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Abstract: The convergence analysis of MaxMin-SOMO algorithm is presented. The SOM-based optimization (SOMO) is an opti-
mization algorithm based on the self-organizing map (SOM) in order to find a winner in the network. Generally, through a competitive
learning process, the SOMO algorithm searches for the minimum of an objective function. The MaxMin-SOMO algorithm is the
generalization of SOMO with two winners for simultaneously finding two winning neurons i.e., first winner stands for minimum and
second one for maximum of the objective function. In this paper, the convergence analysis of the MaxMin-SOMO is presented. More
specifically, we prove that the distance between neurons decreases at each iteration and finally converge to zero. The work is verified

with the experimental results.
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1 Introduction

The self-organizing feature map (SOFM)[175] is a
biologically-inspired method for constructing a structured
representation of data from an input space by prototypes,
called weight vector in topological order fashion. The
weight vector is associated with selected elements, the neu-
rons, of an image space where metric relationships are de-
fined between the elements. For any given data-set, the
SOFM algorithm selects weight vectors and assigns them
to neurons in the network. The weight vectors as a func-
tion of neuron coordinates are called the feature map. The
applications of self-organizing map range widely from sim-
ulations used for the purpose of understanding and model-
ing of computational maps in the brain to subsystems for
engineering applications such as speech recognition, vector
quantization and cluster analysis[f"*g].

Earlier studies have developed optimization algorithms
for solving optimization problems. For solving continuous
and discrete problems, the most common optimization al-

gorithms are genetic algorithms (GAs)10 11
[12]

, evolutionary
programming' “' and evolutionary strategies[13]. GAs use
operators, reproduction crossover, and mutation to yield
the optimal solutions; still, the evolutionary programming
does not equip crossover function. Comparing with the
other two, the evolutionary approaches use a different view
of choosing operators. The particle swarm optimization
(PSO) introduced in 1995 is similar to other evolutionary
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algorithms that initializes with a population of random so-

lutions, however it is based on social behaviour rather the

[14-16] Recently, in PSO several modifica-

17,18]

natural selection
tions are made and applied in different research fields!
Applications of self organizing map (SOM) are wide-spread
and range from vector quantization, adaptive equalization,
and cluster analysis!'”. SOM related studies demonstrate
feasibility to solve the optimization problem of travelling-
salesman problem (TSP)?2% 21,

Su et al.?272% proposed a new optimization algorithm
named SOM-based optimization (SOMO) to deal with con-
tinuous optimization issues Recently Wu and Khan®" gen-
eralized the SOMO algorithm to find m winning neurons
in a single learning process. Wu and Khan!?® proposed
a MaxMin-SOMO algorithm with multiple winners, for si-
multaneously finding two winners, i.e., first winner stands
for minimum and second winner for maximum of the objec-
tive function. Khan et al.[?"] proposed the convergence of
SOMO with distance measure.

In this paper, the convergence issue of the MaxMin-
SOMO algorithm with multiple winners is addressed. Par-
ticularly, we prove that with a specific distance measure,
the distance between the winners and the other neurons
in the network decreases with every iteration. And such
distance tends to zero in the learning progress. Numerical
examples are presented to support the theoretical findings
in the paper.

The rest of the paper is organized as follows, in Section
2, a brief introduction of the SOMO with multiple winners
is given. The convergence of SOMO with multiple winners
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is presented in Section 3. In Section 4, we make some nu-
merical experiments to verify our theoretical results. Con-
clusions are given in Section 5.

2 SOMO with multiple winners

In this section, we discuss the MaxMin-SOMO algorithm
for finding one minimum and one maximum of a function
simultaneously. It is an easy matter to generalize the al-
gorithm for finding two or more minima and maxima re-
spectively. The MaxMin-SOMO algorithm has the same
training steps as those of the original SOMO algorithm, ex-
cept the step of weights updating process with m winners.
The MaxMin-SOMO algorithm is as follows:

Step 1. The initialization of the MaxMin-SOMO is the
same as that of SOMO i.e.

Step 1.1. The weight vectors of the four neurons on the
corners are initialized as follows:

w w
W, 'ZMU_l)*‘WLl:

7 N -1
Jif 11E1N+x_1Ell
wh{,j = wM}x:lel(]_l)+WM1 =
]<[ 117M,N + x: 1wM,1
Wii= Ehﬁ}:lwll(lfl)Jrvml =
1—1 M —1

M1 o

wMN w N
Wi,N:Tll(z—l)+W1N—

LW+ Wy (1)

M—1—"N "M
where ¢t = 2,--- M —1,j=2,--- N —1and M and N

are some positive integers.

