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Abstract—The purpose of this paper is to assess the operational
efficiency of a public bus transportation via a case study from a
company in a large city of China by using data envelopment
analysis (DEA) model and Shannon’s entropy. This company
operates 37 main routes on the backbone roads. Thus, it plays a
significant role in public transportation in the city. According to
bus industry norms, an efficiency evaluation index system is
constructed from the perspective of both company operations and
passenger demands. For passenger satisfaction, passenger waiting
time and passenger-crowding degree are considered, and they are
undesirable indicators. To describe such indicators, a super-
efficient DEA model is constructed. With this model, by using
actual data, efficiency is evaluated for each bus route. Results
show that the DEA model with Shannon’s entropy being
combined achieves more reasonable results. Also, sensitivity
analysis is presented. Therefore, the results are meaningful for the
company to improve its operations and management.

Index Terms—Performance
system, Shannon’s entropy,
analysis, undesirable outputs.

evaluation, public transportation
super-efficiency data envelopment

I. INTRODUCTION

S a part of urban infrastructure, public transport plays an
Aimportant role in the economic development and every
one’s daily life, and has a pilot effect on the urban economy,
especially for large cities. For resource-saving, environment
protection, sustainable development, and congestion
reduction, it is of a high priority to develop public transport.
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Therefore, efficient operations of a public transportation
system are a critical issue. For efficiency, the general purpose
of bus operators is to reduce operating expenses while
meeting passenger demands. Therefore, on the one hand, in
the viewpoint of a bus operator, the performance is reflected
by corresponding inputs and outputs, and can be assessed by
indicators of overall cost efficiency, vehicle utilization, and
labor utilization. On the other hand, in the viewpoint of
passengers, a public transport should make passengers feel
that their daily travel demands can be met at a lower cost. In
other words, the performance should also be measured by
service utilization (number of passengers), service
satisfaction, and service quality [1]. Thus, to efficiently
operate a public transport system, the performances from the
viewpoints of both the operator and passengers should be
taken into account.

Therefore, for the evaluation of public transport
performance, it involves multiple inputs and multiple outputs.
Many scholars regard public transportation services as
production processes with multiple inputs and outputs.
Presently, public transportation operation performance
evaluation methods can be mainly classified into two
categories: 1) non-parametric analysis methods represented by
data envelopment analysis (DEA) [2]-[6], and 2) parametric
analysis methods represented by stochastic frontier analysis
(SFA) with super logarithm production function models
[7]1-[10]. In the use of parametric analysis, it is necessary to
clarify function structures and there are different function
structures in the existing parametric analysis methods. Since
there is no corresponding theoretical basis for a cost structure,
it is impossible to determine which function setting form is
reasonable, leading to that such a type of methods is difficult
to be applied. However, there is no such a problem if a non-
parametric analysis method is applied. Furthermore, the
evaluation problem can be expressed in a physical form when
multiple-input and multiple-output descriptions are formulated
[11]. Therefore, the non-parametric analysis is widely used for
performance evaluation of public transportation systems. In
this paper, a non-parametric analysis method is adopted to
evaluate the performance for a case problem.

DEA is the typical representative of non-parametric analysis
methods. In 1957, economist Farrell proposed a method for
measuring the efficiency of decision-making units (DMUs)
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with single-input and single-output [12]. However, in practical
applications, people encounter problems that are essentially of
multiple inputs and multiple outputs. To solve this problem, in
1978, the basic C2R model was proposed by Charnes et al.
[13]. It extends the engineering efficiency of single-input and
single-output to multiple inputs, especially in the evaluation of
the efficiency of multi-output DMUs. It uses a corresponding
data planning model to evaluate the relative efficiency of
departments or units with multiple inputs and multiple
outputs. It is judged whether it is efficient based on the
observation data of each DMU. Essentially, it is judged
whether a DMU is on the frontier of the possible production
set. When this method is used to study the multiple-input and
multiple-output production function theory, it shows great
advantages in avoiding subjective factors, simplifying
algorithms, and reducing errors, since it does not need to
estimate parameters in advance. The DEA model is then
extended further.

In performance evaluation of public transportation
operations, a C2R-DEA model is used to obtain positive
correlations between different outputs by using data from 256
public transportation systems over the past five years in the
United States [2], meaning that the size of the economy
depends on the output. In [3], the author uses a BC2-DEA
model and the Malmquist productivity index to evaluate the
merger of bus companies. The study in [4] uses a C2R-DEA
model to evaluate the working day data of 46 bus routes in US
public transportation companies. Reference [5] uses a CZR-
DEA model combined with Tobit regression analysis and
truncated regression analysis to evaluate the operational
efficiency of public transport companies in 10 cities in India
during 1989-2004 and the impact of external indicators on
this efficiency. The work in [6] uses a super-efficient C2R-
DEA model combined with entropy theory to evaluate 13
transportation operators in the Yangtze River Delta region of
China. In the above-mentioned studies [2]-[5], traditional
DEA models are applied to evaluate the performance of
systems. By these models, one cannot compare the indicators
when some efficiency scores obtained based on a model are
greater than 1. Thus, to solve this problem, this paper adopts
the super-efficient DEA model.

Some recent studies focusing on transport performance
evaluation by using DEA models are as follows. In [14], it
uses a slacks-based measure (SBM) DEA model considering
the undesirable outputs to evaluate the changes in the
environmental efficiency of the transportation sector in 30
Chinese provinces from 2003 to 2012. In [15], it formulates an
SBM DEA model considering undesirable outputs with
parallel computing design for the big data to evaluate the
environmental efficiency of transportation systems. A DEA
model is used in [16] to examine transport modes with data
from airlines, transit and freight rails, and it is found that the
substitution and transformation of the data have an impact on
the result. The work in [17] uses an SBM DEA model
combining factor analysis to evaluate the regional transport
sustainability efficiency.

Nowadays, transportation companies rely also on
government subsidies. Therefore, government subsidies have
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a significant effect on operations of public transportation [18].
For a bus company, government subsidies should be utilized
in an efficient and reasonable way. Hence, the management of
a public transportation enterprise is very important and there
are studies on this issue. These studies are done mainly from
the perspective of the management of a bus company
[19]-[21]. However, we lack studies on performance
evaluation of public transportation companies from the
perspective of passengers. Note that it is critical to consider
the passengers’ satisfaction when performance is evaluated.
This motivates us to conduct this study and this work
evaluates the bus company operational performance from the
aspects of both bus company management and passengers’
satisfaction.

This study is done based on a case study from a very large
city in China. The bus company for this case study is one of
the major public transport companies of the city. The first bus
route in this city was run by this company in 1975. Until
September 2017, there are totally 1019 bus routes operated by
different public bus companies in the city. Different from
most of cities in China, in this city, for public transportation
bus routes, there are many different operational modes,
including bus routes named as Main-Line, Branch, Express,
Inter-City, Night, Peak, and Holidays. Generally, the Main-
Line bus routes are operated on the backbone roads with a
distance from end to end being more than 10 km and serve for
most part of passengers in the city. Hence, these bus routes
play an important role in the public transportation for the city.
This work focuses on such bus routes.

The efficiency of public transportation operations depends
on input and output indicators. Thus, it is crucial to properly
choose input and output indicators. There are many indicators
that affect the operations of public transportation and
indicators that potentially affect bus operations. Traditionally,
input indicators for public transportation systems include
capital, labor, and energy, while generally output indicators
include vehicle mileage, seat mileage, passenger mileage, and
passenger income [22]-[26]. Public transportation systems
may affect their stakeholders in many different ways. For
example, bus operators strive to work under certain financial
constraints and passengers mainly care about their travel time
and travel expenses. In [6], government’s subsidies are
considered to be an input indicator, while passenger
satisfaction is taken as an output indicator. In this paper, we
make comparisons of various bus routes for the Main-Lines in
the city. Since the government gives subsidies to bus
companies, the government subsidy cannot be used as an
objective and it is the utilization of various resources by bus
companies that should be considered. For passenger
satisfaction, a survey is presented in [6].

In this paper, we use actual vehicle data for performance
evaluation such that the obtained results are more objective. It
should be pointed out that undesirable output indicators have
significant effect on the performance of public transportation.
In order to take undesirable output indicators into account,
undesirable DEA models are formulated and they are
combined with DEA models without undesirable factors,
leading to mixed DEA models. On the other hand, the number
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of input and output indicators affects the results of the model
too. In general, a DEA model with more indicators can make
more DMUs efficient (the obtained efficiency scores become
larger), but its discrimination ability is reduced. Also, a model
with fewer indicators may not adequately evaluate the
performance of a system [27]. This means that the value of
efficiency score is affected by the number of input and output
indicators. On the other hand, it may happen that, with a
super-efficient DEA model, the most productive scale size
(MPSS) units may not have the best rank among the efficient
units [28]. This implies that a mixed super-efficient DEA
model is not effective for the case in this paper.

