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Robust Optimization-Based Iterative Learning
Control for Nonlinear Systems With
Nonrepetitive Uncertainties

Deyuan Meng, Senior Member, IEEE and Jingyao Zhang

Abstract—This paper aims to solve the robust iterative learning
control (ILC) problems for nonlinear time-varying systems in the
presence of nonrepetitive uncertainties. A new optimization-based
method is proposed to design and analyze adaptive ILC, for
which robust convergence analysis via a contraction mapping
approach is realized by leveraging properties of substochastic
matrices. It is shown that robust tracking tasks can be realized for
optimization-based adaptive ILC, where the boundedness of
system trajectories and estimated parameters can be ensured,
regardless of unknown time-varying nonlinearities and
nonrepetitive uncertainties. Two simulation tests, especially
implemented for an injection molding process, demonstrate the
effectiveness of our robust optimization-based ILC results.

Index Terms—Adaptive iterative learning control (ILC), nonlinear
time-varying system, robust convergence, substochastic matrix.

I. INTRODUCTION

NTELLIGENT control has generated considerable research
I interest in both theories and applications of linear/nonlinear
systems, where of particular note are the learning-based
design methods (see, e.g., [1]-[5]). As a class of effective
intelligent control methods with the specific focus on realizing
the perfect tracking tasks for the systems that are repetitively
executed, iterative learning control (ILC) has been considered
as one of the most practically important learning-based design
methods in many application fields, see, e.g., [6] for multi-
axis robots, [7] for micro aerial vehicles, [8] for linear motor
positioning systems, [9] for high-speed trains, and [10] for
Chylla-Haase reactors. The readers are referred to the detailed
explanations that have been introduced for characteristics and
applications of ILC in the surveys of, e.g., [11]-[13]. In
particular, ILC has been regarded as one of the most famous
and applicable data-driven control methods [14]-[18] that
may be alternatively called the model-free control methods
[19]-[21], where the accurate models are generally not needed
for the ILC algorithm design as well as convergence analysis.
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Typically, this class of data-driven ILC methods are explored
based on an optimization issue that focuses directly on
nonlinear systems, regardless of unknown nonlinearities.

In addition to the tight relation to optimization-based
design, the data-driven ILC employs a dynamical linearization
approach to overcome unknown nonlinearities and an adaptive
approach to estimate linearization parameters [15]—-[21]. This
yields a class of optimization-based adaptive ILC methods
that are capable of accommodating unknown dynamics in both
nonlinear systems and their dynamical linearization models.
For the convergence analysis, optimization-based adaptive
ILC adopts a contraction mapping (CM)-based approach that
is usually implemented via the eigenvalue analysis. Though it
is popularly applied in ILC, the eigenvalue-based CM
approach requires ILC processes to have iteration-independent
parameters from the perspective of standard linear system
theory [22], [23].

It is worth emphasizing that for nonlinear control plants, the
dynamical linearization inevitably leads to iteration-dependent
model parameters [15]-[21]. This renders the eigenvalue-
based CM approach no longer effective in implementing
convergence analysis of optimization-based adaptive ILC.
Another issue left to settle for optimization-based adaptive
ILC is robustness with regard to iteration-dependent
uncertainties that are considered to be practically important
for ILC [24]-[31]. Actually, the robust issue has not been well
studied for optimization-based adaptive ILC (see, e.g.,
[15]-[21]). It is mainly due to that the iteration-dependent
uncertainties may bring challenging difficulties into ILC
convergence in the presence of nonrepetitiveness created by
iteration-dependent model parameters. To accommodate the
effects arising from nonrepetitiveness, new design and
analysis approaches for ILC usually need to be explored, see,
e.g., [18] for an extended state observer-based design
approach and [24], [28] for a double-dynamics analysis
(DDA) approach. Despite these new approaches, the
eigenvalue analysis is still leveraged in [18], and linear
systems are only considered in [24], [28].

In this paper, we are devoted to exploring the robust
problem of optimization-based adaptive ILC that is subject to
unknown time-varying nonlinearities and nonrepetitive
uncertainties due to iteration-dependent initial shifts and
disturbances. The main contributions of our established design
and analysis results are specified as follows.

1) We propose a new optimization-based design method for
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adaptive ILC. This new design method makes it feasible to
directly apply the CM-based analysis approach of ILC to
develop the boundedness of estimated parameters that are
used in our adaptive updating law for the estimation of
unknown time-varying nonlinearities.

2) We introduce a new robust convergence analysis method
for optimization-based adaptive ILC by implementing a DDA
approach and resorting to the use of the properties of the
substochastic matrices. This makes it possible to not only
accomplish the robust convergence analysis of optimization-
based adaptive ILC, but also guarantee the boundedness of all
the system trajectories.

3) Our design methods and analysis results of optimization-
based adaptive ILC can effectively work, regardless of the
presence of nonrepetitive uncertainties. This particularly helps
to overcome the drawbacks of those methods and results for
optimization-based adaptive ILC established through applying
the eigenvalue-based CM approach in, e.g., [16], [17].

In addition, we demonstrate the robust performance of our
proposed optimization-based adaptive ILC with two
simulation examples, regardless of the initial shifts and
disturbances that are varying with respect to both iteration and
time.

The rest of our paper is organized as follows. In Section I,
a robust tracking problem of optimization-based ILC is given.
In Section III, an optimization-based adaptive ILC is
accordingly proposed, and the main design and analysis
results are derived. Simulation tests and concluding remarks
are made in Sections IV and V, respectively.

Notations: Let 1,=[1,1,...,11" €R", Z={1,2,3,...}, and
Z,=10,1,2,...}. Denote Zr=1{0,1,...,T}, VT €Z, and
A L()) = AL(t) = k(1) — -1 (1), VYkeZ, VteZ, as a
difference operator of lk(f) e R". For A = [a,- j] e R™" Al
and ||A]l are the spectral norm and the maximum row sum
matrix norm of A, respectively. If g;;>0, Vi=1,2,...,m,
Vj=1,2,...,n, A is called a nonnegative matrix and denoted
by A>0, based on which B>C means B-C >0,
VB, C e R™". Define IAI:Haij” from A, and |A|>0 is a
trivial nonnegative matrix. For any A>0, A is called a
substochastic matrix if A1, <1,. Given {D; e R™": je Z,},
let Z;Zh D; =0 (that is, the null matrix) if 2=0 and i = -1;
and when m=n, ]_[’j:hDj =D;D;_1---D;, if i>h and

Ly Dj =1 (that is, the identity matrix) if i < /.

II. PROBLEM STATEMENT

Let k € Z, and t € Zy denote the iteration and time indices,
respectively, and then we consider a nonlinear system with the
following input-output dynamics:

yk(t+ l) = f(yk(t)’ s ’yk(t_ l),l/tk(t), o ,uk(t—l’l),t) +Wk(t)

0, i<0 . )

. and u;(i)=0,i<0
Yo+0k, i=0 (1)
where yi(¢) € R is the output (with an order [ € Z,), ux(t) € R is
the input (with an order n € Z,), w(f) is the nonrepetitive
disturbance, d; is the nonrepetitive initial shift from a constant
output yo, and f is an unknown nonlinear function such that

with y;(i) = {
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In the following analysis, we will write this nonlinear function
as f or f(xi,x2,...,X4n+3), Where x;€R is the ith
independent variable of f foreachi=1, 2,...,[+n+3.

