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Distributed Adaptive Cooperative Tracking of
Uncertain Nonlinear Fractional-order

Multi-agent Systems
Zhitao Li, Lixin Gao, Wenhai Chen, and Yu Xu

Abstract—In this paper, the leader-following tracking prob-
lem of fractional-order multi-agent systems is addressed. The
dynamics of each agent may be heterogeneous and has unknown
nonlinearities. By assumptions that the interaction topology is
undirected and connected and the unknown nonlinear uncertain
dynamics can be parameterized by a neural network, an adaptive
learning law is proposed to deal with unknown nonlinear dy-
namics, based on which a kind of cooperative tracking protocols
are constructed. The feedback gain matrix is obtained to solve
an algebraic Riccati equation. To construct the fully distributed
cooperative tracking protocols, the adaptive law is also adopted
to adjust the coupling weight. With the developed control laws,
we can prove that all signals in the closed-loop systems are
guaranteed to be uniformly ultimately bounded. Finally, a simple
simulation example is provided to illustrate the established result.

Index Terms—Adaptive control, consensus, distributed control,
fractional-order systems, multi-agent system.

I. INTRODUCTION

IN recent years, coordination problem of multi-agent sys-
tems has received a great deal of attention and become a

heated topic due to the reason of its extensive applications
in many areas, which include formation flight of UAV, col-
laborative rescue, multi-robot cooperative actions, distributed
sensor networks and so on. Consensus problem is well-known
as one of the foremost and basic issues in the area of
coordination control for multi-agent systems, whose purpose
is to develop distributed control protocols which make a group
of agents reach an agreement on some quantities. There are
many absorbing issues of coordination control linked with
consensus such as synchronization, swarm, flock, formation,
rendezvous, containment [1]. Till now, numerous constructive
results have been obtained for the consensus problems with
different agent dynamics including single integration system,
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double integration system, general linear system, discrete-time
system, time-delay system, descriptor system, fractional-order
system, nonlinear system [2]−[9].

As is known to all, neural networks (NNs) and fuzzy logic
systems (FLSs) have been extensively used to model and
design the control for uncertain interconnected (largescale)
nonlinear systems. In [10]−[12], fuzzy decentralized control
schemes have been developed for some classes of uncertain
interconnected nonlinear systems. By assumption that the
uncertainty can be linearly parameterised by a neural network,
distributed consensus protocols were developed to solve multi-
agent problems in [13]−[18].

In comparison with integer-order systems, fractional-order
systems are more suitable to model some practical application
systems such as viscoelastic systems, dielectric polarization,
electromagnetic waves and so on. It is easy to see that the
traditional integer-order systems can be viewed as a special
case of the fractional-order systems. In [19]−[21], the authors
investigated the stability problem of fractional-order systems,
which is more complex than that of integer-order systems.
Recently, some researchers have focused on the coordination
problem of fractional-order systems. The first-order consensus
problem was generalized to the case of networked fractional-
order systems in [8]. The consensus problem of fractional-
order multi-agent systems with input delay and communication
delay was studied by [22]. In [23], the authors probed the con-
sensus problem of fractional-order with uncertainty dynamics
via output feedback protocol. The synchronization problem
for a general fractional-order dynamical network model was
addressed in [24]. In [25], the relative state error feedback
laws were used to solve the leader-following fractional-order
consensus problem with Lipschitz nonlinear dynamics. The
leader-following consensus problem of fractional-order multi-
agent systems was addressed via adaptive pinning control
by [26]. The multi-consensus problem of fractional-order
uncertain linear multi-agent systems was investigated by [27],
and the related containment problem was addressed by [28].

