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Adaptive-Neural-Network-Based Trajectory
Tracking Control for a Nonholonomic Wheeled
Mobile Robot With Velocity Constraints

Ziyu Chen @, Yang Liu®, Wei He

Abstraci—In this article, an adaptive neural network con-
trol scheme is presented for an uncertain wheeled mobile
robot (WMR) with velocity constraints and nonholonomic
constraints. In practice, dynamic parameters of the sys-
tem, which may change in some conditions, are hard to
obtain precisely, and the velocity of the WMR should be
constrained for safety. To deal with the uncertainty of the
robot, adaptive neural networks are used to approximate
unknown robotic dynamics, and the barrier Lyapunov func-
tion is used to guarantee the constraint on velocity. The
tracking error of the closed-loop system is proven to con-
verge to a small neighborhood of zero. Both simulation
studies and practical experiments are provided to illustrate
the effectiveness of the proposed control scheme.

Index Terms—Adaptive neural networks, barrier Lya-
punov function (BLF), velocity constraint, wheeled mobile
robot (WMR).
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[. INTRODUCTION

S AN important branch of mobile robot [1]-[3], the
A wheeled mobile robot (WMR) has been deeply investi-
gated and widely applied in many fields, such as service industry,
industry, national defense industry, agriculture, etc. [4]-[6].

The WMR is a typical class of nonholonomic system [7],
[8]. Based on the assumption that wheeled robots do not slip
during movement, which is mathematically equivalent to a set of
nonintegrable first-order differential constraints, nonholonomic
constraints can be intuitively visualized in a situation where
the mobile robot cannot experience lateral translations, and the
velocity in that direction cannot be integrated [9]. In accordance
with Brockett’s theorem [10], nonholonomic systems cannot
be stabilized merely through smooth time-invariant feedback
control laws[11]. Thus, it is generally a challenging task to
develop a proper controller to achieve stabilization and trajectory
tracking of the nonholonomic WMR[12].

In WMR systems, speed of wheels and the maximum angular
velocity are always limited due to safety consideration [13].
If the control strategy is designed without considering these
constraints, the system would perform poorly and even incur
instability[14]. Many efforts have been devoted to the control of
mobile robots with velocity constraints. In [15], a sliding-mode
control (SMC) scheme was proposed to stabilize a mobile robot
while adhering to the physical constraints on its configuration
variables. The design of controller gains was in accordance
with the restrictions on the initial condition domain. In [16], a
physical-limit-constrained minimum velocity norm coordinat-
ing scheme for a wheeled mobile redundant manipulator was
proposed. Such a scheme can not only coordinate the mobile
platform and the manipulator to fulfill the end-effector task with
optimal index, but also consider the physical limits of the robot.
However, in aforecited works, the system is considered with
known parameters, which are almost impossible to be obtained
precisely in practice. For example, it is very difficult to obtain
friction and damping coefficients due to uncertainties of the
pavement, and some system parameters are unknown because
of the absence of detailed specification.

In recent years, the research of neural network (NN)-based
tracking algorithms for the WMR with unknown system pa-
rameters has attracted attention from many scholars. NNs can
approximate nonlinear functions with arbitrary precision under
certain regions [17]-[20] and have been widely used to deal
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with control problems of uncertain nonlinear systems [21]-[25].
Many efforts have been made to solve the tracking problem
of the WMR with unknown system parameters. In [26], an
NN approach for the tracking problem of mobile robots was
proposed. Nonlinear approximation capabilities of NNs have
been used to improve the control performances of classical kine-
matic feedback control schemes. In [27], an adaptive-NN-based
tracking control algorithm was proposed for the WMR system
with full state constraints. If system parameters are chosen
properly, the proposed scheme can guarantee uniform ultimate
boundedness for all signals in the WMR system, and the tracking
error converges to a bounded compact set of zero.

However, only a few papers considered the dynamic WMR
system with velocity constraints for position trajectory tracking
based on NNs. The constraints for velocity need to be considered
in the design of NN adaptive laws and Lyapunov functions,
which will bring more challenges due to the effect of velocity
constraints for NN adaptive laws. In [27], the system was consid-
ered with full state constraints, which come from the limitations
for the forward speed of wheels and steering angular velocity.
While the controller in [27] was designed to track the velocity
trajectory, the decrement of position errors was not considered.
When the initial position error is large, in order to reduce position
errors, the auxiliary input velocity may be greater than constraint
values. The control law in [27] cannot cope with this situation.

In this article, an adaptive-NN-based control scheme is pro-
posed for an uncertain WMR system with nonholonomic con-
straints and velocity constraints. With the proposed method,
the position errors can converge to a small neighborhood of
zero, while the velocity constraints are not violated. The main
contributions of this article are as follows.

1) An adaptive NN control scheme for an uncertain WMR
system is designed to approximate uncertain or time-varying
parameters. As a result, the robustness of the WMR system is
improved effectively.

