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Finite-time Control of Discrete-time Systems With
Variable Quantization Density in
Networked Channels

Yiming Cheng, Xu Zhang, Tianhe Liu, and Changhong Wang

Abstract—This paper is concerned with the problem of finite-
time control for a class of discrete-time networked systems. The
measurement output and control input signals are quantized
before being transmitted in communication network. The
quantization density of the network is assumed to be variable
depending on the throughputs of network for the sake of
congestion avoidance. The variation of the quantization density
modes satisfies persistent dwell-time (PDT) switching which is
more general than dwell-time switching in networked channels.
By using a quantization-error-dependent Lyapunov function
approach, sufficient conditions are given to ensure that the
quantized systems are finite-time stable and finite-time bounded
with a prescribed H., performance, upon which a set of
controllers depending on the mode of quantization density are
designed. In order to show the effectiveness of the designed .,
controller, we apply the developed theoretical results to a
numerical example.

Index Terms—Finite-time, 7., controller design, quantization-
error-dependent Lyapunov function, quantized signal.

I. INTRODUCTION

HE past decades have witnessed a rapid advance in
T studies of networked control systems (NCSs) which are
widely applied in power networks [1], fuzzy systems [2], fault
detection [3], etc. NCSs, which consist of dispersing system
components and signal transmission networks, have more com-
patibility and application diversity compared with integrated
control systems whose system components, such as actuators,
controllers, and sensors are located at the same place. Since
information exchange between system components heavily
rely on the performance of communication networks, many
efforts have been devoted to this field, which is seen in [4]-[6]
and the references therein.

Although various advantages such as increased flexibility
and reduced cost are associated with NCSs, the applicability
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of communication networks can be seriously affected by
limited network capacity, which is generally caused by
network congestion. In order to reduce the amount of data
transmission, signals should be quantized before transmitted.
In practice, network throughput may vary in order to improve
system performance, and as a result quantization density
should also vary, which may lead to a varying quantization
error. Such variation can be modeled via switched system
theory, i.e., each quantization density can be regarded as a
subsystem mode and the overall networked control system is
therefore regarded as a class of switched system. One can
address the variation of quantization density using persistent
dwell-time (PDT), since its actual variation sequence can
hardly be obtained. A PDT switching signal refers to a class of
switching signal composed of infinitely many dispersed
intervals in which the subsystem mode remains stationary. In
the intermissions of such intervals, however, the subsystem
mode can randomly switch. Compared with other kinds of
switching signal [7]-[9], only a small amount of the current
literature has addressed the problems of PDT switching signal.

The controller design problem has been extensively probed
for conventional dynamic control systems, and various control
strategies are extended to network-based case [10]-[12]. It
should be noted that the majority of existing works are based
on the hypothesis that a quantizer is associated with only
control input or measurement output, and the quantization
density is assumed to be invariant. Obviously such
assumptions are ideal and may result in an increased
quantization error or degraded system performance. Although
some efforts have been devoted to addressing the problem of
variable quantization densities [13], [14], to the best of our
knowledge, the controller design problem for NCSs with
quantized control input and measurement output subject to
variable quantization densities remains open.

In order to prevent saturation caused by excessive state
value of the system, the concept of finite-time stability was
introduced in 1953 [15]. Compared with conventional
asymptotic stability in Lyapunov sense, finite-time stability is
concerned with the state of the systems at each time instead of
the trend of system. Therefore, finite-time stability is of
practical significance in many fields such as power electronics
[16], networked systems [17], flight control systems [18].
Despite the fact that studies of finite-time stability can be
found in many literatures [19]-[22], finite-time stability of
NCSs, especially NCSs with variable quantization density is
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seldom addressed.

Motivated by the aforementioned discussions, this paper is
concerned with finite-time stability analysis and H, control
problems for a class of NCSs with variable quantization
density. The contributions of this paper include: 1) the
interested quantization density of networked system is
modeled as a class of switched systems with persistent dwell
time switching signals; 2) a class of Lyapunov-like functions
that are both mode-dependent and quantization density-
dependent is developed; 3) the switched system with PDT
switching is finite-time bounded and has a prescribed He
performance.

