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   Abstract—In this paper, we investigate formation tracking con-
trol  of  autonomous  underwater  vehicles  (AUVs)  with  model
parameter  uncertainties  and  external  disturbances.  The  external
disturbances due to the wind, waves, and ocean currents are com-
bined with the model parameter uncertainties as a compound dis-
turbance. Then a disturbance observer (DO) is introduced to es-
timate the compound disturbance, which can be achieved within a
finite time independent of the initial estimation error. Based on a
DO,  a  novel  fixed-time  sliding  control  scheme  is  developed,  by
which the follower vehicle can track the leader vehicle with all the
states globally  stabilized  within  a  given  settling  time.  The  effect-
iveness and performance of the method are demonstrated by nu-
merical simulations.
    Index Terms—Autonomous underwater  vehicles  (AUVs),  disturb-
ance observer (DO), sliding mode control, formation control.

I.  Introduction

DURING the past decades, considerable attention has been
paid to the coordination control of multi-autonomous un-

derwater vehicles (AUVs) system [1]–[6] owing to various ap-
plications,  such as  ocean sampling,  mapping and ocean floor
survey. A typical control problem is formation control, which
focus  on  designing  a  control  law  for  the  follower  AUV  to
make  the  vehicle  reach  and  follow  the  leader  with  a  given
geometrical  configuration.  In  recent  years,  many  outstanding
results on formation problem have been presented [7]–[11].

In  the  formation  control  of  AUVs,  an  important  perfor-
mance index of the control strategy is the convergence speed.
Most  of  the  existing  literature  only  guarantee  asymptotic
convergence  of  the  tracking  errors,  which  means  the
formation  task  can  only  be  achieved  as  time  approaches
infinity [8], [9]. Clearly, it would be a great advance if AUVs
can construct a given configuration in finite time. Fortunately,
some new results on coordinated control of various nonlinear
systems were proposed in recent years [12]–[15]. They use the

notion  of  fixed-time  stability  [16]  which  focus  on  designing
coordination  control  laws  with  guaranteed  settling  time
regardless of the initial conditions of the agents. Although the
idea  of  fixed-time  formation  control  is  promising,  research
works  so  far  have  been  focused  solely  on  the  consensus
problem  of  general  multi-agent  systems  with  various
dynamics,  although  a  fixed-time  formation  tracking  problem
was  studied  for  AUVs  without  taking  model  parameter
uncertainties and external disturbances into account.  The aim
of this paper is to find a fixed-time control solution to a multi-
AUVs formation problem.

Due  to  the  nonlinear  nature  of  the  AUV  and  because  it  is
easy  effected  by  external  disturbances,  it  is  very  difficult  to
generalize existing results for second-order integrator systems
[12]–[14]  to  multi-AUVs  system  with  more  complex
dynamics.  In  this  work,  we  further  consider  the  fixed-time
formation  tracking  problem  for  multi-AUVs  systems  with
model  parameter  uncertainties  and  unknown  external
disturbances.  In  terms  of  model  parameter  uncertainties  or
external disturbances, there are mainly two types of solutions:
approximated value-based control [1], [8], and observer-based
control  [17].  In  the  approximated  value-based  approach  [1],
[8],  the  parameter  uncertainties  and external  disturbances  are
estimated by neural networks. Due to reconstruction residuals,
the  neural  networks  (NNs)-based  method  can  only  make
tracking  errors  globally  uniformly  ultimately  bounded
(GUUB), rather than asymptotically stable. Using a nonlinear
observer to precisely estimate external disturbances acting on
underwater  vehicles  is  another  alternative  solution  in  dealing
with  disturbances  [17],  in  which  an  unknown  external
disturbance  was  estimated  by  a  disturbance  observer,  but  the
effect of the model parameter uncertainties was missed.