2) Velocity constraints are not violated with the proposed
control. The barrier Lyapunov function is used to design the
control law to prevent the violation of velocity constraints.

3) The proposed method can cope with the case that the
auxiliary input velocity is greater than constraints.

The rest of this article is organized as follows. Section II
gives preliminaries and dynamics of a WMR system. Controller
designs are given in Sections III and IV. In Section V, the
performance of the proposed control scheme is illustrated by
simulations. Section VI provides experimental results. Finally,
Section VII concludes this article.

[l. PRELIMINARIES AND PROBLEM FORMULATION
A. Lemmas and Definitions

Definition 1: The operator ® is defined as

7x’n]T ® [yl;yQ»n‘vyn}T
Vz,y € R

TRy = |1, 79, ...
= [z1y1, 22Y2, oo Tn Y]

_ T _ T
where x = [z1, T2, ..., z,])" and y = [y1, Y2, ..., yn]’ are vec-
tors.

Definition 2: The function sgn(-) is defined as

1, x>0
sgn(z) =40, z=0.
-1, <0

B. Problem Formulation
Considering a three-degree-of-freedom WMR [28], [29]

M(q)q+C(q,q)q+ F(q) = Blg)m + Alg)r (D)
where ¢ = [q1, g2, q3]T = [x,y,0]T is the position vector, and
M(q) € R®*3 is a symmetric positive-definite inertia matrix
with the form of

M (q) = diag[m, m, I]* (2)

where m is the mass of the WMR, [ is the moment of inertia of
the WMR, C(q, ¢) € R3*3is the centripetal and Coriolis matrix,
B(q) € R3*?isthe input transformation matrix, 7 € R?*! is the
torque input vector, F'(¢) € R3*! denotes the friction vector,
and A(q)A € R3*! is the nonholonomic constraint force.

The nonholonomic constraint of the robot is

& cos(f) + ysin(f) = 0. 3)

Nonholonomic constraints can be writtenas A(q)¢ = 0. H(q)
is formed by a set of smooth and linearly independent vector
fields spanning the null space of A(q), i.e., H (q)A(q) = 0.
Then, (1) can be reformed as

q¢=H(qv

Mi(q)0 + Ci(q, ¢)v + Fi(q, 4) = Bi(q)T Q)

where  Mi(q) = H ()M (q)H(q),  Ci(q,4) = H"(q)
[M(q)H (q) +Cla,4)H(q)], Fi(g,q) = H"(9)F(¢), and
Bi(q) = H"(q)B(q).
Choose
T
Hiq) = {—51(1)1(9) coso(e) (1)} 5)
Then, we have
v = [vl vg]T = [vl w]T (6)

where v, and w are the linear and angular velocities, respectively.
For H(q), one has C; = 0 and M; = diag[M;11, Mi90]7 =
diag[m, IT. M, is a constant diagonal matrix. Velocity con-
straints are |v;| < vy15,7 = 1,2, and vy1 = [Vy11, Vu12]” . Sim-
ilar to [30], the following auxiliary velocity input ensures that
the position tracking errors of ¢ are asymptotically stable:

Veo1
UCO = =
Vce02

where k1, ko, and ks are positive constants with ko > 1. v14
and vqq are desired velocity with 0 < v1gmin < V14 < Vidmax <

V14 Ccoses + kiey

)

Vogq + kQ’UldEQ + kgSiIleg
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vy11- The tracking errors are defined as

el —sin(f) cos(d) 0 ’
e= |ea| = |—cos(@) —sin(d) 0| (qa—q). ©8)
€3 0 0 1

The control objective is to design an adaptive NN control
scheme such that the WMR can track the desired position
trajectory while velocity constraints are not violated.

[ll. MODEL-BASED CONTROL
A. Design of Model-Based Control

We propose the model-based control law as

r=B;! {M1 { m ® (—p [51;] +(v—ve1) ®Uco) }+F1}

1
where p is a positive constant and A = {6‘“ ‘ 7& ) =
1,2; A = [Ay, As]7 is defined as
h h T
Aoyt {Sgn(vl) 1(v1) sgn(vs) 2(”02)] (10)
vyr1 = [v1] T vui2 — ||
where h;(z), i = 1,2, are defined as
1, |.’£| > Uy2i
hi(z) = . 11
(@) {0, others an
V7 is the value of the Lyapunov function, and V; = Vi1 + Vis.
The Lyapunov function is chosen as
1
Vi = 5sz + f(v) + g(veo) (12)
where
z =z, ZQ]T =V — Ve (13)
f() = fi(v) + fa(v) (14)
—In uri—|vi], |Uz| > Uy2i
(v) = Vy1i—Vu2i’ 15
filv) {O, others (1)
1 T
g(UcO) = - §(Uc1 - ch) (vcl - UCO) + f(vcl) (16)

where vy2 = [Vy21, vugg]T is a positive constant matrix and 0 <
Vu2i < Uyli- Ve 1S the minimum point of {%ZTZ + f(v)} and
is written as

a7

Vel = [%11, Uc12]T

Sgn(chi)Cvcla |chi| > Uy2i + m
Veti =  SEN(Ve0i)Vuzis  Vuzi < [Ve0i| < Vuzi + 5 —
Ve0is |chi| S Vu2i