Generally, the above established consensus conditions are
related to the interaction topology. The well-known consensus
condition for the coupling parameters is determined by the
smallest real part of the non-zero Laplacian eigenvalues of the
interaction topology, which plays a key role in the consensus
stability analysis. For a large-scale interaction topology, it is
very hard to estimate its eigenvalues, which limits the appli-
cations of the obtained results [29]. Because the eigenvalues
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of the Laplacian matrix are the global information, strictly
speaking, most of distributed consensus protocols proposed
in the above references are not able to be implemented in
the fully distributed way. To overcome this drawback, the
distributed adaptive approaches are proposed to design the
coupling parameters. The distributed adaptive state consensus
protocols were provided by [29]. The adaptive state tracking
protocol under directed interaction topology was proposed in
[30]. The adaptive design approaches were put forward to
solve second-order consensus problem with nonlinear dynam-
ics in [3], [31]. To solve the flocking problem with non-
holonomic mobile robots, the distributed adaptive formation
tracking law was addressed in [32]. In [33], a distributed
adaptive coupling parameter design approach was used to
solve observer-based leader-following consensus problem with
second-order nonlinear dynamics. Under undirected interac-
tion topology, the distributed full-order observer-based adap-
tive consensus protocols were proposed to solve the linear
consensus problem in [34].

Motivated by the above works, we investigate coopera-
tive tracking problem of the fractional-order systems under
undirected topology. By assumption that unknown nonlinear
uncertain dynamics can be parameterized by a neural network,
an adaptive learning law is proposed to deal with the unknown
uncertainty. Based on the adaptive learning law, two kinds of
cooperative tracking protocols are constructed in this paper. In
comparison with the existed references, the main contributions
are listed as follows: 1) Unlike most existing references of
fractional-order multi-agent systems, which assume that all
agents have identical dynamics, here the dynamics of each
agent are assumed to be heterogeneous and have unknown
nonlinear dynamics. To deal with the unknown nonlinearities,
an adaptive learning law is proposed for each following agent,
by which the consensus protocol for general linear multi-agent
systems is generalized to solve fractional-order consensus
problem. 2) Furthermore, an adaptive coupling weight law is
proposed for each following agent, by which the proposed
consensus protocols are implemented in the fully distributed
fashion. 3) Obviously, our established result can be applied to
the general linear multi-agent systems with uncertain dynamics
directly. Even in this special case, our established result is
novel, which generalizes the existed result.

The rest of the paper is organized as follows. In Section II,
some basic concepts of the fractional-order systems and the
formulation of our considered problem are introduced. Two
kinds of distributed adaptive cooperative tracking protocols
are proposed in Section III-A and III-B respectively, which
contain our main result. Following that, a simulation example
is provided in Section IV. Conclusions are given in Section V.

II. PRELIMINARIES AND PROBLEM FORMULATION

A. Notations and Interaction Topology
In this paper, the notations are standard. Rn denotes n-

dimensional Euclidean space. ∥ · ∥ is Euclidean norms. Rn×m

represents the set of n × m real matrices. IN represents the
identity matrix of dimension N . 1n ∈ Rn is the column
vector with all components equal to one. Dα represents α-
th order differintegration operator. A > 0 means that matrix

A is positive definite. For a matrix P ∈ Rm×n, its minimum
singular value is expressed as σ(P ), and maximum singular
value is expressed as σ̄(P ). tr{M} represents the trace of
matrix M . diag{λ1), . . . , λn} is a diagonal matrix with λi

being the ith diagonal element. ⊗ denotes Kronecker product
which satisfies: 1) (A ⊗ B)(C ⊗ D) = (AC) ⊗ (BD); 2)
(A⊗B)T = AT⊗BT ; 3) If A ≥ 0 and B ≥ 0, then A⊗B ≥ 0.

The interaction topology is modeled by simple weighted
graph G = (V, E ,A) with node set V = (υ1, υ2, . . . , υN ),
edge set E ⊂ V × V , and a weighted adjacency matrix
A = [aij ] ∈ RN×N with nonnegative weights. If (υi, υj) ∈ E ,
then aij > 0, and aij = 0 otherwise. The neighbor set
of the node i is denoted by Ni = {j|(vi, vj) ∈ ε}. The
degree matrix of graph G is D=diag {d1, d2, . . . , dN} with
di =

∑
j ∈ Niaij . Then, the Laplacian matrix of G is defined

as L = D −A, which satisfies L1N = 0.
Here, the considered multi-agent system is composed of N

agents (labeled by υi, i = 1, 2, . . . , N ) and a leader (labeled
by υ0), whose interaction topology is represented by Ḡ. We
use graph G to depict the interaction topology among the N
following agents. The weighted constant bi, i = 1, 2, . . . , N is
taken as positive constant if agent i is connected to the leader
and otherwise taken as zero. Let B=diag{b1, b2, . . . , bN}.
Denote H = L + B. We always assume that the interaction
topology satisfies the following assumption.

