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   Abstract—In  this  paper,  accelerated  saddle  point  dynamics  is
proposed  for  distributed  resource  allocation  over  a  multi-agent
network,  which  enables  a  hyper-exponential  convergence  rate.
Specifically, an inertial fast-slow dynamical system with vanishing
damping  is  introduced,  based  on  which  the  distributed  saddle
point  algorithm  is  designed.  The  dual  variables  are  updated  in
two time scales,  i.e.,  the  fast  manifold  and the  slow manifold.  In
the fast manifold, the consensus of the Lagrangian multipliers and
the  tracking  of  the  constraints  are  pursued  by  the  consensus
protocol.  In  the  slow  manifold,  the  updating  of  the  Lagrangian
multipliers  is  accelerated  by  inertial  terms.  Hyper-exponential
stability  is  defined  to  characterize  a  faster  convergence  of  our
proposed algorithm in comparison with conventional primal-dual
algorithms  for  distributed  resource  allocation.  The  simulation  of
the application in the energy dispatch problem verifies the result,
which demonstrates  the  fast  convergence  of  the  proposed saddle
point dynamics.
    Index Terms—Accelerated  saddle  point  dynamic,  distributed
resource allocation, hyper-exponential stability, power dispatch.
  

I.  Introduction
  

A.  Motivation and Related Works

R ESOURCE  allocation  among  autonomous  multi-agents,
which  have  preference  over  alternative  resources  and

participate  in  the  decision  making  of  the  resource  allocation
[1],  has  received  increasing  attention  due  to  its  promising
applications  in  the  smart  grid  [2]–[4],  wireless  and  social
networks [5]–[7], and robotics [8].

A  possible  approach  for  solving  the  resource  allocation
problem  is  the  centralized  optimization  method,  since  the
problem  can  be  modeled  into  an  optimization  problem  with

globally  coupled  equality  constraints  and  an  uncoupled
objective function. The problem exists widely, for instance, in
the  load  sharing  problem  in  smart  grids  [9],  the  allocation
problem  with  5G  virtualized  networks  [10],  the  energy-
efficient  power  allocation  of  wireless  power  transfer-enabled
orthogonal  frequency-division  multiple  access  (OFDMA)
multicell  networks  [11],  the  peer-to-peer  energy  trading
problem  of  smart  grids  [12],  and  the  resource  allocation  of
cognitive  radio  networks  [13].  By  the  aid  of  the  centralized
optimization  method,  decision  making  is  accomplished  by
solving  a  mathematical  program.  Though  the  centralized
optimization method is feasible, it requires heavy computation
for  solving  a  large-scale  resource  allocation  problem.
Moreover,  privacy  issues  arise  with  the  exchange  of  the
objective function and constraints among the agents.

As  we  can  see,  the  objective  function  of  the  resource
allocation  problem  is  uncoupled.  Based  on  this  formulation,
one  option  to  solve  the  resource  allocation  problem  is  using
the  distributed  optimization  method  over  a  multi-agent
network.  These  algorithms  are  designed  by  coordinative
computing  among  a  number  of  agents,  see  [14]–[16],  which
overcome  the  disadvantages  of  scalability  problems  and
privacy  issues.  Multi-agent  based  distributed  optimization
algorithms  have  been  studied  by  many  researchers,  and  they
can  be  categorized  as  algorithms  with  a  sub-linear
convergence  rate  (asymptotical  convergence  for  continuous-
time  systems),  linear  convergence  rate  (exponential
convergence  for  continuous-time  systems),  super-linear
convergence  rate  (super-exponential  convergence  for
continuous-time  systems)  and  fixed-time  convergence  rate.
For the first category, early work in [17] is a gradient descent
based  method  with  a  sub-linear  convergence  rate  for  the
convex optimization problem, which cannot deal with globally
coupled  constraints.  To  address  globally  coupled  constraints
that  are  known  by  all  agents,  in  [18],  by  employing  the
projected primal-dual sub-gradient method, an algorithm with
a sub-linear convergence rate is proposed. In practice, globally
coupled  constraints  are  not  always  available  for  all  agents,
thus,  the  algorithm  in  [18]  may  lose  its  effectiveness  unless
there  is  a  central  coordinator,  which  means  the  algorithm  is
not  fully  distributed.  Concerning  the  decoupling  of  the
constraints, algorithms based on a continuous-time network is
proposed  in  [19],  [20],  where  the  augmented  Lagrange
function  is  introduced  for  dealing  with  the  coupled
constraints.  In  [19],  by  introducing  the  penalty  terms  in  the
Lagrange function, the constraints are decoupled. The penalty
coefficient  in  [19]  depends  on  the  global  information  of  the
coupled  constraints,  which  implies  the  proposed  algorithm is
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not initialization-free. In [20], by employing projected primal
dual  dynamics  which  is  based  on  the  augmented  Lagrange
function,  an  initialization-free  approach  is  proposed.  In  [21],
by  combining  the  projected  primal-dual  dynamic  with  the
consensus  method,  an  initialization-free  algorithm  is
proposed.  In  [19]–[21],  the  algorithms  can  only  converge  to
the  optimal  solution  asymptotically  (sub-linear  convergence
rate).  Recently,  by  using  the  linear  Laplacian-gradient,  a
distributed algorithm based on a  continuous-time multi-agent
network  is  revealed  in  [22]  for  the  resource  allocation
problem.  The  proposed  algorithm  in  [22]  can  avoid  directly
dealing  with  coupled  constraints  by  using  an  interior  point
method  and  converges  asymptotically.  Under  the  same
framework,  an algorithm based on a second-order network is
disclosed  in  [23],  which  also  shows  an  asymptotical
convergence rate. Since the interior point method is employed,
both of the algorithms in [22], [23] are not initialization-free.
For  the  second  category  that  can  achieve  exponential
convergence  with  the  globally  coupled  constraints  being
known by all agents, the algorithm of [24] over a continuous-
time  network  is  proposed,  where  primal-dual  dynamics  are
employed  to  achieve  an  exponential  convergence  rate
(corresponding  to  the  linear  convergence  rate)  for  problems
with only equality constraints.  For problems with a quadratic
objective, in [25], based on the primal-dual dynamics, a two-
time-scale initialization-free algorithm is proposed, which can
achieve an exponential convergence rate. In [26], for problems
with  a  nonsmooth  objective,  differentiated  projection
operations  and  differential  inclusions  are  introduced  and  a
distributed  continuous-time  algorithm  is  proposed  to  achieve
an  exponential  convergence  rate.  For  the  third  category,  in
[27],  an algorithm with a super convergence rate is  proposed
with  Nesterov’s  acceleration.  This  can  achieve  a  super
exponential  convergence  rate,  which  is  faster  than  the
conventional  exponential  convergence  rate.  However,  it  is
limited to the unconstrained problem.

For  the  fourth  category,  note  that  the  aforementioned
distributed  algorithms  for  constrained  optimization  can  only
reach  an  asymptotical  or  an  exponential  convergence  rate,
which  cannot  fulfill  the  efficiency  demand  for  algorithms  in
engineering  application.  In  [28],  [29],  by  using  the  graph
Laplacian,  the  fixed-time  algorithm  based  on  a  nonlinear
protocol  for  the  resource  allocation  problem  is  proposed,
which  can  converge  in  fixed  time  if  the  constraints  are
satisfied during the initialization procedure.

