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    Abstract— In this  paper,  an  open-loop  PD-type  iterative  learn-
ing control  (ILC)  scheme  is  first  proposed  for  two  kinds  of  dis-
tributed parameter systems (DPSs) which are described by para-
bolic  partial  differential  equations  using  non-collocated  sensors
and actuators.  Then, a closed-loop PD-type ILC algorithm is ex-
tended to a class of distributed parameter systems with a non-col-
located single sensor and m actuators when the initial states of the
system exist some errors. Under some given assumptions, the con-
vergence conditions  of  output  errors  for  the  systems  can  be  ob-
tained. Finally,  one  numerical  example  for  a  distributed  para-
meter system with a single sensor and two actuators is presented
to illustrate the effectiveness of the proposed ILC schemes.
    Index Terms—Actuators,  distributed  parameter  system,  iterative
learning control, PD-type ILC scheme, sensors.

I.  Introduction

IN practice, most systems can be described by a partial dif-
ferential  equation or  a  partial  integral  equation,  referred to

as  distributed  parameter  systems.  The  states  of  distributed
parameter systems are dependent on time and spatial position.
Therefore, these systems are more suitable to describe system
dynamics. At the same time, this has attracted many research-
ers to study the control and estimation of distributed paramet-
er  systems  in  a  number  of  fields,  most  recently  in  [1]–[3].
Since the sensors and actuators are low-cost  and low energy,
the distributed parameter systems using sensors and actuators
have been extensively studied by many specialists. Demetriou
[4]  considered  a  law for  the  guidance  of  a  mobile  collocated
actuator/sensor for  the  enhanced  control  of  spatially  distrib-

uted processes. Accordingly, he suggested an algorithm to re-
place  the  full  state  information  from a  scalar  multiple  of  the
output measurement in finite horizon linear quadratic regulat-
or  control  of  DPSs  in  [5].  Meanwhile,  Mu et  al. [6] con-
sidered a scheme aimed at guiding the moving actuator/sensor
pair  for  enhanced  control  and  estimation  of  the  distributed
parameter  systems.  Jiang et  al. [7]  proposed  an  even-driven
observer-based control for DPSs based on a mobile sensor and
actuator.

Iterative  learning  control  (ILC)  is  an  intelligent  control
method  which  particularly  suits  systems  working  in  a  fixed
time interval with a repetitive model. ILC aims to find proper
learning  control  schemes  of  the  controlled  system  for  the
actual  output  signal  to  track  the  given  desired  output  signal
over  a  finite  interval  time.  At  the  same time,  the  constructed
learning control sequences can converge to a desired control.
An effective ILC algorithm can promote tracking accuracy by
adjusting  the  system  input  signal  according  to  error
observations  from  every  iteration  even  when  the  system  has
incomplete knowledge. Initially, ILC was proposed in 1984 by
Arimoto et  al. [8]  that  mainly  involved  a  class  of  ILC
algorithm  for  robots  to  obtain  better  control  performance.
Since  then,  ILC  has  been  established  as  a  separate  field  of
control  theory  [9]–[14].  This  methodology  has  been  given
consideration  in  various  industrial  applications,  including
industrial  robots  [15],  health  care  systems  [16],  batch
processes [17], and so on [18]. Nowadays, ILC is extensively
employed  in  distributed  parameter  systems  [19]–[21].  In
particular,  Dai et  al. [22]  proposed  a  closed-loop  P-type
iterative  learning  law  for  uncertain  linear  DPSs.  In  addition,
he  considered  ILC  for  second-order  hyperbolic  DPSs  with
uncertainties [23]. A D-type ILC law for a type of distributed
parameter  systems  with  collocated  sensors  and  actuators  is
considered  in  [24].  In  many  industrial  processes,  the  sensors
and  actuators  are  always  non-collocated.  Hence,  a  type  of
linear  parabolic  distributed  parameter  system  based  on  non-
collocated  sensors  and  actuators  is  proposed.  No  research
papers have taken into account the problem of a PD-type ILC
for this system.

