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Abstract:   This paper investigates the event-triggered control of positive switched systems with randomly occurring actuator satura-
tion and time-delay, where the actuator saturation and time-delay obey different Bernoulli distributions. First, an event-triggering con-
dition is constructed based on a 1-norm inequality. Under the presented event-triggering scheme, an interval estimation method is util-
ized to deal with the error term of the systems. Using a co-positive Lyapunov functional, the event-triggered controller and the cone at-
traction domain gain matrices are designed via matrix decomposition techniques. The positivity and stability of the resulting closed-loop
systems are reached by guaranteeing the positivity of the lower bound of the systems and the stability of the upper bound of the systems,
respectively. The proposed approach is developed for interval and polytopic uncertain systems, respectively. Finally, two examples are
provided to illustrate the effectiveness of the theoretical findings.
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1   Introduction

L1

In  past  decades,  the  research  of  positive  systems  has

received increasing  attention  in  the  field  of  control  the-

ory  and  applications[1–5].  Many  practical  systems  can  be

modeled by  positive  systems  such  as  chemical  engineer-

ing,  ecology,  network  employing,  water  systems,  etc.  As

an important class of hybrid systems, switched systems[6,

7] are more powerful for modeling practical systems than

other  ones[8, 9]. Positive  switched systems consist  of  a  fi-

nite  number  of  positive  subsystems  and  a  switching

logic[10]. Liu and Dang[11] constructed a sequence of func-

tions  for  positive  switched  systems  and  these  functions

can  serve  as  an  upper  bound  of  the  system  trajectories

starting  from  a  particular  region.  Co-positive  Lyapunov

functions[12–14] are  often  used  to  investigate  the  stability

of  positive  switched  systems,  which  are  simpler  than

quadratic  Lyapunov  functions.  An  upper  bound  to  the

-induced norm of switched linear positive systems was

computed  under  dwell  time  constraints  in  [15]. The  op-

timal control of positive switched systems was explored to

minimize a positive linear combination of  the state vari-

able  in  [16].  Fornasini  and  Valcher[17] established  some

necessary and sufficient conditions to deal with the stabil-

izability of discrete-time positive switched systems.

H∞

By observing the above literature on positive switched

systems, we find that most of the existing controllers are

based on a time-triggered strategy. This control strategy

requires the update of the control law of systems at each

time instant, which increases the cost of controller design.

As the first attempt, Dorf et al.[18] presented a novel con-

trol  scheme  based  on  an  event-triggered  sample  to  save

resources.  A  new  approach  for  event-based  state-feed-

back  control  was  proposed  by  selecting  the  appropriate

threshold  value  of  the  event  generator  in  [19].  Postoyan

et  al.[20] constructed  a  framework  for  the  event-triggered

control of nonlinear systems by means of hybrid systems

tools. The event-trigger based adaptive control for uncer-

tain nonlinear systems was investigated using the switch-

ing  threshold  strategy  in  [21]. Static  state-feedback  con-

trollers and dynamical  output-based  controllers  were  de-

signed for general systems in [22]. To avoid zero behavior,

a  lower  bound  of  the  inter-event  time  was  explicitly

presented for the event-triggered control of switched sys-

tems  in  [23].  Using  a  piecewise  Lyapunov  functional

method, the decentralized event-triggered  control is-

sue of  switched  systems  with  delay  and  exogenous  dis-

turbance was considered in [24]. To obtain the largest do-

main of attraction, the feedback gain and the event-trig-

gering strategy  were  designed  for  positive  systems  sub-

ject to input saturation in [25]. Liu et al.[26] introduced a

linear approach to deal  with the event-triggering control

of positive systems with input saturation. More results on

event-triggered  control  can  refer  to  [27–29] and  refer-

ences therein.

 
Research Article

Manuscript  received  April  11,  2020;  accepted  July  7,  2020;
published online September 30, 2020
Recommended by Associate Editor Qing-Long Han

 

© Institute of Automation, Chinese Academy of Sciences and
Springer-Verlag GmbH Germany, part of Springer Nature 2020
 

International Journal of Automation and Computing 18(1), February 2021, 141-154
DOI: 10.1007/s11633-020-1245-0

 



The saturation  of  control  systems  is  a  universal  phe-

nomenon  due  to  limited  capacity  of  actuator  elements.

Actuator  saturation  may  lead  to  undesirable  oscillatory

behavior or, even worse, instability of the systems. Some

valuable  results  on  the  saturation  problems  of  general

systems[30, 31] and positive systems[32, 33] have been repor-

ted. Hu et al.[30] provided an approach to estimate the do-

main of attraction of discrete-time linear systems using a

linear saturated feedback. Randomly occurring sensor sat-

uration  was  considered  in  [31]  for  networked  systems  to

improve the network environment. The convex hull tech-

nique  was  developed  to  solve  the  actuator  saturation

problems of positive switched systems in [32]. The satura-

tion control of switched nonlinear systems was addressed

using a linear programming approach in [33]. On the oth-

er hand, delays are universal in the practical applications

and  have  complex  impacts  on  system  dynamics[34–37].  A

delay-dependent criterion for determining the stability of

systems with delays was addressed to obtain efficient sta-

bilizing  effects[38].  A  controller  of  linear  systems  with

stochastic  input  delays  was  designed  in  [39].  In  [40–42],

the control  synthesis  of  positive systems with time-delay

was  explored  in  terms  of  linear  programming.  A  linear

matrix  inequality  approach  was  also  used  to  reach  the

delay-dependent stabilization  of  positive  switched  sys-

tems[43].  Randomly  occurring  saturation  and  time-delay

are more general and practical than the determined cases

in  the  literature  mentioned above.  Up to  now,  there  are

few  results  on  the  event-triggered  control  of  positive

switched systems with randomly occurring actuator satur-

ation and time-delay. It is necessary to point out that the

research approaches of positive switched systems are dif-

ferent from general systems and the control issues of pos-

itive  switched  systems  are  more  complex.  These  issues

motivate us to carry out the work.

This  paper  investigates  the  event-triggered  control  of

positive switched systems with randomly occurring actu-

ator saturation and time-delay based on linear  program-

ming  approach.  First,  an  event-triggering  condition  is

proposed  for  the  systems  in  terms  of  1-norm.  Then,  the

controller of the systems is designed by virtue of a mat-

rix decomposition  approach.  A  general  control  frame-

work  is  introduced,  which  can  be  developed  for  interval

and polytopic uncertain systems. All the presented condi-

tions  are  solved  by  linear  programming  approach.  The

rest of this paper is organized as follows. In Section 2, the

problem formulation  is  given.  In  Section  3,  main  results

are presented. Section 4 provides two examples to verify

the  effectiveness  of  design.  Finally,  Section  5  concludes

the paper.

R Rn Rn
+ Rn×m

n×m N N+

x = (x1, · · · , xn)Tx ⪰ 0(≻ 0) xi ≥ 0(xi > 0)∀i =
1, · · · , n A = [aij ] ∈ Rn×n A ⪰ 0 ≻ 0

aij ≥ 0 aij > 0 ∀i, j = 1, · · · , n

Notations. Let ,  (or ),  and  be  the

sets of real numbers, n-dimensional vectors (or nonnegat-

ive), and  matrices, respectively.  and  denote

the sets  of  nonnegative and positive integers.  For a vec-

tor ,   implies that  , 

.  Given  a  matrix ,  ( )

implies  that  ( ), .  Similarly,

A ⪰ B (A ⪯ B) aij ≥ bij (aij ≤ bij)

∀i, j = 1, · · · , n co{·}

1m = (1, · · · , 1︸ ︷︷ ︸
m

)T 1(ι)
m = (0, · · · , 0, 1︸ ︷︷ ︸

ι

,0, · · · , 0︸ ︷︷ ︸
m−ι

)T 1n×n

n× n

∥x∥1 =
n∑

i=1

|xi|

x = (x1, · · · , xn)T E

  means  that  ,

.  represents  the  convex  hull.  Define

, ,  and 

is  an  matrix  with  all  elements  1.  The  symbol

 stands  for  the  1-norm  of  vector

.  The  symbol  refers  to  mathematics

expectation.