In  this  paper,  we  develop  a  fixed-time  protocol  for  the
formation  of  AUVs  in  the  presence  of  model  parameter
uncertainties  and  external  disturbances.  The  main
contributions  of  this  paper  are  stated  as  follows:  1)  By
combining  the  model  parameter  uncertainty  and  external
disturbance  as  a  compound  disturbance,  a  disturbance
observer  is  present,  which can estimate a  disturbance exactly
within a fixed time independent of the initial estimation errors.
2) Under the disturbance observer (DO) and in the framework
of  fixed-time  sliding  mode  control,  a  fixed-time  formation
tracking  control  method  is  proposed,  which  can  guarantee
global fixed-time stability of the formation system.

The  organization  of  this  paper  is  as  follows.  Graph  theory
and  some  useful  preliminaries  are  presented  in  Section  II.
Section  III  presents  the  system  modeling  and  problem
formulation.  Section  IV  presents  the  main  results.  Section  V
simulates  the  proposed  control  approach,  and  finally,  we
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conclude this paper in Section VI.

⌈x⌋α = |x|αsgn(x) α > 0, x ∈ R sgn(·)
x ∈ Rn

x ∥x∥ =
√

xT x

Notations: The following notations are used throughout this
paper. Denote , where  and 
is  the  standard  sign  function.  For  a  vector ,  the
Euclidean norm of  is denoted as .

II.  Graph Theory and Preliminaries

A.  Graph Theory
G = {V,E} V = n1,. . . ,nN

E = {(ni,nk) ∈ V×V}
(ni,nk) i k Ni

i
A = [aik] ∈ RN×N aik = 1 (nk,ni) ∈ E

aik = 1
aii = 0 L

G L =D−A
D = diag{d1, . . . ,dN} di =

∑N

k=1
aik

nk1 nk j
(nk1,nk2), (nk2,nk3), . . . , (nk j−1,nk j) G

G aik = aki

Let a graph be denoted by , where 
is  a  node  set  and  is  an  edge  set.  The
element  describes a link from node  to node . Let 
represent  the  neighbors  of  node .  An  adjacency  matrix  is
defined  as ,  with ,  if ;  and

 otherwise.  We  assume  that  there  are  no  self-
connections,  i.e., .  Let  be  a  Laplacian  matrix
associated with the graph ,  which is  defined as ,
with , where . A directed path

from node  to node  is an ordered sequence of nodes of
the  form .  The  digraph 
contains  a  spanning  tree  if  there  exists  a  root  node  such  that
there is a directed path from the root node to every other node.
The digraph  is undirected if .  An undirected graph
is connected if there exists a path between any two nodes.

B.  Preliminaries
In  this  subsection,  some  definitions  and  lemmas  are

reviewed, which will be useful for the subsequent analysis.
Consider a nonlinear system

ẋ(t) = f (t, x), f (0, t) = 0, x(0) = x0 (1)
x ∈ Rn f : R+×Rn→ Rnwhere  and  is a nonlinear function.

x(t, x0)
x(t, x0) = 0,∀t ≥ T (x0)

T : Rn→ R+
∪{0}

Definition 1 [16] : The origin of the system (1) is said to be
globally  finite-time  stable  if  it  is  globally  asymptotically
stable and any solution  of (1) reaches the equilibria at
some  finite  time  moment,  i.e., ,  where

 is the settling-time function.

T
Tmax ∈ R+ T ≤ Tmax

x(t) = 0 t ≥ T x0 = R
n

Definition  2  [16]  : The  origin  of  system  (1)  is  said  to  be
globally fixed-time stable if it is globally uniformly finite-time
stable  and  the  settling  time  function  is  globally  bounded,
i.e., there exists a finite constant  such that 
and  for all  and .