From  the  above  discussion,  the  convergence  rate  of  the
existing  distributed  algorithms  for  solving  the  resource
allocation  problem  is  limited.  Furthermore,  fixed-time
convergent  algorithms  require  an  initialization  which  brings
additional computational cost. In this case, the requirement for
the  global  information  of  the  constraints  in  the  initialization
process  may  also  lead  to  leakage  of  the  privacy  information
with respect to the constraints.

In this paper, we will design an initialization-free distributed
algorithm  to  solve  the  resource  allocation  problem  with  a
faster convergence rate. By employing the inertial accelerated
method,  a  dual  accelerated  algorithm  is  proposed  for  the
optimization problem.  

B.  Contributions
The proposed algorithm can be seen with accelerated saddle

point  dynamics  for  constrained  optimization.  The
contributions  of  our  paper  versus  the  existing  literature  are
summarized as follows.

1)  Accelerated  saddle  point  dynamics  are  firstly  proposed
for  resource  allocation  over  a  multi-agent  network,  which
enables  a  hyper-exponential  convergence  rate.  Hyper-
exponential  stability  is  defined  to  characterize  a  faster
convergence  of  our  proposed  algorithm  in  comparison  with
conventional  primal-dual  algorithms.  With  the  objective
function  being  strongly  convex  and  its  gradient  being
Lipschitz  continuous,  the  proposed  algorithm  achieves  a
hyper-exponential  convergence  rate,  which  is  faster  than
algorithms in [22]–[24].

2) The proposed algorithm is initialization-free. Although in
[28], [29], the fixed-time convergent algorithm is proposed, in
which  convergence  to  the  optimal  solution  for  optimization
with  globally  coupled  constraints  can  be  achieved  in  fixed
time, and they require that the globally coupled constraints are
fulfilled  during  the  initialization  procedure.  In  the  proposed
algorithm,  we  do  not  require  that  the  globally  coupled
constraints  are  fulfilled  during  the  initialization  procedure,
which means there is no need to reveal the information related
to  constraints.  Therefore,  privacy  related  to  constraint
information can be preserved efficiently.

3)  An  inertial  fast-slow  dynamical  system  with  vanishing
damping  is  introduced,  based  on  the  distributed  saddle  point
algorithm  designed.  The  dual  variables  are  updated  in  two
time  scales  through  this  formulation,  which  enables  the
acceleration  of  the  dual  dynamic.  Specifically,  the  consensus
of Lagrangian multipliers and the tracking of the constraints is
designed  in  the  fast  manifold.  In  the  slow  manifold,  the
updating  of  Lagrangian  multipliers  is  accelerated  by  inertial
terms.  This  acceleration  makes  the  proposed  algorithm
converge faster than saddle point dynamics in [25].  

II.  Preliminaries
  

A.  Notations and Definitions
1N

In n R+

G ≜ (V,E)
V ≜ {1,2, . . . ,N}

E ⊂ V ×V
∀(i, j) ∈ E ( j, i) ∈ E

i j ai j
i j ai j = a ji = 1

ai j = a ji = 0 ∑N
i=1 ai j LN

G LN = D−A
L ≜ LN ⊗ Im P/P1 P1 P

A ∈ Rn×n M ∈ Rn×n A ⪰ M A−M
∗

 denotes  the N-dimensional  column  vector  where  every
entry  is  1.  denotes  the -dimension  identity  matrix. 
denotes  the  positive  real  number.  denotes  a  graph
with  representing  the  vertex  set  and

 representing the edge set.  A graph is  undirected if
, .  If  there  is  a  path  between  any  two

vertices in the undirected graph, it is connected and vice versa.
The  adjacent  matrix  of  an  undirected  graph  is  denoted  as A,
and  its  entry  in  the th  line, th  column  is  denoted  as .  If
node  is  connected  with  node , ,  otherwise

. D denotes  the  degree  matrix  of  a  graph,  where
the diagonal elements are  and other entries are 0. 
denotes  the  Laplacian  matrix  of  graph , .

.  denotes the Schur complement of  in .
For matrices  and ,  means that 
is  positive-definite.  In  a  symmetric  matrix,  the  symbol 
represent the elements that are induced by symmetry.
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Definition 1: Consider the nonautonomous system
 

ẋ = f (t, x) (1)

d1 d2 ∀t > 0

with  its  equilibrium point  being at  the  origin.  Its  equilibrium
point  is  hyper-exponentially  stable  if  there  exists  positive
constants  and  such that 
 

∥x(t)∥ ≤ d1∥x(0)∥e−d2t2 . (2)

∥x(t)∥ ≤ d1∥x(0)∥exp(−d2t)
t

t

Remark  1: Through  the  comparison  between  Definition  1
and exponential stability (ES), the difference lies in that (2) is
replaced  by  in  ES.  In  ES,  the
exponent is linear with respect to , which corresponds to the
linear  convergence  rate  in  the  optimization  algorithm.  While
in  hyper-exponential  stability  (HS),  the  hyper-exponential  is
quadratic  with  respect  to ,  which  means  that  hyper-
exponential  stability  corresponds  to  a  super-linear  converg-
ence rate. Take the following systems as examples.
 

δ̇ = −3δ, δ(0) = δ0 (3)
 

δ̇ = −3tδ, δ(0) = δ0 (4)
δ ∈ R

δ(t) = exp(−3t)δ(0)

δ(t) = exp[−(3t2/2)]δ(0)

lnδ

where .  The  analytical  solution  for  system  (3)  is
,  and we can see it  is  exponential  stable at

its equilibrium point. While the analytical solutions for system
(4)  is ,  we  can  determine  that  it  is
hyper-exponential stable at its equilibrium point. Comparisons
between the convergence rate of system (3) and (4) are given
in Fig. 1,  where  the  evolutions  of  are  depicted  to
characterize  the  convergence  rates  of  both  systems.  It  shows
that hyper-exponential convergence is faster than conventional
exponential convergence.
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Fig. 1.     The convergence rate comparison between HS and ES.
 

A1 ∈ Rn×n A2 ∈ Rn×m A1

A2

(
A1 A2
−AT

2 0

)Lemma  1  [25]: Let  and ,  if  is

Hurwitz  and  rank( )  =  m,  then  the  matrix  is
Hurwitz.

A3 ∈ Rn×n x ∈ Rn y ∈ Rn

(x∗, y∗)

Lemma  2  (Hyper-exponential  stability  of  the  second-order
system): Let  be  full  row  rank,  and ,
then the following second-order system is hyper-exponentially
stable at its equilibrium point  

ẋ = −t(x+AT
3 y)

ẏ = t(A3x−b)
(5)

(x∗, y∗)where  satisfies
 A3x∗−b = 0

x∗+AT
3 y∗ = 0.

(6)

Proof: By substituting (6) into (5), we can transform (5) into
the following system:
 [

x̃
ỹ

]
= t

[
−I −AT

3
A3 0

] [
x̃
ỹ

]
x̃ = x− x∗ ỹ = y− y∗ A3

−I F1 ≜
[
−I −AT

3
A3 0

]
φ̃1 = (x̃T , ỹT )T

W(φ̃1) = φ̃T
1 F2φ̃1 F2

where , .  Note that  is  full  row rank and

 is negative-definite. From Lemma 1,  is
Hurwitz. Define , choose the Lyapunov function
candidate  as  where  is  positive-definite.
Define
 

−Q = FT
1 F2+F2F1. (7)

F1
Q

F2

Since  is  Hurwitz,  according  to  Theorem  4.6  in  [30],
given any positive definite symmetric matrix  there exists a
positive definite symmetric matrix  that satisfies (7). Hence,
we obtain that
 

dW
dt
= −tφ̃T

1 Qφ̃1 ≤ −t
λ1

min

λ2
max

W(φ̃1) (8)

λ1
min Q λ2

max
F2 a′3 = λ

1
min/λ

2
max

(8) t0 t

where  is the minimum eigenvalue of matrix , and 
is the maximum eigenvalue of matrix . Let .
Integrating both sides of  from  to , we have
 

ln
W(t)
W(t0)

≤ −
a′3t2

2
.

