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Novel Stability Criteria for Linear Time-Delay
Systems Using Lyapunov-Krasovskii Functionals
With A Cubic Polynomial on Time-Varying Delay
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Abstract—One of challenging issues on stability analysis of
time-delay systems is how to obtain a stability criterion from a
matrix-valued polynomial on a time-varying delay. The first
contribution of this paper is to establish a necessary and sufficient
condition on a matrix-valued polynomial inequality over a certain
closed interval. The degree of such a matrix-valued polynomial
can be an arbitrary finite positive integer. The second
contribution of this paper is to introduce a novel Lyapunov-
Krasovskii functional, which includes a cubic polynomial on a
time-varying delay, in stability analysis of time-delay systems.
Based on the novel Lyapunov-Krasovskii functional and the
necessary and sufficient condition on matrix-valued polynomial
inequalities, two stability criteria are derived for two cases of the
time-varying delay. A well-studied numerical example is given to
show that the proposed stability criteria are of less
conservativeness than some existing ones.

Index Terms—Bessel-Legendre inequality, matrix-valued polyno-
mial inequalities, stability, time-varying delay, time-delay systems.

I. INTRODUCTION

IME-DELAY systems have received considerable
T attention in the field of control during the past two decades.
On the one hand, time-delay systems have found more and more
applications in industrial control. For example, networked
control systems [1] including active control systems for
unmanned marine vehicles and offshore platforms in network
environments [2], [3] can be modeled as time-delay systems.
The problem of coordination and formation control of multi-
agent systems can be solved by employing time-delay system
theory [4]. On the other hand, although it is well known that
time-delays usually play the negative effects on a control
system, their potential positive effects are often disclosed. It is
proven that for networked harmonic  oscillators,
synchronization cannot be reached using current position data,
but can be achieved using delayed position data [5]. For
offshore platforms, by intentionally introducing a small time-
delay into the feedback channel, oscillation amplitudes and
control forces can be reduced significantly [3]. Therefore, time-
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delay systems are still an important topic to research both in
theory and in practice.

Delay-dependent stability of time-delay systems has been
studied for a long time, see, e.g. [6]-[11]. Its objective is to
derive a stability condition such that the allowable delay upper
bound is as large as possible. To achieve this goal, a number of
notable methods (techniques) have been proposed, such as a
free-weighting matrix approach, an integral inequality
approach, a quadratic convex approach, a reciprocally convex
combination inequality and a Wirtinger-based inequality [12],
see the survey paper [13]. Since 2013, boosted by the Wirtinger-
based inequality, much progress has been made on delay-
dependent stability analysis of time-delay systems. One can
obtain some less conservative stability criteria using a Bessel-
Legendre inequality, which is an extension of the Wirtinger-
based inequality. However, when a Bessel-Legendre inequality
is used, the time-derivative of some certain Lyapunov-
Krasovskii functional V(¢) may be estimated as a polynomial
with respect to the time-varying delay d(r) € [0, ], that is

V() <E 0 fA)ED), fA@) 2L dOM;, (1)
where M; (i=0,1,---,m) with m>2 are symmetric real
matrices irrespective of d(f); £(¢) is a state-related vector, and
h is a positive constant. Then a hard nut to crack is how to
derive a stability criterion from the matrix inequality
fd@)<0 for d(t)e[0,h]. Although some sufficient
conditions on f(d(t)) <0 with m=2 for d(f)e[0,h] are
presented in [14], [15], a necessary and sufficient condition on
such a matrix inequality has not been reported yet, which
motivates the current study.

In this paper, we first establish a necessary and sufficient
condition on f(d(t)) < 0 (or f(d(t)) > 0) for d(¢) € [0,k]. Then,
the obtained necessary and sufficient condition is applied to
stability analysis of time-delay systems. If the time-varying
delay d(r) is differentiable, and its derivative function is
bounded from below and above, a novel Lyapunov-Krasovskii
functional with a cubic matrix-valued polynomial like
dP3+d*(t)P, +d()P1 + Py is introduced. If the time-
varying delay d(¢) is just continuous while not differentiable, a
novel Lyapunov-Krasovskii functional is also introduced. A
common feature of these novel Lyapunov-Krasovskii
functionals is that their time-derivatives are estimated as
ET () fd@)E(r), where f(d(r) is a quartic matrix-valued
polynomial as Zj:o d/(H®; with ®;(j=0,1,...,4) being
symmetric real matrices irrespective of d(¢). The obtained
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necessary and sufficient condition f(d(¢)) < 0 for d(¢) € [0, k] is
utilized to deliver some less conservative stability criteria,
which is demonstrated through a well-studied numerical
example.

Notations: The notations throughout this paper are standard.
diagf---} and col{---} denote a block-diagonal matrix and a
block-column matrix (vector), respectively. The set S"(S7})
represents the set of symmetric (positive definite) matrices of
R™". He{X} = X+ XT.