The  distributed  parameter  system  based  on  non-collocated
sensors and actuators is a complex system since it depends on
time  and  spatial  position.  Furthermore,  ILC  can  be  better  in
controlling  dynamic  systems  with  complex  modelling,
uncertainty  and  with  strong  non-linear  coupling  effects.  As
such, we can obtain good control performance of a distributed
parameter system by using ILC schemes. As discussed above,
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there is no existing research that has been carried out using ILC
for distributed parameter systems using non-collocated sensors
and actuators. Thus, we first propose an open-loop PD-type ILC
scheme for a distributed parameter system with non-collocated
single  sensor  and  actuators.  After  that,  we  consider  the
distributed  parameter  system  based  on  non-collocated 
sensors  as  well  as  actuators,  which  include  numerous
industrial  processes,  such  as  heat  exchangers,  industrial
chemical reactors, and agricultural irrigation processes. Lastly,
we  present  a  closed-loop  PD-type  ILC  algorithm  for  the
distributed parameter system using a single sensor and multiple
actuators  when  some  errors  exist  in  the  initial  states  of  the
system.

In distributed parameter systems with non-collocated sensors
and actuators, the sensors are capable of gathering information
from the systems in real time. At the same time, the actuators
can perform various tasks. When the states change, an input is
imposed  to  control  the  output  of  the  actuators.  However,  the
actual  output  of  the  systems  may  not  represent  the  desired
output in the running of actuators. In this case, it is crucial to use
ILC  schemes  to  learn  the  output  error  of  the  systems.  This
facilitates  the  actual  output  in  tracking  the  desired  output.
Therefore, this work improves the performance of systems. At
the same time, it significantly closes the existing theoretical gap.

m

m m

The remainder of this paper is as follows: In Section II, we
first  discuss  the  system  and  problem  formulation.  Next,  the
open-loop PD-type and closed-loop PD-type ILC schemes are
presented in a distributed parameter system with a sensor and

 actuators.  In  addition,  the  proposed  ILC  schemes  are
extended  to  a  class  of  distributed  parameter  systems  using
non-collocated  sensors  and  actuators  in  Section III.  The
effectiveness  of  the  proposed methods are  illustrated through
numerical simulation in Section IV and conclusions follow in
Section V.

R Rn R+ nNotations: ,  and  are the set of all  real numbers, -
dimensional space and the set of all positive real numbers.

L2
W(x, t) : [0,h]× [0,T ]→ R

The  definition  of  the -norm  of  the  function
 is

∥W(·, t)∥L2 =
√
⟨W(·, t),W(·, t)⟩

⟨W1(·, t),W2(·, t)⟩ =
r h

0 W1(x, t)W2(x, t)dxwhere  is  the  inner
product.

II.  The System and Problem Formulation

m
Consider  the  distributed  parameter  system  with  a  non-

collocated single sensor and  actuators as follows:
∂qk(x, t)
∂t

=
∂

∂x

(
ϖ(x)∂qk(x, t)

∂x

)
+

m∑
i=1

b(x; xa
i )u(k,i)(t)

yk(t) =
w h

0
c(x)qk(x, t)dx

(1)

with the Neumann boundary conditions

∂qk(x, t)
∂x

∣∣∣∣∣
x=0
=
∂qk(x, t)
∂x

∣∣∣∣∣
x=h
= 0 (2)

and the initial condition

qk(x,0) = 0 (3)
x twhere  and  are  the  spatial  position and time which satisfy

(x, t) ∈ [0,h]× [0,T ] ⊂ R+×R+ ϖ(x) ≥ϖ0 > 0
x ϖ0 k k

qk(x, t)
yk(t) k

k u(k,i)(t)
i b(x; xa

i )
i

xa
i i

c(x)

 .  is  a  known
continuous function of  (  is a constant).  denotes the th
iteration of the repetitive operation of the system.  and

 denote the state and output of the system at the th itera-
tion. When the system operates in the th iteration,  is
the  associated  control  signal  of  the th  actuator.  de-
notes the spatial distribution of the actuating device of the th
actuator and  denotes the centroid position of the th actuat-
or.  is  the  spatial  distribution  of  the  sensor.  The  sensor
spatial distribution and the actuators spatial distribution satisfy

c(x) = δ, x ∈ [0,h] (4)
and

b(x; xa
i ) =

{
γ, x ∈ [xa

i −σ, xa
i +σ]

0, others
(5)

δ γ σ > 0where  and  are constants.  is the spatial support of the
actuators.

