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   Abstract—In this paper, an adaptive backstepping control sche-
me is proposed for attitude tracking of non-rigid spacecraft in the
presence  of  input  quantization,  inertial  uncertainty  and  external
disturbance. The control signal for each actuator is quantized by
sector-bounded  quantizers,  including  the  logarithmic  quantizer
and the hysteresis  quantizer.  By describing the impact  of  quant-
ization in a new affine model and introducing a smooth function
and a novel form of the control signal, the influence caused by in-
put quantization  and  external  disturbance  is  properly  com-
pensated for. Moreover, with the aid of the adaptive control tech-
nique, our approach can achieve attitude tracking without the ex-
plicit  knowledge  of  inertial  parameters.  Unlike  existing  attitude
control  schemes  for  spacecraft,  in  this  paper,  the  quantization
parameters can be unknown, and the bounds of inertial paramet-
ers  and  disturbance  are  also  not  needed.  In  addition  to  proving
the  stability  of  the  closed-loop  system,  the  relationship  between
the control performance and design parameters is analyzed. Sim-
ulation  results  are  presented  to  illustrate  the  effectiveness  of  the
proposed scheme.
    Index Terms—Adaptive control,  attitude  control,  input  quantiza-
tion, spacecraft, time-varying inertial parameter.

I.  Introduction

IN  recent  years,  the  fractionated/plug-and-play  spacecraft
has received increasing attention in aerospace engineering.

Since being proposed in 2006, several experimental satellites,
including  PnPSat  1,  TacSat,  and  MSV,  have  been  lunched
[1]–[4]. The functional components of this kind of spacecraft
are  connected  via  wireless  networks.  Unlike  the  traditional
cable connected architecture, which is heavy, costly and awk-
ward, the  wireless  architecture  provides  possibilities  to  con-
struct faster, lighter weight, flexible and recyclable spacecraft,
which makes  this  fractionated  architecture  more  advantage-
ous and promising.

A  key  technology  for  fractionated  spacecraft  is  wireless
signal  transmission.  As  analyzed  in  [5]–[7],  in  order  to
transmit  signals  in  the  network,  quantization  is  an  inevitable
and  important  process.  However,  for  fractionated  spacecraft,
the  bandwidth  of  the  wireless  network,  which  transmits  data

from  the  controller  to  actuators,  is  limited.  This  limitation
brings large quantization errors into the control signal, and can
cause control performance deterioration or even instability. In
addition,  spacecraft  dynamics  usually  suffer  from
environmental  disturbance  (such  as  gravitation,  magnetic
forces, solar radiation, etc.). In order to improve performance
and  robustness  of  control  systems,  the  influence  of
quantization error and external disturbance must be taken into
consideration.

As one of the most important subsystems for spacecraft, the
attitude  control  system  plays  a  key  role  in  determining
whether  spacecraft  can  successfully  accomplish  on-orbit
missions  or  not,  and  even  the  lifespan  of  spacecraft.  Up  to
now,  extensive  research  has  been done on attitude  control  of
spacecraft,  and  many  effective  control  approaches  have  been
applied, such as optimal control [8], iterative learning control
[9],  model  predictive  control  [10],  robust  control  [11],
passivity  based  control  [12]  and  sliding  mode  control  [13].
Since  inertial  parameters  are  difficult  to  be  precisely
determined  in  pre-flight  testing,  much  attention  was  paid  to
deal  with  attitude  control  with  inertial  uncertainty.  As  an
effective  approach  to  deal  with  system  uncertainty,  adaptive
control  technique  has  been  applied  to  the  attitude  control  of
spacecraft  with  unknown  inertial  matrix  ([14]–[16]  and
references therein). It should be pointed out that, however, in
aforementioned  research  works,  inertial  parameters  are
assumed to be constant or their derivative is negligibly small.
It is true that this assumption is reasonable when the changes
of  system  parameters  is  sufficiently  slow,  and  can  reduce
difficulties  in  controller  design.  Nevertheless,  modern
spacecraft  is  usually  equipped  with  deployable  appendages,
such  as  solar  arrays  and  antennas.  The  deployment  of  these
appendages  could  cause  non-ignorable  variations  in  inertial
parameters.  Hence,  the  constant  inertial  parameters
assumption in existing papers will not be applicable under this
circumstance.  In  [17],  the  influences  of  mass  displacement
caused  by  appendages  deployment  and  fuel  consumption  are
formulated,  respectively,  and  two  adaptive  control  schemes
were  developed  for  the  attitude  control  of  spacecraft  with
time-varying inertial matrix. In [18], an adaptive fault-tolerant
attitude  control  is  proposed  for  deployable  spacecraft  with
prescribed tracking performance.