(18)

coi|+vuti—/ (|vcoi wii)?+4
fOI‘l—lQWhCI‘CCUl—‘UO‘Ul (Ivo\v1)

V1 is a continuous positive function when the velomty meets
the constraint, because f(v) is continuous, g(vo) is a continuous

function independently of v, and —g(v.o) equals the minimum
of %sz + f(v). For |v;| < vy14,% = 1,2, if v; — vy15, it has
V1 — o0, so the Lyapunov function (12) can help design con-
troller that can constrain velocities.

Note that barrier Lyapunov functions in other WMR con-
trol methods require that the desired values cannot exceed
constraints. However, in this article, the desired values of the
barrier Lyapunov function are auxiliary velocity input, which
may exceed the constraints when the WMR is far away from
the desired position. Therefore, the Lyapunov function (12)
is designed, which can deal with this situation. Equation (12)
can be divided into three parts: 2sz is used for decreasing
|lv —veoll, f(v) is used to constrain the velocity, and g(v.) is
used to ensure that the minimum value of V7 is 0.

V1 can be divided into two parts, which correspond to v, and
V9, as follows:

Vi=Vii+Vi2 (19)
where
1 2 1 2
Vii = 5(%‘ — ve0i)” + fi(vi) — 5(%11 — ve0i)” — fi(veri).
(20)

B. Stability Analysis of the Model-Based Control Law

Theorem 1: For the system described by (1), with the con-
trol law (9), for initial states satisfying the constraints |v;| <
Vy1iyt = 1, 2, the states of the system would not violate the
constraints. When |v.o;| < vyu2i,7 = 1,2, velocity error signals
z and position error signals e would converge to zero. The
closed-loop control system is asymptotically stable.

Proof: Differentiating V7 with respect to time yields

Vi =zi+ f'(v) + ¢ (veo) 1)
where
sgn(v;) -

o1 —lo. Vi |U| > Uy2i

") = vyri—|vi Y v 22)
J) ; {0, others
g (veo) = {25 — F'(0)} |omo.,
= — (ver = ve0) " (b1 — Bc0)
2 [ sen(veri)vers _ _

— Z 7)u11 1|7)c111‘ ’ ‘UCl'L‘ > Uy2i ] (23)

others

In order to simplify (23), classify v.g; into the following three
conditions.
1) If [veos| < vu2i, then ver; = veo; and (vers
0.
2) If Jvuoi| < |veoil < vugi +
stant and v.; = 0.
3) If |veoi| > vuzi +

— Ve0i)Ve1 =

1

Tuti—vus’ then Ve15 1S CON-

1

. .0
Vuli—=Vu2i

then vy < |Vers| < Vuis

then, %(vl — ve0;) and f;(v) are both smooth at v; = vy;.
As vy is the minimum point of {127z + f(v)}, we have
o lszJrf v c1i
PO = s = v + 2B =,
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Finally, for any v.o; € R,7 = 1, 2, we have

. 2 %, Veli| > Vu2i
(ver — ve0) Vo1 + ; {01:““ foess] (‘)thels =0.
(24)
Then, substituting (24) into (23), we obtain
9 (veo) = —(ver — veo) " Veo. (25)
Substituting (10), (22), and (25) into (21) yields
Vi=AT0 — (v —ve1) 0. (26)

Dividing V1 into two parts corresponding to v1 and v2, we obtain

Vi=Vii+ Vs 27)
mj = ARV — (v —ve1) ® Vep. (28)
Substituting (4) and (9) into (28) yields
Vii Vi1
S ) 29
{Vm} g [Vw} @
Substituting (19) and (29) into (27) yields
Vi = —pVi. (30)

According to the above Lyapunov function, we can conclude
that V7 can converge to zero When [veo0i| < Vu2isi = 1,2, one
has v.; = v and V) = 22 z. Therefore, z can converge to
zZero.

To further prove the convergence of position errors e, we
rewrite the Lyapunov function in [30] as

1
—(e2 4+ e2) + (1 — coses) /k»

Va=5( (31)
Vo = €161 + égeq + ézsines ks (32)
where
€1 = egVy — U1 + v14C0Se3 (33)
éQ = —e1vg + UldSineg (34)
é3 = V2q — V2. (35)
Substituting (33)—(35) into (32) yields
‘./2 = (—Ul + ’UldCOS€3)61
vygsinegey 4 (24 v2)sines. (36)
ka
Substituting (7) and (13) into (36) yields
. k . 2 .
‘/2 _ —]{116% — zep — 3s1nes _ Z9oS1lnes (37)
ko ko
=—kK e—f—z—l — sineg+ —— 2+i i
O\ T 2% )k 5 ks Aky | dkoks
(33)