II. NECESSARY AND SUFFICIENT CONDITION ON
MATRIX-VALUED POLYNOMIAL INEQUALITIES

Consider the following matrix-valued polynomial described
by
Fm(S) = S2mq)2m+S2m_1(I)2m,1 +"'+(I)0 (2)

where m>1 is an integer, and s€[0,h] with h being a
constant; and ®; € S (j=0,1,2,---,2m). If ©p,, =0,

Fu(s) = 57" @y + 57" 2 Qppp + -+ Dy
which is an odd matrix-valued polynomial on s if ®;,,_; # 0.
Thus, (2) represents both even and odd matrix-valued
polynomials.

Form = 1, F(s) with ®, = 0is convex on s € [0, 4]. However,
F1(s) with @, # 0 is not necessarily convex on s € [0,4]. Thus,
an emerging topic in recent years is to seek conditions such that
F1(s) with @, # 0 is strictly less than zero for Vs € [0, 4], see,
e.g. [14], [15]. In the following, we present a necessary and
sufficient condition on F,,(s) < 0 for Vs € [0, A]. To begin with,
we introduce a key lemma as follows.

Lemma 1: For given matrices Qe S?, H|,H; € R¥P with
p > k, the following statements are equivalent:

1) The inequality ¢7Q¢ <0 holds for all nonzero vectors
{ € R? that satisfy (Hy —6H{){ = 0 for some real scalar ¢ such
that 6] < 1.

2) There exist a matrix D € Sk and a skew-symmetric matrix
G € R® sych that

HI]T D G HH1
H>| |GT -pIllH>
3) There exists X € RP*k such that

]+Q<0. 3)

X(Hy+H)+(H +H)'XT+Q <0 4)
X(Hy-H)+H,—H)'XT+Q <0 (5)

4) There exist g; € R (i = 1,2) such that
Q-e1(H+H) (Hy +Hy) <0 (6)
Q-&(H—Hy) (H,—Hy) <0 (7

Proof: The equivalence between 1), 2) and 3) can be found
in [16]. The equivalence between 3) and 4) is derived from the
Finsler Lemma [17].

Let £ =col{l,sI,---,s" 1}y with Y{p € R? and {y # 0. Then
fn(s) := & Fiu(5)do can be rewritten as

Fn(5) = £ Fu($)Z0 = {7 Qi ®)

where

Q) 1D - 0 0
%‘131 (Dz 0 0
Qn=|". A . : )
0 0 Doz 5DPomet

1
3Pom-1 Do

|
By applying Lemma 1, we have the following result.
Theorem 1: For the matrix-valued polynomial F,,(s) in (2),
then
i) F,(s)<0 for VYse[0,h] if and only if there exist an
X € 8" and a skew-symmetric matrix S € R"4*™4 such that
Hi T[X S ] H,
Q,, + <0 10
" [7‘(2] sT —xl|H, (10)
ii) F,,(s)>0 for Vse[0,h] if and only if there exist an
X € 8" and a skew-symmetric matrix § € R"4*™4 such that

H T[X S ] H
Q- >0, 11
" 7’(2} sT —xl|H, (an
where Q,, is given in (9); and
hi 0
hl 0
H, =
L }_ZI 0 mgx(m+1)q
(hl 21
hl =21
H, =
/_l[ =21 mgx(m+1)q

Proof: 1) Note that

[h(1-6)—2s]I
s[h(1—8)—2s]1
(Hy—0H )¢ = :
s"VR(1 = 6) - 2s]1
Then (H,—06H ), =0 for some real scalar 6 such that
|6] < 1 if and only if s € [0,A]. In fact

(Hr—06H ) =0 & hd =h-2s.
Then it is not difficult to verify that

|hé| = |h—2s|<h & 0<s<h.

Applying Lemma 1, f;,(s) <0 for Vs € [0,4] if and only if
there exist an X €S}? and a skew-symmetric real matrix
S e R™*™M4 guch that (10) is satisfied, which completes the
proof of 1).

ii) Set F,,(s) = —F,,(s). Then the proof is straightforward
from the proof of 1). [ ]

Remark 1: Theorem 1 provides necessary and sufficient
conditions on matrix-valued polynomial inequalities F,(s) <0
and F,,(s) >0 for Vs e [0,h], respectively. Specifically, for
m=1, Fi(s) = s, + s®; + Dy < 0 for Vs € [0,/] if and only if
there exist an X €S? and a skew-symmetric real matrix
S € R4 such that
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[(Do %‘Dl]+[ﬁl 0 }T[X S HEI 0 ]<0
3@ @ | | -21] ST XA 21
which is equivalent to that in [18].

In the next section, we are to establish some novel stability
criteria for time-delay systems by using Theorem 1. To end
this section, we introduce a canonical Bessel-Legendre
inequality as follows [19], [20].