Assumption 1: The subgraph G related with all the following
agents is undirected and graph Ḡ contains a directed spanning
tree with the leader as the root.

The weighted constant bi, i = 1, 2, . . . , N is taken as
positive constant if agent i is connected to the leader and
otherwise it is taken as zero. Let B=diag{b1, b2, . . . , bN}.
Denote H = L + B. Matrix H has the following property
defined by Lemma 1.

Lemma 1: Supposing that the graph G is undirected, fixed,
and connected, and at least one agent has access to the leader.
Then, H is positive definite.

B. Fractional Calculus and Derivation
In this subsection, some basic concepts and properties of

fractional integration and derivation are introduced. Fractional-
order calculus is a generalization of integration and differ-
entiation to a non-integer fundamental operator Dα, which
extends the specific definitions of the traditional integer-order
to the more general arbitrary order context leading to different
definitions for fractional derivatives [35]. Throughout this
paper, let α be a positive constant with 0 < α < 1. Euler’s
Gamma function is a basic function for the fractional calculus,
which is denoted as

Γ(z) =

∫ ∞

0

e−ttz−1dt (1)

by which the Caputo fractional integral with order α is defined
as follows.

Definition 1 [35]: The definition of fractional integral of
continuous function f(t) with respect to t and the terminal value
t0 is given by

t0D
α
t f(t) =

1

Γ(α)

∫ t

t0

(t− τ)α−1f(τ)dτ. (2)
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The fractional-order systems can be viewed as a gener-
alization of integer-order systems. The following result of
fractional-order systems will be used later.

Lemma 2: The fractional-order nonlinear differential equa-
tion

t0D
α
t x(t) = f(x(t)) (3)

due to the continuous frequency distributed model of the
fractional integrator, can be written as

∂z(ω,t)
∂t = −ωz(ω, t) + f(x(t))

x(t) =
∫∞
0

µ(ω)z(ω, t)dω
(4)

where z(ω, t) is the infinite dimension distributed state vari-
able and µ(ω) is defined as

µ(ω) =
sin(απ)

π
ω−α.

C. Problem Formulation

Consider the fractional-order multi-agent system consisting
of N following agents and a leader. The dynamics of N
following agents are described by

Dαxi = Axi +B[ui + fi(xi)]

yi = Cxi, i = 1, . . . , N (5)

where 0 < α < 1 donates the order of the fractional integra-
tion, xi ∈ Rn is the state information of agent i, ui ∈ Rm is
its control input, fi(xi) ∈ Rm is unknown matched uncertain
dynamics which contains bounded exogenous disturbances and
unmodeled uncertainties. A ∈ Rn×n, B ∈ Rn×m and C ∈
Rm×n are known system matrices. Throughout this paper, pair
(A,B) is assumed to be stabilizable and (A,C) is assumed
to be detectable.

The dynamics of leader agent is described by

Dαx0 = Ax0 +Br(t)

yi = Cx0 (6)

where x0 ∈ Rn is the leader state, r(t) ∈ Rm is expressed a
bounded input .

Assumption 2: For all initial conditions, the solution of x0

exists.
We say that the multi-agent system achieves consensus if

lim t → ∞(xi(t)− x0(t)) = 0, i = 1, 2, . . . , N holds for any
initial states. The main objective of this paper is to design a
distributed protocol ui(t) to solve the consensus problem, that
is, the closed-loop multi-agent system achieves consensus.

To obtain the feedback gain matrix, the following well-
known result will be used.

Lemma 3 [36]: If (A,B) is stabilizable and Q is a sym-
metric positive definite matrix, then there is a unique positive
definite matrix P to satisfy the Riccati equation

PA+ATP − PBBTP +Q = 0 (7)

with any given Q > 0.

III. MAIN RESULTS

In this paper, it is assumed that each agent can obtain the
state information of its neighbor agents. In order to solve the
fractional-order multi-agent consensus problem with uncertain
dynamics, the neural network learning law is adopted to deal
with uncertain dynamics.

