the de-

termination of , i.e., the determination of hi

and dmax in  the  equation ,

where hi denotes the pitch of , and dmax represents the

potential  maximal  length  of  the  common  perpendicular

between the axes of the screw  and , respectively.

$Ti

$Oi

According  to  the  characteristic  point  method[45],  the

transmission  force  screw  always  passes  through  the

central  point  of  the  joints  of  the  moving  platform,  and

the maximum value dmax between the feature point P and

output twist screw  can be expressed by the equation

as follows:

dmax = |soi × li| (26)

$Oi li

$Oi

where soi denotes  the  unit  vector  along  the  axis  of  the

twist screw , and  denotes an arbitrary point vector

from the feature point P to the axis. Therefore, the kernel

issue of (26) is to determine a point Q in the twist screw

. However, the method of determining the key point Q

is not described in detail in the literature[46]. Therefore, in

this paper, the concise concept and the simple method of

determining  the  key  point Q is  proposed,  which  is  not

only  to  enrich  the  previous  theory  for  determining  the

characteristic  length,  but  also  to  improve  the  algorithm

for  seeking  the  maximal  distance dmax.  Here,  the  key

point Q was defined unambiguously, and there is no need

to determine the two characteristic points, although a lot

of researchers stated it was more or less the same as the

characteristic point or application point proposed by Liu

et al.[47, 48]

Without  loss  of  generality,  the  generalized  output

twist screw is set as a unit screw, and its coordinate form

in Plücker can be expressed as

$O = (s, s0) = (s, r × s+ h · s) (27)

$O

r × s

where s is a unit vector directing along the axis of output

twist  screw , s0 is  the  moment  of  line  between  the

vector s and  the  coordinate  origin,  respectively.

Moreover, r denotes the position vector pointing from an

arbitrary  point  on  the  screw  axis  to  the  origin  of  the

reference  coordinate  system,  the  vector  defines  the

moment of the screw axis with respect to the origin of the

reference coordinate system, and h represents the pitch of

the screw. By taking the dot product of two vectors, we

can obtain

s · (r × s+ hs) = hs · s. (28)

Then, the pitch h can be expressed as

h =
s · s0
s0 · s0

. (29)

By  taking  the  cross  product  of  the  vector s and  the

pitch s0, we can get
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s× (r × s+ hs) = r − s (s · r) . (30)

s · r = 0

If  the  vector s is  perpendicular  to  radius  vector r,

then .

Then, (30) can be further expressed as

s× (r × s+ hs) = r. (31)

$OTherefore, if given the twist screw , we can obtain

key point Q through the radius  vector r that is  perpen-

dicular to the vector direction of the output twist screw, l

can be obtained,  and then the maximum value dmax can

be obtained as well, as is shown in Fig. 3.

ηi

In summary, just like the input transmission index, we

treat the minimum value  of all  the chains as the out-

put  transmission  performance  of  the  whole  PM,  so  the

output  transmission  performance  of  the  PM  can  be

defined as

η = min (ηi) . (32)

λ ηObviously, the closer  or  is to 1, the better the mo-

tion-force transmission performance is, while when a cer-

tain  index  value  is  very  small  or  close  to  zero,  then  the

motion-force  transmission  performance  from  the  input

chain  to  output  terminal  is  very  poor,  even  unable  to

complete  the  transmit  ability.  Therefore,  it  is  necessary

and  reasonable  to  take  the  whole  manipulator,  rather

than a single chain, into account when evaluating the mo-

tion  force  transmission  performance  of  the  manipulator.