Lemma 2: For an integer N >0, two scalars a and b with
b > a, an nXn real matrix R > 0, and a differentiable function

x:[a,b] > R" such that the integrations below are well
defined, then

b
—b —a)f i (HR(s)ds <~ ALOTRyON Ay
a

where
Ry = diag{R,3R,--- ,(2N + 1)R}
I 0 0
I DY) (2 - 0
I T L R S
rE T M)
I -1 0 0 -~ O
O -r 1 0 --- 0
Ay = 0 -1 0 2I 0 (13)
0 10 0 - NI

@y = col{x(b), x(a), y1(a,b),...,yn(a. b)}

b (b— k—1
yi(a,b) = L ﬁx(s)ds, (k=1,2,...,N).

III. APPLICATION TO STABILITY ANALYSIS OF
TIME-DELAY SYSTEMS

Consider the following time-delay system described by

X(t) = Ax(t) + Bx(t - d(1))
{¢(9) = ¢o, 0 €[-h,0]
where x(f) e R" is the system state and ¢ is the initial
condition; A,B€R™". Suppose that the time delay d(r)
satisfies one of two cases as
Case 1: d(t) is a differentiable function satisfying

(14)

0<d(®)<h, uy <d(t)<u» (15)
Case 2: d(t) is a continuous function satisfying
0<d(n<h (16)
where h, u; and u, are constants with 41 < 0 and us > 0.
A. Stability Criteria for the System (14) in Case 1
To begin with, we denote
{V1(t) = col{v11(®),v12(2),v13(2), v14(1)} (17)
va(t) = col{v21(2),v22(1), v23(1), v24 (1)}

where

ot @=9) ()
= . 7
1=d) (t—d(t) — s)' "' x(s
ity = [0 (24O x
t=h (h—d@®))
Construct the following Lyapunov-Krasovskii functional
candidate as

ds

V(t’xl)z V](t’x[)"-Vz(t’xl)+v3(t7xl) (18)

where
Vi(t, x) = ] OPAO)W(2)
Vata = [ wd(s.00ua(snds

—d(r)
t—d(t)
* j,_,-, Wl (5,)Q0y3(s, 1)ds

7 t 7 .T .
Vi(t,x))=h L—d(r)(h —t+85)Xx" ()R x(s5)ds

_ —d(t) _
+h f =1+ 95T ()Rax(s)ds
t—h
where Q; > 0,0, > 0,R; >0,R, >0 and

Pd(D) = &> ()P + d*())P2 +d(H) Py + Py
Y1(0) = col{go (1), d(t)v1 (1), (h— d(1))va(1)}
Yo(t) = col{x(t), x(t — d(1)), x(t — h)}

Ya(s.1) = col{i(s), x(5), x(1), LS x(6)d6, Lt x(0)d6,

—d(1)

Ls (s=0)x(0)ds. L’(e — 9)x(0)d0)

—d(t

U3(s.1) = col [ (s), x(5), x(0), Liﬁx(@)d&, ﬁ_d(l)x(ﬁ)de,

[ s=om@de, [ 6 s)x)ae)

with P; e SH”,

Remark 2: The Lyapnuv-Krasovskii functional V(¢,x;) is
different from some existing ones published in the literature.
On the one hand, a cubic matrix-valued polynomial P(d(t)) in
(19) is introduced in V(t,x;), leading to the fact that V(¢, x;)
is a cubic polynomial on d(z). The positive finiteness of
P(d(r)) for Yd(¢) € [0,h] does not need all P; (i=0,1,2,3) to
be positive definite. By Theorem 1 (ii), P(d(t)) >0 for
Yd(t) € [0,4] if and only if there exist an X >0 and a skew-
symmetric real matrix S such that

(19)

Py ipp 0 T .
H X S |H
%Pl P> %P3 —|:..l:| T ][~1}>0
0 ip; 0 H —XllH,
2
which, by Lemma 1, is equivalent to that there exist
€ € R (i =1,2) such that

Py 3P 0]

%Pl Py %P3 +€ (7?2 +7j(1 )T(qj{Z +7j(1) >0 (20)
0 ipy 0

Py Py 0

Ipy Py Aps|teH-H) (Fh-FH)>0  (21)
0 ips 0

where
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- [M 0 0}’ = [/'11 21 0 ]
0 W O 0 hl =21

On the other hand, four vectors [, a8 —Ox(0)db, f @-1s)
x(0)do, [ ;(s—0)x(0)d6 and ft 09— $)x(6)de are included
in V,(t,x;), which brings more information on past system
states into the derivative of the Lyapnuv-Krasovskii functional.

Based on the Lyapnuv-Krasovskii functional V(z,x,), we
now state and establish the following result.