Thus, we can obtain that
 

W(t) ≤ e−
a′3t2

2 W(0). (9)
F2Considering  the  positive-definiteness  of ,  we  can  obtain

the following inequality
 

λ2
min∥φ̃1∥2 ≤W(φ̃1) = φ̃T

1 F2φ̃1 ≤ λ2
max∥φ̃1∥2 (10)

λ2
min > 0, λ2

max > 0
F2

where  denote  the minimum and maximum
eigenvalues of , respectively. Substituting (10) into (9), we
can obtain
 

∥φ̃1(t)∥ ≤ 1√
λ2

min

√
W(t) ≤

√
λ2

max

λ2
min

∥φ̃1(0)∥e−
a′3t2

4 .

(x∗, y∗)

Recalling Definition 1, we can obtain that the second-order
system (5) is hyper-exponential stable at its equilibrium point

. ■
Lemma  2  gives  us  suggestions  on  designing  accelerated

saddle  point  dynamics  to  achieve  a  fast  convergence  rate,
which will be presented in the next section.  

B.  Problem Formulation
In  this  paper,  the  following  resource  allocation  problem  is

considered
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min f (x) =
N∑

i=1

fi(xi)

s.t.
N∑

i=1

Bixi−b = 0 (11)

x = (xT
1 , x

T
2 , . . . , x

T
N)T xi ∈ Rni (i = 1,2, . . . ,N)∑N

i=1 ni = n fi(xi) : Rni → R ∑N
i=1 Bixi−b = 0

Bi ∈ Rm×ni b ∈ Rm

C = {x ∈ Rn|∑N
i=1 Bixi−b = 0}

S = {x∗ ∈C| f (x∗) =minx∈C f (x)}
B ≜ [B1,B2, . . . ,BN]

where  with   and
, ,  denotes  the

globally coupled linear equality constraint, , .
Let  be  the  constraint  set  and

 be  the  solution  set.  Define
.  

C.  Assumptions
We  formulate  our  analysis  based  on  the  following

Assumptions.

C S
Assumption 1: The matrix B is full row rank; the constraint

set  is  nonempty;  the  solution  set  is  nonempty  and
bounded.

Assumption  2  (Undirected  graph): The  graph G is
undirected and connected.

f (x) µ l
∀x,y ∈ Rn

Assumption  3  (Smoothness  and  strong  convexity): The
function  is twice differentiable, -strongly convex and -
smooth, i.e., , we have
 

µ∥x− y∥2 ≤ (∇ f (x)−∇ f (y))T (x− y) ≤ l∥x− y∥2. (12)
  

III.  Algorithm and Main Results

NIn  this  section,  agents  based  multi-agent  network  is
employed for problem (11).

First,  the  Lagrangian  function  for  (11)  is  constructed  as
follows:
 

L(x,λ0) = f (x)+λT
0 (a1(Bx−b)) (13)

λ0 ∈ Rm a1 ∈ R+
a1

B b
x

where  is  the  Lagrange  multiplier,  and  is
added here as a tuning parameter. Note that  is introduced as
a  scaling  factor  of  and  which  has  no  influence  on  the
constraints of  and thus won not influence the optimality.

Then,  by  characterizing  the  primal-dual  solutions  of  the
optimization  problem  as  the  saddle  point  of  the  augmented
Lagrangian  function  and  motivated  by  Lemma  2,  the
following  algorithm is  proposed  for  seeking  the  saddle  point
in a distributed manner
 

ẋi = −t∇ fi(xi)− ta1BT
i λi (14a)

λ̇0 = −t(λ0+ y) (14b)

ẏ = −a1tNzs (14c)

ϵλ̇i = −t
N∑

j=1

ai j(λi−λ j)− tai0(λi−λ0) (14d)

ϵ żi = −tzi− t
N∑

j=1

ai j(zi− z j)

− t
N∑

j=1

ai j(vi− v j)+ tui (14e)

ϵv̇i = t
N∑

j=1

ai j(zi− z j). (14f)

y ∈ Rm vi ∈ Rm λi ∈ Rm zi ∈ Rm ui = Bixi−bi
bi = b/N (i = 1,2, . . . ,N) a1
s ∈ {1,2, . . . ,N} ai0

i agent s
ai0 = 1 ai0 = 0

where , , , , ,
 ,  is  a  positive  constant;

 is  arbitrarily  chosen.  is  introduced  to
describe  the  connection  between agent  and  .  If  they
are connected, ; otherwise, .

s

In algorithm (14), (14a) and (14d)–(14f) will be executed by
every agent while the dual dynamic (14b) and (14c) will only
be executed by one arbitrarily chosen agent (denoted as agent
 here).

∑p
i=1 Bixi−b = 0

λ0
x

(1/t2)λ̈0+ (1/t)λ̇0−
a1Nzs = 0 λ̈0

1/t2

Note  that  if  the  consensus  updating  of  the  multipliers  and
the tracking of the globally coupled constraints are executed at
the  same  speed  with  the  seeking  of  the  saddle  point,  then  it
will be difficult to accelerate the algorithm. Therefore, similar
to  [25],  the  proposed  algorithm (14)  is  designed  in  two  time
scales.  In  the  fast  manifold,  the  average  consensus  algorithm
originally proposed in [31] is redesigned as (14e) and (14f) to
track the globally coupled constraints , which
provides necessary information for the dual updating of saddle
point  dynamics.  The  static  consensus  algorithm  originally
proposed in [32] is redesigned as (14d) for the updating of the
multipliers, through which the multipliers reach the consensus
state  and further makes dual decomposition feasible. In the
slow  manifold,  (14a)  is  designed  for  the  primal  update  of .
(14b)  and  (14c)  are  equivalent  to 

.  Noting  that  the  inertial  terms  may  cause
damping of  the  system,  which  provides  good performance  at
the  beginning  but  poor  performance  when  approaching  the
optimal  point,  a  time  varying  coefficient  is  introduced.
Consequently,  compared  with  [25],  algorithm (14)  will  show
good  performance  for  all  times,  which  will  be  proven  in  the
next section.

Similar  to  acceleration  methods  in  [33],  classical  results  in
ODE  theory  do  not  directly  imply  the  existence  of  the
solutions  to  (14).  However,  through  the  Lyapunov  analysis,
we can ensure the wellposedness of (14), which will be shown
in the next section.

O(n)

O(1)

Remark  2: Due  to  the  introduction  of  saddle  point
dynamics,  the  algorithm  cannot  achieve  fixed-time
convergence, however, it is initialization-free and the coupled
constraints  are  satisfied  with  the  convergence  of  the
algorithm. Compared with the centralized algorithm with 
computational  complexity  (linear  complexity),  the  computa-
tional complexity of the proposed algorithm is  (constant
complexity).  This  means  the  computation  complexity  of  the
proposed algorithm will  not  increase with the increase of  the
problems’ dimension.  

