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Abstract: This paper studies the fault tolerant control, adaptive approach, for linear time-invariant two-time-scale and three-time-

scale singularly perturbed systems in presence of actuator faults and external disturbances. First, the full order system will be

controlled using ε-dependent control law. The corresponding Lyapunov equation is ill-conditioned due to the presence of slow and

fast phenomena. Secondly, a time-scale decomposition of the Lyapunov equation is carried out using singular perturbation method to

avoid the numerical stiffness. A composite control law based on local controllers of the slow and fast subsystems is also used to make

the control law ε-independent. The designed fault tolerant control guarantees the robust stability of the global closed-loop singularly

perturbed system despite loss of effectiveness of actuators. The stability is proved based on the Lyapunov stability theory in the case

where the singular perturbation parameter is sufficiently small. A numerical example is provided to illustrate the proposed method.
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1 Introduction

Systems containing dynamics which operate on two or

more time-scales are called singularly perturbed systems.

Such systems are constituted of multiple subsystems and

distinguished by the presence of slow and fast dynamics

and weak and strong interconnections between state vari-

ables. A system represented in explicit singularly perturbed

form is characterized by the presence of a small parameter

ε appearing as a multiplier to the derivative of the “fast”

variables. Many research results in singularly perturbed

systems exhibit that the two time-scale analysis concept is

a useful method for large-scale systems. This approach is

both achievable and easy to apply to decompose a system

into two smaller order subsystems, reducing the complexity

of the filtering, stability analysis or control problem. The

singularly perturbed systems are widely used in control en-

gineering due to their ability to model multi-time scale sys-

tems like power system dynamics, chemical reactors and

similar large scale processes. They are characterized by the

presence of small positive parameter called singular pertur-

bation parameter. If the parameters are of the same order

of magnitude, the system is considered as a two time scales

singularly perturbed system. If they have different orders of

magnitude, the system gets three-time or multi-time scale

structure. The multi-modeling singularly perturbed sys-
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tems are a specific structure of multiple time scales and

parameters singularly perturbed systems. They describe

dynamics of several real physical systems like power sys-

tems and appear in some dynamic models of physical as

well as biochemical systems. It generally results from the

presence of small parameters in various physical systems

like machine reactance in power systems, wire inductance

and capacitance in electronic control systems. The multi-

modeling problems appear in large-scale dynamic systems.

The presence of high dimensionality and ill-conditioning in

such systems, gives rise to difficulties in their fault diagno-

sis and control. These problems are considerably simplified

if a decomposition of fast and slow dynamics is carried out.

The time scales separation is realized through the singu-

lar perturbation method by setting the singular perturba-

tion parameter to zero, or using a variable transformation,

known as Chang′s transformation, yielding a bloc diago-

nal form of the full order system[1−4]. The complexity of

the singularly perturbed systems makes them susceptible

to faults being able to affect actuators, sensors, the process

itself, or the controller. Such faults cause undesired or intol-

erable behavior of the process. The increasing requirement

to ensure higher system performance, product quality and

process safety needs the fault detection, diagnosis and man-

agement. The fault detection is the step to observe that a

fault arises, early fault detection allows precious warning on

emerging problems in order to avoid serious process dam-

ages. Fault diagnosis is aimed to determine the cause and

the location of the fault. This step is necessary to the reduc-

tion or elimination of the fault effect. The main part of the

model based fault diagnosis scheme is a process model run-
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ning parallel to the real process. The comparison between

outputs of the real process and the corresponding mathe-

matical model makes it possible, using a signal called resid-

ual, to detect the presence of defects. Most systems operate

in a feedback form, where defects may be worsened by the

closed-loop control systems and can develop into malfunc-

tion of the loop. The closed-loop control action may hide a

fault from being observed, which will easily cause produc-

tion to stop or system malfunction at a plant level. There-

fore, the fault management is an important field. It serves

to avoid system failures and process breakdown by early

detection of fault occurrence. If process dysfunction cannot

be avoided, hardware redundancy is used to treat failures

mostly in critical cases. This approach consists to provide

multiple components that accomplish the same function.

When any process constituent fails, the damaged part will

be replaced by the redundant healthy components. Nev-

ertheless, this solution is expensive and requires to much

space in the process. It can not be applied to each el-

ement of the system. In such situations, it is necessary

to design an adequate control scheme, called fault-tolerant

control, to guarantee system stability even in faulty case.

Fault tolerant control (FTC) contributes to increase human

and system safety and efficiency, it is a way for increas-

ing the reliability of a controlled dynamical system that is

subject to faults which can affect the system, the actua-

tors, the sensors or the controllers. Reconfigurable control

modifies the control law after the faults occurrence in real

time and without human interaction so that the reconfig-

ured closed-loop system continues to achieve its mission and

to avoid process shut-down. The aim of fault-tolerant con-

trol is to ensure the specified performance of a system in

faulty case and to overcome the limitation of conventional

feedback control[5−7]. Most of the fault-tolerant design ap-

proaches can be classified into two main classes, namely

passive approaches[8−10] and active approaches[11, 12]. In

active fault-tolerant control methods, the principle is to use

a fault diagnosis block in the control system to detect the

failure occurrence and to make available the information

about system faults in order to exploit such information

in the controller conception. Active fault tolerant control

scheme is achievable in two steps. The first one is the fault

detection and isolation procedure which goal is to detect

the presence of fault and to recognize the faulty part in the

process, whereas the second step is to compensate the fault

effect through the fault accommodation module using the

information provided by the fault detection and isolation

part. In the faulty case, a reconfiguration system modifies

the structure and/or the parameters of the feedback control

system. Consequently, a new set of control parameters is

determined such that the faulty system reaches the nominal

system performance. In contrast, in the passive approach, a

fixed parameter controller is designed to maintain (at least)

stability if a fault occurs in the system, the controller struc-

ture remains unchanged for both normal and faulty cases.