It  should  be  pointed  out,  although  aforementioned  attitude
control  schemes  could  achieve  satisfactory  control
performance,  none  of  them  consider  the  input  quantization
issue.  Notable  exceptions  are  [19]–[23].  Spacecraft  attitude
stabilization with logarithmic-type control torque quantization
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is  researched in  [19],  where the inertial  matrix  is  assumed to
be  constant,  and  the  designed  adaptive  law  is  not  robust  to
uncertainties  and  disturbances.  Without  considering  external
disturbance,  attitude  control  schemes  based  on  sliding-mode
control  and  passivity  are  developed  for  spacecraft  with  input
quantization  in  [20]  and  [21],  respectively.  In  [22],  by
utilizing the disturbance observer, a fixed-time attitude control
scheme  is  proposed  for  spacecraft  with  quantized  control
torque.  Note  that  in  [20]–[22],  inertial  parameters  are  all
assumed to be totally available for  controller  design.  In [23],
the  quantized  attitude  control  for  spacecraft  with  inertial
uncertainty  and  external  disturbance  is  researched.  However,
in  [23],  in  order  to  guarantee  the  closed-loop  stability,
additional  restriction  is  imposed  on  quantization  parameters;
the  inertial  matrix  is  required  be  constant  and  the  bounds  of
unknown  parameters  need  to  be  available,  which  largely
restricts the practicality of the control scheme.

In this paper, a novel adaptive backstepping control scheme
is proposed for attitude maneuver of spacecraft in the presence
of  input  quantization,  unknown  external  disturbance,  time-
varying  inertial  parameters  and  redundant  actuator
configuration.  The  control  signal  for  each  actuator  is
quantized  with  a  class  of  quantizers  satisfying  sector-bound
property,  including  the  logarithmic  quantizer  and  the
hysteresis  quantizer.  In  order  to  deal  with  the  influence  of
quantization error, a new affine model is employed to describe
the  influence of  quantization,  and a  smooth function,  as  well
as  a  novel  form  of  designed  control  signals  are  introduced.
Unlike existing attitude control approaches for spacecraft with
quantized input,  the  quantization parameter  can be unknown,
and  no  information  about  the  bounds  of  inertial  uncertainty
and  disturbances  are  needed.  Besides,  the  redundant  actuator
configuration  and  deployable  appendages  induced  time-
varying inertial parameters are also considered.

The remaining parts of this paper are organized as follows.
Section II states the problem formulation. Section III gives the
design  procedures  of  the  adaptive  backstepping  controller,
followed  by  the  stability  analysis  in  Section  IV.  Section  V
presents  the  numerical  simulation  to  verify  the  effectiveness
of the proposed control scheme.

II.  Problem Formulation

A.  Attitude Dynamics
The  nonsingular  attitude  kinematics  and  dynamics  of  the

non-rigid  spacecraft  can  be  described  in  terms  of  unit
quaternion as [17][

q̇0
q̇

]
=

1
2

 −qT

q0I3+q×

w

Jẇ = −J̇w−w×Jw+DQ(u)+d
(1)

(q,q0) ∈ R3×R
I

B w ∈ R3

I
B d

I3 ∈ R3×3 D ∈ R3×m

m ≥ 3 Q(u) = [Q(u1),Q(u2), . . . ,Q(um)]T

where  denotes  the  attitude  orientation  of  the
spacecraft  with  respect  to  the  inertial  frame  and is  ex-
pressed in the body-fixed frame ;  is the angular velo-
city  of  the  spacecraft  with  respect  to  the  frame  and ex-
pressed  in  the  frame ;  denotes  the  external  disturbance;

 is an identity matrix;  is the control alloca-
tion  matrix  with ; 

∈ Rm u ∈ Rm

x×

x = [x1, x2, x3]T

 denotes  the  quantized  control  input;  is the  con-
trol  signal  to  be  designed;  denotes  the  skew-symmetric
matrix of , which is given as

x× =

 0 −x3 x2
x3 0 −x1
−x2 x1 0

 . (2)

u

The  attitude  control  system  over  wireless  communication
for  spacecraft  with  input  quantization  is  presented  in Fig. 1.
The  control  signal  is  quantized  in  the  quantizer,  and  then
coded  in  the  coder.  After  being  transmitted  via  the
communication  network,  the  quantized signal  is  recovered in
the  decoder,  and  further  is  applied  to  actuators.  We  assume
that  the  communication  network  is  noiseless  so  that  the
quantized signal can be fully recovered in the decoder.

In  this  paper,  we  consider  that  the  spacecraft  is  equipped
with  deployable  appendages,  which  can  result  in  appreciable
variations  in  inertial  matrix,  and  the  time-varying  inertial
matrix model studied in our upcoming section is modeled as

J = Jm− JnΨ(t) (3)
Jm

JnΨ(t) ∈ R3

Jm ∈ R3×3

Jn ∈ R3×n Ψ(t) ∈ Rn×3

J

where  is  the  constant  part  of  the  inertial  matrix,  and
 is the  time-varying  part  induced  by  the  deploy-

ment  of  appendages.  Particularly,  we  assume  that 
and  both are unknown and constant;  is a
known time-varying function. As a result, the derivative of 
can be expressed as

J̇ = −JnΨ̇(t). (4)
d

||d|| ≤ ds(1+ ||w||2) ds > 0
Assumption  1: The  external  disturbance  satisfies

 with  an unknown constant.
JAssumption  2: The  inertial  moment  matrix  is  symmetric

and positive definite.
Remark  1: Compared  with  the  assumption  of  bounded

disturbance in [11], [16], [18], [23], the Assumption 1 is more
general and encompasses more kinds of disturbance, e.g.,  the
aerodynamic  drag  which  is  proportional  to  the  square  of
angular  velocity.  Assumption  2  is  pretty  common in  existing
works,  including  those  found  in  [8],  [10],  [12],  [14]  and
[16]–[23].

