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    Abstract—This paper  investigates  the  stability  of  switched sys-
tems with  time-varying  delay  and  all  unstable  subsystems.  Ac-
cording  to  the  stable  convex  combination,  we  design  a  state-de-
pendent switching rule. By employing Wirtinger integral inequal-
ity and Leibniz-Newton formula, the stability results of nonlinear
delayed switched systems whose nonlinear terms satisfy Lipschitz
condition  under  the  designed  state-dependent  switching  rule  are
established  for  different  assumptions  on  time  delay.  Moreover,
some new stability results for linear delayed switched systems are
also presented.  The effectiveness of  the proposed results  is  valid-
ated by three typical numerical examples.
    Index Terms—Stability,  statedependent switching, switched system,
time delay.

I.  Introduction

A  switched system is composed of a set of continuous time
or discrete-time subsystems and a law which governs the

switching  among  them  [1]. As  a  class  of  typical  hybrid  sys-
tems, switched  systems  have  widespread  practical  back-
grounds and engineering value. On the one hand, many natur-
al or engineering systems which generate different modes ow-
ing to sudden changes of their environment can be modeled as
switched  systems.  For  example,  aircraft  control  systems  [2],
traffic  management  systems [3], robotic  walking control  sys-
tems  [4],  computer  disk  drives  [5] and  some  chemical  pro-
cesses  [6]  can fall  into  switched systems.  On the other  hand,
switching can  be  viewed  as  an  effective  way  of  solving  cer-
tain control  problems.  Multi-controller  switching scheme [7],
Bang-Bang  control  [8],  intermittent  control  [9] and  supervis-
ory control [10] are derived from the idea of switching. Until

now, switched systems have been a popular research focus in
the control  field  and  many  significant  results  have  been  de-
duced in recent years.

System  switching  can  generate  high  nonlinearities,  which
indicates  that  stability  analysis  of  switched  systems  is  more
complicated than those of ordinary dynamical systems. Under
some typical examples, Decarlo et al. have pointed out that a
switched  system  with  all  unstable  subsystems  (or  with  all
asymptotically  stable  subsystems),  may  be  asymptotically
stable (or unstable) under some specified switching rules [11].
In  [12],  the  authors  show  that  the  delayed  random  switched
systems  derived  from  exponentially  stable  subsystems  may
lose  stability  with  decreases  in  dwell  times.  This  is  because
switching  may  generate  destabilizing  effects  which  destroy
the  stability  of  switched  systems.  Therefore,  we  must
concentrate  on  both  subsystems  and  switching  rules  in  the
study  of  stability.  Liberzon  has  summed  up  the  stability
investigation  of  switched  systems  as  three  basic  problems
[13]: 1) stability under arbitrary switching signals, 2) stability
under constrained switching signals, and 3) the construction of
switching  signal  to  stabilize  switched  systems.  In  order  to
cope  with  the  stability  of  switched  systems,  many  effective
analysis  tools  such  as  the  common  Lyapunov  function  [14],
multiple  Lyapunov  functions  [15],  average  dwell  time  [16],
and  mode-dependent  average  dwell  time  [17]  have  been
employed to derive novel stability results.

Designing appropriate  switching rules  to  stabilize  switched
systems  with  entirely  unstable  subsystems  is  a  valuable  and
challenging  problem.  This  problem  can  be  solved  with  two
strategies:  time-dependent  switching  and  state-dependent
switching. For the first, dwell time of the admissible switching
rules  is  required  to  have  both  upper  and  lower  bounds.
According  to  discretized  Lyapunov  function,  the  time-
dependent switching rule to guarantee the asymptotic stability
of  linear  switched  systems  was  designed  [18].  Based  on  the
same  method,  the  switching  rule  is  constructed  in  [19]  to
stabilize  switched  neural  networks  with  time-varying  delays
and  unstable  subsystems.  The  bound  of  dwell  time  for  the
asymptotic  stability  of  linear  delayed  switched  systems  is
presented in [20]. In these results, the stabilization property of
switching  behaviors  is  utilized  to  compensate  the  divergent
effect of unstable subsystems. When a switched system is not
stable  under  any  time-dependent  switching  rule,  the  only
alternative  is  to  employ  a  state-dependent  switching  rule  to
stabilize the switched system. As early as 2003, Liberzon has
proved  that  linear  switched  systems  with  two  unstable
subsystems  is  asymptotically  stable  under  some  state-
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dependent  switching  rule,  if  there  exists  a  Hurwitz  convex
combination of  coefficient  matrices  [13].  In [1],  this  result  is
extended  to  linear  switched  systems  with  multi-subsystems.
At  present,  the  switching  rule  design  can  be  usually
summarized  with  the  following  three  steps:  1)  based  on
Hurwitz  linear  convex  combination,  divide  state  space  into
several  switching  regions,  2)  construct  the  state-dependent
switching rule, and 3) establish the stability conditions that the
switched system is asymptotically stable under the constructed
state-dependent  switching  rule.  According  to  the  common
Lyapunov  function  and  mixed  mode,  Kim et  al.  designed
state-dependent  switching  rules  for  linear  switched  systems
with a constant time delay. However, the proposed results are
only applicable for  cases where the time delay is  sufficiently
small [21]. In [22], the new state-dependent switching rule is
designed  for  linear  switched  systems  with  time  delays  to
weaken  the  restriction  on  time  delay.  Under  time  delay
approximation  and  small  gain  theorem,  Li et  al.  present  new
stability  results  under  the  state-dependent  switching  rule  for
linear  switched  systems  with  time  delay  and  show  that  time
delay restriction is weaker [23]. Owing to common Lyapunov
function  and  multiple  Lyapunov  functions,  the  state-
dependent  switching  rule  for  delayed  switched  Hopfield
neural networks is designed in [24]. The analogous switching
rule  for  linear  positive  switched  systems  is  designed  in  [25].
Furthermore,  some  design  methods  for  state-dependent
switching rules are presented in [26]–[28] by guaranteeing the
convergence of Lyapunov function. However, these results are
only valid for linear switched systems.