Proposition 1: For given constants uy,u, and &, the system
described by (14) and (15) is asymptotically stable if there
exist Q; > 0, R; > 0, symmetric real matrices Py, Py, P2, P3,7Z;,
real matrices Y; with appropriate dimensions and scalars
€,&i1,€n (i = 1,2) such that (20), (21) and

YIT Ry~ 7 YZT Ry—2Zp|~ (22)
D) — g1 (Ho + HD' (Hy +H;) < 0 (23)
D) —en(Ho —H) (Ha—H)) <0,i=12  (24)
where R; = diag{R;,3R;,5R;,7R;,9R;} (i = 1,2), and
%z[hl _o O]’ﬂ:[hl -2 0},
0 hl 0 0 hlI -21
Dy 1D 0
D) =101 O 103,
0 l1og a4
where
®) = He(CT, PoCa} +d(1)CT, P1Cy1 +C1,01C3:
—-CL02Cy +(1- d(l))(C 192C61— 51Q1C51)

+H€{N1T1Q1D10+ZN§jQ2D(3+J‘)0}
j=1
+R2CIR Co+ R (1 - d(1))el (Ry — Ry )es
—CJ(Ry +Z1)C7 - C§ RyCs — He{C] Y Cs}
(D1=H€{(C P1+C P())C2+d(t)c P1C12}
+He{C3,01C3 — Ch 02Cap} +2d(1)CT P2Cyy
+(1-d()He{Cf,02Cer — C1,01Cs2}

3
+HG{Z [N{;Q1Dj1 + NngZD(3+j)1]}

j=1

+ %[C7TZIC7 —C4 Z,Cs—He[CT (¥, —Yz)Cg}]
—h(1-d(t))e} (Ry—Ry)es

O) = He{(C P2+C P1)C2+2d(t)C P2C12}
+H€{C3| 01C33 - C4] 02 Cy3} + C32Q1C32
—Ci,0:Cyp +d(1)(3CT, P3C11 +C],P1C12)
+(1 - d(t)He{C{,02Ce3 — C1, 01 Cs3}
+(1-d(1)(CE02Ce2— CL,01Cs))

3
+He| )\ [N[;01D;2+83,0:D42 )
=

CD3_He{(C P3+C Pz)C2+3d(l‘)C 1P3C12}
+He{C,01C33 — C},02Cu3} +2d(DCT,P,C1n
+(1—d(1)He{CZ,0>Ce3 — C1,01Cs3}

3
+He{z[NlTleDj3+Nng2D(3+j)3]}
=
Oy = He{C1T2P3C2 }+3d(1)Cl,P3Cra + C32Q1C33
~C10:C3+(1-d())CL0:C3 - C1,01Cs3)

3
+ He{ Z [NlTleDJA + NngzD(3+j)4] }
=
with Cp = Ae; + Bey, and col{ej, ez, e3,e4,e5,e6,€7} being a
13x 13 identity matrix with eg = col{eg],een,€63,e64} and
e7 = col{er1,e72,e73,e74}; and

C11 = coliey,ez,e3,0,hes}, Cin = col{0,0,0,e6,—e7}

C2 = col{Co, (1-d(1))es, es,I'1(d(1)), I2(d(1))}

I1(d(@) = colfe; — (1 =d(0))ea, £11, 12, £13)

I(d() = col{(1 - d(t))ez — €3, 621,22, b23)

01 = —(1=d(t))ez + ilesi — d(t)egi+1)]

by = —e3 +i[(1 —d(D)er; +d(Deri+1)]

C31 = col{Co, e1,e1,e40}, C32 = col{eso,e61,€30}

= col{es0, e62,0}, Ca2 = col{eqo,—e71,0,—2hp1},

C41 = colfes,e3,e1,0,heq1,0,7%p1}, Caz = coliego, p1),
Csi = colfeq, ez, 1,40}, Csz = col{eap, es1, €20},
Cs3 = colfego, o1}, Co1 = colfes, en,e1,her1,0,h%e7,0),

Ce2 = col{e3p,—e71,0,—2he7,0}, Cg3 = colfesp, e72,0}

C7 = O4A4c0liey,er,e6}, Cg = OgA4c0l{er,e3,e7}

Ni1 = col{e, Co, —(1 —d(1))ea, e1, €20},

N2 = col{eso, (1 —d(1))e2,0}, 83 = col{eso, e}

N1 = col{ezq, Co, —e3, (1 —d(1)e2, €20},

N2 = colfeeo, (1 —d(1)e2}, Nos = col{eso, e3,0}
where ®4 and A4 are defined in (12) and (13) with N =4,
respectively; and e o = 0jux134 (j > 2); and

Dy = col{e; —e2,e60}, D11 = col{0,eq1,e1,e40}

Dy = colfesp, e62,01, €20}, Di3 = col{eso, 363,072}

D1 = col{es1 —e1,e60}, D22 = col{0, —0'1,—%61,640}
D3 = col{esp, 03, =02, €20}, Das = col{esp, 05,04}
D3, = col{o7,eq0}, D32 = col{0, e62, 3e1, €40}

D33 = col{ez, 363,06, €20}, D3s = col{eso, £ ee4, 075}

= colfes — e3, herr, hey, I ern, hPp1, 2h3€73,h3pz}

D41 = —001{0,671,61,2he72,2hp1,%h 73,302y}

Dy = col{ezo, e7.p1, 3her3, 3hps)

