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Reduced-Order Observer-Based Leader-Following
Formation Control for Discrete-Time Linear
Multi-Agent Systems

Zhongxin Liu, Member, IEEE, Yangbo Li, Fuyong Wang, and Zengqiang Chen

Abstract—Formation control of discrete-time linear multi-agent
systems using directed switching topology is considered in this
work via a reduced-order observer, in which a formation control
protocol is proposed under the assumption that each directed
communication topology has a directed spanning tree. By utilizing
the relative outputs of neighboring agents, a reduced-order
observer is designed for each following agent. A multi-step control
algorithm is established based on the Lyapunov method and the
modified discrete-time algebraic Riccati equation. A sufficient
condition is given to ensure that the discrete-time linear multi-
agent system can achieve the expected leader-following formation.
Finally, numerical examples are provided so as to demonstrate
the effectiveness of the obtained results.

Index Terms—Discrete-time systems, formation control, leader-
following, multi-agent system, reduced-order observer.

I. INTRODUCTION

OR the last few years, a great deal of researchers have
F studied distributed coordination of groups of agents for
their broad applications in many domains. As an important
fundamental problem in cooperative control, the purpose of
consensus control is to design appropriate control protocols
such that all agents can reach the agreement value of their
common states asymptotically or in finite time. Much effort
has been taken to solve all sorts of distributed coordination
control problems in the early literature, such with formation
control [1]-[3], containment control [4]—[7], output regulation
[8], the adaptive consensus problem [9]-[10], the state
constraint consensus problem [11]-[12] etc.

In the existing literature, Lyapunov-based methods and
stochastic matrices were commonly used in solving first-order
[13]-[16] and second-order [17]-[22] consensus problems. In
addition, the consensus problem of linear multi-agent systems
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has also been investigated in many literature [23]-[27].
Compared to systems with continuous-time dynamics,
discrete-time systems are much more suitable for realization
using computer. Moreover, many practical systems cannot be
characterized by continuous dynamics. Some interesting
issues on consensus stability of discrete-time multi-agent
systems have been investigated in [28]—[32].

Most literature mentioned above assume that agents could
measure the state information of their neighbours through
communication channels unerringly. However, for many
practical systems, the agents can only measure the output
information of their neighbors due to an unreliable
communication environment or other reason, full state
information is thus not always available. For such consensus
problems, a common method is to propose suitable observers so
as to estimate these unmeasurable variables. In [17], owing to
the unpredictable speed of the leader, an estimation law was
adopted using first-order followers to estimate the leader’s state.
An observer-based consensus strategy for a second-order
system lacking a velocity measurement was proposed in [18].
Based on the relative outputs of the neighbours, observer-type
consensus protocols were presented in [23], which can solve
consensus problem for linear networked systems. In many
practical systems, switching is a common phenomenon. For
example, those systems with abrupt parameter variations can be
modelled as switched systems. The leader-following consensus
problem of linear systems with state-observer under one group
of directed switching topologies was investigated in [24], and
the conclusion of [24] was then extended in [30] to discrete-
time systems. In [31], two consensus problems for discrete-time
multi-agent systems with switching network topology were
studied, and the consensus problem for discrete-time linear
multi-agent systems under directed switching networks was
investigated in [32]. In [33], the authors investigated the
consensus problem with linear multi-agent systems by adopting
a new reduced-order observer. Based on [33], the leader-
following multi-agent consensus problem was investigated in
[34] by designing a reduced-order observer for each following
agent. For a system with discrete-time linear dynamics, a
distributed reduced-order observer-based consensus control
law was given in [35].

With the development of consensus theory, its application by
researchers trying to solve formation control issues has
increased. By converting formation control problems for
networked systems into consensus-like problems, the tools in
consensus theory can be used in dealing with subsequent
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problems. It has been proposed in [36] that many existing leader-
following, virtual leader, and behavioural formation control
methods can be integrated in the general framework of
consensus protocol establishment. Some necessary and
sufficient graphical conditions for formation control of
unicycles were obtained in [37]. In [38], a behavior-based
method was proposed to realize complex formation for multi-
robots. A new formation control approach based on the
distances among the networked robots modeled as single
integrators was provided in [39]. For general linear multi-agent
systems with switching directed topologies, the time-varying
formation control was investigated in [40] and the time-varying
output formation control was studied in [41]. By using an
adaptive based method, a distributed time-varying formation
control strategy for multi-agent systems with high-order linear
dynamics was investigated in [42]. For leader-to-formation
stability of multi-agent systems, an adaptive optimal control
approach was proposed in [43]. Considering the same
communication problems as above-mentioned, many issues of
observer-based formation control problems have been studied
recently. A learning-based model predictive control (LBMPC)
algorithm was presented in [3] for formation flight control of
multiple vehicles systems. In [2], by introducing linear
extended state observer, a formation control strategy was
provided for the case where the velocity of the neighboring
agent is unmeasurable. The leader-following formation
problem for a multi-robot system was studied in [1], in which
the leader agent is unknown to the followers.

