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Abstract: In this paper, we will present new results on robust finite-time H., control for linear time-varying systems with both
time-varying delay and bounded control. Delay-dependent sufficient conditions for robust finite-time stabilization and H., control
are first established to guarantee finite-time stability of the closed-loop system via solving Riccati differential equations. Applications
to finite-time H., control to a class of linear autonomous time-delay systems with bounded control are also discussed in this paper.
Numerical examples are given to illustrate the effectiveness of the proposed method.
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1 Introduction

Finite-time stability is one of the fundamental concepts
in mathematical control theory, which has been studied by
different approaches and for different kind of systems (see,
e.g., [1—6] and the references therein). In general, the finite-
time stability (FTS) introduced in [7] means that the state
of a system does not exceed some bound during a fixed
time interval. FTS focuses its attention on the transient
behavior of a system response. It is worth pointing out
that finite-time stability and Lyapunov asymptotic stabil-
ity are different concepts, and they are independent of each
other. A system is finite-time stable if its state retains cer-
tain pre-specified bound in the fixed time interval in the case
that the initial bound is given. Often Lyapunov asymptotic
stability is enough for practical applications, but there are
some cases where large values of the state are not accept-
able, for instance in the presence of saturations. In these
cases, we need to check that these unacceptable values are
not attained by the state. Moreover, finite-time stability
analysis for linear time-varying delay systems is more diffi-
cult, because time-varying delay systems have more compli-
cated dynamic behaviors than the systems without delays
or with constant delays. On the other hand, the H, con-
trol problem of dynamical control systems has attracted
much attention due to its both practical and theoretical
importance[s]. Traditionally, Lyapunov theory has served
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as a powerful tool for Hs, control design. The idea of a Lya-
punov function was applied in the context of control design
to yield control Lyapunov functions (CLFs). For continu-
ous linear time-invariant systems, there exists a well known
method to construct CLFs, which essentially involves find-
ing a positive definite solution of a Riccati equation. Var-
ious approach have been developed and a great number of
results on finite-time Ho control for continuous systems
as well as discrete systems have been reported in the lit-
eratures (see, e.g., [9—11]). However, most of the results
in this field relate to stability and performance criteria de-
fined over an infinite-time interval. The finite-time Hao
control concerns with the design of a feedback controller
which ensures the FTS of the closed-loop system and guar-
antees a maximum H, performance bound2~17. On the
other hand, the problem of stabilization of systems with
control constraints arises not only in mathematical control
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theory, but also in many applied areas|
that control constraints on the structure of the feedbacks
and the neglect of geometric constraints on the control are
hardly in accord with present-day requirements for control
systems. Input constraints are ubiquitous in control and
operation of all control systems. These constraints usu-
ally arise due to the physical limitation of control actuators
such as pumps or valves. It is well established that neglect-
ing these constraints while designing controllers can lead
to significant performance deterioration and even closed-

(1], Existing attempts for control analysis

loop instability
of non-autonomous continuous systems are mere extensions
of the approaches for autonomous continuous case. In such
cases, there exists a well known method to design feedback
controllers, which essentially involve finding a positive def-

inite solution of Riccati differential equations (RDEs) or
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differential linear matrix inequalities (DLMIs)2~24 Note
that, in general, numerically solving RDEs or DLMIs can
be realiable. This approach also applies to the finite-time
control design for the system with bounded controls?5—28],
On the other hand, the procedures are derived under the
assumption of unconstrained control action. For linear sys-
tems with bounded control, under appropriate assumptions
on the spectral and controllability property, papers[ls’ 19, 23]
proposed a nonlinear feedback control to stabilize (in the
Lyapunov sense) the system without delays. It is worth
noting that the approach in these works cannot be readily
applied to the systems with time-varying delays. The main
difficulty is that the investigation of the spectrum of the
time-varying delay matrices is still complicated and there
are no appropriate properties available as in the un-delayed
case. To the best of our knowledge, the issue of robust
finite-time Ho control for linear time-delay systems with
bounded control has not been investigated. Due to the fact
that the existence of constraints on the control may have
great influence on the finite-time stability of the closed-loop

[17*19], which increases difficulties for us to discuss

system
this topic. Consequently, the problem of the finite-time
control of linear non-autonomous systems with both time-
varying delay and bounded control is of interest in its own
right.