This approach, also called reliable control, uses usually ro-

bust control techniques to ensure that a closed-loop sys-

tem remains insensitive to a priori known faults without

the need for system reconfiguration and fault detection, the

treated faults are considered as specific class of disturbance

or uncertainties[6, 13]. Several approaches have been devel-

oped to design fault tolerant controller in order to guar-

antee closed-loop stability not only when all control com-

ponents are operational, but also under various component

faults. Veillette[8] used a Riccati equation based method to

elaborate a state-feedback controller, which could tolerate

the outage within a selected subset of actuators while pre-

serving the stability and the known quadratic performance

bound. Yang et al.[9, 14] and Veillette et al.[15] proposed a

controller that could ensure locally asymptotic stability and

H∞ performance even in presence of faults. Tellili et al.[16]

proposed a reliable H∞ controller for linear time-invariant

multi-parameter singularly perturbed system against sensor

failures. The global controller is then simplified to three re-

duced reliable H∞ sub-controllers based on the slow and

fast problems through the manipulation of the algebraic

Riccati equations. However, the passive methods have a

limited fault tolerant capability. On the contrary, an ac-

tive fault-tolerant control system can compensate for de-

fects either by selecting a precomputed control law or by

generating a new control strategy online. Another typi-

cal technique for fault compensation is based on adaptive

method (see [17 – 20]). Several authors were interested in

this subject. Ye and Yang[11] established an adaptive recon-

figurable control law by actuator defects with application

to flight control. Chandler et al.[21] and Smith et al.[22]

have developed system identification schemes appropriate

to adaptive and reconfigurable control. The results are ap-

plied in flight control systems. Tao et al.[18, 23] have focused

on adaptive fault tolerant control laws based on model ref-

erence tracking. Jin and Yang[24] develop a direct adaptive

state feedback control schemes on the basis of Lyapunov

stability theory. The resulting closed-loop system is then

asymptotically stable in the presence of actuator faults and

external disturbances. The result is extended and improved

in [25]. Wang et al.[26] used an adaptive output feedback

control to compensate actuator fault including outage, loss

of effectiveness and stuck. For the singularly perturbed sys-

tems, Ioannou and Kokotovic[27] developed reduced order

adaptive controller for interconnected two-time scale singu-

larly perturbed systems to ensure stability in the presence

of disturbances and unmodeled interconnections, whereas,

Shao and Sawan[4] studied the robust stabilization prob-

lem of a linear time-invariant singularly perturbed system

with nonlinear uncertainties. In both cases, faulty actua-

tors or sensors are not considered. The main goal of this

paper is to design an adaptive fault tolerant control law for

singularly perturbed systems in presence of external dis-

turbances and actuator faults characterized by a loss of ef-

fectiveness. The concerned systems are two-time-scale and

three-time-scale, also called multi-modeling structure, sin-

gularly perturbed systems. This work is an extension of

Jin′s results presented in [24] to the fault tolerant control

of singularly perturbed systems with actuator faults. The
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outline of this paper is as follows. Section 2 describes the

problem formulation, the control objectives and the plant

model. In Section 3, the adaptive laws are developed to

update the controller parameters in presence of actuator

faults and external disturbances. Section 4 treats the sta-

bility analysis after controller simplification. The results de-

veloped for two-time-scale perturbed systems are extended,

in Section 5, to multi-modeling structure. A numerical ex-

ample and simulation results are given in Section 6. The

conclusion is then presented in the last section.

2 System description and problem for-

mulation

The considered system is a two-time scale singularly per-

turbed system under external disturbances:[
ẋ(t)

ε ż(t)

]
=

[
A11 A12

A21 A22

] [
x(t)

z(t)

]
+

[
B1x

B1z

]
w(t)+

[
B2x

B2z

]
u(t) (1)

where x ∈ Rn1 and z ∈ Rn2 are state vectors, u ∈ Rm is

the control vector, w ∈ Rq models piecewise continu-

ous bounded external disturbances acting on the system

and verifying ‖w‖ ≤ w with w is unknown positive con-

stant. A11 ∈ Rn1xn1, A12 ∈ Rn1xn2, A21 ∈ Rn2xn1,

A22 ∈ Rn2xn2, B1x ∈ Rn1xq , B2x ∈ Rn1xm, B1z ∈ Rn2xq ,

and B2z ∈ Rn2xm are constant matrices. A22 is assumed

to be nonsingular (standard singularly perturbed system).

The parameter ε, called singular perturbation parameter,

is a positive scalar taking values between 0 and 1. Denote

throughout the paper: Bi =
[

BT
ix BT

iz

]T

for i = 1, 2

and ‖(·)‖ is the Euclidian norm of (·).
According to the time-scale property of the singularly

perturbed system, the slow and the fast subsystems related

to the full-order system (1) can be derived by introduc-

ing a change of coordinates in which the system appears in

block-triangular forms or by using the singular perturbation

method which formally sets the singular perturbation pa-

rameter ε to zero (see [1, 28]). The second approach will be

used in this paper. To define the slow subsystem, the fast

dynamics will be neglected, which is equivalent to suppose

that ε = 0. The resulting equation for the fast variables is

0 = A21xs + A22zs + B1xws + B2xus. (2)

In the case of standard singularly perturbed systems, A22

is supposed to be nonsingular and the slow part of the sec-

ond state can be expressed as

zs = −A−1
22 A21xs − A−1

22 B1xws − A−1
22 B2xus. (3)

So, the slow subsystem is obtained as

ẋs = Asxs + B1sws + B2sus (4)

where As = A11 −A12A
−1
22 A21, Bis = Bix −A12A

−1
22 Biz for

i = 1, 2. xs, us and ws are respectively, the slow parts of

the states, the control input u, and the disturbance input

w. If (As, B2s) is stabilizable, then there exists a symmetric

and positive definite matrix Ps satisfying the following slow

Lyapunov equation

(As + B2sKs)
T Ps + Ps (As + B2sKs) = −Qs (5)

with Qs as any given positive definite symmetric matrix and

Ks as the slow controller gain stabilizing the pair (As, B2s)

such that us = Ksxs. The closed-loop slow subsystem is

then defined by

ẋs = (As + B2sKs) xs + B1sws. (6)

Using the following approximations As = A11, B1s =

B1x and B2s = B2x (see [29, 30]), the slow subsystem (4),

the slow Lyapunov equation (5) and the closed-loop slow

subsystem (6) can be approached respectively, by (7) – (9):

ẋs = A11xs + B1xws + B2xus (7)

(A11 + B2xKs)
T Ps + Ps (A11 + B2xKs) = −Qs (8)

ẋs = (A11 + B2xKs)xs + B1xws. (9)

The fast subsystem is described by

ε żf = A22zf + B1zwf + B2zuf (10)

where zf , uf and wf are respectively, the fast parts of the

states, the control input u and the disturbance input w.

The fast subsystem can also be expressed in the stretching

(fast) time scale
t

ε
by

żf = A22zf + B1zwf + B2zuf . (11)

Assuming that (A22, B2z) is stabilizable, there exists a

symmetric and positive definite matrix Pf satisfying the

following fast Lyapunov equation,

(A22 + B2zKf )T Pf + Pf (A22 + B2zKf ) = −Qf (12)

with Qf as any given positive definite symmetric matrix and

Kf as the fast controller gain stabilizing the pair (A22, B2z)

such that uf = Kfzf . The closed-loop fast subsystem is

then defined by

żf = (A22 + B2zKf ) zf + B1zwf . (13)

The considered actuator faults in this paper include loss

of actuator efficiency. For the control ui, i = 1, · · · , m, let

uf
i be the signal generated by the i-th actuator that has

failed. Consequently, the actuator failure model is as

uf
i (t) = ρi ui(t) (14)

where ρi represents the actuator efficiency factor and veri-

fies 0 ≤ ρ
i
≤ ρi ≤ ρi ≤ 1. ρ

i
and ρi denote the known lower

and upper bounds of ρi, respectively. The case ρ
i
= ρi = 0

indicates the outage of the actuator i. ρ
i

> 0 corresponds

to the case of partial failure of ui. If ρ
i
= ρi = 1, then we
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have uf
i (t) = ui(t), which corresponds to the case of no

failure. Denoting ρ = diag(ρi), i = 1, · · · , m, the uniform

actuator fault model becomes

uf (t) = ρ u(t). (15)

The assumption that the control signals and disturbances

use identical channels, which is satisfied for many systems to

solve robust control problems (see [24, 26]), leads to suppose

that B1x = B2x F and B1z = B2z F , where F is a matrix

with appropriate dimension.