So far, the bulk of existing literature on observer-based
formation control has been largely focused on continuous-
time systems. Motivated by the above works, especially by
[33] and [34], we consider the leader-following formation
control problem for discrete-time linear multi-agent systems
through using a reduced-order observer-based strategy. The
main contributions of this work are summarized as follows:
1) Under directed switching topology, the leader-following
formation control problem for discrete-time linear multi-agent
systems is first considered in this work; 2) A novel reduced-
order observer is designed for each following agent based on
the relative output information, which can estimate the state
effectively; 3) Based on the Lyapunov method and the
modified discrete-time algebraic Riccati equation, a multi-step
control algorithm is established for achieving the expected
leader-following formation.

A. Notation

R™*n (or C"™") denotes the set of mXn real (or complex)
matrices. AT represents the transpose of matrix A. I, is the
nxn identity matrix, and 1, =[1,1,...,1]7. For a symmetric
matrix P, when P>0(<0,>0,<0), we say it is positive
definite (negative definite, positive semi-definite, or negative
semi-definite). ||-|| denotes the Euclidean norm. |-| denotes the
module of a complex number or the absolute value of a real
number. ® denotes the Kronecker product.

II. PRELIMINARIES AND PROBLEM FORMULATION

Using graph theory, the interaction relationship among N
agents of a multi-agent system can be described by a directed
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graph G = (V,E,A). Here, V = {v1,v2,...,vn} denotes the set
of nodes and EC VXYV is the edge set. A= [ail-] e RN s
the weighted adjacency matrix, which is defined such that
ajj >0 if (v;,v;) € & and g;; = 0 otherwise. It is assumed that
a;=0,ieS,={1,2,...,N}. The Laplacian matrix £ is
defined as [; = leyzl,jﬂai/’ i€eS,, and l,'j = —a;j, i#j. A
directed tree of a directed graph that is formed by the graph
edges that connect from the root node to every other node in
the graph is called a directed spanning tree. According to the
definition, we can easily obtain that the Laplacian matrix £
satisfies L1y = 0. Now some basic lemmas are introduced in
the following.

Lemma 1 [13]: The Laplacian matrix £ is positive semi-
definite and satisfies L1y =0. If a weighted digraph G
contains a directed spanning tree, then the corresponding
Laplacian matrix £ has exactly one zero eigenvalue.

Lemma 2 [44]: A symmetric matrix S can be partitioned
into the following block form

S

S12
S =
[ Ssz S22 }
where $1; =87, and S2> = S7,. Then, S <0 if and only if

S11 <0, SZQ—SITZSI11312<O

or

S <0, 511—5125521S{2<0.

Then, the discrete-time modified algebraic Riccati equation
is given as follow:

ATPA-P-6ATPBI+B"PB'BTPA+Q=0 (1)
where matrix Q=07 >0 is a given matrix and (A,Q%) is
detectable.

The following lemma is given to address the existence of
solutions for the modified discrete-time algebraic Ricatti
equation.

Lemma 3 [45]-[46]: If (A, B) is stabilizable and (A,Q%) is
detectable, there exists a scalar 6. €[0,1) such that the
discrete-time modified algebraic Riccati equation (1) has a
unique positive definite solution P for any o6.<d<1.
Meanwhile, for any initial condition Py >0, P =limg_, Py
holds if Py, satisfies

Pii1 =ATPLA+Q—-6ATP B+ BT PB) 'BTPA.  (2)

Remark 1: 1t is not hard to see that the Riccati equation (1)
is reduced to a Lyapunov equation if §=0. If 6=1, the
equation (1) is degenerated to the common discrete-time
Riccati equation.

Lemma 4 [47]: For the Laplacian matrix £, the following
N x N nonsingular matrix U can be found

T
U,

where U e RVW-D 7, e RW-DXN gnd Ty =1, v £ =0,
such that

u=1y U |, U“:[
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where D, is an upper-triangular matrix, and the diagonal
elements A; of which satisfies Re(4;) >0,i=2,3,...,N.