Dy = col{esp, —3e73,—p2}

Dsg = col{hpo, i2er, %7126’17 %53673,713,06, %714674,714108}
Ds; = —col{pg,2he7s, hey, %712673,3712,06, %713674,4713;)8}
Ds) = col{0,e72, 31, 3 hers, 3hpe, h*e74,6h° ps)

Ds3 = —colfeso, 373,06, $hera, 4hps}

Ds4 = col{eso, %374,,08}» Deg4 = colfeso,ps,pa}
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Deo = col{hp7,~h*p1, —11_1261 IPp3,~pa, h*ps, i pa)

61 = col{—p7,2hp1, her,—3hp3,3h%02, —4h’0s, —4hp4)
D62 = col{0, —p1,—3e1,3hp3,~3hp2, 6l ps, 6k ps}
De3 = col{e30,—p3,p2, —4hps, —4hp4)

with pg = e7] — ez and

o1 = el — €62, 02 = 3(e63 —2e62 + 1)
03 = $(e63 —2e62), 04 = £(e6s —3e63 + 3ec2 — €61)

05 = ¢(ees —3e63), 06 = 5(e61 —e63)

07 =eg1 — €1, 08 = ¢(ees—3eer +2e61)

p1L=e7—en, p2=5(e;3—2en+en)

p3 = 3(er3=2em), pa=¢lera—3ers+3en—en)

ps = £(e7s—3e73), pe = 3(e71 —e73)

p71=ej1—e€, pg= %(674 —3e7p +2e71).

Proof: First, the conditions (20) and (21) ensure thzit the real

matrix P(d(r)) is positive definite for Vd(r) € [0,h]. Thus,
V(t,x;) constructed in (18) is a Lyapunov-Krasovskii

functional candidate. Then, we take the derivative of V(¢ x;)
along with the trajectory of the system (14) to obtain

V(t’ xt) = Vl (t’ xt) + VZ(t’xl‘) + V3(t’ xt) (25)

where

Vi(t,x0) = 201 (OP(dO)Wri (1) + g () P(d(0)r1 (1)

Va(t, x;) = 3 (.0 Q10 (t,0) — Y% (t = . ) Qa3 (t — P, 1)
= (1=d(t)y (t—d(1),0)Quipa(t — d(1),1)
+(1=d(O)ys (t—d(1),0) Qa3 (t — d(1),1)

t T ﬁ
+L—d(r> 2 (S’Z)Qlat‘/fZ(S,t)ds

w20 5000 S5, 0ds

P23 (OR %) + h(1 = d(©))(h - d(1))

x &1 (t—d(D)(Ry — R)x(t - d(t))

+ (D) +12(0)

where I1(t)=—h [/, & (R 1i(s)ds and T(r)=—h [
1T (s)Rox(s)ds. Denote

&) = col{x(t), x(t — d(1)), x(t — h), x(t — d(1)),
x(t - ljl)v V1 (t)’ V2 (t)}
where v () and v,(¢) are defined in (17). Note that

V3(t’xt) =

d .
71OV O] = I(d0))5)

d_ - .
7 (= d@)2(D)] = I2(d0)E(®)

where I'1(-) and I'>(-) are defined in Proposition 1. Hereafter,
the notations used are also defined in Proposition 1 without
declaration. Then

Y1(1) = C1E(1), Y1 (1) = C24(1)
= Cy1 +d(¢t)C1». Hence, we have that

Vit x) = ()W 1(d(t), d()E(t)

where C;

(26)

where

W1(d(),d(1) = d(t)C] [3d(1)Ps + 2d(1)P + Py |Cy
+He{C[ P(d(1)C>)

Some algebraic manipulations follow that

Wo(t,1) = C3&(0),3(t — h, 1) = C4&(1)
Un(t=d(1),1) = Cs&(t), 3t —d(1),1) = Ceé(2)

where

Cij=Cj+d(t)Cp+d*®Cj, j=3,4,56

Since
0
(s = [Ri1+g1(N12 + (71— 9)N13](0)
0
5703050 = N1 +81()822 + £2()N3 (1)
where g1(s) =t—d(t)— s and g2(s) = t—h—s. Then
t T 0
Sy 203 (5001 Za(s.0)ds
=2’ N0
L2 NGO [
vl NG [

l//z(S, tds
0 g1(Ya(s,Hds

(t=s)pa(s,0)ds,

—d(r)
and
[ 20T 5002 25,0
= 26" N5, 0 [ 5.0
1=d(1)
+26TONL 0 [ g1 (9)pa(s, s
t—d(t
26 ONL 0 [ ea(shws(s.ds
Note that

3

J;—d(t) Yo(s,Nds = Dy (d(0)E@) = Zdi(f)Dlif(l)

J7 oy 81W2(s.00ds = Da(d0)é(0) = Z d(ODyE(D)
! .