A. Cooperative Tracking With Learning Law

To begin with, let ei be relative state error between the ith
agent and its neighboring agents, which is denoted by

ei =
∑
j∈Ni

aij(xi − xj) + bi(xi − x0), i = 1, . . . , N. (8)

The tracking error is defined as δi = xi − x0. It follows
from (5) and (6) that the dynamics for δi can be expressed as

Dαδi = Aδi +B[ui + Fi(xi)] (9)

where Fi(xi) = fi(xi)− r(t).
Proceeding to the next step, the following assumption is

necessary to construct the effective learning law against the
unknown dynamics Fi.

Assumption 3: For the leader-following multi-agent systems
(5) and (6), the related uncertain dynamics Fi(xi) can be
parameterized by a neural network as follows:

Fi(xi) = WT
i ϕi(xi) + εi, ∀xi ∈ D (10)

where Wi ∈ Rs×m is an unknown constant weight matrix
satisfying ∥Wi∥ ≤ WiS with WiS ∈ R being a positive
constant. ϕi(xi): Rn → Rs is a known neural basis func-
tion vector ϕi(xi) = [ϕi1(xi), ϕi2(xi), . . . , ϕis(xi)] satisfying
∥ϕi∥ ≤ ϕiS with ϕiS ∈ R being a positive constant. εi is the
approximation error satisfying ∥εi∥ ≤ εiS with εiS a positive
constant. D ⊂ Rn is a sufficiently large domain.

Remark 1: The function F (x) is defined as a smooth
function. On condition that x is restricted to a compact set,
(10) holds for a large class of activation functions and the
functional reconstruction error ε can be made arbitrarily small
by increasing the number of nodes in the network structure.
This assumption is quite standard in the literatures, and more
detail can be referred to [13]−[18]. According to [17], we
can consider a dynamical model which contains the unknown
matched uncertainty ωi(t) as follows:

Dαxi = Axi +B[ui + fi(xi) + ωi(t)].

Let ε̂i = εi + ωi(t). When ωi(t), i = 1, 2, . . . , N are
bounded, we also know that ε̂i are bounded. It is easy to see
that the following obtained results are also correct by replacing
εi with ε̂i. Of course, the basis functions ϕi of (10) need not
to be neural networks. While the basis functions are replaced
by fuzzy systems, or fuzzy logic systems, a similar result can
also be obtained. The fuzzy decentralized design approaches
can be referred to [10]−[12].

In this paper, the adopted control law is proposed for agent
i with form

ui = uin − uia (11)
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uin is taken as the following well-known linear cooperative
control law

uin = cKei (12)

where positive constant c represents the coupling strength.
To deal with uncertainties, uia is adopted to compensate the
uncertainties, which is designed as

uia = ŴT
i ϕi(xi) (13)

where Ŵi is an estimate of Wi, which will be determined
later.

Substituting (11) into (9) yields

Dαδi = Aδi +B[cKei − W̃i
T
ϕi(xi) + εi] (14)

where W̃i = Ŵi −Wi.
Denote δ = [δT1 , δ

T
2 , . . . , δ

T
N ]T , ε = [εT1 , εT2 , . . . , εTN ]T ,

ϕ(x) = [ϕT
1 (x1), . . . , ϕT

N (xN )]T , e = [eT1 , . . . , eTN ]T , W̃
= diag{W̃1, . . . , W̃N}. Then, the dynamics of global tracking
error δ can be rewritten as

Dαδ = (IN ⊗A+ cH⊗BK)δ

+ (IN ⊗B)(−W̃Tϕ(x) + ε) (15)

and the dynamics of neighborhood synchronization error e can
be described as

Dαe = (IN ⊗A+ cH⊗BK)e

+ (H⊗B)(−W̃Tϕ(x) + ε). (16)

Now, the following result is established for the protocol (12)
to solve the fractional-order consensus problem.