Step 1.2. Initialization of the remaining neurons

wi,N wml
W,j=—§y—17 U-D+W,,
j—1 N—-j
= N Ty W @
where it =2,--- M —-1,j=2,--- /N —1.

Step 1.3. Random noise

A small amount of random noise is added to each weight
so as to keep the weight vectors from being linearly depen-
dent

Ei’j :Ei,j +1 (3)

for 1 <¢ < M and 1 < j < N, where ¢t denotes a small
random noise.

Step 2. This step aims to find two different winners, de-
noted by (i1, ji) and (i3, j5) with the best objective func-
tion values among the neurons. For each neuron (i,j),
its corresponding weight W, ; is a vector in R", where

1 < i< Mand1l < j < N. For a special input

T = (217"'£n)T = (1717 71)T
out of all the neurons is defined as

€ R", the first winner

(i1,J1) = arg minf(ﬂi,j XZy, o W, Xz,)=
1<i<M 1< <N
arg min f(W, ; x 1,--- \ W, . x 1) =

1<i<M,1<5<N

arg min f(ww) (4)

1<i<M,1<j<N

and similarly the second winner
ey
(i2,7J2) = arg
1<i<M,1<j<N
arg min f(W, ; x 1,--- \ W, . x 1) =
1<i<M,1<G<N ’

arg min f(W, ;). (5)

1<iSM,1<j<SN

mlnf(EZJ Xll?"' ,E-

The idea of MaxMin-SOMO training is applied to the
network such that the weight vector wi,{ g1 of the first win-
ner will get closer and closer to the minimum point and
similarly the weight vector W it will get closer to the
maximum point during the 1terat1ve training process.

Step 3. Weights updating rule

The weights updating rule of the winners and its neigh-
bors is as follows:

For the neurons (4,j) in the neighborhood of the first

winner (47, j7) satisfying p1 <i < p2, 1 < j < g2, where

p1 = max(i] — R1,1) (6)
pe = min(i] + R1, M) (7)
a1 = max(ji — R1,1) (®)
g2 = min(ji + R1, N) 9)

and R, is sizes of the neighbourhoods, the weights updating
rule is as follows:

W, (t+1)

—J]

- Ez,j(t) + 771ﬂ1 (lT7Jf7 ij)[mzi‘,ji‘ (t) -
Em(t)} +A1(1_B1(ZT7]T7Z7J))B (10)
where dit. 55 i)
ko ek . . 11,7152, ]
11,71,%,7) = 1 — ———==. 11
/81( 1,J1 ]) \/m ( )
For the rest of (¢,7) neurons

wi,j(t—i_l) ZEH( ) +772ﬂ2(7127.72az ])[w12 j2( ) -

W, (O] + A2(1 = Ba(i3, 53,4, 5))p (12)

where o
d(i3, j3, 1, 7)
VI + N?

The learning rates, m1, 72, A1 and A2, are real-valued pa-

rameters which could be either constants pre-defined by the
user or time-varying parameters. The vector p is called the
perturbation vector. a

Step 4. Go to Step 2 until a pre-specified number of
generations is achieved or the termination criteria are sat-
isfied.
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3 Convergence of SOMO with multiple
winners
In this section, the convergence analysis of SOMO with

multiple winners is presented. For convergence, we define
the maximum distances between any two neurons, i.e.

d = max ||W, (k) — W, (k)|
VRIS
and
dy = max ||W**( ) — wﬁj(km

45,857

at k-th iteration respectively, where di and dj are the max-
imum distances between any two neurons in the neighbor-
hood of first and second winner respectively. Then we prove
that both dj, and di decrease after each iteration simulta-
neously and finally converge zero, i.e., dp — 0, di — 0 as
k — oco. And we also prove that the function values of the
winners in the network decrease after every iteration. The
following two theorems are the main idea of the paper.
Theorem 1. Let di be the maximum distance of any two
neurons in the neighborhood of first winner (i,57) and dx
be the maximum distance of any two neurons in the neigh-
borhood of second winner (i3,j5) at k-th iteration. As-

sume that A6LILI) < 1 and A3,93.47,57) < 1 for all neu-

V/M2eN2 /M2 N2
rons i, j', 1, 7, all iterations and A1k||gk|| < 1(1 = Co)dy,
)\2k||£k|| < i(l — Co)d7k. Then dr — 0 and d, — 0, as
k — oo.
Proof. Let (i1,j1) and (i2,j2) be two neurons in the
neighborhood of first winner (i7, j7). The weight updating
for (i1,71) and (i2,72) are as follows:

Wiy (1) = W, (R) + nBG3 i, ) [ W s (k) -

W, 5, )] + Ak =BG, 55,0, 50)p, (14)

Wy g (k1) = W,y (k) 4 mBGT i 32) [ W s
W,-Q,j,,(k)] + Ak (1 = B(i1, 41, 42, j2))p, - (15)

Let dr be the maximum distance between any two
neurons in network at k-th iteration and drxy1 =
max ||[W, . (k+1)—-W 1)|| at k + 1st iter-

W, 5, (k
11,71,12,J2 11
ation. We have to show that di41 < di. Subtracting (14)
from (14), we obtain

12,52

Wi, k+1) =W,  (k+1)
W, go (B) +mB(iT, 41, 42, 52) Wi = (k) = W, ;. (k)
W, g, (B) = 0BT, i in, 1) (W = (k) — W, (k)
Ak (1 — B(i1, 515 i2, 42))p, — Ark(1 — ﬂ(lla]h“:]l)
)
)

I-
I+

U
W0 (8) 4 (65, 35,12, 32) W - (F) — W, ()]
W, (8) — G, 36, i, )W e (K) — W (B
Ae((1 = B(ix, ji s iz, J2))p,, — (L= B(i1, ji s i1, 51))p, )-
(16)
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We need to take three cases to prove dip+1 < di.
Case 1. If

6(2T7]T7127]2):6(7”1‘7];77'17.]1) (17)

then (14) becomes

W, ,k+1)-W, . (k+1)=W, . (k)-
W, g, (k) =BG, ji s i, 2) (W, 5, (K)—
W, ()] + Ak (X = B(in, 5 42, 42))p, —

(1= B(i1, ji,i1,51))p,) =

(L= npB(ir, ji 2, 52)) W, 5, (k) = W, 5 (k)+

Awe((1 = B(in, ji s i2, J2))p, —

(1= B(i1, ji i1, 51))p, )- (18)
Taking the norm on both sides of the above equation, we
have

W, 5, (k+1) =W, 5 (k+ 1) <
(1= nB(i1, ji s iz, 2)|W, 5, (k) = W, 5 (B)[1+
k(1 = B, 5 2. 32))p, — (1= BGE. 5T in, 31)p,)|

W, 5, (k+1) =W, 5 (k+ 1] <
(1= nB(i1, ji s d2, 52))dx + [[Aak (1 = B(i1, j1, 42, 42))p, —
(1 =BG, 51, i1, 51))p, )l- (19)

By assumption
d(it, ji , i, J2)
———— < a<l 20
VM + N2 (20)
we have
NITEESE

ﬁ(’b;,]f,’bg,]z)zl— >a > 0 for all iz,jg.

Thus
Co = (1 =np(i1, ji,i2,72)) <1 —na < 1
= dt1 < Cody + Aikl[((1 = B(i1, 51, 42, 52))p, —

(1- ﬂ(ilajlvilvjl))ﬂk)” <

Cody + |[Ae(1 = B(i1, 51, i2, j2))p, ||+

Ak (L = B(iT, g1 i1, 51))p, |- (21)
Again by assumption

Nawllpell < 31~ Co)d (22)

we have

1
di+1 < Cody + 1(1 — Co)dk+
1
2
Codr + Z(l —Co)dr =

1
Cody, + 5(1 —Co)di =

1
5(1 + Co)dk (23)
1

= dk+1 < (1 + Co)dk (24)
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Case 2. If
ﬁ(lt7]ika i27j2) > /B(Zﬁlﬁv.]i‘: Z'17.7'1)
then add and subtract
UB(ZT7J{7 i2,j2)[wif’jf (k) - wil,]'l (k)]
from (16), which follows:

W, i (k+1) -W, i (k+1)=
W, 5o (k) + 0BT, 51 iz, 2) (W e (
W, i (k) = mB(ir, g1y in, 1) W - (k) = Wy 5 (R)]+
nB(iT, g1 iz, j2) [Wse 5= (k) = W, 5, (K)]—
nBG. g iz, ) W o (k) =W, (R)]+
Aue((1 = B(i1, 411 d2, j2))p, — (1 —
W, g0 (k) =W, 5 (k)=
nB(i1, 41 iz, 52) (W, 5, (k) = W, (R)]+
n(B(1.41 s i, 52) — BT, 41, 11, 1)) Wiy o (k) = W, 5, (R)]+
Aue((1 = B(i1, 41 s iz, j2))p, — (1

B) = W, ()]

—12,72

Blir, j1,i1,41))p, ) =

- 6(21’]1721’-]1))819

Taking the norm on both sides of the above equation, we
have

W, 50 (E+1) =W, 5 (k+ D[] <

L —n(B(i1, 41, i2, 32)|[W,, j, (k) = W, (K)|[+
77(5(11’]1,127]2 5(11’31alldl))”[wi;,j;(k)_
W, i B+ 1Ak (X = BT, 1, 42, 42))p, —
(1= B(i1, 410, 51)p I (25)

W, 50 (k+1) =W, 5 (k+ 1) =

(L=nB(1, 41,11, 51))de + [[Ae((1 = B(iT, 1, 2, 52) )P, —

12’]2(
(

By assumption

d(i1, 51,91, 51)
———" < a<l1 27
VM2 4+ N2 (27)

we have

PRk s\ d(ZT,jf7’I,1,]1) —
/3(117.717Z17.71) =1- W >a>0
for all 41, ji.

= d1 < Codi + Aakl[((1 = B(i1, 1, 42, 52))p, —
(= BG4 )l <
Codp + || Ak (1 — B(ii,ji‘,iz,jz))gk\H
A1k (L = B(iT, 51 i1, 51))p, |- (28)

Again by assumption

1
Atellpel] < 1(1 — Co)dy (29)

we have
dr+1 < Cody + 4(1 — Co)dy, + 4(1 — Co)di, =
2
Codr + 1(1 - Co)dk =

1
Codr + 5(1 — Co)dy =

1
5 (1+ Co)d (30)
1
Case 3. If

ﬂ(l;,];,ZQ,jQ)<6(Z’1‘,jf721,]1)
then add and subtract nﬂ(i’l‘,jf,il,jl)[wq’jf(k) -

W,, ;, (k)] from (16) and the proof of Case 3 is similar to

12,7

Case 2.

1
= dp41 < 5(1 + Co)dk (32)

From the above three cases, i.e.

1 1
dps1 < 5(1 + Co)dr, < (5(1 +Co)) g1, , <

(514 Co))Vd. (33)

Hence di, — 0, as k — oo.

For the rest of (i,5) neurons. Let (i1,71) and (i2,j2) be
two neurons in the neighborhood of second winner (i3, j5).
The weight updating for (i1, 1) and (i2,j2) are as follows:

We=—(k+1) =

11,71 EEH( )"‘77/8(12,]2,117]1)[‘4/*];(k)_
EH]T( )}+>\1k(1—5(127]2721,]1))8k (34)

W——(k+1)=

—12,72

W 52 ()] + A (1

—12,72

12:72

Let dj, be the maximum distance between any two neurons
in the neighborhood of second winner at k-th iteration and

dk+1 = anX ||W22 J2<k + 1)

©1,J1,12,72

W5 (k+1)]|

at k + 1st iteration. The proof of the distance dj is similar
to the dj.

Hence d and dj, approach to zero simultaneously as
k — oo. O

Theorem 2. Let W, ;(k) be M x N neurons in the net-
work, for 1 <i < M, 1<j<N. Let Ei{,j; (k), wz‘;,jg (k)
be the two winners in the network at k-th iteration. As-
sume that Aix|lp, || < 1(1—Co)dg, Azellp, || < (1= Co)dk.
Then the functlon values f(il* ]*(k—l— 1)) < f(iz g% «(k)),
FOW, s (k+1)) < FOV,, . (K)). as k — oo,

Proof. The weight updating of the neurons in the neigh-
borhood of first winner (7, ji) is as follows:

(k+1) =

71‘7
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Let

f(wi,j(k +1)) = f(wi,j (k) —

1

By assumption
1
Aellp, |l < 7 (1 = Co)d. (38)

