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Abstract: This paper presents a five degree of freedom (5-DOF) redundantly actuated parallel mechanism (PM) for the parallel ma-
chining head of a machine tool. A 5-DOF single kinematic chain is evolved into a secondary kinematic chain based on Lie group theory
and a configuration evolution method. The evolutional chain and four 6-DOF kinematic chain SPS (S represents spherical joint and P
represents prismatic joint) or UPS (U represents universal joint) can be combined into four classes of 5-DOF redundantly actuated par-
allel mechanisms. That SPS-(2UPR)R (R represents revolute joint) redundantly actuated parallel mechanism is selected and is applied
to the parallel machining head of the machine tool. All formulas of the 4SPS-(2UPR)R mechanism are deduced. The dynamic model of
the mechanism is shown to be correct by Matlab and automatic dynamic analysis of mechanical systems (ADAMS) under no-load condi-
tions. The dynamic performance evaluation indexes including energy transmission efficiency and acceleration performance evaluation
are analyzed. The results show that the 4SPS-(2UPR)R mechanism can be applied to a parallel machining head and have good dynamic

performance.

Keywords: Type synthesis, redundantly actuated parallel mechanism (PM), lie group theory, configuration evolution, dynamics

performance evaluation.

1 Introduction

Parallel mechanisms (PMs) have begun to be manu-
factured into parallel machining heads and be applied to
the high-precision machine tool, such as Sprint Z3[], Tri-
ceptl?l, Exechonl3l. The Sprint Z3, Tricept and Exechon
are 3-degree of freedom (DOF) parallel machining heads.
There are few five degrees of freedom (5-DOF) redund-
antly actuated parallel machining heads. The 5-DOF par-
allel machining head will be expected to complete the
process task at a high velocity[45], high-precisionl®!, high-
security and high-performancel” when the machine tool is
processing workpieces. It is important to ensure high-se-
curity and high-performance of the 5-DOF parallel ma-
chining head, otherwise, it will be more destructive to
work pieces. Some researchers try to add redundant actu-
ation® 1] to the parallel mechanism (PM) to improve
fault tolerance, security, high-performance and stability.
Contrasted with the traditional parallel mechanisms, the
redundantly actuated parallel mechanisms can reduce sin-
gularity, increase effective workspace and improve secur-
ity. It has high-security, high-performance, high fault tol-
erance and fewer singularities. Therefore, it is a worth-
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while task to design the 5-DOF redundantly actuated
parallel mechanism with good dynamic performance.
Some researchers have researched the 5-DOF parallel
mechanism. Qul'? selected the single-loop mechanism or
the multi-loop mechanism as an actuated unit and com-
pleted the constraint couple of the kinematic chain to ob-
tain the non-over-constrained or low-over-constrained re-
dundantly actuated parallel mechanism. Chen et al.[!3]
proposed a 4UPS (U represents universal joint, P repres-
ents prismatic joint, S represents spherical joint)-RPU (R
represents revolute joint) 5-DOF parallel mechanism, and
studied the influence of different performance indexes on
a task workspace and optimized the parallel mechanism's
parameters. Chen et al.!4 designed a 4UPS-UPU 5-DOF
parallel mechanism and established a dynamic mathemat-
ical model of the mechanism by the principle of virtual
work. Lu et al.[15:16] designed two 5-DOF parallel mechan-
isms and deduced formulas of displacement, velocity and
acceleration of the mechanism. The dynamic model with
friction considered is established by the principle of virtu-
al tests and the mathematical model is verified to be cor-
rect. Yao et al.l7l established a dynamic mathematical
model of the 5UPS-PRPU redundantly actuated parallel
mechanism through the Lagrange method and optimized
the actuated moment. The dynamic mathematical model
was verified to be correct by theory analysis and simu-
lated experiments. Liu et al.l'8! designed a 6PUS-UPU re-
dundantly actuated parallel mechanism and established
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the generalized pseudo-inverse Jacobi matrix of global dy-
namic models by the principle of virtual work. The con-
trol model of the parallel mechanism is analyzed by the
force-position hybrid control strategy. Song et al.l'9 de-
signed a T5 parallel mechanism and established the elast-
ic dynamics model of the T5 parallel mechanism. Jiang et
al.[20) designed a class of 5-DOF parallel mechanisms with
large output rotational angles and analyzed kinematics
performance of parallel mechanisms. Guo et al.2l de-
signed 4-CPS-RPS (C represents cylindrical joint) paral-
lel mechanism and researched the proportional-integral-
derivative (PID) control and the force-position redund-
ant control. Masouleh et al.22:23] analyzed the kinematics
of the 5-RPUR parallel mechanisms. Saadatzi et al.[24]
used a geometric interpretation of the so-called vertex
space and analyzed the workspace of the 5-PRUR paral-
lel mechanisms. Xie et al.25 designed a 5-DOF parallel
mechanism and optimized parameters of the mechanism.
Wang et al.[208l designed a 5UPS-RPS parallel mechanism
and analyzed the velocity global performance index of
this parallel mechanism. Jin et al.2”l proposed a mnovel
method about the synthesis of generalized parallel mech-
anisms (GPMs) and designed a class of novel 5-DOF gen-
eralized parallel mechanisms with high performance.