With the above observation in mind, in order to solve this
problem, this paper constructs a DEA model with Shannon’s
entropy being combined by modifying the mixed super-
efficient DEA model. This approach has some theoretical and
application advantages. When we use this method, the MPSS
units get the best rank and the interior points of the smallest
production possibility sets (PPSs) which are inefficient in all
models get the worse rank [28]. With Shannon’s entropy, if its
value is large, the amount of information provided is small, so
is its weight. On the other hand, if its value is small, the
amount of information provided is large, so 1is the
corresponding weight. Hence, the model here is different from
a regular mixed DEA model and it is its modification by
embedding Shannon’s entropy that makes such improvements.
The proposed approach will be compared with the regular
mixed DEA models to show its advantages.

This study contributes to the performance evaluation of
public transport services in the following ways: 1) in this
paper, we modify a mixed DEA model with undesirable
outputs and super-efficiency being considered by embedding
Shannon’s entropy into it. With Shannon’s entropy being
combined, better evaluation results are achieved; 2) this paper
evaluates the performance of the main bus routes operated on
the backbone roads by considering the indicators from the
perspectives of both operators and passengers. In this way, a
comprehensive framework is proposed to consider various
indicators; and 3) the results obtained by the proposed model
is compared with the regular mixed DEA models to show its
advantages.

In this article, the research target is to evaluate public
transport system by addressing the main routes from a bus
company. The next section introduces the DEA methodology
and presents the modified mixed DEA model by embedding
Shannon’s entropy into it. Then, Section III constructs the
performance evaluation system. With the model, the results
and analysis are given in Section IV. Finally, Section V
concludes this paper.

II. METHODOLOGY

A. Overview of DEA

DEA is a non-parametric analysis method for measuring
efficiency of a system, which originates from the work in [12].
In 1978, Charnes et al. proposed a DEA Model called CZ2R
model based on the concept of multiple-input and multiple-
output engineering efficiency [13]. In 1984, without using the

cone-like hypothesis, Banker et al. proposed another DEA
model called BC? model to evaluate the performance of
production technology [29], [30]. Meanwhile, Fare and
Grosskopf build a DEA model called FG model that satisfies
non-increasing returns to scale [31]. In 1990, Seiford and
Thrall developed a DEA model called ST model that satisfies
the non-decreasing returns to scale [32]. The above four
models are the classic DEA models, which constitute a
complete system for the evaluation of returns to scale.

Since a C?’R model is a fractional programming, the
Charnes-Cooper transformation can be used to normalize a
C?R model to an equivalent linear programming formulation.
Then, with the dual theory of linear programming, the dual
model of a C2R model can be obtained, which is very
important and has the following advantages. It is known that it
is difficult to judge the efficiency of a system modeled by a
DEA in its original form. When its dual model is obtained,
Archimedes Infinitesimal is introduced into the model such
that the efficiency of a decision unit can be easily judged.

Through the dual programming, the relationship between
the DEA model and the corresponding multiple-objective
Pareto efficiency of a modeled system can be discussed. In
this way, the DEA method offers a possibility to describe the
production function theory.

The dual model can be also used to judge whether an input
of each decision-making unit is appropriate or not, and to
provide the decision-making unit with capability to adjust the
input and expand the possible direction and extent of outputs.
Therefore, it has a unique advantage.

The basic DEA models described above yield a maximum
efficiency score of 1 for some DMUs, while the efficiency
score is less than 1 for other DMUs. For DMUs with
efficiency score being less than 1, one can rank the DMUs
according to their efficiency scores. Thus, one can distinguish
the performance of these DMUs. However, for DMUs with
efficiency score being equal to 1, one cannot compare the
efficiency among them. In order to make a better comparison
of efficiency of such individual DMUs, a super-efficient DEA
model is proposed in [33] and expanded in [34] to further
compare and rank the performance of DMUs. For super-
efficiency, if the efficiency score is less than 1 for a DMU, the
efficiency score is consistent with the results obtained by the
corresponding basic DEA model. If the efficiency score of a
DMU is greater than 1, the efficiency score is set to be 1 in the
corresponding basic DEA model.

When using the DEA method to evaluate the production or
operational efficiency of an economic system, it is usually that
the larger the output is, the better the performance of a system
is. All the above models evaluate the performance based on
such a criterion. In this paper, we have output data that are not
the expected ones, i.e., there are undesirable outputs. By
undesirable outputs, it means that a larger output may not lead
to a better performance. For the case of a DEA model with
undesirable outputs, article [35] first mentions that the
production process may also generate undesirable outputs.
This issue is first considered in the DEA model in [36]. The
work in [37] summarizes the main methods for treating
undesirable outputs. Treating undesirable outputs as inputs has
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been widely used in research, for example, [38] evaluates
resource and environment with 31 mainland Chinese
provinces’ data and [39] evaluates the police departments in
Taiwan, China, comprehensively. In [14] and [I5],
undesirable outputs are also treated as inputs.

When super efficiency and undesirable outputs are
combined, a model is built in [40] to measure energy
efficiency of 11 provinces in west China from 1989 to 2009.
To deal with undesirable indicators, the authors in [40]
combine the research results in [41] and think that it is better
to take an undesirable output as an input variable. The work in
[42] estimates the carbon dioxide emission efficiency of 10
coastal areas during 2006-2014, which is also taken an
undesirable output as an input variable. In this paper, this idea
is adopted to handle undesirable indicators.

B. The Mixed DEA Models

In this paper, in order to better compare the performance of
DMUs with higher efficiency scores, a super-efficient DEA
model is adopted. However, the output indicators in this paper
contain undesirable indicators and the existing super-efficient
DEA model is not applicable to such a situation. Thus, a DEA
model that can deal with undesirable output indicators is
necessary. This paper modifies mixed DEA models presented
in [40] to evaluate performance of public bus transportation
systems by embedding Shannon’s entropy into them. To
present the model, we first introduce the mixed DEA model as
follows. Before presenting the model, we give the notation
used in this paper.

je{l,2, ..., n}: the index of DMUs,

aefl,?2, ..., d}: the index of inputs,

be{l,?2, ..., e}: the index of expected outputs,

ce{l, 2, ..., f}: the index of undesirable outputs,

x,;- the ath input for DMU,,

Yy the bth expected output for DMU,,

z,;+ the cth undesirable output for DMU,,

X,: the ath input for the selected DMU,

Vpo: the bth expected output for the selected DMU,

z,,: the cth undesirable output for the selected DMU,

4;: the non-negative scalars (weight) for DMU,,

s, slack variable of the ath input indicator,

sy slack variable of the bth expected output indicator,

s..: slack variable of the cth undesirable output indicator,

&: Archimedes infinitesimal.

With these slack variables, by introducing the Archimedes
Infinitesimal, the mixed DEA model is as follows:

f
minl@—s[i s, +Ze] sp) +Z sc_]]
b=1 c=1

a=1

(1)
s.t.

n
Z AjXgj+ 5, = 0xq0

J=1
J#Jo

n
N
Z AjYbj= S, = Yo
j=1
J#io
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n
Z Ajzej+ 5. =0zc0
j=1
J£io

_ . _
1;20,s, 20,5, 20,5, > 0.

In this model, variable € indicates a radial optimization of
the DMU from the efficient frontier. Variables s, s;, and s
can be explained as follows. s, represents that the selected
DMU utilizes s, more resource units than the other DMUs, s
represents that the selected DMU gets s/ less output units than
the others, and s, represents that the selected DMU outputs s,
more undesirable units than the others.

C. The Proposed Model With Shannon’s Entropy Being
Combined

The concept of Shannon’s entropy is established by
Shannon [43]. It can be represented as

n
H(x) ==K )" pi(0)Inpi(x) @)
i=1
where H(x) represents the information of each signal source,
p/x) is the probability of the ith signal source, Inp(x)
represents the information from the ith signal source, and K is
a constant.