The remainder of this paper is organized as follows. In
Section II, the controller design problem is formulated, and
preliminary knowledge is given. Section III investigates the
finite-time stability analysis result, which is finite-time
bounded with the H, performance analysis result and
controller design method. A numerical simulation is performed
in Section IV to illustrate the validity and advantage of
developed results. Section V concludes this paper.

Notations: R" represents the rn-dimensional Euclidean
space. The zero matrix and the identity matrix are denoted as
0 and | respectively. The matrix inequalities P <0 (P <0)
means that P is symmetric and semi-negative (negative)
definite. The matrix inequalities P > 0 (P > 0) means that P is
symmetric and semi-positive (positive) definite. The super-
scripts “—1” represents inverse of a matrix. We use diag{-} as a
block-diagonal matrix. The symbol “x” is used as an ellipsis
for the symmetric term in symmetric matrices or complex
matrix expressions. Amax{P} and Anin{P} represent the
maximum and minimum eigenvalues of matrix P, respec-
tively.

II. PROBLEM FORMULATION AND PRELIMINARIES
Consider the following discrete-time linear system:

x(k+1) = Ax(k) + Bii(k) + Ew (k) (1)

z(k) = Cx (k) + Dii (k) + Fw (k) 2)
where x(k) € R™, (k) e R™ and z(k) € R represents system
state, control input, and system output, respectively;
w (k) € R™ refers to external disturbance belonging to /5[0, c0)
and A, B,C, D, E, F represent system matrices.

In practice, it is very common to have signal quantized
before transmission in order to mitigate network congestion
due to limited communication network capacity. As a sketch
of networked system layout is shown in Fig. 1, system state
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Fig. 1. The quantized networked control system.
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x(k) and control input u(k) should both be quantized. In this
paper, we are interested in a class of logarithmic quantized
signals with the following form:

Xk) = Qo (x(h)), (k) = Quo,(u(k)) 3)
where %(k) € R"™ is the input of the controller; Q, ., (-) and
Oy, (+) represent odd-symmetric logarithmic quantizers of the
control input channel and the measurement output channel,
respectively; o is the switching signal, which is a piecewise
constant function taking value in a finite set 7 ={1,...,L},
where [, denotes the number of subsystems. The switching
sequence ki, kz,...,ks,... are unknown a priori, but are known
instantly, in which the switching instants are denoted as kg,
s € Z,. When k € [kg, k1), it is said that o th system is active
for kgy1 — k. It is assumed that the quantization density may
change, and each quantization density corresponds to a
subsystem mode. The set of logarithmic quantization levels is
depicted as

7/Iv,mr( = {iﬂv,ak,q |/1v,0'k,q = pg,a'kﬂv,Os
q=0,=1,%2,..}U{0} 4)

where v € {x,u} indicates the system or controller, with which
the quantizer is associated; p, 4 >0 represents a quanti-
zation level for a corresponding segment that is mapped to this
quantization level by the logarithmic quantizer; p, », € (0,1)
can be regarded as the quantization density of the quantizer
Oy, (). The associated quantizer Q, -, (-) is defined as [10]

Vmin <V < Vmax
v=0 %)
v<0

/‘lV,(T[{,qa
Qv,a’k ) =40,
_QV,O'k (_V),

where 6, is the sector bound of v(k),

L=pyoy
L+ py0,
Mv,or.q
1+06y0,
ﬂv,(rk,q
16y, '

Define the quantization errors as
ev(k) = Qv (V(K) —v(k) = Ay v(k) (6)

where A, o, € [<0y,0,,0,,0,] and the quantizer can therefore be
given by

6v,a'k =

Vmin =

Vmax =

ii(k) = Qur (u(k)) = (1+ Ay (k) (7)

(k) = Quo (4(K0)) = (14 A ) X(K). ®)

In this paper, we are interested in a class of state feedback
controller as follows:

u(k) = Ky, 5(k) ©

where K, is the controller gain matrix. The resulting closed-
loop system can be given by

x(k+1) = Aix(k) + Ew(k) (10)

2(k) = Cix(k) + Fw(k) (11)
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where Ay, (k) =A+Auro,BKs,, Co (k) =C+Ayro, DKo,
Au,x,k =+ Au,a'k)(l + Ax,(rk)~

Some definitions should be introduced before proceeding
further.