Throughout this paper, two lemmas and one assumption are
first given as follows:

f (t) g(t)
[0,T ]

ρ

Lemma  1  [22]: If  and  are  two  continuous
nonnegative  functions  on ,  and  there  exist  nonnegative
constants  and M satisfying

f (t) ≤ ρ+g(t)+M
w t

0
f (s)ds

then

f (t) ≤ ρeMt +g(t)+MeMt
w t

0
e−Msg(s)ds.

{dk}k≥0
{Zk(t)}k≥0 ⊂ C[0,T ]

Lemma 2 [22]: If the constant sequence  converges to
zero, and the sequence  satisfies

Zk+1(t) = θZk(t)+M(dk +
w t

0
Zk(s)ds)

{Zk(t)}k≥0 k→∞
M > 0 0 ≤ θ < 1
then  ( )  uniformly  converges  to  zero,  where

 and  are constants.
yd(t) u(d,i)(t)Assumption  1: For  a  desired  output ,  a  unique 

exists such that
∂qd(x, t)
∂t

=
∂

∂x

(
ϖ(x)∂qd(x, t)

∂x

)
+

m∑
i=1

b(x; xa
i )u(d,i)(t)

yd(t) =
w h

0
c(x)qd(x, t)dx

(6)

qd(x,0) = 0where .
In  this  paper,  an  open-loop  PD-type  ILC  scheme  is

employed as follows:

u(k+1,i)(t) = u(k,i)(t)+Υek(t)+Γėk(t) (7)
ek(t) k

ek(t) = yk(t)− yd(t) Γ Υ

where  is the output error of th iteration which satisfies
.  and  are  the  open-loop  ILC  learning

gains.

III.  Convergence Analysis

m

m m

In this section, we first prove the effectiveness of the open-
loop  PD-type  ILC  for  a  distributed  parameter  system  with
non-collocated single sensor and  actuators.  In addition, we
extend  the  proposed  scheme  to  the  distributed  parameter
system  with  non-collocated  sensors  and  actuators.  The
following theorem is first given.
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(1+2mδγσΓ)2 < 1/2
t ∈ [0,T ] k→∞ lim

k→∞
ek(t) = 0

t ∈ [0,T ]

Theorem  1: Consider  the  open-loop  PD-type  ILC  scheme
(7) for the repetitive distributed parameter system (1) with the
desired  output  satisfying  Assumption  1.  If  the  learning  gain
exists and satisfies , then the output error
converges to zero for all  as , i.e., ,

.
u(k+1,i)(t)−u(d,i)(t) (k+1)Proof: The  input  error  at  the th

iteration can be expressed as

u(k+1,i)(t)−u(d,i)(t)
= u(k,i)(t)−u(d,i)(t)+Υek(t)+Γėk(t)
= ū(k,i)(t)+Υ(yk(t)− yd(t))+Γ(ẏk(t)− ẏd(t))

= ū(k,i)(t)+Υ
w h

0
c(x)q̄k(x, t)dx

+Γ
w h

0
c(x)
∂q̄k(x, t)
∂t

dx (8)

ū(k,i)(t) = u(k,i)(t)−u(d,i)(t) q̄k(x, t) = qk(x, t)−qd(x, t)where  and .
According to the state equation of system (1), we have

ū(k+1,i)(t) = ū(k,i)(t)+Υ
w h

0
c(x)q̄k(x, t)dx

+Γ
w h

0
c(x)
∂

∂x

(
ϖ(x)∂q̄k(x, t)