V : Rn→ R+∪{0}
Lemma 1 [16] : For system (1), if there exists a continuous

radially unbounded function  such that
V(x) = 0⇔ x = 01) ;
V̇(x) ≤ − (αV p(x)+βVq(x))k α β p q k > 0
pk < 1 qk > 1

2)  for  some , , , , ,
with  and .

x(t)

T T (x0) ≤ Tmax =
1

αk(1− pk)
+

1
βk(qk−1)

,∀x0 ∈ Rn
k = 1

T

Then, the system trajectory  is globally fixed-time stable,

and  the  settling  time  satisfies 

.  If ,  then  it  is  globally  fixed-time
stable with settling time  bounded by

T ≤ Tmax =
1

α(1− p)
+

1
β(q−1)

(2)

α > 0 β > 0 0 < p < 1 q > 1where , , , and .
p = 1+1/µ q = 1−1/µ µ > 1

T
Furthermore,  if  and  with  are

selected,  the  settling  function  can  be  estimated  by  a  less

conservative bound

Tmax =
πµ

2
√
αβ
. (3)

V : Rn→ R+∪{0}
Lemma 2 [16] : For system (1), if there exists a continuous

radially unbounded function  such that
V(x) = 0⇔ x = 01) ;

V̇(x) ≤ −αV p(x)−βVq(x)+ϑ α,β, p,q > 0
p < 1 q > 1 0 < ϑ <∞

2)  for  some ,
, , and .

Then,  the  practical  fixed-time  stable  can  be  achieved.
Moreover,  the  residual  set  of  the  solution  of  system  can  be
given bylim

t→T
x|∥x∥ ≤min

α− 1
p

(
ϑ

1− θ

) 1
p

, β
− 1

q

(
ϑ

1− θ

) 1
q

 (4)

θ 0 < θ < 1

T ≤ Tmax :=
1

αθ(1− p)
+

1
βθ(q−1)

where  is a scalar and satisfies . The time needed to

reach  the  residual  set  is  bounded  as 

.
2Lemma 3 [18] : Consider the nd-order integrator system

ẋ1(t) = x2(t)
ẋ2(t) = u(t), x(0) = x0 (5)

x = [x1, x2]T u ∈ R
ki > 0 i = 1,2

s2+ k2s+ k1 s2+3k2s+3k1
s ϱ ∈ (0,1)

where  is the state vector and  is the control
input.  Let  the  positive  constants , ,  be  such  that
both the polynomial  and  are Hur-
witz  in  terms  of  the  Laplace  operator .  For  every ,
the  integrator  system  (5)  can  be  stabilized  at  the  origin  in  a
fixed time under feedback control:

u(x) =− k1
(
⌈x1⌋ϱ1 + ⌈x1⌋+ ⌈x1⌋ϱ

′
1
)

− k2
(
⌈x2⌋ϱ2 + ⌈x2⌋+ ⌈x2⌋ϱ

′
2
)

(6)

ϱ1 ϱ2 ϱ′1 ϱ′2with parameters , ,  and  satisfying

ϱ1 =
ϱ

2−ϱ , ϱ2 = ϱ, ϱ
′
1 =

4−3ϱ
2−ϱ , ϱ

′
2 =

4−3ϱ
3−2ϱ

. (7)

III.  System Modeling and Problem Formulation

In  this  section,  the  system  modeling  of  AUVs,  which
consists of the vehicle kinematic and dynamic subsystems, is
conducted. Then, based on the constructed system model, the
main control problem considered in this paper is addressed.

A.  AUV Dynamics
NConsider a multi-AUVs system consisting of  AUVs with

nonlinear uncertain dynamics modeled as [19]{
ṗi = Ji(Θi)υi

Miυ̇i = −Di(υi)υi+gi(Θi)+τi+d′i
(8)

i ∈ [1,N] i

l N −1
f1 fN−1

i ∈ [1,N] pi = [xi,yi,zi]T Θi = [ϕi, θi,ψi]T i

ϕi θi ψi

where the subscript  labels the th AUV in the group.
Among these AUVs, there is a global leader AUV, labeled as
,  and  the  remaining  AUVs  that  serve  as  followers,

labeled as  to , Here, it is assumed that the state inform-
ation (i.e,  position and velocity) of the leader is  available for
each follower and all the AUVs have fixed attitudes. For each

,  and  denote  the th
AUV’s  generalized  position  and  attitude  (described  by  Euler
angles,  i.e.,  roll ,  pitch ,  and yaw  angles) in the global
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{E} υi = [ui,vi,ωi]T