In the above research, there are mostly 5-DOF tradi-
tional parallel mechanisms and few 5-DOF redundantly
actuated parallel mechanisms. Most researchers directly
design 5-DOF traditional parallel mechanisms, but few
researchers research dynamics performance evaluation of
a class of 5-DOF redundantly actuated parallel mechan-
isms. But most traditional parallel mechanisms have low
fault tolerance and many singularities. In order to design
a feasible parallel machining head, this paper will re-
search type synthesis of the redundantly actuated paral-
lel mechanism and analyze dynamic performance of the 5-
DOF redundantly actuated parallel mechanism as the
machining head.

In this paper, one 5-DOF single kinematic chain is
evolved into one first-order kinematic chain including two
secondary kinematic chains by Lie group theory method

and configuration evolution method. The evolutional kin-
ematic chain and four 6-DOF kinematic chain SPS or
UPS are selected and combined into four classes of re-
dundantly actuated parallel mechanisms in Section 2. The
4SPS-(2UPR)R redundantly actuated parallel mechan-
ism comes from one of four classes of mechanisms and is
applied to the parallel machining head. The position, ve-
locity and acceleration of the 4SPS-(2UPR)R mechanism
are deduced in Section 3. Dynamic mathematical equa-
tions of the 4SPS-(2UPR)R mechanisms are established
by the principle of virtual work. A simplified dynamic
mathematical model of the 4SPS-(2UPR)R mechanism is
obtained and is shown to be correct by Matlab and auto-
matic dynamic analysis of mechanical systems (ADAMS)
under no-load conditions in Section 4. The fifth part in-
troduces a dynamic acceleration evaluation index and en-
ergy transmission efficiency index. Combined with applic-
ation numerical examples and parameters of the 4SPS-
(2UPR)R mechanism, acceleration performance and
transfer efficiency of the mechanism is analyzed. Finally,
the article is summarized in Section 6.

2 Type synthesis of the mechanism

2.1 Lie group theory

Lie group theory can describe collections of all rigid
body motions. Jin[?¥ gives twelve classes of displacement
subgroups including G(z) in space. G(z) represents that
two-dimensional movement is perpendicular to the line x
and one-dimensional rotation is rotated to the line z.
G(z) is shown in Table 1. 5-DOF kinematic chains can be
obtained by adding translational joints and revolute
joints when G(z) is considered as one group. 5-DOF kin-
ematic chains are shown in Table 2. T(z) (T represents
translational joint), G(z) and R(N, y) can be exchanged
as one group, but they are not internally exchanged. z, y
and z are axis directions of motion joints. N1, N2 and N3
are position of motion joints.

Table 1 G(z) kinematic chains

Displacement subgroups Kinematic chains

Displacement subgroups Kinematic chains

R(N1,2)R(Na,z)R(Ns3,z) “R#R*R
T (y)R(N1,2)R(N2,z) YP*R*R,
R(N1,z)T(y)R(N2,x) *R¥P*R
R(N1,x)R(Na,z)T(y) *ReR¥P

R(N1,2)T(z)T(y) *RzPyP
T(z)R(N1,z) T(y) sPeRyP
T(2)T(y)R(N1,z) *PyPrR

Table 2 5-DOF kinematic chains

5-DOF displacement subgroups

Kinematic chains

{T(2)}G(x){R(N1,)}
G(@){T(x) HR(N1,y)}
{R(NLy) HR(N2,y) 1 G(2)

{R(N1,y)} G(2) {R(N2,)}

*P[vPzP*R]'R *P[vP*R*R]'R *P[*R*R*R]YR
[*R*R#R|*PYR [*P*RR]*PYR [VP*P*R]|*P¥R
YRYR[*R*R*R] YRYR [VP*R*R] YRVR [/PP*R]

VR[FR*R*R]YR YR['P=R*RvR YR ["P-P=R]'R

@ Springer
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2.2 Configuration evolution

Configuration evolution is an effective method for
designing the redundantly actuated parallel mechanism
and obtaining new redundantly actuated parallel mechan-
isms to satisfy specific requirements. Fan et al.29 have
evolved a planar 6R mechanism into 4-DOF parallel
mechanisms.

In order to configurate type synthesis of the redund-
antly actuated parallel mechanism, each 5-DOF kinemat-
ic chain is shown in Table 2. G(z) is replaced with the
rR*R*R, 5-DOF kinematic chain in Table 2 can be ex-
pressed as Fig. 1. Without changing the freedom of the 5-
DOF kinematic chain, T(z), G(z), R(N, y) can be ex-
changed as one group, but they are not internally ex-
changed. Two G(z) are connected in parallel, the 3R
open-loop chain is developed into a 6R closed-loop chain,
each kinematic chain in Fig.1 is evolved into a kinematic
chain in Fig.2. One kinematic chain is developed into one
first-order kinematic chain including two secondary kin-
ematic chains. In order to maintain large rotational
angles and workspaces, the evolutional kinematic chain in
Table 2 is shown in Table 3.