Problem Statement: Let e(t) = y (t) — yi(t) be the tracking
error between the output y(f) and the desired output y,(¢) € R
over k€Z, and t € Zy, and assume ¢;(t) =0, Yt € Zy if i <O.
Then, we target at designing an ILC algorithm for the
nonlinear system (1) to achieve a perfect tracking task as

Jim ey(i+1)=0, VreZr ©)

via the solving of an optimization problem with the following
index over k € Z and t € Zy_; (see also [16], [17]):

m 2
J (ug(1)) = {Z Yiew-in (t+ 1)] FAAOP ()

i=1
where y; >0, i=1,2,...,m and 1> 0 are learning parameters
to be selected, and m € Z is the order to denote tracking errors
considered in (3) over iterations. However, due to the
presence of nonrepetitive uncertainties, the perfect tracking
task (2) may no longer be achieved in general, and instead a
robust tracking task is usually considered of practical
importance such that the tracking error can be decreased to a
small neighborhood of the origin with increasing iterations,
namely,

limsuplex(r+ D] < e, (1), Vi€ Zr_ @)

k— 00

where Be,,, (1) > 0 is a small bound that depends continuously
on the variation bounds of the nonrepetitive uncertainties.

To perform the abovementioned robust tracking tasks for
the nonlinear system (1), we need two basic assumptions
about the continuous differentiability of the unknown
nonlinear function and the boundedness of nonrepetitive
uncertainties.

Assumption 1: Let f be a continuously differentiable
nonlinear function such that 1) df/dx;, Yi=1,2,...,[+n+2is
bounded, and 2) df/0x;, is sign-fixed. To be specific, we
assume some finite upper bound Br> 0 such that

g—i(xl,xz,-u,xnmz,f) <B7

Vx;eR,i=1,2,....,1+n+2, VYteZr_ &)
and without loss of generality, assume that Of/dxp is
positive and has some finite lower bound 87 > 0, namely,

af
0x132
Vx;eR, i=1,2,....1+n+2, VNteZr_. (6)

Assumption 2: Let wi(¢) and 6; be bounded nonrepetitive
uncertainties such that

Wi <Bw(t), Yk € Z, Nt€Zr_,

okl <Bs, Yk €Zs (7

for some finite bounds 3,,(t) > 0 and Bs > 0.
Remark 1: The considered nonlinear system (1) includes, as
a particular case, the class of deterministic autoregressive

(xl’x2’ .. "xl+n+2’t) Zﬁi
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moving average models, which are typically seen in the
applications of ILC (see, e.g., an injection molding process
[32]). Moreover, (1) can be modeled to represent the input-
output relation for a class of affine nonlinear systems in the
state-space description form of

X (1 + 1) = h(x (1), 1) + b(@O)ur (1) + wi (1)
i) = c(O)x(1) + wi (1)

for some state xi(f)€R”, disturbances wy(r)€R" and
wZ(t) €R, nonlinear function A:R"XR — R” and system
matrices b(7) e R" and c(r) e R fulfilling c(¢t+ 1)b(t) # 0,
VteZr_;. It is worth noticing that this class of affine
nonlinear systems, covered by (1), are popularly considered in
nonlinear ILC owing to the wide applications [33].

Remark 2: Since the nonlinear time-varying dynamics of (1)
are unknown, Assumption 1 is a commonly used condition
that provides basic guarantees for both dynamical
linearization of unknown nonlinearities and optimization-
based design of adaptive ILC (see, e.g., [15]-[21]). In
particular, it follows from (5) and (6) in Assumption 1 that
0f |0xy47 satisfies

of
0x112

(-xl 3 X250 7-xl+}’l+25t) € [ﬁiaﬂ?]

Vx;eR, i=1,2,...,1+n+2, VteZr_. ®)
Remark 3: It is worth noting that Assumption 2 is a
commonly considered ILC condition on the class of
nonrepetitive uncertainties since it is generally acceptable for
many practical applications (see, e.g., [24], [28]). Of particular
note is to use a further condition on the convergence of
nonrepetitive uncertainties such that
Iim [wi(t) —wi—1 ()] =0, VteZr_y, lim (6;—0;-1)=0
k—00 k—o0
: : . : ©)
which may be considered as an additional requirement of
Assumption 2 for the accomplishment of the perfect tracking
task (2), despite the presence of nonrepetitive uncertainties. A
trivial case most considered for (9) is the absence of
nonrepetitive uncertainties in ILC, namely, (9) collapses into

we) =w(t), VkeZ, NteZr_, 6r=6, YkeZ. (10)

for some iteration-independent quantities w(¢) and 6. It should
be noticed that (10) can imply (9), but not vice versa.
Actually, the objective of robust ILC is realized if (4) can be
achieved in the presence of nonrepetitive uncertainties
satisfying (7), and furthermore (2) can be achieved in the
absence of nonrepetitive uncertainties (i.e., (9) or (10) holds).

III. MAIN RESULTS

A. Design of Optimization-Based Adaptive ILC

We design optimization-based adaptive ILC to overcome
the effect of unknown nonlinear time-varying dynamics on
seeking output tracking objectives for (1), regardless of the
presence of nonrepetitive uncertainties. Towards this end, we
establish the following lemma to derive an extended
dynamical linearization for the unknown nonlinear time-
varying dynamics of (1).

Lemma 1: If Assumption 1 is satisfied for the nonlinear
system (1), then an extended dynamical linearization can be

1003
given for (1) as
yi(1) y;i(D 1;(0) u;(0)
yi(2) yj(2) u;(1) uj(1)
S : = Fij : - :
yi(T) y;i(T) ui(T-1) ui(T-1)
wi(0) w;(0)
wi(1) w;(1)
i : - :
wiT 1) WwiT —1)
30
iji .
+ : (5,‘-5]'), Vl,]€Z+ (11)
P11

where for any i, j€Z,, ©;; and T; ; are some bounded lower
triangular matrices in the form of

[ Hi,j,()(()) 0 .. 0
0= 9!‘,/’,-1 © 6,101
: ' - 0
L i, 7-1(0) 0ijr-1(T=2) 0;7-1(T—-1)
1 0 e 0
i = vij1(0) 1
. ’ .. 0
L vijr-1(0) vijr-1(T=2) 1

and ¢ j;, ¥t € Zy_; is some bounded parameter. Namely, for
some finite bound By > 0,

|6:,:(6)| < Bo.  VEE€Z Nt €L Vi, jE L,
|vij©)| <Bo. VEEZ | NteZr_y,¥ijEL,

94| <Bo. VteZr_1,Vi,jeZ, (12)
where, more precisely, 6; ;(¢) fulfills
0ijut) € [Br 7], Vt€Zr 1,V jeZ,, (13)