τi = [τui , τvi , τωi ]
T

di = [dui ,dvi ,dωi ]
T

Mi
Di(υi) gi(Θi)

coordinate frame , respectively,  denote the
generalized linear velocities,  are the control
forces,  is  used  to  describe  immeasurable
environmental  disturbance  forces  and  moments,  and ,

 and  are  the  inertia  matrix,  the  damping  matrix,
and the restoring force vector, respectively, with

Mi = diag{mui ,mvi ,mωi } (9)

Di(υi) = diag{dL1i +dQ1i |ui|,dL2i +dQ2i |vi|,
dL3i +dQ3i |ωi|} (10)

gi(Θi) = [(Wi−Bi)sθi ,−(Wi−Bi)cθi sϕi ,

− (Wi−Bi)cθicϕi ]
T (11)

sa = sina ca = cosa a = θ,ϕ,ψwhere  and , .
For simplicity, the dynamics model (i.e., the second part in

(8)) can be rewritten as:

u̇i =
−1
mui

(
dL1iui+dQ1i|ui|ui− (Wi−Bi)sθiui−dui

)︸                                              ︷︷                                              ︸
φui

+
1

mui

τui

v̇i =
−1
mvi

(
dL2ivi+dQ2i|vi|vi+ (Wi−Bi)cθi sϕivi−dvi

)︸                                                 ︷︷                                                 ︸
φvi

+
1

mvi

τvi

ω̇i =
−1
mωi

(
dL3iωi+dQ3i|ωi|ωi+ (Wi−Bi)cθicϕiωi−dωi

)︸                                                      ︷︷                                                      ︸
φωi

+
1

mωi

τωi . (12)

φi = [φui ,φvi ,φωi ]
Twith .

Assumption 1 [20] : Assuming that the following expression
satisfies

φi = φ0i+∆φi (13)
φ0i ∆φi

φi ∆φ

∆φi
∥∆̇φi∥ ≤ ρ

ρ

where  and  are the  nominal  parts  and the  lumped un-
certain parts of , respectively. Herein, the term  denotes a
compound disturbances  induced  by  model  parameter  uncer-
tainties  and  external  disturbances.  The  uncertain  part  in
(10)  is  continuous  and  differentiable,  satisfying ,
where  is a known constant.

φiRemark  1: The  nonlinear  term  is  velocity-related
function,  and it  is  natural  to assume that  their  derivatives are
bounded  by  velocity-related  functions.  Furthermore,  the
energy  of  external  disturbances  is  limited,  so  after  the  above
analysis, Assumption 1 is reasonable.

Assumption 2: In  the  multi-AUVs system (8),  the  leader  is
globally reachable.

B.  Problem Statement

N −1

N −1

In  this  paper,  we  consider  an  interesting  scenario  in  which
the  follower vehicles can each independently follow the
global  leader  AUV.  Namely,  the  entire  formation  can  be
decomposed  into  subformations,  each  of  which
comprises a follower AUV and the global leader, as shown in

i
dl f i

τ f i f i f i

{E}
f i

Fig. 1. In each subformation, the follower  tries to maintain a
desired distance  relative to the global leader. Without loss
of generality, the objective here can be described as designing
a control law  for a follower AUV , so that AUV  and the
leader  AUV  can  achieve  a  formation  given  in  the  global
coordinate frame . Namely, the distance between the leader
AUV and the follower AUV  reaches a desired value in finite
time, i.e.,

lim
t→T
∥pl− p f i−dl f i∥ = 0 (14)

T ∈ [0,∞) dl f i
i

where ,  and  denotes the  desired  relative  dis-
tance vector between the leader and the follower .

As  described  above,  all  AUVs  have  fixed  attitudes.  This
means  that  each  member  of  the  subformation  has  the  same
velocity when the formation goal is achieved. So the objective
in this paper also can be described as

lim
t→T

∥∥∥pl− p f i−dl f i
∥∥∥ = 0

lim
t→T

∥∥∥υl−υ f i
∥∥∥ = 0.