2   Preliminaries

Consider the  following  switched  systems  with  ran-

domly occurring time-delay and input saturation:

x(k + 1) = Aσ(k)x(k) +Bσ(k)ū(k) (1)

and

x(k + 1) = Aσ(k)x(k) +Bσ(k)ū(k)+

ασ(k)(k)Adσ(k)x(k − h)

x(k) = φ(k), k = −h, · · · , 0 (2)

x(k) ∈ Rn u(k) ∈ Rm

ū(k) = βσ(k)(k)sat(u(k))+
(1− βσ(k)(k))γσ(k)(k)u(k) sat(·) Rm →
Rm

sat(u) = (sat(u1), sat(u2), · · · , sat(um))T

sat(ui) = sgn(ui)min{1, |ui|} i = 1, 2, · · · ,m
σ(k)

S = {1, 2, · · · , J}, J ∈ N+ h > 0

φ(k)

σ(k) = i ∈ S

Ai ∈ Rn×n Adi ∈ Rn×n Bi ∈ Rn×m

Ai ⪰ 0 Bi ⪰ 0

Adi ⪰ 0

αi(k)

βi(k) γi(k)

where  and  are  the  system  state,

control input, respectively, and 

.  The  function  : 

 is  the  vector  valued  standard  saturation  function,

i.e., ,  where

, . The function

 represents the switching law, which takes values at a

finite  set .  denotes  the

constant delay and  is the initial condition. The i-th

subsystem  is  invoked  when .  The  system

matrices satisfy ,  and .

Throughout this paper, assumed that ,  and

. The randomly occurring actuator saturation and

time-delay  are  governed  by  stochastic  variables ,

 and  with

Prob{αi(k) = 1} = ᾱi,Prob{αi(k) = 0} = 1− ᾱi

(3a)

Prob{βi(k) = 1} = β̄i,Prob{βi(k) = 0} = 1− β̄i
(3b)

Prob{γi(k) = 1} = γ̄i,Prob{γi(k) = 0} = 1− γ̄i
(3c)

0 ≤ ᾱi ≤ 1 0 ≤ β̄i ≤ 1 0 ≤ γ̄i ≤ 1where ,  and .

Remark 1. In (3),  the Bernoulli  distribution is  used

to  describe  the  randomly  occurring  actuator  saturation

and time-delay. Indeed, there are other approaches to de-

scribe the randomly occurring phenomenon such as bino-

mial distribution, Markov chain, etc. When the stochast-

ic variables obey a Markov chain, the systems (1) and (2)

become  Markov  jump systems.  Thus,  existing  results  on

Markov jump systems can be used to investigate the cor-

responding issues. The binomial distribution is more gen-

eral than the Bernoulli distribution for modeling the ran-
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domly occurring phenomenon. In further work, it is inter-

esting to investigate the event-triggered control  of  posit-

ive switched systems with the binomial distribution based

randomly occurring phenomenon.

Definition 1.[1, 2] A system is positive if all its states

and  outputs  are  nonnegative  for  any  nonnegative  initial

conditions and any nonnegative control inputs.

x(k) ⪰ 0 φ(k) ⪰ 0 u(k) ⪰ 0

Definition  2. System  (2)  is  said  to  be  positive  if

 for  and .

x(k + 1) = Ax(k)

A ⪰ 0

x(k + 1) = Ax(k) +Adx(k − h)

A ⪰ 0 Ad ⪰ 0

Lemma 1.[1, 2] A system  is positive

if  and  only  if .  A  time-delay  system

 is  positive  if  and  only  if

 and .

By Lemma 1 and the assumptions for systems (1) and

(2), we can obtain that systems (1) and (2) are positive.

A ⪰ 0Lemma  2.[1, 2] Let , then  the  following  state-

ments are equivalent:

A1) The matrix  is Schur.

v ≻ 0 Rn

(A− I)v ≺ 0

2)  There  is  a  vector  in  such  that

.

σ(k) a > 0

b > 0

Definition  3.[35] System  (2)  is  exponentially  stable

under switching signal  if there exist constants 

and  such that the solution of the system satisfies

∥x(k)∥1 ≤ a∥x(0)∥ce−bk,∀k ∈ N+

∥x(0)∥c = sup
−h≤θ≤0

∥x(θ)∥1where .

In  [35],  the  norm  in  Definition  3  was  chosen  as  the

Euclidean norm. Noting the fact that the Euclidean norm

is  equivalent  to  the  1-norm,  we  modify  the  definition  in

[35] as Definition 3.

σ(k)

Nσ(k0, k1)

(k0, k1)

Definition  4.[44] Given  a  switching  signal ,  let

 denote the number of the switching in the in-

terval . If the condition

Nσ(k0, k1) ≤ N0 +
k1 − k0

τ

τ

σ(k)

holds,  then  is  said to be average dwell  time (ADT) of

the switching signal .

u = (u1, u2, · · · , um)T

υ = (υ1, υ2, · · · , υm)T |vj | ≤ 1 j = 1, 2, · · · ,m
Lemma  3.[34] Given  and

,  let  for  all .

Then,

sat(u) ∈ co{E1u+ E−
1 v,E2u+ E−

2 v, · · · , E2mu+ E−
2mv}

Eℓ, ℓ = 1, 2, · · · , 2m m×m

E−
ℓ = I − Eℓ

where  is  an  diagonal  matrix

with elements being either 1 or 0 and .

sat(u) =
2m∑
ℓ=1

ℏℓ(Eℓu+ E−
ℓ υ),

0 ≤ ℏℓ ≤ 1

2m∑
ℓ=1

ℏℓ = 1 ℑ(vi, 1)

From Lemma 3, we have 

where  and .  A cone domain 

is defined as

ℑ(vi, 1) = {x(k) ∈ Rn
+ : xT(k)vi ≤ 1}

vi ≻ 0 Hiȷ ȷ

Hi ∈ Rm×n

where .  Let  be  the -th  row  of  matrix

 and define the symmetric polyhedron:

L(Hi) := {x(k) ∈ Rn
+ : |Hiȷx(k)| ≤ 1}

i ∈ S ȷ = 1, 2, · · · ,mwhere  and .

3   Main results

In  this  section,  we  will  establish  an  event-triggered

control  approach  to  the  systems  (1)  and  (2). Fig. 1 de-

scribes  the  event-triggered  control  framework  of  positive

switched systems.
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Fig. 1     Event-triggered control framework of positive switched
systems
 

1

First,  an  event-triggering  condition  is  established

based  on  a -norm  inequality  to  replace  time-triggering

control scheme. The event-triggered control law is given as

u(k) = Fix̂(k) (4)

Fi ∈ Rm×n

x̂(k) x(kt) k ∈ [kt, kt+1), t ∈ N kt

where  is  the  event-triggered  controller  gain

matrix,  =  for any ,  and 

is  the  event-triggering  time  instant.  The  event-triggered

condition is generated by

∥e(k)∥1 > δ∥x(k)∥1 (5)

1 > δ > 0 e(k) e(k)

x̂(k)− x(k)

where ,  is  the  sample  error,  and  =

.

1 > µ > 0,

λ > 1, η > 0, ζ > 0 Rn vi ≻ 0 ρ+iı ≻ 0

ρ−iı ≺ 0 ϱ+iı ≻ 0 ϱ−iı ≺ 0 ρ+i ≻ 0 ρ̄−i ≺ 0 ρ−
i
≺ 0 ϱ+i ≻ 0

ϱ̄−i ≺ 0 ϱ−
i
≺ 0

Theorem  1. If  there  exist  constants 

 and  vectors , ,

, , , , , , ,

,  such that

1T
mB

T
i viAi +BiEiℓ

m∑
ı=1

1(ı)
m ρ+T

iı Φ1+

BiEiℓ

m∑
ı=1

1(ı)
m ρ−T

iı Φ2 +BiE
−
iℓ

m∑
ı=1

1(ı)
m ϱ+T

iı Φ1+

BiE
−
iℓ

m∑
ı=1

1(ı)
m ϱ−T

iı Φ2 ⪰ 0 (6a)

1T
mB

T
i viAi +Bi

m∑
ı=1

1(ı)
m ρ−T

iı Φ2 ⪰ 0 (6b)
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AT
i vi + β̄i(Φ2ϱ

+
i + ϱ̄−i − δ1n×nϱ

−
i
)+

ψ − µvi ≺ 0, Eiℓ = 0 (6c)

AT
i vi + β̄i(Φ2ρ

+
i + ρ̄−i − δ1n×nρ

−
i
)+

ψ − µvi ≺ 0, Eiℓ = I (6d)

AT
i vi + β̄iΦ2(ρ

+
i + ϱ+i ) + β̄i(η1ρ̄

−
i + η1ϱ̄

−
i −

η2δ1n×nρ
−
i
− η2δ1n×nϱ

−
i
)+

ψ − µvi ≺ 0, Eiℓ ̸= I, Eiℓ ̸= 0 (6e)

ρ+iı ⪯ ρ+i , ρ
−
i
⪯ ρ−iı ⪯ ρ̄−i , ϱ

+
iı ⪯ ϱ+i , ϱ

−
i
⪯ ϱ−iı ⪯ ϱ̄−i

(6f)

η11T
mB

T
i vi ≤ 1T

mE
T
iℓB

T
i vi ≤ η21T

mB
T
i vi,

Eiℓ ̸= I, Eiℓ ̸= 0 (6g)