Thus the above equation (37) becomes
k- 1
Uﬂ(h’h»%])wi;,j; (k) + 1(1 — Co)dk) (39)

f(ﬁw(k +1)) = f((1— Uﬂ(i’f»]‘fvivj)wi,j(k) +
(since by Theorem 1 di — 0) (40)

fW,; (k4 1)) < (L=npB(i1, 41,4, ) fF (W, ;(k))—
nﬂ(iijfviaj)f(wi’l‘,jf(k))
(By convexity of f)=
(1= npB(i, ji,4,9) f (W, ;(k)+
nB(ix, 31,1, ) f (W, (k) = FOW, ;(k))
(since  FW,. - < £, (K)). (41)
Hence

FW 5 (k+1)) < f(W, ;(k)). (42)
The above equation implies that
f(wii‘,jf (k+1)) < f(wi;‘,ji“ (k))- (43)
For the rest of (4, 7), the weight updating is as follows:

77(]9) +7]5(127]27 ’J)[iZQ ]2 (k)_
72,3(16)] + )‘2’“(1 - ﬁ(7’27.7277'7]))£k
for 1<i<M,1<j<N. (44)

E;,;(k + 1)

10 10

(a) U, function

The proof as same as above. Hence

FOW s o (k1)) < F(Wy - (). (45)

Hence the function values of the both winners are de-
creasing after every iteration simultaneously. O

In summary, we initialized the neurons on four corners,
then after every iteration, the neurons get closer and closer
around the first and second winners. We proved in the
j)for1 <i< M,
1 < 7 < N are converging to two different points after every
iteration, and the function values of winners are decreasing

above theorems, that the neurons i.e., (i,

after every iteration simultaneously.

We remark that the MaxMin-SOMO algorithm has an
issue of defining the different neighbourhood for maximum
and minimum winners. We intend to investigate this prob-
lem in future works.

4 Experimental results

4.1 Objective functions

We have carried out simulations with the following func-
tions, to investigate the rate of convergence of the SOMO
with multiple winners.

1) U; function:

f(z) = 300sin(27z) sin(27y) — sin(7zx) sin(ry) (46)

2) Giunta function:

30

f@w=) (Sin (%gw - 1) + sin’ (1—2:{: - 1)+
i=1

1 . 16
55 5in [4(6% )]) +0.3. (47)
4.2 Parameters of simulation

Table 1 tabulated the global minimum, dimensions and
the upper bound of the number of iterations. All simula-
tions conducted with the network size 30 x 30 neurons and
the learning parameters are n = 0.2 and Ak, A2k are de-
creasing after each proceeding iteration. Fig.1 shows the
graphs of the two test functions.

~10 7T ‘n T T

(b) Giunta function

Fig.1 Graphs of the two test functions

@ Springer
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Table 1 Parameters for the test functions

Test function Dimensions Initial range Minimum Number of iterations
U; function 2 o< z; <10 100
Giunta 30 —-10<z; <10 ~ 0.9 100

4.3 Simulations of the SOMO with multi-
ple winners

For each function, each algorithm conducted 30 runs.
The best solutions found for each run after pre-specified
number of generations recorded. Table 2 tabulates the com-
parison of the simulation results. The mean column and
the standard deviation column represent the mean and the
standard deviation of the best solutions of 30 runs. In Ta-
ble 2 we find the minimum and maximum of a function by
running PSO and SOMO twice. But by SOMO with
The mimimum obtained by SOMO algorithm

-299
=—299.2 ]
2
5-299.4¢ 1
2
+—299.61 1
Q
R-299.8+ 1

-300 B> DD

0 5 10 15 20 25 30
Generation
299 The mimimum obtained by MaxMin-SOMO algorithm

— * : : ; ; :
=—299.2F ]
2
5-2994F % % x 1
2 *
+299.61 » 1
[5) *
R-299.8F . 1

. XX ok % g oyoy FEPEOEOEPEPEOEON
=300 > T o =
0 5 10 15 20 25 30
Generation
(a) U, function

15 The mimimum obtained by SOMO algorithm
=
2
|
2
2
m

Generation
The mimimum obtained by MaxMin-SOMO algorithm

Best solution
=
W

%*xx*****XX****%***%%******
L |

0.95 ' ; '
0 5 10 15 20 25 30

Generation

(b) Giunta function

Fig.2 Best performance curves corresponding to SOMO algo-
rithm and MaxMin-SOMO algorithm for finding a minimum of

a function

multiple winners we find the both minimum and maximum
of a function simultaneously.