For the convergence of z, we have that for any ¢y > 0, there
exists T,; when t > T, we have ||z|| < g¢. Therefore, when

t > T,, we have

2 2
. ks
Vo < — -
2k (el 2k1> ko (smeg 2ks ) 1 ()

2 2
where & = -+ 4]:2—0,% From (39), we can know that
when |e;| > %1614—28701 or |sines| > 2€1+2k ,
Vg < 0. Because ¢y can be arbitrary small, we can
choose proper ¢y satisfying er + 2‘2“3 <7 It
les] > 2( 251 + 315), then  [sines| > sin2( E‘El +
25703) > ?361 + 5 and Vo < 0. Therefore, when
1
lell > (y/ 7761 + 212) + 2( k 21 + 5¢) +{( 51—1—
a) +2(4/ %61 + 31=)}, where [ is the minimum value that
10
satisfies [ > 5, 1 or— < 0.2, 2k sz < 0.5, m < 0.1,
10 1vrgmy | k 10
1 1U2max lkZUIdmm + Uldmax( + l“lld(fmn + 3)lk2vldmin 02,

10
and lkz V1 dmin (1 + L1koviamax 3, V1dm + 5
following two condltlons

k1) < 0.2, we have the

1) If e1| > €1+ a0 or les] > 2( 25 + 375 ), then
Vs < 0.

N If|eq] < k €1+ 5 and [es| < 2( %61 + 57-), then
lea| > H{(y/ 7761 + 55) +2( €1+2k3)}, lea| > 12 >

ks
For condition 2, setting the time of |e;| < ;%151 + 3¢ and

Uz2|

les| < 2(,/%2 221 + 5%) as to, we obtain |ex(;—,)| > = Let
T=; k2111(1)d - < 0.2.In order to analyze the mean value of V;, for

ty <t <tg+ T, we need to analyze the variation range of e,
ez, and eg. From |ez| < l|eq|, |e2]| > I|es]|, and (31), we obtain

1 (1 — cos e3(1=10))
Va(t=t0) = i(ef(t:to) + eg(t:to)) + S
ko +1 1 2
< <2]{j2l2 + 2> eQ(t:tO)’ (40)
For  |ea—i0)| > 21 51, we have Vh<e <
41137‘2263(:5:1&0) < m‘/g(t:to). In the time between
to <t <tg+ T, wehave
t .
Vo = Vageeu) + [ Vat. 41)
to

Substituting V < 558=Vau=10), gz < 0.5, T < 0.2, (40),
ko > 1,and [ > 5 into (41), we obtain

ks
Vo < Vai=t0) + ks =5 Vou=t0)T < 1.1Va3—0)

ko +1 1
<11 < 22k212 + 2) €31mi0) < 0.594€3,_y).  (42)

Substituting (42) into (31) yields
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3
lea] < V/2Va < /9 % 0.59463()5:):0) < 1'1|62(t:t0)| 43) Forto + £T <t <tp+ T, we have

to+ 2T
ler] < /2Va < 1'1‘62(t=t0)|' (44) ez < €3(t=to+3T) = €3(t=to) +/ €3
to
For é3 = —kovi4ea — k3 sin ez + 29, we have 10

t < €3(t=ty) — 0. 5k2U1dmm|e2 t= t0)|5 W
€3 = €3(t=t,) + / (—koviges — ks sines + z9)dt.  (45) 5 5 mn
t

. ’ o ) < €3(t=ty) — 7|62(t=t0)| < _7|62(t=t0)|
For the term —kj3sines in é3 that will decrease the absolute

value of e3, we have k |22
< 4 2 =20 53
! <\/; - 2k3 63

les| < lesq=to)l +/ | —kaviges + 22|dt. (46)
fo Similarly, if e3 < 0, for to + 2T < t < to + T, we have

ituti , leagi= 22 and T < 0.2 into (46), we
obtain ’ es >4 (/e 4 2 (54)
’ ks ' 2ky )

|€3| < |€3(t:t0)| + kQ'UldmaXGQmaxT + |ZZ|T

Therefore, we have

k3lea(i—ty)]
< lesri—iy | + 1.1kov1 gmax €201ty | T + ———22T . k 2
stmto)| + 1 Lattdmnle2—so) l Vs < =22 (siney + -2 ) +e1 < —3ey (55)
|e2(t:t0)| I 11U1dmax|€2(t:t0)| I k3|€2(t:t0)| (47) k2 2ks
l lvldmin 5l and
. to+T to+2T to+T
or / Vs :/ % +/ Vs
. t t to+2T
|62| > |62(t:t0)| - ‘62|maxT ’ 30 5 ot 5
> |e2(t:t0)| - (|81|maxlv2|max + 'Uldmax‘e3|max)T~ (43) < ngl - 5T351 = 75T€1' (56)
Substituting  (47), T = kzvld and 1. 1U2maxﬁ + Therefore, we can obtain that for ty < t < tg + 7', the mean

< 0.2 into (48), we obtain value of VQ is less than 7%51 and VQ is less than e7.