(qe,qe0) (q,q0)
(qd,qd0) ∈ R3×R

In  order  to  formulate  our  control  problem,  we  define
 as  the  relative  attitude  error  between  and

desired  attitude  orientation ,  which  can  be
computed as

qe = qd0q−q0qd +q×qd, qe0 = qd0q0+qT
d q (5)

 

Controller u Quantizer
Q(u)

Coder

q0, q, w

Wireless
networkSensors

Attitude
dynamics Actuator Decoder

Q(u)DQ(u)

 
Fig. 1.     The attitude control system for spacecraft with quantized control in-
put.
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qT
d qd +q2

d0 = 1 w
wd

where .  The  angular  velocity  error  between 
and the desired attitude velocity  is

we = w−Cwd (6)
Cwhere the rotation matrix  is

C = (q2
e0−qT

e qe)I+2qeqT
e −2qe0q×e (7)

Ċ = −w×e Cwith .
Based on (1), (4)-(7), it can be obtained that[

q̇e
q̇e0

]
=

1
2

 q×e +qe0I

−qT
e

we

Jẇe = JnΨ̇(t)w−w×Jw+DQ(u)+d+ JL (8)
L = w×e Cwd −Cẇdwith .

D
Note  that,  to  guarantee  the  controllability  of  the  attitude

control  system,  the  distribution  matrix  is  made  full  row
rank by proper displacement of actuators. Attitude and attitude
velocity are assumed to be measurable.

B.  Quantizers
This  paper  considers  two  types  of  quantizers:  the

logarithmic quantizer and the hysteresis quantizer. Both kinds
of quantizers satisfy a so-called sector-bound property, which
will be illustrated in the following.

1) Logarithmic Quantizer: The logarithmic quantizer can be
modeled as

Q(u j) =


ui

jsgn(u j),
ui

j

1+δ
< |u j| ≤

ui
j

1−δ
0, |u j| ≤

umin

1+δ

(9)

ui
j = ρ

1−iumin i = 1,2, . . . ρ = (1−δ)/(1+δ)
0 < δ < 1 sgn(·)

ui ≥ 0

where  for  with ,
,  is the  sign  function.  The  map  of  the  logar-

ithmic quantizer with  is shown in Fig. 2(a).
2)  Hysteresis  Quantizer: The  hysteresis  quantizer  can  be

formulated as

Q(u j) =

ui
jsgn(u j),

ui
j

1+δ
< |u j| ≤ ui

j, u̇ j < 0 or

ui
j < |u j| ≤

ui
j

1−δ , u̇ j > 0

ui
j(1+δ)sgn(u j), ui

j < |u j| ≤
ui

j

1−δ , u̇ j < 0 or

ui
j

1−δ < |u j| ≤
ui

j(1+δ)

1−δ , u̇ j > 0

0, 0 ≤ |u j| <
umin

1+δ
, u̇ j < 0 or

umin

1+δ
≤ u j ≤ umin, u̇ j > 0

Q[u j(t−)], u̇ j = 0
(10)

ui
j = ρ

(1−i)umin i = 1,2, . . . umin > 0 ρ ∈ (0,1)
ρ = (1−δ)/(1+δ)
ui ≥ 0

where  with  and , 
and .  The  map  of  the  hysteresis  quantizer
with  is shown in Fig. 2(b).

umin
Q(u j)

δ

Remark  2: As  can  be  seen  from  (9)  and  (10), 
determines the size of the dead-zone for . The parameter
 can  be  regarded  as  a  measurement  of  the  quantization

δ

Q(ui)

density.  The  smaller  is,  the  finer  the  quantizer  is,  and  the
number of quantization levels increases, which can result in a
more  precise  control,  but  with  more  communication  quantity
needed.  Compared  with  the  logarithmic  quantizer,  the
hysteresis  quantizer  has  more  quantization  levels  that  can
reduce  the  chattering  phenomenon,  because  a  dwell  time
exists  when  the  in Fig. 2(b) transits  from  one  value  to
another.

Lemma  1: For  the  logarithmic  quantizer  (9)  and  the
hysteresis quantizer (10), we have the following relationship:

Q(u) = Λu+ ū (11)
Q(u) = [Q(u1), . . . ,Q(um)]T Λ = diag{λ1, . . . ,λm} u =

[u1, . . . ,um]T ū = [ū1, . . . , ūm]T
with , , 

 and , where

λi =


Q(ui)

ui
, if Q(ui) , 0

1, if Q(ui) = 0

ūi =

{
0, if Q(ui) , 0
−ui, if Q(ui) = 0. (12)

λi
ūi i = 1, . . . ,m

Lemma 2: The control gain  and the additive disturbance-
like term  , , have the following properties:

1−δ ≤ λi ≤ 1+δ, |ūi| ≤ umin. (13)