Proof: With Assumption 1, we leverage the differential
mean value theorem and can then develop this lemma by
considering the derivation rules of compound functions. For
clarity, we provide the proof details in the Appendix, which
can also be found at https://arxiv.org/abs/1908.02447. [ ]

Of specific interest is the application of Lemma 1 to
disclose the input-output relation between two sequential
iterations for the nonlinear system (1). Namely, by taking
i=kand j=k—-1in(11), we have

1
AVi(t+1) = > Orpo1 DA
i=0
-1
+ AW+ D ko1 (AWK + B o1 1A
i=0
s AT nD
£ AR (D01 (D) + ou(0), V1€ Zri, Yk eZ

(14)

where u(7), Ok —1,(t) and ¢i(¢) are given by
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(1) = [ur(0), ug(1), ..., ux (1"

—
O je—1,1(1) = [Or k-1,1(0), O k—1,4(1), ...
—1

() = Awi())+ D Uik 1, (DAWE(E) + D1 1 AS.
i=0

Oes-1.0]"

It is obvious from (14) that the linearization parameters help
to describe the dynamic evolution of ILC along the iteration
axis. However, Lemma 1 shows that the linearization
parameters are unknown. In addition, the nonrepetitive
uncertainties also play an important role in influencing the
dynamic evolution of (14). These render it hard to find the
optimal solution to (3). Toward this end, we select a bounded
initial input wug(f) over te€Zr_;, and then calculate
0J(ur(1))/Ouy(t) = 0 and find an estimation 9;(,;(_ 1,,(7) instead of
employing Ok x—1,(i), Vk € Z, Yt € Zr_1, Vi € Z; such that we
can present an updating law with respect to the input as

t—1

2
Y10k k—1.6() ngk 1 (D[ (@)

202
A+ lgkk lt()

ur (1) = ug_1 (1) -

Y10 k—1,4(2)

202
A+ lgkklt()

— 1 (D)) + [Vlek—l(H D

+ Zyiek_iﬂ(m V|, VkezZVteZr_.  (15)
i=2

To implement (15), we need to determine @k,k_l,,(i), VkeZ,
Vt € Zr_1, Vi € Z;, for which we also resort to an optimization-
based approach. Let

FU— ~ ~ ~ T
Brct1.40) = | Brck1.40), Bkt 1 (1), B 1,40

and then we leverage an optimization index as

Fu— 2
H(Gk,k—l,t(t)) Ayg-1(t+1) = A1 T (D -1 z(l)}
. . 2
+ 11 || Ok k—1,6(8) = Ok—1,k—2,:(0) ,
P
+ 12 |Gk p-1,@)|| , VtE€Zr_1,Yk=2 (16)
2

where p; > 0 and pp > 0 are two weighting factors. In contrast
to, e.g., [15]-[18], we introduce a novel optimization index in
(16) to estimate unknown system parameters for the
optimization-based adaptive ILC by adding the third term in
(16). This, however, is crucial in exploring the properties of
the estimated parameters, especially the boundedness and
robustness of them in the presence of nonrepetitive
uncertainties. To proceed, we give an adaptive updating
scheme for the parameter estimation based on solving

OH (9;{,;(_1,,0) 89;(,;(_1,,0) =0, where the following two

separate steps are involved.

S1) Initialization: Select a bounded estimation 91,0,1(1'),
VYt e Zr_1, Vi€ Z,, where for any (small) scalar € > 0, choose
91,0,,(0 to satisfy

010:,(t) =&, VteZry. (17)
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S2) Update: Implement an updating law about the parameter
estimation, such that

~ . H1 A .
Ot j—1,:(0) = Ok-1,k-2,/(1)
M1+ U2

Au—1 (i)

t
p+pa+ Y A ()
j=0

|Avicra+ 1)

ZGk 1,k=2,0 () Aut— 1(1)]

/11 +,U
Yk > 2, VteZT_l, YieZ; (18)
where, if 9k,k,1,t(t) < & occurs, then let us directly set
Or-14() = 0104, Vk=2N1€Zs ). (19)

It is worth highlighting that in the above optimization-based
design of adaptive ILC, the effect of nonrepetitive
uncertainties is not directly reflected. In spite of this fact, it
will be disclosed that our optimization-based adaptive ILC is
of robustness with respect to nonrepetitive uncertainties.

B. Robust Convergence Analyses of ILC

Next, the robust convergence analysis of optimization-based
adaptive ILC for the nonlinear system (1) is explored.
Towards this end, the dynamics of the tracking error are
considered, and by combining (15) with (14), it can be
verified that

er(t+1)=e1(t+ 1) - A+ 1)

t
= et (t+1)= ) Ok 14D AU(0)

i=0

t—1

= AWi(D) = > U1 1AW = D1 1A
i=0

(7% + 7172)9k k=14 (DB k-1.4(0)
=|1- er—1(t+1)

A+ 7%91% k-1(0)

O YY1 (OB 1,4(0)

A+ 7%91%/( 1.0

ep-i+1(t+1)
i=3

(20)

+x(), VkeZNteZr,

where k() is given by

Y20 k-160Bk-1.4(1) <

1D Aux (i
P, 0 ; hek—1.0(D) Aug (D)

k(1) =

t—1

= > Ok /(DA (D) — Ay (1)

t—1

= > Uk DAWK(D) = k1 A
i=0

o2y

From (20), it is clear that the evolution process of the tracking
error is iteration-dependent owing to its explicit dependence
on Br—1,() and 9;{,;{, 1/(®). This renders the eigenvalue
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analysis not applicable any longer for developing the ILC
convergence based on (20). By such observation, we leverage
the properties of substochastic matrices to develop a CM-
based approach for the ILC convergence analysis, together
with combining a DDA approach to the optimization-based
adaptive ILC.

To proceed with the ILC convergence analysis based on
(20), we explore the boundedness property of the uncertain
parameter 6Oij_;,(i) and its estimation 9k,k—1,z(i), VkeZ,
VYt e Zr_1, Vi € Z;. Since Lemma 1 shows the boundedness of
each parameter 6 ;1 ,(i), we only need to develop that of the
estimation @k,k_l,,(i), VkeZ, VYt € Zy_1, Yi€Z;, as shown in
the following theorem.

Theorem 1: For the nonlinear system (1) with Assumptions
1 and 2, let the updating law (15) for the input and the
adaptive updating schemes S1) and S2) for the parameter
estimation be applied. If gy >0 and py >0, then the
boundedness of the estimation 91(,;(_1,,(1') can be ensured such
that for some finite bound ; > 0,

| s-1,4()| < By, VkeZNteZr 1, ¥ieZ,
where 9k,k—1,z(f) particularly satisfies
Oeir4(t) € |8.By]. VkeZNteZr .