In general, each kinematic chain of the parallel mech-
anism has only one actuated joint, it is mounted on the
base or the adjacent joint. The 5-DOF redundantly actu-
ated parallel mechanism should have six kinematic chains
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Four classes of 5-DOF kinematic chains
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to place six actuated joints. Each kinematic chain in Table 3
is selected as one first-order kinematic chain, and each
kinematic chain includes two secondary kinematic chains,
then four kinematic chains SPS or UPS are selected as
the third, fourth, fifth and sixth kinematic chains. The
above six kinematic chains connect the moving platform
with the fixed platform, respectively. Four kinematic
chains SPS or UPS are symmetrically arranged in the
center, and evolutional kinematic chains are axially sym-
metric. Because the 6-DOF kinematic chain is an uncon-
strained kinematic chain, the evolutional kinematic chain
determines DOF of the redundantly actuated parallel
mechanism. Each kinematic chain in Table 3 can be se-
lected, each kinematic chain and four unconstrained kin-
ematic chains can be combined into a 5-DOF redund-
antly actuated parallel mechanism. The new 5-DOF re-
dundantly actuated parallel mechanism is shown in
Table 4.

3 Kinematics analysis
3.1 Description of redundantly actuated
parallel mechanism

The redundantly actuated parallel mechanism is selec-
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Table 3 5-DOF kinematic chains

Kinematic chains Evolutionary kinematic chains

Kinematic chains Evolutionary kinematic chains

(a)*P-{*R*R*R /*R*R*R}-YR {*PvP*R*R /*PVP*R*R}-YR
{*P*P*R*R /*P*P*R*R}-YR.
{(sPYP*P<R /*PYP*P*R}-YR
{*C*R*R /*C*R*R}-YR
{*CYP*R /*C¥P=R}-¥R
{#C?P*R /*C*P*R}-YR

{ *C*PYP /*C*PYP}-YR

(c) YR-{ *R*R7R /"R*ReR}-VR,  {¥Us*ReR /vU=R*R}-VR
(vUwP=R /yUs-PsR}-¥R,
{yUsyPeR /¥UzvP*R}-YR,
{yUz=PyP /yU2PYP}-UR,
{vU=P*R /v¥U»yP*R}-YR
{vC2*R2R /vC*=R*R}-VR

{¥C=zP=R /yC*P=R}-VR

(b){ *R*R*R /*R*R*R}-*P-YR. {vP-P*C/*R-P*C}-yR
{*R*R*C/*R*R=C}-VR,
{*RvP*C /*R¥P*C}-R.
{yP7P=C /vP*P*C}-¥R
{*R¥P=R*P /*RVP*R=P}-yR
{*R?P*R7P /*R*P*R*P}-yR,
{*R¥P*P=P /*RyP*P *P}-yR
(d){ *"R*R*R /*ReR*R}-VR-VR {yP*R7RYR /VP*R*RVR}-VR,
{*P*R*RYR /*P*R*RYR }-YR,
{yPPR¥R /vP*P?RYR}-YR,
{yP2R=UY/vP*RzUY}-YR,
{*P*R=Uy/*P*R=Uv}-VR,
{zPyP=UY/2PvP*U¥}-YR
{*ReR=U¥/*ReReUY}-¥R
{*P*R¥C /?P*RYC}-YR
{#R*RYC /*R7RYC}-VR,

{*P*R¥C/?P*R¥C}-YR

ted as the parallel machining head according to the fol-
lowing criteria: 1) The actuated joint is mounted on the
base or near the base. 2) In order to maintain fast re-
sponse movement of the moving platform, the prismatic
joint should be selected as the actuated joint. 3) The
translation workspace in the vertical direction may be
limited by the range of linear actuators. The 4SPS-
(2UPR)R parallel mechanism is more suitable for the ma-
chining head. The model of 4SPS-(2UPR)R is shown in
Fig.3. The 4SPS-(2UPR)R is composed of five first-order
kinematic chains, the fixed platform and the moving plat-
form. Five first-order kinematic chains include four first-
order kinematic chains SPS and (2UPR)R kinematic
chains. The (2UPR)R includes two secondary kinematic
chains SPR and a single rotated joint R, the single ro-
tated joint R is named as H. The axis of the single rota-
tion joint R is perpendicular to the axis of the rotated
joint R of the SPR. The first-order kinematic chain SPS
is an unconstrained kinematic chain. The first-order kin-
ematic chain (2UPR)R is a 5-DOF kinematic chain.
4SPS-(2UPR)R is a 3t2r (t denotes translation and r de-
notes rotation) redundantly actuated parallel mechanism
when H is parallel to the fixed platform. 4SPS-(2UPR)R
is a 2t3rB% redundantly actuated parallel mechanism
when H is not parallel to the fixed platform.

All A; coordinates are set on the fixed platform, all B;
coordinates are set on the moving platform in Fig.4,
i=1,"-,6. The fixed coordinate system O-XYZ is in the
center of the fixed platform. A; and As are on the OX-
axis, A; and A are symmetric along OY-axis. The mov-

ing coordinate system o-uvw is in the center of the mov-
ing platform. The o point is in the center of the moving
platform. B; and By are on the ou-axis, By and Bs are
symmetric along ov-axis. The O point of O-XYZ to A; is

D
5 i=1, 2. The O point of O-XYZ to the point A; is D,

d
1=3,"-",6. The o point of o-uvw to B; is > i=1, 2. The o
point of o-uvw to the point B; is d, i=3,:-,6. The initial
length of each kinematic chain is [, ¢=1,--,6. The P
joint of each kinematic chain is selected as the actuated
joint.