3 Adaptive fault tolerant controller de-

sign

In this section, adaptive laws will be developed to update

the controller parameters in presence of actuator faults and

external disturbances in order to guarantee the asymptotic

stability of the closed-loop system via state feedback.

3.1 The full-order problem

Introduce the following notations

X(t) =

[
x(t)

z(t)

]
, A(ε) =

[
A11 A12

ε−1 A21 ε−1 A22

]

Bi(ε) =
[

Bixε−1 Biz

]
, for i = 1, 2.

System (1) can be rewritten as

Ẋ(t) = A(ε)X(t) + B1(ε)w(t) + B2(ε)u(t). (16)

Considering the actuator fault model (15) and the as-

sumption held for the disturbances, system (16) becomes

Ẋ(t) = A(ε)X(t) + B2(ε)F w(t) + B2(ε) ρ u(t). (17)

The proposed controller model to stabilize the system

(16) is given by

u(t) = K1(t) X(t) + K2(t) (18)

where K1 is chosen such that (A(ε) + B2(ε)K1) is Hurwitz

and K2(t) is designed using the following update law

K2(t) = − β BT
2 (ε)P (ε)X

α ‖BT
2 (ε)P (ε)X‖ (k̂3(t) + ‖K1X‖) (19)

where α and β are suitable positive constants satisfying (see

[24 – 26])

α
∥∥∥BT

2 (ε)P (ε)X
∥∥∥2

≤ β
∥∥∥BT

2 (ε)P (ε)X
√

ρ
∥∥∥2

. (20)

And k̂3 is updated using the following adaptive law

dk̂3(t)

dt
= ε γ

∥∥∥XTP (ε)B2(ε)
∥∥∥ (21)

where γ is an appropriate positive constant and ε is the

singular perturbation parameter. Let k̃3(t) = k̂3(t) − k3,

then the update law (21) can be expressed as ˙̃k3(t) =

ε γ
∥∥XTP (ε)B2(ε)

∥∥.

The constant k3 is involved in the inequality (27) which

will be used later to bound the disturbance.

To solve the fault tolerant control problem (17),

Theorem 1 is proposed,

Theorem 1. Consider the system described by (16).

Suppose that

1) There exists a singular perturbation parameter ε∗ > 0

such that (A(ε), B2(ε)) is stabilizable for all ε ∈ [0, ε∗].

2) For any given positive definite symmetric matrix Q,

there exists a symmetric and positive definite matrix P (ε)

satisfying the following Lyapunov equation

(A(ε) + B2(ε)K1)
T P (ε) +

P (ε) (A(ε) + B2(ε) K1) = −Q. (22)

3) K1 is chosen such that (A(ε) + B2(ε)K1) is Hurwitz.

There exists ε∗ > 0 such that for every ε ∈ ]0, ε∗], the

controller described by (18), with the adaptive laws (19) and

(21) and the controller gain K1, stabilize asymptotically the

system (16) subject to actuator fault (15).

Proof. In the light of equations (17) and (18), the closed-

loop fault tolerant control system becomes

Ẋ(t) = A(ε)X(t) + B2(ε)F w(t)+

B2(ε) ρ K1 X(t) + B2(ε) ρ K2(t) (23)

which can be expressed as

Ẋ(t) = (A(ε) + B2(ε)K1) X(t) + B2(ε)F w(t)+

B2(ε) (ρ − I)K1 X(t) + B2(ε) ρ K2(t). (24)

For the above mentioned closed-loop system, a Lyapunov

function candidate is defined as

V (ε) = XTP (ε)X + ε−1 γ−1 k̃
2
3 > 0. (25)

Then, according to (24) and the above mentioned as-

sumptions (about the disturbances and the Lyapunov func-

tion), the time derivative of V (ε) for t > 0 is

V̇ (ε) = XT[(A(ε) + B2(ε) K1)
T P (ε)+

P (ε) (A(ε) + B2(ε)K1)] X + 2 ε−1γ−1k̃3
˙̃
k3+

2XTP (ε)B2(ε) ρ K2 + 2 XTP (ε)B2(ε)F w+

2XTP (ε)B2(ε) (ρ − I)K1X. (26)

Since w is unknown bounded constant, there exists a con-

stant k3 such that (see [24])

∥∥∥XTP (ε)B2(ε)
∥∥∥ ‖F‖ w̄ ≤∥∥∥XTP (ε)B2(ε)

∥∥∥ k3. (27)
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It can be shown that (see [25])

XTP (ε)B2(ε) (ρ − I)K1X ≤
‖K1X‖

∥∥∥XTP (ε)B2(ε)
∥∥∥ . (28)

Using the update law (19) and the expressions (20) and

(22), (24) can be rewritten as

V̇ (ε) ≤ −2XTQ X + 2
∥∥∥XTP (ε)B2(ε)

∥∥∥ k3+

2 ‖K1X‖
∥∥∥XTP (ε)B2(ε)

∥∥∥−

2 β
XTP (ε)B2(ε) ρ BT

2 (ε)P (ε)X

α ‖BT
2 (ε)P (ε)X‖ (k̂3(t)+

‖K1X‖) + 2 ε−1 γ−1k̃3
˙̃k3. (29)

Therefore, from (20) it holds that

XTP (ε)B2(ε) ρ BT
2 (ε)P (ε)X ≥

α

β

∥∥∥XTP (ε)B2(ε)
∥∥∥2

. (30)

This leads to

V̇ (ε) ≤ −2XTQ X + 2
∥∥∥XTP (ε)B2(ε)

∥∥∥ k3+

2 ‖K1X‖
∥∥∥XTP (ε)B2(ε)

∥∥∥−

2
∥∥∥XTP (ε)B2(ε)

∥∥∥ (k̂3(t) + ‖K1X‖)+

2 ε−1 γ−1k̃3
˙̃k3. (31)

Using the adaptation law (21), it is easy to see that

V̇ (ε) ≤ 0, which guarantees the asymptotic stability of the

faulty closed-loop system for sufficiently small singular per-

turbation parameter ε. �

3.2 Controller simplification

It is well known that if both the slow subsystem and the

fast subsystem are stable, then there exists ε∗ > 0 such that

for every ε ∈ [0, ε∗], the full-order singularly perturbed

system (1) is stable[1, 4]. Thus, to stabilize the full-order

singularly perturbed system (1), it is adequate to stabilize

the reduced subsystems independently and then to design a

composite control law using the local feedback gains. That

means the feedback controller gain K1 can be designed us-

ing the slow and fast subsystems controllers Ks and Kf .

