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FOV Constraint Region Analysis and Path Planning for Mobile Robot
with Observability to Multiple Feature Points
Hongxuan Ma ■ , Wei Zou* ■ , Siyang Sun ■ , Zheng Zhu ■ , Zhaobing Kang ■

Abstract: In visual servoing tasks, it is an important problem to maintain the observability to feature points on
objects, which are usually used to calculate the pose between objects and robots. In particular, when the robot’s
vision has a limited field of view (FOV ) and the points on objects are distributed separately, the problem is more
serious. In this paper, based on FOV constraint region analysis and path planning, we propose a novel method for a
mobile robot equipped with a pan-tilt camera to keep all points on objects in its view. According to the Horizontal-
FOV and Vertical-FOV angular aperture of camera, bounding boxes assisting to calculate the regions with FOV
constraint are acquired firstly. Then the region where the robot inside it cannot keep all points in its view can be
obtained. Finally the mobile robot plans a shortest path from the current position to the destination, which can avoid
the region with FOV constraint. The results of simulations and experiments prove that our method can make mobile
robot keep all feature points in its view when it is moving.

Keywords: the field-of-view, mobile robot, multiple points, path planning.

1. INTRODUCTION

In visual servoing tasks of mobile robot, the relative
pose between the robot and the object usually needs to be
determined online by some artificial feature points on the
objects in the case of fewer available natural features. For
a mobile robot, an important issue that deeply affects the
accomplishment of the assigned tasks is how to keep all
feature points always in the camera’s view [1–8]. Due to
sensory constraints, there are some regions inside which
the camera cannot keep all feature points in its view, espe-
cially when the points are distributed separately. There-
fore, during servoing the robot should be able to learn
such regions and plan an effective running path by taking
them into consideration. Currently, the proposed methods
to keep feature points in camera’s view for mobile robot
can be mainly divided into three classes: the methods by
active camera, the methods by image-based visual servo-
ing, and the methods by planning optimal paths with FOV
constraint.

When the distribution of feature points is concentrated,
using active camera to track feature points is an effective
method. Fang et al. [4] design an adaptive pan camera con-
troller to track the feature points quickly by taking the mo-
tion of the mobile robot into consideration, thus most of
the time feature points can be kept in the camera’s view. Le
and Pham [9] present a dynamic control method to track
a moving object by a mobile robot with pan-tilt binocu-

lar camera. Nguyen et al. [10] propose a new control law
including both kinematic and dynamic control loops for
a mobile robot with pan-tilt camera. By the two control
loops, the feature points can be converged to the center of
the image, and the mobile robot can track a desired trajec-
tory. However, they are applicable only when the feature
points are concentrated. When the feature points are scat-
tered, the effect of such methods will be reduced.

Some other researchers try to design control laws by
image-based visual servoing method to keep feature points
in camera’s view, which achieves good results [11–14]. In
[15] Nagarajan et al. take the mean and variance of the dis-
tribution of feature points as the input of a PI controller,
which keeps the mean in the center of the field of view
and maintains the variance small enough to prevent points
from reaching the edge of the image. The mean and vari-
ance errors affect the angular velocity and linear velocity
of the mobile robot, respectively. The experimental results
show that the mobile robot can keep multiple objects in
the field of view. Then in [16] Nagarajan et al. improve
their work by designing three task functions to drive a
mobile robot, among which two task functions are used
to regulate the mean and variance of the feature points
distribution. Regulating the mean at the camera center in-
hibits the feature points from leaving center of the FOV .
Regulating the variance restricts the distance from the fea-
ture points to the image edges. The third task function can
maximize motion perceptibility, which reflects the sensi-
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tivity to the motion of the feature points in cartesian space.
Finally they are converted to the velocity and angular ve-
locity of the mobile robot by image jacobian matrix. In
[17], Thuilot et al. design some functions to control a ma-
nipulator equipped with a camera, of which a function can
measure the distance in pixel level from each feature point
to the boundary of image. The value of these functions can
be converted to the velocity of the manipulator by image
jacobian matrix. By experiments it is proved that the cam-
era mounted on manipulator can keep all the feature points
in its view during motion of the manipulator.

Inspired by the exited work about path planning [18–
20], many scholars add FOV constraints to the path plan-
ning. Some people study the constraints of the camera’s
angle of view, and propose the optimal paths for the mo-
bile robot. In paper [21], Bhattacharya et al. present a
method to plan the minimal length paths, for a robot that
maintains visibility of a landmark. The optimal paths are
composed of straight lines and curves that saturate the
camera pan angle. In [22, 23], Bhattacharya et al. study
the property of a curve named T-curve from the viewpoint
of the controllability of the mobile robot system. Based
on its property the authors present the shortest path for a
mobile robot with a pan camera. In [24, 25], Salaris et al.
propose a shortest path planning algorithm with the FOV
constraint for the mobile robot equipped with a rigidly
fixed pinhole camera. Based on the limited FOV in left
and right directions, a global partition of motion plane is
presented, which helps the mobile robot determine the op-
timal paths to the desired position. Then in [26] Salaris et
al. introduce the vertical FOV constraint to this problem,
and study the complementary case in which only the lim-
itation along the upper and lower direction in image plane
is considered. Finally in [27] Salaris et al. further present a
method to merge horizontal and vertical FOV constraints
of camera. Then based on the comprehensive constraint,
the complete optimal synthesis of the optimal (shortest) or
the ε-optimal paths (when the optimal path does not exist)
can be obtained. Besides there are also some methods with
similar idea such as [28–30].

Unfortunately all the above methods may not be suit-
able when features points are distributed very separately.
Just tracking the points by a pan-tilt camera may have
this problem: at some positions close to multiple feature
points, the camera cannot keep all points in its view how-
ever it adjusts its pose. The methods based on the mean
and variance of the feature points distribution does not
consider the problem how to plan a path for the mobile
robot to the desired position. The existed methods that
plan shortest paths based on FOV constraint all aim at one
feature point, and it cannot be applied to the situation with
multiple points.

In this paper, we present an approach to maintain the
visibility of all feature points on objects by calculating
FOV constraint for a mobile robot with pan-tilt camera.

Based on the angular aperture of camera, the FOV con-
straint regions where the mobile robot cannot keep all
points on markers in the view are analyzed at first. Then
the shortest path from the current position to the desired
position can be planned according to the shape of FOV
constraint regions.

Compared with the methods mentioned above, our ap-
proach has such characteristics: 1) it considers the FOV
constraints of multiple feature points distributed on multi-
ple objects simultaneously. 2) FOV constraint regions can
be calculated out online by an analytical way. 3) the opti-
mal path is given based on FOV constraint regions.

The remainder of this paper is organized as follows.
Section II introduces the related background. Section III
describes the method to calculate the FOV constraint re-
gions. Section IV discusses the approach of planning the
shortest path. Section V provides the results of simulations
and experiments. Section VI gives the conclusion.

2. PROBLEM DESCRIPTION

The mobile robot frame is shown in Fig.1(a) and 1(b),
and its origin locates at the midpoint of the central axle
between two driving wheels, y-axis is parallel to the axle,
x-axis points forward, parallel to the heading of the robot,
and z-axis is vertical to the ground.


Xr

Yr
Or

(a)



Xr
Or

Zr

(b)

Fig. 1. The schematic diagram of camera’s angular aper-
ture: (a) Horizontal-FOV angular aperture. (b)
Vertical-FOV angular aperture.

In Fig.1(a), θ is the Horizontal-FOV angular aperture of
the camera mounted on the robot, which affects the field
of vision in the horizontal direction. In Fig.1(b), φ is the
Vertical-FOV angular aperture of the camera, which af-
fects the field of vision in the vertical direction.