Consider a leader-following multi-agent system consisting
of one leader and N followers. Let G’ be a directed graph with
these N+ 1 nodes. G’ is used to model the communicating
topology of the multi-agent system, and G’ contains vy
(denoting the leader) and a subgraph G. It is supposed in this
work that at least one following agent of G is connected to the
leader vy via a direct edge, and graph G’ contains a directed
spanning tree rooted at the leader.

In discussing time-varying interaction topology, the set of
graphs for the existing interaction topologies is given as
H=1G|.G,.....G,} with index set P={1,2,....m}. Let
0 :[0,00) » P be a switching signal used to describe the
topology switching between subintervals. £ denotes the
Laplacian of graph G/, with switching signal o~. The dynamics
of the following agents are described by the following
discrete-time linear systems

{x,»(k +1) = Ax;(k) + Bu;(k) @)
yitk) = Cxi(k), i€S,

where x; € R”, u; e R? and y; € R? are the state, control input
and measured output of agent i, respectively. A e R™",
BeR™P and C € R?™" are constant matrices. Based on the
above dynamics equation and supposing C is full row rank, it
would not be difficult to select a matrix T € R®~9*" such that

T
[CT, TT] is non-singular.

U‘1£U=[ 0 0 ]

The leader’s dynamics is described by

xo(k+ 1) = Axo(k) + Buo(k)
yo(k) = Cxo(k)

where xp € R" is the leader’s state, yg € R? is the output of
leader and ug € R? is the input of leader.

Remark 2: 1t is assumed in this work that ug(k) is known by
all followers, here we consider the case that the leader’s
control input is nonzero. The coefficient matrices for the
leader are supposed to be the same as those of the followers
due to practical backgrounds including birds, insects, etc.

Assumption 1: Each directed communication topology G’
has a directed spanning tree.

Assumption 2: The matrix pair (A, B) is stabilizable, (A,C) is
detectable. C is a full row rank matrix, namely rank(C) = q.

Assumption 3: The followers can only receive the relative
output measurements with their neighbors directly.

The leader-following system (4) and (5) is said to achieve
consensus, if

)

Jim [lxi(k) - xo(k) =0, i€S.,. (6)

The purpose of this paper is to design a distributed reduced-
order observer-based control protocol u;(k) using only the
relative output feedback information for formation control
problems of a leader-following discrete-time linear system.
Specifying a formation by a vector & = [hTh{,]T eRM in
which h; € R” is the desired relative place of agent i to the

leader, then the leader-following system is said to achieve
formation A if
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Jim lx;(k) - xo(k) — hill = 0, €S (7

III. MAIN RESULTS

A. Generalized Reduced-Order Observer

In this subsection, a distributed reduced-order observer is
introduced for each following agent in (4):

{ zi(k+ 1) = W(Nzi(k) + Ky;(k) + HBu;(k)) ®

pik) = zi(k) + Eyi(k) = T %;(k)

where z; € R is the observer state and u; € R? is the observer
output of agent i, i€S,. WeR™ NeR™ KR4,
HeR™", EeR™ and T e R"9*" are given gain matrices.
Define the estimation error as follows:

ei(k) = Txi(k) - T %;(k), (€))
where %;(k) is the estimation of x;(k). Then, we give the
following theorem.

Remark 3: For consensus control of linear multi-agent
systems, the distributed continuous-time reduced observers
were designed in [33] and [34]. Motivated by the works [33]
and [34], a novel distributed discrete-time reduced-order
observer is designed based on the relative output information.
Based on the Lyapunov method and the modified discrete-
time algebraic Riccati equation, a multi-step control algorithm
is established for leader-following formation control of
discrete-time linear multi-agent systems.

Theorem 1: Consider a general discrete-time system model
(4), and suppose that Assumptions 1-3 hold. If the following
conditions (10) of coefficient matrices hold, and WN is Schur
stable, the estimation error e¢;(k) converge to zero
exponentially asymptotically, which means that the observer
(8) can estimate the state of T'x; effectively.