So the local transmission index (LTI) can be defined as

χ = min (λ, η) . (33)

χIt  is  not  hard  to  see  that  the  value  of  varies  from

χ

zero to one,  the physical  meaning is  consistent,  and is  a

performance  evaluation  index  that  is  independent  of  the

coordinate system, which can be used to reveal the influ-

ence rules between the structural parameters and the per-

formance index, the larger is the value , the better is the

motion force transmission performance of the mechanism

under the instantaneous orientation configuration.
χConsidering the value  varied with the configuration,

the mean value of the local transmission index in the task

workspace can  be  hereby  utilized  as  a  global  transmis-

sion index (GTI) to evaluate the performance of the ma-

nipulator, which is expressed numerically as

χ̄ =

∫
Wt

χdWt∫
Wt

dWt
. (34)

According  to  the  concept  of  the  pressure  angle,  the

good transmission workspace (GTW) can be defined as a

region  that  the  local  transmission  index  value  is  greater

than 0.7,  and the motion-force transmission performance

index of all the pose configurations in this wide range re-

gion is good, and it is far away from the singularity posi-

tion in general.

χGTW = χ ≥ 0.7. (35)

5   Workspace analysis

Workspace is the working region of the end effector of

the PM, and it is an important performance index when

designing the mechanism parameters. The main analytic-

al methods include the analytic method and the numeric-

al method. In this paper, the numerical search method is

utilized to calculate the workspace.

5.1   Constraint conditions

In the actual task of the PM tool, the following limita-

tions should be considered:

1) Limitations of the actuated joints si:

smin ≤ si ≤ smax (36)

where smin and smax represent  the  minimum  and

maximum  linear  displacement  of  the i-th  actuator

respectively. Here, smin =0 and smax=650 mm.

2) Limitation of redundantly actuated joint q4:

qmin ≤ q4 ≤ qmax (37)

where qmin and qmax represent  the  minimum  and

maximum displacement of the second stage active joint of

the third limb, respectively.

3) Joint angle constraints:

a)  The  rotation  angle R2i of  the  rotation  joint R

should be satisfied as

 

d

iA

P

z

x

y

$Oi$Ti

B

dmax

s

l

r Q

θ

 
$Oi $TiFig. 3      ,  , dmax and l of the PM
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R2min ≤ R2i = a cos
(

s1i · li0
|s1i| |li0|

)
≤ R2max (38)

R2min = 0 R2max =
π

6

where R2min and R2max represent  the  minimum  and

maximum limit angles of the rotation joint R of the i-th

limb, respectively. Here,  and .

b) The rotation angle R3i of the first revolute axis of

the Hooke joint is

R3 min ≤ R3i = a cos
(

s4i · li0
|s4i| |li0|

)
≤ R3 max (39)

R3min =
π

6
R3max = π

where R3min and R3max represent  the  minimum  and

maximum  angles  of  the  first  revolute  axis  of  the  Hooke

joint  of  the i-th  limb,  respectively.  Here  and

.

c) The rotation angle R53 of  the second revolute axis

of the compound spherical joint should be satisfied as

R4min ≤ R53 = a cos
(

s6i · li0
|s6i| |li0|

)
≤ R4max (40)

R4min =
π

9
R4max = π

where R4min and R4max represent  the  minimum  and

maximum  angles  of  the  second  revolute  axis  of  the

compound  spherical  joint,  respectively.  Here, 

and .

5.2   Boundary search process

According  to  the  structural  parameters  of  the  given

PM,  a  discrete  boundary  searching  method  is  developed

to  calculate  and  visualize  the  reachable  workspace.  The

searching  method  is  directly  based  on  the  calculation  of

inverse  kinematics  and  the  aforementioned  constraint

conditions. The workspace can be carried out by the fol-

lowing steps:

∆z

1)  The  center  of  the  moving  platform moves  a  small

subspace  along z translational direction.

φ ϕ

2) Given the minimum value z of the center of  mov-

ing platform, let the moving platform rotate, and the ori-

entation  parameters  and  are  searched  from  initial

value to the maximum, if the points meet the inverse kin-

ematics  and  constraint  conditions,  and  then  the  points

will be recorded and saved.

∆z3) z will increase , and repeat the step 2) until the

condition z=zmax.

4) A three dimensional array can be obtained, and the

workspace  including  the  reachable  workspace  and  task

workspace of  the manipulator will  be generated by Mat-

lab programming.