∂x

)
dx

+Γ
w h

0
c(x)

m∑
i=1

b(x; xa
i )ū(k,i)(t)dx. (9)

(9)
Applying  integration  by  parts  and  using  the  boundary

conditions for the third term on the right hand side of , we
obtain

w h

0
c(x)

∂

∂x

(
ϖ(x)∂q̄k(x, t)

∂x

)
dx

=
w h

0
c(x)

d(ϖ(x))
dx

∂q̄k(x, t)
∂x

dx

+
w h

0
c(x)
ϖ(x)∂2q̄k(x, t)

∂x2 dx

=

[
c(x)ϖ(x)

∂q̄k(x, t)
∂x

]x=h

x=0

−
w h

0
c(x)ϖ(x)

∂2q̄k(x, t)
∂x2 dx

−
w h

0
ϖ(x)

∂q̄k(x, t)
∂x

∂c(x)
∂x

dx

+
w h

0
c(x)
ϖ(x)∂2q̄k(x, t)

∂x2 dx = 0. (10)

Substituting (10) into (9) yields

ū(k+1,i)(t) = ū(k,i)(t)+Υ
w h

0
c(x)q̄k(x, t)dx

+Γ
w h

0
c(x)

m∑
i=1

b(x; xa
i )ū(k,i)(t)dx. (11)

Based  on  the  spatial  distribution  of  the  sensor  (4)  and
actuators (5), (11) can be further rewritten as

ū(k+1,i)(t) = (1+2mδγσΓ)ū(k,i)(t)+Υδ
w h

0
q̄k(x, t)dx. (12)

L2

Squaring  both  sides  of  (12)  and  using  the  definition  of  the
-norm, we have

ū2
(k+1,i)(t) ≤ 2(1+2mδγσΓ)2ū2

(k,i)(t)+2(Υδ)2∥q̄k(·, t)∥2L2
. (13)

∂(q̄k(x,t))2

∂tNow we investigate  by using (1) as follows:

∂(q̄k(x, t))2

∂t
= 2q̄k(x, t)

∂q̄k(x, t)
∂t

= 2q̄k(x, t)
∂

∂x

(
ϖ(x)

∂q̄k(x, t)
∂x

)
+2q̄k(x, t)

m∑
i=1

b(x; xa
i )ū(k,i)(t)

≤ 2q̄k(x, t)
∂

∂x

(
ϖ(x)

∂q̄k(x, t)
∂x

)
+ q̄2

k(x, t)

+

m∑
i=1

b(x; xa
i )ū(k,i)(t)

m∑
i=1

b(x; xa
i )ū(k,i)(t). (14)

x [0,h]Integrating (14) with respect to  on , it satisfies

d
dt

w h

0
q̄2

k(x, t)dx

≤2
w h

0
q̄k(x, t)

(
∂

∂x

(
ϖ(x)

∂q̄k(x, t)
∂x

))
dx

+
w h

0

m∑
i=1

b(x; xa
i )ū(k,i)(t)

m∑
i=1

b(x; xa
i )ū(k,i)(t)dx

+
w h

0
q̄2

k(x, t)dx. (15)

r h
0 q̄k(x, t)

(
∂

∂x

(
ϖ(x)

∂q̄k(x, t)
∂x

))
dx ≤ 0Similar  to  (10), .

Hence, we obtain

d
dt

w h

0
q̄2

k(x, t)dx

≤
w h

0

m∑
i=1

b(x; xa
i )ū(k,i)(t)

m∑
i=1

b(x; xa
i )ū(k,i)(t)dx

+
w h

0
q̄2

k(x, t)dx. (16)

L2

According to the spatial distribution of the actuators (5), and
the definition of -norm, the following gives

d
dt
∥q̄k(·, t)∥2L2

≤ 2mσγ2ū2
(k,i)(t)+ ∥q̄k(·, t)∥2L2

. (17)

tIntegrating  (17)  with  respect  to  and  using  the  Bellman-
Gronwall Lemma, we have