IV.  Stability Analysis

For  the  convenience  of  stability  analysis,  the  proposed
algorithm (14) is rewritten as follows:
 

ẋ = −t∇ f (x)− ta1B̃Tλ (15a)

λ̇0 = −t(λ0+ y) (15b)

ẏ = −a1tNzs (15c)

ϵλ̇ = −t(L+A0)λ+ tA0(1N ⊗λ0) (15d)

ϵ ż = −t(ImN +L)z− tLv+ tu (15e)

ϵv̇ = tLz. (15f)
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λ= (λT
1 ,λ

T
2 , . . . ,λ

T
N)T z= (zT

1 ,z
T
2 , . . . ,z

T
N)T v= (vT

1 ,v
T
2 , . . . ,

vT
N)T B̃ = diag{B1,B2, . . . ,BN} u = (uT

1 ,u
T
2 , . . . ,u

T
N)T A0 = diag

{a10,a20, . . . ,aN0}⊗ Im

where , , 
, , , 

.

t ∈ (0,∞)

t ∈ (0,T0) T0 > 0

t ∈ (0,T0) t ∈ (0,∞)
t ∈ (0,∞)

Note that algorithm (15) is a nonlinear system with the right
hand  being  unbounded,  thus  the  finite-time  escape  problem
exists  and  we  cannot  ensure  that  there  exist  solutions  for
algorithm (15)  on .  However,  due  to  Assumption  3,
we can ensure that the right hand of algorithm (15) is bounded
on  with  being  bounded.  In  the  following
section,  we  analyze  the  convergence  of  algorithm  (15)  on

 first and then extend it to . In this way the
existence  of  solutions  for  algorithm (15)  on  can  be
proven  before  the  convergence  analysis  of  algorithm  (15),
which guarantees the well-posedness of algorithm (15).

In  order  to  show  the  stability  of  (15),  we  will  follow  the
following  steps.  First,  by  employing  the  time-scale
decomposition  method  (Section  11.2  in  [30]),  algorithm (15)
is  decomposed  into  the  reduced  system  and  the  boundary-
layer  system.  Then,  the  stability  of  these  two  systems  are
analyzed,  respectively.  At  last,  the  stability  analysis  is
combined and the stability of the whole algorithm is obtained
via Lyapunov’s method.

Following  the  aforementioned  steps,  we  decompose
algorithm  (15)  first.  According  to  the  singular  perturbation
theorem, we can obtain the boundary-layer system as follows:
 

ϵλ̇ = −t(L+A0)λ+ tA0(1N ⊗λ0)

ϵ ż = −t(ImN +L)z− tLv+ tu

ϵv̇ = tLz.

(16)

ze λe veLet ,  and  be the equilibrium point of (16),  then, we
can obtain that
 

ze =
1
N

(1N ⊗ Im)

 N∑
i=1

Bixi−b

 (17a)

λe = 1N ⊗λ0 (17b)

ve xwhere  is  a  linear  function  of .  Recalling  the  time-scale
decomposition  method,  we  can  derive  the  following  reduced
system by substituting (17a) and (17b) into (15a)–(15c),
 

ẋ = −t∇ f (x)− ta1BTλ0 (18a)

λ̇0 = t(−λ0− y) (18b)

ẏ = −ta1(Bx−b) (18c)

B = [B1,B2, . . . ,BN]where .  This  is  the  novel  dual  accelerated
saddle point dynamics we proposed in this paper.

t

Remark  3: Compared  with  the  ordinary  saddle  point
dynamic  in  [25],  [34],  the  dual  dynamic  (18b)  and  (18c)  is
novel in the sense that it  is  second-order with a time varying
gain ,  which  can  provide  a  hyper-exponential  convergence
rate. This will be shown in the next section.
  

A.  Stability Analysis of the Reduced System
h = [xT ,λT

0 ,y
T ]T x∗ λ∗0 y∗Define .  Let ,  and  be  the  vectors

satisfying the following equalities: 


f (x∗)+a1BTλ∗0 = 0

λ∗0+ y∗ = 0

Bx∗−b = 0.

(19)

h∗= [(x∗)T , (λ∗0)T , (y∗)T )]T h̃=h−h∗

k1 k2
k1Im ⪯ BBT ⪯ k2Im

Let , . From Assumption 1,
we can obtain that there exists two positive constants  and 
such  that .  Choose  the  Lyapunov  function
candidate as follows:
 

V1(h̃) = h̃T P1h̃ (20)
where
 

P1 =


(e− k2)cIn (e− k2)BT aBT

(e− k2)B cBBT cBBT

aB cBBT ecIm

 (21)

e c a
P1

with ,  and  being positive constants to ensure that matrix
 is  positive-definite.  We start  by  seeking  this  condition  by

the aid of Schur complement. Define
 

P1/βIm =

 (e− k2)cIn (e− k2)BT

(e− k2)B cBBT


− 1

ec

 a2BBT acBT BBT

acBBT B c2BBT BBT



⪰


(
(e− k2)c− k2a2

ec

)
In

(
(e− k2)In−

aBT B
e

)
BT

B
(
(e− k2)In−

aBT B
e

) (
cIm−

ck2

e

)
BBT


≜ P3. (22)

P1
P3

P3

Note  that  we  can  ensure  the  positive  definiteness  of  by
guaranteeing  the  positive-definiteness  of .  Employing  the
Schur  complement  again,  the  positive-definiteness  of  is
equivalent  to  the  positive-definiteness  of  the  following  two
matrices:
 

P4 ≜
(
cIm−

ck2

e

)
BBT

 

P5 ≜
P3

P4
=

(
(e− k2)c− k2a2

ec

)
In

−
(e− k2)2BT (BBT )−1B+

a2BT BBT B
e2 − 2(e− k2)aBT B

e

c− (e− k2)2k2

ec

.

BT BBT B
k3 BT BBT B ⪯ k3In e > k2

Since  is  semi-positive  definite,  there  exists
positive constant  such that . Hence, if 
we can obtain that
 

P5 ⪰

(e− k2)c− k2a2

ec
−

(
(e− k2)2+

a2k3

e2

)
c− (e− k2)2k2

ec

 In. (23)

e > k2
c e > k2

p1(e,a) c > p1(e,a) P1
V1

By choosing , the coefficients of the right sides of (23)
and (23) increase with respect to . Therefore, for , there
exists  such  that  for  all ,  is  positive-
definite.  In  the  following  we  will  study  the  evolution  of 
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e > k2 c > p1(e,a)
along  the  dual  accelerated  saddle  point  dynamic  (18)  under
the  condition  that  and .  The  following
Lemma is presented first.

∀x ∈ Rn

Cx

Lemma 3 [35]: Under Assumption 3, , there exists a
symmetric  matrix  which  satisfies  the  following  two
formulas:
 

µIn ⪯Cx ⪯ lIn

∇ f (x)−∇ f (x∗) =Cx(x− x∗).
Employing  Lemma  3,  substituting  (19)  into  (18),  we  can

obtain that
 

d
dt

h̃ = t


−Cx −a1BT 0

0 −Im −Im

−a1B 0 0

 h̃ ≜ tFxh̃.

Gx = −FT
x P1−P1Fx GxDefine , then  will be shown in (30).

To analyze the stability of reduced system (18), the following
Lemma is proposed by using the Schur complement.

a ∈ R+ a1 ∈ R+ c ∈ R+
e ∈ R+ Gx > 0

Lemma 4: Under Assumptions 1–3, for two small constants
 and ,  there  always  exist  two  constants ,
, such that .