In this paper, unlike the previous reported results on
finite-time control of linear non-autonomous systems, prob-
lem of finite-time control is fully investigated without any
spectral and controllability assumption and the derived con-
ditions involve solving a Riccati differential equation. By
exploring an auxiliary control system with time-varying
delay, novel delay-dependent sufficient conditions for ro-
bust finite-time stabilization are proposed via a newly
constructed Riccati differential equation. Applications to
finite-time H control to a class of linear autonomous time-
delay systems with bounded control are also discussed in
this paper. The proposed approach is numerically appeal-
ing for checking finite-time Ho, control conditions of a given
linear time-varying delay system with bounded controls.

The structure of the paper is as follows. Section 2 gives
the necessary background on linear non-autonomous delay
systems with bounded control and some technical proposi-
tions. In Section 3, the nonlinear feedback controller design
for robust finite-time stabilization and solution to Hs. con-
trol problem are presented with some applications to linear
autonomous time-delay systems with bounded control. Nu-
merical examples illustrated the obtained results are given
in Section 4. Section 5 ends with some conclusions.

2 Problem formulation and preliminar-
ies

In this section, we introduce some notations, definitions

and technical propositions. R* denotes the set of all real

non-negative numbers. R" denotes the n-dimensional space
with the scalar product zTy. M™ " denotes the space of
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all matrices of (n x r)-dimensions with the spectral norm
I|Al| = v/Amax(ATA). AT denotes the transpose of matrix
A. I denotes the identity matrix. A(A) denotes the set
of all eigenvalues of A. Amax(A) = max{ReX, A\ € A(A4)}.
2t = {o(t+3) 15 € [0, O]}, | @1 = supyer_pop | 2(t+3) I,
C([0,t],R™) denotes the set of all R™—valued continuous
functions on [0,t]. L2([0,¢],R™) denotes the set of all the
R™-valued square integrable functions on [0,¢]. Matrix A
is called semi-positive definite (A > 0) if ™Az > 0, for all
x € R™. A is positive definite (A > 0) if 2T Az > 0 for all
x#0.A> B means A— B > 0.

Consider a linear non-autonomous time-varying delay
system with bounded control of the form:

z(t) = A@t)z(t) + D@)z(t — h(t))+
B(t)u(t) + B1(t)w(t)
Ci(t)x(t) + Ca(t)z(t — h(t))
o(t), te[=h,0] (1)

NN

z(t)
z(t)

where z(t) € R"u(t) € R™,w € R™,z2(t) € R™
are the state, the control, the disturbance and the ob-
servation vector, respectively. A(t),D(t) € R™*", B(t) €
Rnxm,Bl(t) c R"X"“,Cl(t),CQ(t) c R™™2 are given
continuous matrix functions. The initial function ¢(t) €
C ([=h,0],R"™). The delay function h(t) is continuous and
satisfies

0<h(t)<h, ht)<ds<l, Vt>0. (2)
The control u € L2([0, T], R™) satisfies
Ir>0: |ju@| <r, Vte[0,T]. (3)

The disturbance w(t) € L2([0,T], R™") satisfies
T
3d>0: / w” (H)w(t)dt < d. (4)
0

Once the above assumption on the initial function ¢(-) and
the matrix data are given, the solution of system (1) is well
defined (see, e.g., [29]).

Definition 1. Robust finite-time stabilization

For given positive numbers T, c1, c2 and a symmetric pos-
itive definite matrix R, the control system (1) is robustly
finite-time stabilizable w.r.t (ci1,ce, T, R) if there exists a
state feedback controller u(t) = g(z(t)) satisfying (3) such
that

sup @ (8)Rp(s) <1 = x' (t)Ra(t) < co,Vt € [0, T]
—h<s<0
for all disturbances w(t) satisfying (4).