The discussed content indicates that the stability of switched
systems  with  all  unstable  subsystems  (under  the  designed
state-dependent  switching  rule)  has  been  studied  extensively.
However,  some  inadequacies  still  remain.  First,  until  now,
most  stability  results  have  been  suitable  for  linear  switched
systems  with  or  without  time  delays  [1],  [13],  [20]–[23],
[25]–[28].  Unfortunately,  the  researchers  gave  less  attention
on the stability for nonlinear switched systems with time delay
under  state-dependent  switching  rules.  Although  the  stability
results for delayed Hopfield neural networks are presented in
[24],  they  may  not  be  valid  for  more  general  nonlinear
switched  systems.  Second,  the  rigorous  restrictions  on  time
delay  in  the  existing  results  should  be  further  weakened,
especially for the case that the bound of the derivative of time
delay is known.

In  this  paper,  we  also  cope  with  the  stability  of  delayed
switched systems with all unstable subsystems. First, we focus
on  the  nonlinear  delayed  switched  systems  whose  nonlinear
terms satisfy Lipschitz condition. Based on the Hurwitz linear
convex combination, we design the state-dependent switching
rule.  Then,  some stability results  under different  assumptions
are  derived  by  the  Wirtinger  integral  inequality  and  Leibniz-
Newton formula. Second, by viewing linear delayed switched
systems as special  nonlinear delayed switched systems, some
new  stability  results  for  linear  switched  systems  with  time-
varying  delay  are  also  proposed.  Three  numerical  examples
are  employed  to  show  the  effectiveness  of  the  proposed
results.  The  main  contributions  of  this  paper  are  listed  as
follows.

1)  Certain  stability  results  for  nonlinear  switched  systems
with  all  unstable  subsystems  and  time-varying  delay  under
state-dependent switching rule are derived.

2) For linear switched systems with all unstable subsystems
and time-varying delay, the proposed stability results weaken
the restriction on time delay if the bound of the derivative of
time delay is known.

Rn Rn×m n
n×m ΣT

Σ, Σ > 0 (Σ < 0)
Σ

I
diag{·}(

X Y
∗ Z

) (
X Y

YT Z

)

Notations:  and  denote the -dimensional Euclidean
space  and  the  set  of  all  real  matrices,  respectively, 
denotes  the  transpose  of  square  matrix 
denotes  that  is  a  symmetric  positive  definite  (negative
definite) matrix,  denotes the identity matrix with appropriate
dimension,  denotes  the  block-diagonal  matrix,

 denotes .

II.  Preliminaries

This  paper  concerns  delayed  switched  systems  with  the
form {

ẋ(t) = Aσx(t)+Bσ fσ (x (t−τ(t))) , t > t0
x (t0+ s) = ϕ(s), s ∈ [−τ,0]

(1)

x(t) ∈ Rn σ(t) ∈ M = {1,2, . . . ,m}
Ap

Bp ∈ Rn×n τ(t) ϕ(s)
fp(z) = ( fp1(z1), . . . , fpn(zn))

σ(t) = p
ẋ(t) = Ap(t)x(t)+Bp fp (x (t−τ(t))) t

σ
(
t+

)
, σ

(
t−

)

where  is the state vector,  is a
piecewise  continuous  function  called  switching  signal, ,

,  is  the  time-varying  delay,  is  a  piecewise
continuous  function,  is a  nonlin-
ear  function.  If ,  we  say  that  the pth  subsystem

 is activated. Time  is called
as a switching instant if .

p ∈ M
i = 1,2, . . . ,n fpi(0) = 0

fpi
lpi

In  this  paper,  we  always  assume  that  for  any  and
, .  Moreover,  we  assume  that  the

function  satisfies Lipschitz condition. Namely, there exists
positive constant  such that

0 ≤
fpi (z1)− fpi (z2)

z1− z2
≤ lpi, z1,z2 ∈ Rn,z1 , z2. (2)

Lp = diag
{
lp1, . . . , lpn

}
For  convenience,  we  denote .  Then,

system (1) can be rewritten as
ẋ(t) = (Aσ+BσLσ) x(t)−BσLσ

w t

t−τ(t)
ẋ(s)ds

+Bσ ( fσ (x (t−τ(t)))−Lσx (t−τ(t))) , t > t0
x (t0+ s) = ϕ(s), s ∈ [−τ,0] .

(3)

F Ap+BpLp

We always assume that there exists a Hurwitz linear convex
combination  of . Namely

F =
∑
p∈M

αp
(
Ap+BpLp

)
(4)

αp ∈ [0,1]
∑

p∈M αp = 1
Ξ

P

where  and .  For  a  given  symmetric
positive definite matrix , there exists some symmetric posit-
ive definite matrix  such that

FT P+PF = −Ξ. (5)
ΘpDefine region  as

Θp =

{
x|xT

((
Ap+BpLp

)T
P

+P
(
Ap+BpLp

))
x ≤ −xTΞx

}
. (6)
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Under the proof of [21, Proposition 2], it is easy to see∪
p∈M

Θp = R
n. (7)

The state space can be divided into the following switching
areas

Θ̄1 = Θ1

Θ̄2 =
Θ2

Θ2
∩
Θ̄1

...

Θ̄i =
Θi

Θi
∩ i−1∪

j=1
Θ̄ j

...

Θ̄m =
Θm

Θm
∩m−1∪

j=1
Θ̄ j

.