Uldmax( + 111 dmax. + )

V1 dmin leUldmn

Finally, we have thatif [le]| > (/&1 + 5%) + 2(y/ 121 +

1
lea| > |eagi=r0)| — {1-1|e2(t—to)|v2maxT + Vldmax <le2(t—to)| 2670) +1{( kigl + 8—0) +2( %61 + ;TO)}’ then:

+11v1dmax|62(t:to)| k3|62(tt0)> T} 1) If |e1] > 51 + 1= or [es| > 2( k25 + 1), then
lvldmin 5l ‘/’2 < 0.
> [ea(i=0)| — 0-2|eat=10)| = 0.8lez(i=10)|- (49) 2) If |er] < 4/ 7561 + 5% and fes] < 2( 51 + 3 ), in
If e3 > 0, then the following period of time 7T, Vg < 0 and Vg < e1.
) ) Therefore, e will converge to Q) :={ecR®|e| <
é3 = —kov1geo — k3sines + 2o

( k151+2k1)+2( €1+2k3)+l{( €1+2k1)+

. ‘62(15 to)|
< —0.8kzv1alea(i=to) | + k3 (| sines| + f) (50) 2(4/ ﬁsl + 32)}}. For t — +o0, we have z — 0, g9 = 0,
and €1 — 0. Thus, we have e — 0. Therefore, the closed-loop
< 0.1, we have

For . .
k'2'U1dmm control system is asymptotically stable.

¢ < ~0.Thevramin|€(i—so)| + ksl sines| IV. ADAPTIVE NN CONTROL

k - . .
< —kov1dmin (0.7|e2(t_t0)| — M (1 A. Design of the Adaptive NN Control Law
2U1dmin
We propose the adaptive NN control law as
10 ks Al %
+ 1.1kov1gmax ——— + — _ -1 1 11
1) — ()

< 7k2”1dmin|62(t=to)|(0~7 — 02) < 0. (1))

+ Byt { Lﬁﬂ ® (v —ve1) ® (WTS(Z))} (57)

. where p; is the control gain, W7 S(Z) is the NN, S(Z) =
Vo <er. 52) [8,(2),52(2)], Si(Z) = [S50(Z), Si2(Z), vy Sin(Z)]T, =

Then, for tg < t < to + 2T, from (39), we have
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NN network

A
T
17's

[-sin(@) cos(@) 0

94>94 " : |7 [ | Output
—cos(d) -sin(@) 0 NN control » WMR P
o 0 | I |
- = A
q.9 v

Fig. 1.

Block diagram of the proposed controller.

64 1is the basis function of the RBF NN with Z =

[0%, c A A2 7T and S;(Z) are Gaussian func-
¢ v1 Ucu)A (UZAUCIZ) " . R .
tions. W = [Wy, Wa] , W; = [Wiy, Wia, ..., Win]| T are weights

of the NNs with adaptive laws

Wi = -T; [Si(Zi)(Ui — Veri) + UiWi:| ; 1=1,2 (58
where I' = [I'y, T'5]7 is a positive constant gain matrix and o =
[o1,09]7 is a small constant matrix. NNs W7 S(Z) are used to

approximate W*T'S(Z) defined by

Ay
WTS(Z) = Myt + | 2 | @ Fy+e2 (59)
(v2— 'Uc12)
where o = [g21, €22]7 is the approximation error. Fig. | demon-

strates the block diagram of the proposed controller.

B. Stability Analysis of the Adaptive NN Control Law

Theorem 2: For the system described by (1), with the control
law (57) and adaptive laws (58), for initial states satisfying the
constraints |v;| < vy14,% = 1,2, the states of the system would
not violate the constraints. When |veo;| < vy2i,7 = 1,2, the
closed-loop control system is semiglobally uniformly ultimately
bounded; the error signals z and e would converge to compact
sets (25 and €23, respectively, where €25 and )3 are defined as

Q= {z € R?|||z|| < VD} (60)

1 k
b = 3 2
Q3 : {eeR y||e||<<,/k 54+2k ) 2<\/k3 4+2k3>
1 €3 k'2 €3
+l{<wkl5‘4+2kl)-‘1-2(1/]{384“!‘2]6:3)}}

(61)
—4Cs - VD _ £, ~
where D _4p2, =vVD, g4= 4k1 + m [ is the
minimum value satisfies [ > 5, m < 0.2, lelf < 0.5,
10 1 | 11vidmax
ZQ'Uldmmll0< O 1 l.lvgmax le;éldmin + Uldmax(l + lvldlngn
Rr3 3 —_
51 ) 1k2v1 dmin <02, and lk2v1 dmin <1 + 11R201 dmax V1dmin +

%) < 0.2. Cs, pa, k1, ko, and k3 are positive constants.
Proof: Considering the following Lyapunov candidate func-
tion:

Z MWW, (62)

where VNVi = Wi — W/ are weight errors.