In the above definition, and differently from the definition
of Lyapunov stability, we focus on the input-output behav-
ior of linear systems over a finite time interval. Roughly
speaking, and consistently with the definition of FTS given
in [7], a system is defined bounded if, given a class of norm
bounded input signals over a specified time interval [0, T,
the outputs of the system do not exceed an assigned thresh-
old during [0, 7.
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The objective of this paper is to design a state feedback
controller u(t) = g(x(t)) satisfying (3) such that the result-
ing closed-loop system

i = Az + B(t)g(x) + D)zt — h(t)) + Bi()w  (5)

is finite-time stable for all disturbances w(t) satisfying (4)
and guarantees a maximum Ho, performance. In the fol-
lowing, we define the robust finite-time Ho, controller for a
class of linear control time-varying delay system such that
the corresponding closed-loop system is finite-time stable
with H. disturbance attenuation level ~.

Definition 2. Finite-time H_. control

Given 7 > 0, the finite-time H control problem for the
systems (1) has a solution if

1) The system (1) is robustly finite-time stabilizable
w.r.t. (c1,c2,T, R).

2) There exists a number ¢g > 0 such that
S EOIRE

0

6
collpll2 + [T w(t)|2dt ~ ©6)

where the supremum is taken over all ¢ € C([—h, 0], R™)
and non-zero disturbances w(-) satisfying (4).

Propositions 1 to 4 play an important role in our later
development.

Proposition 1. Cauchy matrix inequality

For any matrices P,Q € R™*",Q > 0 is symmetric, the
following inequality holds

[29]

2T Pz — yTQy < 2T PTQ'Px, Vz,yeR™

Proposition 2. Let

_ BB (t)P(t)x
ft,x)= "1t | BT (t)P(t)||

b= sup [|B(t)l|, p= sup [|[P(t)||
Ky tefo, T)

S
tefo
Then we have the following assertions:

1) f(t,z) is globally Lipschitz in R".
2) ||f(t, )||* < 22zt P2(t)z, Yz e R™ t€ [0, T].
Proof. Let us denote x1,22 € R™ and

Yy = BT(t)P(t)CL‘l, Y2 = BT(t)P(t)CL‘Q.

‘We have
I f(t,z1) — f(t,z2)| =
1 Y2
Bl - J||<
Ol gl ™ 14 el
n Yo
) - E
L+flyall 1+ lyzl
rb”yl =yl + [ly2llyr — Hylllyz.
A+ Iy D+ [ly21l)
Since

ylly2ll — vellyall = ya(lly2ll = llyall) + llyall(yr — y2) <
lyall(lyr = yell) + llyall(Nlyr — y2l) =
2llyall(llyr — v211)

and
llyr — vl
< lyr — w2l
(1 + [y DX+ lly21)
llyall
<1
(1 + (2D + lly21)
we have

1f(t,21) = f(t,22)[| < 3rbllys — gol| < 3rpb?||lz1 — a2|

where p = SUP¢e(o, 1) [[P@#)]].
3) We have

fT(t’ x)f(t’ IE) =

2

(1+ ||BT€t)P(t)x‘|)2HB(t)BT(t)P(t)tz <
T2b4 T 2
(1+ BT () P@)a|)2™ T BT =
7"2b4ZI?TP2(t)x
because of 1+ || BT (t)P(t)z|| > 1. 0

Proposition 3. Schur complement Lemma!?”

Given matrices X,Y, Z, where Y = YT > 0, we have

X Z
(ZT Y><0¢ﬁnX<OHX+ZY1ZT<O

Proposition 4. Let P € M™*™" R € M™*"™ be symmet-
ric positive definite matrices. We have
1) Amm(P)(R) > 07 )\max(P)(R) > 0 and

/\min(P)xTx <zTPz< )\max(P)xTx, Vo € R".
2) 27z < Amax(R™HzTRz, Vz € R™
3) 2T Pz < Amax(P)Amax (R~ 2T Rz, Vz e R™

Proof. 1) is obvious. To prove 2), we use the assertion
1) as

2T = az:TRé R71Ré z < )\max(Rfl)xTRx.
The assertion 3) is easily followed from 1) and 2). O

3 Main result

In this section, we start by designing the state feedback
controllers for finite-time stabilization and Hs control. The
approach we use here is the Lyapunov-like function method
in the context of stabilization of linear non-autonomous sys-
tems subject to control constraint. Let us consider the fol-
lowing Riccati differential equation (RDE)

Pr(t) + A" (t)Pr(t) + Pr(t)A(t)+

VPR 4 (Bt CEOT =0 (T)

24+ 7%t +
( vB2
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where
1
1-96
bl = sup AmaX(B’lr(t)Bl (t))

b= sup [[(B®))]l,

te[0,T) t€[0,T]
o= sup Amax(DT(£)D(t))
telo, T
G =2 sup Amax(C7 (£)Ci(t),i=1,2
telo, T)

€:J+52.