Let K1 be of the form K1 = [K11 K12], it is shown in

[4] that the composite controller element K11 is an O(ε)-

approximation of the slow controller gain Ks stabilizing the

slow subsystem (4) and K12 is an O(ε)-approximation of the

fast controller gain Kf stabilizing the fast subsystem (11).

The control law (19) is simplified by multiplying B2(ε) in

the numerator and denominator by ε and letting ε → 0, the

following form is then obtained

K2(t) = − β BT
2∗P (ε)X

α ‖BT
2∗P (ε)X‖ (k̂3(t) + ‖K1X‖) (32)

where BT
2∗ =

[
0 BT

2z

]
. Multiplying B2(ε) by ε in the

adaptive law (21) and letting ε → 0 yields the following

ε-independent form

dk̂3(t)

dt
= γ

∥∥∥XTP (ε)B2∗
∥∥∥ (33)

where B2z is the dominant part in B2 (ε) when ε → 0.

As mentioned in [25], to avoid discontinuity which can be

caused by the term
∥∥XTP (ε)B2∗

∥∥ in the case where X = 0,

it is sufficient to add a small constant in the denominator

of the control law (32).

3.3 Solving Lyapunov equation using re-
duced order models

The Lyapunov equation given by expression (22) is nu-

merically ill-conditioned due to the small positive singular

perturbation parameter ε which affects the coefficient ma-

trices. This numerical stiffness, attributed to the simul-

taneous occurrence of “slow” and “fast” phenomena (see

[31, 32]) is removed using the decomposition of the full-order

Lyapunov equation (22) into slow and fast subsystem com-

ponents. The structure of P (ε) is assumed to be of the

form

P (ε) =

[
P1 P2

PT
2 P3

]
. (34)

The solution P (ε) is ε-dependent, because (22) contains

ε−1-order matrices. Let Q(ε) be of the form

Q =

[
In1 0

0 ε−1In2

]
(35)

where In1 and In2 are identity matrices of dimension n1

and n2 respectively, and K1 = [K11 K12]. Substituting

P (ε) into Lyapunov equation (22) leads to the following

partitioned three equations

aT
11P1 + ε−1aT

21P
T
2 + P1 a11 + ε−1P2 a21 = −In1 (36)

ε−1aT
21P3 + aT

11P2 + P1 a12 + ε−1P2 a22 = 0 (37)

aT
12P2 + ε−1aT

22P3 + PT
2 a12 + ε−1P3 a22 = −ε−1In2 (38)

where a11 = A11 + B2x K11, a12 = A12 + B2x K12 , a21 =

A21 + B2z K11 and a22 = A22 + B2z K12.

By limiting solutions of equations (33 – 35) as ε → 0, the

following zero-order equations are obtained

aT
11P1 + P1 a11 = −In1 (39)

aT
21P3 + P2 a22 = 0 (40)

aT
22P3 + P3 a22 = −In2. (41)

Since K11 and K12 are approached respectively, by Ks

and Kf (see [4]), it is clear that equations (39) and (41) cor-

respond respectively, to the Lyapunov equations of the slow

subsystem approximation described by (7) and the fast sub-

system described by (11) of the singularly perturbed system

(1). Hence, P1 and P3 correspond respectively, to Ps which

is solution of slow Lyapunov equation (5) (approached by

(8)) and Pf which is solution of fast Lyapunov equation

(12). Since a22 is Hurwitz (see (11)), equation (41) can be
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solved for P3. Consequently, P2 can be obtained by solving

(40): P2 = −aT
21P3 a−1

22 . Finally, P (ε) can be approached

with P (ε) ≈
[

Ps P2

P T
2 Pf

]
where P2 ≈ −aT

21Pf a−1
22 .

4 Stability analysis after controller sim-

plification

The technique used to simplify the controller parameters

K1 and K2 is the singular perturbation method where the

principle is to set the singular perturbation parameter to

zero and to consider the dominant part. It is well known

that this technique preserves stability (see [1, 4, 29, 30]).

Additionally, the theoretical proof of the stability with

the simplified controller will be presented below.

4.1 Composite state-feedback control

To stabilize the full-order singularly perturbed system

(1) with a state-feedback control, it is sufficient to stabilize

the reduced subsystems independently and then to design

a composite control law using the local feedback gains Ks

and Kf provided that (As, Bs) and (Af , Bf ) are control-

lable and A−1
22 exists[1, 4]. The composite control is of the

following form:

u(t) = K1(t)X(t) =
[

K11 K12

] [
x

z

]
(42)

where K12 = Kf and K11 = (If + Kf A−1
22 B2) Ks +

Kf A−1
22 A21.

Thus, the simplified feedback controller conserves the sta-

bility of the full-order singularly perturbed system.

4.2 Stability analysis with the simplified
adaptive laws

The system equation is expressed as in (24) and the Lya-

punov function candidate is defined as

V∗(t) = XTP (ε)X + γ−1 k̃
2
3 > 0. (43)

Compared with the form in (25), the singular pertur-

bation parameter is omitted from the second term of the

expression. The assumptions (27) and (28) can be trans-

formed as follows.

There exists a singular perturbation parameter ε such

that ∥∥∥XTP (ε)B2(ε)
∥∥∥ ‖F‖ w̄ ≤

ε
∥∥∥XTP (ε)B2(ε)

∥∥∥ k3 (44)

and

XTP (ε)B2(ε) (ρ − I)K1X ≤
ε ‖K1X‖

∥∥∥XTP (ε)B2(ε)
∥∥∥ . (45)

The simplification of the expressions (44) and (45) us-

ing the same method employed in (32) and (33), yields the

following expressions

∥∥∥XTP (ε)B2(ε)
∥∥∥ ‖F‖ w̄ ≤∥∥∥XTP (ε)B2∗(ε)

∥∥∥ k3 (46)

and

XTP (ε)B2(ε) (ρ − I)K1X ≤
‖K1X‖

∥∥∥XTP (ε)B2∗(ε)
∥∥∥ . (47)

Using the simplified adaptive law (32) and the same as-

sumptions (46) and (47), the time derivative of V∗(t) for

t > 0 becomes

V̇∗(t) ≤ −2XTQ X + 2
∥∥∥XTP (ε)B2∗(ε)