Shannon’s entropy plays a central role in information
theory, which sometimes is used for uncertainty measure.
Based on this theory, each considered model has a weight. If
the variation of efficiency score is small, the value of H(x)
becomes large. Hence, the information provided by this
considered model has a small value. On the contrary, if the
variation of the efficiency score is large, the value of H(x)
becomes small. Hence, the information provided by this
considered model has a significant value. The larger the value
provided by the information is, the larger the corresponding
weight is, which is used as a measure to evaluate the
efficiency of a DMU in this paper by using Shannon’s
entropy.

As above discussed, simply using a super-efficient DEA
model may result in an unreasonable DMU ranking [28]. Such
a model relies entirely on input and output indicators,
resulting in a low discrimination ability. As pointed out by the
authors in [28], when the super-efficient DEA model is
applied, the MPSS units may not be ranked as the best among
the efficient units. However, we can take the advantage of
Shannon’s entropy in both theory and applications. That is to
say, if we embed Shannon’s entropy into the above presented
mixed DEA model, we can make the MPSS units rank the best
and the inefficient units rank as the worse ones [28].
Therefore, in this paper, Shannon’s entropy is combined with
a mixed DEA model, which effectively improves
discrimination ability and obtains more objective results. We
present how Shannon’s entropy is combined with the mixed
DEA model as follows.

Based on the above discussion, the idea here is to solve a set
of mixed DEA models and, for different mixed DEA models,
different subsets of input-output indicators are used. Based on
the concept of the information entropy, appropriate weights
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should be set for each mixed DEA model so as to form a
model with Shannon’s entropy being combined. In this way, a
more objective evaluation result can be obtained and the
formulation of the model is given as follows.

We need to determine an importance degree of each
considered mixed DEA model built for different subsets of
input-output indicators. There are k subsets and we need to
solve k different mixed DEA models denoted as S, S,, ..., S,.
For model S, (1€ {1, 2, ..., k}), there is an efficiency score for
each DMU; (je{l,2, ..., n}) denoted as Ey, such that an nxk
matrix E is formed as

Sy S, - Sk
Ey Epp Ex

o B @
Enl En2 Enk

where k= (29-1) x (2¢~1) x (2/~1) with d being the number of
inputs, e the number of expected outputs, and f'the number of
undesirable outputs. Then, we use the following procedure to
determine the importance degree of model S,.

1) Compute the value of Ej; as

—  Ejp |
Ej=— ,jef{l,2,...,n} and 1 €{1,2,....k}. (4)
Ej
j=1
2) Compute the entropy e, as
n
er=—e ) EjyxIEj,l€(1,2,....k) )
j=1
eo = (Inn)~L. (6)
3) Compute the degree of diversification d, as
di=1-e,lef{l,2,...,k}. @)
4) Compute the weigh w; of model S, as
d
w,:k—l,le{l,z,...,k}. ®)
2 d
I=1

Then, the efficiency score f; obtained by the mixed DEA
model with Shannon’s entropy being combined can be
calculated as

k
Bi= Y wiEjij€(1,2,....n} )
I=1
From the above procedure, we can see that, for model S, if
the efficiency scores for all DMUs are approximately equal,
the value of w, is small. With the above results, consider that a
solution is obtained for model S, such that the scores have the
same value and let £}, = c. Then, for each/ (j €{1,2,....n}),
Ej c 1
Ej

M=

j=1

=

S =
S =

In
1

n :
—or e J
€]=—€OZE/'1X1HEJ']= m

=1
Jj=1
We can obtain d, = 0 and w, = 0, which implies that model
S, should not be considered. Up to now, we have presented the
model with Shannon’s entropy being combined and its
solution method.

III. PERFORMANCE EVALUATION

The selection of input and output indicators greatly affects
the result of efficiency evaluation. Thus, it is critical to
determine the input and output indicators. To do so, the
following factors should be taken into account: 1) the ability
to achieve the purpose of performance evaluation, 2) the
purpose of evaluation can be fully reflected, 3) the
relationship between inputs and outputs can be revealed, and
4) by the built indicator system for performance evaluation,
diversity should be ensured.

A. Input Indicators

The inputs selected in this work are the most commonly
used ones in the literature. It is well known that inputs
including capital, labor and energy consumption are common
input indicators [22]-[26]. In addition, government subsidies
also have an impact on bus operations. We treat a bus route in
the company as a DMU to evaluate the efficiency of each bus
route. This work focuses on the efficiency of utilizing the
corporate resources. Since government subsidy is not a
resource of a company, it is not treated as an input indicator.
With cost factor being taken into account, in the construction
of the input indicator system, we take the available fleet size
for each bus route and the average frequency of each bus route
as inputs in this paper.

Available Fleet Size: To reduce investment and cost, there is
an upper limit to the number of buses for each bus route in the
company. When the value of this indicator becomes larger,
there are more buses available on the corresponding bus route.
However, with more buses for a bus route, the corresponding
investment becomes higher. Furthermore, for each bus, in
addition to the cost resulted from its travelling time, a fixed
cost is required, including repair and maintenance cost.

Average Frequency: Average frequency presents the
average daily number of trips for a bus route. The more trips a
bus company arranges, the higher cost of the company should
pay, including the cost of the travelling time and the
corresponding drivers’ salaries and wages.

B. Output Indicators

In the studies [22]-[26], the outputs used to measure public
transport efficiency are vehicle kilometers, seat kilometers,
passenger kilometers, and operating income. In this study, we
consider not only the issues which are concerned by the bus
operator, but also the issues that are concerned by passengers,
which is very important for the performance evaluation of a
public transportation system. The output indicators considered
in this article are the number of passengers served, revenue of
the company and passenger satisfaction. The passenger
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TABLEI
INPUT AND OUTPUT INDICATORS AND THEIR DEFINITIONS IN THE MODELS
Type Index Definition
Auvailable fleet size (x)) Upper limit for the number of buses of a bus route.
Inputs

Average frequency (x,)

The average daily number of trips for a bus route.

Number of passengers (y,)

Expected outputs
Revenue (y,)

The number of passengers served.

Revenue of various bus routes from passengers.

Passenger-crowding degree (z,)
Undesirable outputs S
Passenger waiting time (z,)

Average number of on-board passengers.

Average waiting time of passengers at a bus stop.

TABLE 11
INPUT AND OUTPUT DATA CHARACTERISTICS

Inputs

Expected outputs

Undesirable outputs

Data characteristics

Available fleet size Average frequency ~ Number of passengers Revenue  Passenger-crowding degree Passenger waiting time
Average 18.87 150.52 18.63 43.01 36.82 3.68
Maximum 57 354.54 68.73 159.86 109.29 13.01
Minimum 2 27.68 0.83 1.81 7.21 1.23
Standard deviation 11.51 64.57 15.18 36.03 20.92 2.27

satisfaction is judged by passenger-crowding degree and
passenger waiting time for a bus route.

The Number of Passengers: The number of passengers here
is the accumulative number of passengers served by a bus
route for the investigation time duration. This indicator is an
indicator of expected output.

Revenue: Today, some passengers pay for the bus by using
a card, while the others pay it by cash. The revenue of a public
bus company contains these two parts during the investigation
time. Note that government subsidy is not included in
revenue. This indicator is also an indicator of expected output.

Passenger Satisfaction: For passenger satisfaction, this
paper selects two indicators for evaluation. They are the
passenger-crowding degree for each bus route and the
passenger waiting time at a bus stop. Since the buses for the
investigating bus routes have approximately the same space,
we use the number of on-board passengers to measure the
passenger-crowding degree. For the average number of
passengers on a bus, it is estimated by frequency and number
of passengers. For the passenger waiting time, we estimate the
headway by the vehicle operating time and the number of
trips. According to the work in [44], it is assumed that the
average waiting time of passengers is half of the headway. For
these two output indicators, we use the corresponding average
to represent them. We notice that these two indicators are
undesirable output indicators.

Finally, the input and output indicators for the model are
summarized in Table I.

IV. EMPIRICAL ANALYSIS

A. Data Description

The data set used in this investigation was collected during
May 2016 from a company in a large city in China. This
company operates a large number of bus routes. Among them,
there are 37 main routes operating on the backbone roads. The
company has a number of branches and its 37 main routes are

operated by five branches named Branches 1-5. Each of them
operates a number of main routes, respectively. It is
meaningful to evaluate the efficiency of different routes. The
input indicators include the available fleet size and average
frequency for each bus route. Output indicators include
expected output indicators and undesirable output indicators.
Expected output indicators include the number of passengers
served for each bus route and revenue. Undesirable output
indicators include passenger-crowding degree and passenger
waiting time for each bus route. The input and output data
characteristics are summarized in Table II. In Table I,
available fleet size is the number of buses for a bus route,
average frequency is the average number of round trips per
day for a route, the number of passengers is given in ten
thousand persons, revenue is given in ten thousand Chinese
yuans, passenger-crowding degree is the number of persons in
a bus, and passenger waiting time is given in minutes.