− ζvi ≤ ϱ+iı + ϱ−iı ≤ ζvi (6h)

ζ ≤ 1T
mB

T
i vi (6i)

vi ⪯ λvj (6j)

∀(i, j) ∈ S, i ̸= j ı = 1, · · · ,mhold ,  and ,  then  under  the

event-triggered control law (4) with

Fi = F+
i + F−

i , Hi = H+
i +H−

i (7)
and

F+
i =

m∑
ı=1

1(ı)
m ρ+T

iı

1T
mB

T
i vi

, F−
i =

m∑
ı=1

1(ı)
m ρ−T

iı

1T
mB

T
i vi

(8a)

H+
i =

m∑
ı=1

1(ı)
m ϱ+T

iı

1T
mB

T
i vi

, H−
i =

m∑
ı=1

1(ı)
m ϱ−T

iı

1T
mB

T
i vi

(8b)

the resulting closed-loop system (1) is positive and stable

with ADT switching satisfying

τ ≥ − lnλ
lnµ (9)

Eiℓ, ℓ = 1, 2, · · · , 2m m×m

E−
iℓ = I − Eiℓ Φ1 =

I − δ1n×n Φ2 = I + δ1n×n ψ = (1− β̄i)γ̄i(Φ2ρ
+
i +

ρ̄−i − δ1n×nρ
−
i
)

x(k0) ∈ ℑ(vi, 1)
∪J

i ℑ(vi, 1)
N0 = 0

where  are  diagonal  matrices

with elements being either 1 or 0 and , 

, ,  and 

.  Moreover,  the  system  states  starting

from  will  remain  inside  for

.

Proof. By Lemma 3 and the event-triggering control

law (4),

sat(Fix̂(k)) =

2m∑
ℓ=1

ℏiℓ(EiℓFix(k) + EiℓFie(k)+

E−
iℓHix(k) + E−

iℓHie(k)). (10)

The closed-loop system (1) becomes as

x(k + 1) = Aix(k) + βi(k)Bi

2m∑
ℓ=1

ℏiℓ(EiℓFix(k)+

EiℓFie(k) + E−
iℓHix(k) + E−

iℓHie(k))+

(1− βi(k))γi(k)BiFix̂(k) (11)

x(k + 1) = Aix(k) + βi(k)Bi

2m∑
ℓ=1

ℏiℓ
(
EiℓF

+
i x(k)+

EiℓF
−
i x(k) + EiℓF

+
i e(k)+

EiℓF
−
i e(k) + E−

iℓH
+
i x(k)+

E−
iℓH

−
i x(k) + E−

iℓH
+
i e(k) + E−

iℓH
−
i e(k)

)
+

(1− βi(k))γi(k)
(
BiF

+
i x(k)+

BiF
−
i x(k) +BiF

+
i e(k) +BiF

−
i e(k)

)
.

(12)

We can obtain (12) from (7). Using the event-trigger-

ing condition (5), it follows that

∥e(k0)∥1 ≤ δ∥x(k0)∥1 = δ1T
nx(k0) (13)

x(k0) ⪰ 0for any initial state . Thus,

−δ1n×nx(k0) ⪯ e(k0) ⪯ δ1n×nx(k0) (14)
Then, we have

x(k0 + 1) ⪰ Aix(k0)+

βi(k0)Bi

2m∑
ℓ=1

ℏiℓ
(
EiℓF

+
i x(k0) + EiℓF

−
i x(k0)+

EiℓF
+
i e(k0) + EiℓF

−
i e(k0) + E−

iℓH
+
i x(k0)+

E−
iℓH

−
i x(k0) + E−

iℓH
+
i e(k0) + E−

iℓH
−
i e(k0)

)
+

(1− βi(k0))γi(k)
(
BiF

+
i x(k0)+

BiF
−
i x(k0) +BiF

+
i e(k0) +BiF

−
i e(k0)

)
⪰

βi(k0)

2m∑
ℓ=1

ℏiℓ
(
Ai +BiEiℓF

+
i Φ1 +BiEiℓF

−
i Φ2+

BiE
−
iℓH

+
i Φ1 +BiE

−
iℓH

−
i Φ2

)
x(k0)+

(1− βi(k0))
(
Ai +BiF

−
i Φ2

)
x(k0)

(15)

Using (6a), (6b) and (6h) gives

Ai +BiEiℓ

m∑
ı=1

1(ı)
m ρ+T

iı

1T
mB

T
i vi

Φ1 +BiEiℓ

m∑
ı=1

1(ı)
m ρ−T

iı

1T
mB

T
i vi

Φ2+

BiE
−
iℓ

m∑
ı=1

1(ı)
m ϱ+T

iı

1T
mB

T
i vi

Φ1 +BiE
−
iℓ

m∑
ı=1

1(ı)
m ϱ−T

iı

1T
mB

T
i vi

Φ2 ⪰ 0
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and

Ai +Bi

m∑
ı=1

1(ı)
m ρ−T

iı

1T
mB

T
i vi

Φ2 ⪰ 0.

Ai +BiEiℓF
+
i Φ1 +BiEiℓF

−
i

Φ2 +BiE
−
iℓH

+
i Φ1 +BiE

−
iℓH

−
i Φ2 ⪰ 0 Ai +BiF

−
i Φ2 ⪰

0 x(k0 + 1) ⪰ 0 x(k0) ⪰ 0

x(k + 1) ⪰ 0 ∀k ∈ N

Using (8), it follows that 

 and 

. Therefore,  for any initial state .

By  recursive  deduction,  it  is  not  hard  to  obtain

 for . Therefore,  the  closed-loop  sys-

tem (1) is positive.

Vi(k) = xT(k)vi,

vi ≻ 0 Rn.

Choose  a  linear  Lyapunov  function 

where  in  By (12)–(14), we obtain

E{△V (k)} = E{xT(k + 1)vi − xT(k)vi} ≤

E
{
xT(k)AT

i vi + xT(k)
(
β̄i

2m∑
ℓ=1

ℏiℓ(EiℓF
+
i +

EiℓF
−
i + E−

iℓH
+
i + E−

iℓH
−
i )+

(1− β̄i)γ̄i(F
+
i + F−

i )
)T
BT

i vi − xT(k)vi+

eT(k)
(
(1− β̄i)γ̄i(F

+
i + F−

i )+

β̄i

2m∑
ℓ=1

ℏiℓ(EiℓF
+
i + EiℓF

−
i +

H+
i Eiℓ + E−

iℓH
−
i )
)T
BT

i vi
}
.

Thus, we have

E{△V (k)} ≤ xT(k)AT
i vi+(

β̄i

2m∑
ℓ=1

ℏiℓ(EiℓF
+
i Φ2x(k) + EiℓF

−
i x(k)−

δEiℓF
−
i 1n×ne(k) + E−

iℓH
+
i Φ2x(k)+

E−
iℓH

−
i x(k)− δE−

iℓH
−
i 1n×ne(k))+

(1− β̄i)γ̄i(F
+
i x(k)Φ2 + F−

i x(k)−

δF−
i 1n×ne(k))− I

)T
BT

i vi. (16)

By (6f) and (8a),

(BiF
+
i )Tvi ⪯

ρ+i 1T
mB

T
i vi

1T
mB

T
i vi

= ρ+i

(BiF
−
i )Tvi ⪯

ρ̄−i 1T
mB

T
i vi

1T
mB

T
i vi

= ρ̄−i

(BiF
−
i )Tvi ⪰

ρ−
i

1T
mB

T
i vi

1T
mB

T
i vi

= ρ−
i
. (17)

Eiℓ = 0 (BiEiℓF
+
i )Tvi = 0Case I. .  It  is  easy to get ,

(BiEiℓF
−
i )Tvi = 0 E−

iℓ = I and .  Using  (6f)  and  (8b)

yields that

(BiE
−
iℓH

+
i )Tvi ⪯

ϱ+i 1T
mE

−T
iℓ BT

i vi

1T
mB

T
i vi

= ϱ+i

(BiE
−
iℓH

−
i )Tvi ⪯

ϱ̄−i 1T
mE

−T
iℓ BT

i vi

1T
mB

T
i vi

= ϱ̄−i

(BiE
−
iℓH

−
i )Tvi ⪰

ϱ−
i

1T
mE

−T
iℓ BT

i vi

1T
mB

T
i vi

= ϱ−
i
. (18)

By (17) and (18), (16) can be transformed into

E{△V (k)} ≤ xT(k)
(
AT

i vi + β̄i(ϱ
+
i + δ1n×nϱ

+
i +

ϱ̄−i − δ1n×nϱ
−
i
) + (1− β̄i)γ̄i(ρ

+
i +

δ1n×nρ
+
i + ρ̄−i − δ1n×nρ

−
i
)− vi

)
.