Theorem 1: For the fractional-order multi-agent systems (5)
and (6), suppose that Assumptions 1−3 hold. Select the control
law (11) with K = −BP and the coupling strength c being
satisfied with

c ≥ 1

2min(λi)
, i = 1, . . . , N (17)

where P ∈ Rn×n is the unique positive matrix solution of
Riccati equation (7) with any given Q > 0, and λi is the ith
eigenvalue of matrix H. Ŵi is updated by

˙̂
Wi = ΓWiϕi(xi)e

T
i PB (18)

where ΓWi ∈ R are given positive constants. Then, all signals
in the closed-loop network are uniformly ultimately bounded,
and the tracking error vector δ satisfies limt→∞ ∥δ∥ ≤ γ1 for
some constant γ1 ∈ R+.

Proof: It follows from Lemma 2 that the fractional-order
tracking dynamical system (15) can be expressed as{∂Z(ω,t)

∂t = −ωZ(ω, t) + Ãδ + (IN ⊗B)(−W̃Tϕ(x) + ε)

δ =
∫∞
0

µ(ω)Z(ω, t)dω

(19)

where Ã = IN ⊗A+ cH⊗BK.
Consider the following Lyapunov function

V =

∫ ∞

0

µ(ω)ZT (ω, t)(H⊗ P )Z(ω, t)dω

+ tr(W̃TΓ−1
W W̃ ) (20)

where ΓW = diag{ΓW1 ,ΓW2 , . . . ,ΓWN } ⊗ I . It is easy to
see that while 0 < α < 1, V is positive-definite. The time
derivative of V (t) along (19) is given by

V̇ =

∫ ∞

0

µ(ω)[−ωZT (ω, t) + δT ÃT

+ (IN ⊗BT )(−W̃Tϕ(x) + ε)T ](H⊗ P )Z(ω, t)dω

+

∫ ∞

0

µ(ω)ZT (ω, t)(H⊗ P )[(−ωZT (ω, t) + δÃ

+ (IN ⊗B)(−W̃Tϕ(x) + ε)]dω

+ 2tr(W̃TΓ−1
W

˙̃W ) (21)

which can be simplified as

V̇ =− 2

∫ ∞

0

ωµ(ω)ZT (ω, t)(H ⊗ P )Z(ω, t)dω

+ δT [H⊗ (PA+ATP )− 2cH2 ⊗ (PBBTP )]δ

+ 2δT (H⊗ PB)(−W̃ϕ(x) + ε) + 2tr(W̃TΓ−1
W

˙̃W ).
(22)

Substituting the adaptive law (18) into (22), we can get

V̇ =− 2

∫ ∞

0

ωµ(ω)ZT (ω, t)(H⊗ P )Z(ω, t)dω

+ δT [H⊗ (PA+ATP )− 2cH2 ⊗ (PBBTP )]δ

+ 2δT (H⊗ PB)ε (23)

from which we can obtain

V̇ ≤ δT [H⊗ (PA+ATP )− 2cH2 ⊗ (PBBTP )]

+ 2δT (H⊗ PB)ε. (24)

According to Lemma 1, H is a positive definite matrix.
Thus, there must exist a unitary matrix U such that UTHU =
diag(λi), i = 1, . . . , N . Take a state transformation ζ = (UT

⊗ I)δ with ζ = [ζ1, . . . , ζN ]T . Then, it follows from (24) that
one has

V̇ ≤
N∑
i=1

ζTi λi(PA+ATP − 2cλiPBBTP )ζi

+ 2δT (H⊗ PB)ε. (25)

By means of (7) and (17), we have

V̇ ≤ − min
i=1,...,N

(λi)σ(Q)ζT ζ + 2δT (H⊗ PB)ε

= − min
i=1,...,N

(λi)σ(Q)δT δ + 2δT (H⊗ PB)ε. (26)

According to Assumption 3, there exist constants ϕS ∈ R+,
εS ∈ R+ such that ∥ϕ(x)∥ ≤ ϕS , ∥ε∥ ≤ εS . Then, we can
obtain

V̇ ≤ − min
i=1,...,N

(λi)σ(Q)∥δ∥2 + 2∥δ∥σ(H)σ(PB)εS

= −Υ(∥δ∥ − θ

Υ
)2 +

θ2

Υ
(27)

with {
Υ = min

i=1,...,N
(λi)σ(Q)