B. Results and Analysis

We use the proposed mixed DEA model with Shannon’s
entropy being combined developed in Section II to evaluate
the performance of the bus routes. There are 37 bus routes
under investigation and a bus route is a DMU, leading to 37
DMU, i.e., j =37 in the models.

There are two input indicators, i.e., d = 2, two expected
output indicators, i.e., ¢ = 2, and two undesirable output
indicators, i.e., f= 2. Thus, we have k£ = (22-1) x (22-1) x
(22-1) = 27. This means that there are 27 models with
different indicator subsets that need to be solved. The subsets
and their weighs for these models are shown in Table III,
where 1 is used to represent that the corresponding indicator is
selected in the subset, while 0 is used to represent that the
corresponding indicator is not selected in the subset.

With the obtained data, the efficiency scores for the case
problem obtained by using these models for all the subsets are
shown in Table IV, where MXXX represents a route, S; gives
the efficiency scores of the routes obtained by the model for
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TABLE III
THE SUBSETS AND THE WEIGHTS IN THE MODELS
Model S, X, Xy Vi ¥, z; z, w,
S, 1 1 1 1 1 1 2.91%
S 1 1 1 1 1 0 2.24%
S; 1 1 1 1 0 1 3.13%
S, 1 1 1 0 1 1 2.90%
S; 1 1 1 0 1 0 2.12%
S 1 1 1 0 0 1 3.12%
N 1 1 0 1 1 1 3.65%
8 1 1 0 1 1 0 2.75%
S, 1 1 0 1 0 1 427%
Sio 1 0 1 1 1 1 2.87%
Sy 1 0 1 1 1 0 2.04%
Siy 1 0 1 1 0 1 3.36%
Si3 1 0 1 0 1 1 2.83%
Si4 1 0 1 0 1 0 1.85%
S 1 0 1 0 0 1 2.91%
Si6 1 0 0 1 1 1 3.69%
817 1 0 0 1 1 0 2.52%
Sig 1 0 0 1 0 1 438%
Sy 0 1 1 1 1 1 4.05%
20 0 1 1 1 1 0 3.03%
S 0 1 1 1 0 1 7.66%
S 0 1 1 0 1 1 4.19%
Sy 0 1 1 0 1 0 2.92%
Sy 0 1 1 0 0 1 7.85%
$5s 0 1 0 1 1 1 4.75%
S 0 1 0 1 1 0 3.48%
Sy, 0 1 0 1 0 1 8.52%
TABLE IV
THE EFFICIENCY SCORES OF MODELS
Branch Route M S, S, Sy Ss Ss A\ Sg Sy Sto S Siy Sis Sia
Branch2 ~ M202 0722 0722 0722 0722 0722 0722 0588 0588 0588 0722 0722 0722 0722 0.722
Branch1  M204 0959 0959 0947 0959 0959 0947 0.705 0705 0.655 0960 0960 0949 0960  0.960
Branch3  M222 0887 0.887 0835 0817 0817 0767 0887 0887 0835 0841 0811 0835 078 0.783
Branch2  M290 1266 1266 1264 0964 0964 0963 1266 1266 1264 1267 1267 1265 0965 0.965
Branch4  M299 0918 0918 0.873 0882 0.882 0.863 0.876 0.876 0843 0904 0902 0.873 0.880 0.880
Branch3  M300 0717 0717 0717 0.623 0623 0624 0717 0717 0717 0640 0640 0.640 0.624  0.624
Branch5  M312  0.697 0.697 0.697 0.697 0697 0697 0482 0482 0482 0.698 0.698 0.697 0.608  0.698
Branch3  M313 0461 0461 0461 0456 0456 0456 0459 0459 0458 0461 0464 0461 0456  0.456
Branch2  M314 0342 0342 0309 0302 0302 0297 0342 0342 0309 0342 0342 0308 0302  0.302
Branch2  M344 0569 0569 0525 0569 0569 0525 0369 0369 0303 0556 0556 0526 0556  0.556
Branch3  M347 0877 0877 0.733 0877 0877 0733 0831 0831 0697 0704 0693 0.673 0.699  0.681
Branch2 M348 0571 0571 0482 0462 0462 0418 0571 0571 0482 0571 0571 0433 0447 0447
Branch3  M370 1460 1460 1460 1445 1445 1446 1457 1443 1458 1.093 1.035 1.093 1055 1.034
Branch1  M389  0.641 0.641 0574 0621 0621 0568 0.627 0.627 0544 0639 0.639 0575 0593 0.593
Branch1  M390 0746 0746 0.720 0.746 0746 0721 0.633 0.633 0499 0746 0746 0.722 0.746  0.746
Branch2  M391 0902 0902 0769 0741 0741 0720 0902 0902 0769 0902 0902 0769 0741  0.741
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TABLE IV (continued)
THE EFFICIENCY SCORES OF MODELS

Branch Route M S, S, Sy Ss Ss A\ Sg Sy Sto S Siy Sis Sia

Branch 3 M393  0.695 0.695 0.695 0.695 0.695 0.695 0.659 0.659 0.659 0.695 0.695 0.695 0.695 0.695
Branch 1 M399  0.493 0493 0470 0493 0493 0470 0395 0395 0349 0484 0484 0470 0484  0.484
Branch 2 M401 0934 0934 0.858 0.718 0.718 0.677 0934 0934 0858 0.813 0813 0.784 0.691 0.691
Branch 2 M402 0850 0.850 0.850 0.850 0.850 0.850 0.645 0.645 0.645 0850 0.850 0.850 0.851 0.851
Branch 2 M403 1.080 1.080 0965 1.080 1.080 0965 0.850 0.850 0.825 1.082 1.082 0966 1.082 1.082
Branch 2 M406  0.745 0.745 0.745 0.745 0.745 0.745 0515 0515 0515 0745 0745 0745 0.745  0.745
Branch 2 M407 0.791  0.791  0.732  0.787 0.787  0.731  0.767 0.767 0.688 0.766  0.763  0.732  0.751  0.751
Branch 5 M418  0.452 0452 0446 0452 0452 0446 0333 0333 0308 0452 0452 0446 0452 0.452
Branch 3 M435 2316 1522 2316 2277 1400 2277 2316 1456 2316 2322 1433 2323 2283 1.233
Branch 2 M438 0289 0.289 0.289 0.289 0.289 0.289 0.218 0.218 0.218 0289 0289 0289 0.289  0.289
Branch 5 M441  0.764 0.764  0.746  0.764  0.764  0.746  0.604  0.604 0.516 0.765 0.765 0.747 0.765  0.765
Branch 5 M445  0.663  0.663  0.650 0.663 0.663 0.650 0.511 0.511 0454 0.664 0.664 0.651 0.664 0.664
Branch 4 M453 0383 0383 0341 0359 0359 0330 0383 0383 0341 0358 0358 0334 0340 0.340
Branch 5 M454 0554 0554 0482 0554 0554 0482 0472 0472 0332 0554 0554 0483 0554  0.554
Branch 3 M459 0312 0312 0295 0294 0.295 0.282 0312 0312 0295 0289 0289 0284 0.285 0.285
Branch 5 M465  0.129 0.129 0.112 0.129 0.129 0.112 0.109 0.109 0.088 0.128 0.128 0.112  0.128  0.128
Branch 5 M475  0.627  0.627 0.615 0.627 0.627 0.615 0480 0480 0426 0.627 0.627 0.199 0.627  0.627
Branch 1 M481  0.482 0482 0482 0478 0478 0378 0482 0482 0382 0394 0394 0394 0394 0.394
Branch 5 M483  0.486 0.486 0457 0486 0486 0457 0391 0391 0346 0471 0471 0457 0471 0471
Branch 5 M484  0.692  0.692 0.672 0.692  0.692 0.672 0.560 0.560 0468 0.692 0.692 0.673 0.692  0.692
Branch 5 M487  0.825 0.825 0.806 0.825 0.825 0.806 0.649 0.649 0557 0.825 0.825 0.807 0.825 0.825