In our situation, there are N feature points on markers.
In the image plane, the leftmost, rightmost, topmost and
bottommost feature points are denoted as (ul ,vl), (ur,vr),
(ut ,vt) and (ub,vb) respectively, where ul = min{ui, i =
1, ...,N}, ur = max{ui, i = 1, ...,N}, vt = min{vi, i =
1, ...,N} and vb = max{vi, i = 1, ...,N}. Their three di-
mensional coordinates in camera frame are obtained by
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method [31], according to the encoders of pan and tilt
motors they can be converted into the coordinates in the
mobile robot frame. The coordinates in the mobile robot
frame are represented by Pl , Pr, Pt and Pb, respectively. In
the following context, all coordinates refer to the mobile
robot frame unless otherwise noted. For W ×H size im-
ages, when 0 ≤ ul and ur ≤ W , it can be considered that
all points are kept in the view in the horizontal direction.
When 0 ≤ vt and vb ≤ H, all points can be considered to
be kept in the view in the vertical direction. Keeping all
points in the camera’s view means that 0 ≤ ul , ur ≤ W ,
0 ≤ vt and vb ≤ H.

Our method is applied to a mobile robot equipped with
a pan-tilt camera. The pan-tilt camera can adjust its pose
to track the point (u,v) during the motion of the mobile
robot, where u = 0.5(ul +ur) and v = 0.5(vt + vb). Given
this formulation, the problem that we consider is:

(1) obtaining the field of view constraint region
(FOVCR) where the mobile robot inside it cannot keep
all feature points in its view in the horizontal and vertical
directions.

(2) finding a minimal-length path from the starting point
to destination based on FOVCR, along which all the fea-
ture points can be kept in the robot’s field of view by ad-
justing the pose of the camera on robot.

3. THE FIELD OF VIEW CONSTRAINT REGION

Marker 1

Marker 2

OCR + VFOVCR  +  HFOVCR  =  FOVCR

2n

1n

Fig. 2. Feature points are distributed on different markers.
n⃗1 and n⃗2 are unit normal vectors of marker 1 and
marker 2, respectively. The robot in FOVCR can-
not keep all points in its view.

In this section, we mainly discuss the problem how to
obtain FOVCR for the situation where feature points are
distributed on different markers as shown in Fig.2. Due to
the limited Horizontal-FOV angular aperture of camera, it
can be known that when the mobile robot locates inside
a certain region, it cannot keep all points in the camera’s
view in the horizontal direction no matter how the pan-tilt

camera adjusts its pose, which is named as the horizontal
field of view constraint region (HFOVCR). There is also
a region where the mobile robot cannot keep all points
in the camera’s view in the vertical direction no matter
how the pan-tilt camera adjusts its pose, which is named
as the vertical field of view constraint region (V FOVCR).
Because in the back of the markers the view of the cam-
era will be blocked, there is some occlusion constraint re-
gions (OCR). The union of HFOVCR, V FOVCR and OCR
is FOVCR. The mobile robot should avoid such regions
when it is driven to the desired position.

3.1. HFOVCR
Before obtaining HFOVCR, a bounding box BH with

horizontal FOV constraint needs to be calculated firstly,
which is shown in Fig.3(b). By BH, the points that have
no affection on the calculation of HFOVCR are ignored.
Then the problem how to keep all points in the view hor-
izontally can be changed to the problem how to keep the
left side and the right side of BH in the view horizontally.
The BH can be described as:

(1) Its left side and right side go through Pl and Pr re-
spectively, and they are both perpendicular to the ground.

(2) The topmost side and the bottommost side of BH
are parallel to the ground and passing through P′

t and P′
b,

respectively. P′
t and P′

b are projected points of Pt and Pb

along a vector perpendicular to BH.
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lP rP
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Fig. 3. (a) The diagram of calculating BH. Oc is the optical
center of camera. (b) The BH. Points A-D are the
vertexs of BH.

Based on the above description, vectors
−→
bh1 and

−→
bh2 in

Fig.3(b) are parallel to the top side and left side of BH
respectively, which can be denoted as

−→
bh1 = (xbh1,ybh1,0)

and
−→
bh2 = (0,0,−1) respectively. The normal vector of

BH is represented by −→nh = (xnh,ynh,0). They can be ob-
tained by equations (1)-(4).

||−→nh ||= 1 (1)

||
−→
bh1||= 1 (2)
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−→
bh2 ×

−→
bh1 =

−→nh (3)
−→
bh2 ×

−−→
PlPr =

−→nh (4)

The projection points of Pt and Pb along −→nh on BH are
P′

t and P′
b. The coordinates of P′

t and P′
b can be obtained

by:

−−→
PlP′

b ·−→nh = 0 (5)
−−→
PlP′

t ·−→nh = 0 (6)
−−→
PtP′

t = λ1
−→nh (7)

−−→
PbP′

b = λ2
−→nh (8)

where λ1 and λ2 are two scale factors, which can also be
calculated by the above equations.

According to Pl , Pr, P′
t and P′

b, the four vertices (points
A,B,C,D) of BH can be obtained. According to Fig.3(b)
the coordinate of point A can be calculated by (9) and (10).

Pl + p1 ·
−→
bh2 = P′

t + p2 ·
−→
bh1 (9)

A = Pl + p1 ·
−→
bh2 (10)

where p1 and p2 are two scale factors, which can be ob-
tained from equations (9) and(10). Similarly, B, C, D of
BH can be obtained.

Next the HFOVCR can be calculated based on BH. Be-
fore the calculation, two remarks are necessary to be in-
troduced.

Remark 1: In Fig.4, there are three points E, F and
Oc on a plane. E, F are fixed points, and Oc is the op-
tical center of a camera, which can be moved. θ is the
Horizontal-FOV angular aperture of the camera. All posi-
tions where the camera can just keep E and F in the edge
of its view form a circle arc. The circle arc separates the
moving plane of the camera into two regions: the invisi-
ble region (the orange region), where the camera inside it
cannot keep E and F in its view simultaneously however
it adjusts its pose; the visible region (the green region),
where the camera inside it has the ability to keep E and F
in its view simultaneously.

Proof: For triangle ∆EFOc, points E and F are fixed,
and ∠EOcF always equals θ . Arc O (the edge of the
orange region) is the part of the circumscribed circle of
∆EFOc. According to the circumferential angle theorem,
it is known that as long as Oc lies on the edge of the arc
O, ∠EOcF always equals θ . For any point S1 inside the
orange region, ∠ES1F is always greater than θ , namely
∠ES1F > ∠EOcF = θ , which means that the camera on
point S1 cannot keep E and F in its view simultaneously.
For any point S2 inside the green region, ∠ES2F is always
less than θ , namely ∠ES2F < ∠EOcF = θ , which means
that the camera point S2 can keep E and F in its view si-
multaneously. Thus only the camera on circle arc O can

just keep E and F in the edge of its view simultaneously.
In our paper, the orange region is named the invisible re-
gion of points E and F , and the green region is named
the visible region of points E and F . Based on the above
analysis, the conclusion described in this remark can be
directly obtained. □

E F

Oc

O

Visible Region

Invisible Region

S1



S2

Fig. 4. The illustration of the camera’s field of view. The
invisible region is marked by orange color, and the
visible region is marked by green color.
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Fig. 5. The three views of USh.

Remark 2: The shape of the three dimensional space
(it is denoted as USh) where the mobile robot inside it
cannot keep the left side AD and the right side BC of BH
simultaneously in its view in the horizontal direction, can
be described by three views in Fig.5.