(15)

IV.  Main Results

∆φ

In  this  section,  firstly,  a  fixed-time  based  disturbance
observer  is  designed  to  estimate  the  compound  disturbance

, then, based on the observer, a novel fixed-time formation
control  protocol  is  proposed  to  achieve  the  control  objective
(i.e., (14) or (15)).

A.  A Fixed-time Disturbance Observer
∆φAs  described  in  Assumption  1,  cannot  be  measured

directly, so a DO is designed to estimate its actual value.
z1 z2

Π1 = z1−υ

Define  and  to be the states of the designed fixed-time
disturbance  observer.  A  new  variable  is  first  introduced

, and the observer is designed as follows:

ż1 = −l1θ⌈Π1⌋
1
2 − κ1(1− θ)⌈Π1⌋

2+ϱ
2 + z2+φ0+

1
M
τ

ż2 = −l2θsgn(Π1)− κ2(1− θ)⌈Π1⌋1+ϱ (16)
z2 ∆φwhere  is the estimate of .

li, κi, (i = 1,2) θ ϱThe  parameters , ,  used  in  (16)  satisfy  the
following conditions:

li (i = 1,2)
ρ

1)  are selected based on the boundedness of the
uncertain term  defined in Assumption 1 using the formulas
for  the  high-order  sliding  mode  (HOSM)  Differentiator  in
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Fig. 1.     Leader-follower configuration of multi-AUVs formation system.
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[21].
ϱ > 0

κi, (i = 1,2)
2)  is  chosen  to  be  small  enough  and  the  coefficient

 are  assigned  such  that  the  following  matrix  is
Hurwitz:

A =
[
−κ1 1
−κ2 0

]
. (17)

θ : [0,∞)→ {0,1}3) The function  is selected as

θ(t) =
{0, if t ≤ Tu
1, else

(18)

Tuwhere  is an arbitrarily positive constant.
Π1Taking the time derivative of , one obtains

Π̇1 = ż1−υ
=− l1θ⌈Π1⌋

1
2 − κ1(1− θ)⌈Π1⌋

2+ϱ
2 + z2+φ0

+
1
M
τ−φ0−∆φ−

1
M
τ

=− l1θ⌈Π1⌋
1
2 − κ1(1− θ)⌈Π1⌋

2+ϱ
2 + z2−∆φ. (19)

Π2 = z2−∆φLetting , (19) can be rewritten as

Π̇1 = −l1θ⌈Π1⌋
1
2 − κ1(1− θ)⌈Π1⌋

2+ϱ
2 +Π2. (20)

Π2Taking the time derivative of  yields

Π̇2 = −l2θsgn(Π1)− κ2(1− θ)⌈Π1⌋1+ϱ− ∆̇φ. (21)

∆φ

As a result, the estimated error dynamics of the observer for
 is

Π̇1 = −l1θ⌈Π1⌋
1
2 − κ1(1− θ)⌈Π1⌋

2+ϱ
2 +Π2

Π̇2 = −l2θsgn(Π1)− κ2(1− θ)⌈Π1⌋1+ϱ− ∆̇φ.
(22)

According  to  the  above  contents,  the  main  result  is
summarized as the following theorem.

∆φ
t To

Theorem  1: Using  the  observer  (16)  under  Assumption  1,
the compound disturbance term  can be estimated precisely
within  a  fixed  time  upper  bounded  by  a  constant 
independent of initial estimation error.

Proof: A detailed proof of the theorem can be seen in [22].■

∆φ

Remark  2: Different  from  the  existing  disturbance
observers,  in  this  paper,  the  external  disturbances  and  model
parameter  uncertainties  are  considered  as  a  compound
disturbance  term ,  and  the  proposed  fixed-time  DO  can
achieve  exact  estimation  within  a  finite  time  upper  bounded
by a positive constant independent of initial estimation error.

ϱ κ1 κ2 l1 l2 Tu

Remark  3: The  upper  bound  of  the  settling  time  only
depends  on  the  designed  parameters , , , ,  and .
This  implies  that  the  settling  time  can  be  tuned  only  by
adjusting  parameters  to  satisfy  the  requirement  of  the
convergence  time,  which  greatly  improves  its  application  in
practice.