Branch Route s Sie Sy7 Sig Sio S S Sy S3 So4 825 S Sy ﬂ,

Branch 2 M202 0.722 0503 0503 0503 0.555 0.555 0476 0.555 0.555 0476 0487 0487 0419 0.578
Branch 1 M204 0949 0.706 0.706  0.656  0.573  0.573 0.265 0.573 0.573 0266 0492 0492 0232 0.637
Branch 3 M222  0.767 0.841 0.771 0.835 0.866 0.866 0.724  0.789 0.789  0.657 0.866 0.866 0.724  0.801
Branch 2 M290 0964 1267 1267 1265 0.758 0.758 0.510 0.586 0.586 0389 0.758 0.758 0.510  0.901
Branch 4 M299 0.864 0.848 0.847 0.843 0.738  0.738  0.530 0.684 0.684 0487 0.738 0.738 0.530 0.753
Branch 3 M300 0.624 0.603 0.604 0.604 0.540 0.540 0.540 0441 0441 0441 0540 0540 0.540 0.587
Branch 5 M312  0.697 0482 0482 0482 0385 0385 0225 038 038 0225 0331 0331 0.197 0.459
Branch 3 M313 0456 0394 0394 0394 0409 0409 0321 0377 0377 0294 0409 0409 0321 0.403
Branch 2 M314 0297 0342 0342 0308 0.250 0.250 0.147 0.194 0.194 0.112 0250 0250 0.147 0.256
Branch 2 M344 0526 0369 0369 0287 0463 0463 0243 0464 0464 0244 0311 0311 0.166 0.392
Branch 3 M347  0.673 0.645 0.617 0.639 0.877 0.877 0.733 0.878 0.878 0.733  0.831 0.831 0.697 0.760
Branch 2 M348 0.418 0571 0571 0433 0499 0499 0294 0387 0387 0224 0499 0499 0294  0.437
Branch 3 M370  1.056 1.012 0.790 1.013  1.441 1434 1442 1373 1364 1373 1.441 1.434 1442 1.323
Branch 1 M389  0.569 0.626 0.626  0.500 0.555 0.555 0.334 0520 0.520 0308 0.555 0555 0334 0.519
Branch 1 M390 0.722 0.633  0.633 0499 0.599 0.599 0.265 0.599 0599 0265 0516 0516 0231  0.549
Branch 2 M391  0.721 0902 0902 0.769  0.698  0.698  0.409 0.543 0543 0313 0.698 0.699 0409 0.672
Branch 3 M393  0.696 0.528 0.528 0.528 0.635 0.635 0.635 0.635 0.635 0.635 0.610 0.610 0.610 0.642
Branch 1 M399 0470 0395 0395 0325 0375 0375 0219 0375 0375 0220 0323 0323 0.192 0.364
Branch 2 M401  0.677 0813  0.813 0.785 0904 0904 0.683 0.685 0.685 0.513 0904 0904 0.683 0.770
Branch 2 M402 0.851 0.588 0.588 0.588 0.603 0.603 0431 0.603 0.603 0431 0523 0523 0377 0.633
Branch 2 M403 0966 0851 0.851 0.826 0.810 0.810 0.522 0.810 0.810 0.522 0.697 0.697 0451 0.805
Branch 2 M406  0.745 0515 0515 0515 0385 0385 0235 0385 038 0235 0332 0332 0206 0.486
Branch 2 M407  0.732 0.694 0.693 0.688 0.731  0.731 0.530 0.731 0.731 0527 0.729 0.729 0530  0.687
Branch 5 M418  0.446 0333 0333 0308 0.274 0274 0.157 0274 0274 0.157 0235 0235 0.137 0.308
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TABLE IV (continued)
THE EFFICIENCY SCORES OF MODELS
Branch Route Sis Si6 Si7 Sig Sio S 1 S» Sy S2 s S Sy7 ﬁ/

Branch 3 M435 2284 2322 1.431 2323 2317 1.522 2317 2278 1.400 2278 2317 1457 2317  2.107
Branch 2 M438 0.289 0.218 0.218 0.218 0.118 0.118 0.089 0.118 0.118 0.089  0.111 0.111 0.084  0.187
Branch 5 M441 0.747  0.604 0.604 0516 0528 0.528 0.247 0528 0.528 0.247 0.454 0454 0216 0.534
Branch 5 M445 0.651 0.511 0.511 0450 0437 0437 0.251 0437 0437 0.251 0.375 0375 0219  0.466
Branch 4 M453 0330 0344 0344 0285 0370 0370 0262 0342 0342 0239 0370 0370 0262 0.328
Branch 5 M454 0483 0473 0.473 0.332  0.521 0.521 0.182  0.521 0.521 0.182  0.445 0.445  0.158 0410
Branch 3 M459  0.282  0.255  0.255 0.237 0312 0312 0272 0295 0295 025 0312 0312 0272 0.286
Branch 5 M465 0.112  0.109 0.109 0.077  0.121 0.121 0.066  0.121 0.121 0.066  0.104 0.104 0.058 0.101
Branch 5 M475 0.616 0480 0480 0426 0406 0406 0.199 0406 0406 0.199 0349 0349 0.174 0417
Branch 1 M481 0394 0314 0314 0314 0482 0482 0382 0378 0478 0378 0382 0482 0382 0.409
Branch 5 M483 0.457  0.391 0.391 0317 0385 0385 0228 0385 0385 0228 0332 0332 0200 0.364
Branch 5 M484  0.673  0.560 0.560 0.465 0.503  0.503 0.255 0.503  0.503 0.256  0.433 0.433  0.223  0.498
Branch 5 M487 0.807  0.650 0.650 0.558 0.565 0.565 0.203 0.565  0.565  0.203 0486 0486 0.177  0.561

subset S,. Thus, the solution obtained by S, is the results for TABLE V

the model given in [40], while f; presents the efficiency scores -y \ssrrICATION OF EFFICIENCY SCORES OF VARIOUS BUS ROUTES

of the routes obtained by the model with Shannon’s entropy

being combined. Classification Route

Grade 1 (method in [40]) M290 M370 M403 M435

As it can be seen from the weights in Table III, there is a
tendency that the smaller the selected indicator is, the greater
the corresponding weight is. Among the weights, w,, = 8.52%
and w,, = 7.85% are the two highest ones. For them, three
indicators are selected. In order to better illustrate this issue,
we calculate the average of the weights for the cases where
three indicators, four indicators, five indicators, and six
indicators are selected, and the results are 4.30%, 3.65%,
3.14%, and 2.91%, respectively. This is due to that the
efficiency score has a tendency to become large as the number
of selected indicators increases. Meanwhile, the variation of
efficiency scores has a tendency to become small, so the
obtained weight decreases, i.e., the weight is based on the
variation of efficiency scores. Also, when the variation is
small, the uncertainty of the selected indicators increases and
the weight decreases as well, which improves the
discrimination capability and vice verse.

From Table IV, we can see that, in column |, the scores for
some routes, such as M290, M370, M403, and M435, are
greater than 1, but not 1, due to that we use a super efficiency
DEA model. Thus, we can distinguish the efficiency among
these routes. Similarly, there are some routes such as M370
and M435 in column f; whose scores are greater than 1, and
we can distinguish their efficiency too. Note that, for the
model of subset S|, all the indicators are selected, while the
efficiency scores for the model with Shannon’s entropy being
combined are obtained by setting the weights for different
subsets. Thus, as observed, the efficiency scores in column S
are greater than the corresponding ones in column ;.

Next, we further analyze the efficiency by classifying the
efficiency score of a DMU. In [45], the performance of a
system is classified into three grades by using the efficiency
scores obtained by a DEA model. By this criterion, a system is
efficient only when the efficiency score is greater than or

M370 M435

M202 M204 M222 M299 M300 M312 M347
M389 M390 M391 M393 M401 M402 M406
M407 M441 M445 M475 M484 M487

M204 M222 M290 M299 M347 M391 M393
M401 M402 M403 M407

M313 M314 M344 M348 M399 M418 M438
M453 M454 M459 M465 M481 M483

M202 M300 M312 M313 M314 M344 M348
M389 M390 M399 M406 M418 M438 M441
M445 M453 M454 M459 M465 M475 M481
M483 M484 M487

Grade 1 (proposed method)
Grade 2 (method in [40])
Grade 2 (proposed method)
Grade 3 (method in [40])

Grade 3 (proposed method)

equal to 1. If the efficiency score is between 0.6 and 1, then
the system is not fully efficient. If the efficiency score is less
than 0.6, then the system is inefficient. They are called grades
1, 2, and 3, respectively. Based on this classification, the
results for the case problem are shown in Table V. It can be
seen that, among the 37 DMUs, there are 13 inefficient
DMUs, 20 not fully efficient DMUs, and four efficient DMUs
for the mixed DEA model given in [40] and there are 24
inefficient DMUs, 11 not fully efficient DMUs, and two
efficient DMUs for the proposed method.