St~ 51020505 = Ds((e)tn = Zldmugig(r)
t—d(1) 3 .

Joa watsnds = Dy = EO] d'()DyiE(r)
—d(f)

)

I’_d(’) ($)3(s,0)ds = De(d(1))E(r) = idi(t)D &0
h 8 > s ) i=0 o

4
g1(sW3(s, s = D)) = Y d'(ODsiE()
i=0

which lead to
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Va(t,x;) + Va(t, x;) = €T (OW(d(D), d(1)E(t)

+71()+15(2) (27)

where
P, (d(1),d(t)) = (1 - d(t))(CE 02C6 — CL 01 Cs)

3
+He| > [N].01D;(d() +N},0:Ds, ()]}

j=1
+CTQ1C3—CT 0,Cy + *CIR I Co
+ (1 =d(0)(h—d(t))e} (Ry — R)es

For the integral term in (27), applying Lemma 2, one has
1
11(0) < —— £ (OCTRICo(1)

1
Io(t) < —7——& (0Cg RaCsé(0)
where @ = d(¢)/h; and

C7 = ©4A4c0l{ey,er,e6}, Cg = O4A4c0l{er,e3,e7).
Use the improved reciprocally convex inequality [21] to get

T1(0) + Ia(t) < €T (W3 (d(0)éD) (28)
where W3(d(1)) = W31 +d(1)¥32 with
W31 = =CJ (R +Z1)Cr — C§ RaCs — He (C] V2Cs)
W3 = +|CI 21C7 - C§ 22Cs - He [T (v, —Yg)Cg}]
Substituting (28) into (27) and into (25) yields
V(e x,) < £ (OW(d(t),d))E@) (29)
where
W(d(r),d(1)) ="¥1(d(0),d(0)+¥2(d(1),d(1) +W3(d(1))
= 24: d'(H)®; (30)
i=0

Since W(d(1),d(t)) is linear on d(1) € [u1, 2], P(d(r),d(r))
<0 for d(f)€[ur,up] if and only if W(d(f),u;) <0 and
Y(d(t),;2) <0. By Theorem 1, W(d(#),u;)<0 and
Y(d(t),u2) < 0 are equivalent to that there exist L; > 0,L; >0
and skew-symmetric real matrices 7'; and T such that

Ly T

T
D(up) +H 7 _Ll}ﬂ<o 31)
O D LR PV 32
(.UZ)"' T2T _L2 < ( )

which, respectively, are equivalent to (23) and (24) for i =1,
and (23) and (24) for i=2. Thus, if the conditions in
(20)—(24) are satisfied, there exists a scalar gy > 0 such that
V(t,x;) < —e0éT (DE() < —goxT (£)x(r), which means that the
system (14) subject to (15) is asymptotically stable. [ |

Remark 3: The proof of Proposition 1 presents an approach
to stability analysis of time-delay systems. The defining
feature of it lies in that: i) A cubic matrix-valued polynomial,
ie. Z?:o d(H)P; (see (19), is introduced in the Lyapunov-
Krasovskii functional; ii) A quartic matrix-valued polynomial,
ie. Z?:o d'(1)®; (see (30)), is produced in the derivative of the

Lyapunov-Krasovskii functional; and iii) Theorem 1 is
employed to obtain two necessary and sufficient conditions
such that 37} ,d'(HP; >0 and ¥}, d'()®; < 0 for d(?) € [0, 1],
respectively. If we do not employ Theorem 1, some other
methods should be used to estimate them, which definitely
yields conservative stability criteria. Moreover, it should be
mentioned that, to the best of the authors' knowledge, there is
no effective method available to estimate such cubic and
quartic polynomials on the time-varying delay. A well-studied
numerical example in Section IV shows that Proposition 1 can
deliver some larger delay upper bounds than some existing
ones.

B. Stability Criteria for the System (14) in Case 2

In Case 2, since information on delay-derivative is
unknown, the Lyapunov-Krasovskii functional candidate is
chosen as

V(t,x) = 0l OPI (D) + Vi(t, ) + Valt, x) (33)

where
~ t ~T ~
Vitex) = [ 03 (s.0Q0(s.0ds
Vo(t.x) = h L’%(h —t+ )i ()Ri(s)ds.
with P> 0,0 > 0,R > 0; and

~ t t
(1) = col{x(r), L_z x(s)ds, L_z(t — $)x(s)ds}
F(s,1) = col{x(s),x(0), [ x()de, [ x(6)de,

Liﬁ(s —0)x(6)de, Lt(e —5) x(g)d@}.