∥∥∥ k3 +

2 ‖K1X‖
∥∥∥XTP (ε)B2∗(ε)

∥∥∥−

2 β
XTP (ε)B2(ε) ρ BT

2∗(ε)P (ε)X

α ‖BT
2∗(ε)P (ε)X‖ (k̂3(t)+

‖K1X‖) + 2 γ−1k̃3
˙̃
k3. (48)

From (20) and (30), it holds that

XTP (ε)B2(ε) ρ BT
2∗(ε)P (ε)X ≥

α

β

∥∥∥XTP (ε)B2(ε)
∥∥∥ ∥∥∥XTP (ε)B2∗(ε)

∥∥∥. (49)

This leads to

V̇∗(t) ≤ −2XTQ X + 2
∥∥∥XTP (ε)B2∗(ε)

∥∥∥ (k3+

‖K1X‖ − k̂3(t) − ‖K1X‖)+
2 γ−1k̃3

˙̃
k3. (50)

Knowing that k̃3 (t) = k̂3 (t) − k3 and considering the

simplified form (33), it is easy to see that V̇ (ε) ≤ 0, which

guarantees the asymptotic stability of the faulty closed-loop

system using the simplified gain K1 and the adaptive laws

(32) and (33).

5 Extension to multi-modeling struc-

tures

The multi-modeling structure (three time scales singu-

larly perturbed systems) was introduced to the control com-

munity by Khalil and Kokotovic[33]. This concept is defined

by a linear dynamic system that has one slow and two fast

subsystems. The fast subsystems are strongly connected

to the slow subsystem and weakly connected (or not con-

nected) among themselves[33−35].
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5.1 Modeling and reduction of the full or-
der system

The considered multi-modeling structure with distur-

bance input is defined by

⎡
⎢⎣ ẋ1

ε1 ẋ2

ε2 ẋ3

⎤
⎥⎦ =

⎡
⎢⎣

A1 A2 A3

A4 A5 ε3 A6

A7 ε3 A8 A9

⎤
⎥⎦

⎡
⎢⎣

x1

x2

x3

⎤
⎥⎦ + B1 w + B2 u (51)

where for i = 1, 2, Bi =

⎡
⎢⎣

Bi1

Bi2

Bi3

⎤
⎥⎦ and Ci =

[
Ci1 Ci2 Ci3

]
are matrices with appropriate dimen-

sions; x1 ∈ Rn1, x2 ∈ Rn2, x3 ∈ Rn3, u ∈ Rm, w ∈ Rp

and Y ∈ Rq are respectively, the slow state variables, the

fast state variables, the control input, the disturbance in-

put and the measured output; ε1 and ε2 are small pos-

itive singular perturbation parameters of the same order

of magnitude such that: 0 < k1 ≤ ε2
ε1

≤ k2 < ∞. ε3

is a small weak coupling parameter. In order to simplify

the considered model, without loss of generality, we assume

that the fast state variables are not connected among them-

selves, i.e., we set the weak coupling parameter ε3 to zero.

The multi-model singularly perturbed system is then trans-

formed as follows:

⎡
⎢⎣ ẋ1

ε1 ẋ2

ε2 ẋ3

⎤
⎥⎦ =

⎡
⎢⎣ A1 A2 A3

A4 A5 0

A7 0 A9

⎤
⎥⎦

⎡
⎢⎣ x1

x2

x3

⎤
⎥⎦ + B1 w + B2 u. (52)

The multi-model singularly perturbed system (52) can

be iteratively decomposed into slow and fast subsystems by

considering ε1 = 0 and ε2 = 0 respectively to give rise to an

overall reduced system, ε1-reduced system and ε2-reduced

systems in respective “stretched” time scales. Substituting

ε1 = 0, we obtain the reduced equation

0 = A7 x̄1 + A9 x̄3 + B13 w̄ + B23 ū (53)

where x̄1, x̄3, w̄ and ū denote the values of the respective

variables for the approximation ε2 = 0. The assumption

that A9 is non-singular, leads to the following expression

x̄3 = −A−1
9 A7 x̄1 − A−1

9 B13 w̄ − A−1
9 B23 ū. (54)

Thus, we get the ε2-reduced subsystem by substituting

the expression of x̄3 in the main system

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

ẋ1 = (A1 − A3 A−1
9 A7) x1 + A2 x2+

(B11 − A3 A−1
9 B13) w+

(B21 − A3 A−1
9 B23) u

ε1 ẋ2 = A4 x1 + A5 x2 + B12 w + B22 u.

(55)

The second stage of reduction is carried out by assuming

that A5 is non-singular. Then, the ε1-reduced subsystem

is obtained by letting ε1 → 0, the resulting subsystem is

known as the overall reduced subsystem or the slowest sub-

system

ẋs = As xs + B1s ws + B2s us (56)

where xs, us and ws are respectively, the slow parts of the

states, the control input u and the disturbance input w

and

As = A1 − A3 A−1
9 A7 − A2 A−1

5 A4

B1s = B11 − A3 A−1
9 B13 − A2 A−1

5 B12

B2s = B21 − A3 A−1
9 B23 − A2 A−1

5 B22.

The slowest subsystem provides an approximation of the

singularly perturbed system behavior.

With the following approximations used for H∞ control

of two time scales singularly perturbed system in [30, 36]:

As ≈ A1, B1s ≈ B11, and B2s ≈ B21, the slowest subsystem

(56) can be approached by the following subsystem:

ẋs = A1 xs + B11 ws + B21 us. (57)

The fast subsystems (FSS1 and FSS2) are defined in the

fast time scales by

ẋf1 = A5 xf1 + B12 wf1 + B22 uf1 (58)

ẋf2 = A9 xf2 + B13 wf2 + B23 uf2 (59)

where for i = 1, 2, xfi, ufi and wfi are respectively, the fast

part of the states, the control input u and the disturbance

input w.

Assuming that (As, B2s), (A5, B22) and (A9, B23) are sta-

bilizable, and taking into account the approximations of the

slow system matrices, there exist symmetric and positive

definite matrices Ps, Pf1 and Pf2 satisfying respectively,

the following one slow and two fast Lyapunov equations:

(A1 + B21 Ks)
T Ps + Ps (A1 + B21 Ks) = −Qs (60)

(A5 + B22 Kf1)
T Pf1 + Pf1 (A5 + B22 Kf1) = −Qf1 (61)

(A9 + B23 Kf2)
T Pf2 + Pf2 (A9 + B23 Kf2) = −Qf2 (62)

where Qs, Qf1 and Qf2 are any given positive definite sym-

metric matrices. Ks, Kf1 and Kf2 are controller gains

stabilizing respectively, the pairs (As, B2s), (A5, B22) and

(A9, B23). The controller gains Ks, Kf1 and Kf2 satisfy re-

spectively, the local control laws us = Ks xs, uf1 = Kf1 xf1

and uf2 = Kf2 xf2.
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5.2 Controller design

The full order problem in the multi-time-scale case is

similar to the two-time-scale case. It is sufficient to put the

(52) in the form (16). For that purpose, we consider the

following notations:

A(ε) =

⎡
⎢⎣ A1 A2 A3

ε−1
1 A4

ε−1
2 A7

ε−1
1 A5 0

0 ε−1
2 A9

⎤
⎥⎦

Bi(ε) =

⎡
⎢⎣ Bi1

ε−1
1 Bi2

ε−1
2 Bi3

⎤
⎥⎦, for i = 1, 2 and X =

⎡
⎢⎣ x1

x2

x3

⎤
⎥⎦.