Differentiating (62) with respect to time yields
Va=Vi+ ZMllgrl WIW,. (63)
i=1

V35 can be divided into two parts corresponding to vy and ve,
respectively:

Vi = Va1 + Vao. (64)
Then, (63) becomes
Vs = Va1 + Vao (65)
] =[] e @
Vo Via MU P WEW,
—175/TTi
:A®®—(v—vcl)®@C0+Mfl F11V~Vl V;Vl .
(67)
Substituting (4) and W7 = VAVl — W/ into (67) yields
Va1 _ ~1
V —A@(Ml (BlT—Fl))
32
—175 T |
(W) @+ My [P VT (6
F51W2TW2_
Using control law (57) and Wi = Wi — W, we have
(TR ]
5] - [f] s [T
32 12 Ly Wy Wa
+ M7 (0 = ) @ (W + W)TS(2) }
—A® (M F) — (v — ve1) ® Deo. (69)

Since M; !
V. L L oo
|:V31:| _ 7P1M1 1 |:‘/11:| + Ml 1 l 171 ~%T N 1]

32 12 L W w,

+ My {(U —ve1) ® (WTS(Z) + 52)} .

is a diagonal positive-definite matrix, one has

(70)
Substituting (58) into (70) and using VT/, = VAVl — W}, we obtain

Va1 1 [Van] 1 [ W W,
. —p1 M — M L
[Véz] P4 V12| Lo looa Wi W,

+ M (v —va) ®es}

(V31] 1 ||v - |}
1 11 7‘[ 1 cll
+7 [

912_ 2 ||U2 - Uc12H

(71)

_ _ wiT (W1 + W)
4+ oMt ||521H } ML [Ul 1 1
270 ||zl Lo W (Wa 4+ W3)
(72)
- _V11 1 -1 [Hvl —Ucuq
< —piM +-M
P _VlJ 2 {||vs — veo|
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~ 2
A L 12
. 7M1—1 L+ §M1_1 [Ul |S//1||2]
o2 172 o [ W3
L ||€21||2]
+ =Mt [ - (73)
270 |lEael

In order to compare Vy; and %(vl —ve14)?,4 = 1,2, partially
differentiating V;; with respect to v;, we have

A%Y
= A, 4
a0, i (74)
0*Vy, hi(v;)
=14 —>1. 75
0 (a1 — [02])? = )

(vi— Ucu)

Partially differentiating with respect to v; yields

W =V = Veli (76)
82{5(1}31}2%102} -1 17
For
Viilo=ver: = %(Uz ~Ve1i)?|o=vey; =0 (78)
and
we can obtain
Vie 2 5(01 — vei)? (81)

Then, from (65), (73), and (81), we can obtain

Va1 1| Vi 1 [IE2a)?
< — —DM;? —M 82
i) < oo [ g (2] e

1 [ | e 1]
2 | Mihos |[5]|"| 2 Mooz 751
) (83)
< —p ‘ng ¥ {gﬂ (84)
and
Vs < —p2Vs + Cs (85)
where
p2 = min <(p1 - 1)Amin(M1’1),l_r£H12 (UJ‘Q) (86)
1 1 .
Ci = GMyt el + Myl [Wi |, i=12  @87)
O3 =Cy + Cs. (83)

y |
P
\}
\ /”\ N
0 X >

Fig. 2. Coordinate of the WMR system.

According to the above Lyapunov function, we can conclude
that V3 can converge to an arbitrarily small value by increasing
p2. If the auxiliary input velocity v.q is large, or even greater
than constraints, i.e., [veo2| > vy12, the pro-
posed method can limit the velocity to satisfy the constraints
for safety, which is more important than stable tracking. If
[e0i] < Vu2i,i = 1,2, wehaveve = vegand £ (v — ve) T (v —
ve0) < V3. For V3 can converge to be less than arbitrarily
small value by increasing ps, we know that z can converge
to arbitrarily small values, i.e. for any €3 > 0 and initial state

0;(0) < vy24,7 = 1,2, choose 4’5’;3 = g3, there exits 7" > 0,

when ¢ > T and |vepi| < vu2i, @ = 1,2, we have ||[v — vel| <
€3, 21 < €3, and zo < €3. According to the analysis in model-
based control, it can be directly obtained that e will con-

verge to €3 := {e € R?||le|| < ( k1€4 + 2) +2( k2€4 +

214:3) +l{(,/ 7 4 + 2k1) +2(
bitrary be small by suitable choice of k1, ko, and k3. According to
[31], the closed-loop control system is semiglobally uniformly
ultimately bounded.