Proposition 2: For a given h > 0, the system (14) with (16)
is asymptotically stable if there exist real matrices P >0,
0>0, R>0, symmetric real matrices Z;,Z,, real matrices
Y1, Y, with appropriate dimensions and two scalars ) and &;
such that

R-Z1 1 . R Y, 50 34
Yyl R|=7 YT R-2|~ (34)
O —&1(Far+H) (Hy+H)) <0 (35)
@ — &r(Ho — H)' (H - Hi) < 0 (36)

where R = diag{R,3R,5R,7R,9R}, and

7 =[iz1 0 0],7;{ =[m -2 0 }
0 kI 0 0 Al =21
Dy 1D 0

d=|1d, @, 1,
0 103 @4

where
&)0 = BzégRC() + C’;OQC}() - CZ;OQC‘«) - CgRC5
- Cl(R+2)Cs+He(Z_ N 0Djo}
+ HC{C'ITOPC'ZO - CSTYzéﬁ}
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@ = He{C],PCs1 +C],PCy + zjzlxjf 091}
+1[C1Z,C5 - C{ 22Cs —He{CL (Y1-Y2)Ci)]
+He{C] 0C31 - C1y0Cu}

®, =He(C[,PCyy + Cl,PCao +Ch 0C30 — CyOCu2)
+C3,0C31 - Cj  0Cy1 +HelZ)_ NI 0D}

@3 = He(C],PCy1 +C],0C3n~C}, QCan+Z3_ N1 0D)3)

@4 = He{N) 0Dos + 83 0D34} + C1,0C3 — CL,0Cus

where Cy = Aé; + Bé,; and

Cio = col{ey, hesy, h*esy}, €1y = col{0,p1,hp3}
Cin= 001{5 20,92}, Cao = col{Co, &1 — &3, h(es1 — &3))
C21 = col{za0.p1}, C3o = col{ey, &1, hes1,0,h*es, 0}

= col{@20.p1,0,hp3,0}, C3, = col{eso,p2,0}
c40 = col{es, &1,0,hes1,0,h2p4)

—2p4)}, Cap = col{eso, =}
65 = O4A4c0l{ey,ey,24}, 65 = OQ4A4c0l{e;, 23,85}

Ca1 = col{@30,p1,0,h(E41

Dio = col{hes), hey, h*esr,h*pa, s es3, s ps)
Dy = col{py,0,hp3, h(p1 = p3), 37 ps, 57 o)
Diy = col{ex, p2,~p2, 3 e 3hp10)
D3 = colesg, 157,357}, Dao = col{i-hps, — 11?21,
IR (Bs — &s1),— 51 pg, £h* (54— 3253), £h*pra}
Day = col{h(p3 ~p1).0, 57 (Bo —p1), ~ 3 i o,
LR @11 —3ps), — Lh* (@41 +4p14)}
D = col{p2,0, S hpro.— S hpro. £ (12— 3Pe),
Ih*@s +2p14)}
D3 = col{er0, 357,37, § (P13 = 3p7), ¢ h (P13 — 3p7))
Dy = col{eqo, ¢(Zas +p14), § (@as+p1a))
Do = col{ii?esy, §h*81, s ess, 11 (851 - es3),
l714554, l714([)14 +3psg)}
D31 = col{hps, 0,2h2,05, R (p1 - —ps), th ,011,%,713/516}
hpe, th*pr12, A p1 s}

D3, = col{p,0, jhps,—-
D33 = col{ez0, 3p7,—3p7, §hp13, §hp13}
D34 = colfe o,g(P14+€44),g(,014+€44)}

with col{é|,&,,e3,é4,85} being an 11x 11 identity matrix
with &4 = col{é41,842,843,844} and &s = col{&51,852,853, €54},
and €0 = 0jux11, (j = 2); and

P1 =841 =851, P2 = &4 + &5y — @51, P3 = €51 — 2852
P4 = &s1 — 52, P5 = 2850 — 3853, P = P3 —P5

P71 = €43 — 51 + 2857 — @53, Pg = €53 + D3

P9 = @41 —3ps, Pro = 3pg — 2842, P11 = 3é53 —4és54
P12 = 38sp — 9853 + 6854, P13 = 51 —3P5 — 4854
P14 = €54 — P4+ Ps, P15 = €51 — 3853 + 2854 — 842
P16 =3P —4p1a — &1, 81 = col{0, Co, —23,21, 820}
N> = col{ey, e3,0}, N3 = col{éso,e1}.

Proof: First, taking the time-derivative of V(t,x;) yields

V(t,x0) = 207 (PG (1) = 02 (= 1)) Qa e = 1)
00D+ 20 (5,00 5 (s, 0ds
+ 25T (ORx(t)—h Lt_h T (5)Ri(s)ds.
(37)
Let £(f) = col{x(t), x(t — d(t)), x(t — h),v1(1),v2(1)}. Then
g1 (0 = Cro+d(C11 +d*(HC1z
U1(1) = Co +d(D)Coy
Jn(t,0) = C30 +d(1)C31 +d*(1)Cxa
Dot —h.t) = Cao +d(t)Ca1 +d*(1)Cap.
Note that