(1−δ)ui ≤ Q(ui) ≤ (1+δ)ui
Q(ui) > 0 (1+δ)ui ≤ Q(ui) ≤ (1−δ)ui Q(ui) < 0

1−δ ≤ Q(ui)/ui ≤ 1+δ Q(ui) , 0
1−δ ≤ λi ≤ 1+δ

|ui| ≤ umin Q(ui) = 0

Proof: With the sector-bound property of the quantizers (9)
and (10), it can be derived that  for

 and  for , which
further gives  for . Along with
the  relationship  in  (12),  it  is  obvious  that .
With  the  definition  of  quantizers  in  (9)  and  (10),  we  can
obtain that  when , which justifies (13). ■

The control objective in this paper is to propose an adaptive

 

(a) Logarithmic quantizer

(b) Hysteresis quantizer

q(ui)

ui
2

ui
1

uiui
1

1+δ
ui

1

1−δ
ui

2

1−δ

Slope = 1−δ

Slope = 1+δ

q(ui)

ui
1(1+δ)

ui
2(1+δ)

ui
1

ui
2

uiui
1

1+δ
ui

1

1−δ
ui

2

ui
2ui

1 ui
3

1−δ

Slope = 1−δ

Slope = 1+δ

 
Q(ui) ui ≥ 0Fig. 2.     The map of quantizer  for .
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control  scheme  for  attitude  tracking  of  spacecraft  in  the
presence  of  input  quantization,  inertial  uncertainty  and
external  disturbance  such  that  all  signals  of  the  closed-loop
system are bounded and the attitude error can be steered into
an adjustable residual set. For this end, the following lemma is
needed.

x ∈ R ϵ > 0Lemma 3 [24]: For any scalar  and constant , the
following inequality holds

0 ≤ |x| − x2
√

x2+ ϵ2
≤ ϵ. (14)

III.  Controller Design

ci ki, i = 1,2
µ j γ j, j = 1,2,3, ϵ

In  this  section,  an  adaptive  control  scheme  is  deduced
within  the  backstepping  framework.  The  design  procedure
consists of two steps, and the control signal is obtained at the
last step. For brevity, we employ positive scalars , ,

,  and  as design parameters without restating.
Step 1: Define the first error variable as

e1 = qe (15)
whose derivative by (8) is

ė1 =
1
2

(e×1 +qe0I)we. (16)

At this step, we consider the quadratic form

V1 =
1
2

[
eT

1 e1+ (1−qe0)2
]
. (17)

V1Along  with  (16)  and  (8),  calculating  the  derivative  of 
yields

V̇1 =
1
2

eT
1 we. (18)

α1The virtual control signal  is designed as

α1 = −2c1e1. (19)
1
2

eT
1 α1Adding and subtracting  at the right-hand side of (18)

gives

V̇1 = −c1eT e1+
1
2

eT
1 (we−α1). (20)

Step 2: Define the second error variable as

e2 = we−α1. (21)
Taking (8), (3) and (4) into account, we have

Jė2+
1
2

J̇e2 = JnΨ̇(t)w−w×(Jm− JnΨ(t))w+DQ(u)

+d+ (Jm− JnΨ)L− (Jm− JnΨ(t))α̇1

− 1
2

JnΨ̇(t)e2. (22)

Jm Jn

Ĵm

Ĵn Jm Jn

Note that  and  are unknown matrices, which cannot be
directly  used  for  controller  design.  Hence,  we  introduce 
and  as  estimations  of  and ,  respectively,  and
estimation errors are defined as

J̃m = Jm− Ĵn, J̃n = Jn− Ĵn. (23)
With this definition, (22) can be rewritten as

Jė2+
1
2

J̇e2 = −w× Ĵmw− Ĵmα̇1+w× ĴnΨw

+ Ĵn

(
1
2
Ψ̇w+Ψα̇1+

1
2
Ψ̇α1

)
+DQ(u)

+ ĴmL− ĴnΨL−w× J̃mw− J̃mα̇1

+w× J̃nΨw+ J̃mL− J̃nΨL

+ J̃n

(
1
2
Ψ̇w+Ψα̇1+

1
2
Ψ̇α1

)
+d. (24)

According  to  Lemma  1,  Assumption  1  and  the  Hölder’s
inequality, it follows that

eT
2 DQ(u) = eT

2 DΛu+ eT
2 Dū

eT
2 d ≤ ||e2|| · ||d|| ≤ ds(||e2||+ ||e2|| · ||w||2). (25)

δ

δ

In this paper, we consider that the quantization parameter 
is  unknown  in  controller  design,  which  is  not  taken  into
consideration  in  [20]–[23].  Since  is  unavailable  for
controller design, we define

ρ = λmin(DΛDT ), β =
1
ρ

(26)

λmin(·)
DT D

λmin(DΛDT ) > 0 β

β̂ β

β̃ = β− β̂

where  represents the minimum eigenvalue of a matrix,
and  is  the  transpose  of .  From (11)  and  (13),  it  can  be
seen  that ,  which  implies  the  existence  of .
For controller design, we define  as the estimation of  with

 as the estimation error. Design our control signal as
the following form

u = −β̂DT e2
vT v√

eT
2 e2vT v+ ϵ2

(27)

v ∈ R3

DTΛD

β̂(t) ≥ 0 t ≥ 0

where the undetermined function  will be designed later.
From (11), (12) and (13), it is obvious that  is symmet-
ric positive definite. Further, based on (27), Lemma 3 and the
Hölder’s inequality, if  for all , we have

eT
2 DΛu = −β̂eT

2 DΛDT e2
vT v√

eT
2 e2vT v+ ϵ2

≤ −(β− β̃)ρ
eT

2 e2vT v√
eT

2 e2vT v+ ϵ2

≤ −eT
2 v+ β̃ρ

eT
2 e2vT v√

eT
2 e2vT v+ ϵ2

+ ϵ. (28)