Then, we analyze the characteristics of inputs and outputs
for different grades. Table VI provides the average values of
inputs and outputs for different grades obtained by different
methods.

It follows from Table VI that the efficient DMUs with
Grade 1 have more resources, such as available fleet size, and,
at the same time, achieve higher revenue, higher passenger-
crowding degree, and shorter passenger waiting time. The
inefficient DMUs with Grade 3 are characterized by less
resource availability, less revenue, less passenger-crowding
degree, and longer passenger waiting time. For the not fully
efficient DMUs with Grade 2, the performance is between the
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TABLE VI
AVERAGE OF CLASSIFIED INPUT AND OUTPUT DATA

Inputs Expected outputs Undesirable outputs
Data characteristics Available fleet Average Number of R Passenger- Passenger waiting
) evenue - :
size frequency passengers crowding degree time
Average of efficient DMUs
(method in [40]) 35.25 252.43 46.81 109.28 62.12 1.89
Average of efficient DMUs 50.50 270.42 65.92 152.00 §5.91 1.91
(proposed method)
Average of not fully efficient
DMUs (method in [40]) 19.70 164.23 20.32 46.82 40.49 2.92
Average of not fully efficient
DMUs (proposed method) 25.45 187.21 28.32 68.22 50.34 2.57
Average of inefficient DMUs
(method in [40]) 12.54 98.08 7.37 16.75 23.40 5.40
Average of inefficient DMUs 13.21 123.72 10.26 2236 26.54 434
(proposed method) ’ ’ ) ’ ’ )
TABLE VII
AVERAGE OF CLASSIFIED COMPUTATIONAL DATA
Type Average frequency The average length of Average mileage for each bus
yp for each bus route line (km) (km/per day and per bus)
Efficient DMUs (method in [40]) 7.16 32.74 234.42
Efficient DMUs (proposed method) 5.35 45.46 243.21
Not fully efficient DMUs (method in [40]) 8.34 22.71 189.40
Not fully efficient DMUs (proposed method) 7.36 28.92 212.85
Inefficient DMUs (method in [40]) 7.82 20.54 160.62
Inefficient DMUs (proposed method) 9.37 18.46 172.97
TABLE VIII
AVERAGE EFFICIENCY SCORE OF THE BRANCHES
Branch The first branch ~ The second branch The third branch ~ The fourth branch ~ The fifth branch
Average efficiency score (method in [40]) 0.664 0.755 0.966 0.651 0.589
Average efficiency score (proposed method) 0.496 0.567 0.864 0.541 0.412

inefficient DMUs and efficient DMUs. From Table VI, we
find that the efficiency can be roughly distinguished by the
ratio of revenue to available fleet size. The larger the value is,
the larger the ratio of output to input is. An interesting
observation from the above analysis is that the efficient
DMUs have the smallest average frequency for each bus, i.e.,
the ratio of average frequency to available fleet size. In order
to analyze this phenomenon, we analyze the effect of the
length of the routes on the performance as shown in Table VII.
From Table VII, we can observe that the route length of the
efficient DMUs with Grade 1 is the longest ones, while the
route length of the inefficient DMUs with Grade 3 is the
shortest one. By multiplying the average frequency for each
bus with the average length of the bus route, we can get the
average mileage for each bus. From Table VII, it can be seen
that the efficient DMUs do the best, while the inefficient
DMUs do the worst in terms of average mileage, leading to
the highest utilization of the efficient DMUs and the lowest
utilization of the inefficient DMUs. This implies that the
efficient DMUs fully utilize the existing resources, while the
inefficient DMUs do not make full use of existing resources.
In comparing the proposed method with the regular mixed
DEA model presented in [40], we found that the results
obtained by the proposed one show more discrimination
capability. It can be observed that the difference of average

mileage between the second and third grades obtained by the
proposed method is greater than that obtained by the method
in [40].

Next, we analyze the efficiency of the branches in the
company. We can calculate the average efficiency scores for
each branch as shown in Table VIII.

The result shown in Table VIII is obtained by using the
super efficiency DEA models. With these models, the
efficiency scores for some DMUs are greater than 1 as shown
in Table IV, which may have significant effect on the
efficiency evaluation of a branch. To show that, by replacing
the efficiency score values that are greater than 1 by 1, we
obtain the average efficiency as shown in Table IX.

Assume that Branch i operates & bus routes and route j is
ranked at the r;-th position obtained by the super efficiency
DEA models. Let R; = (ZI;-:] rij)/k be the average ranking
value of Branch i. Then, we can use R, to represent the
average rank of Branch i. With this ranking method, the
ranking of the branches is obtained as shown in Table X.

From the above result, it can be seen that branches
evaluated using these two methods have similar results. From
Table X, the ranking of the branches in the performance
decreasing order is Branches 3, 2, 4, 1, and 5 for both
methods, while from Tables VIII and IX. it is Branches 3, 2,
1, 4, and 5 for the mixed DEA model in [40] and it is
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TABLE IX
AVERAGE EFFICIENCY SCORES FOR THE BRANCHES OBTAINED BY THE BASIC DEA MODELS
Branch The first branch The second branch The third branch The fourth branch The fifth branch
Average efficiency score (method in [40]) 0.664 0.726 0.744 0.651 0.589
Average efficiency score (proposed method) 0.496 0.567 0.685 0.541 0.412
TABLE X
AVERAGE RANKING OF DMUS FOR THE BRANCHES
Branch The first branch The second branch The third branch The fourth branch The fifth branch
Average ranking (method in [40]) 20.2 16.6 15.8 20 23.7
Average ranking (proposed method) 21 17.1 12.8 20 25.1
TABLE XI
THE RANKING OF EFFICIENCY SCORES FOR DMUS WITH LARGE VARIATIONS IN TWO METHODS
Passenger- Average The rankin The ranking
Available Average Number of & Passenger - g g of the The change
Route fleet size  frequenc assengers Revenue crowding waiting time mileage for — of the method roposed  of the rankin;
q y p g degree g each bus in [40] pmerzho d g
M204 12 203.06 16.33 32.66 25.93 2.29 196.72 5 12 7
M393 25 115.97 24.94 54.82 69.37 2.92 201.18 20 11 9
M406 9 120.71 9.62 19.25 25.72 3.23 130.90 16 21 5
TABLE XII
THE RANKING OF THE DATA FOR DMUS IN TABLE XI
Route Available fleet Average Number of Revenue Passenger- Passenger waiting ~ Average mileage
size frequency passengers crowding degree time for each bus
M204 29 5 16 16 15 8 21
M393 7 27 9 11 35 17 10
M406 33 26 29 30 13 22 32
40
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Fig. 1. The ranking of efficiency scores for each DMUs.

Branches 3, 2, 4, 1, and 5 for the proposed model. It can be
seen that the result in Table X is basically consistent with
those in Tables VIII and IX. In general, we can conclude that
Branches 3 and 2 are the two best managed ones. Branches 1
and 4 are generally well managed, while Branch 5 is poorly
managed.

Compared the proposed method with the one given in [40],
it is found that the ranking for Branches 1 and 4 in Tables VIII
and IX is different. The value obtained by the proposed
method shows a greater degree of discrimination, i.e., it
presents a greater difference between the best and worst
performing companies than that obtained by the one given in
[40].

Finally, we compare the differences between the proposed
one and the one given in [40]. In order to better reflect the gap
between the results of these two methods, we rank the
efficiency scores of each route, and the result is shown in the
Fig 1.

From Fig 1, it can be seen that seven DMUs have the same
rank and 30 DMUs have different ranks. Among these 30
DMUs, by the proposed method, 15 DMUs have lower
ranking, while the other 15 DMUs have higher ranking. Next,
we analyze the DMUs with a large difference in ranking,
which is equal to or more than 5. The DMUs whose ranks
vary greatly for the two methods are shown in Table XI.

In order to better illustrate this situation, Table XII gives the
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rankings of the input and output of these DMUs and the
ranking of average mileage for each bus. In these rankings, for
the undesirable output indicators, the smaller the value is, the
higher the rank is. While for the expected output indicators
and the average mileage for each bus, the bigger the value is,
the higher the rank is.