B.  Formation Tracking Control
In this section, a new fixed-time formation control protocol

is given.
e1

e2

Define  the  position  tracking  error  and  velocity  tracking
error  as follows:

e1 = pl− p f −dl f
e2 = J(υl−υ f ) (23)

and, the dynamics of system (23) is

ė1 = e2
ė2 = Jυ̇l− Jυ̇ f .

(24)

Substituting the dynamics model (8) and (13) into (24), we
have

ė1 = e2
ė2 = Jυ̇l− JM−1 {τ+φ0+∆φ} .

(25)

To  solve  the  fixed-time  formation  tracking  problem,  the
following  integral  sliding  surface  for  each  follower  AUV  is
proposed:

s = e2+ k1

w t

0

(
⌈e1⌋ϱ1 + ⌈e1⌋+ ⌈e1⌋ϱ

′
1
)
dτ

+ k2

w t

0

(
⌈e2⌋ϱ2 + ⌈e2⌋+ ⌈e2⌋ϱ

′
2
)
dτ (26)

ki ϱi ϱ
′
i i = 1,2where , , ,  are selected as given in Lemma 3.

sDifferentiating  against time yields

ṡ = ė2+ k1
(
⌈e1⌋ϱ1 + ⌈e1⌋+ ⌈e1⌋ϱ

′
1
)

+ k2
(
⌈e2⌋ϱ2 + ⌈e2⌋+ ⌈e2⌋ϱ

′
2
)

= Jυ̇l− JM−1{τ+φ0+∆φ}
+ k1

(
⌈e1⌋ϱ1 + ⌈e1⌋+ ⌈e1⌋ϱ

′
1
)

+ k2
(
⌈e2⌋ϱ2 + ⌈e2⌋+ ⌈e2⌋ϱ

′
2
)
. (27)

In view of (27), a new fixed-time formation tracking control
protocol can be prescribed as follows:

τ = −Mυ̇l−φ0− z2

+MJ−1k1
(
⌈e1⌋ϱ1 + ⌈e1⌋+ ⌈e1⌋ϱ

′
1
)

+MJ−1k2
(
⌈e2⌋ϱ2 + ⌈e2⌋+ ⌈e2⌋ϱ

′
2
)

+MJ−1k1

(
⌈s⌋1+

1
µ + ⌈s⌋+ ⌈s⌋1−

1
µ

)
+MJ−1k2

(
⌈s⌋1+

1
µ + ⌈s⌋+ ⌈s⌋1−

1
µ

)
(28)

µ > 1with .
Substituting (28) into (27), one obtains

ṡ = JM−1(z2−∆)

− k1

(
⌈s⌋1+

1
µ + ⌈s⌋+ ⌈s⌋1−

1
µ

)
− k2

(
⌈s⌋1+

1
µ + ⌈s⌋+ ⌈s⌋1−

1
µ

)
. (29)

The  main  result  in  this  section  is  summarized  as  the
following theorem.

Theorem 2: Consider a multi-AUVs formation system (8). If
Assumptions 1 and 2 holds, the fixed-time formation tracking
control  objective  (i.e.,  (14)  or  (15))  can  be  achieved  by  the
given  control  protocol  (28)  under  the  disturbance  observer
(16).

Proof: Consider  the  candidate  Lyapunov  function  as
follows:

V(s) = |s| . (30)
VTaking the time derivative of  yields
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V̇ = sgn(s)ṡ (31)
where

sgn(s) =

1, s > 0
[−1,1], s = 0
−1, s < 0.