6   Numerical examples

P P PIn this  section,  the performance of  the 2 RU- R S

PM is  discussed  including  the  parasitic  motions,  the  in-

put  transmission  index,  output  transmission  index,  local

transmission  index,  reachable  workspace,  task  workspace

and  global  transmission  workspace.  The  architectural

parameters are shown in Table 1 as below.

6.1   Parasitic motion

P P P γ

|y| (φ, ϕ)

In kinematic analysis, parasitic motions, which are un-

expected motions occurred on the constrained directions,

should  be  identified  first.  Generally,  the  1T2R  PM  not

only has three main motions, but also three parasitic mo-

tions. This characteristic should be investigated in detail.

Here,  the  redundantly  actuated  and  overconstrained

2 RU- R S PM was no exception. According to (13), 

can  be  ignored.  Here  only  parasitic  motion  along  the y-

axis direction is discussed. The simulation result of para-

sitic  motion  is  obtained  and  the  mapping  relation  atlas

between  and  is depicted in Fig. 4.

6.2   Motion-force transmission perform-
ance analysis

For a given PM, the performance will change with the

variation  of  the  manipulator  configuration  within  its

workspace.  Once  the  transmission  index  is  derived,  it  is

desired  to  evaluate  the  transmission  characteristics  over

the  workspace.  What′s more,  it  is  necessary  to  investig-

ate the transmission performance at a specific  configura-

tion to have an insight into its transmission behaviour.

P P P
Figs. 5−7 show that influence rules of the redundantly

actuated  and  active  overconstrainted  2 RU- R S  PM

about the input transmission index, the output transmis-

 

Table 1    Architecture parameters of the proposed PM

Parameter Value Parameter Value

a (mm) 300 α(◦) [−80,80]

b (mm) 600 β(◦) [−90, 90]

l1 (mm) 1 045 z (mm) [1 000, 1 600]

l2 (mm) 1 045 φ [0, 2π]

l3 (mm) [900, 1 200] ϕ [0, π
2
]
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(φ, ϕ)sion  index  and  the  local  transmission  on  when

l3=1 150 mm  and z=1 300 mm. Figs.  6 and 7 show  that

the  middle  region  has  a  better  kinematic  performance,

and  the  atlas  of Figs.  5−7 show that  the  distribution  of

the transmission index in workspace is symmetrical about

the x-axis due to structural features and the value will be

worsened when it comes near the workspace boundary.

θ

(30◦, 30◦, 1 180)

20◦ ≤ θ ≤ 40◦

40◦ ≤ θ ≤ 70◦

Fig. 8 shows that the curve line between the structur-

al  inclination  angle  and  the  input  transmission  index,

output  transmission  index  and  local  transmission  index

can  be  visually  seen  when  the  moving  platform  located

.  It  can  be  clearly  seen  from Fig.  8 that

the  input  transmission  index  is  smaller  than  the  output

transmission  index  when ,  and  the  output

transmission index is smaller than the input transmission

index when .

P P P

(φ, ϕ)

Figs.  9 and 10 show two  local  transmission  perform-

ance  index  comparisons  with  overconstrained  PMs,

wherein 2PRU-PRS is a passive overconstrained PM, and

the  proposed  2 RU- R S is  called  an  active  overcon-

strained PM. Fig. 9 indicates that the local transmission

index  changes  with ,  when l3 = 950 mm,  and
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(φ, ϕ)

ϕ

z = 1 250 mm. Fig.  10 indicates that  the  local  transmis-

sion  index  changes  with ,  when l3 = 1 150 mm,  and

z=1 250 mm. The higher LTI is reached at the home posi-

tion, and LTI is also decreased by rotation with .