3.2 Position analysis

The O coordinate is (0, 0, 0)T in O-XYZ, it is ex-
pressed as °?O=(0, 0, 0)T. The o coordinate is (z, y, )T in
O-XYZ, it is expressed as Oo=(a, b, c¢)T. A1B1ByA; is
considered as the plane closed-loop mechanism. Four R
joints of the plane closed-loop mechanism correspond to
three Euler angles, there are o, 8, 7. Ra, Rg1, Rg2, Ry is
the vector axis of Rn, Rpg1, Rae, R,, respectively. The ro-
tation matrix $R[1516 of the mechanism is expressed by
YXY Euler angle

—sacfsy+cacy sasf  sacfey+ casy
SR= sBs cB —sfey
—cacfsy — sacy casf  cacfey — sasy
(1)
D X ca+2z X sa—2x X ca

d

where s=sin, c=cos, cy=

@ Springer
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Table 4 Feasible limbs and 5-DOF PMs

PM types Evolutionary kinematic chains Four kinematic chains PMs

(a) {*P¥P*R*R /*PYP*R*R}-YR SPS or UPS 4SPS+ {*PYP*R*R/*PYP*R*R}-YR
{#P*P*R*R /*P*P*R*R}-YR 4SPS+ {*P*P*R*R/*P*P*R*R}-YR
{*PYyP*P*R /*PYP?P*R}-YR 4SPS+ {*PYP*P*R /*PvP?P*R}-YR
{*C*R*R/*C*R*R}-YR 4SPS+ {*C*R*R/*C*R*R}-YR
{*CvP*R /*CYP*R}-YR 4SPS+ {*Cv¥P*R/*CYP*R}-YR
{*C*P*R /*C*P*R}-YR 4SPS+ {*C*P*R/*C*P*R}-YR
{*C*PvP /*C*PYP}-YyR 4SPS+ { *C*PvP /*C*PYP}-YR

(b) {vP?P=*C/*R7P*C}-YR SPS or UPS 4SPS+ {vP*P*C/*R*P*C}-yR
{*R*R*C /*R*R*C}-YR 4SPS+ {*R*R*C/*R*R*C}-YR
{*RvP*C /*RyP*C}-VR 4SPS+ {*Rv¥P*C/*RvP*C}-YR
{vP?P=C /vP-P*C}-yR 4SPS+ {vP7P=C/vP?P*C}-yR
{*R¥P*R*P /*RYP*R*P}-YR 4SPS+ {*RY¥P*R*P /*R¥P*R*P}-yR
{*R*P*R*P /*R*P*R*P}-YR 4SPS+ {*R*P*R*P /*R*P*R*P}-YR
{*R¥P?P*P /*RYP-P *P}-YR 4SPS+ {*R¥P*P*P /*R¥P*P *P}-YR

(c) {vU=*R*R /vU**R*R}-YR SPS or UPS 4SPS+{¥U**R*R /vU**R*R}-yR
{vU=*P*R /vU**P*R}-VYR 4SPS+ {vU*sP*R /vU**P*R}-YR
{vU=vP*R /yU=P*R}-YR 4SPS+ {vU=wP*R /vU*P*R }-VR
{vU=pPvP /vU**PYP}-yR 4SPS+{vU=:PvP /yU*PYP}-YR
{yUzyP2R /yUvP+R}-vR, 4SPS+{vU=P*R /vU*P*R}-YR
{vC@=*R*R /vC**R*R}-YR 4SPS+{vC**R*R /¥C**R*R}-YR
{vC@?P*R /vC»*P*R}-VR 4SPSH{vC=*P*R /vC**P*R}-YR

(d) {vP*R*RVR /VYP*R*RVR}-YR SPS or UPS 4SPS+{yP*R*RYR/YP*R*RYR }-YR

{*P*R*R¥R/*P*R*RYR}-R.
{vP*P*R¥R /¥P*P*R¥R}-'R
{yP*R*UY/¥P*R*U%}-yR
{(*P*R*Uv/*PsR=Uv}-yR,
{*PvP*UY/?PvP+Uv}-YR
{*R*R*UY/*R*ReUY}-YR,
{*P*RyC /*P*RyC}-¥R
{*R*R¥C/*R*R¥C}-YR

{*P*R¥C/P*RvC}-'R

4SPS+{*P*R*RYR /*P*R*RYR }-VR
4SPS+{vP*P*RyR /vP-P*RYR}-VR
4SPS+{vP=ReUy/vP=R=UY}-vR,
4SPS+{*P=R*Uv/*P=R=Uv}-yR
4SPS+ {zPvP=Uy/-PyP=Uv}-UR
4SPS+ {*RrReUv/*R*R*Uv}-VR
4SPS+ {*P*RvC /?P*RvC}-VR
4SPS+ {*R*RvC /*R*RvC}-YR

4SPS+ {*P*RvC /*P*RvC}-VR

The coordinates of A; and B; can be expressed in
Table 5, i=1,---,6. The coordinates of B; in O-XYZ are

expressed as
°B, =%+ %R -°B; (2)

where °B; is a description of B; in o-uvw, ©°B; is a
description of B; in O-XYZ.
The length vector of the kinematic chain of the mech-

anism in O-XYZ is expressed as

@ Springer

1,=°A4,-°B; (3)

where ©A; is the description of A; in O-XYZ, [; is vector
length of the chain 1.