Definition 1 [23]: Consider the switching instants kp, ko, ...,
kg, ... with k; =0. A positive constant 7 is said to be the
persistent dwell-time (PDT) if there exists an infinite number
of disjoint intervals of length no smaller than 7 on which o is
constant at subsystem €;, and consecutive intervals with this
property are separated by no more than 7, where T is the
period of persistence.

Remark 1: According to the above definition, a PDT
switching signal is composed of infinitely many consecutive
switching stages. Each stage includes a period with length at
least 7 and a period with length no greater than 7. The former
period is called the T-portion, in which subsystem switching is
prohibited, and the latter period is regarded as the T-portion,
in which no constraint is applied to the sequence and
frequency of subsystem switching.

Remark 2: Some notations for PDT switching signal should
be introduced for the sake of conciseness. Let k), denote the
actual running time of the 7-portion of the pth stage, and 7
denotes the actulal running time of entire 7-portion. It follows
that T = Ziikl” 1) Togn < T where S [k}.kp+1) denote the
switching times within [k,l,,k,,+1). Additionally, k, indicates
the instant entering pth stage and k;, is the ith switching instant
within 7 -portion.

Definition 2 [24]: Given positive constants cy,c, N with
c1 <c¢p, and a positive definite matrix R, consider a finite
interval [k,ky] and a certain switching signal o (k), where
systems (10) and (11) is finite-time (FT) stable with respect to
(c1,¢2,R,N,0), if {xT(kpRx(k))} < = xT (H)Rx (k) < ¢y
for any k € [k, ky].

Definition 3 [24]: Given positive constants cy,cp,d, N with
c1 <cp, and a positive definite matrix R, consider a finite
interval [k1,k,] and a certain switching signal o (k), where
systems (10) and (11) is finite-time bounded with respect to
(c1,¢2,R,d,N,0), if Yw(k): Zi”:kl ol Kwk) <d, (xT (k)
Rx(k)} < ¢c; = xT (k)Rx (k) < ¢, for any k € [ky,ky].

As a consequence, the main objective of this paper is to
determine a set of controllers with appropriate PDT switching
signals such that the closed-loop systems (10) and (11) is
finite-time bounded under the condition of the quantized
signal (3).

III. MAIN RESULTS

In this section, we present the finite-time stability criteria
and the finite-time bounded H,, performance analysis result.
Based on the analysis result, a controller design method is
proposed under the condition of quantized signal with PDT
switching.

Lemma 1: Consider a class of discrete-time switched system
x(k+1) = fo@(x(k)), and c1, ¢2, N, u, @, T are given positive
constants with ¢; <c¢p, u> 1, @ > 1. For V(o (k)Xo (k—1)) =
(ixj)eIxTI, i# j, suppose that there exists a family of
functions Vi) : R™,Z;) = R, positive definite matrices R
and P;, P; = R1/2P,'Rl/2, such that
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Vi(x(k+1),k+1) < aV; (x(k), k) (12)
Vi (x(k), k) < pV (x(k), k) (13)
cba™ > ;. (14)

Then the system is finite-time stable with respect to
(c1,¢2,R,N,0) for the PDT switching signals satisfying

S NT+1Inyu
T -
" Ing; —Ing, —Nlne

(15)

where A1 = maxyier (Amax (Pi)), A2 = minyjer (Amin (Pi), ¢1 =
6‘2/12, and @y = (,‘1/11.