∥q̄k(·, t)∥2L2
≤

w t

0
(2mσγ2ū2

(k,i)(τ)+ ∥q̄k(·, τ)∥2L2
)dτ

≤ 2mσγ2
w t

0
e(t−τ)ū2

(k,i)(τ)dτ. (18)

Substituting (18) into (13), we get

ū2
(k+1,i)(t) ≤ 2(1+2mδγσΓ)2ū2

(k,i)(t)

+4mσ(Υδγ)2
w t

0
e(t−τ)ū2

(k,i)(τ)dτ. (19)

∥ū(k,i)∥λ = sup
t∈[0,T ]

{∥ū(k,i)(t)∥2e−λt} λ > 0 ∥ · ∥

Rn

Set  where  and  is a

kind of  norm, then we can obtain

∥ū(k+1,i)∥λ ≤ (2(1+2mδγσΓ)2+
4mσ(Υδγ)2

λ−1
)∥ū(k,i)∥λ. (20)
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(1+2mδγσΓ)2 < 1/2 (2(1+
2mδγσΓ)2+4mσ(Υδγ)2/(λ−1)) < 1 λ

limk→∞ u(k,i)(t) = 0

Because ,  we  can  obtain 
 if  is  chosen  large

enough. Hence, .
According to (18), we have

lim
k→∞
∥q̄k(·, t)∥L2 = 0. (21)

And  from  the  output  equation  of  system  (1),  we  readily
conclude that

lim
k→∞

ek(t) = 0. (22)

■

m m
(1)

Remark 1: In engineering applications, there always need to
be  multiple  sensors  to  finish  complicated  tasks.  Hence,  we
consider the following distributed parameter system with non-
collocated  sensors  and  actuators  which  exists  the  same
boundary  conditions  and  initial  condition  as  system  in  a
repeatable environment

∂qk(x, t)
∂t

=
∂

∂x

(
ϖ(x)∂qk(x, t)

∂x

)
+

m∑
i=1

b(x; xa
i )u(k,i)(t)

y(k,1)
...y(k,m)

 =

r h

0 c(x; xs
1)qk(x, t)dx
...r h

0 c(x; xs
m)qk(x, t)dx


(23)

c(x; xs
i )

i xs
i

i

where  denotes  the  spatial  distribution  of  the  sensing
device of the th sensor and  is the centroid position of the
th sensor.

The spatial distribution of the sensors are assumed to be the
boxcar function

c(x; xs
i ) =

{
β, x ∈ [xs

i −ε, xs
i +ε]

0, others
(24)

and the spatial distribution of the actuators are also assumed to
be a boxcar function

b(x; xa
i ) =

{
α, x ∈ [xa

i −η, xa
i +η]

0, others
(25)

β α ε > 0 η > 0where  and  are  constants.  and  are  the  spatial
support of the sensors and actuators, respectively.

[xs
i −ε, xs

i +ε] ⊂ [xa
i −η, xa

i +η]

Remark  2: In  some  practical  engineering  applications,  the
actuator needs to perform a task so the spatial  distribution of
actuating  device  is  wider  than  sensing  device.  Therefore,  we
assume .

(23)According  to  the  system ,  the  following  assumption  is
given.

y(d,i)(t) u(d,i)(t)Assumption 2: For a desired output , a unique 
exists such that

∂qd(x, t)
∂t

=
∂

∂x

(
ϖ(x)∂qd(x, t)

∂x

)
+

m∑
i=1

b(x; xa
i )u(d,i)(t)

y(d,1)
...y(d,m)

 =

r h

0 c(x; xs
1)qd(x, t)dx
...r h

0 c(x; xs
m)qd(x, t)dx

 .
(26)

In this part, we consider the open-loop PD-type ILC scheme

u(k+1,i)(t) = u(k,i)(t)+Υie(k,i)(t)+Γiė(k,i)(t) (27)

e(k,i)(t) i k
e(k,i)(t) = y(k,i)(t)− y(d,i)(t) Υi Γi

where  is the output error of th sensor during th itera-
tion  which  satisfies .  and  are
ith number of open-loop PD-type learning gains.