BQ = maX{El, 52},

Theorem 1. The finite-time Ho, control problem for
system (1) has a solution if there exist a symmetric matrix
P(t) > 0 of RDE (7) and a positive number n > 0 satisfying

et + foyd < coe” T (8)
where

a1 = )\max(PR(O)))\max(R_l) + Ché-Amax(R_l)-

Moreover, the state feedback controller is

u(t) = " BT()P(W)z(t).  (9)

L+[|BT(t)P()=(1)]|

Proof. Let us consider the bounded feedback control
(9). By Proposition 2, the function

B(t)BT(t)P(t)x

TS =r B P

is globally Lipschitz, hence, the closed-loop system
z=A(t)x + D(t)z(t — h(t)) + Bi(t)w) + f(t,z)  (10)

has a unique solution. Consider the following non-negative
quadratic function

V(t,l‘t) = V1 (t7l't) +4 VQ(LJJt)

where

Vi(r) = ez Pr(t)z()

Va(r) = e"¢e /H(t) z" (s)z(s)ds.

Since the integral item of V(-) is non-negative and P(t) > 0,
we have

V(t,@i) 2e"a" (P(1) + R)a(t) >
@ (P(t) + R)z(t) >
&' ()Ra(t). (11)

Using 2) of Proposition 4 for the following estimations
27(0)2(0) =2 (0)R* R " R22(0) <
Amax(R™ )z (0) Rz (0)

0
/ 2" (s)z(s)ds <hAmax(R™") sup " (s)Rp(s)
h(0) ~h<s<0

@ Springer

we estimate the value of V'(-) at ¢ = 0 to have

V(0,0) =2 (0) Pr(0)x(0) + ¢¢ / 5)ds <
A (Pr(0) Ama (R~ <o>w<o>+
ChEAmax(R™) S () RA(1) <

ar_sup_{p"(s)Re(s)} < arcn. (12)

Moreover, using 3) of Proposition 4, we get the following
estimation
V(0,20) < azl|pl® (13)

where

a2 = Amax(Pr(0)) + 7€, |loll = max HSO( -

€l-

Taking the derivative of Vi (-) along the solution of the sys-
tem (10), we have

Vi(t,ze) =ne™ e" (t) Pa(t)a () +
e [z (1) Pr(t)z(t) + 227 (1) Pr(t)(t)] =
ne”th( t)Pr(t)z(t)+
e [mT[PR( )+ AT(8)Pr(t) + Pr(t)A(t))z+
& (8) Pr()D()z(t — h(t)) + 22" (¢) Pr(t)(-)+
z (t) Pr(t) Bi (Hw(t)).

To get the derivative of Va(-), we apply the differentiation
rule

d [ .
dt f(s)ds = b(t) f(b(t)) — a(t) f(a(t))
a(t)
and have
Va() = e"e[o" (Da(t) -

[1— ()"

Therefore, we obtain

(t = h(t)z(t = h(t) | +nVa().

V() =e" [wT(t)[PR(t) + AT ()Pr(t) + Pr(t)A(t)+

)
(

COIN(t) + 22" Pr(t) D(t)x(t — h(t)+
" () Pr(t)f(-) + 22" (t) Pr(t) Bi (t)w(t)—
(1= h(t)¢a™ (t — h(t)z(t — h(1)| +nV ().
Since ) 1
—(1-h(t)<-1-9)= ¢
we have

V() < " [ (O Pr(t) + AT (1) Pa(t) + Pr()A(L)+
CENa(t) + 22" Pr(t)D(t)x(t — h(t))—
ga" (t = h()z(t — h(D)) + 22" (D) Pr(t) f()+
2" (O Pr() Bi(Dw(t)| +nV ().
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Applying Cauchy matrix inequality (Proposition 1) for the
following estimations

2z Pr(t)D(t)xy < oxpxn + 2" Pa(t)x

b1 T2 WﬁQ
" Prx +

B2 " b1

" PRz +yBw” (t)w.