Proof: Suppose that o(kp) =i, o(k,+T")=j are the
modes of the 7; portion and the mode at k), + 7% in the pth
stage of switching, respectively. It then follows from
(12)~(14) that

Vi (x(kp+1 ), kp+1)

< aVj(x(kpst = 1).kpe1 — 1)
<pa'lv, (x(kp+1 =T, kps1 — Tz)

n
1 i pi+l
< ,uS [kp’kl’“) 1_[ o oKy )VO'(k},) (x(k},),k},)
i=1
n P
< [k} ) 1—[ o Tkpk" X#QT(kp»k}n)Vi (x(kp),kp)
i=1

(16)

where 7; denotes the actual running time of the subsystem in
the 7" portion of the pth stage.
For the entire stage, it holds that

Vo) (x(kp+1),kp+1)
< Iu(SIk‘ll,,kar1)+1)]Ja,(T+T)pVO_(k1) (x(kp), ky).
Considering P; = R'2P;R'/2, it can be derived that
Voky) (x(k1), k1)
= x (k1) Py x(k)
< Amax (Poti) 57 (k)Rx(ky) < Ay

< ’uS [k},,kp+l )(IT xXua'V; (x(kp), kp)

an

(18)
and
Vet (x(kps1),kps1)
= xT(kp+l)P0'(kp+1)x(kp+l)
> Amin (Portiyen)) ¥ (kps )DRX (k1)
> Aox” (kpe 1)Rx(kps1)-

From (14), one can obtain that

(19)

62/12
14

In —Nlna > 0.

(20)

Therefore, according to (15) and (20), one can conclude that

A1 N(T+1
1n—1+¥ln/¢+Nlna<1nc—2.
Ay T+t c1

Due to the fact that

@n
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S [khokpi1) ST.N = (kpr1 =ki),  p< %

one can obtain that

A
In ﬂ—; + (S [hkpe1 ) + 1) plng+ (T +7) plna < Incy ~Incy.
(22)
Based on (17)—(19) and (22), it follows that

(kg )R () < Ll B0 DT, <o, 23

According to Definition 2, the system is finite-time stable
with respect to (cy,c2,R,N,o) for PDT switching signals (15).
|

Remark 3: Due to the difference between globally uniformly
asymptotically stability and finite-time stability, the PDT
signal obtained in this paper distinguishes from the one in
[23]. To be specific, in this paper the PDT is associated with
matrix eigenvalues of Lyapunov function. It is noted that in
the case of zero initial condition, i.e., ¢; =0, the inequality
(14) is tenable and the PDT switching signal is unrelated to
the maximum eigenvalue of a matrix.

It can be seen that the sufficient conditions of finite-time
stability is proposed without exogenous disturbances in
Lemma 1. In order to suppress disturbance and achieve Ho
performance at the same time, we give Lemma 2 as follows.

Lemma 2: Consider a class of discrete-time systems
x(k+1) = fo@(x(k)), and ¢, N, 1, @, d, T are given positive
with u>1, a=>1. Y(o(k)xo(k-1)) =
(ixjyeIxTI, i# j, suppose that there exists a family of
functions Vi) : R™,Z;) = R, positive definite matrices R
and P;, P; = R'/?P;R"/2, such that

constants For

Vilx(k+1),k+1) <aV;(x(k),k)-T'(k) (24)
Vi (x(k), k) < uVj (x(k), k) (25)
b ™ >y (26)

Then the system is finite-time bounded with respect to
(0,¢2,R,d,y;,N,0) for PDT switching signals satisfying
T>max({7y,72} 27)
_ N(T+1)1 _
where T'(k) = 27 (k)z(k) - y*w(k)w(k), T1 = Wm;‘;‘ T, 7=
T =T, A1 = maxyier (Amax (P)), A2 = minyier (Anin (P1),
k1 =cady (u—1D) +y2da, ko = y2daV, y; = yaV \JuT+D/T+1),

Proof: The inequality (24) implies that

Vi(x(k+1),k+1)
< aV; (x(k).0) = (' Rk =Y w®)w(k)
< aV;(x(k), k) + Y wk)w(k).
According to (28), one can obtain that