Furthermore,

E{△V (k)} ≤ xT(k)
(
AT

i vi + β̄i(Φ2ϱ
+
i + ϱ̄−i −

δ1n×nϱ
−
i
) + ψ − vi

)
. (19)

Eiℓ = I E−
iℓ = 0

(BiE
−
iℓH

+
i )Tvi = 0 (BiE

−
iℓH

−
i )Tvi = 0

Case  II. .  It  is  clear  that .  Then,

 and .  Using  (6f)

and (8a) gives

(BiEiℓF
+
i )Tvi ⪯

ρ+i 1T
mE

T
iℓB

T
i vi

1T
mB

T
i vi

= ρ+i

(BiEiℓF
−
i )Tvi ⪯

ρ̄−i 1T
mE

T
iℓB

T
i vi

1T
mB

T
i vi

= ρ̄−i

(BiEiℓF
−
i )Tvi ⪰

ρ−
i

1T
mE

T
iℓB

T
i vi

1T
mB

T
i vi

= ρ−
i
. (20)

Combining (16), (17) and (20) gives

E{△V (k)} ≤ xT(k)(AT
i vi + β̄i(Φ2ρ

+
i + ρ̄−i −

δ1n×nρ
−
i
) + ψ − vi). (21)

Eiℓ ̸= 0 Eiℓ ̸= ICase III.  and . By (6f), (6g) and (8),

it follows that

(BiEiℓF
+
i )Tvi ⪯

ρ+i 1T
mE

T
iℓB

T
i vi

1T
mB

T
i vi

⪯ ρ+i

(BiEiℓF
−
i )Tvi ⪯

ρ̄−i 1T
mE

T
iℓB

T
i vi

1T
mB

T
i vi

⪯ η1ρ̄
−
i

(BiEiℓF
−
i )Tvi ⪰

ρ−
i

1T
mE

T
iℓB

T
i vi

1T
mB

T
i vi

⪰ η2ρ
−
i

(BiE
−
iℓH

+
i )Tvi ⪯

ϱ+i 1T
mE

−T
iℓ BT

i vi

1T
mB

T
i vi

⪯ ϱ+i

(BiE
−
iℓH

−
i )Tvi ⪯

ϱ̄−i 1T
mE

−T
iℓ BT

i vi

1T
mB

T
i vi

⪯ η1ϱ̄
−
i

(BiE
−
iℓH

−
i )Tvi ⪰

ϱ−
i

1T
mE

−T
iℓ BT

i vi

1T
mB

T
i vi

⪰ η2ϱ
−
i
. (22)
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Substituting (22) into (16) gives

E{△V (k)} ≤ xT(k)
(
AT

i vi + β̄iΦ2(ρ
+
i + ϱ+i )+

β̄i(η1ρ̄
−
i + η1ϱ̄

−
i − η2δ1n×nρ

−
i
−

η2δ1n×nϱ
−
i
) + ψ − vi

)
. (23)

Applying  (6c)–(6e)  to  (19),  (21)  and  (23),  it  follows

that

E{△V (k)} ≤ −(1− µ)Vi(k). (24)

Vσ(km)(k)≤µ(k−km)Vσ(km)(km), k∈(km, km+1).

0 = k0 < k1 < k2 < · · · < km = kNσ(k0,k) < k

σ(k) [0, k)

Then, 

Suppose  is

the switching time sequences of  in the interval .

By (5) and (6j), we have

xT(k)vσ(km) ≤ µk−k0λNσ(k0,k)xT(k0)vσ(k0). (25)

∥x(k)∥1 ≤ ΓΥk−k0∥x(k0)∥1, ∀k ≥ k0, Γ =
χ2

χ1
eN0 ln λ > 0 Υ = e(ln µ+ ln λ

τ
) χ1 χ2

vi, ∀i ∈ S

0 < Υ < 1

Then  where 

 and ,  and  are the min-

imal and maximal elements of , respectively. We

obtain  from  (9)  that .  Therefore,  the  closed-

loop system (1) is stable.

x(k0) ℑ(vi, 1)
x(k) vi ≤ 1 x(k) ∈

∪J
i ℑ(vi, 1)

∀k ∈ N+ −vi ⪯
ϱ+
iı
+ϱ−

iı
1T
mBT

i
vi

= HT
iı

⪯ vi −1 ≤ −xT(k)vi ≤ Hiıx(k) ≤ xT(k)vi

≤ 1 ℑ(vi, 1) ⊆ L(Hi)

For  the  initial  state  in ,  we  can  obtain

from  (25)  that ,  i.e., ,

. By (6h) and (6i), we have 

. Thus, we have 

. This implies that .  □

ℑ(hi, 1)

ϕℑ(hi, 1) ⊆ (vi, 1) hi ≻ 0 ϕ > 0

x(k) ⪰ 0 vi ⪯
1

ϕ
hi ϕ∗ =

1

ϕ

Remark 2. The conditions (6a) and (6b) are to guar-

antee  the  positivity  of  the  system  (2).  The  conditions

(6c)–(6e)  are  to  reach  the  stability  of  the  system.  The

condition (6h)  is  to  construct  a  cone  domain  of  attrac-

tion. The  condition  (6j)  is  usually  used  in  switched  sys-

tems to  guarantee  a  finite  increment  of  Lyapunov  func-

tions  of  different  subsystems.  The  conditions  (6f),  (6g),

and (6i) are to transform the positivity and stability con-

ditions into linear programming. Next, an approach to es-

timate the maximal attraction domain of  the system (1)

is  presented.  Suppose  that  a  cone  set  satisfies

,  where  and .  Since

,  we  obtain .  Set .  Then,  the

maximal  attraction  domain  estimation  problem  can  be

formulated by the optimization problem:

minϕ∗ s.t. vi ⪯ ϕ∗hi and (6). (26)

We  provide  a  suggestive  algorithm  to  compute  the

condition (6).

Algorithm 1. Algorithm of condition (6)

µ ∈ [µmin, µmax]

κ1 ∈ [η1 min, η1 max] η2 ∈ [η2 min, η2 max] α ∈ [δmin, δmax]

µmin µmax η1 min η1 max η2 min η2 max δmin
δmax µl=µmin+ℑl(µmax−
µmin) η1i = η1 min + ℑi(η1 max − η1 min) η2j = η2 min+

ℑj(η2 max − η2 min) δℓ = δmin + ℑℓ(δmax − δmin)

Step  1. Set  initial  search  intervals ,

,  and ,

where , , , , , ,  and

 are given positive constants. Give 

, , 

 and  for

l, i, j, ℓ = 0, 1, 2, · · · , ℑl

ℑl ∈ [0, 1].

 where  is  a  uniformly  distributed

random number and  Compute (6a)–(6f).

µl η1i+1 =

η1 min + ℑi+1(η1 max − η1 min) η2j+1 = η2 min + ℑj+1

(η2 max − η2 min) δℓ+1 = δmin + ℑℓ+1(δmax − δmin)

If  the  conditions  (6a)–(6g)  are  unfeasible,  compute

(6a)–(6g) by fixing the value of  and choosing 

, 

 and ;

η1l
δi+1 = δmin + ℑj+1(δmax − δmin) η2j+1 = η2 min + ℑj+1

(η2 max − η2 min) µℓ+1 = µmin + ℑℓ+1(µmax − µmin)

Else if  the  conditions  (6a)–(6g)  are  unfeasible,  imple-

ment  (6a)–(6g)  by  fixing  the  value  of  and  setting

, 

 and ;

η2l µi+1 =

µmin + ℑi+1(µmax − µmin) η2j+1 = η1 min + ℑj+1(η1 max−
η1 min) δℓ+1 = δmin + ℑℓ+1(δmax − δmin)

Else if  the  conditions  (6a)–(6g)  are  unfeasible,  imple-

ment (6a)–(6g) by fixing the value of  and setting 

, 

 and ;

δl
µi+1 = µmin + ℑi+1(µmax − µmin) η1ℓ+1 = η1 min + ℑℓ+1

(η1 max−η1 min) η2j+1=η2 min+ℑj+1(η2 max−η2 min)

Else if  the  conditions  (6a)–(6g)  are  unfeasible,  imple-

ment  (6a)–(6g)  by  fixing  the  value  of  and  setting

, 

 and ;

µi+1 = µmin + ℑi+1(µmax−
µmin) η1i+1=η1 min+ℑi+1(η1 max−η1 min) η2i+1=η2 min+

ℑi+1(η2 max−η2 min) δi+1=δmin+ℑi+1(δmax−δmin)

Else if  the  conditions  (6a)–(6g)  are  unfeasible,  imple-

ment  (6a)–(6g)  by  setting 

, , 

 and .

End until (6a)–(6g) are feasible.