Gx
Gx

Gx
2cBBT

Gx/2cBBT G2
x

G2
x

G2
x (2a1(e− k2)+2c−

(a+2c)2/2c)BBT G2
x/(2a1(e− k2)+2c− (a+2c)2/2c)BBT

Proof: According  to  the  definition  of ,  we  can  obtain
 as specified in (27). Similar to the positive definite analysis

of the matrix P, we explore the positive-definiteness of  by
the  aid  of  the  Schur  complement.  Since  is  positive-
definite  due  to  Assumption  1,  we  begin  by  exploring  the
positive-definiteness of , denoted as . According
to  the  definition  of  Schur  complement,  we  have  as
described in (28). Likewise, to ensure the positive definiteness
of , we explore the positive-definiteness of 

,  ins-
tead, and this is specified in the following steps.

(2a1(e− k2)+2c− (a+2c)2/

2c)BBT
1)  The  positive-definiteness  of 

.
BBT

p2 = 2a1(e− k2)+2c−
(a+2c)2/2c > 0

Recalling  Assumption  1,  is  positive-definite.
Therefore,  it  only  remains  to  ensure 

.
Note that

 

p2 = 2a1(e− k2)+2c− (a+2c)2

2c

= 2a1(e− k2)− a2

2c
−2a. (24)

a∗ ∀ a
0 < a < a∗ e > k2 a1 c p2

hence, there exists a sufficiently small  such that   satisfy-
ing ,  and arbitrary , ,  are positive.

G3
x ≜G2

x/p2BBT

G3
x

l1 CxCx ⪯ l1In l2 =max{
√

l1, l}
((e− k2+a1ec)In+aCx)2 ⪯ (e− k2+a1ec+

al2)2In BT (BBT )−1B ⪯ In G3
x

2) The positive-definiteness of .  According
to the definition of , we can obtain its formula as described
in  (29).  From  Lemma  3,  we  can  obtain  that  there  exists  a
positive constant  such that . Let ,
we  can  obtain 

.  Applying  this  and  in ,  we  can
obtain
 

G3
x ⪰ 2(e− k2)cµIn−

1
2c

(e− k2+a1ec+al2)2In

− 1
p2

(
a1(e− k2)cIn+ (e− k2)In+ (e− k2)Cx +a1cBT B

 

− (a1a+2c)((e− k2)In+aCx +a1ecIn)
2c

)
BT (BBT )−1B

×
(
a1(e− k2)cIn+ (e− k2)In+ (e− k2)Cx +a1cBT B

− (a1a+2c)((e− k2)In+aCx +a1ecIn)
2c

)
.

G4
xDefine  as in (30), by using Lemma 3, we can obtain that

 

G4
x ⪰ (e− k2)µIn−a1k2cIn−alIn

− a1a(e− k2+al)
2c

In−
aa2

1e

2
In. (25)

p3 = (e− k2)µ−a1k2c−al−a1a(e− k2+al)/2c−aa2
1e/

2 > 0 c < p4(a1,a,e)/4a1k2
p4(a1,a,e) > 0 a1
c < p4(a1,a,e)/4a1k2 G4

x
G3

x

Let 
.  We  can  obtain  that ,  where

 is  decreasing  with  respect  to .  Then  if
,  we  can  ensure  that  is  positive-

definite,  and  we  can  further  obtain  the  lowerbound  of  as
follows:
 

G3
x ⪰ 2(e− k2)cµIn−

1
2c

(e− k2+a1ec+al2)2In

− 1
p2

(e− k2)Cx −aCx −
a1a(eIn− k2In+aCx)

2c
−

a2
1aeIn

2


×BT (BBT )−1B

×
(e− k2)Cx −aCx −

a1a(eIn− k2In+aCx)
2c

−
a2

1aeIn

2


⪰ 2(e− k2)cµIn−

1
2c

(e− k2+a1ec+al2)2In

− 1
p2

(e− k2)lIn+alI+
a1a(e− k2+al)

2c
In+

a2
1aeIn

2


×BT (BBT )−1B

×
(e− k2)lIn+alIn+

a1a(e− k2+al)
2c

In+
a2

1aeIn

2


= (p5(e,a1)c+ p6(c))In (26)

p5(e,a1) = 2(e− k2)µ−a2
1e2/2 p6(c)

c
where ,  is  increasing with
respect to .

0 < e < p7(a1)/a1 p7(a1) a1
p7(e,a1)

e > k2 a1
k2 < e < p7(a1)/a1

c (26) > 0
c > p8(a1,e,a) > 0 p8(a1,e,a)

a1

Considering  the  first  terms  of  (26),  there  exists
 with  decreasing  with  respect  to ,

which  makes  the  coefficient  positive.  Note  that
,  hence  by  choosing  a  small ,  there  exists

,  which  makes  the  first  terms  of  (26)  is
increasing respect to . Let the coefficient of , we can
obtain that ,  where  is  increasing
with respect to .

c
c < p4(a1,a,e)/4a1k2 c > p1(e,a)

c > p8(a1,e,a) >0 c

a1 max{p8(a1,e,a),
p1(e,a)} < p4(a1,a,e)/4a1k2 4a1k2 > 0 4a1k2 ·max{p8
(a1,e,a), p1(e,a)} a1 p4(a1,a,e)

a1 a∗1 a1 < a∗1

By  now,  we  can  see  that  the  choice  of  needs  to  satisfy
three  conditions: , ,  and

. It is necessary to discuss the existence of .
Considering  the  aforementioned  three  conditions,  we  must
ensure  that  there  exists  which  satisfies 

.  Since , 
 is increasing with respect to ,  is

decreasing  respect  to ,  there  exists  that  for  all ,
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max{p8(a1,e,a), p1(e,a)} <p4(a1,a,e)/4a1k2
a1 ∈ R+ max{p8(a1,e,a), p1(e,a)} <

c < p4(a1,a,e)/4a1k2 k2 < e < p7(a1)/a1 G3
x

 holds.  Overall,
for  small ,  there  exists 

,  that  makes 
positive-definite.

a ∈ R+ a1 ∈ R+ c ∈ R+ e ∈ R+
G2

x ≻ 0
2cBBT a ∈ R+ a1 ∈ R+

c ∈ R+ e ∈ R+ Gx ≻ 0

According  to  the  property  of  the  Schur  complement,  for  a
small  and ,  there  exists , ,  s.t.

.  Combining  this  with  the  positive  definiteness  of
, we can obtain that for small  and , there

exists , , s.t. . ■

V1(h̃)
Gx

Now,  we  have  constructed  a  positive  Lyapunov  function
candidate  for  the  reduced  system  (18)  and  proven  the
positive-definiteness  of .  This  leads  to  the  following
theorem which discloses the hyper-exponential stability of the
reduced system.

a1

Theorem  1 (Hyper-exponential  stability  of  the  reduced
system): Under Assumptions 1–3, the accelerated saddle point
dynamic  (18)  is  hyper-exponential  stable  at  its  equilibrium
point with a sufficiently small .

t ∈ (0,T0) T0 > 0

Proof: With  the  aid  of  existence  properties  of  solutions,
recalling  Assumption  3,  we  can  obtain  that  the  existence  of
solutions  for  system  (18)  on  where  is
bounded.
 