Consider the quadratic function

V2 =
1
2

eT
2 Je2+

1
2γ1

tr(J̃T
m J̃m)+

1
2γ2

tr(J̃T
n J̃n)+

ρ

2γ3
β̃2 (29)

tr(·)
tr(AT A) =

∑
i, j A2

i, j Ai, j A tr(AT A)

A , 0

where  denotes  the  trace  of  a  matrix.  Since
 with  are elements of ,  is pos-

itive  as  long  as .  Differentiating  (29)  and  considering
(24), (25) and (28) result in
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V̇2 = eT
2 Jė2+

1
2

eT
2 J̇e2−

1
γ1

tr(J̃T
m

˙̂Jm)− 1
γ2

tr(J̃T
n

˙̂Jn)− ρ

γ3
β̃ ˙̂β

= eT
2 [−w× Ĵmw− Ĵmα̇1+w× ĴnΨw+ ĴmL− ĴnΨL

+ Ĵn(
1
2
Ψ̇w+Ψα̇1+

1
2
Ψ̇α1)+D(Λu+ ū)+d]

+ eT
2 [−w× J̃mw− J̃mα̇1+w× J̃nΨw+ J̃mL− J̃nΨL

+ J̃n(
1
2
Ψ̇w+Ψα̇1+

1
2
Ψ̇α1)]− 1

γ1
tr(J̃T

m
˙̂Jm)

− 1
γ2

tr(J̃T
n

˙̂Jn)− ρ

γ3
β̃ ˙̂β

≤ eT
2ϖ− eT

2 v+ ϵ + eT
2 Dū+ds(||e2||+ ||e2|| · ||w||2)

+
ρ

γ3
β̃(γ3

eT
2 e2vT v√

eT
2 e2vT v+ ϵ2

− ˙̂β)+ eT
2

[
−w× J̃mw

− J̃mα̇1+w× J̃nΨw+ J̃mL+ J̃n

(
1
2
Ψ̇w−ΨL

+ Ψα̇1+
1
2
Ψ̇α1

)]
− 1
γ1

tr(J̃T
m

˙̂Jm)− 1
γ2

tr(J̃T
n

˙̂Jn)

(30)
ϖ=−w× Ĵmw− Ĵmα̇1+ ĴmL− ĴnΨL+w× ĴnΨw+Ĵn

(
1
2 Ψ̇w+

Ψα̇1+
1
2 Ψ̇α1

)
β̂

where 
. According to (30), let the adaptive law of  be

˙̂β = γ3

 eT
2 e2vT v√

eT
2 e2vT v+ ϵ2

−µ3β̂

 , β̂(0) ≥ 0. (31)

β̂(t) ≥ 0 ∀t ≥ 0From  (31),  it  is  obvious  that  for ,  which
justifies (28). Based on the Young’s inequality, we have

eT
2 Dū ≤ k1eT

2 e2+
1

4k1
||Dumin||2

ds(||e2||+ ||e2|| · ||w||2) ≤ k2eT
2 (e2+ e2||w||4)+

1
2k2

d2
s . (32)

xT y = yT x = tr(xyT ), x ∈ Rn

y ∈ Rn
Using the property of trace (  and

), it can be derived that

−eT
2 (w× J̃mw+ J̃mα̇1− J̃mL)

=− (wT J̃T
mw×T + α̇T

1 J̃T
m −LT J̃T

m)e2 = tr(J̃T
mF1) (33)

F1 = −w×T e2wT − e2α̇
T
1 + e2LTwhere . Similarly,

eT
2 [w× J̃nΨw+ J̃n(

1
2
Ψ̇w−ΨL+Ψα̇1+

1
2
Ψ̇α1)] = tr(J̃T

n F2) (34)

F2=w×T e2wTΨT+e2(
1
2

wT Ψ̇T+α̇T
1Ψ

T−LTΨT +
1
2
αT

1 Ψ̇
T )with  .

Substituting (31), (32), (33) and (34) into (30) gives

V̇2 ≤ eT
2ϖ− eT

2 v+ k1eT
2 e2+

1
4k1
||Dumin||2

+ k2eT
2 (e2+ e2||w||4)+

1
2k2

d2
s + ϵ

+
1
γ1

tr(γ1 J̃T
mF1− J̃T

m
˙̂Jm)

+
1
γ2

tr(γ2 J̃T
n F2− J̃T

n
˙̂Jn)+µ3ρβ̃β̂ (35)

choose

v = c2e2+ϖ+ k1e2+ k2e2(1+ ||w||4)+
1
2

e1 (36)