P P P
0◦ ≤ φ ≤ 120◦ 120◦ ≤ φ ≤ 360◦

P P P

P P P

We can see  from Fig.  9,  the  local  transmission index

of  the  2 RU- R S  PM is  higher  than  the  2PRU-PRS

PM when  and .  While  we

can see from Fig. 10, the local transmission index of the

2 RU- R S PM  compared  with  passive  overcon-

strained 2PRU-PRS PM is  much higher.  The redundant

actuation  and  active  overconstrained  2 RU- R S  PM

can change the extension or shorten the redundant chain

to  achieve  the  switch  of  the  working  mode,  so  that  the

PM can always maintain the best motion-force transmis-

sion performance.

6.3   Workspace performance analysis

φ ϕ

To illustrate the analytic process of the workspace in-

cluding  reachable  workspace  and  task  workspace,  the

novel PM proposed has been taken as an example. By ad-

opting  the  aforementioned  numerical  searching  method,

the reachable  workspace  and  task  workspace  of  the  re-

dundantly actuated  and  overconstrained  PM  are  gener-

ated as shown in Fig. 11, in other words, the machine tool

will possess a workspace, encasing a specified task work-

space. The results  show that the manipulator can trans-

late  900 mm  to  1 600 mm  along  the z axis,  rotate  0° to
360° about , and rotate 0° to 90° about .

The reachable workspace of the proposed PM and the

overconstrained 2PRU-PRS PM, with the same degree of

freedom,  is  illustrated  in Fig. 12.  To  facilitate  analysis,

the  same  search  space  is  used  for  comparison  with  the

overconstrained  2PRU-PRS  and  the  proposed  PM.  The

results indicate  that  the  proposed  manipulator  has  a  re-

dundancy actuation  chain  to  accomplish  better  orienta-

tion capability in contrast to the 2PRU-PRS PM. And it

is easier to develop the manipulator into practical applic-

ation.

Fig. 13 demonstrated the  good  transmission  work-

space based  on  the  constraint  conditions  that  the  kin-

ematic  inverse  position,  limitation  of  actuations,  joint

angle constraints,  non-singularity  and  geometric  con-

straints, and local motion-force transmission index LTI is

greater  than  0.7.  In  the  trajectory  planning  of  the  PM,

the manipulator should be working in the optimum work-

ing  region  as  soon  as  possible,  so  that  the  manipulator

has  better  kinematics  performance,  so  as  to  improve the

motion accuracy and control accuracy of the manipulator.

7   Conclusions

In this  paper,  the  kinematics  analysis  and  perform-

ance evaluation  of  the  proposed  PM,  which  can  be  con-

structed  as  a  5-axis  hybrid  machine  tool  to  accomplish

high  speed  machining  of  a  large  complex  component  in

the aerospace field, are investigated in detail, and the fol-

lowing conclusions are obtained

P P P
1) The  mobility  of  the  proposed  redundantly  actu-

ated  and  overconstrained  2 RU- R S  PM  has  been

analysed in detail based on the screw theory. The inverse

kinematic  position  and  parasitic  motion  of  the  derived
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PM have  been  sequentially  analysed,  and  the  relation-

ship between the Z-Y-X Euler angle and the T-T angle is

briefly expressed.

2)  By using the  screw theory,  the  input  transmission

index, the output transmission index, the local transmis-

sion  index,  the  global  transmission  index  and  the  good

transmission workspace  are  introduced.  Most  import-

antly, a simple calculation method of potential maximum

transmission  power  is  straightforwardly  identified,  and

the  maximum  virtual  power  coefficient  can  be  obtained

expediently via this approach.

3) The  motion-force  transmission  indices  and  work-

space  can  serve  as  an  alternative  for  the  description  of

the manipulator  performance.  Compared  with  the  over-

strained 2PRU-PRS PM,  the  corresponding  results  illus-

trate  that  the  redundancy  actuation  PM  can  effectively

increase the  workspace  and  potentially  improve  its  mo-

tion-force  transmissibility  characteristics,  which  lays  a

theoretical foundation  for  the  stiffness  analysis  and  op-

timal design of the PM in the future work.
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