QITPRBlw < wTB;FBlw <

b1
B2

To get estimation of the value 22T Prf(-), we use 2) of
Proposition 2:

22" Pr(t)f() <a"PR(t)z + fT()f() <
(1 +r°b"z" PRa.
We now apply the Cauchy matrix inequality (Proposition 1)

to get the value 2™ (¢)z(t) defined from the second equation
of system (1) as

Ca(t)z(t — h(t))] =

" ()CT (1)Ch(#)x(t) + 22" (t — h(t))x
Cy (t)Ci(t)z(t) + 2" (t — h(t))x

Cs (1) Ca(t)a(t — h(t)) <

22" (£)CT () C1 () (t) + 227 (t — h(t))x
C3 () Ca(t)z(t — h(t)) <

Box " (£)a(t) + Box " (t — h(t))x(t — h(t))

hence, we obtain

V() <e™ [wT(t)[PR(t) +AT(O)Pr(t) + Pr(t)A(t)+

U8 VPR + (8 + O Ta(t)] +

" yBrw” (Dw(t) + 0V (-) = B2 2" (1)2(2).  (14)

2+ 70" +

Therefore, from the conditions (7) and (14), it follows that

V() SaV() +e"Bayw” (Hw(t) — Bee™2" (1)2(t).  (15)

Multiplying both sides of (15) with e~ we have

V() —ne V() < Bayw” (w(t) — Gz ($)2(t) (16)
and hence
e_"tV(-) — ne_"tV(~) < Bz'wa(t)w(t), vVt e [0, T] (17)

because of 2T (t)z(t) > 0. Note that

d
dt

[ VO] = e V0 - ()

thus integrating both sides of (17) from 0 to t gives

t

e "V (t, ) < V(0,20) + ﬁz’y/o w” (s)w(s)ds

vt e [0, TY.

Therefore, from the conditions (8), (11) and (12), it follows
that

e "x(t)TRe(t) < V(t,xt) < arer + Baryd, Yt € [0,T)
and hence from (8), it follows that
£(t)TRx(t) < (ases + fard)e’™ < ca

which implies that the closed-loop system is robustly finite-
time stable w.r.t. (c1,c2, T, R).

To complete the proof of the theorem, it remains to show
the y—optimal level condition (6). For this, we consider the
following relation

/0 [Ballz()II* = ~B2llw(t)]|] dt:/o [B2l=(®)I1*~

d
dt

T 4 .
e "V (t,x¢)) dt.
| st )
Since V(t,z¢) > 0 and from (13), it follows that

Td
—/ gt (e7"V (t,ay)) dt =
0

— e TV (T, ar) 4+ V(0,20) < anlgll”.

Boyllw(®)|* + o (e7"V (8, 20))]dt—

On the other hand, from (16), we have

d

Ball=OF - Barlw (@) + 5,

(e™™V(t,z)) <0

therefore,

/0 [Ballz ()11 = Barlw()*] dt < clloll*.

@2

oy the above inequality yields

Setting co =

EOIRE

0
p <
collell® + fo [lw(®)]>dt

This inequality holds for all non-zero disturbances w €
Ly([0,T],R™), all ¢ € C([—h,0],R"), and hence the con-
dition (6) holds. O

Remark 1. Theorem 1 gives sufficient conditions for
Hs control problem via solving some RDEs. Note that,
the problem of solving RDEs is, in general, still compli-
cated and some effective methods for solving RDEs can be
found, for instance, in [30—32]. However, there is another
useful approach used in [27] to solve RDEs via DLMIs and
LMIs. We first reduce RDE (7) to the following DLMI by
using the Schur complement lemma (Proposition 3):

W (t) Pr(t)

_ ¥B2 I
2vB2 + 126262 + by

where W (t) = Pr(t) + AT (t)Pr(t) + Pr(t)A(t) + C€I, and
then we recast the DLMI in terms of LMIs which can be
solved by the approach adopted as in [27]. For example,

<0
Pr(t)

to recast the above DLMI conditions in terms of LMIs,
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the matrix-valued function P(t) can be assumed piecewise
affine, i.e.,

P(0) = LY
P(t) = Ly + Li(t — (k — 1)T%)

keN, k<k, tc[(k—1Ts,kTs
P(t) = LY + Li(t — kTy), te [kTs,T]

where k = max{k € N : k < %;}, and
Ly =Li 1+ Li 1Tk =2,3,-- k.