Then, the switching rule for system (1) can be designed as

σ(t) = p, if x(t) ∈ Θ̄p. (8)
t

p x(t)
Θ̄p t

The above switching rule indicates that, for any instant , the
index of the activated subsystem is , if  is located in the
area . Noting that there is no restriction on , the switching
rule (8) is thus only dependent on the state.

The  main  purpose  of  this  paper  is  to  deduce  the  sufficient
conditions  for  the  global  asymptotic  stability  of  system  (1)
under  the  state-dependent  switching  rule  (8).  The  following
assumptions are essential for our results.

τ τ̄

τ̃

Assumption  1: There  exist  positive  constants ,  and
constant  such that

0 ≤ τ(t) ≤ τ, τ̃ ≤ τ̇(t) ≤ τ̄. (9)
τAssumption 2: There exists positive constant  such that

0 ≤ τ(t) ≤ τ. (10)
Now  we  give  a  lemma  which  is  the  core  of  this

investigation.

R > 0 t1 t2 t1 < t2
y

[t1, t2]

Lemma 1 (Wirtinger-based integral inequality, [29]): For a
given matrix ,  positive constants  and  where ,
and  vector  function  which  is  continuously  differentiable  in

, the following inequality is true
w t2

t1
ẏT (t)Rẏ(t)dt ≥ 1

t2− t1

(
βT

1 Rβ1+3βT
2 Rβ2

)
(11)

β1 = y (t2)− y (t1) β2 = y (t2)+ y (t1)− 1
t2− t1

r t2
t1

y(t)dtwhere , .

III.  Main Results

This section proposes some stability results for the delayed
switched systems under state-dependent switching rule (8) via
the  Lyapunov  functionals.  In  Section  III-A,  we  give  the
stability  results  for  system  (1)  with  Assumptions  1  and  2.
Some stability results for linear delayed switched systems are
derived in Section III-B.

A.  Stability for Nonlinear Delayed Switched Systems
Theorem  1: Under  Assumption  1,  if  there  exist  matrices

P > 0 Z > 0 Rl > 0 (l = 1,2) Nph =

diag{nh
p1, . . . ,n

h
pn} > 0 (p ∈ M,h = 1,2) n×n Yp j Tp j

S p j Up j Hp j ( j = 1,2) 5n×5n X1
p

X2
p

, , ,  diagonal  matrices 
,  matrices , ,

, , ,  and  symmetric  matrices ,
, such that

Xh
p =



Xh
p11 Xh

p12 Xh
p13 Xh

p14 Xh
p15

∗ Xh
p22 Xh

p23 Xh
p24 Xh

p25

∗ ∗ Xh
p33 Xh

p34 Xh
p35

∗ ∗ ∗ Xh
p44 Xh

p45

∗ ∗ ∗ ∗ Xh
p55


> 0, h = 1,2 (12)

Ψh
p j =



Ψh
p j11 Ψh

p j12 Ψh
p j13 Ψh

p j14 Ψh
p j15

∗ Ψh
p j22 Ψh

p j23 Ψh
p j24 Ψh

p j25

∗ ∗ Ψh
p j33 Ψh

p j34 Ψh
p j35

∗ ∗ ∗ Ψh
p j44 Ψh

p j45

∗ ∗ ∗ ∗ Ψh
p j55


< 0, j = 1,2,h = 1,2

(13)

Φp1 =



X1
p

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Φ11
p1
Φ12

p1
Up1

S p1
Φ15

p1

∗
∣∣∣∣Φ16

p1



> 0 (14)

Φp2 =



X2
p

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Yp2
Tp2
Up2
S p2
Hp2

∗ |Z



> 0 (15)

where

Ψh
p111 = Ψ

h
p211 = FT P+PF +R1

+τ
(
Ap+BpLp

)T
Z
(
Ap+BpLp

)
−3τLT

p BT
p ZBpLp+Yp1+YT

p1+τX
h
p11

Ψh
p122 = (1− τ̄) (R2−R1)−2τLT

p BT
p ZBpLp

−Tp1−T T
p1+Tp2+T T

p2+τX
h
p22
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Ψh
p222 = (1− τ̃) (R2−R1)−2τLT

p BT
p ZBpLp

−Tp1−T T
p1+Tp2+T T

p2+τX
h
p22

Ψh
p133 = Ψ

h
p233 = −R2−Up2−UT

p2+τX
h
p33

Ψh
p144 = Ψ

h
p244 = −3τLT

p BT
p ZBpLp+τXh

p44

Ψh
p155 = Ψ

h
p255 = −Nph+τBT

p ZBp+τXh
p55

Ψh
p112 = Ψ

h
p212 = −PBpLp−τ

(
Ap+BpLp

)T
Z

×BpLp−3τLT
p BT

p ZBpLp−Yp1+T T
p1

+Yp2+τXh
p12

Ψh
p113 = Ψ

h
p213 = −Yp2+UT

p1+τX
h
p13

Ψh
p114 = Ψ

h
p214 = 3τLT

p BT
p ZBpLp+S T

p1+τX
h
p14

Ψh
p115 = Ψ

h
p215 = PBp+τ

(
Ap+BpLp

)T
ZBp

+HT
p1+τX

h
p15

Ψh
p123 = Ψ

h
p223 = −UT

p1−Tp2+UT
p2+τX

h
p23

Ψh
p124 = Ψ

h
p224 = 3τLT

p BT
p ZBpLp−S T

p1+S T
p2

+τXh
p24

Ψh
p125 = Ψ

h
p225 = −τL

T
p BT

p ZBp−HT
p1+HT

p2

+0.5NphLp+τXh
p25

Ψh
p134 = Ψ

h
p234 = −S T

p2+τX
h
p34

Ψh
p135 = Ψ

h
p235 = −HT

p2+τX
h
p35

Ψh
p145 = Ψ

h
p245 = τX

h
p45

Φ11
p1 = PBpLp+τ

(
Ap+BpLp

)T
ZBpLp+Yp1

Φ12
p1 = Tp1−τLT

p BT
p ZBpLp

Φ15
p1 = Hp1+τBT

p ZBpLp

Φ16
p1 = −τ

2LT
P BT

p ZBpLp+Z

then,  system  (1)  is  globally  asymptotically  stable  under  the
state-dependent switching rule (8).