Proof: In Fig.6, RS is a segment parallel to AB and CD
on BH. R and S are two points on AD and BC, respectively.
The invisible region O of points R and S, rotates ±π/2
around axis RS, then the invisible three dimensional space
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ShRS can be obtained, which is swept by invisible region
O. Based on Remark 1, it is inferred that the camera inside
ShRS cannot keep points R and S in its view simultane-
ously. Similarly, as R and S traverse simultaneously with
the same velocity along AD and BC respectively, infinite
three dimensional space such as ShRS can be obtained, and
the union of them is USh as shown in Fig.5. Inside USh
the camera cannot keep AD and BC in its view in the hor-
izontal direction. □

C

R

D

A

B

Od1

r1

O1

O2

S

2


−

2



BH

d1

d1

r1

r1

Fig. 6. The diagram of obtaining USh.

According to BH shown in Fig.5, it can be known
that ∠ROcS = ∠ROH = θ by the circumferential angle
theorem. The coordinate of vertex A is denoted as A =
(xA,yA,zA), and other vertices are similar, so r1 and d1 can
be calculated by equations (11)-(13).

lRS =

√
(xA − xB)

2 +(yA − yB)
2 +(zA − zB)

2 (11)

r1 =
lRS

2sinθ
(12)

d1 =
lRS

2tanθ
(13)

where lRS is the length of RS.
For simplification, Space USh is enlarged, the enlarged

space is shown in Fig.7 with three views, which is denoted
as USh′. Therefore the goal of our method is to prevent the
camera from moving into USh′. Because the optical center
of camera can only move in a horizontal plane HP, the re-
gion inside which the camera cannot simultaneously keep
AD and BC in its view horizontally is the cross section
of USh′ cut by HP as shown in Fig.8. Because the cam-
era in the region behind H1H2 cannot keep BH in its view
too, the cross section and the region behind H1H2 form
HFOVCR.

S
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D C

r1

d1

BA d1

r1

2r1

QPH1 H2

A1

C1D1

B1

Top View

d1
O

r1

d1 r1

Fig. 7. The three views of US′
h.

The horizontal plane where the 
optical center of camera locates

The mobile robot

d1

O

H1 H2

H3H4

Hcam

Top view of the cross 
section (blue region)

Side View of Ush′

r1

HFOVCR

The region behind 
1 2H H

Rectangle H1H2H3H4

Semicircle SC

+

+

=

A

D

r1

r1

d1

d1

Fig. 8. The diagram of obtaining HFOVCR.

In Fig.8, the z-coordinate of the optical center of camera
in the mobile robot frame is represented by Hcam. Accord-
ing to Fig.7 and 8, it is inferred that when zD − r1 − d1 ≤
Hcam ≤ zA + r1 +d1 the cross section always consists of a
rectangle H1H2H3H4 with size 2r1 × d1 and a semicircle
SC with the center point O = H3+H4

2 and radius r1. Other
cases the cross section does not exist, and the mobile robot
can moves arbitrarily as long as it is in front of BH.

In Fig.7, HP intersects A1D1 and B1C1 at points H1

and H2 respectively, and it intersects AD and BC at
points P and Q respectively, so the coordinate of point
P is (xA,yA,Hcam), and the coordinate of point Q is
(xB,yB,Hcam). Then the coordinates of points H1 and H4



6 Hongxuan Ma, Wei Zou, Siyang Sun, Zheng Zhu, and Zhaobing Kang

can be obtained from equations (14) and (15).

H1 = P− 2r1 − lRS

2

−→
AB

||−→AB||2
(14)

H2 = Q+
2r1 − lRS

2

−→
AB

||−→AB||2
(15)

In Fig.8,
−−−→
H1H4 is perpendicular to

−−−→
H1H2, which is also

in the same direction as −→nh , so H3 and H4 can be calculated
by the following:

H3 = H2 +d1 ·−→nh (16)

H4 = H1 +d1 ·−→nh (17)

Based on points H1,H2,H3,H4 and r1, the HFOVCR
can be obtained.

3.2. VFOVCR

Similar to the calculation of BH, a bounding box related
to the vertical field of view constraint is calculated firstly,
which is denoted as BV . By BV the points that have no
affection on the calculation of V FOVCR are ignored. Then
the problem how to keep all points in its view vertically
can be changed into the problem how to keep the top side
and bottom side of BV in its view vertically. The BV can
be described as:

(1) Its top side and bottom side go through Pt and Pb

respectively, which are both parallel to the ground.
(2) P′

l and P′
r are projected points of Pl and Pr on BV

along the unit normal vector −→nv = (xnv ,ynv ,znv) of BV . P′
l

and P′
r can determine the leftmost side and rightmost side

of BV .
(3) Because BV cannot be determined only depending

on (1) and (2), we specify that: the projection of −→nv on the
x-y plane of the mobile robot frame is in the same direc-
tion with the projection of −→na on the x-y plane, where −→na

is the mean unit normal vectors of multiple marker planes.
By this regulation, the normal vectors of multiple markers
can be all taken into consideration.

According to definition (3) of BV , we have −→nv by:

−→na =
−→n1 +

−→n2

2
(18)

−→nv ·
−−→
PtPb = 0 (19)

(xnv,ynv) = λ3(xna,yna) (20)

||−→nv ||2 = 1 (21)

where −→n1 and −→n2 are the unit normal vector of Marker 1
and Marker 2 respectively as shown in Fig.2, λ3 is a posi-
tive scale factor, which can be obtained by the above equa-
tions.

Oc

Xr
Zr

Or

tP

lP

rP

bP

(a)
N

J

M

K

tP

bP

'

lP '

rP

1bv

2bv

(b)

Fig. 9. (a) The diagram of calculating BV . Oc is the optical
center of camera. (b) The BV . J-N are the vertex of
BV .

The projection points of Pl and Pr along −→nv on BV are
denoted as P′

l and P′
r respectively, which can be deter-

mined by following equations:

−−→
PlP′

l = λ4
−→nv (22)

−−→
PrP′

r = λ5
−→nv (23)

−−→
PtP′

l ·−→nv = 0 (24)
−−→
PtP′

r ·−→nv = 0 (25)

where λ4 and λ5 are scale factors, which can be obtained
by the above equations.

In Fig.9(b),
−→
bv1 and

−→
bv2 are two unit vectors along the

top side and the left side of BV respectively, which are
denoted as

−→
bv1 = (xbv1,ybv1,0) and

−→
bv2 = (xbv2,ybv2,zbv2)

respectively. They can be obtained by equations (26)-(30).

−→
bv2 ×

−→
bv1 =

−→nv (26)
−→
bv2 ·

−→
bv1 = 0 (27)

−−→
PtPb ×

−→
bv1 =

−→nv (28)

||
−→
bv1||= 1 (29)

||
−→
bv2||= 1 (30)

Because the top side and the bottom side of BV pass
through points Pt and Pb respectively, the coordinate of
point J in Fig.9(b) can be calculated by equations (31)-
(32).

Pt +q1 ·
−→
bv1 = P′

l +q2 ·
−→
bv2 (31)

J = Pt +q1 ·
−→
bv1 (32)

where q1 and q2 are two scalars, which can also be calcu-
lated from equations (31), (32). The coordinates of K, M,
N of BV can also be determined by the similar way.
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After obtaining BV , V FOVCR can be calculated. Sim-
ilar to the calculation of HFOVCR, an important remark
needs to be introduced.
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Fig. 10. The three views of USv.

Remark 3: The shape of the three dimensional space
where the camera inside it cannot keep JK and NM in
its view in the vertical direction simultaneously, can be
described in Fig.10 by three views.