The first and third DMUs in Table XI have lower ranking
by using the proposed method, while the remaining DMUs
have higher ranking by using the same method. It can be seen
that the first and third DMUs are ranked lower by using the
proposed method due to the longer passenger waiting time and
the lower mileage for each bus, while the other DMUs are
ranked higher due to the shorter passenger waiting time and
higher mileage for each bus. For M204 and M406, they are
ranked as 5 and 16, respectively, when the method in [40] is
applied, while they are ranked as 12 and 21, respectively,
when the proposed method is applied. Here, we see that their
passenger waiting time is ranked as 8 and 22, respectively,
and the mileage for each bus is ranked as 21 and 32,
respectively. For M393, it is ranked 20 for the method in [40],
while its ranking is 11 by the proposed method. Here, we see
that its passenger waiting time is ranked as 17 and mileage for
each bus is ranked as 10. We can see that if the rank of
passenger waiting time and mileage for each bus are better
than the rank obtained by the method in [40], then the rank of
efficiency score obtained by the proposed method becomes
better and vice verse. Therefore, the proposed method
emphasizes more on the passenger waiting time and the
mileage for each bus than the method in [40].

C. Sensitivity Analysis

Sensitivity analysis provides the sensitivity of a system (or
model) state or outputs with respect to the changes in system
parameters or surrounding conditions. Sensitivity analysis is
often used for testing optimization methods to study the
stability of an optimal solution when the original data are
inaccurate or changed. Sensitivity analysis also determines
which parameters have a large impact on the system or model.
Therefore, sensitivity analysis is important in almost all
operations research methods as well as in evaluating various
programs.

Sensitivity analysis in the DEA model is to test the change
of efficiency score by removing one or some input or output
indicators. Such changes indicate that whether an indicator
has a large impact on the target value or not [46]-[49].

In this paper, we remove one input or output indicator each
time to obtain the corresponding efficiency score by the model
such that we can know the change of the efficiency value. The
results obtained are shown in Table XIII for the method in
[40] and Table XIV for the proposed method.

When an indicator is removed from the DEA model, the
larger the change of efficiency score is, the greater the
influence of the indicator on the system is. In Tables XIII and
XIV, the value of the last row gives the average of the
absolute value of the difference between the original model
and the model with the corresponding indicator being
removed. Hence, the larger the value is, the greater the
influence of the indicator on the system is. For the method in
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[40], by observing Table XIII, removing x, results in the
largest efficiency score change. The changes in the decreasing
order are resulting from removing x,, ¥, z;, ¥,, X,, and z,,
respectively, i.e., the sensitivity degree of these indicators in
the decreasing order is the available fleet size, the number of
passengers, passenger-crowding degree, revenue, average
frequency, and passenger waiting time.

For the proposed method, from Table XIV, it is known that
removing x, results in the largest efficiency score change. The
changes in the decreasing order are resulting from removing
Xy, Xy, 25, 21, V1> and y,, respectively, i.e., the sensitivity degree
of these indicators in the decreasing order is the available fleet
size, average frequency, passenger waiting time, passenger-
crowding degree, the number of passengers, and revenue.

The most sensitive indicator for the two methods is the
available fleet size. For the passenger-crowing degree and
passenger waiting time, the rankings of important degree are 3
and 6, respectively, for the method in [40], and 4 and 3,
respectively, for the proposed method, indicating that the use
of Shannon’s entropy can better reflect the indicators of
passenger satisfaction. To further illustrate this issue, we further
remove the undesirable indicators for comparison, and the
resulting efficiency scores are ranked and compared with the
original ranking of the two methods, as shown in Table XV.

In Table XV, we calculate the sum of columns 8 and 9 to
obtain 50 and 82, respectively, indicating that there are more
considerations in the use of proposed method to emphasize
more on passenger satisfaction.

Next, we discuss the limitations and drawbacks of the
proposed method. In the sensitivity analysis, it emphasizes
less on the number of passengers and revenue. By the
Shannon’s entropy, since the weight (w;) for each subset is
different, we can get the weight for each indicator as given in
Table XVI.

From Table X VI, we can see that the weight of each indicator
is not the same. It is dependent on the weight of the subset (w)).
With this difference being taken into account, the ranking of
sensitivity degree of these indicators has basically remained
unchanged. Public transport services are quasi-public
commodity, so passenger satisfaction is more important.

On the other hand, when the number of input and output
indicators is small, the value w; would be relatively close,
leading to that the effectiveness of using the proposed method
is affected. When the number of input and output indicators
increases, according to k = (24-1) x (2¢1) x (2/~1), the
number of subsets increases exponentially, which means that
the computation would be increased rapidly. Therefore, the
number of input and output indicators should not be too large
or too small.

With the above analysis and comparison, we find that there
are some differences between the results obtained by the
proposed method and the one in [40]. The proposed method
emphasizes more on the indicators of passenger satisfaction
and resource utilization. Meanwhile, in classification and
branch ranking, the proposed method shows greater
discrimination ability. Therefore, this model can obtain better
results for evaluating bus company’s operational performance.

At last, we present some management implications for the
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TABLE XIII
SENSITIVITY ANALYSIS (METHOD IN [40])
Route Original Remove x, Remove x, Remove y, Remove y, Remove z, Remove z,
M202 0.722 0.555 0.722 0.588 0.722 0.722 0.722
M204 0.959 0.573 0.960 0.705 0.959 0.947 0.959
M222 0.887 0.866 0.841 0.887 0.817 0.835 0.887
M290 1.266 0.758 1.267 1.266 0.964 1.264 1.266
M299 0.918 0.738 0.904 0.876 0.882 0.873 0918
M300 0.717 0.540 0.640 0.717 0.623 0.717 0.717
M312 0.697 0.385 0.698 0.482 0.697 0.697 0.697
M313 0.461 0.409 0.461 0.459 0.456 0.461 0.461
M314 0.342 0.250 0.342 0.342 0.302 0.309 0.342
M344 0.569 0.463 0.556 0.369 0.569 0.525 0.569
M347 0.877 0.877 0.704 0.831 0.877 0.733 0.877
M348 0.571 0.499 0.571 0.571 0.462 0.482 0.571
M370 1.460 1.441 1.093 1.457 1.445 1.460 1.460
M389 0.641 0.555 0.639 0.627 0.621 0.574 0.641
M390 0.746 0.599 0.746 0.633 0.746 0.720 0.746
M391 0.902 0.698 0.902 0.902 0.741 0.769 0.902
M393 0.695 0.635 0.695 0.659 0.695 0.695 0.695
M399 0.493 0.375 0.484 0.395 0.493 0.470 0.493
M401 0.934 0.904 0.813 0.934 0.718 0.858 0.934
M402 0.850 0.603 0.850 0.645 0.850 0.850 0.850
M403 1.080 0.810 1.082 0.850 1.080 0.965 1.080
M406 0.745 0.385 0.745 0.515 0.745 0.745 0.745
M407 0.791 0.731 0.766 0.767 0.787 0.732 0.791
M418 0.452 0.274 0.452 0.333 0.452 0.446 0.452
M435 2.316 2.317 2322 2.316 2277 2.316 1.522
M438 0.289 0.118 0.289 0.218 0.289 0.289 0.289
M441 0.764 0.528 0.765 0.604 0.764 0.746 0.764
M445 0.663 0.437 0.664 0.511 0.663 0.650 0.663
M453 0.383 0.370 0.358 0.383 0.359 0.341 0.383
M454 0.554 0.521 0.554 0.472 0.554 0.482 0.554
M459 0.312 0.312 0.289 0.312 0.294 0.295 0.312
M465 0.129 0.121 0.128 0.109 0.129 0.112 0.129
M475 0.627 0.406 0.627 0.480 0.627 0.615 0.627
M481 0.482 0.482 0.394 0.482 0.478 0.482 0.482
M483 0.486 0.385 0.471 0.391 0.486 0.457 0.486
M484 0.692 0.503 0.692 0.560 0.692 0.672 0.692
M487 0.825 0.565 0.825 0.649 0.825 0.806 0.825
Average gap 0 0.143 0.027 0.081 0.031 0.032 0.021

bus company. We analyze the worst DMU, i.e., the one with
the rank 37 by both the proposed method and the one in [40].
The values of indicators are shown in Table X VII.