The displacement of the actuated joint of the mechan-
ism is expressed as

Si =1 — lio (4)
where S; is the variable length of the chain 1.
The OoB;A; closed-loop constraint equation in O-XYZ
is written as
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Fig.3 3D model of 4SPS-(2UPR)R

SPR  SPR

I Limb2
Limbl

Fig.4 Schematic of the mechanism

Oo+ oB; = OA; + A;B; (5)

where Oo=%0, Bjo = —% R°B;, OA; is the vector length
of O to A;, A;B; is the vector length of A; to B;.

AiBi =1; = qiW; (6)

where ¢; is the length of the chain 4, w; is unit vector
direction of the chain 1.

The equation of each kinematic chain based on (5)
and Oo is written as

qi = ’Oo—l—oBi — OAZ-|

OO+OBi*OAi ’ Z:1’76 (7)
qi

w; =

3.3 Velocity analysis

In order to establish a relationship between output ve-

locity of the o point and velocity of the P actuated joint,
(5) is differentiated by time and the velocity of B; is writ-

ten as

VB =V + w X (OOR . OB»L‘) = qiw; + q;w;i X w; (8)

where v is the linear velocity of o, w is angular velocity of
0, w; is angular velocity of the kinematic chain i, ¢; is
velocity of the P actuated joint.

Multiply w; on both sides of (8), (8) is separately ob-

tained because of w;T(w; x w;).

wlv+ (QR-°Bi) x wi) w=di;, (i=1,---6). (9)

Equation (9) is written as

qi:[ w?((%R'OBi) Xwi)T } [ Z :|:qu [ :} :|: qiUs
(10)

where J; is the Jacobi matrix of the actuated
mechanism.

Equation (10) is the relation between velocity of P ac-
tuated joint and output velocity of the moving platform.
Translational velocity of the moving platform in the
Cartesian coordinates system is coincident as translation-
al velocity in a generalized coordinate system. But the ro-
tational velocity of the moving platform in the Cartesian
coordinates system is different from the rotational velo-
city in the generalized coordinate system.

The rotational velocity of the moving platform can be

expressed by the derivative of the Euler angle.
1 0

w=R(X,a)| 0 | a+R(X,a)R(Y,B) | 1 | B+
0

0
0
R(X,a) x R(Y, B)R(Z,7) | 0 |4 =
1
@
b
'.Y

1 0 sin 8
0 cosa —sina
0 sina cosacosf3 (11)
Equation (11) is represented as
1 0 sin 8 &
w=] 0 cosa —sina 5 = J,vs (12)
0 sina cosacosf ¥

when the mechanism is 3t2r, the six-dimensional velocity

of the moving platform is represented as

@ Springer
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v v
[W]—Jma (13)

B

1000 0

0100 0

0010 0

h =

where Jo, 000 1 0

000 0 ca

00 0 0 s

When the mechanism is 2t3r, the mechanism does not
have Y translation. The six-dimensional velocity of the
moving platform is represented as

v X
[ ]—Jog Z (14)
w
w
1 0 0 O 0 0
0 0 0 O 0 0
0 0 1 O 0 0
h Jo2 =
where Jo2 0001 0 sin 8
0 0 0 0 cosa —sina

o

0 0 0 sina cosacosf

The Jacobi matrix between the velocity of the P joint
and output independent parameter velocity of the mech-
anism is written as

J = JyiJo (15)

where Jy is Jy1 or Jyo.
The angular velocity of the kinematic chain ¢ is ob-
tained by (8) which crosses w; on both sides,

The linear velocity of B; is written as

Z}—J[Z} (17)

where J,; = [ Isxs  —S(Bi) ] .

The Jacobi matrix of the angular velocity of the kin-

vBi =V 4+ w X ((zR -°B;) =

[ Isxs —S(Bi) }

ematic chain 7 is written as

S(w;)

7

Jwi =

Iri (18)

where S(w;) and S(B;) are anti-symmetric matrices.

0 —Wiz Wiy
S(wq) = Wiz 0 — Wiz
—wiy Wigx 0

@ Springer

The kinematic chain ¢ includes the oscillating rod and
telescopic rod in Fig.5, all oscillating rod and telescopic
rods connect the fixed platform with the moving plat-
form. The mass center of the oscillating rod is Ma;, the
distance from My4; to S; of fixed platform is l;5;.. The
mass center of the telescopic rod is Mp;, the distance
from Mp; to the S; of the moving platform is lag;.