Proof: In Fig.10, TU is a segment parallel to JN and
KM. T and U are two points on JK and NM, respectively.
The invisible region O of points T and U rotates ±π/2
around axis TU , then the three dimensional space SvTU

can be obtained, which is swept by invisible region O.
Based on Remark 1, it is inferred that the camera inside
SvTU cannot keep points T and U in its view in the ver-
tical direction simultaneously. Similarly, as T and U tra-
verse simultaneously with the same velocity along JK and
NM respectively, infinite three dimensional space such as
SvTU can be obtained, and their union is USv as shown in
Fig.10. Inside USv the camera cannot keep JK and NM in
its view in the vertical direction. □

According to Fig.10, r2 and d2 can be calculated by
equations (33)-(35).

lTU =

√
(xJ − xN)

2 +(yJ − yN)
2 +(zJ − zN)

2 (33)

r2 =
lTU

2sinφ
(34)

d2 =
lTU

2tanφ
(35)

where lTU is the length of TU .
For simplification, Space USv is enlarged, and the en-

larged space is shown in Fig.11, which is denoted as USv′.
Because the optical center of camera can only move in the
horizontal plane HP, the region inside which the mobile
robot cannot simultaneously keep JK and NM in its view
in the vertical direction, is the cross section of USv′ cut by
HP as shown in Fig.12.

 Front View

Side View

Top View

N1(M1)

J1(K1)

N2(M2)

J2(K2)

r2d2
2r2

N1

J1

M1

K1

r2 r2d2 d2

J

M

K

N

r2

d2

Fig. 11. The three views of US′
v.

Top view of the cross 
section (blue region)

Side View of USv

or

Cut by HP

Case 1 Case 2

VFOVCR

V3V4

V1 V2

The region behind 1 2V V

Rectangle V1V2V3V4

+

=

Fig. 12. The diagram of calculating V FOVCR.

The coordinate of points J1, K1, M1, N1 and J2, K2, M2,
N2 can be obtained by the following equations:

J1 = J− (d2 + r2) ·
−→
JK

||−→JK||2
− 2r2 − lTU

2
·

−→
JN

||−→JN||2
(36)

N1 = N − (d2 + r2) ·
−→
JK

||−→JK||2
+

2r2 − lTU

2
·

−→
JN

||−→JN||2
(37)

K1 = K +(d2 + r2) ·
−→
JK

||−→JK||2
− 2r2 − lTU

2
·

−→
JN

||−→JN||2
(38)
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M1 = M+(d2 + r2) ·
−→
JK

||−→JK||2
+

2r2 − lTU

2
·

−→
JN

||−→JN||2
(39)

J2 = J1 +(d2 + r2) ·−→nv (40)

N2 = N1 +(d2 + r2) ·−→nv (41)

K2 = K1 +(d2 + r2) ·−→nv (42)

M2 = M1 +(d2 + r2) ·−→nv (43)

When zJ2 ≤ zJ1 as the case 1 shown in Fig.12, if zN1 ≤
Hcam ≤ zJ2 , J1N1 and J2N2 are cut by HP and the inter-
section points are V1 and V4 respectively. K1M1 and K2M2

are cut by HP and the intersection points are V2 and V3

respectively. If zJ2 ≤ Hcam ≤ zJ1 , J1N1 and J1J2 are cut by
HP, K1M1 and K1K2 are cut by HP. If zN2 ≤ Hcam ≤ zN1 ,
N1N2 and J2N2 are cut by HP, and M1M2 and K2M2 are cut
by HP. Similar method can be applied to determine the in-
tersection points for the case 2 shown in Fig.12. Based on
the coordinates of J1, K1, M1, N1 and J2, K2, M2, N2, the
coordinates of these intersection points can be determined.
For example, the intersection point on J1J2 cut by HP can
be calculated by equations (44) and (45):

x− xJ1

xJ2 − xJ1

=
y− yJ1

yJ2 − yJ1

=
z− zJ1

zJ2 − zJ1

(44)

z = Hcam (45)

Based on the above method, the coordinates of V1−4 can
be calculated, and the V FOVCR can be obtained as shown
in Fig.12.

3.3. FOVCR
After obtaining HFOVCR and V FOVCR, the occlu-

sion constraint regions (OCR) should be also considered,
which is the region where feature points cannot be seen
due to the occlusion of the marker plane. Obviously only
when the camera is in front of the markers, the points
on the markers are not occluded by the planes of mark-
ers. Because the camera is always on HP, the border of
OCR on HP is the intersection of HP and the plane of
the marker. In the mobile robot frame, the normal vec-
tor −→n1 = (xn1 ,yn1 ,zn1) of the Marker 1 and the coordinate
(xP1 ,yP1 ,zP1) of a feature point on the marker is known, so
the border of OCR on HP can be obtained by equations
(46) and (47).

(x− xP1)xn1 +(y− yP1)yn1 +(z− zP1)zn1 = 0 (46)

z = Hcam (47)

Based on the above method, the OCR of markers can
be obtained as shown in Fig.13, which are marked by yel-
low color. Finally FOVCR can be acquired by the union
of HFOVCR (the blue region), V FOVCR (the orange re-
gion) and OCR (the yellow region) as shown in Fig.13.
The feasible region for the mobile robot is marked with

white color, where the camera inside this region has the
ability to keep all feature points in its view by adjusting
the pose of its pan-tilt camera. It is worth mentioning that
the FOVCR composed by HFOVCR, V FOVCR and OCR
have many kinds of shapes. The FOVCR in Fig.13 is only
a kind of them.

Feasible Region

O
C

R

O
C

R

V4

H4

V1

H1

Marker 1 Marker 2

HFOVCR

VFOVCR

V4

V2

H2

H3
2n1n

Fig. 13. The diagram of FOVCR.

4. THE SHORTEST PATHS

Given the current position Pc and the desired position
Pd , which are both in the feasible region, a shortest path
in the feasible region from Pc to Pd can be planned out
based on the shape of FOVCR. Along this path the mobile
robot can keep all feature points in its view by adjusting
the camera’s pose.

In most cases, the desired position Pd is always set in
front of all the markers to get a good look to them, so dur-
ing path planning, OCR in FOVCR can be ignored and
only HFOVCR and V FOVCR are taken into considera-
tion. The union of HFOVCR and V FOVCR can be typi-
cally summarized as 4 types as shown in Fig.14(a)-14(d),
which correspond to type 1-4 respectively. In Fig.14(a)-
14(d) the feasible regions are divided into several subre-
gions for path planning.

Before giving the path planning method, three functions
and two remarks are described firstly.

Function 1

[1,0] = SS(AB,C,D) (48)

If points C and D are on the same side of line AB, the
value of this function is 1; otherwise, it is 0.

Function 2

[1,0] = IS(A) (49)

If point A is inside HFOVCR, the value of this function
is 1; otherwise, it is 0.

Function 3

[1,0] = IT (AB) (50)

If AB intersects the edges of FOVCR, the value of this
function is 1; otherwise, it is 0.
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V1

R1

R2

R3 R4

R5

R6

H1 H2

H4 H3

V2

V3V4

T1 T2

(a)

V1

R1

R2

R3

H1 H2

H4 H3

V2

V3V4

(b)

V1R1

R2

H1 H2

H4 H3

V2

V3

V4

R3

T1

(c)

V1

R1

R2

R4

H1 H2

H4 H3

V2

V3

V4 R3

T2

(d)

Fig. 14. Four kinds type of FOVCR (OCR is not taken into
consideration). (a)-(d) correspond to type 1-4, re-
spectively.

Remark 4: For a circle shown in Fig.15, points B and
G are two different points on the perimeter of the circle,
from B to G the shortest path that does not pass inside of
the circle is the arc BDG.

Proof: For an arbitrary curve B̂EG outside the circle,
there is always a shorter path. D is a point lies on arc BG,
then a line passing D and tangent to the circle intersects
the curve B̂EF at C and F , so the path (B̂C+CF + F̂G) is
shorter than the curve B̂EF . Similarly, the curves shorter
than B̂CD and D̂FG can also be obtained by making a tan-
gent line of the circle with its contact point lying between
BD and DF . After infinite iterations, the shortest path be-
comes the curve B̂DG. □

A

B
C

D

Subregion III

Subregion II

Subregion I

F

E

G

H

Fig. 15. The diagram of proving shortest path.