Gx =


2(e− k2)cCx +2aa1BT B

B((e− k2)a1cI+ (e− k2)I+ (e− k2)Cx +a1cBT B)
(e− k2)B+aBCx +a1ecB

∗ ∗
(a1a+2c)BBT ∗
(2c+a1a)BBT 2cBBT


(27)

 

G2
x =

(
2(e− k2)cCx +2aa1BT B

B((e− k2)a1cI+ (e− k2)I+ (e− k2)Cx +a1cBT B)

∗
2a1(e− k2)BBT +2cBBT


− 1

2c


(aCx + (a1ec+ e− k2)In)BT (BBT )−1B(aCx
+(a1ec+ e− k2)In)

(a1a+2c)B(aCx + (a1ec+ e− k2)In)

∗
(a1a+2c)2BBT

)
(28)

 

G3
x = 2(e− k2)cCx −

1
2c

(aCx + (a1ec+ e− k2)In)BT (BBT )−1

×B(aCx + (a1ec+ e− k2)In)

− 1
p2

(
(e− k2)a1cIn+ (e− k2)In+ (e− k2)Cx +a1cBT B

− (a1a+2c)((e− k2)In+aCx +a1ecIn)
2c

)
BT (BBT )−1B

×
(
(e− k2)a1cIn+ (e− k2)In+ (e− k2)Cx +a1cBT B

− (a1a+2c)((e− k2)In+aCx +a1ecn)
2c

)
(29)

 

G4
x ≜

(
a1(e− k2)cIn+ (e− k2)In+ (e− k2)Cx

− (a1a+2c)((e− k2)In+aCx +a1ecIn)
2c

)
. (30)

V1(h̃)The  derivative  of  using  saddle  point  dynamics  (18)
can be calculated as follows:
 

d
dt

V1(h̃) = th̃T (FT
x P1+P1Fx)h̃ = −th̃T Gxh̃. (31)

Gx a1According to Lemma 4,  is positive definite for small ,
thus, we have
 

ρ1
min∥h̃∥

2 ≤ h̃T Gxh̃ ≤ ρ1
max∥h̃∥2 (32)

ρ1
min > 0 ρ1

max > 0
Gx

P1

where  and  denote  the  minimum  and
maximum eigenvalues  of ,  respectively.  Similarly,  we  can
obtain  the  following  inequality  considering  the  positive-
definiteness of 
 

ρ2
min∥h̃∥

2 ≤ V1(h̃) = h̃T P1h̃ ≤ ρ2
max∥h̃∥2 (33)

ρ2
min > 0 ρ2

max > 0
P1

where  and  denote  the  minimum  and
maximum  eigenvalues  of ,  respectively.  Substituting  (32)
and (33) into (31) we can obtain the following inequality
 

d
dt

V1(h̃) ≤ −t
ρ1

min

ρ2
max

V1(h̃). (34)

V1(h̃)By dividing both sides with , we can obtain
 

d
dt

V1(h̃)
V1(h̃)

≤ −t
ρ1

min

ρ2
max

. (35)

a2 = ρ
1
min/ρ

2
max [0, t]Let . Integrating (35) on , we have

 

ln
V1(t)
V1(0)

≤ −a2t2

2
. (36)

Hence, we can obtain that
 

V1(t) ≤ e−
a2t2

2 V1(0). (37)
By substituting (33) into (37), we can obtain

 

∥h̃(t)∥ ≤ 1√
ρ2

min

√
V1(t)

≤
√
ρ2

max

ρ2
min

e−
a2t2

4 ∥h̃(0)∥. (38)

T0 =∞
exp[−(a2t2/4)]t t ∈ (0,∞)

t ∈ (0,∞)

t ∈ (0,∞)

Moreover,  we can easily obtain that (38) holds for .
Note  that  is  bounded  for ,  and  we
can obtain that the right hand of (18) is bounded for ,
which  guarantees  the  existence  of  solutions  for  (18).  Hence,
we  can  obtain  that  (38)  holds  for .  Recalling
Definition  1,  we  show  the  accelerated  saddle  point  dynamic
(18) is hyper-exponential stable at its equilibrium point. ■

Now,  we  have  proven  the  exponential  stability  of  the
reduced  model.  To  determine  the  stability  of  algorithm  (15),
we  need  to  perform  further  analysis  of  the  stability  of  the
boundary-layer system (16).  
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B.  The Stability Analysis of the Boundary-Layer System

ϕ = [λT ,zT ,vT ]T ϕe = [λT
e ,zT

e ,v
T
e ]T ϕ̃ = ϕ−ϕe dτ = dt/ϵ

Consider  the  boundary-layer  system  (16),  define
, , , .

Thus, we can obtain that
 

dϕ̃1

dτ
= tEϕ̃ (39)

where
 

E =


−(L+A0) 0 0

0 −(ImN +L) −L

0 L 0

 . (40)

Q = [Q1 Q2] ∈ RmN×mN Q1 ∈ RmN×(mN−m)

Q2 ∈ RmN QT
2 L = 0 rank(LQ1) = mN −m

[ṽT
1 ṽT

2 ]T = QT ṽ [ṽT
1e ṽT

2e]T = QT ṽe ṽ1, ṽ1e ∈ RmN−m

ṽ2, ṽ2e ∈ Rm

Let  with ,  where
 is  a  matrix  where , .

Define , , ,
.  Then  we  can  transform  the  boundary  system  as

follows:
 

dϕ̃1

dτ
= tE1ϕ̃1 (41)

 

˙̃v2 = 0 (42)
where
 

E1 =


−(L+A0) 0 0

0 −(ImN +L) −LQ1

0 −QT
1 L 0

 (43)

ϕ1 = [λT , zT , vT
1 ]T ϕ1e = [λT

e ,zT
e ,v

T
1e]T ϕ̃1 = ϕ1−ϕ1e,  ,   .

A0
−(L+A0) −(ImN +L)

rank(LQ1) = mN −m
[
−(ImN +L) −LQ1
−QT

1 L 0

]
−(L+A0) E1

Now, it  remains  to  analyze  the  stability  of  (41).  Recall  the
definition of  in (15). Note that the graph is connected, thus

 is  Hurwitz.  Since  is  Hurwitz  and

, we can obtain that 

is  Hurwitz  by  using  Lemma  1. Combining  this  with  the
Hurwitz of , we can obtain that  is Hurwitz.

V2(ϕ̃1) = ϕ̃T
1 P2ϕ̃1We  choose  the  Lyapunov  function  as .

Define
 

−Q = ET
1 P2+P2E1. (44)

E1
Q

P2

Since  is  Hurwitz,  according  to  Theorem  4.6  in  [30],
given any positive definite symmetric matrix , there exists a
positive  definite  symmetric  matrix  that  satisfies  (44).
Hence, we can obtain that
 

∂V2

∂ϕ̃1

dϕ̃1

dτ
= −tϕ̃T

1 Qϕ̃1 ≤ −t
ρ3

min

ρ4
max

V2(ϕ̃1) (45)

ρ3
min Q ρ4

max
P2

where  is the minimum eigenvalue of matrix , and 
is the maximum eigenvalue of matrix . ■  

C.  Stability of the Whole System
x

x∗
In this subsection, we will further prove that  converges to
 with a hyper-exponential convergence rate,  which is faster

than the ordinary exponential convergence rate.

ϵ∗ 0 < ϵ < ϵ∗

Theorem  2  (Hyper-exponential  stability  proposed
algorithm): Under  Assumptions  1–3,  there  exists  a  positive
constant  such  that  for  all ,  the  algorithm  (14)  is
hyper-exponential  stable  at  its  equilibrium  point  with  a

a1sufficiently small .
t ∈ (0,T0)Proof: We  build  the  stability  analysis  on  first.