The linear velocity of My; is written as

vama; = lisiwi X w; = —l15:5(ws) Jws [ Y :| = Jyai [ Y :|
w w
(19)

where Jya; = —l1s¢S(wi)Jwi.
The linear velocity of Mp; is written as

vMBi = Wigi + (I — lasi) wi X ws = JuBi [ Z) :| (20)

where

| P,
Jopi = 1+lzs_15(wi)27 (S(Bi)+w;w) ]

Angular velocities of the oscillating rod and telescopic
rod are the same and can be written as

wiZWZJwi[U]. (21)

qi w

Jacobi matrices of the velocity of the oscillating rod
and telescopic rod are written as

Fig. 5 Schematic of the chain
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J’ouAi =

JvAi JuBi
va i — .
Jwi } ’ s [ Jwi ]

3.4 Acceleration analysis

Equation (5) is differentiated by time, the accelera-
tion of B; is obtained.

b =0+ x (R-°Bi) +w x (wx (R-°By)).  (22)

UBi = qiwi + ¢iw; X Wi + giwi X wi+

qlwl X w; + qiw; X (wi X 'LUZ) (23)

Dot product both sides of (23) by w;, the angular ac-
celeration of P joint is obtained
w; X ’[)Bi — Qini

b= PR = gl a e "+ Kol v w7
(24)

S(wi)Jri —2JgiJwilv w]T

qi
Equation (8) multiplying w; is additionally written as

where K.,; =

(ji = wiT “UBi- (25)
Equation (25) is differentiated by time. The linear ac-
celeration of the P joint is obtained as

G = winJBi—i—vgi(wixwi) = Jsila E]T—I—Kli[v w]T (26)

where Ki; = w} xJ, — [Jr[vw]T}T x S(wi) Jwi
Because w; and w; are known, linear acceleration of
the oscillating rod is additionally written as
Uma; = ligiwi X wi + ligiws X (wi X w;) =
Joail a e T+ Jaulv w]t (27)
WhereJAi:—llsiS(wi)KM—llsiwi X (le[ v w ]T)TJwi.

Linear acceleration of the telescopic rod is addition-

ally written as

UMBi = Giw; + 2¢(ws X w;) 4+ (li — lass )ws X wi+

(li —lzsl')wi X (wi X ’LUi) = JuBi[ a ¢ ]+JBi[ vow ]

(28)
where

Jpi =w; Kj; — 2Jq¢[ voow ]S(wi)Jer

(l2si — D[S(wi) Kuwi +wi(Juwil v w 7).

4 Dynamics analysis

4.1 Force analysis of the mechanism

The gravity of the kinematic chain ¢ is Gy, the iner-
tia force and inertia moment of the kinematic chain ¢ are
fmi and Ty, respectively. Gravities of the fixed platform
and moving platform are Gop and G,, respectively. Ex-
ternal force and the external torque of the moving plat-
form are 0, respectively. The masses of the kinematic
chain, the fixed platform and the moving platform are
Mmi, Mo and m,, respectively.

Gmi = Mmig

fmi = —MmiQmsi

(29)
Go = mog
Go = Mog.

The inertial force and inertial moment of the moving
platform in O-XYZ can be written as

—Moa
= (30)
—OJe—wx (Olow)

fo
To

where ©I, is the inertia matrix of the moving platform in
O-XYZ.

The inertial force and inertial moment of the oscillat-
ing rod of the kinematic chain ¢ in O-XYZ can be writ-
ten as

f]vIAi

(31)

[ —Mmumaia

T ai —OTnaie —w x (P Taaiw)
where OIy4; is the inertia matrix of the oscillating rod in
O-XYZ, mpa; is mass of the oscillating rod of the
kinematic chain 7 in O-XYZ.

The inertial force and the inertial moment of the tele-
scopic rod of the kinematic chain ¢ in O-XYZ can be

written as
fuBi —MMBiG
= o o (32)
TvBi —“Inmpie —w X (“Impiw)

where OI)p; is the inertia matrix of the telescopic rod in
O-XYZ, mpyp; is mass of the telescopic rod of the
kinematic chain 7 in O-XYZ.

OIngi, ©Ipna; and ©OI, can be written as

OInai = ORiiIAi(ORi)T (33)

OInvpi = ORii[Bi(ORi)T

@ Springer
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where °I, is the inertial matrix of the moving platform in
o-uvw, OR; is the inertial matrix of the kinematic chain 4
in O-XYZ, i14; is the inertial matrix of the telescopic rod
in the chain local coordinate system and iIp; is the
inertial matrix of the oscillating rod in the chain local
coordinate system.

4.2 Establishment of dynamic model

When the mechanism is under no-load, the force and

moment of the moving platform in O-XYZ are written as

Go - fo
To

F, =

Mog — MG
= . 34
|: Ol —wx (OIow) :| ( )
The force and moment of the telescopic rod of the kin-
ematic chain 7 in O-XYZ are written as

Fypi =

GmBi + fmBi :|

TrBi

{ MMBig — MMBiOB } ' (35)

o o
—“ITyupie — ws X (“InBiws)

The force and moment of the oscillating rod of the
kinematic chain ¢ in O-XYZ are written as

Fraas =

Gmai + fmai :|

Thras

(36)

[ MMAG — MMAGA }

o o
—“Inmaiea —w;i X (Y1 aaw;)

The dynamic equilibrium equation of the mechanism
based on the principle of virtual work is obtained under
ideal state.

v 'F + USTFO + Z (UE/[AZ‘FMAi + UJTJBiFMBi) =0 (37)

7

where F' is actuated force, vi=Jv,=J4Jovs, Vmai=JuwwaiVs,
VMBi=JuwBiVs.
Equation (37) can also be written as

(Ja F+Fo+ > JowaFuai+ Y JowsFupi) =0 (37a)

T ;T T
F=—1J,J,) ", x

(Fo ) JowaFrai+ Y JUTwBFMBi> .(37Db)

Equation (37b) can also be written as

@ Springer

F,

F=Mi+Cq+G—1[J ) JS b

(37¢)

where M is the inertia matrix, G is the gravity matrix, C
is the velocity matrix.