Remark 5: In Fig.15, point B is the tangent point be-
tween AB and circle, and point G is the tangent point be-
tween GH and circle. When the mobile robot cannot arrive
at point H from A through a straight line, the shortest path
from A to H is AB+B̂DG+GH.

Proof: Because the straight line is the shortest between
two points, the shortest path from A to Subregion II is AB.
Similarly, the shortest path from Subregion II to H is GH.
According to Remark 4, it can be known that the shortest
path from B to G is B̂DG, so the shortest path from A to H
is AB+B̂DG+GH. □

Based on Remark 4-5, the shortest paths corresponding
to Fig.14(a)-14(d) can be determined. The mobile robot
detects in real time if the straight path from Pc to Pd goes
through HFOVCR and V FOVCR. If the straight path from
Pc to Pd does not go through HFOVCR and V FOVCR, the
mobile robot moves along the straight path path to Pd ; oth-
erwise, it plans a path to Pd . The process of path planning
is divided into five steps, and the mobile robot continu-
ously performs steps 1-5, until it arrives at Pd . The five
steps are written as follows:

Step 1 Judging whether the straight path from Pc to Pd

exists. The condition of existence is that the segment PcPd

does not intersect with segments V1V2, V1V4, V3V4, V2V3,
H1H2, H2H3, H1H4 and the semicircle SC. If the straight
path exists, the mobile robot just moves to the Pd along
the path; otherwise, it performs the second step.

Step 2 Judging the motion direction of the mobile
robot. Through this step, the shortest path planning for all
kinds of FOVCR can be planned by a kind of calculat-
ing framework. The vectors

−−→
PcPd and

−−−→
H1H2 should satisfy:−−→

PcPd ·
−−−→
H1H2 ≥ 0. If the condition is satisfied, the mobile

robot performs the third step; otherwise, it swaps a set of
coordinates: V1 swaps with V2, V3 swaps with V4, H1 swaps
with H2, H3 swaps with H4. This step is related to subre-
gion division in the forth step. Then it performs the third
step.

Step 3 Judging the type of FOVCR. Type 1-4 corre-
spond to Fig.14(a) - 14(d) respectively. They can be deter-
mined by Table 1.

Table 1

Type Type 1 Type 2 Type 3 Type 4

Condition

IS(V1)=0
IS(V2)=0
IS(V3)=0
IS( V4)=0

IT(V3V4)=1

IS(V1)=0
IS(V2)=0
IS(V3)=0
IS(V4)=0

IT(V3V4)=0

IS(V1)=0
IS(V2)=1
IS(V3)=1
IS(V4)=0

IT( V3V4)=1

IS(V1)=1
IS(V2)=0
IS(V3)=0
IS(V4)=1

IT( V3V4)=1

Step 4 Judging the subregion which the mobile robot
locates in currently. According to the type of FOVCR, the
subregion which the mobile robot locates in can be deter-
mined by Table 2.

Step 5 Planning the shortest path. Based on the type
of FOVCR and the current location of the mobile robot,
the next waypoint for the mobile robot can be determined
from Table 2. As the mobile robot executes step 1-5 con-
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stantly, a series of waypoints composes the shortest path.
They can be inferred that it is the shortest path according
to remark 4-5.

Table 2

Tpye Subregion Condition
Next

Waypoint

Tpye 1

R1
SS(V1V4, Pc, V2)=0
SS(T1V4, Pc, V1)=1

V4

R2

SS(V3V4, Pc, V2)=0
SS(T1V4, Pc, V1)=1
SS(T1H2, Pc, H1)=1

T P

R3

{
SS(T1V4,Pc,V2) = 0
SS(T2V3,Pc,V4) = 1

or{
SS(T1T2,Pc,V2) = 0
SS(T2V3,Pc,V4) = 1

T P

R4
SS(T2V3, Pc, H1)=0
SS(V2V3, Pc, H1)=1

V3

R5

SS(V3V4, Pc, V2)=0
SS(T2V3, Pc, H1)=1
SS(T2H1, Pc, H2)=1

V3

R6 SS(V2V3, Pc, V1)=0 Pd

Tpye 2

R1
SS(V1V4, Pc, V2)=0
SS(V3V4, Pc, V1)=1

V4

R2
SS(V3V4, Pc, V2)=0
SS(V2V3, Pc, V1)=1

V3

R3 SS(V2V3, Pc, V1)=0 Pd

Tpye 3

R1
SS(V1V4, Pc, V2)=0
SS(T1V4, Pc, V1)=1

V4

R2

SS(V3V4, Pc, V2)=0
SS(T1V4, Pc, V1)=1
SS(T1H2, Pc, H1)=1

T P

R3

SS(T1H2, Pc, H1)=0
or

SS(T1V4, Pc, V1)=0
T P

Tpye 4

R1
SS(H1T2, Pc, H2)=0
SS(V3T2, Pc, H1)=1

T P

R2
SS(V3T2, Pc, H1)=0
SS(V2V3, Pc, V1)=1

V3

R3

SS(V3T2, Pc, H1)=1
SS(H2T2, Pc, H1)=0
SS(V3V4, Pc, V1)=0

V3

R4 SS(V2V3, Pc, V1)=0 Pd
Note: T P is the tangency point between SC and its tangent line
that passes through Pc. T1 is the tangency point between SC and
its tangent line that passes through V4. T2 is the tangency point
between SC and its tangent line that passes through V3.

For example, in Fig.16(a) the segment PcPd goes
through FOVCR, so the straight path from Pc to Pd does
not exist. Then the mobile robot performs step 2 instead of
just moving to Pd . Because the condition

−−→
PcPd ·

−−−→
H1H2 ≥ 0

is not satisfied, some points are swapped. After swapping,

Fig.16(a) is converted to Fig.16(b). According to Table 1,
Step 3 will judge out that the FOVCR shown in Fig.16(b)
belongs to type 4. According to Fig.16(b) and Table 2, it
can be known that Pc is in R1 and the next waypoint is T P,
where T P is the tangency point between SC and its tangent
line. It is worth mentioning that T P is moved with the Pc,
and it is the point on the semicircle. Then the mobile robot
performs the steps 1-5 constantly until it arrives at Pd . Fi-
nally the complete planned path moving toward Pd can be
formed as the curve shown in Fig.16(d) with red color.

V1

H1 H2

H4 H3

V2

V3

V4

Pc

Pd

(a)

V1

H1H2

H4H3
V2

V3

V4

Pc

Pd

(b)

V1

H1H2

H4H3
V2

V3

V4

Pc

Pd

R1

R2

R4 R3

T2

(c)

V1

H1H2

H4H3
V2

V3

V4

Pc

Pd

R1R2

R4 R3

T2

(d)

Fig. 16. The path planning diagram. Pc is the current posi-
tion of the mobile robot, Pd is the desired position,
and the red line is the planned path.

While moving along this path, the mobile robot has the
ability to keep all the feature points in the field of view
by adjusting the pose of pan-tilt camera. In practice, in
order to reduce the impact of tracking delay and the mo-
tion inertia of the mobile robot, FOVCR can be enlarged
by appropriately reducing θ and φ . It is worth mentioning
that in Fig.6 and Fig.11, the space of USh and USv is en-
larged in order to simplify the calculation, which can also
enlarge FOVCR.