Proof: From (18), we can equivalently derive

(22)

(23)

— I
O j—1,4(8) = Or—1,k—2,,(1)
M1+ 2

1

+ [Ayk_l(t-i- 1)
1+ oo +|A 0

_—
Auk 17 ()01 4 2t(l)]Auk 0. 24

M1+
If we define a symmetr1c matrix as
A1 (A" (1)
2
g+ + A= ()|
- N O
then |0 (A% (0))||, < 1 holds. Since AT (-1 4-2,(1) is &
2 ———>
Al (1)

AT (D01 4-24(1). Then, with the help of (25), we can
deduce further from (24) that

O(Ain3()=1- (25)

scalar, we can arrive at Au,_{ T(t)@?k_l,k_z,,(t)Auk_l (1) =
—_—

—_—

O p—1,4(1) =

1 A
K [Hk—Lk—z,z(l)
M2

s —
A (t)gk—l,k—Z,t(t)Auk—l(t)]
2
f + o + || A 0
Ayk 1(t+ DA (1)

Hl + 2 + || At 1(0”2

—
O—1 k—2.4(0)

/11+,u

N
_Au1(DAw- T ()01 j—2,4(1)
2
pi + o+ [|A S @)
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Ayk 1(t+ DA (£)

Hl + 2 + || At I(I)H2

_ M1
M1t U2

A OAT 0 }
2
i+ + || A 0
Aye-1(t+ DA (1)

- - ( ) 2
Xék 1,k—2,t 1

H1
M1+ 2

Ayk 1(t+ DA (£)

- —
Q(Auk_l(r))} Bt k-2.(1)

(26)
#1 + 2 + || At 1(0”2
By combining (7) and (12) with (14), we can validate

P —
Ay 11+ DI < [ATT (081 240 + g1 0

!
< AaS @, A D6y D+ e )
i=0

< Vi+ 1B [ A @),
t—1
+2B,(0+2 ) BoBuli) + 2aPs
i=0

< VTg s,

+ 2By + 2T BoPw + 2BaPs
where 8,, = max;ez,_, Bw(?). The use of (27) further yields

@7

Ay1(t+ DA (1)
i+ o+ a0l |
VTBs A= 0
o+ AES 0|
, CBu+2TBob +284B5) AT @),
i+ o + [T 00

Bw +TBoBw +Bobs

VH1 T2 '
Due to HQ(Am (t))“2 <1, we leverage (28) and can employ
(26) to obtain

< \/Tﬂ(.)+

(28)

—_—

Ok j—1.4(1)

o —

M1t 2

2

0 (A1) i

Ayg—1 (t+ DA (£)
1+ + A 0

2

<

—
Ok—1 4 2;(1)”
M +,U

ﬁw + Tﬂ@ﬁw +ﬁ9ﬁ§
T .
+ VTR VU1t 2

A straightforward consequence of (29) is

(29)
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SN k=1, __ k=2 i
Bei1.4(0) s(L) B1,0.(0) +Z( £l )

2 \H1tH2 2 A \H1t 2
+T +
x ( \/Tﬂg + Bw BoBw + BoPs ) ) (30)
VHI 12

Since p; >0 and up > 0 ensure pi/(u; +uz) < 1, we directly
use (30) to derive

|cscraco)] < foroe],
Lt T ﬁw +TBeBw +ﬁ9ﬁ5)
n ( e
<By VkeZNteZr G1)
where
o M1+ o B+ TBoPw +BoPs
By= max b, o:(l)H (\/_ﬁ T )

A—)
< Hek’k_l’t(t)u , YieZ, (31) guarantees

(22). In particular, we can Verifzy (23) because (19) also
ensures 9k,k_1,,(t) >e,VYkeZ NteZyr_. |

In Theorem 1, it discloses that the boundedness of estimated
parameters depends only on the nonnegative weighting factors
w1 and up used in the parameter estimation updating law (18),
and is independent of the positive learning parameters A and
vi, i =1,2,..., mused in the input updating law (15). Actually,
it requires u; > 0 and pp > 0 to accomplish Theorem 1, which
is achieved through implementing the CM-based approach for
the boundedness analysis of ILC.

Remark 4: The similar idea of CM-based approach has been
applied to exploit the boundedness of estimated parameters for
the optimization-based adaptive ILC in, e.g., [16], [17]. B
contrast, up =0 is however used in [16], [17]. In this special
case, although a step-size factor ¢ € (0,2) is added to modify

O(Ain (1)) as
QA () =1~

Owing to |fex—1,(0)|

SAU— T (AU T (1)
i+ [|JAmS 0|

it can only be obtained that HQ(AMU))”2 <1, and thus, the

CM-based approach can not be performed for the
boundedness analysis of estimated parameters any longer. On
the contrary, our new design overcomes such drawback by
selecting wy >0, and consequently makes an essential
contribution to the design of optimization-based adaptive ILC.

With Theorem 1, we proceed to develop robust convergence
of ILC by achieving the boundedness of the system
trajectories and the convergence of the tracking error, which is
established in the following theorem by leveraging a DDA
approach.

Theorem 2: Consider the nonlinear system (1) satisfying
Assumptions 1 and 2, and let the updating law (15) for the
input and the adaptive updating schemes S1) and S2) for the
parameter estimation be applied. If

m
Yi+y2> Z%, A> (7% +7172)ﬁ7,6’9, >0, up>0 (32)
i=3
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then the following results for boundedness and convergence of
the optimization-based adaptive ILC hold.

1) The boundedness can be guaranteed for both input and
output trajectories such that

lup (O < By, VYkeZ  NteZr_y
kI <By, VkeZ, NteZr

for some finite bounds g, > 0 and 8, > 0.

2) The robust tracking objective (4) of ILC can be realized.
Further, the perfect tracking objective (2) of ILC can be
achieved (with its limit being approached exponentially fast),
provided that (9) is ensured (with an exponentially fast speed).

Remark 5: In view of Theorem 2, it can be obviously stated
that our approach for the optimization-based adaptive ILC is
not only applicable for accommodating unknown nonlinear
time-varying dynamics but also effective in overcoming ill
effects of nonrepetitive uncertainties. This benefits from our
new design of the optimization-based adaptive ILC, together
with the use of a DDA approach to its convergence analysis.
Further, it is worth emphasizing that it is generally difficult to
obtain robustness of data-driven ILC in the presence of
nonrepetitive uncertainties, e.g., see [15]-[21]. By contrast,
Theorem 2 successfully shows the robust analysis of data-
driven ILC, in spite of nonrepetitive uncertainties arising from
disturbances and initial shifts.

Remark 6: For the optimization-based adaptive ILC of
nonlinear systems, the parameters y;,i = 1,2,...,m, 4, uy, and
uy are generally selected according to the condition (32).
There are also some specific selections of the learning
parameters y;, i = 1,2,...,m and A, such as the first-order case
that is most considered for optimization-based adaptive ILC
(i.e., by setting m=1 in (3)). Our established results
particularly work for this popular case, where our design and
analysis only need to take y;=0, i=2,3,...,m. More
specifically, when m = 1 holds, the only modification of our
optimization-based adaptive ILC is that (15) collapses into

(33)

2
Y1k k—1,:(2) {
ur(t) = w1 () + ——5———qex-1(t+ 1)
A+ Y16, O

t—1
- Zék,k_l,z(o [uka)—uk_](i)]}

and accordingly, the selection conditions become A > ylﬁ B

u1 >0 and pp >0 such that the robust ILC results of
Theorems 1 and 2 are still effective. For the two weighting
factors ) and wp, we generally only require them to be
positive, as shown in Theorems 1 and 2. From the
implementation of (15) (see also the boundedness result (23)),
ék,k—l,t(t) should not be zero, due to which a resetting
condition (19) is involved in the adaptive updating schemes
S1) and S2) for the parameter estimation. This performance
actually depends on the selections of u; and up, where we may
directly set u; = 1 without loss of generality and make u; be
relatively smaller than . It is thus possible to simultaneously
guarantee the boundedness of the estimated parameters
9;{,1(_1,,(1'), VkeZ,VteZr_1, Vi€ Z,; and avoid leading to a fast
decreasing process of 9k,k,1,t(t), VkeZ, VYt € Zy—; along the
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iteration axis according to (26).