{ TA-ECA-WNT+WNEC-WKC =0

ieS,

TB-ECB-WHB=0 (10)

where matrices E,W,N,K, T, H are given in (8).
Proof: With the general system model (4) and estimation
law (8), it can be obtained that
eilk+1)=Txj(k+1)—(z;(k+ 1)+ ECx;j(k+ 1))
=(T — EC)(Axi(k) + Bu;(k))
~ W(Nzi(k) + Ky;(k) + HBu;(k))
=WNe;(k)+[TA- ECA—WNT
+WNEC - WKC)]x;(k)

+[TB—- ECB—WHB]u;(k). (11D
From (10) and (11), we have
ei(k+1) = WNe;(k). (12)

Since the matrix WN is Schur stable, we can find positive
definite matrices P = PT and Q = QT satisfying the discrete
Lyapunov equation

(WNTP(WN)- P =—Q. (13)

Let e(k) = [elT(k), .. .,e]{,(k)]T, and consider the following

Lyapunov candidate function for the dynamic system (12)

V,(k) = el (k)(Iy ® P)e(k). (14)
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Then, we can get
AV (k) = Vo(k+ 1) =V, (k)
=" (k) [Iy & (WN)" POWN) - P)|e(h)
=—¢" (k)(Iy ® Q)e(k)

Amin(Q)
< A (P) Ve (k). (15)
Based on matrix theory [44] and the Lyapunov equation
(WN)'P(WN)=P—Q, it is easy to obtain that 0 <y <1,
where X = Amin(Q)/ Amax (P).
Moreover, from (14) and (15), we have V,(k) < (1 —x)*V,(0).
the estimation

Thus, error e(k) converges to zero
exponentially asymptotically, i.e., k]im ei(k)=0,ieS,. [ |

Now the idea of the observer design can be applied to the
formation control of leader-following systems in next
subsection.

B. Discrete-Time Formation Control of Linear Systems

In this subsection, a distributed control protocol is proposed,
utilizing merely the relative output feedback information for
leader-following formation control. Considering the formation
definition (7), a new state vector can be designed as follow:

N

Yitl) = > 19 (i) = ) + 7 (xill) = hy = x (k) |

J=1

(16)

where g7 is the connection weight between the i-th agent with
the leader of graph G/,

Let y(k) = [y (K)..... 507, 27 = diag(g7.....8%}. From
(16) and Lemma 1, we have

Yk) = ((L7+E)® 1) (x(k)—h—=1y®xok)  (17)

and

Y+ 1) =[(L7+ZN)e1,]
X[xtk+1)—h—1y®xok+1)]
=[(L7+Z7) 1, ] [(Iy ®A)x(k)
+(In@B)u(k)—h—1n®xo(k+1)]
=(Iy ® A)yr(k)
+[(L7 +Z7) @ B] [u(k) — 1y @ up(k)]
+[(LT+ZT)@(A-1,)]h (18)
where u(k) = [ul (k),...,ul,(k)]". Moreover, define the relative
output vector

&) = (UIn@ (k). (19)
A new reduced-order observer to estimate the state of y; is
designed as follow:

21’ (k+1) = W[ Nz/ (k) + K&i(k)
+ BZ;\,:l l,’juj(k)
+ i (ui(k) — up(k))
FA=L)ZY ljhjrgii]
&/’ (k) =z (k) + E&i(k)
where z; is the observer state and &;’ is the observer output of

agent i, i € S,, and c is a positive gain to be determined. Then,
a novel control protocol for agent i is designed as follow:

(20)
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ui(k) = —cMS R &i(k) + ug(k) —cMS Ryei’ (k) + ©; 21
where ©; is any vector satisfying BO; = (I, — A)h;, M € R is
a given gain matrix, and § € R™", R; e R"4, R, e R"™" are
the given coefficient matrices. Based on the works [9] and
[11], the coefficient matrices W, N, K are designed as follow:

W=T-EC
N=ASR, (22)
K = ASR,E +ASR,

-1
? :[ SR, SR, ],RIGR’”X‘I, R, € R"™<A,

Algorithm 1: Under the Assumptions 1-3, we do the
following steps.

1) By Lemma 3, there exist positive definite matrices
P, Q1 € R™" satisfying the modified discrete-time algebraic
Riccati equation (23). Then, we can obtain the matrices Py, Q.

where

-1
ATP\A—Py+Q,-6ATP\B(I, + B"P\B) B'P)A=0.

(23)
2) Select ¢ such that
minRe(liy) 1- VO
maxRe(lir) 1+ Vo
1- Vo PR (24)
minRe(;,) maxRe(41;,)

& = 1 - (cmax [Im(Li))> = 6

with A;- #0 being the i—th eigenvalue of Laplacian matrix
L7 +3%,and 6. €[0,1), 6. <o < 1.