˙̂Jm = γ1(F1−µ1 Ĵm), ˙̂Jn = γ2(F2−µ2 Ĵn). (37)
Substituting  (36)  and  (37)  into  (35),  by  direct  calculation,

we have

V̇2 ≤ − c2eT
2 e2+µ1tr(J̃m Ĵm)+µ2tr(J̃n Ĵn)+µ3ρβ̃β̂

− 1
2

eT
2 e1+

1
4k1
||Dumin||2+

1
2k2

d2
s + ϵ. (38)

Remark 3: It should be pointed that the influence introduced
by  quantizers  is  properly  compensated  for  by  the
decomposition of  quantizers  (11),  the  inequality  (14)  and the
novel form of the control signal (27) and (36). Unlike methods
in  [20]–[23],  the  proposed  control  scheme in  this  paper  does
not  require  the  explicit  information  of  inertial  matrix  as  well
as their bounds. Furthermore, in [20] and [23], in order to deal
with  the  quantization  error,  control  signals  are  implicitly
considered in the design of the control law, which gives rise to
additional restriction on quantization parameters and difficulty
in stability analysis. In this paper, the control signal is directly
related with state variables,  estimated parameters and desired
attitude,  which  is  easier  in  implementation.  Besides,
quantization parameters can be unknown in our paper,  which
allows  the  proposed  control  scheme  to  be  applicable  for  a
larger class of quantizers as long as the sector-bound property
holds.  Furthermore,  except  for  dealing  with  the  input
quantization  phenomenon,  our  proposed  control  scheme  can
also  handle  the  input  dead-zone  nonlinearity,  which  can  be
modeled in a similar affine function as in (11).

Remark  4: Compared  with  the  attitude  control  scheme  for
spacecraft  in  [19]–[23],  in  which  only  the  quantization  for
three-axis virtual control torque is considered, we consider the
attitude  control  of  over-actuated  spacecraft,  and  the  control
signal  for  each  actuator  is  quantized,  which  is  more
meaningful  but  difficult  in  controller  design.  Besides,  the
time-varying  inertial  uncertainties  caused  by  deployable
appendages  is  studied  in  this  work,  which  the  existing
quantized attitude control schemes for spacecraft cannot solve
directly.

IV.  Stability Analysis

Theorem  1: Consider  the  closed-loop  system  consisting  of
the  spacecraft  system  (1),  the  quantizers  (9)  and  (10),  the
adaptive  laws  (31)  and  (37)  and  the  control  signals  (27)  and
(36).  Supposed  that  Assumptions  1  and  2  hold.  Then  all
signals  of  the  closed-loop  system  are  globally  bounded,  and
the attitude error can be steered into an adjustable residual set.

Proof: Define  the  Lyapunov  candidate  function  for  the
closed-loop system as

V = V1+V2 (39)
V1 V2where  and  are defined in (17) and (29). Taking (20) and

(38) into consideration yields

V̇ ≤ − c1eT
1 e1− c2eT

2 e2−µ1tr(J̃m Ĵm)−µ2tr(J̃n Ĵn)

−µ3ρβ̃β̂+
1

4k1
||Dumin||2+

1
2k2

d2
s + ϵ. (40)

2tr(J̃T
m Ĵm) ≤ −tr(J̃T

m J̃m)+ tr(JT
m Jm)

2tr(J̃T
n Ĵn) ≤ −tr(J̃T

n Jn)+ tr(JT
n Jn) 2β̃β̂ ≤ −β̃2+β2

Using  the  fact  that ,
 and ,  (40)  can

be written as
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V̇ ≤ − c1eT
1 e1− c2eT

2 e2−
µ1

2
tr(J̃T

m J̃m)− µ2

2
tr(J̃T

n J̃n)

− µ3ρ

2
β̃2+

µ1

2
tr(JT

m Jm)+
µ2

2
tr(JT

n Jn)+
µ3ρ

2
β2

+
1

4k1
||Dumin||2+

1
2k2

d2
s + ϵ ≤ −2aV +b (41)

a =min {c1,c2/λmax(J),1,µ1γ1/2,µ2γ2/2,µ3γ3/2}
b = (1−qe0)2 + (µ1/2)tr(JT

m Jm) + (µ2/2)tr(JT
n Jn) + (µ3ρ/2)β2 +

(1/4k1)||Dumin||2+ (1/2k2)d2
s + ϵ

where  and

.  Integrating both sides of  the

inequality (41) gives

0 ≤ V(t) ≤ b
2a
+ [V(0)− b

2a
]e−2at (42)

0 ≤ V(t) ≤max{V(0),
b
2a
} t ≥ 0

e1
e2 Ĵm Ĵn β̂ α1

e1 u

which implies that  for all . Fur-
ther, based on (17), (29) and (39), it can be concluded that ,

, ,  and  are bounded. Since  is a smooth function of
 and  thus  is  bounded.  Similarly,  the  control  signal  is

bounded. Besides, from (17) and (42), we know

lim
t→+∞

||e1|| ≤ lim
t→+∞

√
2V(t) ≤

√
b
a

(43)

a b
which means that the attitude error can converge to a small re-
sidual set by increasing  and decreasing . ■

L2 L∞
In the following, we will show the transient performance of

attitude error in the sense of  and  norm. Based on (17)
and (41), it can be derived that

V̇ ≤ −a||e1||2+b. (44)
Integrating both sides of (44) gives that

||e1(t)||2[0,T ] =
1
T

w T

0
||e1(t)||2dt ≤ 1

aT
[V(0)−V(T )]+

b
a

≤ 1
aT

V(0)+
b
a
. (45)