(28)
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AT Gy
< Vg (06 ) + 01T (K)o 1)
+-e 4 a/yza)T (kp+1 - 2)w(kp+1 - 2)
+y2wT (k,,+1 - 1)w(k,,+1 - 1)

<u S[k,l)skml)aT x () (x(kp),kp)

+yzd 1_[#1 Tk, k;,“

_uMT”’“T”)an(,(kl)(x(k1>,k1)

W THONIT+) _ g
u—1

At the initial time k;, one can obtain that

Vo) (x(k1), k1) =0
At the final time k1, one can get that

Vit (xkpi1):kpet) 2 dax” Gpi )R (K1)
which implies that

-+ aT(kIIV’k”+‘),L1 +1

+y2da (29)

(30)

€2))

X (kpaD)Rx(Kps1) < —v oy ((hpi)kpir). (32)

Therefore, according to (27), one can conclude that
N(T+1)Inu

ln (c2d2 (u—1)+y2da™) —In(y2daN)

From (33), it is derived that

T+t

(33)

N(T+1)

T <cz/lz(y—1)+y2daN

- 72 daN

which results in

N(T+1)
T+t

y2daV [/1 -1
u—1
Based on (30)—(32) and (34), under the zero initial
condition, one can conclude

< ). (34)

v N(T+1)

2daN u T -1

2 (ki) Rx(p) < 551 <a (39
A u—1

As Definition 3 stated, the system is finite-time bounded
with respect to (0,c2,R,d,N,0) for PDT switching signals.
Furthermore, considering the H., performance, from (17), it
follows that

V(T(kn) (x(kn), ky)
< pSkrkn gfn=kiy oo (x(ky), ki)
k=1

_ Z 15 k) gfn= 11y,

1=k,

As a consequence, one has Vy,)(x(k1),k1) =0 under the
zero initial condition. Due to the fact that

V(T(kn) (x(kn)’kn) > 0
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and

I() = 2" D) =y’ wbw(d)
it follows that
ky—1
D R (T (D) - YD) <0
I=ky
Considering n € Z», it is derived that

kn—1

Z S k) fn=1=1,T ()
1=k
)1_1

< 3 S e b1l 2he(l)
I=k;

1
< Zﬂﬁsmdx# T+'r Sm\xa,kn_l =l 20.)(1)(1.)(1)

I=k;
s S kyol-lg kn—1-1_2
S#T+r max i T+-r max qn a)(l)a)(l)
1=k,
- S S Ter\ J 2
<preesme § (1ma ) T P
1=k,

where Sax =7 + 1. From (27), it implies that o™ > ,uS max
Thus, it satisfies that

k=1
Z (D)

1=k,
k=1

< ZﬂS(lk) k=1L T (1)
=k,
-1

< PurSmn Z DT (D).
=k,

Suppose that k; = 0, k, = N + 1, it follows that

N
ZQZ(kn 1-0) T(l)a)(l)

= M w(0)w(0) + PN Vw(DHw(1)
+- -+ w(N)w(N)

N
<oV Z wDw(D).
=0

Therefore, one can conclude that

N
ZzTa)za) < TS g2 Z WD <y} Y bl
=0

(36)
where

Y= ’yaN A '#(T‘*'l)/(T‘H')_
|

Remark 4: 1t is evident that the H,, performance index 7; is
affected by the parameters of the PDT signal and vy.
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Moreover, y; grows with the increase of @ and p.