+

J. 0
M = [JT T+ T MoJv

iJvai
T

IngaiJwi

i JuBi o
JT ) MmBiJvBi
Zi: vaz|: 0

IvBiJwi

4T 4T 0 T 0
Cbed { { w x Tw +;JWA wix (Twasr) | ©
0
oo
Zi: B [ wi X (IpBiw;) :| }
— _[gT T+ 4T ) | Mog T mamaig
G =—[JIJT Jo{[o +Z:JWA{O +

| g |}

4.3 Verification of dynamic mathematical
model of the mechanism

The structural parameters of the redundantly actu-
ated parallel mechanism are given in Table 5. The mo-
tion trajectory of o is circular motion in the XY plane.
The motion trajectory equation of o is given as

X = 0.05 cos(2t)
Y = —0.05sin(2¢)

Z=12m (38)
a=0°
B=0°.

The actuated force of the six actuated joints of the
mechanism under a no-load operation can be obtained.
Fig.6 shows the theoretical result of the actuated force.
The change rule of the six actuated forces of six kinemat-
ic chains is sine or cosine. The actuated forces of the
Chain 1 and Chain 2 are bigger the other four chains. F3
and F6, Fl and F2, F4 and F5 are equal in size when the
mechanism is in the initial position, respectively. F3 and
F4, F1 and F2, F5 and F6 are symmetrical and differ by
one cycle, respectively. Fig.7 shows the simulation result
of the actuated force. Theoretical results by Matlab are
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Parameters Descriptions Values Units
D Radius of the fixed platform 1 m
d Radius of the moving platform 0.5 m
D
Ay Coordinate of A; in O-XYZ (5, 0, 0) m
. . D
Ay Coordinate of Ay in O-XYZ (— 5, 0, 0) m
As Coordinate of Az in O-XYZ (D ﬁ7 D Q7 ()) m
2 2
Ay Coordinate of A4 in O-XYZ (D @7 -D ﬁ7 0) m
2 2
As Coordinate of A5 in O-XYZ (_D £7 -D £7 0) m
2 2
Ag Coordinate of Ag in O-XYZ (=D @7 D ﬁ7 0) m
2 2
. . d
B Coordinate of Bj in o-uvw (57 0, 0) m
) ) d
B> Coordinate of Bz in o-uvw (—57 0, 0) m
B3 Coordinate of B3 in o-uvw (d @7 d Q} 0) m
2 2
B, Coordinate of By in o-uvw (d ﬁ7 —d Q’ 0) m
2 2
Bs Coordinate of Bs in o-uvw (—d ﬁ7 —d ﬁ7 0) m
2 2
Bg Coordinate of Bg in o-uvw (—d £7 d ﬁ7 0) m
2 2
lisi Length of 115 0.5 m
lasi Length of lag; 0.5 m
Ivgi Inertia matrix of the telescopic rod diag(0.017,0.000471, 0.376) kg-m?
Iniai Inertia matrix of the oscillating rod diag(0.02, 0.000838, 0.019) kg.m?
I, Inertia matrix of the moving platform diag(0.378, 0.746, 0.376) kg.m?2
g Gravitational acceleration [00-9.807]T m/s?
MMBi Mass of the telescopic rod 1.14 kg
MMAi Mass of the oscillating rod 1.3 kg
mo Mass of the moving platform 2.8 kg
t Timing of the mechanism’s movements 4 s

basically consistent with simulation results by ADAMS.
The dynamic mathematical model of the 4SPS-(2UPR)R
parallel mechanism is shown to be correct by Matlab and
ADAMS under no-load conditions. So the simulation res-

ults and theoretical results are consistent with the de-
scribed mechanism.
5 Dynamics performance evaluation

analysis of the mechanism

5.1 Acceleration performance analysis of
the mechanism

The dynamic acceleration performance index can eval-
uate the acceleration and deceleration characteristics of
the mechanism. In (37c), the inertia factor mainly affects

the acceleration and deceleration characteristics, the lat-

ter three terms are not considered. Equation (37c) is

simplistically obtained as

where

F~ M
oF
M =[JF I {J;f { mo
ZJTJT | mmaE
. o YowAi 0
ST { marni
, 0

(39)

]
J’uw iJo+
Inrai 4

0
va iJo
I B ] s }

Equation (39) can also be written as
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0.15 s Chain |
0.10 s Chain 2
’/\ == = Chain 3
0.05 == Chain 4
Chain 5
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£ 005
—0.10
—-0.15
—0.20
—0.25

0 05 10 1.5 20 25 30 35 40 45 5.0
t(s)

Fig. 6 Theoretical value of the mechanism. Colored figures are
available in the online version.