θ = σ(H)σ(PB)εS
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from which we know that if ∥δ∥ ≥ 2∥θ∥/Υ, then V̇ < 0. Thus,
δ is uniformly ultimately bounded, and limt→∞ ∥δ∥ ≤ γ1 with
γ1 = 2∥θ∥/Υ. �

Remark 2: Note that the protocol (12) is well-known, which
is used to solve the consensus problem without uncertainties,
that is, the case that Fi(xi) = 0. To deal with uncertainties Fi,
the term uia in control law (11) is adopted to compensate the
uncertainties. By (26), if ε = 0, we have V̇ ≤ 0, which means
that limt→∞ ∥δ∥ = 0, that is, the multi-agent system achieves
consensus. Non-zero ε implies that uia cannot compensate
the uncertainties Fi completely. Thus, we obtain that the
tracking error is bounded in this case. Note that the coupling
weight c is relying on the smallest eigenvalue of H, which
belongs to the global information. From this point, although
the linear control input (12) and the learning law (18) are
based on the local state information, the consensus protocol
(11) cannot be implemented in a fully distributed fashion.
The fully distributed protocol problem is discussed in the next
subsection.

Remark 3: Similar protocols of (10) have been adopted
to solve the tracking problem of general nonlinear multi-
agent systems in [17]. Here, the protocols are generalized
to solve the fractional-order systems with unknown nonlinear
dynamics. Our adopted learning law (18) for Wi is different
from that of [17]. The following learning law is used in [17]

˙̂
Wi = ΓWi [ϕi(xi)e

T
i PB −KW Ŵi] (28)

where KW is a positive constant. While multi-agent system
achieves consensus, we know that all ei tend to zero. In this
case, Ŵi will tend to zero. Unfortunately, because of the
existence of uncertainties Fi, Wi may not be zero. Thus, the
consensus is not easy to be achieved by learning law (28).
In our simulation computation, we also find this phenomenon.
For simplicity, ΓWi in (18) is taken positive constant. It is also
feasible to take positive definite matrix ΓWi in learning law
(18).

B. Fully Distributed Cooperative Tracking With Learning

To construct fully distributed protocol, an adaptive law for
coupling weight c is proposed for each following agent. Then,
the consensus protocol (11) is modified as follows:

ui = ciKei − uia (29)

where uia is same as (13), an adaptive coupling strength
ci ∈ R is chosen by

ċi = eTi Γθei (30)

with ei is defined as (8).
Similarly, by the protocol (29), the closed-loop multi-agent

system can be written as

Dαδi = Aδi +B[ciKei − W̃i
T
ϕi(xi) + εi]. (31)

Then, the error dynamics of (31) can be expressed as

Dαδ = (IN ⊗A+ c̃H⊗BK)δ

+ (IN ⊗B)(−W̃Tϕ(x) + ε) (32)

where c̃ = diag{c1, . . . , cN}.
Theorem 2: For the fractional-order multi-agent systems (5)

and (6), suppose that Assumptions (1)−(3) hold. Select the
control law (29) together with (30) with K = −BP and
Γθ = PBBTP , where P ∈ Rn×n is the unique positive
matrix solution of Riccati equation (7) with any given Q > 0.
The updating law Ŵi is chosen as (18). Then, all signals in
the closed-loop network are uniformly ultimately bounded, and
the tracking error vector δ satisfies limt→∞ ∥δ∥ ≤ γ2 for some
constant γ2 ∈ R+.

Proof: It follows from Lemma 2 that the fractional-order
tracking dynamical system (32) can be expressed as{∂Z(ω,t)

∂t = −ωZ(ω, t) + Ãδ + (IN ⊗B)(−W̃Tϕ(x) + ε)

δ =
∫∞
0

µ(ω)Z(ω, t)dω

(33)

where Ã = IN ⊗A+ c̃H⊗BK.
Consider the following Lyapunov function

V =

∫ ∞

0

µω)ZT (ω, t)(H⊗ P )Z(ω, t)dω

+

N∑
i=1

(ci − α)2 + tr(W̃TΓ−1
W W̃ ) (34)

where α is a sufficiently large positive constant.
The time derivative of V (t) along (33) is given by