Consequently, the system (52) can be rewritten as

Ẋ = A(ε) X + B1(ε)w + B2(ε)u. (63)

This form is similar to (16). For the same fault model

(15) and the control law (18), Theorem 1 is then valid in

this case. In the proof, the parameter ε can take the value

ε1 or ε2 where ε1 ∈ ]0, ε∗1] and ε2 ∈ ]0, ε∗2].

5.3 Controller simplification

The same control law (18) is considered. The con-

troller gain K1 will be designed using composite control

which takes the following form in the case of vanishing

disturbance[37]:

u(t)composite = us(t) + uf1(t) + uf2(t) =

Ks xs(t) + Kf1 xf1(t) + Kf2 xf2(t) =

K1 X(t) =
[

g1 g2 g3

] ⎡
⎢⎣ x1(t)

x2(t)

x3(t)

⎤
⎥⎦.

(64)

The local control laws us(t), uf1(t) and uf2(t) are sepa-

rately designed for respectively, the slow, the first fast and

the second fast subsystems, see Section 5.1. Nevertheless, a

realizable composite control must be expressed in terms of

the full order system states x1, x2 and x3. Thereafter, g1,

g2 and g3 should be expressed as a function of Ks, Kf1 and

Kf2. This can be obtained by substituting xs by x1, xf1 by

x2 − x̃2 and xf2 by x3 − x̂3, where x̃2 and x̂3 denote the

variables corresponding respectively to the approximations

ε1 = 0 and ε2 = 0. This leads to the following composite

control law:

u(t)composite = Ks x1(t)+

Kf1 [x2(t) + A−1
5 (A4 + B22 Ks )x1(t)]+

Kf2 [x3(t) + A−1
9 (A7 + B23 Ks )x1(t)]. (65)

Equation (65) can be rearranged as follows:

u(t)composite = [Ks + Kf1 A−1
5 (A4 + B22 Ks ) +

Kf2 A−1
9 (A7 + B23 Ks )] x1(t) +

Kf1 x2(t) + Kf2 x3(t) (66)

where g2 = Kf1, g3 = Kf2 and g1 = Ks + Kf1 A−1
5 (A4 +

B22 Ks ) + Kf2 A−1
9 (A7 + B23 Ks ).

Thus, the controller gain K1 of the control law (18) can

be designed using the local gains Ks, Kf1 and Kf2 which

are derived based on slow and fast subsystem performance

specifications. The second term of the control law (18) de-

pends on the matrix P (ε). However, the presence of time

scales in the dynamics of the singularly perturbed system

(63) causes ill-conditioning. Subsequently, it is difficult to

determine P (ε) directly from (22) in the multi-modeling

case. In order to obviate this problem, the singular pertur-

bation approach will be applied on the full-order Lyapunov

equation (22). Thus, the slow and fast subsystem compo-

nents will be used. Consider P (ε) and Q(ε) of the form:

P (ε) =

⎡
⎢⎣ P1 P2 P3

PT
2 P4 P5

PT
3 PT

5 P6

⎤
⎥⎦ (67)

and

Q(ε) =

⎡
⎢⎣ In1 0 0

0 ε−1
1 In2 0

0 0 ε−1
2 In3

⎤
⎥⎦ (68)

where Ini, i = 1, 2, 3 is identity matrix. Expanding the full-

order Lyapunov equation (22) in the multi-modeling case,

we obtain the following main equations (diagonal terms of

the expanded form):

aT
1 P1 + ε−1

1 aT
4 P T

2 + ε−1
2 aT

7 PT
3 +

P1 a1 + ε−1
1 P2 a4 + ε−1

2 P3 a7 = −In1 (69)

aT
2 P2 + ε−1

1 aT
5 P4 + ε−1

2 aT
8 PT

5 +

PT
2 a2 + ε−1

1 P4 a5 + ε−1
2 P5 a8 = −ε−1

1 In2 (70)

aT
3 P3 + ε−1

1 aT
6 P5 + ε−1

2 aT
9 P6+

PT
3 a3 + ε−1

1 PT
5 a6 + ε−1

2 P6 a9 = −ε−1
2 In3 (71)

where a1 = A1+B21 g1, a2 = A2+B21 g2, a3 = A3+B21 g3,

a4 = A4 + B22 g1, a5 = A5 + B22 g2, a6 = B22 g3, a7 =

A7 + B23 g1, a8 = B23 g2 and a9 = A9 + B23 g3.

Multiplying equations (69) by the singular perturbation

parameter ε1 and letting ε1 → 0, then multiplying the same

equations by ε2 and letting ε2 → 0 leads respectively to

P2 = 0 and P3 = 0, which reduces equation (69) to

aT
1 P1 + P1 a1 = −In1. (72)

Multiplying equations (70) by ε1 and (71) by ε2 and let-

ting respectively, ε1 → 0 and ε2 → 0 generate the following

zero-order equations:

aT
5 P4 + P4 a5 = −In2 (73)

aT
9 P6 + P6 a9 = −In3. (74)

Considering the approximations g1 = Ks, g2 = Kf1 and

g3 = Kf2 (used for two-time-scale singularly perturbed

systems in [4]), and setting Qs = In1, Qf1 = In2 and

Qf2 = In3 leads respectively, to the Lyapunov equations

of the slowest subsystem approximation described by (60),
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the fast subsystem (FSS1) described by (61) and the fast

subsystem (FSS2) described by (62) of the singularly per-

turbed system (52). Hence, P1, P4 and P6 correspond re-

spectively to Ps, Pf1 and Pf2. Finally, P (ε) can be ap-

proached with P (ε) ≈

⎡
⎢⎣ Ps 0 0

0 Pf1 0

0 0 Pf2

⎤
⎥⎦. Thereby, the

slow and fast subsystems of the full order singularly per-

turbed system will be used, for small singular perturbation

parameters εi, to approximate the Lyapunov matrix P (ε),

by solving three smaller order problems. This approach

avoids the ill-conditioning due to the presence of slow and

fast phenomena.