Proof: We choose the Lyapunov functional as follows

V(t) = V1(t)+V2(t)+V3(t) (16)

where

V1(t) = xT (t)Px(t)

V2(t) =
w t

t−τ(t)
xT (s)R1x(s)ds

+
w t−τ(t)

t−τ
xT (s)R2x(s)ds

V3(t) =
w 0

−τ

w t

t+θ
ẋ(s)Zẋ(s)dsdθ.

x(t) ∈ Θ̄pWhen ,  according  to  the  switching  rule  (8),  we
know that  the pth  subsystem is  activated.  It  follows from (5)
and (6) that

xT (t)
((

Ap+BpLp
)T

P+P
(
Ap+BpLp

))
x(t)

≤ xT (t)
(
FT P+PF

)
x(t). (17)

V1 V2 V3Differentiating ,  and , we have

V̇1(t) = xT (t)
((

Ap+BpLp
)T

P+P
(
Ap+BpLp

))
x(t)

− xT (t)PBpLp

w t

t−τ(t)
ẋ(s)ds

−
w t

t−τ(t)
ẋT (s)dsLT

p BT
p Px(t)

− xT (t)PBpLpx(t−τ(t))
− xT (t−τ(t))LT

p BT
p Px(t)

+ xT (t)PBp fp (x(t−τ(t)))
− f T

p (x(t−τ(t))) BT
p Px(t) (18)

V̇2(t) = xT (t)R1x(t)+ (1− τ̇(t)) xT (t−τ(t))
× (R2−R1) x (t−τ(t))
−xT (t−τ)R2x (t−τ) (19)

V̇3(t) = τẋT (t)Zẋ(t)−
w t

t−τ(t)
ẋT (s)Zẋ(s)ds

−
w t−τ(t)

t−τ
ẋT (s)Zẋ(s)ds. (20)

　Under (3), we conclude that

τẋT (t)Zẋ(t) = τxT (t)
((

Ap+BpLp
)T

Z
(
Ap+BpLp

))
x(t)

+τ
w t

t−τ(t)
ẋT (s)dsLT

p BT
p ZBpLp

w t

t−τ(t)
ẋ(s)ds

+τ f T
p (x(t−τ(t)))BT

p ZBp fp(x(t−τ(t)))
+τxT (t−τ(t))LT

p BT
p ZBpLpx(t−τ(t))

−2τxT (t)
(
Ap+BpLp

)T
ZBpLp

w t

t−τ(t)
ẋ(s)ds

+2τxT (t)
(
Ap+BpLp

)T
ZBp fp(x(t−τ(t)))

−2τxT (t)
(
Ap+BpLp

)T
ZBpLpx(t−τ(t))

−2τxT (t−τ(t))LT
p BT

p ZBp fp(x(t−τ(t)))

−2τ f T
p (x(t−τ(t)))BT

p ZBpLp

w t

t−τ(t)
ẋ(s)ds

+2τxT (t−τ(t))LT
p BT

p ZBpLp

w t

t−τ(t)
ẋ(s)ds.

(21)
According to Lemma 1, we gain

τ
w t

t−τ(t)
ẋT (s)dsLT

p BT
p ZBpLp

w t

t−τ(t)
ẋ(s)ds

≤ τ2
w t

t−τ(t)
ẋT (s)LT

p BT
p ZBpLp ẋ(s)ds

−3τ(x(t)+ x(t−τ(t))−ϑ)T LT
p BT

p Z
×BpLp(x(t)+ x(t−τ(t))−ϑ) (22)

ϑ =
2
τ(t)

r t
t−τ(t) ẋ(s)dswhere .

Based on (2), we have

fpi(x(t−τ(t)))
(

fpi(x(t−τ(t)))−lpix(t−τ(t))
)
≤ 0 (23)
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which yields that

0 ≤ f T
p (x(t−τ(t)))NphLpx(t−τ(t))
− f T

p (x(t−τ(t)))Nph fp(x(t−τ(t))), h = 1,2. (24)
Yp j Tp j Up j S p j Hp j j = 1,2For any matrix , , ,  and , , owing to

the Leibniz-Newton formula, it is known that

2
(
xT (t)Yp1+ xT (t−τ(t))Tp1+ xT (t−τ)Up1

+ϑT S p1+ f T
p (x(t−τ(t)))Hp1

)
×

(
x(t)− x(t−τ(t))−

w t

t−τ(t)
ẋ(s)ds

)
= 0 (25)

and

2
(
xT (t)Yp2+ xT (t−τ(t))Tp2+ xT (t−τ)Up2

+ϑT S p2+ f T
p (x(t−τ(t)))Hp2

)
×

(
x(t−τ(t))− x(t−τ)−

w t−τ(t)

t−τ
ẋ(s)ds

)
= 0. (26)

Xh
p (h = 1,2)For any matrix  satisfying (12), we have

τ(t)ηT (t)X1
pη(t)−

w t

t−τ(t)
ηT (t)X1

pη(t)ds = 0 (27)

and

(τ−τ(t))ηT (t)X2
pη(t)−

w t−τ(t)

t−τ
ηT (t)X2

pη(t)ds = 0 (28)

where

η(t) =
(
xT (t), xT (t−τ(t)), xT (t−τ),ϑT , f T

p (x(t−τ(t)))
)T
.