ζ

λ

Step 2. Compute the decision variables by (6a)–(6g)

and substitute the obtained solutions into (6h)–(6j). Let 

and  be unknown. Solve the conditions (6h)–(6j).

µ0 λ0 δ0 η1 η2 ζ η1 η2
ζ δ0 λ0 µ ∈ [µ0, µ0 + ξ] ξ

µ

µ ∈ [µ0 + ξ, µ0 + lξ]

µ

Step  3. Denote  the  obtained  parameters  in  Steps  1

and 2 as , , , ,  and . Fix the values of , ,

,  and . Let , where  is a given scal-

ar. By the dichotomy approach, find a value of  in the

interval. Implement finite times iterative computation un-

til  the conditions (6h)–(6j)  are  unfeasible.  Otherwise,  let

 and  repeat  the  previous  step  until  a

feasible value of  is obtained as large as possible.

µ ζ δ η1 η2
λ

[1, λ0]

Step  4. Fix  the  parameters , , ,  and  ob-

tained in Step 3. A value of  as small as possible can be

found  in  the  interval  using  a  similar  method  in

Step 3.

µ ζ λ η1 η2
δ

[0, δ0]

Step  5. Fix  the  parameters , , ,  and  ob-

tained in Step 3. A value of  as small as possible can be

found in the interval  using a similar method in Step 3.

µ ζ η1 η2 δ

λ

Step 6. Substitute the parameters , , , ,  and

 obtained in  Steps  1–5  into  (6)  and  compute  the  vari-

ables.

In Theorem 1, we consider the event-triggered control

of  the  system  (1).  In  the  following,  we  will  extend  the

proposed design  to  the  system  (1)  with  interval  uncer-

tainty:

Ai ⪯ Ai ⪯ Ai, Bi ⪯ Bi ⪯ Bi (27)

Ai ⪰ 0 Bi ⪰ 0where  and .

1 > µ > 0

λ > 1 η > 0 ζ > 0 Rn vi ≻ 0 ρ+iı ≻ 0

ρ−iı ≺ 0 ϱ+iı ≻ 0 ϱ−iı ≺ 0 ρ+i ≻ 0 ρ̄−i ≺ 0 ρ−
i
≺ 0 ϱ+i ≻ 0

ϱ̄−i ≺ 0 ϱ−
i
≺ 0

Corollary  1. If  there  exist  constants ,

, ,  and  vectors , ,

, , , , , , ,

,  such that
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1T
mB

T
i viAi +BiEiℓ

m∑
ı=1

1(ı)
m ρ+T

iı Φ1 +BiEiℓ

m∑
ı=1

1(ı)
m ρ−T

iı Φ2+

BiE
−
iℓ

m∑
ı=1

1(ı)
m ϱ+T

iı Φ1 +BiE
−
iℓ

m∑
ı=1

1(ı)
m ϱ−T

iı Φ2 ⪰ 0

1T
mB

T
i viAi +Bi

m∑
ı=1

1(ı)
m ρ−T

iı Φ2 ⪰ 0

A
T
i vi + β̄i(Φ2ϱ

+
i + ϱ̄−i − δ1n×nϱ

−
i
) + ψ − µvi ≺ 0, Eiℓ = 0

A
T
i vi + β̄i(Φ2ρ

+
i + ρ̄−i − δ1n×nρ

−
i
) + ψ − µvi ≺ 0, Eiℓ = I

A
T
i viβ̄iΦ2(ρ

+
i + ϱ+i ) + β̄i(η1ρ̄

−
i + η1ϱ̄

−
i − η2δ1n×nρ

−
i

− η2δ1n×nϱ
−
i
) + ψ − µvi ≺ 0, Eiℓ ̸= I, Eiℓ ̸= 0

ρ+iı ⪯ ρ+i , ρ
−
i
⪯ ρ−iı ⪯ ρ̄−i , ϱ

+
iı ⪯ ϱ+i , ϱ

−
i
⪯ ϱ−iı ⪯ ϱ̄−i

η11T
mB

T
i vi ≤ 1T

mE
T
iℓB

T
i vi ≤ η21T

mB
T
i vi, Eiℓ ̸= 0I

− ζvi ≤ ϱ+iı + ϱ−iı ≤ ζvi

ζ ≤ 1T
mB

T
i vi

vi ⪯ λvj

∀(i, j) ∈ S, i ̸= j ı = 1, · · · ,mhold ,  and ,  then  under  the

event-triggered control law (4) with (7) and

F+
i =

∑m
ı=1 1(ı)

m ρ+T
iı

1T
mB

T
i vi

, F−
i =

∑m
ı=1 1(ı)

m ρ−T
iı

1T
mB

T
i vi

H+
i =

∑m
ı=1 1(ı)

m ϱ+T
iı

1T
mB

T
i vi

, H−
i =

∑m
ı=1 1(ı)

m ϱ−T
iı

1T
mB

T
i vi

Eiℓ, ℓ = 1, 2, · · · , 2m m×m

E−
iℓ = I − Eiℓ Φ1 = I−

δ1n×n Φ2 = I + δ1n×n ψ = (1− β̄i)γ̄i(Φ2ρ
+
i + ρ̄−i −

δ1n×nρ
−
i
)

x(k0) ∈ ℑ(vi, 1)
∪J

i ℑ(vi, 1) N0 = 0

the resulting closed-loop system (1) is positive and stable

with  ADT  switching  satisfying  (9),  where

 are  diagonal  matrices  with

elements being either 1 or 0 and , 

,  and 

.  Moreover,  the  system  states  starting  from

 will remain inside  for .

The proof of Corollary 1 can be easily obtained by using

a similar method in Theorem 1.

Remark  3. Most  of  control  synthesis  of  positive

switched  systems  are  concerned  with  time-triggered

sample control[10–12], in which the state of the controller is

updated at each time instant. This may lead to resource

waste and increase  the  design  cost.  In  some control  sys-

tems such  as  communication  networks  and  power  sys-

tems, it is impossible to obtain the real-time information

of states owing to limited capacity of sampling elements.

In Theorem 1, we design an event-triggered controller for

the systems using a linear approach. The controller only

needs  to  obtain  the  state  information  when  the  event-

triggering  condition  is  satisfied.  In  practical,  such  a

design is not only practical but also with lower cost.

Remark 4. Wang  et  al.[32, 33] considered the  satura-

tion issues of positive switched systems, where it was as-

sumed  that  actuator  saturation  occurs  in  a  determined

way. Indeed, the occurrence of actuator saturation is de-

pendent on the input information of the controller. Thus,

the saturation is  likely to arise  in a random way.  Up to

now,  few  results  are  devoted  to  the  randomly  occurring

saturation. Theorem  1  investigates  the  randomly  occur-

ring  actuator  saturation  problems  of  positive  switched

systems as the first attempt.

V (k) = xT(k)v

v ≻ 0

Remark  5. For general  systems,  a  Lyapunov  func-

tion is usually constructed in a quadratic form since such

a form can guarantee the positive definite property of the

Lyapunov function. The state of positive systems is non-

negative. Therefore, a linear function:  can

be chosen as  the Lyapunov function of  positive  systems,

where  with compatible dimension. Under the linear

Lyapunov function,  linear  programming  is  naturally  em-

ployed as  computation tool.  A linear  approach including

linear  Lyapunov  functions  and  linear  programming  has

been  widely  used  in  the  literature[1, 2, 10–17] to  deal  with

the issues of positive systems. It has also been verified in

this  literature  that  the  linear  approach  is  more  suitable

for positive systems than other approaches.