\/784 + 2133 )}}, which can ar-

V. SIMULATIONS

Considering a two-wheeled mobile robot shown in Fig. 2,
simulations are carried out to demonstrate the effectiveness of
the proposed method. The desired trajectories are given as x4 =
2sin(0.1t), yq = 2 —2cos(0.1¢), and 64 = 0.1t — 5 where
t €0,tf] and t; = 80 s. q(0) = [-0.5,—0.5,—0.7]7, ¢(0) =
[0,0,0]7, r = 100 mm, [ = 250 mm, and M = diag[m, m, I,].
In the beginning, m = 50 kg, I, = 5.4 kg-m?, and friction coef-
ficient ;» = 0.08. The parameter of model-based control is equal
to the model. We consider that the control torques of the robot
are under external disturbances composed of the Gaussian noise
with the power of 0 dBW. In order to better simulate the situation
that system parameters change in the process of working, we
change the system parameters to m = 65 kg, I,, = 7 kg-m?, and
pw=0.15att > 40.

Simulation studies for proportional—integral—derivative (PID)
control, adaptive SMC [32], model-based control (MB), and
adaptive NN control (NN) are carried out in this article.
The control parameters are chosen as k1 = 10, ko = 5, and
ks = 4. For PID control, the parameters are chosen as K, =
diag[210, 1.1] and K4 = diag[0.64, 0.08]. For SMC, the param-
eters are the same as those in [32]. For model-based control,
the parameters are chosen as p = [15,57.6]T, v,; = [1,1.5]T,
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TABLE | . g,
ISE VALUES OF CONTROL BY PID, SMC, MB, AND NN [—desired _ PID —SMC—MB —NK] = [—=MBy - - MByz —NNy; - - NNio
4 Z
|
(a) Simulations (b) Practical Experiments 3 8 4
t(s) [0,20) [20,40)  [40,60)  [60,80) [0,20) [20,40)  [40,60) E 5 E
PID 0.8312  0.0007 0.0063 0.0010 1.6469  0.2072 0.1675 = &
SMC 1.7917  0.0289 0.0011 0.0008 1.4787 0.1235 0.1015 1 g2
MB 0.7292  0.0005 0.0061 0.0073 1.7376  0.1864 0.1897 z
NN 0.7126  0.0012 0.0021 0.0014 1.7780  0.0122 0.0062 0 g 0
. } s

and v, = [0.8, 1.3]7. For NN control, the parameters are cho-
sen as p; = [1350,21.6]7, o = [0.0001,0.0001]T, and T =
[20000,800]%. v,1 = [1,1.5]7 and v, = [0.8,1.3]T". There are
64 nodes for each S;(Z) with centers chosen in the area of
[—1,1] x [-1,1] x [-1,1] x [-1,1] x [-1,1] x [-1,1].

The performance measure information system evaluation
(ISE) [33] is

N
J(ISE) = " [la(k) — qa(k)|*Tuep
k=1

where  [la(k) — qa(k) || = v/TaR) — aalR)) T (a (k) — aa(h)),
Tiep denotes step time, and [V is the length of simulation trail.

The results of simulation are shown in Fig. 3 and Table I(a).
Fig. 3(a) shows the trajectory, Fig. 3(b) shows values of Lya-
punov functions, Fig. 3(c) and (d) shows the linear velocity
and angular velocity, and Fig. 3(e)—(h) shows errors of tracking,
where d is the distance between the current position and the de-
sired position. The ISE values of the four control algorithms are
reported in Table I(a). From Fig. 3(b), it can be observed that the
values of Lyapunov functions are decreasing under the proposed
control laws; the change trends of values of Lyapunov functions
conform to theoretical analysis. Note that V3 is unavailable,
so in NN control, only V; is illustrated. From Fig. 3(e)—(h)
and Table I(a), it can be observed that all the four kinds of
control schemes can track the desired trajectory under external
disturbance; the error signals converge to a small neighborhood
of zero. However, from Fig. 3(c) and (d) and Table I, we can
observe the following.

1) The PID control cannot limit the velocity, which may
cause safety problem. When ¢ > 40, the performance
of PID control becomes poor because of the change of
system parameters.

2) For the adaptive SMC, tracking errors reduce with the
learning of parameters. When system parameters change
at ¢t = 40, the adaptive SMC can guarantee the track-
ing performance with the learning for new parameters.
However, the adaptive SMC cannot limit the velocity;
the velocity exceeds the limit at the beginning of the
simulation.

3) The model-based control can limit velocities to satisfy
the constraints and can track the desired trajectory very
well if the parameters are accurate. However, when the
parameters of the system change at ¢t = 40, the tracking
performance reduces greatly.