6 Example of application

To illustrate the effectiveness of the proposed method, a

numerical example is given below. The state space repre-

sentation described by (1) is considered with the following

system matrices

A11 =

[
−5 0.2

−0.5 6

]
, A12 =

[
0 0.1

−1 1

]

A21 =

[
−9 −8

0.3 0.1

]
, A22 =

[
−7 1

−0.5 −6

]

B2 = B1 =

⎡
⎢⎢⎢⎣

1 1.55

1 −0.5

0.9 0.8

0.2 0.11

⎤
⎥⎥⎥⎦,w =

[
0.01 sin(5 t)

0.5

]
.

The considered actuator fault is a 10% loss of effective-

ness in the first actuator and 50% in the second actuator,

i.e., ρ = diag(0.9, 0.5). The system operates normally until

the time instant t =100 s. From that moment, the actuators

are attacked by the above mentioned faults. After check-

ing that the pairs (As, Bs) and (Af , Bf ) are each control-

lable and A−1
22 exists, the slow gain Ks =

[
2.24 13.5

1.78 −8.58

]

and the fast gain Kf =

[
−48.03 312.9

82.78 −350.8

]
are de-

signed to assign the eigenvalue pairs (–10, –9) and (–

30, –31) to the closed loop slow and fast subsystems re-

spectively. This leads to the first composite control gain

K1 =

[
−109.05 −80.07

160.5 124.06

]
. The control design parame-

ters are chosen as γ = diag(10, 10, 10, 10) and β
α

= 5. By

setting the initial values X0 = [0.2, 0.03, 0.02, 0.01]T and

ε = 0.05, the simulation results in presence of actuator fault

and external disturbances are given in Figs. 1–3. The first

one represents the states responses and depicts that the

closed-loop fault tolerant control system becomes asymp-

totically stable in the presence of actuators faults and ex-

ternal disturbances. It is clear in Fig. 2 that the gain k̂3(t)

reacts instantly further to fault occurrence. Fig. 3 shows

the trajectory of the controller K(t).

Fig. 1 States trajectories in the faulty case

Fig. 2 Controller gain k̂3(t) in the faulty case

Fig. 3 Controller K in the faulty case

7 Conclusions

This paper presented an adaptive reconfigurable control

for linear time-invariant two-time-scale and three-time-scale

singularly perturbed system subject to actuator faults and

external disturbances. The adopted actuator fault model

covers the cases of normal operation and loss of effective-

ness. The controller designed for the full-order model is
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ε-dependent. The first part is simplified using a compos-

ite controller based on local controllers stabilizing slow and

fast subsystems. The second part is designed through adap-

tive laws, where the corresponding Lyapunov equation is

ill-conditioned caused by the presence of different dynam-

ics. In the two-time-scale singularly perturbed system case

and the multi-modeling case, the numerical stiffness of the

Lyapunov equation is avoided using singular perturbation

method, where the Lyapunov matrix P (ε) is expressed uti-

lizing the solutions of slow and fast Lyapunov equations.

The adaptive fault tolerant controller yields the required

stability properties for the global singularly perturbed sys-

tem not only in the fault-free case, but also in the presence

of actuator faults and disturbances. The assessment of the

upper bound of singular perturbation parameter ε remains

an interesting theme of research perspective.

References

[1] P. Y. Kokotovic, H. K. Khalil, J. O′Reilly. Singular Per-
turbation Methods in Control-analysis and Design, USA:
Academic Press, 1999.

[2] H. K. Khalil. Output feedback control of linear two-time-
scale systems. IEEE Transactions on Automatic Control,
vol. 32, no. 9, pp. 784–792, 1987.

[3] Z. Gajic, M. Lim. Optimal Control of Singularly Perturbed
Linear Systems and Applications, New York, USA: Marcel
Dekker, 2001.

[4] Z. H. Shao, M. E. Sawan. Stabilization of uncertain singu-
larly perturbed systems. IEE Proceedings: Control Theory
and Applications, vol. 153, no. 1, pp. 99–103, 2006.

[5] R. J. Patton. Fault-tolerant control systems: The 1997 situ-
ation. In Proceedings of the 3rd IFAC Symposium on Fault
Detection Supervision and Safety for Technical Processes,
Kingston Upon Hull, UK, vol. 2, pp. 1033–1055, 1997.

[6] H. Noura, D. Sauter, F. Hamelin, D. Theilliot. Fault toler-
ant control in dynamic systems: Application to a winding
machine. IEEE Control Systems Magazine, vol. 20, no. 1,
pp. 33–49, 2000.

[7] M. Y. Zhao, H. P. Liu, Z. J. Li, D. H. Sun. Fault toler-
ant control for networked control systems with packet loss
and time delay. International Journal of Automation and
Computing, vol. 8, no. 2, pp. 244–253, 2011.

[8] R. J. Veillette. Reliable linear-quadratic state-feedback con-
trol. Automatica, vol. 31, no. 1, pp. 137–143, 1995.

[9] G. H. Yang, S. Y. Zhang, J. Lam, J. L. Wang. Reliable
control using redundant controllers. IEEE Transactions on
Automatic Control, vol. 43, no. 11, pp. 1588–1593, 1998.

[10] R. Wang, G. Jin, J. Zhao. Robust fault-tolerant control for a
class of switched nonlinear systems in lower triangular form.
Asian Journal of Control, vol. 9, no. 1, pp. 68–72, 2007.

[11] D. Ye, G. H. Yang. Adaptive fault-tolerant tracking control
against actuator faults with application to flight control.

IEEE Transactions on Control Systems Technology, vol. 14,
no. 6, pp. 1088–1096, 2006.

[12] M. L. Corradini, G. Orlando. Actuator failure identification
and compensation through sliding modes. IEEE Transac-
tions on Control Systems Technology, vol. 15, no. 1, pp. 184–
190, 2007.

[13] J. Stoustrup, D. Blondel. Fault tolerant control: A simulta-
neous stabilization result. IEEE Transactions on Automatic
Control, vol. 49, no. 2, pp. 305–310, 2004.

[14] G. H. Yang, J. L. Wang, Y. C. Soh. Reliable H∞ con-
troller design for linear systems. Automatica, vol. 37, no. 5,
pp. 717–725, 2001.

[15] R. J. Veillette, J. V. Medanic, W. R. Perkins. Design of
reliable control systems. IEEE Transactions on Automatic
Control, vol. 37, no. 3, pp. 290–304, 1992.

[16] A. Tellili, M. N. Abdelkrim, M. Benrejeb. Reliable H∞ con-
trol of multiple time scales singularly perturbed systems
with sensor failure. International Journal of Control, vol. 80,
no. 5, pp. 659–665, 2007.

[17] M. Bodson, J. E. Groszkiewicz. Multivariable adaptive algo-
rithms for reconfigurable flight control. IEEE Transactions
on Control Systems Technology, vol. 5, no. 2, pp. 217–229,
1997.