Γi

(27) (1+2αβεΓi)2 < 1/2

(23)
k→∞ lim

k→∞
e(k,i)(t) = 0 t ∈ [0,T ]

Theorem  2: If  the  open-loop  PD-type  gain  of  the  ILC
scheme  satisfies , and the system with
the desired output satisfies the Assumption 2 under the initial
and boundary conditions, the output errors of  converge to
zero when , i.e., , .

Remark 3: In previous proof, we just consider that the initial
condition is zero at every iterative learning process, however,
there  always  exits  some  errors  at  the  beginning  in  every
iterative process.  Hence,  a more favorable initial  condition is
given as follows:

∥qd(·,0)−qk(·,0)∥2L2
≤ lϱk (ϱ ∈ [0,1), l > 0).

(1)

(7)

For the system , if  we consider using a closed-loop PD-
type  ILC  scheme  to  replace  the  open-loop  PD-type  ILC
scheme ,  we  can  obtain  the  convergence  conditions  of
tracking  error.  The  closed-loop  PD-type  ILC  scheme  is
employed

u(k+1,i)(t) = u(k,i)(t)+Φe(k+1)(t)+Ψė(k+1)(t) (28)

Φ Ψwhere  and  are the P-type learning gain and D-type learn-
ing gain, respectively.

(28) (1)

Ψ 1/|1−2mΨδγσ|2 < 1/2
t ∈ [0,T ] k→∞

lim
k→∞

ek(t) = 0 t ∈ [0,T ]

Theorem  3: Consider  the  closed-loop  PD-type  ILC
algorithm  for  the  repetitive  system  with  non-
collocated  sensor/actuators  under  the  initial  and  boundary
conditions, which satisfies Assumption 1. If the learning gain

 exists  and satisfies ,  then the output
error  converges  to  zero  for  all  as ,  i.e.,

, .
Proof: From  the  desired  input  and  actual  input,  the

following gives

ũ(k+1,i)(t) = ũ(k,i)(t)+Φe(k+1)(t)+Ψė(k+1)(t)

= ũ(k,i)(t)+Φ
w h

0
c(x)q̃k+1(x, t)dx

+Ψ
w h

0
c(x)
∂q̃k+1(x, t)
∂t

dx

= ũ(k,i)(t)+Φ
w h

0
c(x)q̃k+1(x, t)dx

+Ψ
w h

0
c(x)
∂

∂x

(
ϖ(x)∂q̃k+1(x, t)

∂x

)
dx

+Ψ
w h

0
c(x)

m∑
i=1

b(x; xa
i )ũ(k+1,i)(t)dx (29)

ũ(k+1,i)(t) = u(k+1,i)(t)−u(d,i)(t) q̃k+1(x, t) = qk+1(x, t)−
qd(x, t)
where  and 

.
(10)

Ψ
r h

0 c(x) ∂∂x

(
ϖ(x)∂q̃k+1(x, t)

∂x

)
dx = 0

(28)

Similar  to  the  proof  of ,  we  know

.  Based  on  the  ILC

scheme ,  the  input  of  every  actuator  is  identical  at  same
iteration time. And from the spatial distribution of sensor and
actuators, we obtain
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ũ(k+1,i)(t) = ũ(k,i)(t)+Φ
w h

0
c(x)q̃k+1(x, t)dx

+Ψ
w h

0
c(x)

m∑
i=1

b(x; xa
i )ũ(k+1,i)(t)dx

= ũ(k,i)(t)+Φδ
w h

0
q̃k+1(x, t)dx

+2mΨδγσũ(k+1,i)(t). (30)
(30)From , We can get

ũ(k+1,i)(t) = (1−2mΨδγσ)−1ũ(k,i)(t)

+
Φδ

1−2mΨδγσ

w h

0
q̃k+1(x, t)dx (31)

(1−2mΨδγσ) , 0where .
L2According to the definition of -norm, we have

ũ2
(k+1,i)(t) ≤ 2(1−2mΨδγσ)−2ũ2

(k,i)(t)