(32)

Substituting (28) into (31), we have

V̇ = sgn(s)
(
ė2+ k1

(
⌈e1⌋ϱ1 + ⌈e1⌋+ ⌈e1⌋ϱ

′
1
)

+k2
(
⌈e2⌋ϱ2 + ⌈e2⌋+ ⌈e2⌋ϱ

′
2
))

= JM−1(z2−∆)sgn(s)

−
(
k1

(
⌈s⌋1+

1
µ + ⌈s⌋+ ⌈s⌋1−

1
µ

)
sgn(s)

−k2

(
⌈s⌋1+

1
µ + ⌈s⌋+ ⌈s⌋1−

1
µ

))
sgn(s)

≤− k1

(
|s|1+

1
µ + |s|+ |s|1−

1
µ

)
− k2

(
|s|1+

1
µ + |s|+ |s|1−

1
µ

)
+ JM−1∥z2−∆∥
≤− k1

(
|s|1+

1
µ + |s|1−

1
µ

)
− k2

(
|s|1+

1
µ + |s|1−

1
µ

)
+ JM−1∥z2−∆∥
≤−min(k1,k2)

(
V1+ 1

µ +V1− 1
µ

)
+ JM−1∥z2−∆∥. (33)

z2−∆φ
∥z2−∆φ∥ V(s)

The  designed  observer  guarantees  the  estimation  error
 converges  to  zero  in  fixed  time  which  implies  that

 is bounded. Therefore, it can be concluded that 
will not go to infinity before the convergence of the observer
error dynamics.

s = 0
Tr ≤ πµ

2min(k1,k2) z2−∆φ

In the light of Lemma 1, we find that the system trajectory
will reach the sliding surface  in a fixed settling time and
the  settling  time .  Since  approach  to
zero in fixed time, (29) can be rewritten as

ṡ =− k1

(
⌈s⌋1+

1
µ + ⌈s⌋+ ⌈s⌋1−

1
µ

)
− k2

(
⌈s⌋1+

1
µ + ⌈s⌋+ ⌈s⌋1−

1
µ

)
(34)

which is fixed-time stable.
s ≡ 0 ṡ = 0

t ≥ Tr +To

During  the  sliding  motion  (i.e., ),  we  have .
According to (29) and (34), we have the following dynamics,
for ,

ė1 =e2

ė2 =− k1
(
⌈e1⌋ϱ1 + ⌈e1⌋+ ⌈e1⌋ϱ

′
1
)

− k2
(
⌈e2⌋ϱ2 + ⌈e2⌋+ ⌈e2⌋ϱ

′
2
)
. (35)

Ts
(e1,e2)

t ≤ To+Tr +Ts

It  follows  from  Lemma  1  that  the  tracking  error  dynamics
(35)  are  fixed  time  stable  at  the  origin,  i.e.,  there  exists  a
constant  independent  of  initial  conditions  such  that  the
formation  tracking  error  converges  to  zero  for

. ■
Remark  4: Our  protocol  is  different  from  existing  control

protocols  in  [7]–[9]  which  the  controller  is  designed  by  two
steps.  In  step  1,  the  virtual  velocity  is  designed  to  achieve
formation control with use of kinematic, and the actual control

input  (i.e.,  force  or  torque)  is  designed  to  achieve  formation
control of multi-AUVs with use of dynamics in next step. The
proposed control protocol in this paper is designed in one step,
which is similar to consensus control of a multi-agent system.

V.  Simulation
In this section, numerical simulation examples are provided

to  illustrate  the  effectiveness  of  the  proposed  fixed-time
control  protocol  (28)  with  a  designed  fixed-time  disturbance
observer  (22)  for  formation  control  of  five  autonomous
underwater  vehicles. Fig. 2 shows  the  communication  topo-
logy.  Simulations  are  carried  out  using  MATLAB/Simulink
environment.

∆φ
d {E}

For  the  sake  of  simplicity,  we  assume  that  the  uncertain
term  only comes from external disturbances, and we define
the disturbance  as time-varying forces/moment in frame 
which can be described as follows:

d(t) = [du(t),dv(t),dω(t)]T

=


1.5+2sin(0.02t)+1.5sin(0.1t)

−0.9+2sin(0.02t− π
6

)+1.5sin(0.3t)

0

 . (36)

M = diag{120,100,100} C(υ) = [0, 250ω,−250v;
−250ω, 0, 250u;250v,−250u, 0] D(υ) = diag{100+80|u|,100+
80|v|,100+80|ω|} ϕ = 0 θ = 0 ψ = π/4

Here,  it  is  assumed  that  the  dynamics  of  the  AUVs  is
identical and all AUVs have the same structure and the model
parameters are , 

, 
, and , , .