Then, it follows from (17)–(22) and (24)–(28) that

V̇(t) ≤ τ(t)
τ
ηT (t)Ψ1

p(t)η(t)+
τ−τ(t)
τ
ηT (t)Ψ2

p(t)η(t)

−
w t

t−τ(t)
ςT (t, s)Φp1ς(t, s)ds

−
w t−τ(t)

t−τ
ςT (t, s)Φp2ς(t, s)ds (29)

ς(t, s) =
(
ηT (t), ẋT (s)

)T
where  and

Ψ1
p(t) =

τ̇(t)− τ̃
τ̄− τ̃ Ψ

1
p1+
τ̄− τ̇(t)
τ̄− τ̃ Ψ

1
p2

Ψp2(t) =
τ̇(t)− τ̃
τ̄− τ̃ Ψ

2
p1+
τ̄− τ̇(t)
τ̄− τ̃ Ψ

2
p2.

V̇(t) < 0
x(t) ∈ Θ̄p η , 0

On the grounds of (13) and (14), we know that  for
any  and . Accordingly, due to (16), system (1)
is  globally  asymptotically  stable  under  the  state-dependent
switching rule  (8). ■

R1 = R2 = RIf  we  restrict ,  the  stability  results  under
Assumption 2 can be derived.

P > 0 Z > 0 R > 0 Nph=diag{nh
p1, . . . ,n

h
pn}>

0 (p ∈ M,h = 1,2) n×n Yp j Tp j S p j Up j

Hp j ( j = 1,2) 5n×5n X1
p X2

p

Theorem  2: Under  Assumption  2,  if  there  exists  matrices
, , , diagonal matrices 

,  matrices , , , ,
,  and  symmetric  matrices , ,  such

that (12), (14), (15) and

Ψh
p < 0, h = 1,2 (30)

Ψh
p = Ψ

h
p1 R1 = R2 = Rwhere  with , then system (1) is globally

asymptotically stable under the state-dependent switching rule

(8).
Remark  1: In  [24],  the  researchers  have  investigated  the

stability of delayed switched neural networks

ẋ(t) = Āσx(t)+ B̄σg(x(t−τ(t))) (31)
Āp = diag{−ap1, . . . ,

−apn} api > 0 i = 1, . . . ,n Πp

under  state-dependent  switching,  where 
 with , .  The  switching  region  is

constructed by

Πp =
{
x|xT

(
ĀpP+PĀp

)
x ≤ −xTΛx

}
Λ = −F̄T P−PF̄ F̄

Āp Πp

Āp

Ap

Ap

where ,  is the Hurwitz linear convex com-
bination  of .  Thus,  the  switching  region  always  exists
because of the negative definiteness of . The proposed res-
ults in [24] can also be applied to nonlinear delayed switched
systems. In system (1), the matrix  may not be negative def-
inite  and the nonlinear terms of subsystems are not  identical.
Therefore, the stability results in [24] are not suitable for sys-
tem (1) with unstable matrices  and non-identical nonlinear
terms.  Therefore,  our  results  are  more  effective  than  those
presented in [24].

τ̇(t) < 1 t−τ(t)

Remark  2: In  many  stability  results  for  switched  systems
with time-varying delay, the derivative of the time delay must
satisfy  [22],  [24],  which  implies  that  is
monotonically increasing.  Generally speaking,  this  restriction
is rigorous. In order to remove this restriction, in Assumption
1 we required that  the derivative of  the delay has both upper
and  lower  bounds,  which  is  consistent  with  that  proposed  in
[30].

B.  Stability for Linear Delayed Switched Systems
fp = I p ∈ MBy  restricting  for  any ,  system  (1)  can  be

written  as  the  following  linear  switched  systems  with  time-
varying delay{ẋ(t) = Aσx(t)+Bσx(t−τ(t)), t > t0

x (t0+ s) = ϕ(s), s ∈ [−τ,0] .
(32)

Similarly, the above system can be rewritten asẋ(t) = (Aσ+Bσ) x(t)+Bσ
w t

t−τ(t)
ẋ(s)ds, t > t0

x (t0+ s) = ϕ(s), s ∈ [−τ,0] .
(33)

Analogous to Theorems 1 and 2, we can obtain the stability
results for system (32) under Assumptions 1 and 2.

n×n
P > 0 Z > 0 Ri > 0 (i = 1,2) n×n Yp j Tp j

S p j Up j (p ∈ M, j = 1,2) 4n×4n
X̄h

p (h = 1,2)

Theorem  3: Under  Assumption  1,  if  there  exist 
matrices , , ,  matrices , ,

, ,  and  symmetric  matrices
, such that

X̄h
p =



X̄h
p11 X̄h

p12 X̄h
p13 X̄h

p14

∗ X̄h
p22 X̄h

p23 X̄h
p24

∗ ∗ X̄h
p33 X̄h

p34

∗ ∗ ∗ X̄h
p44


> 0, h = 1,2 (34)
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Ψ̄h
p j =



Ψ̄h
p j11 Ψ̄h

p j12 Ψ̄h
p j13 Ψ̄h

p j14

∗ Ψ̄h
p j22 Ψ̄h

p j23 Ψ̄h
p j24

∗ ∗ Ψ̄h
p j33 Ψ̄h

p j34

∗ ∗ ∗ Ψ̄h
p j44


< 0, j = 1,2,h = 1,2 (35)

Φ̄p1 =



X̄1
p

∣∣∣∣∣∣∣∣∣∣∣
Φ̄11

p1
Tp1
Up1
S p1

∗
∣∣∣∣Φ̄15

p1


> 0 (36)