5. SIMULATION AND EXPERIMENT

In this section two simulations and three experiments
are conducted. In simulation 1 the effect of FOVCR is
shown intuitively. In simulation 2 it is proved that the
mobile robot has the ability to keep all the points in its
view by adjusting the pose of the pan-tilt camera while
it moves along the planned path. In the first experiment,
some images are captured to describe FOVCR intuitively.
In the second experiment, it is verified that while the mo-
bile robot moves along the planned path, the camera has
the ability to keep all points in its view. In the third ex-
periment, our method is compared with other method in
details.
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5.1. Simulation
In simulations, the horizontal angular aperture θ and

the vertical angular aperture φ of the virtual camera are
both 1.13 rad. The image size is 1024×1024.

1
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Fig. 17. The shape of FOVCR and the positions of differ-
ent viewpoints. The two blue line segments repre-
sent the two markers.

In the first simulation, there are two markers and each
marker has five points. By the above method, FOVCR
can be calculated, and it is drawn in Fig.17, which is the
same type with Fig.14(a). The two markers are presented
by blue line segments. The center coordinates of the two
markers are (0, 2, 3) and (0, -0.5, 5) in the world coor-
dinate system, respectively. HFOVCR is bounded by a
rectangle and a semicircle. The four vertices of the rect-
angle are (0.26, 2.89, 3.00), (1.17, 2.78, 3.00), (0.6, -1.03,
3.00), (-0.27, -0.90, 3.00), respectively. The center of the
semicircle is (0.885, 0.875, 3.00), and its radius is 1.93.
V FOVCR is bounded by a rectangle. The four vertices
of the rectangle are (0.97, 5.07, 3.00), (3.02, 4.35, 3.00),
(1.40, -3.6, 3.00), (-0.9, -2.99, 3.00), respectively. The
mobile robot locates at four different positions in Fig.17,
which are marked with number 1-4. The images taken at
these positions are shown in Fig.18(a)-18(d).

Position 1 is the intersection point of HFOVCR and
V FOVCR, and the image captured at position 1 is shown
in Fig.18(a). From Fig.18(a) it can be seen that the left-
most and rightmost points are close to the edge of image
in the horizontal direction. The topmost and bottommost
points are close to the edge of image in the vertical direc-
tion.

Position 2 locates at a point on edge of HFOVCR, and
the corresponding image is shown in Fig.18(b). The image
coordinates of the leftmost point and the rightmost are (6,
24) and (1018, 803), respectively. They are very close to
the edge of the image in the horizontal direction.

Position 3 is at the edge of V FOVCR. In Fig.18(c),
the topmost point and bottommost points are (-15, 44)
and (767, 974) in image plane, respectively. Because of

0 < 44 < 974 < 1024, all points can be kept in a view in
the vertical direction. It also can be seen that the leftmost
and rightmost points are out of view in the horizontal di-
rection.
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Fig. 18. The images taken at the positions 1-4, respec-
tively.

Position 4 is inside HFOVCR and V FOVCR. In
Fig.18(d), it is obvious that the camera cannot keep the
topmost, bottommost, leftmost and rightmost points in its
view.

Based on the simulation, it can be known that when
the camera locates at the edge of HFOVCR, the points
are close to the edge of image in the horizontal direction.
When the camera locates at the edge of V FOVCR, the
points are close to the edge of image in the vertical direc-
tion. However, it can also be seen that in some cases, the
leftmost and rightmost points are still a few pixels away
from the edge of image when the mobile robot is at the
edge of HFOVCR. Because USh is increased to simplify
the calculation as illustrated in Fig.7, which can also add
some redundant regions to prevent the mobile robot moves
inside real HFOVCR. It is the same reason for the position
at the edge of V FOVCR.

In the second simulation, considering the impact of
tracking delay and the motion inertia of the mobile robot,
θ and φ are both set to 0.9 to enlarge the calculated
FOVCR. The shape of FOVCR is shown in Fig.19(a). In
HFOVCR, the four vertices of rectangle are (1.38, 2.98,
3.00), (1.38, -1.48, 3.00), (0.00, 2.98, 3.00), (0.00, -1.48,
3.00) respectively, the center of the semicircle is (1.38,
0.75, 3.00) and the radius is 2.23. The four vertices of
V FOVCR are (0, 3.53, 3.00), (1.035, 3.535, 3.00), (1.035,
-2.035, 3.00), (0, -2.04, 3.00), respectively. Based on Ta-



12 Hongxuan Ma, Wei Zou, Siyang Sun, Zheng Zhu, and Zhaobing Kang

-1 0 1 2 3 4 5
X [m]

-2

-1

0

1

2

3

Y
 [

m
]

3

4

2

1

(a)

0 5 10 15 20 25
Time[s]

-600

-400

-200

0

200

400

600

D
is

ta
nc

e[
pi

xe
l]

topmost
bottommost
leftmost
rightmost

(b)

0 5 10 15 20 25
Time[s]

0

100

200

300

400

500

600

D
is

ta
nc

e[
pi

xe
l]

topmost
bottommost
leftmost
rightmost

(c)

Fig. 19. The second simulation: (a) The shape of FOVCR and different paths. The triangle denotes the starting point of
a path, and the pentagram denotes the destination of a path. (b) The distance between the feature points and
the boundary of image in pixel level when the mobile robot moves along the straight path in Fig.19(a). (c) The
distance between the feature points and the boundary of image in pixel level when the mobile robot moves along
the planned path in Fig.19(a).

ble 1, the FOVCR belongs to the type 1. In Fig.19(a),
the starting point (the triangle) of the two paths is (2.5, -
1.8, 3.00), and the destination Pd (the pentagram) is (0.19,
3.67, 3.00). According to Table 2, the starting point is in
R3.

In Fig.19(a), the mobile robot moves to Pd along a
straight path (green path) and a path (red path) planned
by our method, respectively. When the robot moves along
the green path and the red path, the distances in pixel
level from feature points to edges of image are recorded
in Fig.19(b) and Fig.19(c), respectively. In Fig.19(b) and
Fig.19(c), the value of the topmost curve records the dis-
tance from the topmost point to the top edge of image, the
value of leftmost curve records the distance from the left-
most point to the left edge of image. The positive values of
leftmost and rightmost mean that all points are kept in the
field of view in the horizontal direction, and the positive
values of topmost and bottommost mean that all points are
kept in the field of view in the vertical direction. By com-
parison it can prove that the mobile robot has the ability
of keeping all points in its view along the planned path.

Along straight path in Fig.19(a), the mobile robot goes
into HFOVCR and then goes into V FOVCR, finally it
arrives at the destination. At 1.75s, the mobile robot ar-
rives at position 1 (2.36, -1.22, 3.00), which is the edge
of HFOVCR. In Fig.19(b), it can be seen that at 1.75s
the pixel distance of the rightmost and the leftmost are 71
and 154 respectively, which means that the rightmost and
the leftmost points are going to leave the sight of cam-
era. At 7.5s the mobile robot arrives at position 2 (1.44,
0.89, 3.00), and the pixel distance of the rightmost and the
leftmost points are -549 and -373 respectively, which il-
lustrates that the rightmost and leftmost points are out of

view in the horizontal direction. Then at 10s the mobile
robot arrives at position 3 (1.03, 1.80, 3.00), which is on
the edge of V FOVCR. The values of the topmost and the
bottommost all become 18, which means that the topmost
and bottommost points are going to leave the sight of cam-
era in the vertical direction. At 12.5s and position 4 (0.62,
2.71, 3.00), the the values of the topmost and the bottom-
most are both -137, which illustrates that these points are
out of view in the vertical direction. The destination is out-
side of HFOVCR and V FOVCR. Finally the mobile robot
reaches the destination, and all points can be kept in the
camera’s view again.

Fig. 19(c) shows the changes of pixel distances when
the mobile robot moves along the planned path. In Fig.
19(c) all values are positive, so all points are always kept
in the camera’s view when the mobile robot moves along
the planned path. It further verifies that the path planned
by our method can keep all feature point in the camera’s
view.