3) Obtain the positive define matrices P>, Q> € R and a
gain matrix E satisfying the following condition:

(TASR>— ECASRy)! X Py X (TASR,—ECASRy) — P2 =—0s.

(25)
Remark 4: Consider the following equality
sI—CASR, —CASR,
—-TASR, sI-TASR;
I 0
¢ 0
=||T [ SR, SR, ]
0 I
and suppose (A, C) is detectable, it’s easy to obtain
sl —CASR; —CASR»
Rank —TASR; sI—TASR; =n
I 0

for any Re (s) > 0. Then, we have
sI-TASR,

Rank([ _CASR, D:n_q

for any s satisfying Re(s) > 0, which means (TAS Ry, CAS R»)
is detectable. Owing to its detectable properties, we can
always find a matrix E satisfying the condition 3) in
Algorithm 1.

Theorem 2: Consider the leader-following systems (4) and
(5) with the control protocol (21) and the reduced-order
observer (20), and suppose that Assumptions 1-3 hold. Then,
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the considered system can achieve formation control if
condition (22) holds. The gain matrix M is chosen as
M = (I, + BT P1B)"'BT P|A, and the constant c, matrices Py, E
are obtained via Algorithm 1.

Proof: A new error vector can be designed as

€' (k) = (Iy® T )y (k) — &' (k) (26)
where ¢’ (k) = [¢/T (k),..., e}l (k)]". Then, the dynamics of ¢’ (k)
is obtained

Ek+ 1) =(IyT)W(k+1)—&(k+1)
=(In@T)(k+1)—2'(k+1)
~(INQEC)W(k+1)
=(Iy®@TAW (k) + (L7 +Z7)@T(A~1))h
+((LT+ 2R TB)(uk) — 1y ®uo(k))
~(IN®(T-EC)I((LT+Z7)®(A-1,)h
+(Iy®@N)Z (k) + (Iy ® KC)yr(k)
+((L7 +Z7) @ B)(u(k) — 1y ®uo(k))]
—(IN®EO)[(Iy®A)y(k)
+((L7+ZD) @ B)(u(k) — 1y ® up(k))
+((L7+XZ7)®(A~1,))h]
=[Iv®(TA—-ECA-WNT
+WNEC - WKC)]y(k)
+ (L7 +X7)®(TB— ECB-WB)]
X (u(k) — 1y ®uo(k))
+(T-ECYA-1,)-W(A-1,)
(L7 +XN)]h+(Iy®(WN))e' (k)

=(Iy®(TASRy — ECAS Ry))é’ (k). (27)
Combining with (18) and (27), we get that
Yk+1) =(Iy © Ay (k)
+((L7+ZN)QA-Iy))h
+ (L7 +Z7)®B) (u(k) — 1y Quo(k)) (28)
e'(k+1)=(NQ(TASR, — ECAS Ry))e’ (k). (29)
Let n(k) = [y” (k),e'T (k)]7, we have
nk+1) = Fen(k) (30)
where
Dy D
Fo= [ 0 Di]
D =Iy®A—- (L7 +27)®(cBM)
Dy, =(L7+X9)®(cBMSR»)
D3 =Iy®(TASRy,— ECASR»).
Define
(= U eDyk) (31)
where (k)= [¢] (k). (K),....(3 (K1, and define 7 = [¢],
e;T]T. According to Lemma 4, we can obtain
fik+1) = Foiji(k), i€{2,...,N} (32)
~ | A-cdicBM cicBMS R,
where F, = 0 TASR,— ECASR, | Then, we

can determine that limy_,., 7;(k) = 0,i € S ,, if each subsystem

in (32) converges to zero.
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Construct a common Lyapunov function for dynamic
system (30)

V(§i(k)) = k)" Prick)

In® Py 0

0 wly® P>
matrix and w is a given positive parameter. Then, we have

AVie =V itk + 1) =V (k)
=" (0 (Fy PE = P)ii(k).