Φ̄p2 =



X̄2
p

∣∣∣∣∣∣∣∣∣∣∣
Yp2
Tp2
Up2
S p2

∗ |Z


> 0 (37)

where

Ψ̄h
p111 = Ψ̄

h
p211 = FT P+PF +R1

+τ
(
Ap+Bp

)T (
Ap+Bp

)
−3τBT

p ZBp

+Yp1+YT
p1+τX̄

h
p11

Ψ̄h
p122 = (1− τ̄) (R2−R1)−3τBT

p ZBp−Tp1

−T T
p1+Tp2+T T

p2+τX̄
h
p22

Ψ̄h
p222 = (1− τ̃) (R2−R1)−3τBT

p ZBp−Tp1

−T T
p1+Tp2+T T

p2+τX̄
h
p22

Ψ̄h
p133 = Ψ̄

h
p233 = −R2−Up2−UT

p2+τX̄
h
p33

Ψ̄h
p144 = Ψ̄

h
p244 = −3τBT

p ZBp+τX̄h
p44

Ψ̄h
p112 = Ψ̄

h
p212 = −3τBT

p ZBp−Yp1+T T
p1+Yp2

+τX̄h
p12

Ψ̄h
p113 = Ψ̄

h
p213 = −Yp2+UT

p1+τX̄
h
p13

Ψ̄h
p114 = Ψ̄

h
p214 = 3τBT

p ZBp+S T
p1+τX̄

h
p14

Ψ̄h
p123 = Ψ̄

h
p223 = −UT

p1−Tp2+UT
p2+τX̄

h
p23

Ψ̄h
p124 = Ψ̄

h
p224 = 3τBT

p ZBp−S T
p1+S T

p2+τX̄
h
p24

Ψ̄h
p134 = Ψ̄

h
p234 = −S T

p2+τX̄
h
p34

Φ̄11
p1 = PBp+τ

(
Ap+Bp

)T
ZBp+Yp1

Φ̄15
p1 = −τ

2BT
p ZBp+Z

then, system (32)  must  be  globally  asymptotically  stable  un-
der the state-dependent switching rule (8).

n×n
P > 0 Z > 0 R > 0 n×n Yp j Tp j S p j

Up j (p ∈ M, j = 1,2) 4n×4n
X̄h

p (h = 1,2)

Theorem  4: Under  Assumption  2,  if  there  exist 
matrices , , ,  matrices , , ,

,  and  symmetric  matrices
, such that (34), (36), (37) and

Ψ̄h
p < 0, h = 1,2 (38)

Ψ̄h
p = Ψ̄

h
p1 R1 = R2 = Rwhere  with , then,  system (32)  is  glob-

ally asymptotically  stable  under  the  state-dependent  switch-
ing rule (8).

As  we  know,  the  stability  of  system  (32)  under  state-
dependent  switching  rules  have  been  discussed  in  [22].  In
order to directly show the comparison between our results and
the  proposed  ones,  we  give  some  stability  results  under  the
assumption presented in [22].

τ τ̄Assumption  3: There  exist  positive  constants  and  such
that

0 ≤ τ(t) ≤ τ, τ̇(t) ≤ τ̄ < 1. (39)
n×n

P > 0 Z > 0 Ri > 0 (i = 1,2) n×n Yp j Tp j
S p j Up j (p ∈ M, j = 1,2) 4n×4n
X̄h

p (h = 1,2)

Corollary  1: Under  Assumption  3,  if  there  exist 
matrices , , ,  matrices , ,

, ,  and  symmetric  matrices
, such that (34), (36), (37) and

Ψ̃h
p < 0, h = 1,2 (40)

R2−R1 < 0 (41)

Ψ̃h
pi j = Ψ̄

h
p1i jwhere , then,  system (32)  is  globally asymptotic-

ally stable under the state-dependent switching rule (8).
Remark  3: In  [22],  researchers  coped  with  the  stability  of

system (32) with state-dependent switching under Assumption
3. According to the proof of [22, Theorem 1], one can derive
that the following two inequalities are employedw t

t−τ(t)
ẋT (s)dsBT

p ZBp

w t

t−τ(t)
ẋ(s)ds

≤ τ2
w t

t−τ(t)
ẋT (s)BT

p ZBp ẋ(s)ds (42)

τξT (t)Xpξ(t)−
w t

t−τ(t)
ξT (t)Xpξ(t)ds ≥ 0 (43)

ξ(t) =
(
xT (t), xT (t−τ(t))

)T
where . Based on the  proof  of  The-
orem 1, it is easy to see that the inequalityw t

t−τ(t)
ẋT (s)dsBT

p ZBp

w t

t−τ(t)
ẋ(s)ds

≤ τ2
w t

t−τ(t)
ẋT (s)BT

p ZBp ẋ(s)ds

−3τ(x(t)+ x(t−τ(t))−ϑ)T BT
p ZBp

× (x(t)+ x(t−τ(t))−ϑ) (44)
and the equations

τ(t)η̃T (t)X̄1
pη̃(t)−

w t

t−τ(t)
η̃T (t)X̄1

pη̃(t)ds = 0 (45)

(τ−τ(t))η̃T (t)X̄2
pη̃(t)−

w t−τ(t)

t−τ
η̃T (t)X̄2

pη̃(t)ds = 0 (46)

η̃(t) = (xT (t), xT (t−τ(t)), xT (t−τ),ϑT )Tare  used,  where .
Clearly,  (44),  (45)  and  (46)  are  more  precise  than  (42)  and
(43), respectively. This yields that Corollary 1 is less conser-
vative than Theorem 1 of [22].
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IV.  Examples

m = 2Example 1: Consider the switched system (1) with ,

A1 =


−2

1
3

1
2

1

 , B1 =


−1 −1

2
1
3

1
4


A2 =


1

1
3

1
2
−1

 , B2 =


1
2

1
3

1
2
−3


f1(x) = f2(x) = (sin x1,sin x2)T .