Due to the equivalence of algorithm (14) and algorithm (15),
we focus on the stability of (15) instead. For the convenience
of  further  analysis,  we  transform  the  equilibrium  point
algorithm  (15)  to  the  origin,  hence,  we  can  obtain  the
following algorithm which is equivalent to algorithm (15)
 

˙̃x = −tCx x̃− tB̃T λ̃

˙̃λ0 = −t(λ̃0+ ỹ)

˙̃y = −a1tN z̃s

ϵ ˙̃λ = −t(L+A0)λ̃− ϵλ̇e

ϵ ˙̃z = −t(I+L)z̃− tLQ1v1− ϵ że

ϵ ˙̃v1 = tQT
1 Lz̃− ϵv̇1e

˙̃v2 = 0

(46)

x̃ = x− xe λ̃0 = λ0− (λ0)e ỹ = y− ye λ̃ = λ−λe z̃ = z−
ze ṽ1 = v1− v1e ṽ2 = v2− v2e

where , , , , 
, , .

h̃ ϕ̃1

h̃ = [x̃, λ̃0, ỹ] ϕ̃1 = [λ̃, z̃, ṽ1]
Since we have defined  and  in Sections IV-A and IV-B

as , , we can rewrite (46) as follows:
  ˙̃h = f (t, h̃, ϕ̃1),

ϵ ˙̃ϕ1 = g(t, h̃, ϕ̃1, ϵ)
(47)

f (t,0,0) = 0 g(t,0,0, ϵ) = 0 fwhere  and  with  and g being
linear functions.

Recalling Theorem 1 and (45), we have
 

l1∥h̃∥2 ≤ V1(h̃) ≤ l2∥h̃∥2 (48)
 

∂V1(h̃)
∂h̃

f (t, h̃,0) ≤ −a4t∥h̃∥2 (49)

 ∥∥∥∥∥∥∂V1(h̃)
∂h̃

∥∥∥∥∥∥ ≤ l3∥h̃∥ (50)

 

l4∥ϕ̃1∥2 ≤ V2(ϕ̃1) ≤ l5∥ϕ̃1∥2 (51)
 

∂V2(ϕ̃1)
∂ϕ̃1

g(t, h̃, ϕ̃1,0) ≤ −a5t∥ϕ̃1∥2 (52)

 

∂V2(ϕ̃1)
∂ϕ̃1

≤ l6∥ϕ̃1∥ (53)

li (i = 1,2, . . . ,6)where   are some positive constants.
To obtain the stability property of the real  system (47),  we

choose  the  Lyapunov  function  candidate  for  the  system  (47)
as follows:
 

V(h̃, ϕ̃1) = V1(h̃)+V2(ϕ̃1). (54)

ϵ ∈ [0, ϵ0]
ϵ (h̃, ϕ̃1)

In  preparation  for  the  stability  analysis  of  algorithm  (46),
we need the following estimates in the neighbourhood of  the
origin.  Since g vanishes  at  the  origin  for  all ,  it  is
Lipschitz in  linearly in state ; hence, we have
 

∥g(t, h̃, ϕ̃1, ϵ)−g(t, h̃, ϕ̃1,0)∥ ≤ ϵl8t(∥h̃∥+ ∥ϕ̃1∥) (55)
f (t, h̃,0) h̃ = 0 tsince  vanishes at  for all , we have

 

∥ f (t, h̃, ϕ̃1)− f (t, h̃,0)∥ ≤ l7t∥ϕ̃1∥ (56)
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li (i = 7,8)where   are positive constants. Recalling the proof of
Theorem  1,  we  have  proven  the  hyper-stability  of  the
following system:
 

˙̃h = f (t, h̃,0). (57)
Similarly,  in  Section  IV-B,  the  stability  of  the  following

system:
 

ϵ ˙̃ϕ1 = g(t, h̃, ϕ̃1,0) (58)

V

can be achieved. By comparing system (57) and (58) with the
whole system (47) and employing (48)–(53), the derivative of

 along the trajectories of (46) can be calculated as follows:
 

dV
dt
≤ −a4t∥h̃∥2+ l3l7t∥h̃∥∥ϕ̃1∥

− a5t
ϵ
∥ϕ1∥2+ l6l8t∥ϕ1∥(∥h̃∥+ ∥ϕ1∥). (59)

ψ = [h̃T , ϕ̃T
1 ]By defining , this inequality can be simplified as

follows:
 

dV
dt
≤ −tψT


a4

l3l7
2

l3l7
2

a5

ϵ
− l6

ψ. (60)

Further, we can rewrite (54) as follows:
 

V(h̃, ϕ̃1) = ψT Pψ (61)

P =
[

P1 0
0 P2

]
ϵ∗ > 0 0 < ϵ < ϵ∗ a4 l3l7/2

l3l7/2 a5/ϵ − l6


where  is positive definite. Observing the right

side of (61), there exists  such that for all , the

matrices  is positive definite.

Therefore, we have
 

dV
dt
≤ −l9tV (62)

l9 = ρ6
min/ρ

5
max ρ6

min[
a4 l3l7/2

l3l7/2 a5/ϵ − l6

]
ρ5

max

P (62)
0 t

where  with  being the minimum eigenvalue

of  the  matrix  and  being the

maximum eigenvalue of . Integrating both sides of  from
 to , we have

 

ln
V(t)
V(0)

≤ − l9t2

2
. (63)

Thus,
 

V(t) ≤ e−
l9t2

2 V(0). (64)
PSince  is positive-definite, we can obtain that

 

ρ5
min∥ψ∥

2 ≤ V(ψ) = ψT Pψ ≤ ρ5
max∥ψ∥2 (65)

ρ5
min ρ5

max
P

where  and  are  the  minimum  and  maximum
eigenvalues of matrix , respectively.

Combining (65) with (64), we can obtain
 

∥ψ(t)∥ ≤ 1√
ρ5

min

√
V(t)

≤
√
ρ5

max

ρ5
min

e−
l9t2

4 ∥ψ(0)∥. (66)

T0 =∞
exp[−(l9t2/4)]t t ∈ (0,∞)

t ∈ (0,∞)

t ∈ (0,∞)

Moreover,  we can easily obtain that (66) holds for .
Note that  is bounded for , and we can
obtain  that  the  right  hand  of  (47)  is  bounded  for ,
which  guarantees  the  existence  of  solutions  for  (47).  Hence,
we  can  obtain  that  (66)  holds  for .  Recalling
Definition  1,  we  can  conclude  that  the  real  system  (47)  is
hyper-exponential  stable  at  its  equilibrium  point,  due  to  the
equivalence of system (47), (46), (15) and (14) we can obtain
the  proposed  algorithm  (14)  is  hyper-exponential  at  its
equilibrium point. ■

ϵ

0 < ϵ < ϵ∗ ϵ∗

ϵ

ϵ

Remark 4: A relatively small value of  will not impact the
convergence of the algorithm, nor will it limit the convergence
speed  of  the  whole  system.  Indeed,  under  Assumptions  1–3,
the  convergence  of  the  whole  system  can  be  guaranteed  as
long as , with  being a positive constant. As for the
convergence  speed  of  the  proposed  algorithm,  it  is  indeed
limited by the slow system, and is  accelerated by the inertial
term.  Thus,  a  relatively  small  value  of  will  not  lead  to  the
divergence of the whole algorithm, and the convergence speed
of the whole system will not be limited by the value of .

Let us continue by analyzing the optimality of the proposed
algorithm  (14).  Since  the  Karush-Kuhn-Tucker  (KKT)
condition  of  the  problem  (11)  can  be  fulfilled  at  the
equilibrium point of (14),  the proposed algorithm (14) solves
the  problem (11)  with  a  hyper-exponential  convergence  rate.
This  convergence  rate  is  faster  than  ordinary  saddle  point
dynamics.  The  comparison  of  the  convergence  rates  with
other algorithm will be shown in the next section.  