4) For the NN control, the velocity can also be limited
within the constraints. The tracking errors reduce with
the learning of NNs. When system parameters change

4 2 0 2 4= 0 20 40 60 80
z[m] t[s]
(a) (b)
3 ‘
0
—20 3 = \
% (1) 0.2 .V..___ % A
IS
=y 0.1 < 0
= o 1 2 )
=0/ 40 4142 3] S - V[\’
-4
0 s 0 1 2
-4
0 20 40 60 80 0 20 40 60 80
t[s] ts]
(©) ()

02 02

AN
NN

q — qar[m]
o
@ — qaz[m]
s
n o
S o
BoR

0.2 0 o;%
09 -0.02 8
04104 40 60 &0 0.4 0.4 40 60 80
0O 1 2 8 0 1 2 3
0 20 40 60 80 0 20 40 60 80
t[s] t[s]
(e) ®
0
— 06
g 0.01
= 04 va
= -0.01
5-)
| 02 40 60 80
= N\
0
0.2
0 20 40 60
tls]
(€3]
80r
2
60 -
1 . 2 I
£ A B 2
= 20 -50
Z ;‘ -2 =z 40 1 2 A40 41 42
&40t ¢ ; -4 & o
.-50 -6 20
BT ———— 40 a1 a2
0 1 2 40
80+
0 20 40 60 80 0 20 40 60 80
t[s] t[s]
@) @
600 25
2
—= 400 :~1_5
= =
- oA
200
05
0 0
0 20 40 60 80 0 20 40 60 80
t[s] t[s]
(k) @
Fig. 3. Simulation results of the closed-loop system. (a) Trajectory. (b)

Lyapunov function values. (c) Linear velocity v;. (d) Angular velocities
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Fig. 4.

(a) WMR system. (b) Snapshots of the trajectory tracking.

at t = 40, the NNs can learn new parameters, and the
tracking performance can be guaranteed.

The input torque of two wheels is given in Fig. 3(i) and (j);
it can be observed that the control torque is small enough to be
implementable in practice by using motors. The norm of NN
weights is given in Fig. 3(k) and (1).

The calculation time of 10 000 times for PID control, adaptive
SMC, model-based control, and NN control are 0.4056, 2.0662,
0.3875, and 1.4294 s, respectively, with the MATLAB written
simulation program running at a computer equipped with CPU:
Intel(R) Core(TM) i5-3210M @2.50 GHz. For all the four kinds
of control, the calculation time is short enough that will not affect
the tracking performance of the WMR.

VI. PRACTICAL EXPERIMENT

In order to test the performance of the developed control
method, a WMR, which is shown in Fig. 4(a), is employed in
practical experiments. The WMR has a mass of about 80 kg and
a size of 80 cm (length) x 50 cm (width) x 45 cm (height). It
is equipped with two driving wheels with servo motors working
at torque mode and four passive universal wheels at corners for
balance purpose. Driving wheels are mounted in the middle of
the WMR’s long side. In order to build the map by simultaneous
localization and mapping (SLAM), a laser radar with 20-m
measurement distance and £5 cm location error is mounted on
the front of the robot. The sampling time of the system is 100 ms.

The results of practical experiment are shown in Figs. 4(b) and
Fig. 5 and Table I(b). Fig. 4(b) shows snapshots of the practical
experiment. Fig. 5(a) shows the trajectory, Fig. 5(b) shows the
values of Lyapunov functions, Fig. 5(c) and (d) shows the linear
velocity and the angular velocity, respectively. Fig. 5(e)—(h)
shows tracking errors, where d is the distance between the
current position and the desired position. The ISE values of
the four control algorithms are reported in Table I(b). From
Fig. 5(b), it can be observed that the overall trends of values of
Lyapunov functions are decreasing under the proposed control
laws, which conform to the theoretical analysis. As shown in
Fig. 5(a) and (e)—(h), the four kinds of control methods can
track the desired trajectory. However, from Fig. 5(c)—(h) and
Table I(b), the following can be observed.

1) For the PID control, without constraints for velocity,
the position error reduces fastest at the beginning with
velocity exceeding the limit; this is dangerous in practice.

2) For the adaptive SMC, with the learning for system pa-
rameters, tracking errors converge to small values close
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Fig. 5. Experimental results of the closed-loop system. (a) Trajectory.

(b) Lyapunov function values. (c) Linear velocity v;. (d) Angular veloci-
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to zero. However, this method cannot limit the velocity,
and the velocity exceeds the limit at the beginning of the
experiment.

3) For the model-based control, the velocity is limited to sat-
isfy the constraints. However, system parameters cannot
be obtained accurately, so there remain tracking errors
greater than NN control.

4) For the NN control, the velocity is also limited within
constraints. With the learning of NN weights, tracking
errors converge to small values close to zero, and the
velocity constraint is guaranteed. The control torque of
two wheels is given in Fig. 5(i) and (j). The norm of NN
weights is given in Fig. 5(k) and (1).

For the four kinds of control methods, the overshoot of PID
control and adaptive SMC is larger than that of both model-based
control and NN control. From Fig. 5(c), (d), and (h), it can be
observed that PID control and adaptive SMC can eliminate d
fast, but they need large velocity, which violates the constraints
and may cause harm.

VIl. CONCLUSION

In this article, an adaptive NN control scheme was presented
for an uncertain nonholonomic WMR with velocity constraints.
With the proposed method, the velocity was constrained within
the predefined constraints, and the tracking error converged
to a small neighborhood of zero. Both simulation studies and
practical experiments illustrated that the proposed control can
track the desired trajectory with good tracking performance.
In the future, we will investigate the problem with finite-time
convergence.
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