It can be seen that the finite-time stability and the finite-time
boundness with H,, performance are considered in Lemma 1
and Lemma 2, respectively. A quantization-error dependent
(QED) Lyapunov function which is distinguished from the
one in [10] consists of a class of multiple Lyapunov-like
functions dependent on both system mode and quantization
error Ay, . Multiple Lyapunov-like functions can effectively
reduce the analysis conservatism compared with the common
Lyapunov function and the QED Lyapunov function can
overcome the effect of signal quantization error. The QED
Lyapunov function is proposed as follows:

Vi(x(k), k) = x (k) Pi(Ax ) x(k)

where  P;(Avui) = Bi1Piy +Bi2Pi2 +Bi3Pis+BiaPia,
Pip>0,¥be{l,2,3,4}

with

(6x,i + Ax,i,k) (6u,i + Au,i,k)

Bi1 = 2., 2.,

Bi = (6x,i + Ax,i,k) (5u,i - Au,i,k)
' 20y, 20,

Bis = (0xi = Aik) (Oui+Auik)
' 26y, 26,

Bia= (0x,i = Awike) (Oui = Auik)
’ 26x,i 2(5“,,'

and Zleﬁr =1.

Lemma 3: Consider discrete-time switched system (10)-
(11), and ¢y, ¢3, N, u, @, T are given positive constants with
c1<cy, u>1, a=1. For Y(o(k)xo(k—1))=(ixj)e I XTI,
i#j, Ya,be{l,2,3,4}, suppose that there exists positive
definite matrix R, P;, = R zPi,uRl/ 2 if there exists a set of
matrices P,-,a > 0, such that (14) is satisfied, and

_Pi,a pi,aAi,b
R PY (37)
* —aiPip
4 4
Zﬂi,rpi,r < /JZ,Bj,er,r (38)
r=1 r=1

where
A1 =A+(1+6y;)(1+6,,)BK;
Ay =A+(1+6,;)(1-6,;)BK;
Aiz=A+(1-6,;)(1+6,;)BK;
Aig=A+(1-6y;)(1-6,;)BK;.
Then, the switched system is finite-time stable with respect
to (cy,c2,R,N,0) for PDT switching signals satisfying (15)

where A; = maxyier (Amax (Pig)), A2 = minyies (Amin (Pia))-
Proof: if (37) is satisfied, for Vb € {1,2,3,4} one can obtain
that
-Piy PiiAp
_ <0 (39)
* -aP;y
-Pi> pi,ZAi,b
_ <0 (40)
* —aP;y
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—Pi3 Pi3Aip

<o (41)
*  —aPjp
—Pis  Pi4Aip

1 <o. (42)
* —aP;y

By multiplying both sides of (39)—(42) by 81, 82, 83 and B4,
respectively, and summing up their results, it can be obtained

that
_Pi(Ax,u,k) Pi(Ax,u,k)Ai,b
_ <0. (43)
* —aPip
By the Schur complement, it is easy to show
Aszi(Ax,u,k)ANi,b - a'pi(Ax,u,k) <0. (44)

Hence, (44) and (38) implies that (12) and (13) are satisfied,
which guarantees the systems (10) and (11) is finite-time
stable. [ ]

Remark 5:By setting P;, =P;,, Ymmne({l,2,3,4} in
Lemma 3, the Lyapunov function is reduced to conventional
multiple Lyapunov-like functions, which is of greater
conservatism. Since it is difficult to obtain the quantization
error, one can assume that the ratio of quantization error to
quantization bound is the same at the instant just before and
the instant just after the switching, which means that
Ax,i,k/éx,i:Ax,j,k/éx,j and Au,i,k/éu,i:Au,j,k/5u,j- It is noted
that the assumption is only applied in the switching instant
and there are no restrictions on the quantization error at other
instants. Therefore, the theoretical analysis based on the
assumption is believable. The inequalities (38) can be
simplified as

Pig—uPj, <0. (45)

The following lemma and theorem are based on the
assumption that the ratio of quantization error to quantization
bound is same at different modes in switching adjoining times.
In order to suppress disturbance and achieve H., performance,
Lemma 4 is proposed as follows.