Since in the k-th time interval it is P(t) = L3, it read-
ily follows that this approximation permits to recast the
proposed DLMI problem into an LMIs feasibility problem
with 2k optimization variables L2, L;. Furthermore, such a
piecewise function can approximate a generic continuously
differentiable P(-) with adequate accuracy, provided that
the length of T is sufficiently small. It should be noticed
that a similar approach to solve DLMIs has been adopted
in [33].

Remark 2. In Theorem 1, the condition (8) is an expo-
nential inequality with respect to 7, since 1 includes only
in an exponent term, this inequality always has solutions.
Moreover, since the unknown 1 > 0 is not included in RDE
(7), we first find the solutions of (7) and then check the
condition (8).

As an application of Theorem 1, we derive sufficient con-
ditions for finite-time H, control of the following linear
autonomous time-delay system with bounded control via
Riccati algebraic equations (RAEs):

z(t) = Az(t) + Dz(t — h(t)) + Bu(t) + Biw(t)
z(t) = Cix(t) + Cox(t — h(t))
z(t) = ¢(t), te€[—h,0] (18)

where A,D € R"*", B € R""™ By € R"™™ ,(C1,Cs €
R™ ™2 are given constant matrices. The control u(t), the

disturbance w(t) satisfy the following conditions

Ir>0: J|u@)|l <r, Vtel0,T]

T
3d>0: / w” (t)w(t)dt < d.
0

The following result on solving finite-time H., control prob-
lem for linear autonomous time-delay system with bounded
control (18) is derived from Theorem 1.

Corollary 1. The finite-time H control problem for
system (18) has a solution if there exist a symmetric positive
definite matrix P and a positive number 1 > 0 satisfying
the following conditions:

b
A" Pt PrA+ (2+7~2b4+751 Y Pa+(B24¢I =0 (19)
2
aicr + foyd < Cze_nT. (20)

Moreover, the static feedback controller is

r

0= ipT P ? PO

te[0,T).
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For the case of considered system (1) with constant delay:
h(t) = h, we choose simple Lyapunov functional

V(t ) = e"a" Pr(t)x(t) + "¢ /t_h z"(s)z(s)ds.

The Riccati equation (19) is then reduced to

b1

752

which is, by the Schur complement lemma, Proposition 3,
converted to an LMI w.r.t the solution P > 0 as

ATPr+ PrA+ (24720 + PR+ (B +6)I=0

ATP 4+ PA+2dPR+W(A,R) + (B2 +6)I P
P —I

where d = 2 + r2b* + ﬂ:’éz and

W(A,R) = A"R + RA + dR”.

Therefore, we get Corollary 2.

Corollary 2. The finite-time H. control problem for
system (18), where h(t) = h, has a solution if there exist a
symmetric positive definite matrix P and a positive number
n > 0 satisfying the LMI (21) and the condition (20), where

a1 = Amax(PR(O)))\max(R_l) + h€>\max(R_1)-

Moreover, the static feedback controller is

r

4O =y g BT

te[0,T].

4 Numerical examples

In this section, numerical examples are provided to show
the effectiveness of the method developed in this paper.

Example 1. Consider a linear time-varying system with
bounded control described by

21(t) = (—0.5 — 1.625e* — 3e™")z1(t) 4+ 22 (t)+
walt — h(t)) cost + ti Jw(t) +etw ()
da(t) = 21 (1) + (—0.5 — 1.625¢" — 3~ )a(t)+

z1(t — h(t))sint + u2(t) + 0.5w2(t)

21(t) = @1 (t) + @1 (t — h(t))
2o(t) = e 'mo(t) + e "o (t — h(t))
z(t) = [1(t), p2(t)], t€[-0.25,0]
where
h(t) =0.25sin’t, r=1, d=2, ~=1.
‘We have
—0.5 — 1.625¢* — 3e~* 1
A= t ,
-1 —0.5 — 1.625e* — 3e

1
po (0 N, g (0
sint 0 0 1
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et 0 1 0
By = L C1=Co = .
! (0 0.5) T (0 e_t>

We can find that RDE (7) has a solution

et —1 0
P(t) = >0
®) ( 0 et—1>_

and the condition (8) is satisfied with

1
77—40, T—80, Cl—l7 62—50, R=1.