Figs. 2 and 3 show the best performance curves by finding
the minimum and maximum of a function respectively. In
Fig. 2 we compare the minimum of a function obtained by
SOMO and SOMO with multiple winners respectively. In
Fig. 3 we compare the maximum of a function obtained by
SOMO and SOMO with multiple winners respectively. By
SOMO, we find the minimum and maximum of a function
separately by running the algorithm twice.

The mimimum obtained by SON{ONalNggriithn

NN
e e e S S S e

Best solution

"0 5 10 15 20 25 30
Generation
The mimimum obtained by MaxMin-SOMO algorithm

% KKKk KK K%k %
T ¥ F K * Kk —k—k—=k =%k X K—k—k—k

* %k %

Best solution

N
Nel
O
o0

;

*

.

299.7¢ 1
299’60 5 10 15 20 25 30
Generation
(a) U, function
The mimimum obtained by SOMO algorithm
69.04 T \ \ ; ‘

JoN

o

=

]
:

Best solution
D
O

68.98
6896 L 1 1 L 1
0 5 10 15 20 25 30
Generation
The mimimum obtained by MaxMin-SOMO algorithm
69.04 T ; . ‘ .

]
*%*%XX***%%%%*%*%%%%*x
69.02F * * % * * % % % i

Best solution
D
O

o)
s
o
oo
T
.

6896 1 L L L L
0 5 10 15 20 25 30

Generation

(b) Giunta function

Fig.3 Best performance curves corresponding to SOMO algo-
rithm and MaxMin-SOMO algorithm for finding a maximum of

a function
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Table 2 Comparison of MaxMin-SOMO and the original SOMO algorithms for finding minimum and maximum

Test function Algorithm Mean Standard deviation Mean of time Standard deviation of time
U, Function PSO
Minimum —1.8732E+002 4.2395E-012 2.0214 2.0679
Maximum 2.3123E4-002 1.348 1IE—010 2.6939 2.9592
SOMO
Minimum —2.999 9E+002 5.684 3E—014 1.064 2 1.0672
Maximum 2.999 9E4-002 1.7184E—-012 1.0518 1.0307
MaxMin-SOMO
Minimum —2.999 9E+002 4.224 6E—011 0.5538 0.566 4
Maximum 2.999 9E4-002 3.8216E—013
Giunta PSO
Minimum 4.0035 1.0870 1.7831 0.0630
Maximum 72.0312 1.0925 1.6352 0.0590
SOMO
Minimum 0.9670 1.490 1E—09 1.0116 1.0049
Maximum 69.0318 1.480 7TE—-011 1.1512 1.1426
MaxMin-SOMO
Minimum 0.9670 1.656 5E—010 0.7372 0.663 6
Maximum 69.0318 2.2880E—-011
35 T T T T T T T T T T
3L J ]
25+ 1 1
x | _
e’
g | 2
AlS5r \ 1 A 1
\
\
1F \ 1 R
05+ N : 1
AN
0 L - = . ! . : 0 . . > . - L !
0 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40

Generations

(a) Distance between first winner and rest of neurons
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Fig.4 Value of winners for U; function

But by SOMO with multiple winners, we find the mini-
mum and maximum of a function simultaneously.

4.4 Simulations for the convergence anal-
ysis of SOMO with multiple winners

The experiments show that the neurons ie., W, ; for
1 <i< M1<j < N get closer and closer around the
first W s (k) and second winner Wis i (k) during itera-
tion process. From Figs.4 and 5 we observe that the dis-
tance between the winners (i.e., (i1, 71), (ig,jé‘)) and other
neurons are decreasing exponentially. It can be concluded

that the distance between winners and other neurons, i.e.,

@ Springer

W, for1<i<M,1<j< N approach to zero as k — oo.

5 Conclusions

Convergence results are established for the SOMO with
multiple winners, with a specific distance measure. We
define a specific maximum distance between neurons, we
proved that this distance approached to zero, i.e, dp — 0
and d, — 0 as k — oo. Also we showed that all neurons
converge to a winner after each iteration process. Two nu-
merical examples for the algorithm are provided to support
our theoretical findings and demonstrate that the distance
between neurons approaches to zero after each iteration.
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