From Table XVII, we can see that, the worst DMU (i.e.,
M465) ranks 37 among the 37 bus routes with its average
mileage of each bus is 89.39, implying that its ability to use
resources is the worst. In addition, there are two ways to
improve the efficiency value, i.e., to increase revenue or
increase passenger satisfaction. In terms of revenue increase,

since public transport services are quasi-public commodity,
their fares are regulated by the government. Thus, to increase
revenue is to increase the number of served passengers.
Therefore, it is necessary to increase the attractiveness of the
public transportation system and increase the share of public
transportation modes to promote the relief of traffic
congestion, environmental protection and energy saving. In
terms of passenger satisfaction, the priority is to reduce
passenger waiting time. Then, it needs to reduce departure
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TABLE XIV
SENSITIVITY ANALYSIS (PROPOSED METHOD)

Route Original Remove x, Remove x, Remove y, Remove y, Remove z, Remove z,
M202 0.578 0.492 0.635 0.505 0.620 0.547 0.603
M204 0.637 0.393 0.847 0.542 0.690 0.523 0.730
M222 0.801 0.769 0.812 0.822 0.755 0.755 0.834
M290 0.901 0.583 1.180 0.986 0.730 0.802 0.983
M299 0.753 0.615 0.868 0.756 0.731 0.676 0.817
M300 0.587 0.508 0.621 0.607 0.535 0.577 0.596
M312 0.459 0.288 0.602 0.385 0.496 0.399 0.511
M313 0.403 0.354 0.433 0.399 0.396 0.374 0.427
M314 0.256 0.182 0.320 0.271 0.228 0.215 0.290
M344 0.392 0.308 0.460 0.294 0.451 0.317 0.454
M347 0.760 0.788 0.667 0.732 0.778 0.706 0.804
M348 0.437 0.364 0.492 0.468 0.373 0.353 0.507
M370 1.323 1.418 1.023 1.310 1.312 1.341 1.291
M389 0.519 0.431 0.589 0.522 0.503 0.431 0.592
M390 0.549 0.405 0.673 0.487 0.584 0.430 0.647
M391 0.672 0.508 0.815 0.717 0.582 0.554 0.771
M393 0.642 0.626 0.629 0.601 0.666 0.639 0.644
M399 0.364 0.280 0.433 0.321 0.390 0.306 0.412
M401 0.770 0.727 0.768 0.826 0.646 0.699 0.830
M402 0.633 0.490 0.746 0.543 0.686 0.572 0.683
M403 0.805 0.628 0.958 0.722 0.853 0.690 0.899
M406 0.486 0.293 0.653 0.406 0.531 0.424 0.536
M407 0.687 0.626 0.725 0.676 0.691 0.615 0.746
M418 0.308 0.203 0.399 0.262 0.334 0.262 0.345
M435 2.107 2.133 2.084 2.118 2.072 2.306 1.436
M438 0.187 0.101 0.261 0.165 0.198 0.168 0.201
M441 0.534 0.364 0.682 0.464 0.574 0.431 0.619
M445 0.466 0.324 0.589 0.403 0.503 0.394 0.526
M453 0.328 0.306 0.333 0.331 0.316 0.288 0.362
M454 0.410 0.328 0.481 0.364 0.437 0.289 0.510
M459 0.286 0.286 0.270 0.283 0.281 0.272 0.298
M465 0.101 0.088 0.111 0.090 0.108 0.080 0.119
M475 0.417 0.284 0.504 0.371 0.464 0.322 0.494
M481 0.409 0.410 0.362 0.389 0.408 0.383 0.448
M483 0.364 0.290 0.424 0.322 0.389 0.306 0.412
M484 0.498 0.357 0.619 0.436 0.533 0.405 0.573
M487 0.561 0.359 0.736 0.487 0.602 0.433 0.666

Average gap 0 0.102 0.092 0.043 0.039 0.069 0.071

intervals. Hence, a company should make full use of the
existing resources such as improving the vehicle utilization.
On the other hand, we find that there is a trend that the longer
the route length of a bus line is, the better the revenue of a bus
company is. However, for M465, the route length is 12.54 km,
which ranks 27 on the 37 bus routes. This implies that, in
terms of length of a bus line, it is not the shortest one.
However, it ranks the worst. Thus, it is important for the bus
company to plan the bus routes carefully.

V. CONCLUSION

This paper provides a framework for using DEA tools to
assess the performance of public transport services. An
important feature of the framework is its flexibility and
consideration of all aspects of a public transport system by
integrating the interests of both bus companies and passengers,
which is done by considering various relevant indicators. An
indicator system based on passenger satisfaction and

operational efficiency is established to measure the
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TABLE XV
THE ANALYSIS OF THE UNDESIRABLE OUTPUTS
Rowe e o Gl S, Thernkingol Thenkingol ulmaiodin  dapopowd TSI chnicort
(method in [40]) (gggl‘ff)d [40] method [ ]gfi“;;’)v €4 1net2:)ang§$ove method in [40] Prﬁ’eﬁﬁf)zd
M202 0.722 0.546 17 15 16 13 1 2
M204 0.947 0.505 5 12 4 15 1 3
M222 0.810 0.696 9 5 9 3 0 2
M290 1.264 0.776 3 3 2 2 1 1
M299 0.873 0.631 7 8 5 8 2 0
M300 0.717 0.577 18 14 18 10 0 4
M312 0.697 0.397 19 23 19 23 0 0
M313 0.461 0.374 31 28 30 25 1 3
M314 0.309 0.214 34 35 34 35 0 0
M344 0.525 0.316 26 29 25 28 1 1
M347 0.733 0.693 10 7 14 4 4 3
M348 0.482 0.352 25 24 28 26 3 2
M370 1.460 1.320 2 2 1 1 1 1
M389 0.574 0.429 23 19 24 16 1 3
M390 0.721 0.409 15 17 17 20 2 3
M391 0.761 0.529 8 10 11 14 3 4
M393 0.695 0.640 20 11 20 7 0 4
M399 0.470 0.305 28 30 29 30 1 0
M401 0.858 0.688 6 6 6 5 0 1
M402 0.850 0.571 11 13 7 11 4 2
M403 0.965 0.566 4 4 3 12 1 8
M406 0.745 0.422 16 21 13 18 3 3
M407 0.732 0.594 13 9 15 9 2 0
M418 0.446 0.261 32 33 32 34 0 1
M435 0.842 0.683 1 1 8 6 7 5
M438 0.289 0.167 36 36 36 36 0 0
M441 0.746 0.423 14 18 12 17 2 1
M445 0.650 0.392 22 22 22 24 0 2
M453 0.341 0.288 33 32 33 31 0 1
M454 0.482 0.285 27 26 26 32 1 6
M459 0.295 0.273 35 34 35 33 0 1
M465 0.112 0.080 37 37 37 37 0 0
M475 0.615 0.351 24 25 23 27 1 2
M481 0.482 0.404 30 27 27 21 3 6
M483 0.457 0.305 29 31 31 29 2 2
M484 0.672 0.403 21 20 21 22 0 2
M487 0.806 0.422 12 16 10 19 2 3

performance of public transport services. Based on this
indicator system, super-efficient DEA models with undesirable
output indicators are presented. Meanwhile, in order to adapt to
the influences of the number of input and output indicators,
Shannon’s entropy is embedded into the model for performance
evaluation. Then, the models are applied to a case problem with
37 main routes operated by a company with five branches in a
large city in China. By using the actual data collected in the
company, efficiency is evaluated for each bus route and each

branch. Through comparison, it shows that the proposed
method can obtain better results in the evaluation of bus
company’s operational performance. Results show that some
bus routes are efficient, while some others are not. Consider that
a bus route is not efficiently operated if its efficiency score is
less than 1. Finally, through sensitivity analysis, the degree of
influence of each indicator is obtained and it is shown that the
proposed method pays more attention to the indicators of
passenger satisfaction. Based on the results, an inefficient bus
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TABLE XVI
THE WEIGHTS OF EACH INDICATORS
X X2 N Y2 2 2
0.54 0.74 0.62 0.69 0.55 0.77
TABLE XVII
THE INDICATORS OF THE WORST DMU
Route M465
Available fleet size 6
Average frequency 42.71
Number of passengers 0.96
Revenue 1.91
Passenger-crowding degree 7.21
Passenger waiting time 9.82
Average mileage for each bus 89.39

route should make full use of the existing resources and the
route with longer line length is better in terms of the revenue of
the bus company.

In a city, a public transportation system often contains
multiple means, such as buses, subways, taxis, etc. Passengers
may use multiple means when they are served by the system
even for a single trip. They may transfer from one bus route to
another, transfer a bus route to a subway, and so on. For its
efficiency evaluation of such a public transportation system, it
is meaningful to combine these indicators and make a
comprehensive performance evaluation. This will be our
further work. Efficiency for power systems in cities is very
significant [50], its efficiency evaluation is another future work.
To efficiently operate a public transportation system under the
framework of intelligent transportation systems, it is important
to accurately forecast the traffic flows [51], [52], this is also our
future work.
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