(q,q0) = (qd,qd0)
we = 0 e1 = 0 e2 = 0

Ĵm Ĵn β̂

On the other hand, when the initial attitude of the spacecraft
is  in  that  of  the  desired  orientation,  that  is 
and ,  it  is  implied  that , .  If  the  initial
condition of ,  and  can be set as zero, then we have

V(0) =
1

2γ1
tr(J̃T

m J̃m)+
1

2γ2
tr(J̃T

n J̃n)+
ρ

2γ3
β̃2

=
1

2γ1
tr(JT

m Jm)+
1

2γ2
tr(JT

n Jn)+
ρ

2γ3
β2 ≤ b

2a
. (46)

0 ≤ V(t) ≤ b
2a

t ≥ 0

||e1||∞ ≤ supt≥0

√
||e1(t)||2 ≤

√
b
a

Substituting (46) into (42) gives  for . As

a result, we have .

||Dumin||2 b
umin

umin

Remark  5: From  above  analysis,  it  can  be  seen  that  the
global  stability  can  be  guaranteed  no  matter  how  coarse  the
quantizer is. Note that, however, due to the existence of term

 in ,  the  ultimate  bound  of  the  attitude  error  is
proportional  to  the  dead-zone  of  the  quantizer  for  the
same  control  parameter.  Hence,  by  choosing  a  smaller ,
better control performance can be achieved.

ci, ki,
i = 1,2, γ j, µ j, j = 1,2,3 ϵ

Remark  6: As  for  choosing  design  parameters 
 and ,  we  have  the  following

guideline:
1)  The  global  stability  can  be  guaranteed  as  long  as

ci, ki, i = 1,2 γi, µ j, j = 1,2,3 ϵ, , and  are positive.
ci, i = 1,2 γ j, j = 1,2,3

a ki, i = 1,2 ϵ

b µi a
b

µi ci γi a
b

2) According to (41), increasing  and 
helps  increase ,  and  increasing  and  decreasing 
helps decrease .  Although increasing  can help increase ,
it  simultaneously  increase .  Based  on  this  fact,  we  can  first
fix , then increase  and . In this way, we can increase 
without increasing .

ci ki γ j a

ϵ b

ϵ x/
√

x2+ ϵ2

sgn(x)

3)  Although  increasing ,  and  can  increase ,  from
(19),  (27),  (31),  (36)  and  (37),  this  action  might  increase  the
amplitude of the control input. On the other hand, decreasing
 can help decrease , but it could also increase control effort

and  even  introduce  chattering  phenomenon  of  control  signal,
since with smaller  the function  is more similar to

. Hence, from a practical overview, a tradeoff should be
made between control effort and control performance.

V.  Simulation Results

J
J = Jm− JnΨ(t)

In  this  section.  to  verify  the  effectiveness  of  the  proposed
control scheme, numerical simulation on MATLAB/Simulink
is performed. In the simulation, the expansion of antennas are
considered,  which results  in  a  time-varying inertial  matrix ,
and can be formulated as . Here, we set

Jm =

 30 1 0.5
1 20 3

0.5 3 10

kg ·m2. (47)

η1(t) η2(t) OB

η1 η2

The deployment process of two pieces of antennas is shown
in Fig. 3.  Suppose  that  the  centers  of  two  pieces  of  antennas
locate  at  and  relative  to  the  mass  center ,
respectively, and the coordinates of  and  can be given as

η1(t) = 0.1× [0, 0.6κ(t)+0.05sin(3t),
0.6κ(t)+0.05sin(3t)]T

η2(t) = 0.1× [0, −(0.6κ(t)+0.05sin(3t)),
0.6κ(t)+0.05sin(3t)]T (48)

κ(t)where  describes the expansion time of antennas, and is set
as

κ(t) =
{t, if t ≤ 10

10, otherwise
(49)

which means that it takes 10 s for antennas to be fully expan-
ded.

Jnψ(t)
On the basis of parallel-axis theorem [17], the time-varying

portion of inertial matrix  can be expressed as

JnΨ(t) = −[m1I3,m2I3]

 ηT
1 η1I3−η1η

T
1

ηT
2 η2I3−η2η

T
2

 (50)

m1 m2

J
where  and  denote the mass of two pieces of antennas,
respectively.  The  diagonal  elements  of  is  plotted  in Fig. 4,
from which it can be seen that the deployment of antennas do
result in appreciable changes in the inertial matrix.

In  our  simulation,  reaction  wheels  are  employed  as
actuators,  and  a  common  configuration  of  four  reaction
wheels  for  spacecraft  is  given  in Fig. 5.  With  this
configuration, the distribution matrix is
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D =



1 0 0

√
3

3

0 1 0

√
3

3

0 0 1

√
3

3


. (51)

d = 0.0005× [1+
sin(t/10)+ ||w||2, 1.5+cos(t/15)+ ||w||2, 1.2+sin(t/20)+ ||w||2]T

[qd0,qd]T

[qd0(0),qd(0)]T = [1,0,0,0]T wd = 0.02sin(0.3t)∗
[1,1,1]T [q0(0),q(0)]T =

[√
0.9997,

0.01,−0.01,0.01]T w(0) = [0,0,0]T

u

The  external  disturbance  is  set  as 
.