5.2. Experiment

Besides simulations, three experiments are conducted
on a mobile robot equipped with a pan-tilt camera. The
experimental scene and the world frame are shown in
Fig. 20. The Horizontal-FOV angular aperture θ , and the
Vertical-FOV angular aperture φ of the camera are 1.04
rad and 0.85 rad respectively. However, in order to prevent
the mobile robot from entering FOVCR due to measure-
ment error, tracking delay or its motion inertia, θ and φ
are set to 0.90 rad and 0.75 rad respectively, which makes
the calculated FOVCR larger than it really is.
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Fig. 20. The experimental environment.
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Fig. 21. The second experiment:(a) The shape of FOVCR
in the world frame and the path that the mo-
bile robot moves along. (b) The distance between
the feature points and the boundary of image in
pixel level when the mobile robot moves along
the planned path.

In the first experiment the three types of FOVCR are
verified, and the some images are taken from the edge of
FOVCR. In the first experiment, three types of FOVCR are
shown in Fig.23(a), Fig.23(d) and Fig.23(g) respectively,
which corresponds to Fig.14(a), 14(b) and 14(d) respec-
tively. Fig.23(b) and Fig.23(c) are taken from positions 1
and 2 in Fig.23(a), respectively. Fig.23(e) and Fig.23(f)
are taken from positions 3 and 4 in Fig.23(d), respectively.

Fig.23(h) and Fig.23(i) are taken from positions 5 and 6 in
Fig.23(g), respectively. Positions 1,2,3,5,6 are all close to
the edge of HFOVCR, and it can be seen that the right-
most and the leftmost points are close to the edge of the
image. Positions 3 and 4 are also close to V FOVCR, so
it can be seen that the topmost and the bottommost points
are close to the top and bottom edge of the image, respec-
tively. Based on these images collected in different posi-
tions, it is proved that the calculated FOVCR is approxi-
mate to the real region with FOV constraint.

In the second experiment, the mobile robot moves from
the starting point to the destination along the planned path
in Fig.21(a). From Fig. 21(b), it can be seen that the dis-
tance of all points are kept above 25 pixels, which means
that all feature points are kept in the camera’s view during
the motion of the robot. According to this experiment, it
can be known that in the planned path the mobile robot has
the ability to keep all feature points in its view by adjust-
ing the pose of the pan-tilt camera. From Fig.21(a), it can
also be seen that the mobile robot moves to the destination
with a shortest path that avoids FOVCR.

In the third experiment, our method is compared with
the Jacobian method in [16]. The Jacobian method takes
the mean and variance of distribution of the feature points
as the image feature, then it converts errors between the
real image feature and the desired image feature to the lin-
ear and angular velocity of the camera by image jacobian
matrix. This method can keep the mean and variance of
the distribution of feature points within the desired range,
and under the constraints of the mean and variance the
mobile robot moves to a position which maximizes mo-
tion perceptibility of feature points. In Fig.22(a), the mo-
bile robot with pan-tilt camera moves based on our method
and Jacobian method, respectively. The red path is planned
by our method, and the green path is planned by Jaco-
bian method. The starting points of the red path and green
path are adjacent to each other, and they are (0.525,0.694)
and (0.429,0.873), respectively. The destinations of the
two paths are both (-0.482,2.134). In the path planned by
Jacobian method, the mobile robot moves to satisfy the
mean and variance constraints firstly, and then moves to
the position with high motion perceptibility. Because this
method cannot plan path based on the specific region with
FOV constraint, the planned path may be redundant some-
times. The path generated by our method is based on the
specific region with FOV constraint, and the mobile robot
can arrive at the destination with a shortest path. Fig.22(b)
and 22(c) record the change of pixel distance when the
mobile robot moves along the path generated by Jacobian
Method and our method, respectively. In Fig.22(b) and
22(c), it can be seen that the pixel distance of all points
is greater than zero, which means that all feature points
are kept in the camera’s view.
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Fig. 22. The contrast experiment: (a) The shape of FOVCR in the world frame and the paths planned by different methods.
(b) The distance between feature points and the boundary of image in pixel level when the mobile robot moves
along the path generated by Jacobian method. (c) The distance between feature points and the boundary of image
in pixel level when the mobile robot moves along the path generated by our method.
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Fig. 23. The images taken by camera at positions 1-6. (b), (c), (e), (f), (h) and (i) are taken from positions 1-6, respectively.
The red points in (b) are the feature points.
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6. CONCLUSION

In this paper, we propose a method to calculate FOVCR
and a path planning algorithm. The mobile robot outside
FOVCR has the ability of keeping all feature points in its
view by adjusting the pose of its pan-tilt camera, which
can avoid the failure of the visual serving tasks caused
by the feature points leaving the field of view. Based on
FOVCR, we design a path planing algorithm, which can
make the mobile robot move along a shortest path to the
desired position while keeping all feature points in its
view. The results of simulations and experiment are pro-
vided, which prove that the calculated FOVCR approxi-
mates the real region with FOV constraint, and along the
planned path the mobile robot has the ability to keep all
points in its view. It is worth mentioning that our method
needs the coordinates of feature points in the mobile robot
frame, and the calculated FOVCR is enlarged on the basis
of the real FOVCR, thus in the future, we will study the
path planning method when the coordinates of points in
camera frame are unknown, and explore the more precise
shape of FOVCR.

ACKNOWLEDGMENT

This work is supported by the National Key Re-
search and Development Program of China (Project
2018YFB1306303), The National Natural Science Foun-
dation of China (Grant No. 61773374), and in part by the
Major Basic Research Projects of Natural Science Foun-
dation of Shandong Province under Grant ZR2019ZD07.

REFERENCES

[1] R. Luo, S. Chou, X. Yang, and N. Peng, “Hybrid eye-
to-hand and eye-in-hand visual servo system for parallel
robot conveyor object tracking and fetching,” in IECON
Annual Conference of the IEEE Industrial Electronics So-
ciety, 2014.

[2] B. Thuilot, P. Martinet, L. Cordesses, and J. Gallice, “Po-
sition based visual servoing: keeping the object in the field
of vision,” in IEEE International Conference on Robotics
and Automation, 2002.

[3] G. Chesi, K. Hashimoto, D. Prattichizzo, and A. Vicino,
“Keeping features in the field of view in eye-in-hand vi-
sual servoing: A switching approach,” IEEE Transactions
on Robotics, vol. 20, no. 5, pp. 908–914, 2004.

[4] Y. Fang, X. Liu, and X. Zhang, “Adaptive active visual
servoing of nonholonomic mobile robots,” IEEE Transac-
tions on Industrial Electronics, vol. 59, no. 1, pp. 486–497,
2012.

[5] D. Park, J. Kwon, and I. Ha, “Novel position-based visual
servoing approach to robust global stability under field-
of-view constraint,” IEEE Transactions on Industrial Elec-
tronics, vol. 59, no. 12, pp. 4735–4752, 2012.

[6] Z. Kang, W. Zou, H. Ma, and Z. Zhu, “Adaptive trajec-
tory tracking of wheeled mobile robots based on a fish-eye
camera,” International Journal of Control, Automation and
Systems, vol. 17, no. 9, pp. 2297–2309, 2019.

[7] Z. Zhu and W. Zou, “Scalable and occlusion-aware multi-
cues correlation filter for robust stereo visual tracking,” In-
ternational Journal of Robotics and Automation, vol. 34,
no. 5, pp. 488–499, 2019.

[8] G. Lopez Nicolas, M. Aranda, and Y. Mezouar, “Formation
of differential-drive vehicles with field-of-view constraints
for enclosing a moving target,” in IEEE International Con-
ference on Robotics and Automation, 2017.

[9] V. Le and T. Pham, “Optimal tracking a moving target for
integrated mobile robot-pan tilt-stereo camera,” in IEEE
International Conference on Advanced Intelligent Mecha-
tronics, 2016.