V̇ =

∫ ∞

0

µ(ω)[−ωZT (ω, t) + δT ÃT

+ (IN ⊗BT )(−W̃Tϕ(x) + ε)T ](H⊗ P )Z(ω, t)dω

+

∫ ∞

0

µ(ω)ZT (ω, t)(H⊗ P )[(−ωZT (ω, t) + δÃ

+ (IN ⊗B)(−W̃Tϕ(x) + ε)]dω

+ 2
N∑
i=1

(ci − α)ċi + 2tr(W̃TΓ−1
W

˙̃W ) (35)

from which we can obtain

V̇ ≤ δT [H⊗ (PA+ATP )− 2c̃H2 ⊗ (PBBTP )]δ

+ 2δT (H⊗ PB)ε+ 2

N∑
i=1

(ci − α)ċi. (36)

It follows from (8) and (30) that we can obtain

2

N∑
i=1

(ci − α)ċi = 2

N∑
i=1

(ci − α)eTi Γθei

= 2δT [(c̃− αIN )H2 ⊗ Γθ]δ

= 2δT [(c̃− αIN )H2 ⊗ PBBTP ]δ. (37)

Then, substituting (37) into (36), we have

V̇ ≤ δT [H⊗ (PA+ATP )− 2c̃H2 ⊗ (PBBTP )]δ

+ 2δT (H⊗ PB)ε+ 2δT [(c̃− αIN )H2 ⊗ PBBTP ]δ

= δT [H⊗ (PA+ATP )− 2αH2 ⊗ (PBBTP )]δ

+ 2δT (H⊗ PB)ε. (38)

According to Lemma 1, we can know that H is a positive
matrix. Let U be a unitary matrix such that UTHU =
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diag(λi), i = 1, . . . , N . Take a state transformation ζ = (UT

⊗ I)δ with ζ = [ζ1, . . . , ζN ]T . Then, by (38), we can get

V̇ ≤
N∑
i=1

ζTi λi(PA+ATP − 2αλiPBBTP )ζi

+ 2δT (H⊗ PB)ε. (39)

Choosing large enough positive constant α such that for all
i = 1, . . . , N , 2αλi ≥ 1 holds, we can obtain

V̇ ≤− min
i=1,...,N

(λi)σ(Q)∥δ∥2 + 2δT (H⊗ PB)ε. (40)

Similarly as Theorem 1, let Υ = mini=1,...,N (λi)σ(Q) and
θ = σ(H)σ(PB)εS . From (40), we can obtain

V̇ ≤ − min
i=1,...,N

(λi)σ(Q)∥δ∥2 + 2∥δ∥σ(H)σ(PB)εS

= −Υ(∥δ∥ − θ

Υ
)2 +

θ2

Υ
. (41)

Thus, we know that when ∥δ∥ ≥ 2∥θ∥
Υ , V̇ < 0. Thus, δ is

uniformly ultimately bounded, and limt→∞ ∥δ∥ ≤ γ2 with γ2
= 2∥θ∥/Υ. �

Remark 4: Since the coupling weight c is involved in proto-
col (11), the consensus is dependent on the global information
of the interaction topology. To overcome this shortcoming,
an adaptive coupling weight law (30) is proposed for each
following agent, by which the proposed consensus protocols
are implemented in a fully distributed fashion. While ε = 0,
it follows from (40) that we have V̇ ≤ 0, from which we can
obtain that limt→∞ ∥δ∥ = 0, that is, the multi-agent system
achieves consensus. Furthermore, we have limt→∞ ∥e∥ = 0.
According to (30), ci is monotonously increasing. Thus, ci will
converge to a constant in this case. When the error ε is not
zero, the multi-agent system may not achieve consensus. Thus,
the neighborhood synchronization error ei may not converge
to zero, which may lead ci increasing too large. To solve the
problem, we can take a large enough threshold cmax. If ci
increases greater than cmax, take ci = cmax.

Remark 5: Although it is assumed that 0 < α < 1,
all result is also true for α = 1, that is, our established
result can be applied to the general linear multi-agent systems
directly. Thus, even in general nonlinear multi-agent systems,
the protocol (29) also generalizes the existed result of [17].