%J/z(s,t) =N +(t—h— )Ry +(t— N3

which leads to

_ 9 - )
J1 208 (5,005 a(s.0ds = 2T [ (s, 0ds
+2N! QL[_;;(“ fi— $)la(s, D)ds
T (" =
+2870 L_z(’ — W (s,D)ds

After some algebraic manipulations, one has

3

| dats,nds = Y alDy;

J=0

4
[ =Rt 0ds = Y diDs,

J=0

4
t ~ . ~
J;_h(t— Sa(s.0ds = Y di()Ds;.
=0
On the other hand
—(t 7 ) S .
—h [ (9Rs)ds <E 0[Py +d0F 1200
where

q’ll = —C5T(‘R+Zl)é5 - CgRC6 - HC{CST YQCG}
P12 = L[C121Cs - €1 2:C6 — He{CL (v~ Y2)C)]

To sum up, one has that

4
V() <& (0 ) dl®;E0)

J=0

(3%

where ®; (j=0,1,...,4) are defined in Proposition 2. If the
conditions in (34)—(36) are satisfied, there exists a scalar £ > 0
such that V(1,x,) < —e&T (1)&(t) < —exT (H)x(f), leading to the
asymptotic stability of the system (14) subject to (15). [ |

Remark 4: From the proof of Proposition 2, one can see that
the introduction of [’;(s—6)x(6)d6 and f; (0~ 5)x(0)d6 into
Vi(t, x;) yields a quartic polynomial on d(r) in V(t,x;), see,
(38). If we introduce more vectors such as J;i;l(s—H)zx(G)dH
and [/(6-5)°x(0)d6 into Vi(t,x;), then a sixth-degree
polynomial will appear in \7(t, x;). However, it is not an easy
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task to express explicitly such a sixth-degree polynomial.

IV. NUMERICAL EXAMPLE

In this section, we take a well-studied example to compare
Propositions 1 and 2 with some existing stability criteria
recently reported.

Example I: Consider the system (14) with

[-2 o0 -1 0
A‘[o —0.9]’3_[—1 —1]

Case 1: Suppose that the time-varying delay satisfies (15).

In this case, we calculate the maximum admissible upper
bound of i for u=—u; = ur €{0.1,0.5,0.8}. TableI lists the
obtained results using some existing methods [23, Theorem
1], [24, Theorem 1], [19, Theorem 8], [13, Proposition 2] and
[18, Corollary 2]. However, applying Proposition 1 in this
paper gives much larger upper bounds of 4, which can be seen
in Table I.

On the other hand, Table I also lists the number of decision
variables (DVs) required in those methods. It is clear to see
that Proposition 1 requires a larger number of DVs, which
means that solving the matrix inequalities in Proposition 1 is
much time-consuming. However, with the rapid development
of computer technology, such a number of DVs is not a
problem for high performance computers to solve the matrix
inequalities in Proposition 1.

Case 2: Suppose that the time-varying delay satisfies (16).

In this case, we use Proposition 2 to compare with some
existing methods [13], [25]-[27]. Table Il lists both the
obtained delay upper bounds and the required number of DVs
by [26, Corollary 1], [27, Proposition 6], [25, Theorem 2],
[13, Proposition 6] and Proposition 2 in this paper. From
Table II, one can see that Proposition 2 delivers a larger upper
bound % = 3.04 than those in [13], [25]-[27]. Moreover, the

(39)

TABLE1

THE MAXIMUM ADMISSIBLE UPPER BOUND % FOR DIFFERENT
VALUES OF u = —uj = up

Method \ 0.1 0.5 0.8 Number of DVs
[22, Proposition 1] 4910 3.233  2.789 54.5n% +6.5n
[23, Theorem 1] 4942 3309 2.882 1081 + 12n
[24, Theorem 1] 4996  3.251 2.867 38n% +9n
[19, Theorem 8] 501 319 270 146.5n% +9.5n
[13, Proposition 2] 4929 3252 2823 2160 +11n
[18, Corollary 2] 5.044 3443 2983 23502 +34n
Proposition 1 5.147 3.673  3.258 367n% +35n+6
TABLE 11
THE MAXIMUM ADMISSIBLE UPPER BOUND % FOR CASE 2
Method h Number of DVs
[26, Corollary 1] 2.18 54.5n% +9.5n
[27, Proposition 1] 2.18 54n% +9n
[25, Theorem 2] 2.39 154.5n> +4.5n
[13, Proposition 6] 2.53 119.5n% +3.5n
Proposition 2 3.04 98n2 + 10n+2

number of DVs required in Proposition 2 is less than those of
[25, Theorem 2] and [13, Proposition 6].

V. CONCLUSION

Stability of linear systems with a time-varying delay has
been studied. First, a necessary and sufficient condition on
matrix-valued polynomial inequalities has been established.
Then, this condition has been employed to formulate two
stability criteria for two cases of the time-varying delay,
respectively, where the time-varying delay is differentiable or
only continuous. Simulation has shown that the obtained
stability criteria can provide larger delay upper bounds than
some existing ones.
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