To prove Theorem 2, we give some helpful properties for
the robust convergence of the tracking error and the
boundedness of the input, where we resort to the properties of
substochastic matrices and nonnegative matrices. For clarity
of our analysis, we introduce some basic facts related to
nonnegative matrices.

Lemma 2: For any matrices A = [a,- j] eR™ and B= [bi j] €
R two properties hold as follows:

1) |AB| < |Al|Bl;

2) Al = [[1A1]].

Further, if A > 0 and B > 0, then the following properties hold:

3) A < B ensures [|A]le < ||Blloo;

4) [1Alleo = lALlco-

Proof: Step 1: See the result (8.1.9) of [34, Chapter 8, p.
491].

Step 2: Thanks to |A| = [|a; /H’ it follows straightforwardly
from the definition of the maximum row sum matrix norm that

n
Ml = max Doy = 141
j=1
Step 3: Due to A>0 (ie., a;;>0, Vi,j) and B>0 (i.e,
b;j >0, Vi, j), we can derive

n n

1Al = maxz |a,j| max Zaij
1<i<n = l<1<nJ 1

n n
1Bl = max > |by] = max > by
1<i<n = 1<i<n =

and then with A < B (i.e., a;; < b;j, Vi, j), we can arrive at

;Cﬁjg;bu < {13532219,/, Vi=1,2,.

which further yields

< b
=
From the above facts, [|A]ls < ||Blle 18 1mmed1ate.
. T
Step 4: Owing to Al, = [Z;le alj,Z?:] agj,...,Z'}zl anj] ,
the use of A > 0 leads to Al,, > 0, and consequently, we have

ALl = max ,Z_;a"’
from which ||A1,||. = ||Alle follows directly. [ |

Based on Lemma 2, we revisit (20) and develop two helpful
convergence results for the tracking error in the lemma below.

Lemma 3: Consider the iterative process (20) for the
tracking error over any k€Z and t€Zp_;, and then the
following two convergence results hold under the condition
(32).

1) If «(f) is bounded (i.e., supiey |kk(?)| < Bi(t) for some
finite bound Bi(r) >0), then supcz lex(t+1)|<pBe(f) and
limsupy_, o, lex(r + D < Bey,,, (1) hold for some finite bounds
B.(t) and Begp () such that B.(¢) > Begy® > 0.
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2) If, moreover, limg_, kx(f) = 0 (exponentially fast), then
limg— ex(t + 1) = 0 (exponentially fast).

Proof: Let us denote

G+ 1) = [ex(t+1),e-1(+ 1), epmen(t+ D] € R™
K () = [k(0),0,...,0]" e R™!

(7% +71 )’2) Ok =1, (D0 -1, (1)

P =1-
“V?‘)ik 140
i+10 DOk k-1.4(
pix(t) = = L2 kkzlzt( )Bkk—1.4( )’ i=23m1
A+ Y1041, 0
(34)
and then we can rewrite (20) as
a+1) = Puat+ D) +xi(t), VYkeZNteZr_; (35)
where P(f) € R~ DX0m=D takes the form of
[ P1i(®)  p2i(®) Pm-14,(0) ]
1 0 e 0
Pi(r) = 0 (36)
L O 0 1 0
With (32), we can combine (13) and (23) to deduce
’S o] = 1 (%3 +7172) k1.0 OBk k-1.10)
Pik ==
i=1 ’“’7’%91%1{ 1.0
+i Y1YiOk k1,60 k-1,4(8)
i3 ’“’7’%6/%1( 10
Y1 (71 +72-X %)ﬂfs
<l- 2l=;
A+y7 5
20<1, VkeZNteZr_. (37)

To proceed, we resort to the nonnegative matrix |Py(¢)| and
consider it over a sequence {(m—1)s+1:s€Z;}. Based on
(37), we can further deduce that |Py(¢)|, Yk e Z, VYt € Zp_ 1 is a
substochastic matrix owing to |Py(f)|1,,-1 < 1,,—1. Because the
set of substochastic matrices is closed under the operation of
matrix multiplication, we can obtain

(m—1)s+m—1

[

Jj=(m-1)s+1

|Pi| Vet < Vpuoy, Vs€Z,NteZry

which, together with (37) describing a condition that is strictly
less than one, further leads to (see also the proof of (71) given
at https://arxiv.org/abs/1908.02447)

(m—1)s+m—1

[

j=(m-1)s+1

|Pi(0)| et <{lpet, Vs€ZpNteZpy. (38)

Since the use of the property 1) of Lemma 2 leads to

(m=1)s+m—1 (m—1)s+m—1
[1 Pl [] I[Pl
Jj=(m-1)s+1 Jj=(m=1)s+1
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we leverage this fact and incorporate the properties 3) and 4)
of Lemma 2 to deduce

(m—1)s+m—1 (m—1)s+m—1
ﬂ Pio|| < [_] P
Jj=(m-1)s+1 . Jj=(m-1)s+1 .
(m=1)s+m—1
=l [T [Pio]tm
j=(m=1)s+1 -

which, together with using the property 2) of Lemma 2,
further results in

(m—1)s+m—1 (m—1)s+m—1
[T P =|[| [] P
J=(m-1)s+1 . Jj=(m-1)s+1 o0
(m—=1)s+m—1
<l [] IPio[ta
Jj=(m-1)s+1 0

As a consequence of this property and again with the property
3) of Lemma 2, we can explore (38) to obtain

(m—1)s+m—1 (m—1)s+m—1
[T P <|| T] [Pi®]1wa
Jj=(m-1)s+1 o Jj=(m-1)s+1 0
< NE1m-1lleo
={
<1, VseZ, NteZr_. (39)

For the iterative process (35) under the condition (39), we can
exploit the idea of [24, Lemma 2] to develop that:
1) There can be determined some finite bounds satisfying

B2(1)> Bz, (1)>0 such that supez, [[ex+ 1)||, < B2 () and
limsup;_, ||?/)c(t + 1)“oo < ﬂ?sup 0, provided that
SUPez, m(t)”oos B»(t) is ensured for some finite bound
B () >0,

2) limgeer(t+1)=0 (exponentially fast), provided that
limy_,eo k(f) = O (exponentially fast).