L1 = L2 = I Ap+BpLp p ∈ M
α1 = α2 = 0.5

It is easy to obtain that  and , , is
unstable.  Letting ,  we  obtain  the  Hurwitz  linear
convex combination

F =


−3

4
1
4

11
12

−11
8

 .
τ̄ = −τ̃ = µ

τ τ(t) µ

Assume that . Then, owing to Theorem 1, we can
obtain the upper bound  of  for different  such that this
system  is  globally  asymptotically  stable  under  the  state-
dependent switching law (8) (see Table I). In order to show its
computational  complexity,  we  also  give  the  number  of
decision  variables  (Novs)  in Table I,  where N1 =  35 mn2 +
7 mn + 2 n2 + 2 n.

τ(t) = 0.06−
0.06sin

25
3

t

For  numerical  simulation,  we  choose 

.  Then,  according  to  Theorem  1,  we  obtain  (47).
Fig. 1 shows  the  stable  time  response  curves  for  this  system
for  different  initial  conditions  and  the  state-dependent
switching  rules,  respectively.  Obviously,  one  can  see  that,

corresponding  with  different  initial  conditions,  the  switching
instants of switching rule are not identical.

α ∈ [0,1]
A1 A2

Now  we  validate  that  the  results  presented  in  [24]  are  not
valid  for  this  example.  Let .  The  linear  convex
combination of  and  can be expressed as

F̄ = αA1+ (1−α)A2 =


1−3α

1
3

1
2

2α−1

 .
 

P =
(

0.2016 −0.2131
−0.2131 0.2400

)
, Ξ =

(
0.6931 −0.7232
−0.7232 0.7665

)
, Z =

(
0.6811 0.5196
0.5196 1.0569

)
R1 =

(
1.0595 0.2836
0.2836 2.7501

)
, R2 =

(
0.0026 −0.0005
−0.0005 0.0035

)
, Y11 =

(
−0.9977 −0.1495
−0.4663 −2.0434

)
Y12 =

(
−0.3513 −0.0637
−0.1953 −0.6222

)
, Y21 =

(
−1.1707 −0.1614
0.1558 −2.5904

)
, Y22 =

(
−0.2154 −0.0327
−0.0120 −0.1604

)
T11 =

(
−0.0839 −0.0544
−0.0782 −1.0210

)
, T12 =

(
0.0632 0.0816
0.1567 0.2915

)
, T21 =

(
0.3426 −0.1570
−0.6227 0.0169

)
T22 =

(
0.1017 −0.0483
0.2691 0.9222

)
, U11 =

(
0.0106 −0.0546
0.0690 −0.2953

)
, U12 =

(
0.5506 0.1247
0.0940 0.5850

)
U21 =

(
0.2222 0.1528
0.0835 −0.1347

)
, U22 =

(
0.6222 0.1930
0.0482 0.7227

)
, S 11 =

(
−0.0570 −0.0437
−0.0267 −0.0218

)
S 12 =

(
−0.0747 −0.0550
−0.0350 −0.0275

)
, S 21 =

(
−0.0144 −0.0108
−0.0100 −0.0075

)
, S 22 =

(
−0.0107 0.1440
−0.0922 −0.5975

)
H11 =

(
−0.0861 0.1157
−0.1010 0.1525

)
, H12 =

(
−0.0659 −0.0915
0.1477 0.0795

)
, H21 =

(
−0.3829 0.2242
0.1076 −0.7291

)
H22 =

(
−0.2494 −0.3178
0.0525 −0.1362

)
, N11 = diag{0.2146,0.3116},N12 = diag{0.8172,0.4280}

N21 = N22 = diag{1.0536,1.3519}. (47)

 

TABLE I  
τ
τ̄ = −τ̃ = µ 1

The Upper Bound  of Time Delay and Novs for Different
 in Example 

µ = τ̄ = −τ̃
Novs0.1 0.2 0.5 1

0.2449 0.2332 0.2180 0.1264 N1
 

 

1.0

1.5

2.0

x1

x2

x1

x2

σ 
(t)

0.10 0.11 0.12 0.13 0.14 0.15
t

t

−2.0

−1.5

−1.0

−0.5

0

0.5

0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.00

1.0

1.5

x 
(t)

1

1

2

2

 

τ(t) = 0.06−0.06sin
(

25t
3

)Fig. 1.     The stable response curves and the corresponding switching rules

for system in Example 1 with .
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F̄In  order  to  ensure  that  is  Hurwitz,  the  following
inequality must be satisfied

(1−3α)(2α−1)− 25
144
> 0.

Namely,

6α2−5α+
169
144
< 0. (48)

y(α) = 6α2−5α+169/144
y(α) ≥ 19/144

α ∈ [0,1]
A1 A2

Let .  According  to  the  extreme
value  theorem,  it  is  the  case  that  for  any

,  which  yields  that  (48)  is  not  satisfied.  This  shows
that  all  the  linear  convex  combinations  of  and  are  not
Hurwitz.  Therefore,  one  cannot  design  the  state-dependent
switching  rule  to  stabilize  this  example  under  the  results
proposed in [24].

m = 2Example  2: Consider  the  switched  system  (32)  with 
and

A1 =

(
−2 2
−20 −2

)
, B1 =

(
−1 −7
23 6

)
A2 =

(
−2 10
−4 −2

)
, B2 =

(
4 −5
1 −8

)
.

α1 = 0.6 α2 = 0.4Similar  to  [22],  [23],  by  choosing , ,  we
have

F =
(
−1 1
−0.6 −1.6

)
.