The spacecraft is steered to track the desired attitude 
with  and 

 from the  initial  condition 
 and .  The  value  of  design

parameters are given in Table I. In the simulation, in order to
make a comparision, two cases are considered. In case 1,  the
logarithmic quantizer (9) is used to quantize the control singal
,  and  in  case  2,  the  hysteresis  quantizer  (10)  is  utilized  to

u umin = 0.0005
δ = 0.2

quantize .  Parameters  of  quantizers  are  set  as 
and .  Simulation  results  are  depicted  in Figs. 6 and 7.
Figs. 6(a), 6(b) and Figs. 7(a) and 7(b) show that our proposed
scheme  can  achieve  satisfactory  control  performance  despite
the  presence  of  inertial  uncertainty,  external  disturbance  and
quantization error with both the logarithmic quantizer and the
hysteresis  quantizer.  With  the  comparison  of Figs. 6(c)–6(f)
and Figs. 7(c)–7(f), it can be seen that the hysteresis quantizer
can  alleviate  the  chattering  phenomenon,  which  is  more
serious with the logarithmic quantizer.

u = D+τ D+ D τ

E =
r 60

0 ||Q(u(t))||2dt

For  the  purpose  of  illustrating  the  effectiveness  of  our
proposed scheme, using the hysteresis quantizer, the adaptive
control  scheme  proposed  in  [23]  is  applied  with  the  same
condition, and pseudo-inverse based control allocation is used
(namely  with  is the pseudo inverse of  and  the
designed  control  torque).  The  value  of  design  parameters  is
given  in Table I.  In  the  simulation,  Scheme  1  represents  our
proposed  control  scheme,  and  Scheme  2  is  the  adaptive
control approach in [23]. The energy consumptions of the two
schemes  are  plotted  in Fig. 8,  which  is  defined  as

.  It  can  be  seen  from Figs. 8–10 that  by
consuming the same amount of energy, our proposed scheme
can achieve better control performance.

J J∗ ∈ R3×3

J∗i, j = Ji, j ∗ [1+0.1∗ rand(t)] J∗i, j Ji, j

J∗ J

Further,  in  order  to  testify  the  robustness  of  the  proposed
control  scheme,  200 Monte  Carlo  simulations  are  carried out
with  respect  to  stochastic  uncertainties  in  inertial  matrix.  In
the Monte Carlo simulations, the setting is the same as before,
except that the inertial matrix  is replaced by  with

,  where  and  are  the
elements  of  the  matrix  and ,  respectively.  This  setting
means that the uncertainty of inertial parameters stochastically
varies within 10% of their nominal values. The corresponding
steady  errors  of  Euler  angle  and  angular  velocity  vector,

 

TABLE I  
Simulation Parameters of Different Controllers

Controllers Control parameters

Designed controller (Scheme 1)

c1 = 5 c2 = 4.5 k1 = 1 k2 = 3, , , ,

γ1 = 10 γ2 = 10 γ3 = 8, , ,

µ1 = 0.02 µ2 = 0.02 µ3 = 0.1, , ,

ϵ = 10−4 Ĵm(0) = 0 Ĵn(0) = 0, , 

Controller in [23] (Scheme 2)
β = 8 k = 2 µ = 0.7, , ,

σ = 1 η = 0.001 bmax = 5, , ,

b̂(0) = 0
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Fig. 3.     Mass displacement of spacecraft due to deployment of two antennas.
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Fig. 5.     Configuration of reaction wheels.
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Fig. 6.     Simulation results with the logarithmic quantizer.
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∆x = 1/3max40≤t≤60

which are defined as one third of the largest magnitude of the
norm  of  attitude  error  and  angular  velocity  error  during  the
last 20 seconds of the simulation, namely 

||x(t)||, are presented in Figs. 11 and 12, from which it is clear
that satisfactory control performance can be maintained using
the  same  controller  with  the  same  design  parameters  in  the
existence of stochastic inertial uncertainties.

VI.  Conclusion

This  paper  proposes  an  adaptive  backstepping  control
scheme  for  the  attitude  reorientation  of  spacecraft  subject  to
input  quantization,  time-varying  inertial  parameters,  external
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Fig. 7.     Simulation results with the hysteresis quantizer.
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Fig. 10.     Energy consumptions for Schemes 1 and 2.
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Fig. 11.     Monte Carlo results with logarithmic quantizer (a) steady state er-
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disturbance  and  redundant  actuator  configuration.  By
describing the impact of quantization with a new affine model
and introducing a smooth function, as well as a novel form of
control  signal,  the  influence  caused  by  quantization  errors  is
properly  dealt  with,  and  the  quantization  parameters  can  be
unknown. Furthermore, our proposed scheme does not require
the explicit information of inertial parameters, and the bounds
of inertial uncertainties and disturbance can also be unknown.
We  have  shown  that  all  closed-loop  signals  are  globally
bounded,  and  attitude  error  can  be  steered  into  an  adjustable
residual  set.  Simulation  results  are  presented  to  verify  the
effectiveness of the proposed control scheme.
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