+2
∣∣∣∣∣ Φδ

1−2mΨδγσ

∣∣∣∣∣2 ∥q̃k+1(·, t)∥2L2
. (32)

∥q̃k+1(·, t)∥2L2
L2

Similar  to  the  proof  of  Theorem  1,  we  can  investigate
 by  using  the  spatial  distribution  of  the  actuators

and the definition of -norm as follows:

d
dt
∥q̃k+1(·, t)∥2L2

≤ 2mγ2σũ2
(k+1,i)(t)+∥q̃k+1(·, t)∥2L2

. (33)

∥qd(·,0)−qk(·,0)∥2L2
≤ lϱkDue  to  the  initial  condition ,  the

following gives

∥q̃k+1(·, t)∥2L2
≤

w t

0
(2mγ2σũ2

(k+1,i)(τ)+ ∥q̃k+1(·, τ)∥2L2
)dτ

+ ∥q̃k+1(·,0)∥2L2

≤ etlϱk+1+2mγ2σ
w t

0
e(t−τ)ũ2

(k+1,i)(τ)dτ. (34)

(34) (32)Substituting  into , we have

ũ2
(k+1,i)(t) ≤ 2|1−2mΨδγσ|−2ũ2

(k,i)(t)+
2|Φδ|2etlϱk+1

|1−2mΨδγσ|2

+
|4Φ2δ2mγ2σ|
|1−2mΨδγσ|2

w t

0
e(t−τ)ũ2

(k+1,i)(τ)dτ. (35)

(35) e−t

W(k+1,i)(t) = e−tũ2
(k+1,i)(t)

Multiply  both  sides  of  by ,  and  let
, we can get

W(k+1,i)(t) ≤ 2|1−2mΨδγσ|−2W(k,i)(t)+
2|Φδ|2lϱk+1

|1−2mΨδγσ|2

+
|4Φ2δ2mγ2σ|
|1−2mΨδγσ|2

w t

0
W(k+1,i)(τ)dτ

= o1W(k,i)(t)+o2+o3

w t

0
W(k+1,i)(τ)dτ (36)

o1 = 2|1−2mΨδγσ|−2 o2 = 2|Φδ|2lϱk+1/|1−2mΨδγσ|2
o3 = |4Φ2δ2mγ2σ|/|1−2mΨδγσ|2

where , 
and .

From Lemma 1, we can have that

W(k+1,i)(t) ≤ o1W(k,i)(t)+o2eo3t +o3eo3t
w t

0
W(k,i)(τ)e−o3τdτ.

(37)
(37) e−o3t

V(k+1,i)(t) =W(k+1,i)(t)e−o3t
Multiply  both  sides  of  by ,  and  let

. We obtain

V(k+1,i)(t) ≤ o1V(k,i)(t)+o2+o3

w t

0
V(k,i)(τ)dτ. (38)

ϱ ∈ [0,1)
o2→ 0 k→∞ o1 < 1
V(k,i)(t)→ 0 k→∞ V(k,i)(t) =
W(k,i)(t)e−o3t = e−o3te−tũ2

(k+1,i)(t)

From  the  initial  condition,  we  know ,  hence
,  when .  And  when ,  we  can  obtain

 ( )  from  Lemma  2.  Because 
, we have

lim
k→∞

ũ(k+1,i)(t) = 0. (39)

Hence, we can obtain

lim
k→∞

ek+1(t) = 0. (40)

■
IV.  Numerical Simulations

Consider the following distributed parameter system with a
sensor and two actuators in a repeatable environment
∂qk(x, t)
∂t

=
∂

∂x

(
ϖ(x)∂qk(x, t)

∂x

)
+

2∑
i=1

b(x; xa
i )u(k,i)(t)

yk(t) =
w h

0
c(x)qk(x, t)dx

(41)

x ∈ [0,1] t ∈ [0,0.8] ϖ(x) = 0.01 > 0where ,  and .
Assume that the sensor spatial distribution satisfies

c(x) =
{5.2, x ∈ [0,1]
0, others

(42)

and the actuators spatial distribution satisfy

b(x; xa
1) =

{1, x ∈ [0.3125,0.375]
0, others

(43)

and

b(x; xa
2) =

{1, x ∈ [0.5,0.5625]
0, others.