τ̄ = −τ̃ = µ
τ µ

N2 = 24mn2+4mn+2n2+2n

τ(t) = 0.009−0.009sin
(

1000t
9

)
τ = 0.018 τ̄ = −τ̃ = 1

By  letting ,  according  to  Theorem  3,  we  can
obtain the upper bound  of time delay for different , which
is shown in Table II. Moreover, the Novs of Theorem 3 is also
given in Table II, where . For nu-

merical simulation, we choose .

It is known that  and . Based on Theorem
3, one can conclude that

P =
(

0.0644 −0.0097
−0.0097 0.0339

)
, Ξ =

(
0.1404 0.0187
0.0187 0.0889

)
.

ϕ(s) = (−3,2)T ϕ(s) = (2,−1)T

τ̇(t) < 1

The  stable  time  response  curves  for  initial  conditions
 and  are  shown  in Fig. 2 under

the  corresponding  state-dependent  switching  rules  (8),  which
are  shown  in  the  subfigure  of Fig. 2.  This  indicates  the
effectiveness  of  the  proposed  control  strategy.  It  is  worth
noting  that  is  not  satisfied;  therefore,  the  results
presented in [22] are not available for this case.

τ τ̄

In order to show the superiority of our results, we can draw
some  comparisons  with  existing  results. Table III gives  the
upper  bound  of  time  delay  for  different  and  the  Novs

τ

τ(t) = 0.022−0.022sin
(

50t
11

)
τ = 0.044

τ̄ = 0.1 τ = 0.044

under the identical assumptions. It can be seen that the upper
bound  derived  by  our  results  is  more  precise  than  those
obtained by the method proposed in [22] at the cost of greater

computation.  For  example,  for ,
[22,  Theorem 1]  fails  because .  However,  owing  to

 and ,  by  solving  the  LMI  presented  in
Corollary 1 we obtain

P =
(

1.0455 0.0001
0.0001 0.2275

)
, Ξ =

(
2.0910 0.9092
0.9092 0.7280

)
which yields that this switched system is globally asymptotic-
ally  stable  under  the  state-dependent  switching  rule  (8).  The
stable  time  response  curves  and  the  corresponding  switching
rules are plotted in Fig. 3 for different initial conditions.

τ̄
τ = 0.0259

x (t−0.5τ)
x(t−τ(t))

τ(t)
τ̄

τ̄

τ̄

One should note that when  is unknown, [23, Corollary 1]
leads  to ,  which  is  more  effective  than  those
calculated by our result. This is because the approximation of
time-varying delay  is  employed.  That  is  to  say,  is
used to approximate . However, under the theoretical
analysis presented in [23],  is not used, which implies that
the  stability  results  depending  on  cannot  be  established.
Therefore, when  is known, the results presented in [23] may
be  more  conservative.  Obviously,  our  results  are  more
effective when  is known.

Example 3: In order to show the application of the proposed
results,  we  consider  the  water  quality  system,  which  is
expressed as [31], [32](

ρ̇(t)
ς̇(t)

)
= Aσ

(
ρ(t)
ς(t)

)
+Bσ

(
ρ(t−τ(t))
ς(t−τ(t))

)
(49)

ρ(t) ς(t)

t m = 2 τ(t) = 0.05+0.05sin2t

where  and  are the concentrations per unit volume of
biological oxygen demand and dissolved oxygen, respectively,
at time . When , ,

A1 =

(
−1 3
0.3 1

)
, B1 =

(
−1.1 2.9
0.3 0.6

)
A2 =

(
0.8 −2
−0.5 −1

)
, B2 =

(
0.2 −0.8
−0.5 −1.1

)
the  two  subsystems  of  (49)  are  unstable,  which  is  shown  in

 

TABLE II  
τ
τ̄ = −τ̃ = µ

The Upper Bound  of Time Delay and Novs for different
 in Example 2

µ = τ̄ = −τ̃
Novs0.1 0.2 0.5 1

0.0457 0.0430 0.0321 0.0183 N2
 

 

x1

x2

x1

x2

t

1.0

1.5

2.0

σ 
(t)

0.52 0.53 0.54 0.55

−3.0

−2.5

−2.0

−1.5

−1.0

−0.5

0

0.5

1.0

1.5

2.0

x 
(t)

0 0.5 1.0 1.5 2.0 2.5 3.0 3.5
t

1

1

2

2

 

τ(t) = 0.009−0.009sin
(

1000t
9

)Fig. 2.     The stable response curves and the corresponding switching rules

for system in Example 2 with .
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Fig. 4. However, according to Theorem 3, one can obtain the
feasible solution

P =

 10.0202 −9.0651

−9.0651 38.3337

 , Ξ =
 7.3962 −15.1168

−15.1168 47.2688

 .
This  indicates  that  the  water  quality  system  is

asymptotically stable under the state-dependent switching rule
(8). Fig. 5 and its subfigure show the stable response curves of
the  water  quality  system  (49)  and  the  corresponding  state-
dependent  switching  rules  (8),  respectively.  This  example
indicates  that  the  state-dependent  switching  strategy  can
effectively control the water quality.

V.  Conclusions

This paper has investigated the stability of switched systems
with time-varying delay and all unstable subsystems under the
state-dependent  switching  rule.  Due  to  the  Hurwitz  linear
convex  combination,  a  state-dependent  switching  rule  is
designed. Based on Wirtinger integral inequality and Leibniz-
Newton  formula,  the  stability  results  for  nonlinear  delayed
switched  systems  whose  nonlinear  terms  satisfy  Lipschitz
condition  and  linear  delayed  switched  systems  have  been
derived, respectively. Through the numerical simulation, it has
shown  that  the  proposed  results  are  more  flexible  than  those
presented  in  [24],  and  the  restriction  on  time  delay  of  the
proposed results is weaker than those of the stability results in
[22].
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