IV. NUMERICAL EXAMPLE

In this section, a simple example is provided to illustrate
the obtained theoretical results. Consider an electrical circuit
system, which is composed of resistors, supercondensators (ul-
tracapacitors), coils, and voltage sources. It is widely assumed
that the current iC(t) and voltage uC(t) of supercondensator
satisfy

iC(t) = C
Dαuc(t)

Dαt
(42)

where 0 < α < 1, and C is the capacity of the supercon-
densator. The voltage uL(t) and its current iL(t) of the coil
satisfy

uL(t) = L
DβiL(t)

Dαt
(43)

where 0 < β < 1, and L is the inductance constant. A
simple electrical circuit system was provided by [38], which
is modeled by a fractional-order system as follows[

DβuL

DαiC

]
=

[
0 1

C

− 1
L −R

L

] [
uL

iC

]
+

[
0
1
L

]
u. (44)

More detail can be referenced to [38] and [39].
For convenience, take α = β = 0.8. Let xi = [uL, iC ]

T .
Since there always exist the modeling error and disturbance,
we consider a network of electrical circuits consisting of
N = 9 following agents and a leader. The dynamics of
following agents and leader agent are assume to be modeled
by (5) and (6) respectively, whose system matrices are given
by

A =

[
0 2

−0.0025 −0.1

]
, B =

[
0.0025

0

]
and the order of fractional system is taken as α = 0.8. For
simplicity, take r(t) = sin(t), the unknown nonlinear function
can be approximated by Fi(xi) = ai1sin(xi1) + ai2cos(xi2),
whose unknown constants can be taken as ai1 = 2, ai2 = 2.

The interaction topology is shown as Fig. 1, whose weights
are taken as 1. By some simple computation, take c = 20 such

that condition (17) holds. By choosing Q =

[
0.1 0
0 0.1

]
to

solve the Riccati equation (7), we have

P =

[
3.3632 26.4333
26.4333 276.7941

]
.

leader

agent1

agent2

agent3

agent4

agent5

agent6

agent7

agent8

agent9

Fig. 1. Interaction topology graph.

Then, we can choose the basic functions as ϕ(x) =[
sin(xi1) cos(xi2)

]
. The parameters ΓWi used in (18) are

taken as ΓWi = 100.
Then, the feedback matrix K can be constructed by

K = −BP =
[
−0.0661 −0.6920

]
.
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Firstly, the consensus protocol (11) is used to solve consen-
sus problem. The first and the second components of tracking
errors δi = xi − x0 are shown in Figs. 2 and 3, respectively,
which show that the multi-agent system can achieve consensus.
Moreover, the approximation errors of nonlinear dynamics are
shown in Fig. 4, which shows that the learning law (18) is
effective to estimate the weight Wi. When the small coupling
strength c is taken, the simulation result shows that the multi-
agent system cannot achieve consensus.

While the consensus protocol (29) is used to solve consen-
sus problem, the first and the second components of tracking
errors δi = xi − x0 are shown in Figs. 5 and 6, respectively,
which show that the multi-agent system can achieve consensus.
The evolutions of approximation errors of nonlinear dynamics
in Fig. 7, which show that the learning law (18) is effective
to estimate the weight Wi. The adaptive coupling gains are
depicted in Fig. 8, from which we can know that the coupling
weights converge to finite steady-state values. By adopting the
consensus protocol (29), we can take very small initial value

for ci.

V. CONCLUSIONS

In this paper, we considered the cooperative tracking of
fractional-order multi-agent systems with unknown nonlinear
dynamics under undirected interaction topology. By assump-
tion that unknown nonlinear dynamics can be parameterized
by a neural network, adaptive learning laws were proposed to
deal with unknown nonlinear dynamics. Then, a cooperative
tracking protocol was generalized to solve the cooperative
tracking problem of fractional-order multi-agent systems. To
get the fully distributed cooperative tracking protocol, the
adaptive laws were used to adjust the coupling weight. It
is mathematically proved that with the developed controllers,
all signals in the closed-loop network are guaranteed to be
uniformly ultimately bounded. Future work will be focused
on the adaptive protocols under directed interaction topology
and time-delay cases.
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