0 < µ < 1,

λ > 1, η > 0, ζ > 0 Rn vi ≻ 0 νi ≻ 0 ρ+iı ≻ 0

ρ−iı ≺ 0 ϱ+iı ≻ 0 ϱ−iı ≺ 0 ρ+i ≻ 0 ρ̄−i ≺ 0 ρ−
i
≺ 0 ϱ+i ≻ 0

ϱ̄−i ≺ 0 ϱ−
i
≺ 0

Theorem  2. If  there  exist  constants 

 and  vectors , , ,

, , , , , , ,

,  such that

1T
mB

T
i viAi +BiEiℓ

m∑
ı=1

1(ı)
m ρ+T

iı Φ1+

BiEiℓ

m∑
ı=1

1(ı)
m ρ−T

iı Φ2 +BiE
−
iℓ

m∑
ı=1

1(ı)
m ϱ+T

iı Φ1+

BiE
−
iℓ

m∑
ı=1

1(ı)
m ϱ−T

iı Φ2 ⪰ 0 (28a)

1T
mB

T
i viAi +Bi

m∑
ı=1

1(ı)
m ρ−T

iı Φ2 ⪰ 0 (28b)

AT
i vi + β̄i(Φ2ϱ

+
i + ϱ̄−i − δ1n×nϱ

−
i
)+

ψ − µvi + νi ≺ 0, Eiℓ = 0 (28c)

AT
i vi + β̄i(Φ2ρ

+
i + ρ̄−i − δ1n×nρ

−
i
)+

ψ − µvi + νi ≺ 0, Eiℓ = I (28d)

AT
i vi + β̄iΦ2(ρ

+
i + ϱ+i ) + β̄i(η1ρ̄

−
i +

η1ϱ̄
−
i − η2δ1n×nρ

−
i
− η2δ1n×nϱ

−
i
)+

ψ − µvi + νi ≺ 0, Eiℓ ̸= 0, I (28e)
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ᾱiA
T
divi − µhνi ≺ 0 (28f)

ρ+iı ⪯ ρ+i , ρ
−
i
⪯ ρ−iı ⪯ ρ̄−i , ϱ

+
iı ⪯ ϱ+i , ϱ

−
i
⪯ ϱ−iı ⪯ ϱ̄−i

(28g)

η11T
mB

T
i vi ≤ 1T

mE
T
iℓB

T
i vi ≤ η21T

mB
T
i vi, Eiℓ ̸= 0, I

(28h)

− ζvi ≤ ϱ+iı + ϱ−iı ≤ ζvi (28i)

ζ ≤ 1T
mB

T
i vi (28j)

vi ⪯ λvj , νi ⪯ λνj (28k)

∀(i, j) ∈ S, i ̸= j ı = 1, 2, · · · ,m

Eiℓ, ℓ = 1, 2,

· · · , 2m m×m

E−
iℓ = I − Eiℓ Φ1 = I − δ1n×n Φ2 =

I + δ1n×n ψ = (1− β̄i)γ̄i(Φ2ρ
+
i + ρ̄−i − δ1n×nρ

−
i
)

x(k0) ∈ ℑ(vi, 1)∪J
i ℑ(vi, 1) N0 = 0

hold , and , then under the

event-triggered  control  law  (4)  with  (7)  and  (8),  the

resulting  closed-loop  system  (2)  is  positive  and  stable

with  ADT  switching  satisfying  (9),  where 

 are  diagonal matrices with elements being

either  1  or  0  and , , 

 and .

Moreover, the system states starting from 

will remain inside  for .

Ai +BiEiℓF
+
i Φ1 +BiEiℓF

−
i Φ2+

BiE
−
iℓH

+
i Φ1 +BiE

−
iℓH

−
i Φ2 ⪰ 0 Ai +BiF

−
i Φ2 ⪰ 0

Adi ≻ 0 x(k0 + 1) ⪰ 0

x(k + 1) ⪰ 0

Proof. First,  the system (2) can be transformed into

(29).  Using  (13)  and  (14)  gives  (30).  Combining  (28a),

(28b)  and  (8)  gives 

 and .

This together with  follows that . By

recursive  deduction,  we  have  for any  non-

negative initial state.

x(k + 1) = Aix(k) + αi(k)Adix(k − h)+

βi(k)Bi

2m∑
ℓ=1

ℏiℓ
(
EiℓFix(k) + EiℓFie(k)+

E−
iℓHix(k) + E−

iℓHie(k)
)
+

(1− βi(k))γi(k)BiFix̂(k). (29)

x(k0 + 1) ⪰ βi(k0)

2m∑
ℓ=1

(
Ai +BiEiℓF

+
i Φ1 +BiEiℓF

−
i Φ2+

BiE
−
iℓH

+
i Φ1 +BiE

−
iℓH

−
i Φ2

)
x(k0)+

(1− βi(k0))(Ai +BiF
−
i Φ2)x(k0)+

αi(k0)Adix(k0 − h). (30)

Choose a co-positive Lyapunov functional:

Vi(k) = xT(k)vi +
k−1∑

s=k−h

µs−k+1xT(s)νi (31)

vi ≻ 0 νi ≻ 0 Rnwhere  and  in . Then, we get

x(k + 1) = Aix(k) + αi(k)Adix(k − h)+

βi(k)Bi

2m∑
ℓ=1

ℏiℓ
(
EiℓFix(k) + EiℓFie(k)+

E−
iℓHix(k) + E−

iℓHie(k)
)
+

(1− βi(k))γi(k)BiFix̂(k). (32)
By (14), we have

E{∆V (k)} ≤

xT(k)
(
β̄i

2m∑
ℓ=1

ℏiℓ(EiℓF
+
i Φ2+

EiℓF
−
i Φ1 + E−

iℓH
+
i Φ2 + E−

iℓH
−
i Φ1) +AT

i vi + νi+

(1− β̄i)γ̄i(F
+
i Φ2 + F−

i Φ1)
)T
BT

i vi−

µxT(k)vi + ᾱix
T(k − h)AT

divi − µhxT(k − h)νi. (33)
Using (17) and (18) gives

E{Vi(k + 1)− µVi(k)} ≤ xT(k)
(
AT

i vi + β̄i(Φ2ϱ
+
i +

ϱ̄−i − δ1n×nϱ
−
i
) + ψ − µvi + νi

)
+

xT(k − h)(ᾱiA
T
divi − µhνi) (34)

for Case I. Connecting (17) and (20) gives

E{Vi(k + 1)− µVi(k)} ≤ xT(k)
(
AT

i vi + β̄i(Φ2ρ
+
i +

ρ̄−i − δ1n×nρ
−
i
) + ψ − µvi + νi

)
+

xT(k − h)(ᾱiA
T
divi − µhνi) (35)

for Case II. By (17) and (22), we can obtain

E{Vi(k + 1)− µVi(k)} ≤ xT(k)
(
AT

i vi + β̄iΦ2(ρ
+
i +

ϱ+i ) + β̄i(η1ρ̄
−
i + η1ϱ̄

−
i − η2δ1n×nρ

−
i
−

η2δ1n×nϱ
−
i
) + ψ − µvi + νi

)
+

xT(k − h)(ᾱiA
T
divi − µhνi) (36)

E{△V (k)} ≤ 0.

Vσ(km)(k + 1) < µVσ(km)(k) k ∈ [km, km+1), m ∈ N

for  Case III.  Combining (28c)–(28f),  (34),  (35) and (36),

it  follows  that  Thus,  we  obtain

 for .

Therefore, we have

Vσ(km)(k) < µVσ(km)(k − 1) < · · · < µk−kmVσ(km)(km).

(37)

0 = k0 < k1 < k2 < · · · < km = kNσ(k0,k)

< k σ(k)

[0, k)

Suppose  that 

 is  a  switching  time  sequence  of  in  the  interval

. Using (28j) gives

Vσ(km)(k) < µk−k0λNσ(k0,k)Vσ(k0)(k0). (38)

By Definition 4, it follows that
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Vσ(km)(k) < e(ln µ+ ln λ
τ

)(k−k0)Vσ(k0)(k0). (39)

∥x(k)∥1≤ΓΥ(k−k0) sup
−h≤θ≤0

∥x(θ)∥, ∀k≥k0,

Γ =
χ2 + χ3

χ1
Υ = eln µ+ ln λ

τ χ1

vi(k) χ2 χ3 vi(k0)

νi(k0),∀i ∈ S

Thus,  where

, ,  is the minimal element of

,  and  are  the maximal  elements  of  and

, respectively. □
Next, we will extend the proposed approach in Theor-

em 2 for the system (2) with polytopic uncertainty:

[Ai Bi] =

J∑
p=1

ςp[A
(p)
i B

(p)
i ] (40)

A
(p)
i ⪰ 0 B

(p)
i ⪰ 0

∑J
p=1 ςp = 1 0 ≤ ςp ≤ 1where ,  and , .