G~ [MTF (40)

where [M]* is the generalized pseudo-inverse matrix of
M.

At present, the acceleration performance evaluation
index can take advantage of the harmonic average har-
monic mean (HMIM)B! as the dynamic performance eval-
uation index in (41). The value of HMIM will be larger
when both the maximum singular value and the minim-
um singular value are larger. To ensure that the mechan-
ism has good isotropy and achieve good acceleration per-
formance, the value of HMIM of the mechanism should
be getting bigger and be expressed as

2
NHMIM = —4 7 (41)

Omax Omin

where opmax and omin are the maximum and minimum
singular values of [M]*, respectively.

Because the mechanism has translation and rotation,
its dimension is not uniform, translational acceleration
performance and rotational acceleration performance
should be analyzed, respectively.

Fig.8 shows the translational acceleration perform-
ance of the mechanism from different views. The transla-
tional acceleration performance of the mechanism is ap-
proximately symmetric along the X-axis and Y-axis, re-
spectively. The mechanism has the best translational ac-
celeration performance in Chain 1 or Chain 2 local vicin-
ity, respectively.

Fig.9 shows the rotational acceleration performance of
the mechanism from different views. The mechanism has
the best rotational acceleration performance in the middle
of the Chain 1 and Chain 2. Compared with [31], the nu-
merical results of HMIM are relatively large in Figs.8 and
9. The results show that the mechanism has good acceler-
ation performance.

5.2 Isotropic evaluation based on energy
transfer efficiency

Because the mechanism has translation and rotation,

@ Springer
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Fig. 7 Simulation value of the mechanism

its dimension is not uniform. The energy transfer effi-
ciencyB? can be used to avoid dimensional inconsistency
of the mechanism and evaluate dynamic performance.

The kinetic energy of the moving platform is ex-
pressed as

The oscillating rod only has rotational motion, and
the kinetic energy of the oscillating rod 4 is expressed as

T
1 2 1| v T o o v
Eai= —Liw? == J J .
Ai 2 Wy 2 |: W :| vwA |: o Inrai :| VwA |: w :|

Each telescopic rod has both translation and rotation
motion, and the kinetic energy of the telescopic rod i is
expressed as

1
Epi ==mpivmpi° + §IiWi2 =

m
T
UmBi mpill 0 UmBi | _
(0973 0 IZ‘ (0973 -
B E
|: Y :| J’t’/I‘wB |: e ° :|JmuB |: v :| .
w 0 IvBi w

The total kinetic energy of the mechanism is ex-

N = N =

N[ =

pressed as

Eou = Eo + Eai + EB;. (45)

The energy proportion of the moving platform in the
mechanism is expressed as

E,
e 100%. (46)

NKE =

The kinetic energy of the moving platform is con-



B. S. Jiang et al. / Type Synthesis and Dynamics Performance Evaluation of a Class of 5-DOF - 107
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(b) 30° angles of rotational acceleration performance

Fig. 8 Different angles of translational acceleration perfor-
mance

sidered as the effective energy of the mechanism, nxg rep-
resents efficiency of the mechanism

Combined (42)—(46), nkr is expressed as (47).

Fig.10 shows the energy transfer efficiency of the
mechanism from different views. The energy transfer effi-
ciency of the mechanism is approximately symmetric
along the X-axis and Y-axis, respectively. The mechan-
ism has high energy transfer efficiency. The energy trans-
fer efficiency of the mechanism is the best in the initial
central position. Compared with [33], the numerical res-
ults of nigg are relatively large in Fig.10. The results
show that the mechanism has good energy transfer effi-
ciency.

6 Conclusions

This paper focuses on type synthesis and dynamics
performance evaluation of a family of 5-DOF redund-
antly actuated parallel mechanisms, which are suitable
for the parallel machining heads of a machine tool. This

8
7
6
212_1 5
56-1 4
> 4+ 3
S 5|
T L 2
1
8
— 7
z
Né) 6
E 5
>
= 4
3
2

—_

0
o @d

(b) 30° angles of rotational acceleration performance

Fig. 9 Different angles of rotational acceleration performance

paper mainly includes three aspects: 1) This paper
presents a 5-DOF redundantly actuated parallel mechan-
ism on the basis of Lie group theory and a configuration
evolution method for the parallel machining head of the
machine tool. This method is more intuitive and effective
when the 5-DOF redundantly actuated parallel mechan-
ism is designed. 2) A 4SPS-(2UPR)R mechanism suitable
for the parallel machining head is selected. The kinemat-
ics and dynamics models of the parallel mechanism are
established and verified to be correct by Matlab and
ADAMS under no-load conditions. 3) By analyzing the
translational acceleration, rotational acceleration perform-
ance and energy transfer efficiency of the mechanism, we
find that 4SPS-(2UPR)R redundantly actuated parallel
mechanism has not only good translational acceleration
and rotational acceleration performance but also good en-
ergy transfer efficiency. This paper provides a practical
parallel mechanism for the machining head of the ma-
chine tool, which will provide a foundation for control of
the parallel mechanism.

x 100%.

(47)
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Fig. 10 Different angles of energy transfer efficiency
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