The trajectory of leader AUV is described as follows:

ul = vl =

2, if 0 ≤ t < 5
2+0.2∗ (t−5) , if 5 ≤ t < 10
3, else

and

ωl = 0 (37)
pl(0) = [0,0,0]Twith the initial position .

{E}
dl f 1 = [4,2,0]T dl f 2 = [2,6,0]T

dl f 3 = [−2,6,0]T dl f 1 = [−4,2,0]T

p f 1(0) = [−5,−5,0]T p f 2(0)= [−3,−5,0]T p f 3(0)= [3,−5,0]T

p f 4(0) = [5,−5,0]T υ f i = [0,0,0]T ,

(i = 1,2,3,4)

The  formation  of  multi-AUVs  is  placed  in  the  global
coordinate  frame ,  where  the  desired  relative  distance
among the AUVs is given by , ,

,  with  the  initial  position
,  ,  ,

 and  the  initial  velocity 
.

k1i = [3,5,0]T ϱ1 = 1/3 ϱ,1 = 5/3 ϱ2 = 1/2 ϱ,2 = 5/4
µ = 2 l1 = 5/2
l2 = 3 κ1 = 2 κ2 = 2 ϱ = 1/2

In the simulations, the parameters in (26) and (28) are taken
as , , , ,  and

. The parameters of the observer are chosen as ,
, ,  and .

 

Follower 2 Follower 4

Follower 3Follower 1

Leader

 
Fig. 2.     Communication topology of the multi-AUVs system.
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τui τvi

The  trajectory  of  each  AUV  is  shown  in Fig. 3,  which
indicates  the  follower  AUVs  follows  the  leader  AUV  in  the
desired formation configuration well with the designed control
law. As shown in Fig. 4, the position tracking errors  of the
AUVs are converging to zero. It is illustrated that the follower
AUV trajectory can track the leader AUV trajectory at a good
precision  around  3  seconds,  which  approximates  the  settling
time  determined  by  the  chosen  parameters. Fig. 5 shows  the
velocity  of  the  follower  AUV,  where  it  can  be  seen  that  the
velocity of the follower AUVs is the same as that of the leader
AUV  when  the  formation  is  implemented. Fig. 6 shows  that
the  unknown  disturbances  can  be  estimated  within  a  finite
time by the  proposed observer.  In  the  end,  the  actual  control
force  and  are shown in Fig. 7.

t ≤ To+Ts+Tr

From  the  simulation  results,  it  can  be  observed  that  all
signals  are  bounded,  and  tracking  performance  can  be
achieved.  The  convergence  time  satisfies  the  relational
expression  as expected.

VI.  Conclusion

The  fixed-time  formation  control  problem  of  multi-AUVs
with model  parameter  uncertainties  and external  disturbances
has  been  addressed  in  this  paper.  Firstly,  a  fixed-time  DO is
designed  to  estimate  the  compound  disturbance  induced  by
model  parameter  uncertainties  and  external  disturbances.
Then, a new control protocol, based on the designed observer,
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0

5

X 
(m

)

0 10 20 30 40 50 60
Y (m)

pl
pf1
pf2
pf3
pf4

 
Fig. 3.     The trajectory of each AUV in the multi-AUVs system.
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Fig. 4.     Position tracking error  between the leader AUV and
follower  in a multi-AUVs system.
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is  developed,  which  ensures  that  formation  control  can  be
achieved  within  the  settling  time,  while  guaranteeing  all
signals  of  the  closed-loop  system  are  globally  fixed-time
stable. Simulation results demonstrate the effectiveness of the
proposed control protocol.

Future  research will  focus  on the  extension of  the  research
results to multi-AUVs with bounded yet unknown uncertainty.
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