0 < ν < 1, λ > 1, η > 0, ζ > 0 Rn vi ≻ 0

νi ≻ 0 ρ+iı ≻ 0 ρ−iı ≺ 0 ϱ+iı ≻ 0 ϱ−iı ≺ 0 ρ+i ≻ 0 ρ̄−i ≺ 0

ρ−
i
≺ 0 ϱ+i ≻ 0 ϱ̄−i ≺ 0 ϱ−

i
≺ 0

Corollary  2. If  there  exist  constants

 and  vectors ,

, , , , , , ,

, , ,  such that

1T
mB̂

T
i viA

(p)
i +B

(p)
i Eiℓ

m∑
ı=1

1(ı)
m ρ+T

iı Φ1+

B
(p)
i Eiℓ

m∑
ı=1

1(ı)
m ρ−T

iı Φ2 +B
(p)
i E−

iℓ

m∑
ı=1

1(ı)
m ϱ+T

iı Φ1+

B
(p)
i E−

iℓ

m∑
ı=1

1(ı)
m ϱ−T

iı Φ2 ⪰ 0

1T
mB̂

T
i viA

(p)
i +B

(p)
i

m∑
ı=1

1(ı)
m ρ−T

iı Φ2 ⪰ 0

A
(p)T
i vi + β̄i(Φ2ϱ

+
i + ϱ̄−i − δ1n×nϱ

−
i
)+

ψ − µvi + νi ≺ 0, Eiℓ = I

A
(p)T
i vi + β̄i(Φ2ρ

+
i + ρ̄−i − δ1n×nρ

−
i
)+

ψ − µvi + νi ≺ 0, Eiℓ = 0

A
(p)T
i vi + β̄iΦ2(ρ

+
i + ϱ+i ) + β̄i(η1ϱ̄

−
i − η2δ1n×nρ

−
i
−

η2δ1n×nϱ
−
i
) + ψ − e−avi + νi ≺ 0, Eiℓ ̸= 0, I

ᾱiA
(p)T
di vi − µhνi ≺ 0

ρ+iı ⪯ ρ+i , ρ
−
i
⪯ ρ−iı ⪯ ρ̄−i , ϱ

+
iı ⪯ ϱ+i , ϱ

−
i
⪯ ϱ−iı ⪯ ϱ̄−i

η11T
mB̂

T
i vi ≤ 1T

mE
T
iℓB

T
i vi ≤ η21T

mB̂
T
i vi, Eiℓ ̸= 0, I

− ζvi ≤ ϱ+iı + ϱ−iı ≤ ζvi

ζ ≤ 1T
mB̂

T
i vi

vi ⪯ λvj , νi ⪯ λνj

∀(i, j) ∈ S, i ̸= j ı = 1, · · · ,mhold ,  and ,  then  under  the

event-triggered control law (4) with (7) and

F+
i =

∑m
ı=1 1(ı)

m ρ+T
iı

1T
mB̂

T
i vi

, F−
i =

∑m
ı=1 1(ı)

m ρ−T
iı

1T
mB̂

T
i vi

H+
i =

∑m
ı=1 1(ı)

m ϱ+T
iı

1T
mB̂

T
i vi

, H−
i =

∑m
ı=1 1(ı)

m ϱ−T
iı

1T
mB̂

T
i vi

(41)

Eiℓ, ℓ = 1, 2, · · · , 2m m×m

E−
iℓ = I − Eiℓ Φ1 =

I − δ1n×n Φ2 = I + δ1n×n ψ = (1− β̄i)γ̄i(Φ2ρ
+
i +

ρ̄−i − δ1n×nρ
−
i
)

x(k0) ∈ ℑ(vi, 1)
∪J

i ℑ(vi, 1)

B̂i = [b̂ij ] b̂ij = min
p=1,··· ,L

{b(p)ij } b
(p)
ij

B(p)

the resulting closed-loop system (2) is positive and stable

with  ADT  switching  satisfying  (9),  where

 are  diagonal  matrices  with

elements  being  either  1  or  0  and , 

,  and 

.  Moreover,  the  system  states  starting

from  will remain inside , where

 with  and  is the i-th row

j-th column element of the matrix .

Hi

Remark  6. In  [25],  the  event-triggered  control  for

positive systems with input saturation was considered by

means of linear matrix inequalities. The advantages of the

event-triggered control approach in this paper are that: 1)

A  linear  event-triggering  framework  is  constructed  for

positive systems;  2) A design approach to the attraction

domain  gain  is  proposed;  3)  A  linear  programming

computation  method  is  employed.  The  proposed  event-

triggered control approach is simpler and the correspond-

ing computation burden is lower.

Remark 7. In  [40–43],  the  control  issues  of  positive

systems  with  time  delay  were  considered.  These  works

were  concerned  with  the  time-triggered  control  strategy.

As stated in the introduction, the event-triggered control

is  more  practical  and  effective  in  practice,  especially  for

communication  and  power  systems,  than  the  time-

triggered  control.  In  [26],  the  event-triggered  control  of

positive switched systems with input saturation was pro-

posed  using  a  linear  programming.  It  should  be  pointed

out that the time delay in [40–43]  and the saturation in

[26]  are  described  in  a  certain  form.  This  paper  further

considers  the  randomly  occurring  saturation  and  time

delay issue for positive switched systems. Based on these

points,  the  control  design  in  this  paper  is  more  general

and practicable than the results in the literature.

Remark 8. The time-delay in this paper is constant.

It should  be  pointed  out  that  the  proposed  control  ap-

proach  can  be  developed  for  positive  switched  systems

with time-varying  delay.  In  such  a  case,  one  can  con-

struct the following co-positive Lyapunov functional:

Vi(k) = xT(k)vi +
k−1∑

s=k−d1

αs−k+1xT(s)v1i+

k−1∑
s=k−d2

αs−k+1xT(s)v2i+

−d1∑
s=−d2

k−1∑
m=k+s

αm−k+1xT(m)v3i

0 < α < 1 vi ≻ 0, v1i ≻ 0, v2i ≻ 0, v3i ≻ 0where  and .

Then,  the  corresponding  control  problems  can  be  solved
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e(k)

βi(k) = γi(k) = 0

x(k + 1) = Aix(k) + αi(k)Adix(k − h)

using some similar approaches in theorems and corollaries

presented in the paper. This paper refers to several issues:

switching  mechanism,  event-triggering  mechanism,

randomly  occurring  time-delay,  and  randomly  occurring

actuator  saturation.  We  provide  a  simple  discussion  on

these issues from two aspects: the running of the systems

and  the  feasibility  of  conditions.  The  switching  law

orchestrates  the  running  rule  of  subsystems  of  positive

switched systems. Each subsystem has its own saturation

and  time-delay  behavior.  The  event-triggering  condition

is  activated  during  the  running  processes  of  some

subsystems.  This  means  that  the  saturation  and  time-

delay  are  the  essential  features  of  subsystems  and  the

event-triggering  mechanism  is  for  each  subsystem.  We

give two statements on the effect  of  the event-triggering

mechanism  and  randomly  occurring  behavior  on  the

feasibility  of  Theorem  2.  Under  the  event-triggering

condition (5), an estimate to  is given in (14). Then,

the lower bound of the closed-loop system (2) is obtained

in (30). The conditions (28a) and (28b) in Theorem 2 can

guarantee  the  positivity  of  the  lower  bound.  Thus,  the

closed-loop  system  (2)  is  positive.  It  is  clear  that  an

inaccurate  estimate  (14)  may  lead  to  the  infeasibility  of

Theorem  2.  Noting  (29),  a  worse  case  is  that

.  In such a case,  the closed-loop system

(2)  is  reduced  to ,

which  may  be  unstable.  This  leads  to  the  invalidity  of

Theorem 2.

4   Examples

In [4], a communication network is constructed based

on positive switched systems (see Fig. 2). A data commu-

nication network is generally divided into two modes: the

busy time model and the idle time model. The busy-time

model  and  the  idle-time  model  mean  that  there  are  a

large number of packets and a small number of packets in

the  network,  respectively.  When  the  network  is  busy,

there is a lot of data transmission in the network channel.

The  network  may  become  congested,  which  will  lead  to

network collapse. The event-triggered control strategy[28, 45]

can ensure the normal operation of the network. In detail,

the control center can reduce the network speed to avoid

the  crash  of  the  network  in  the  busy  time  and  increase

the number of  packages  in  the idle  time.  If  the input of

the actuator exceeds a certain limit, saturation will occur.

Meanwhile,  the  network  congestion  can  cause  delays  in

packet  transmission.  It  should  also  be  pointed  out  that

the saturation  and  time-delay  of  communication  net-

works  are  likely  to  arise  in  a  random form.  Considering

these points, we use the systems (1) and (2) for modeling

data communication networks.

Example  1. Consider the  system  (1)  with  two  sub-

systems:

A1 =

(0.38 0.31 0.34

0.33 0.33 0.34

0.32 0.35 0.32

)
, B1 =

(0.002 0.001

0.001 0.003

0.001 0.002

)
,

A2 =

(0.37 0.32 0.34

0.31 0.33 0.33

0.35 0.33 0.36

)
, B2 =

(0.003 0.002

0.002 0.001

0.001 0.002

)
.