[10] N. Tinh, P. Cat, P. Tuan, and T. Q. Bui, “Visual control of
integrated mobile robot-pan tilt-camera system for track-
ing a moving target,” in IEEE International Conference on
Robotics and Biomimetics, 2014, pp. 1566–1571.

[11] S. Heshmati-Alamdari, C. P. Bechlioulis, M. V. Liarokapis,
and K. J. Kyriakopoulos, “Prescribed performance image
based visual servoing under field of view constraints,” in
IEEE/RSJ International Conference on Intelligent Robots
and Systems, 2014.

[12] L. Burlion and H. De Plinval, “Keeping a ground point in
the camera field of view of a landing uav,” in IEEE Inter-
national Conference on Robotics and Automation, 2013.

[13] H. Lang, Y. Wang, and W. de Silva Clarence, “Visual ser-
voing with lqr control for mobile robots,” in IEEE Interna-
tional Conference on Control and Automation, 2010.

[14] G. Chesi and Y. S. Hung, “Global path-planning for con-
strained and optimal visual servoing,” IEEE Transactions
on Robotics, vol. 23, no. 5, pp. 1050–1060, 2007.

[15] K. Nagarajan, W. Yu, and N. Gans, “Keeping multiple
moving objects in field of view of a mobile robot,” in IEEE
International Workshop on Robotic and Sensors Environ-
ments, 2010.

[16] N. R. Gans, G. Hu, K. Nagarajan, and W. E. Dixon, “Keep-
ing multiple moving targets in the field of view of a mobile
camera,” IEEE Transactions on Robotics, vol. 27, no. 4, pp.
822–828, 2011.

[17] B. Thuilot, P. Martinet, L. Cordesses, and J. Gallice, “Po-
sition based visual servoing: keeping the object in the field
of vision,” in IEEE International Conference on Robotics
and Automation, 2002.

[18] J. C. Kim, D. S. Pae, and M. T. Lim, “Obstacle avoidance
path planning based on output constrained model predic-
tive control,” International Journal of Control, Automation
and Systems, vol. 17, no. 11, pp. 2850–2861, 2019.

[19] J. G. Kang, S. Y. An, W. S. Choi, and S. Y. Oh, “Recogni-
tion and path planning strategy for autonomous navigation
in the elevator environment,” International Journal of Con-
trol, Automation and Systems, vol. 8, no. 4, pp. 808–821,
2010.



16 Hongxuan Ma, Wei Zou, Siyang Sun, Zheng Zhu, and Zhaobing Kang

[20] Q. Zou, M. Cong, D. Liu, and Y. Du, “Robotic path plan-
ning based on episodic-cognitive map,” International Jour-
nal of Control, Automation and Systems, vol. 17, no. 5, pp.
1304–1313, 2019.

[21] S. Bhattacharya, R. Murrieta-Cid, and S. Hutchinson,
“Path planning for a differential drive robot: minimal
length paths - a geometric approach,” in IEEE/RSJ Interna-
tional Conference on Intelligent Robots and Systems, 2005.

[22] S. Bhattacharya and S. Hutchinson, “Controllability and
properties of optimal paths for a differential drive robot
with field-of-view constraints,” in IEEE International Con-
ference on Robotics and Automation., 2006.

[23] S. Bhattacharya, R. Murrieta-Cid, and S. Hutchinson, “Op-
timal paths for landmark-based navigation by differential-
drive vehicles with field-of-view constraints,” IEEE Trans-
actions on Robotics, vol. 23, no. 1, pp. 47–59, 2007.

[24] P. Salaris, D. Fontanelli, L. Pallottino, and A. Bicchi,
“Shortest paths for a robot with nonholonomic and field-of-
view constraints,” IEEE Transactions on Robotics, vol. 26,
no. 2, pp. 269–281, 2010.

[25] P. Salaris, L. Pallottino, S. Hutchinson, and A. Bicchi,
“From optimal planning to visual servoing with limited
fov,” in IEEE/RSJ International Conference on Intelligent
Robots and Systems, 2011.

[26] P. Salaris, A. Cristofaro, L. Pallottino, and A. Bicchi,
“Epsilon-optimal synthesis for vehicles with vertically
bounded field-of-view,” IEEE Transactions on Automatic
Control, vol. 60, no. 5, pp. 1204–1218, 2014.

[27] P. Salaris, A. Cristofaro, and L. Pallottino, “Epsilon-
optimal synthesis for unicycle-like vehicles with limited
field-of-view sensors,” IEEE Transactions on Robotics,
vol. 31, no. 6, pp. 1404–1418, 2015.

[28] P. Salaris, L. Pallottino, and A. Bicchi, “Optimal synthesis
for nonholonomic vehicles with constrained side sensors,”
arXiv preprint arXiv:1102.1820, 2011.

[29] P. Salaris, D. Fontanelli, L. Pallottino, and A. Bicchi,
“Shortest paths for non-holonomic vehicles with limited
field of view camera,” in IEEE Conference on Decision and
Control, 2009.

[30] J. B. Hayet, H. Carlos, C. Esteves, and R. Murrieta Cid,
“Motion planning for maintaining landmarks visibility
with a differential drive robot,” Robotics and Autonomous
Systems, vol. 62, no. 4, pp. 456–473, 2014.

[31] V. Lepetit, F. Moreno Noguer, and P. Fua, “Epnp: Efficient
perspective-n-point camera pose estimation,” International
Journal of Computer Vision, vol. 81, no. 2, pp. 155–166,
2009.

Hongxuan Ma received his B.Sc. degree
from Central South University, China, in
2016. He is currently a Ph.D. degree can-
didate in Institute of Automation at Chi-
nese Academy of Sciences, China. He is
also with University of Chinese Academy
of Sciences, Beijing. His research interests
include computer vision and robotics.

Wei Zou received his B.Eng. degree in
control science and engineering from Bao-
tou University of Iron and Steel Tech-
nology, China, in 1997, the M.Eng. de-
gree in control science and engineering
from Shandong University of Technology,
China, in 2000, and the Ph.D. degree in
control science and engineering from IA-
CAS, China, in 2003. Currently, he is a

professor at the Research Center of Precision Sensing and Con-
trol, IACAS. His research interests include intelligent robotics,
visual servoing, and robot localization and navigation.

Siyang Sun received the B.Sc. degree in
control science and engineering from Uni-
versity of Science and Technology Beijing,
Beijing, China, in 2015. She is pursuing
the Ph.D. degree in the Research Center
of Precision Sensing and Control, Institute
of Automation, Chinese Academy of Sci-
ences, Beijing, China, and the School of
Artificial Intelligence, University of Chi-

nese Academy of Science. Her current research interests include
object detection, measurement, computer vision and deep learn-
ing.

Zheng Zhu received his B.Sc. degree from
Zhen Zhou University,China, in 2014. He
is currently a Ph.D. degree candidate in In-
stitute of Automation at Chinese Academy
of Sciences, China. He is also with Univer-
sity of Chinese Academy of Sciences, Bei-
jing. His research interests include com-
puter vision, deep learning and robotics.



Manuscript Template for the International Journal of Control, Automation, and Systems: ICROS & KIEE 17

Zhangbing Kang received his B.Eng. de-
gree in mechanical engineering and au-
tomation from Dezhou University, China,
in 2008, the M. Eng. degree in mechanical
and electronic engineering from Harbin In-
stitute of Technology, China. Currently, he
is a Ph. D degree candidate in Institute of
Automation at Chinese Academy of Sci-
ence, China. He is also with University of

Chinese Academy of Science, China. His research interests in-
clude visual servoing and robot location and navigation.

Publisher’s Note Springer Nature remains neutral with regard
to jurisdictional claims in published maps and institutional affil-
iations.