Based on these two facts, we notice the definitions of
a(t+1) and K(7) in (34), and can easily accomplish two
results of this lemma, of which the details are omitted for
simplicity. [ |

Next, we explore the boundedness of the system
trajectories, for which the input dynamics along the iteration
axis are used. To this end, we redescribe (15) as

Y10k =160 X5 Vier—iv1 (t+ 1)

A+ y%élz,k—l,t(t)

B Y20k k-1.0(0) 2120 O 1.0 Ay (i)

A+ y%élz,k—l,t(t)

ur (1) = w1 () +

(V% +)’1)’2) Oki-1.40) [yalt+ 1) = yr1 £+ 1)]
+ = .
A+ Y701,
By considering the initial iteration (i.e., j = 0) and the (k— 1)th

(40)
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iteration (i.e., i = k— 1) in (11), we can verify

Vi1t + 1) = G0, (Dug—1 (1) +yo(t + 1)

-1 t
+ Z Ok—1,0,/(Dug—1(1) - Z Or-1,0,,(Duo(i)
i=0 i=0

t—1

+ Wit (1) = woO)] + Y k1,041 ()
i=0

—=wo(D)] + k1,01 (Gk-1—0) - (41)
As a consequence of substituting (41) into (40), the dynamics
of the input can be formulated as

0= (7% e 72)ék,kfl,z(t)ekfl,(),z(f) ®
W)= 1= P Uk-1
A+7103 1,0
+ l//k(t), Yk e Z, VYte ZT—I (42)

where () is given by
Y10ka-1.4(0)

A+ y%él%,k—l,t(t)

i) = {(71 +72) Z Ok—1,0.:(Duo(@) — (71
i=0

t—1 t—1
+92) Y O10, D1 D =71 Y B (DA ()
i=0 i=0

m
+1+yDeolt+ D+ ) yiewin(t+1)
i=3

= (y1 +v2) Wi—1 () —wo(D)]

t—1
—1+72) ) ko100 w1 () = wo ()]
i=0

—(y1 +v2) V1,0, (Ok—1 —50)}~ (43)

Now, with (42), we present a boundedness result of the
input in the following lemma.

Lemma 4: For the iterative process (42) of the input over
any k€ Z and t € Zr_, if the condition (32) is satisfied, then
the boundedness of ui(f) can be ensured (that is,
SUpez, k(DI < Bu(r) for some finite bound B,(7) >0),
provided that () is bounded (that is, supycz, [Wi()] < By (?)
for some finite bound By (¢) > 0).

Proof: Based on (32), the application of (13) and (23)
results in

(3’% + )’1)’2) O k-1.(1)0k-1,0.(1)

A+ V%élz,k—l,r(t)

()’% + 7172),318 .

Sl—-————>—=2¢<1, VkeZ\VteZr.

17 ,83 é T-1
(44)
By considering (44) for (42), we can develop this lemma
based on the result i) in [24, Lemma 2]. [ |

Based on Lemmas 3 and 4, we present the proof of Theorem 2
by resorting to a DDA approach to ILC, instead of applying
the eigenvalue-based analysis approach.

Proof of Theorem 2: This proof is obtained by induction
over t € Zy—_1, where three steps are included as follows.
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Step 1: Initialization results for = 0. From (21), we have
kk(0) = —Awg(0) — Fg k1 0A8k, VYkeZ (45)

which is guaranteed to be bounded under (7) and (12),
namely, sup;c7 [kk(0)| < B«(0) for B«(0) = 2,,(0) + 28¢f55. Then,
as a consequence of the result 1) of Lemma 3, we can arrive at

Sup lex(D] < B.(0) and likmsuplek(l)l < Begp(0) (46)
€Z+ —00

for some finite bounds B,(0) > f,,,(0) > 0. In addition, using
(43) yields

Y10k k-1,0(0)

272
A+Y10c k1,00

Ui(0) = { (r1 +7v2) Ok-1,0,0(0)up(0)

m
+ 1 +yDeoD+ ) vieis (1)
i=3

=71 +72) [Wk-1(0) —wo(0)]
=1 +72) Pk-1,00 (k-1 — 50)}
which, together with (7), (12), (23), and (46), ensures

YIﬁzé 2 {(71 +72)[Boluo(0)] +26,,(0)
A+yie

i (0)] <

+2Bos|+ Y y,»/se(m}
i=1

2 8,(0). (47)
With (47) and by considering Lemma 4 for the input process
(42) at the initial time step # = 0, sup;cz, |ux(0)] <6,(0) can be
deduced for some finite bound 3,(0) > 0.

Step 2: Let N € Zr_; be given. Assume that for all =0,
L.... N=1, supsez, lex(t+ 1) <B(1), limsupy_,q,lex(r+1)] <
Bewp (D), and supycz |ug(r)| < B, (1) are ensured for some finite
bounds Be(r) >0, Be,, () >0, and B,(r) >0, where B.(1) >
Bew, () Then, the same results will be proved forz=N.

In view of Lemma 1 and Theorem 1, we notice (21), employ
the hypothesis presented for the time instants 0, 1,..., N—1in
this step, and can verify under Assumption 2 that

2 0 N-1
Y10kk-1 N (N1 N (V) S 5 . ,
1 7 > Bxr N (DA ()

|k (N)] =
O n®™ 5

A+y

N-1

= > Okt N (DA — Awg(N)
i=0
N-1

- Z Uk k-1, NODAWE (D) — g g1, NASk
i=0

252
179
+yle?

N-1
]Zﬁu(iHZﬁw(N)

i=0

<2Bpl1+
ﬁe{ p

N-1
+2B0 D Buli) +2Bes
i=0

2 B(N), VkeZ. (48)
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With (48) and based on the result 1) of Lemma 3, we can get
sup lex(N + 1) < B.(N), limsuplex(N +1)| < e, (N) (49)

keZ, k—

where Be(N) > Be,,,(N) > 0 are some finite bounds. Similarly,
the use of (43) yields

Y10k k-1 N(N)

YNy = ————
A+ Y18 V)

N
1 +72) ) O on(Duod) —(n
i=0

N-1 N-1
+72) D Ot on @it )=yt Y g1 v (DAu(D)
i=0 i=0

m

+(1+y2)eoN+ 1)+ Z%‘Ek—m(N +1)
i=3
— (1 +72) [Wi-1(N) = wo(N)]
N-1

— 1472 D v 1o D) w1 () = wo ()]

i=0
—(y1 +y2)Pi—1,08 (Ok-1 —50)]

for which we insert (49), together with the boundedness
results of Lemma 1, Theorem 1, Assumption 2, and the
hypothesis made in this step, to obtain

Y1 |Prs—1.v (V)| Y , ,
(V)| < T, ) 1 +72); |6-1,0.50()| 1o ()]
N-1
+1+72) D ton @l 1 0
i=0
N-1 .
71 ) s v @18 )
i=0
+ 1 +y2)leoNV + DI+ Y yilerini (N + D)
i=3
+ (1 +72) k-1 (N)| + wo(N)I]
N-1
+ 172 ) [0 @] wicr D]+ wo ()]
i=0
+ (1 +y2) 9108 (k1] + |50|)]
Y18y S
<- +7$H.92 {m +72)Bo 2(; o)
N-1 m
+(nBa+v2Bo+2018p) ) Buli)+ ) YiBe(N)
i=0 i=1
N-1
#2001 +72)|Bu(N) B9 ) Buli) +,89,85}}
i=0
=By(N). (50)

Based on the application of Lemma 4 to the input process (42)
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for the time step t = N and with (50), we can thus conclude
that supycz, [ux(N)| <Bu(N) holds for some finite bound
B.(N) > 0. This, together with (49), implies that all the results
made in the hypothesis for =0, 1,..., N—1 also hold for
t=N.