Lemma 4: Consider discrete-time switched system (10,11),
where ¢, N, u, @, d, T are given positive constants with ¢ > 1,
a>1.For¥Y(o(k)xo(k—1))=(ixj)e IxTI Ya,be{l,2,3,4},
suppose that there exists a positive definite matrix R,
Piy=R'2P;,R'?, if there exists a set of matrices P;, > 0,
such that (26) is satisfied

(46)

(47)

where

Cip F

By = —diag{a@;P;p,y*).
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Then, the corresponding system is finite-time bounded with
respect to (0,cp,R,d,N,0) for the PDT switching signal
satisfying (27) and has an H., performance index no greater
than ;.

Proof: By defining £(k) = [xT(k) wT(k)]T, one can obtain
that

Viix(k+1),k+ 1) —aVi(x(k),k)+T'(k) = §T(k)<1>,-§(k)
where
Dy
D,

i =

(4%)

(31 }
03%)
with

Oy = AT PiA;+ CT Ci— i

@y =Al PE+CIF

@y = ETPA; + FTC,

Oy = ETPE+FTF -2

If (46) holds, by applying the same approach in Lemma 3, it

can be implied that

-P; 0 P/A; PE
S e F
_ <0. (49)
* x* —aP; 0
* * * —'y2

By the Schur complement, one can observe that ®; <O0.
Furthermore, one can obtain that (24) holds. Similarly, (47)
implies that (25) holds. Hence, (46) and (47) guarantee that
the systems (10) and (11) is finite-time bounded. [ ]

Obviously there exists cross couplings of matrices which
have different modes as shown in (46), Lemma 4 can not be
used for controller design. Therefore, we present the following
controller design method.

Theorem 1: Consider the discrete-time switched systems
(10) and (11), where c¢p, N, d, u, @, T are given positive
constants with u> 1, @« > 1. For V(o (k)Xo (k—1))=(ixj) €
IxT,Va,be{l,2,3,4}, suppose that there exists a positive
definite matrix R, Z,=Y"P;,Y, W;y=Zi,~Y'-Y and
Piu=R'?P;,R'?; if there exists a set of matrices X;, ¥,
Zia > 0 such that (26) is satisfied

;<0 (50)

Wia—uWig <0 51)
where @ = (1+6,)(1+6,), w2 =(1+6,)(1-0,), @3 =(1—
0x)(1+6,), ws=(1-6,)(1-06,) and

Qn Qp
Q=
x Qo
Qqy = —diag{W,, 1}
A,‘Y-i-w'hBiXi E
CiY+wpDiX; F
Qs = —diag{a;Z;p, y*I)

Qpp =

then there exists a set of controllers such that the system is
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finite-time bounded with respect to (0,c2,R,d,N,o) for the
PDT switching signal satisfying (27) with the He
performance index no greater than 7; where 2=
maxyie7 (Amax (Pia)), A2 = miny;ez (Amin (Pia)). Moreover, if
(50) and (51) have a solution, the admissible controller can be
given by

K =Xy~ (52)
Proof: Since P;, > 0, it follows that
T -

(Y-Py)) Pia(Y-P)>0
which implies W;, > —Pi‘j. With X; = K;Y, it implies that,
from (50)

-P7l 0 (Ai+wBK)Y E
* -1 (Ci+wpDiK)Y F
_ <0. (53)
* * —aYTP;,Y 0
* * * —'y2 1
Performing congruence transformations to (53) by
diag {I, I, V",I}, one can obtain that
—pl_; 0 A;+wpBiK; E
* -1 Ci+wpDiK; F
_ <0. (54)
* * —aP;y 0
* * * —721

If (54) holds, by applying the same approach in Lemma 3
and Schur complement, one can finally obtain ®; <0 in
Lemma 4. From (51), one can imply that (47) is satisfied.
Hence, (50) and (51) guarantee the systems (10) and (11) is
finite-time bounded. ]

Remark 6: 1t is worth noting that the PDT switching signal
(27) can not be calculated, since the parameter y is not given
in this paper which distinguishes from the one in [22]. We can
get the minimum value of parameter y and the matrix
eigenvalues by solving matrix inequalities (50) and (51).