µ=0.98, λ=1.02, β̄1=0.5, β̄2 = 0.49, γ̄1 = 0.51

γ̄2 = 0.46, η1 = 0.2, η2 = 1.7, ζ = 5 δ = 0.06

Choose ,

 and . By  The-

orem 1, we can obtain

v1 =

(513.362 0
491.908 3

497.426 9

)
, v2 =

(503.305 9
482.272 8

508.082 1

)
, ρ+11 =

(0.010
0.020

0.010

)
,

ρ+12 =

(0.020
0.010

0.030

)
, ρ+21 =

(0.010
0.010

0.010

)
, ρ+22 =

(0.010
0.020

0.010

)
,

ρ−11 =

−86.835 7

−86.855 7

−86.845 7

 , ρ−12 =

−86.835 7

−86.855 7

−86.845 7

 ,

ρ−21 =

−131.153 8

−115.949 5

−115.959 5

 , ρ−22 =

−131.153 8

−115.949 5

−115.959 5

 ,

ρ+1 =

(0.030
0.030

0.040

)
, ρ̄−1 =

−86.825 7

−86.845 7

−86.835 7

 , ρ+2 =

(0.020
0.030

0.020

)
,

ρ̄−2 =

−131.143 8

−115.939 5

−115.949 5

 , ϱ+11 =

(0.010
0.010

0.010

)
, ϱ+12 =

(0.020
0.010

0.010

)
,

ϱ+21 =

(0.010
0.020

0.010

)
, ϱ+22 =

(0.010
0.010

0.010

)
, ϱ−11 =

−0.020

−0.030

−0.020

 ,

ϱ−12 =

−0.020 0

−0.020 0

−0.020 0

 , ϱ−21 =

−0.020

−0.030

−0.020

 , ϱ−22 =

−0.020

−0.020

−0.020

 ,

ϱ+1 =

(0.030
0.020

0.020

)
, ϱ̄−1 =

−0.010

−0.010

−0.010

 , ϱ+2 =

(0.020
0.030

0.020

)
,

ϱ̄−2 =

−0.010

−0.010

−0.010

 , ρ−
1
=

−86.845 7

−86.865 7

−86.855 7

 , ρ−
2
=

−131.163 8

−115.959 5

−115.969 5

 ,

ϱ−
1
=

−0.030

−0.040

−0.030

 , ϱ−
2
=

−0.030

−0.040

−0.030


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Fig. 2     A data communication network
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τ ≥ 0.9802and . Thus, the event-triggered controller gain

matrices and the domain of attraction gain matrices are:

F1 =

(
−17.365 1 −17.367 1 −17.367 1

−17.363 1 −17.369 1 −17.363 1

)
F2 =

(
−23.898 2 −21.127 6 −21.129 4

−23.898 2 −21.125 7 −21.129 4

)
H1 =

(
−0.002 0 −0.004 0 −0.002 0

0.000 0 −0.002 0 −0.002 0

)
H2 =

(
−0.001 8 −0.001 8 −0.001 8

−0.001 8 −0.001 8 −0.001 8

)
.

x(t0) = (3 5 4)T

x(k)

Given initial state , the simulation res-

ults  of  the  states  under  the  ADT  switching  are

shown in Fig. 3. Fig. 4 shows release  instants  and release

interval,  where  the  solid  and  dotted  lines  represent  the

event-triggering time instants of the first and second sub-

systems,  respectively. Fig. 5 is  the  domain  of  attraction,

where it is shown that the states will be kept in the do-

main for different initial conditions.
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Fig. 4     Release instants and release interval

 
Remark 9. In Figs. 3 and 4, the sampling step is 1 s.

Under the time-triggered control,  the control law will  be

updated 25 times in 25 s. By means of the event-triggered

control strategy  in  Theorem  1,  the  control  law  is  up-

dated  only  10  times.  Compared  with  the  time-triggered

control strategy, the event-triggered control strategy sig-

nificantly reduces the number of state updates.

Example  2. Consider the  system  (2)  with  two  sub-

systems:

A1 =

0.39 0.32 0.33

0.33 0.34 0.34

0.32 0.36 0.32

 , B1 =

0.002 0.001

0.001 0.003

0.001 0.002

 ,

Ad1 =

0.010 0.020 0.004

0.003 0.001 0.030

0.002 0.020 0.010

 ,

A2 =

0.38 0.32 0.35

0.32 0.34 0.33

0.34 0.34 0.36

 , B2 =

0.003 0.002

0.002 0.001

0.001 0.002

 ,

Ad2 =

 0.02 0.001 0.010

0.001 0.003 0.001

0.001 0.002 0.002

 .

µ = e−0.02 λ = 1.02 ᾱ1 = 0.32 ᾱ2 = 0.28

β̄1 = 0.56 β̄2 = 0.6 γ̄1 = 0.39 γ̄2 = 0.41 η1 = 0.33

η2 = 2.1 ζ = 4 h = 2 δ = 0.05

Choose , , , ,

, , , , ,

, ,  and .  By  Theorem  2,  we

can obtain

v1 =

(406.547 8
402.930 0

389.545 6

)
, v2 =

(398.586 1
395.039 2

406.846 0

)
, ν1 =

(1.947 1
5.233 9

5.645 1

)
,

ν2 =

(2.466 6
5.141 1

5.544 2

)
, ρ+11 =

(0.010
0.020

0.010

)
, ρ+12 =

(0.020
0.010

0.030

)
,

ρ+21 =

(0.010
0.010

0.010

)
, ρ+22 =

(0.010
0.020

0.010

)
, ρ−11 =

−127.520 4

−127.540 4

−127.530 4

 ,

ρ−12 =

−127.520 4

−123.006 2

−127.530 4

 , ρ−21 =

−168.325 4

−145.068 5

−157.463 8

 ,

ρ−22 =

−168.325 4

−145.068 5

−157.463 8

 , ρ+1 =

(0.030
0.030

0.040

)
, ρ̄−1 =

−127.510 4

−122.996 2

−127.520 4

 ,

ρ+2 =

(0.020
0.030

0.020

)
, ρ̄−2 =

−168.315 4

−145.058 5

−157.453 8

 , ϱ+11 =

(0.010
0.010

0.010

)
,

ϱ+12 =

(0.020
0.010

0.010

)
, ϱ+21 =

(0.010
0.020

0.010

)
, ϱ+22 =

(0.010
0.010

0.010

)
,
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ϱ−11 =

−2.243 4

−2.253 4

−2.233 4

 , ϱ−12 =

−2.243 4

−0.020 0

−2.233 4

 ,

ϱ−21 =

−7.761 1

−2.601 5

−2.581 5

 , ϱ−22 =

−7.761 1

−2.591 5

−2.581 5

 , ϱ+1 =

0.030

0.020

0.020

 ,

ϱ−
1
=

−2.233 4

−0.010 0

−2.223 4

 , ϱ+2 =

0.020

0.030

0.020

 , ϱ̄−2 =

−7.751 1

−0.010 0

−2.571 5

 ,

ρ−
1
=

−127.530 4

−127.550 4

−127.540 4

 , ρ−
2
=

−168.335 4

−145.078 5

−157.473 8

 ,

ϱ−
1
=

−2.253 4

−2.263 4

−2.243 4

 , ϱ−
2
=

−7.771 1

−2.611 5

−2.591 5


τ ≥ 0.9901and . Thus, the event-triggered controller gain

matrices and the domain of attraction gain matrices are

F1 =

(
−31.877 6 −31.880 1 −31.880 1

−31.875 1 −30.749 1 −31.875 1

)
F2 =

(
−42.078 8 −36.264 6 −39.363 5

−42.078 8 −36.262 1 −39.363 5

)
H1 =

(
−0.558 4 −0.560 9 −0.555 9

−0.555 9 −0.002 5 −0.555 9

)
H2 =

(
−1.937 8 −0.645 4 −0.642 9

−1.937 8 −0.645 4 −0.642 9

)
.

x(k0) = (4 6 2)T

x(k)

Given initial state , the simulation res-

ults  of  the  states  under  the  ADT  switching  are

shown in Fig. 6. Fig. 7 shows release  instants  and release

interval,  where  the  solid  and  dotted  lines  represent  the

event-triggering time instants of the first and second sub-

systems,  respectively. Fig. 8 is  the  domain  of  attraction,

where it is shown that the states will be kept in the do-

main for different initial conditions.

5   Conclusions

This  paper  investigates  the  event-triggered  control  of

positive switched systems with randomly occurring actu-

ator saturation and time-delay using linear programming.

The  randomly  occurring  actuator  saturation  and  time-

delay  are  governed  by  random  variables  obeying  the

Bernoulli distribution.  A  general  framework  is  estab-

lished for event-triggered control of the systems. The ob-

tained  approach  is  extended  for  interval  and  polytopic

uncertainty systems. A linear programming based optim-

ization  algorithm  is  presented  to  estimate  the  maximal

domain of attraction.

In  the  future,  it  would  be  interesting  to  develop  the

obtained  approaches  for  positive  switched  systems  with

randomly  occurring  saturation  and  time-delay  obeying

the  binomial  distribution.  In  this  paper,  the  stochastic

variables  with  respect  to  saturation  and  time-delay  are

independent on  each  other.  It  is  interesting  but  challen-

ging  to  consider  the  interdependent  case  of  stochastic

variables.
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