From the analysis of Steps 1 and 2, we perform induction
and can easily deduce the boundedness result 1) and the robust
tracking result (4) of Theorem 2.

Step 3: 1f (9) additionally holds (with an exponentially fast
speed), then for ¢ = 0, the use of (45) leads to limg_,« k% (0) =
(exponentially fast), with which we can obtain limg_,« ex(1) =0
(exponentially fast) based on the result 2) of Lemma 3. Since
(15) ensures

Y16 k-1,0(0)

Aur(0) = ===
A+716; 421000

m
yiec1(D+ ) vierivi(1)

we further get limy_,o Aur(0) = O (exponentially fast). Thus, if
we make a hypothesis that for N € Zy_, limgeoex(t+1) =0
(exponentially fast) and limg_,c Aug(f) = 0 (exponentially fast)
hold for all 1 =0, 1,..., N—1, then for = N, by noting

2 _
k(N Sﬂe(l ¥ ;’ )Z A (i)
1 i=0
N-1
+AWKN) + By ) [AWwe(D)|+ o 1AG]
i=0

— 0 (exponentially fast), as k — oo

1)

we can apply the result 2) of Lemma 3 to derive
limg—,c0 ex(N + 1) = 0 (exponentially fast), which together with

27 N-1
Y10k k-1.8(N)
Awe(N)| = |- —"5———— > Bisc v (DA (i)
A+ lekk IN(N) i=0
6 N
Y1 2kk21N( ) [71€k—1(N+1)
A+ ()
m
+Zy,-ek_,»+1(N+ 1
N—-
2 Z By + [71 lex-1 (N +1)|
] i=0 l
m
+ > yile-i1 (N +1)|
i=2
further yields limg_e Augp(N)=0 (exponentially fast).

Namely, we can conclude by induction that for reZr_,
limg_,e0 ex(t+1) = 0 (exponentially fast) and limy_,o Aug(t) =
0 (exponentially fast). The perfect tracking result (2) can thus
be obtained for Theorem 2. [ |

IV. SIMULATION TESTS

To illustrate the effectiveness of the proposed optimization-
based adaptive ILC, we perform simulation tests by
considering a numerical example and an injection molding
process.

Example 1: Consider the nonlinear system (1) with
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nonlinear dynamics described in a specific form of

SO,y = 1), ur(0),ur (t = 1),1) = sin (ye(¥))

t+1
+cos(y(t—1))+ ti_Zuk(t) + cos (yx(#)) sin (ug(t — 1))
and with nonrepetitive uncertainties given by
wi(t) = 0.01x,,(k, 1), yi(0) =1.5+0.0Ly, (k)
where xy,(k, 1) and y,(k) vary within [~1,1] arbitrarily for all k

and ¢. For the robust tracking task (4), we adopt the desired
reference trajectory as

2t t(50-1)
va(t) = 5sin (50)+ 375

To implement the updating law (15) and the adaptive updating
schemes S1) and S2), we employ the parameters shown in
Table I, and select the initial value 90,,1,1(1') of estimated
parameters as 90,_1,,(1') =0.9, YieZ,;, Yt € Zy_; and the initial
input uy(t) as the zero input, i.e., ug(t) =0, Yt € Zy_;. It can be
verified that the selection condition (32) is guaranteed under
the parameters presented in Table I.

Yt e Zso.

TABLE 1
PARAMETERS USED IN (15), S1) AND S2)
A V1 V2 V3 H1 H2 &
1 0.8 0.14 0.06 1 0.001 0.01

In Fig. 1, we describe the curve of the iteration evolution of
the input, which is evaluated with max;ez., [ux(¢)|, for the first
1000 iterations. It is clear from Fig. 1 that the input is boun-
ded for all time steps and all iterations. For illustration of
the robust output tracking performances, we depict the
iteration evolution of the tracking error evaluated with
maxez,, lex(t +1)| for the first 1000 iterations in Fig. 2. This
figure clearly demonstrates that the robust tracking objective
(4) can be realized, regardless of a small remaining tracking
error due to the presence of the nonrepetitive uncertainties. In
particular, we depict the tracking performance with respect to
the desired reference trajectory in Fig. 3, which is achieved for
the system output refined through the optimization-based
adaptive ILC after the 400th iteration. We can clearly observe
from Fig. 3 that the learned system output almost perfectly
tracks the desired reference trajectory (except the initial time
step) despite the nonrepetitive initial shifts and disturbances.
The simulation results of Figs. 1-3 validate that our proposed
optimization-based adaptive ILC works robustly and effec-
tively, regardless of nonrepetitive uncertainties.

Example 2: Consider an injection molding process, devoting
to the dynamics between the nozzle pressure and the hydraulic
control valve opening, described by (see also [32])

Vet +1) = 1.607yx(t) — 0.6086y,(t — 1)
+1.239u(£) — 0.9282u (1 — 1) + wi(£)

where ui(¢) and yi(f) now represent the hydraulic control
valve opening and the nozzle pressure, respectively, and wy(f)
results from the external disturbances and/or unmodeled
uncertainties. Let the nozzle pressure control process be
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Fig. 1. Example 1: The input evolution versus iteration.
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Fig. 2.
the first 1000 iterations.

Example 1: The convergence performance of the tracking error over
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—4 ()
—6—Yano (1)

Learned output versus desired reference

Time step

Fig. 3.
after the 400th iteration and the desired reference.

Example 1: The tracking performance between the output learned

subject to nonrepetitive uncertainties arising from the initial
shifts and the external disturbances in the form of

yk(0) = 10+x,(k),  wi(t) = x,, (k. 1)
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for some Xy (k) and Y, (k,t) varying within [—1, 1] arbitrarily
for all k and ¢.

To implement the robust tracking task, the desired reference
trajectory is given by

150, 0<r<50
300, 51<¢<100

and our optimization-based adaptive ILC, which is comprised
of the updating law (15) and the adaptive updating schemes
S1) and S2), is applied by adopting the same parameters as
shown in TableI and the same initial settings as used in
Example 1. It can be validated that the needed robust
convergence conditions of ILC in Theorems 1 and 2 are
satisfied.

Similarly to Figs. 1-3, Figs. 4-6 are depicted to demonstrate
the system performance of the injection molding process when
operating with the use of our optimization-based adaptive
ILC. The input evolution versus iteration is depicted in Fig. 4,
which illustrates the boundedness of system trajectories. In
Fig. 5, the robust convergence performance is illustrated for
the optimization-based adaptive ILC by describing the
evolution of the tracking error versus iteration. The high-
precision tracking performance is demonstrated in Fig. 6 that
describes the output learned with our optimization-based
adaptive ILC after the 100th iteration, as well as the desired
reference trajectory. It can be obviously seen that the
illustrations of Figs.4-6 coincide with our robust
optimization-based adaptive ILC results of nonlinear systems.

ya(t) = {

140 T T T T

120

max, < o0 [t (1)]

20 40 60 80 100
[teration number

Fig. 4. Example 2: The bounded evolution of the input versus iteration.