(44)

Γ = −0.7 Φ = −0.3
Υ = Ψ = −15 (1+2mδγσΓ)2 < 1/2
1/|1−2mΨδγσ|2 < 1/2

yd = sin(5πt)

In  this  example,  we employ the open-loop and closed-loop
PD-type  ILC  schemes,  and  assume ,  and

.  Thus,  we  can  obtain  and
 which  satisfy  Theorems  1  and  3,

respectively. The desired trajectory is given as .
Using  the  difference  method  for  partial  differential

equations,  the  simulation  results  can  be  obtained  which  are
shown in Figs. 1–6.

k = 15,25,30
qk(x, t) k = 25
x ∈ [0.3125,0.375]∪ [0.5,0.5625] qk(x, t) , 0

k = 25
1.2×10−3

Figs. 1–3 are  obtained  using  an  open-loop  PD-type  ILC
scheme. Fig. 1 shows the desired output  and actual  output  of
system  at ,  respectively. Fig. 2 shows  the  states

 of  system  at ,  and  it  is  seen  that  only  when
, the states . Fig. 3

shows a curve chart which describes the variation in the error
of  output  with  the  number  of  iterations.  When ,  the
maximum  error  of  the  output  function  is .  The
simulation  results  demonstrate  the  effectiveness  of  the
proposed scheme.

k = 15,25,30
qk(x, t) k = 25
x ∈ [0.3125,0.375]∪ [0.5,0.5625] qk(x, t) , 0

Figs. 4–6 are  obtained  using  a  closed-loop  PD-type  ILC
algorithm. Fig. 4 shows the desired output and actual output of
system  at ,  respectively. Fig. 5 shows  the  states

 of  system  at ,  and  it  is  seen  that  only  when
, the states . Fig. 6

shows a curve chart which describes the variation in the error
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k = 25
0.64×10−3

of  output  with  the  number  of  iterations.  When ,  the
maximum  error  of  the  output  function  is .  The
simulation  results  demonstrate  the  effectiveness  of  the
proposed algorithm.

V.  Conclusion

In  this  paper,  we  extended  the  open-loop  and  closed-loop
m

PD-type  ILC  schemes  for  two  types  of  the  parabolic
distributed parameter systems based on non-collocated sensors
and actuators working in a repeatable environment. Firstly, we
took into consideration the convergence condition of a type of
distributed  parameter  system  with  non-collocated  single
sensor and  actuators by using two classes of ILC schemes.
Thereafter, we discussed the convergence condition of a class
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Fig. 1.     The desired output yd(t) and iterations for output function yk(t) when
k = 15,25,30, respectively (open-loop PD-type ILC scheme).
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Fig. 2.     The states qk(x, t) of system when k = 25 (open-loop PD-type ILC
scheme).
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Fig. 3.     The variation of maximum output error ek(t) along with iterative
number (open-loop PD-type ILC scheme).
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Fig. 4.     The desired output yd(t) and iterations for output function yk(t) when
k = 15,25,30, respectively (closed-loop PD-type ILC scheme).
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Fig. 5.     The states qk(x, t) of system when k = 25 (closed-loop PD-type ILC
scheme).
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Fig. 6.     The variation of maximum output error ek(t) along with iterative
number (closed-loop PD-type ILC scheme).
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m
m

1.2×10−3 0.64×10−3

of  distributed  parameter  systems  using  non-collocated 
sensors  and  actuators.  Lastly,  we  presented  a  distributed
parameter  system  based  on  one  sensor  and  two  actuators  to
illustrate  the  effectiveness  of  the  proposed  control.  From
Figs. 3 and 6,  we  know  the  maximum  error  of  the  output
function  are  (open-loop  PD-type)  and 
(closed-loop  PD-type),  respectively.  Hence,  the  closed-loop
PD-type ILC scheme is more effective.
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