IV. NUMERICAL EXAMPLE
A numerical example is presented to show the validity of
the obtained theoretical results. Consider a class of NCSs (1)
and (2) given by
[ 0.6 0.24

B=[ 042 24
15 06

E=[048 084 ], Cc=[018 0.12 ]
D=0.18, F=023

and a zero initial condition with the following exogenous
disturbance :

w(k) = 0.04cos (k) e Ok, (55)

Assigning associated parameters @ = 1.01, u=1.03, ¢; =0,
¢ =200, R=1, N =40, d =0.018, and period of persistence
T =3. Suppose that the quantization density may vary
between two modes and the variation is subject to PDT
switching signal. The maximum error bounds in Q.. and
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Q.0 are assigned to be

Mode 1: 6,1 =0.02, 6,1 =0.04
Mode 2: 8y = 0.05, 8,2 = 0.07. (56)

One can obtain that 4; = 0.2976, 1, = 0.00043, v = 0.5751,
71 =15.3581, 71,=8.8825 and the minimal PDT
7 =16 > max{ry,72}. In order to verify the correctness of the
developed results, the state response of the open-loop system
under the zero initial condition is depicted in Fig. 2, from
which can be clearly seen that the uncontrolled system
diverges. One can obtain a set of controllers and the
performance index y; = 0.8590 based on Theorem 1. Fig. 3
demonstrates the performance of the closed-loop system with
controllers obtained by Theorem 1. Compared with the open-
loop system in Fig. 2, the state response of the closed-loop
system converges in Fig. 3. Therefore, the designed controller
which is against the signal quantization error in the networked
channel is effective. As shown in Fig. 4, it can be seen that
xT (k)Rx(k) <3x10™* which means that the closed-loop
system is finite-time bounded.

For the definition of the actual H., performance index yrey
and the obtained y; =y V¥ in Lemma 2, one can obtain that
Yreal = 0.7024 < y; = 0.8590. It suggests that the obtained Hoo
performance can be well guaranteed for these different
maximum quantization errors in (56); thus the effectiveness of

1.6
1.4
1.2

1.0
0.8

0.6 |

(=]

Subsystem mode
S = N W

System state

10
0.4+
02F

0

70.2 I I I I I I I
0 5 10 15 20 25 30 35 40
Time in samples (s)

Fig. 2.  State response of the open-loop system.
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Fig. 3.  State response of the closed-loop system.
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Fig. 4. xT (k)Rx(k) of the closed-loop system.

the designed H., controller has been manifested.

To elucidate the influence of the obtained H., performance
index y; in different quantization error bounds of the two
modes, one assumes that all parameters remain the same,
moreover

61 =0x1 =04,
82 =0x2="0u2. (57)

By simulation and calculation, one can obtain the H,
performance index y; in different quantization error bounds of
two modes as shown in Fig. 5. It is easy to see that y; grows
with the increase of §; and d,. Moreover, there exists upper
bound 6™ to ¢; and . As shown in Fig. 5, the rate of 7y,
growth is faster when & or ¢; is close to the upper bound. In
addition, there is no feasible solution, if §; or §, is greater than
OM™ = 0.54. Fig. 6 is given to illustrate that y; grows with the
increase of « in different quantization error bounds.

10
84
W
64 Ny
SN
= \\\“““‘:\“““‘\‘\‘\““\“‘\"’IIIII””II;;I”IIII[IIIIII/I[
4 S
h T S S SIIL L
%

Fig. 5. 1y in different quantization error bounds of two modes.

V. CONCLUSION

This paper investigates the finite-time control problem for a
class of NCSs with signal quantization density variation. A
quantization error dependent Lyapunov function is adopted,
and the finite-time bounded analysis and H., performance
analysis are carried out. Based on the analysis results, a set of
H, controllers suitable for the interested NCSs are designed
to guarantee finite-time boundedness along with He
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Fig. 6. vy, for different « in different quantization error bounds.

performance. A numerical example is provided to illustrate
the validity and potential of the developed results. We will
carry out practical systems in order to support theoretical
results in the future work.
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