Discussions: The simulation tests performed in Examples 1
and 2 validate the robustness and effectiveness of our
presented optimization-based adaptive ILC for nonlinear
systems in spite of unknown nonlinearities and nonrepetitive
uncertainties. Due to the limited use of model information,
they also demonstrate that our optimization-based adaptive
ILC results may provide a feasible way to the design and
analysis of data-driven methods. In particular, the illustrations
of Figs.3 and 6 can disclose that our design method of
optimization-based adaptive ILC works effectively for accom-
plishing the high-precision tracking tasks of nonlinear systems
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Fig. 5. Example 2: The robust convergence performance of the tracking

error for the first 100 iterations.
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Fig. 6.
output learned after the 100th iteration and the desired reference trajectory.

Example 2: The high-precision tracking performance between the

subject to the nonrepetitive uncertainties,
comparison with those methods proposed in, e.g., [1

especially in

6], [17].

V. CONCLUSIONS

In this paper, robust convergence problems for the
optimization-based adaptive ILC of nonlinear time-varying
systems subject to iteration-dependent initial shifts and
disturbances have been discussed. A new design method has
been introduced to bridge the gap between optimization-based
and CM-based approaches for ILC. By incorporating
properties of substochastic matrices, a DDA approach
integrated with CM-based analyses has been explored to
establish robust convergence results of ILC, which avoids
performing the eigenvalue analysis to gain convergence of
iterative processes subject to iteration-dependent parameters.
These advantages make our design and analysis methods for
the optimization-based adaptive ILC effective and robust in
spite of nonrepetitive uncertainties. In addition, the simulation
tests implemented through a numerical example and for an
injection molding process have demonstrated the validity of
our robust optimization-based adaptive ILC results.
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APPENDIX
PROOF OF LEMMA 1

Proof: An inductive analysis on ¢ is performed to prove this
lemma, and the proof is separated into two steps as follows.
Step 1: Let t = 0. Then, the use of (1) gives

ye(1) = f(yx(0),0,...,0,ur(0),0,...,0) + wi(0)

22" (k(0), ux (0), w(0))
based on which we have

g°  af
Ayk(0) — dxp 51(0),0,...0,14(0),0,...,0)
g°  of
Ouk(0)  0x112 |(,(0).0....0.40)0....0)
g’
Owi(0)
By employing (5) and (6), we can further derive
ag"° ag"°
‘8y (0)‘ Br 2B, s elBrbils 5 =
Step 2: Let us consider any N € Z. Fort=0,1,..., N—1, we
assume  yp(r+1) =g (yo, ur(0),...,ur(®),wi(0),...,wr(r)) and

simultaneously that it satisfies

o' g
6yk<0>| B0 Gt VAT G =
gt
31 (0) < Be(1), .. ‘8 = | Bo(t)
5 agt
I 0) Sﬁe(t),---,‘m < By(®)

for some finite bound By(¢) > 0. Next, we show that fort =N,
we can deduce the same results.
When we consider (1) for = N, the use of the hypothesis

made fort=0,1,...,N—1leads to
yk(N+ 1) :f()’k(N),,Yk(N—l),Mk(N),’uk(N_n)JV)
+wi(N)
= (8" YT N, (N =), N )+ e (N)

22" 0(0),1uk(0), ..., 1e(N), Wi (0), ..., wi(N)).
For gV, we employ the derivation rules of compound
functions to deduce

agN _Z 8f agN—l—i
Oyr(0) < agh=1=" 9yr(0)
agN _i 6f 6§N—l—i
Aup(0) £ 9gN=1=1 Jur(0)
agV __of agN-! . of
Oup(N—1)  9gN-1 0u(N—1)  Oux(N—1)
agh  of
Aur(N) — Oug(N)

and
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agN B Z af anglfi
dwi(0) & agN=11 dwi(0)
agN _ af 8§N_]
Owp(N=1)  ggN-1 dwp(N-1)
agh _
Ow(N)

Again with the made hypothesis and by inserting (5) and (8),
we can obtain

ag" ! 3§N—1—i
gV L oar ||ogN
Buk(O) <Z g V171 || 0uy(0) < By(N)
agl\’ - af (9§N_1 @f
our(N-1)| ~ 6§N—1 Oup(N-1) Aur(N—1)
< Bo(N)
agy _ of o
Jur(N) ~ dug(N) 161-5]
and
agN d agN—l—i
)| = 243 . ’awk«n <Bo(N)
agN of (')gN—l
owp(N-1) < agN-] awr(N=1) < By(N)
agh _
Ok (N)

where By(N) = (I + l)ﬁfmaxteZN_] Bo(t) + ﬂ? can be adopted as
a candidate.

Based on the analysis of the above Steps 1 and 2, we can
conclude by induction that for any t € Zy_; and k € Z,,

Vit +1) =" Gk(0), ur(0), .., ue(1), wi(0), .., (1)) with

g o3 g
)| <P G <VrPrl g =
dg’ ag’

3u,0) Sﬁe(f),m,’m‘ < Bo(t)

I 0) <Be(t),.. |5 (t 1)‘ Bo(?)

where g’ is some continuously differentiable function such
that

g RxRx---xR—>R
RS ————
2t+3

and By(¢) > 0 is some finite bound. For convenience, we write
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g! in terms of g'(z1,z2,...,22113), where z; €R, i=1, 2,...,

2t+3 represents the ith independent variable of g’. Then
based on the use of the mean value theorem (see, e.g., [35], p.
651]), we can validate

yilt+ D= yj(t+1)
_ |05l o8t B }

02170z 0z Nl oy o) =(ey i)
[yi(0)] [¥;(0)]
ui(0)| | u;(0)
X || wi(®) | —| uj®)
wi(0)] |w;(0)
Lwi(@®) ] [w;(®)]
dg' dg'  Jg' ]
322" 323" a2 Ny ey )
ui(0)]  [u;(0)
ui(D)| - fu;(1)
X —
ui(H)] Lu;(@)
dg' g’ 9z’
azl‘+3’ aZ[+4,“" 622;+3 (21’227"-722t+3)
(21 2T
wi(0)]  [w;(0)
wi(Df |w;(1)
X —
wi(h ] Lw;®)
a—t
+ (9i (5,‘ - 5j)
U120 22043)=(2} 2Py 13) (52)
where
(27,2502 25113) = T Gi(0) 1i(0). ..., i), wi(0), ..., wi(1)

+(1=) (y(0), (0 .., u (1), wj{0),....,w;(0))
for some @ e€[0,1]. Clearly, (52) can be rewritten in a
compact form of (11). Moreover, by setting B¢ = maxscz, ,
By(t), the boundedness results of (12) and (13) can also be
obtained. [ ]
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