By Theorem 1 the system is robustly finite-time stabilizable
w.r.t (1,50,100, I) and the state feedback controller is

i (t) = —e'n(t)
(1+1) (1 + \/(91: O a:g(t)>
uz(t) = 2:‘”2 2 ., te0,80].
1+ \/(91e+ 20+ 23(0)

Fig. 1 shows the trajectories of z(t)T Rz(t) of the closed-loop
system with the initial conditions ¢(t) = [0.9, 0.4].

1.4 T T T
— x("Rx(?)
——¢=1,¢,=50]]

0.6r x(6)"Rx(1) b

3
Time (s)

Fig.1 Trajectories of z(t)TQz(t) of system (1)

Example 2. Consider a linear autonomous system with
bounded control described by

t)

11’1( —5%1(15) + Iﬂz(t — h(t)) + wl(t)
a(t) = —5.87525 () + 21(t — h(£)) + u(t) + wa(t)
t) = 0.5z1(t) + 0.5z1(t — h(t))

(t)
2(t) = 0.522(t) + 0.522(t — h(t))

)

I

1

N

z(t) = [p1(t), p2(t)], t€[-0.25,0]
where
h(t) =0.25sin’t, r=d=~=1
‘We have

1 0 1
05 0
CL=Ch = .
tee (0 0.5)

Note that the control system [A, B] is uncontrollable, but
we can find that the algebraic Riccati equations (ARE) (19)

has a solution
1 0
P = >0
0 2

and the condition (20) is satisfied with

1
n=_., ca=1 c=588 R=1I

50

By Corollary 1, the system is robustly finite-time stabiliz-
able w.r.t (1,58,100,7), and the state feedback controller
is

T = 100,

2%2 (t)
u(t) = ,
®) 14 2|z2(t)|
Fig. 2 shows the trajectories of z(t)T Rz (t) of the closed-loop
system with the initial conditions ¢(t) = [0.7, —0.7].

t € [0,100].

1.0 T T T T
== x(0)'Rx(1)
- = -¢=1,¢,=58]]

091

0.81

0.71

|
|
|
|
1
0.6f ! 1
0.4} '.
03f |
02f ]

01f ! 1

00 B é 4L g % 10
Time (s)
Fig.2 Trajectories of z(¢t)TQz(t) of system (12)
Example 3. Consider the following linear system with
constant delay:
= 21‘1(t) + x2 (t) + 0.5z1 (t — 2) —+ uq (t) —+ wq (t)
= —:El(t) + l’z(t) —+ l’z(t — 2) —+ 0.5UQ(t) —+ 'U.]Q(t)
(t) () + a1t —2)
ZQ(t) = 0.5x2 (t) + Iﬂz(t — 2)
l‘(t) = [301(t)7§02(t)}, te [_270]
where h =2,d=2,r = 1,7 = 2. We have

A_(? 1>’D_<0.5 0)
11 0 1
A N

0 05 0 1
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We can find that the LMI (20) has a solution

1 0
P = >0
0 0
and the condition (20) is satisfied with

T=80, n= c1=1, c2=50, R=1I.
By Corollary 2, the system is robustly finite-time stabiliz-

able w.r.t (1,50, 80, ) and the state feedback controller is
2

z1(t)

t) =

= ey

UQ(t) = 0.

t € [0,80]

5 Conclusions

In this paper, the problem of finite-time stabilization
and Ho control for linear time-varying delay systems with
bounded control has been studied. Different from the ex-
isting results, we have obtained new sufficient conditions
for the finite-time stabilization and finite-time Ho, control
problem via nonlinear feedback controller u(t) = g(z(t)).
The solution of the Ho control problem can be efficiently
solved by means of Riccati differential equations. Appli-
cations to finite-time H. control to a class of linear au-
tonomous systems with delays have been presented in this
paper. Our paper raises certain questions that are impor-
tant from the point of view of the bounded stabilization
theory, in particular the construction of output feedback
controllers u(t) = g(z(t)) satisfying condition (3).
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