V.  Application to the Smart Grid

10
10

i

In  this  section,  the  effectiveness  of  algorithm  (14)  is
illustrated by applying it to the economic dispatch problem of
the  smart  grid,  which  is  investigated  in  [29].  Here,  a  system
with  generators  is  considered.  This  problem  consists  of
finding  the  optimal  strategy  for  generators  which
minimizes  the  total  generation  cost.  At  the  same  time,  the
supply  and  demand,  which  can  be  modeled  into  globally
coupled  constraint,  should  be  satisfied.  First,  based  on  the
characteristics  of  power  generators,  similar  to  [22],  [23]  and
[25] in the manuscript. The cost function of generator  in the
system can be modeled as
 

fi(xi) = ζix2
i +εixi+ϑi

xi i fi : R→ R
i ζi εi

ϑi i

where  is the output of the generator ,  denotes the
production cost of generator  for the power output, ,  and

 are  the  characteristic  parameters  of  generator  with  their
values listed in Table I.

Consider the balance of power supply and demand, it can be
formulated as the following constraint:
 

10∑
i=1

xi = l

lwhere  denotes  the  load  demand.  Thus  the  overall  cost
minimization problem can be modeled as 
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min
10∑
i=1

fi(xi)

s.t.
10∑
i=1

xi = l. (67)

10A  agents  based  network  is  chosen  to  solve  (67).  It  is
undirected  and  circularly  connected.  Each  agent  represents
one generator. The proposed algorithm (17) is used.

For comparison, the best known optimal solutions are listed
in Table II, and the distributed algorithm in [22], [23] and [25]
are also carried out.

 
TABLE II 

The Best Known Optimal Solutions

Variable Value

x∗1 3.0014

x∗2 1.9601

x∗3 2.5275

x∗4 1.5367
x∗5 1.5007
x∗6 0.9235

x∗7 2.8670

x∗8 1.1642

x∗9 4.1759

x∗10 0.3430

f (x∗) 30.5300

 
 

C1 C2 C3
C4

ϵ C1 δ C4 0.02 C4
ki = 1 i = 1,2, . . . ,10 m0 = 1 a1 = 0.01

xi
∑10

i=1 xi

For the convenience of statements,  we use , ,  and
 to  denote  our  proposed  algorithm,  which  correspond  to

algorithms  in  [22],  [23]  and  [25].  As  for  the  algorithm
parameters, for both algorithms in the manuscript and in [25],
the  small  positive  parameters  which  differentiates  the  time
scales (  in ,  in ) are chosen as . For algorithm ,

, where  and .  is chosen for
the proposed algorithm. As for the algorithms in [22] and [23],
no  additional  parameters  are  needed.  In Figs. 2 and 3,  the
evolutions  of  the  state  variables ,  in  the  proposed

C1
C1∑10

i=1 xi = 20 xi

5

x1(0) = x2(0) = · · · = 0

algorithm  ( ),  are  depicted,  through  which  we  can  see  that
 converges  with  the  globally  coupled  constraint

( )  being  fulfilled.  Although  the  values  of  are
negative in about  seconds, the optimal solutions with certain
precision  can  be  obtained  within  several  seconds;  thus  they
are  suitable  for  the  economic  dispatch  problem in  the  virtual
situation.  Here,  the  initial  states  are  chosen  as

,  which  means  the  globally  coupled
constraint  is  not  fulfilled in the initialization procedure.  Note
that this is an advantage of the proposed algorithm compared
to [22], [23], [28] and [29], in which the constraint needs to be
satisfied during the initialization procedure.

log |( f (x)− f (x∗))/ f (x∗)|
| f (x)− f (x∗)| log

C1 C2 C3 C4
x1(0) = 20 xi(0) = 0 i = 2,3, . . . ,10

C1
|( f (x)− f (x∗))/ f (x∗)| 10−10 10

C4 10−10 C2

To directly  show the  speed of  algorithms,  the  convergence
rate  defined  as  is  introduced.  Note
that  the  value  of  can  be  small,  and  is
employed,  from  which  remarkable  differences  among  the
convergence  rates  of  different  algorithms  can  be  shown
clearly.  According  to  the  definition,  a  bigger  slope
corresponds to a faster convergence. The convergence rates of

, ,  and  are  compared  under  the  same  initial
condition , ,  in Fig. 4. As we
can  see,  with  the  convergence  of  algorithm ,  the  relative
error  plummets to  in  s, while in

 it slumps to  with a relatively small slope. As for 

 

TABLE I 

The Characteristic Parameters of Generators

Generator ζi εi ϑi

G1 0.0064 1.5 0

G2 0.0098 1.5 0

G3 0.0076 1.5 0

G4 0.0125 1.5 0

G5 0.0128 1.5 0

G6 0.0208 1.5 0

G7 0.0067 1.5 0

G8 0.0165 1.5 0

G9 0.0046 1.5 0

G10 0.056 1.5 0
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C3 C2
C3

C1 C4

C1 C2 C3 C4

and ,  the  relative  error  with  algorithm  creeps  down
while it ebbs with algorithm , which shows a smaller slope
than both  and . Furthermore, to verify robustness of the
proposed  algorithm  with  regard  to  the  initial  condition,  in
Table III,  under  20  sets  of  random  initial  conditions,  the
average convergence time of , ,  and  is compared.
From  both Fig. 4 and Table III,  we  can  see  that  the
convergence rate of the proposed algorithm (15) is faster than
the  algorithm  with  an  exponential  convergence  rate  in  [25].
Moreover,  it  is  also  faster  that  the  algorithm in  [22],  and the
algorithm  in  [23],  which  is  asymptotically  convergent  and
requires that the constraint is fulfilled during the initialization
procedure.  This  means the inertial  terms we employed in  the
proposed  algorithm  (15)  perform  well  in  the  acceleration  of
the  algorithm.  Combining  this  with  the  two-time-scale
property  of  the  proposed  algorithm  (15),  the  inertial
accelerated method leads to hyper-exponential stability of the
proposed  algorithm  (15),  which  verifies  the  statement  in
Theorem 2.  

 
TABLE III 

Convergence Time Under Random Initial Conditions

Algorithms
Relative error

C1 C2 C3 C4

10−5 8.15 101.35 12.65 18.65
10−10 10.35 210.05 70.25 29.85

VI.  Conclusions

In this paper, a distributed dual accelerated algorithm for the
distributed optimization problem with coupled linear equality
constraints has been proposed. By designing the algorithm in
two time scales, the proposed algorithm avoids the consensus
updating  of  the  multipliers,  and  the  tracking  of  constraints
being  executed  at  the  same  speed  with  saddle  point  seeking,
which  makes  the  inertial  acceleration  possible.  Moreover,  by
introducing  inertial  terms  in  the  dual  dynamic,  saddle  point
dynamics  are  accelerated.  With  the  aid  of  saddle  point
dynamics, the proposed algorithm is initialization free, which
means that the globally coupled constraints do not need to be
fulfilled  at  the  initialization  procedure;  thus,  the  privacy

related  to  constraint  information  is  well-preserved.  Notably,
the  proposed  algorithm  has  been  proven  to  converge  to  an
optimal  solution  faster  than  the  ordinary  saddle  point
dynamics,  with  a  so-called  hyper-exponential  convergence
rate. Simulation of the energy dispatch problem in smart grid
has  shown that  the  proposed  algorithm converges  faster  than
the  exponentially  convergent  and  asymptotically  convergent
algorithms.
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Fig. 4.     The convergence rate comparison.
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