[18] G. Tao, S. M. Joshi, X. L. Ma. Adaptive state feedback
and tracking control of systems with actuator failures. IEEE
Transactions on Automatic Control, vol. 46, no. 1, pp. 78–
95, 2001.

[19] X. N. Zhang, J. L. Wang, G. H. Yang. Adaptive fault-
tolerant tracking controller design against actuator stuck
faults. In Proceedings of the 24th Chinese Control and De-
cision Conference, IEEE, Taiyuan, China, pp. 4098-4103,
2012.

[20] B. K. Sahu, B. Subudhi. Adaptive tracking control of an au-
tonomous underwater vehicle. International Journal of Au-
tomation and Computing, vol. 11, no. 3, pp. 299–307, 2014.

[21] P. Chandler, M. Pachter, M. Mears. System identification
for adaptive and reconfigurable control. Journal of Guid-
ance, Control, and Dynamics, vol. 18, no. 3, pp. 516–524,
1995.

[22] L. Smith, P. Chandler, M. Pachter. Regularization tech-
niques for real-time identification of aircraft parameters. In
Proceedings of the AIAA Guidance, Navigation, and Con-
trol Conference, AIAA, New Orleans, USA, pp. 1466–1480,
1997.

[23] G. Tao, X. D. Tang, S. H. Chen, J. T. Fei, S. M. Joshi.
Adaptive failure compensation of two-state aircraft morph-
ing actuators. IEEE Transactions on Control Systems Tech-
nology, vol. 14, no. 1, pp. 157–164, 2006.

[24] X. Z. Jin, G. H. Yang. Robust adaptive fault-tolerant com-
pensation control with actuator failures and bounded dis-
turbances. Acta Automatica Sinica, vol. 35, no. 3, pp. 305–
309, 2009. (in Chinese)



746 International Journal of Automation and Computing 15(6), December 2018

[25] L. L. Fan, Y. D. Song. On fault-tolerant control of dy-
namic systems with actuator failures and external distur-
bances. Acta Automatica Sinica, vol. 36, no. 11, pp. 1620–
1625, 2010.

[26] J. Wang, H. L. Pei, N. Z. Wang. Adaptive output feedback
control using fault compensation and fault estimation for
linear system with actuator failure. International Journal
of Automation and Computing, vol. 10, no. 5, pp. 463–471,
2013.

[27] P. Ioannou, P. Kokotovic. Decentralized adaptive control of
interconnected systems with reduced-order models. Auto-
matica, vol. 21, no. 4, pp. 401–412, 1985.

[28] K. B. Datta, A. RaiChaudhuri. H2/H∞ control of singu-
larly perturbed systems: The state feedback case. European
Journal of Control, vol. 16, no. 1, pp. 54–69, 2010.

[29] H. K. Khalil, F. C. Chen. H∞ control of two-time-scale
systems. Systems Control Letter, vol. 19, no. 1, pp. 35–42,
1992.

[30] W. Tan, T. Leungs, Q. Tu. H∞ control for singularly per-
turbed systems. Automatica, vol. 34, no. 2, pp. 255–260,
1998.

[31] D.S. Naidu. Singular Perturbation Methodology in Control
Systems, England: Bath Press, 1988.

[32] S. Koskie, C. Coumarbatch, Z. Gajic. Exact slow-fast de-
composition of the singularly perturbed matrix differential
Riccati equation. Applied Mathematics and Computation,
vol. 216, no. 5, pp. 1401–1411, 2010.

[33] H. Khalil, P. V. Kokotovic. Control strategies for decision
makers using different models of the same system. IEEE
Transactions on Automatic Control, vol. 23, pp. 289-298,
1978.

[34] G. S. Ladde, S. G. Rajalakshmi. Diagonalization and stabil-
ity of multi-time-scale singularly perturbed linear systems.
Applied Mathematics and Computation, vol. 16, pp. 115-
140, 1985.

[35] Z. Gajic, M. Lim. Optimal control of singularly perturbed
linear systems and applications, New York, USA: Marcel
Dekker, 2001.

[36] S. M. Shahruz. H∞ optimal compensators for singularly
perturbed systems. In Procedings of IEEE Conference on
decision and control, IEEE, Brighton, England, pp. 2397–
2398, 1989.

[37] S.R. Shimjith, A.P. Tiwari, B. Bandyopadhyay. Modeling
and Control of a Large Nuclear Reactor – A Three-Time-
Scale Approach. Berlin,Germany: Springer, 2013.

Adel Tellili graduated from the Tech-
nical University of Karlsruhe, Germany in
1994. He received the M. Sc. degree in au-
tomation from National School of Engineers
of Sfax (ENIS), Tunisia in 2003, and the
Ph. D. degree from the same school in 2007.
He is currently an assistant professor at
Higher Institute of Technological Studies,
Tunisia. He is a member of the research

unit Modeling, Analysis and Control of Systems (MACS).
His research interests include singularly perturbed systems,

fault diagnosis and fault tolerant control.
E-mail: adel.tellili.isetjb@gmail.com (Corresponding author)
ORCID iD: 0000-0002-2648-3798

Nouceyba Abdelkrim graduated from
the National School of Engineers, Tunisia in
2009. She received the M. Sc. degree from
the same school in 2011, and the Ph.D. de-
gree from the same school in 2014. She is
currently an assistant at Higher Institute of
Industrial Systems of Gabes, Tunisia. She
is a member of the research unit Modeling,
Analysis and Control of Systems (MACS).

Her research interests include fault tolerant control, fault di-
agnosis, singularly perturbed systems and delayed systems.

E-mail: nouceyba.naceur@laposte.net

Amina Challouf graduated from the
National School of Engineers, Tunisia in
2006. She received the M. Sc. degree from
the same school in 2008, and the Ph.D. de-
gree from the same school in 2015. She is
currently an assistant at Higher Institute of
Industrial Systems of Gabes, Tunisia. She
is a member of the research unit Modeling,
Analysis and Control of Systems (MACS).

Her research interests include fault tolerant control, fault di-
agnosis and interconnected systems.

E-mail: amina−challouf@yahoo.fr

Mohamed Naceur Abdelkrim gradu-
ated from High School of Technical Educa-
tion of Tunis, Tunisia in 1980. He received
the M. Sc. degree from the same school in
1981 and the Ph.D. degree and “State Doc-
torate thesis” from the National School of
Engineers of Tunis, Tunisia in 1984 and
2003. He is currently a professor of au-
tomatic control at the National School of

Engineers of Gabes, Tunisia. He is also the head of the research
unit Modeling, Analysis and Control of Systems (MACS).

His research interests include robust control, fault tolerant
control and singularly perturbed systems.

E-mail: naceur.abdelkrim@enig.rnu.tn