(33)

where P = is the parameter-dependent

(34

According to Lemma 3 and Algorithm 1, P; is the unique
positive-definite solution of (23). Then, we have

(A=cAigBM)T P (A - cAjy BM) — P,
= ATP\A- P —2cRe(1;,)AT P\BM
+c* e P (BM)T P BM. (35)

As we know M =(I+BTP,B)~'BTPA, by using the
transformation formula:

B'P\B(1,+B"P\B) ' —1,=B"P\B(I,+B"P\B)

— (1, +B"P\B)(I1,+B" P, B)_l
=—(1, +BTPlB)_1
We can get

ATP A— P, —2cRe(1ix)AT P\ BM + c*| i |2 (BM)T P BM
=ATPA- P+ i P(BM)T P BM

~2cRe(4;)AT P B(1,+ B"PB) ' B"PiA

= A"P|A- P - (2cRe(i) - i)
x AT Py B(I, + BTPIB)_IBTPlA
+ A PAT PB(1,+ BT P B)
X [BTPlB(Ip +B'P B)_l - 1,,] x BT P|A

= A"P\A - Pig*M" M - (2cRe( i) - i)
x AT Py B(I, + BTPIB)_IBTPlA -P
<A"P|A- Py - (2cRe(dig) - *ir )
xATPlB(Ip + BTPIB)*'BTPIA. (36)

By Algorithm 1, we know that there exists ¢ € (., 1]
satisfying the following condition:

minRe(ly) 1~ 11— (emaxIm(A;,))? - 8

AR 4 1= (emaxim() -6 -
So, we have
1- \/ 1 - (emax[Im(Ai)|)* - 6
minRe(;,)
T e
< : (38)

maxRe(1;,)

Then, we can obtain
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1- \/ 1 - (cmax|Im(Aie)))> — &
< cmin(Re(4;,))
< cmax (Re(4;s))

<1+ \/ 1 — (cmax [Im(i)])? — 6. (39)

According to the fact that cmin(Re(4;)) < cRe(1iy) <
cmax(Re(1ir)), we can get that cRe(1ir-) < 1+ V. Similarly,
it is easy to obtain that 1- V¥ < cRe(d;,), where
9 = 1 —(cmax |Im(2j,)|)* - 6, 8. <6 < 1. Then, from (39) the
two inequalities cRe(d;r)—1< Vo and 1-cRe(iy) < V9,
we have

(cRe(lig) — 1)? < 1 = (cmax |Im(1;,)])? = 6. (40)
Then, we get
1 > 2cRe(Aig) = (¢ |Aie )
> 2cRe( i) — (cRe(dir)* = (cmax [Im(Aig)])?
> 6. (41)
From (41) and Lemma 3 we have
ATP A= Py - (2cRe(Aig) - P|Aia )
-1
x AP\ B(I,+B"P\B)  xB'P\A
<-0. (42)

According to condition 3) of Algorithm 1, we can choose a
positive definite matrix P, satisfying

(TASR> — ECASR>)T Po(TASRy — ECASRy) — P2 — 0s.

(43)
In summary, we can get that
AV =V (fi(k + 1)) = V(5i(k))
= 71" (k) (Fy PF— P)i(k)
< =i" (k) Qciik) (44)

where
_[In® D
Qo’ - [ N . Ql Ag]
O, =-—cH; ®ATP|BMSR,
+c*H,"H, ® (BM)" P\ BMSR,
Ay =wIy® Qs —c?H,"H, ® (BMSR,)" P\BMSR;.
Note that the following inequality holds if w is large enough
wly® 0y > *Hy"Hy @ (BMSRy)" PIBMS Ry + T Q7' .
(45)
From Lemma 2, we can easily conclude that Q, is positive

definite if (45) is satisfied. Furthermore, it is known that the
Lyapunov function V(5(k)) satisfies

AP < V(i) < Amax (P (46)
Together with the inequality
T = Amin(Qo)
T min\*2o
7 Qol] 2 ———== 47)
7T Amax(P)

and similarly letting y := Amin(Qo)/Amax(P). From (15), it is
easy to know that 0 < y < 1. Then, we can get that
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AV(H) < =T O, 77 < —xiiT Pij
{ @) < =i" Qoft < —x7" Pi “8)

V(i(k)) < (1 =)} V(i(0)).

Thus, the system (30) is exponentially asymptotically stable,
the formation problem is solved by the control protocol (21)
and the reduced-order observer (20), i.e., limg_ |lx;(k)—
xo(k)—hill=0 VieS§,. ]

Remark 5: It can be seen that if we choose the formation
vector i = 0, the consensus problem of multi-agent system (4)
and (5) can be solved if (7) holds. Thus, the consensus
problem is a special case of the formation problem. The
observer-based consensus problem of discrete-time linear
systems has been studied in [10]. The common Lyapunov
function is available for all interaction topologies, and under
certain conditions the switching topology can be extended to
the jointly connected topology case that each of the
subsystems is unstable.

Remark 6: Compared with most of current works on
consensus control with undirected switching topology, leader-
following formation control for discrete-time linear multi-
agent systems with directed switching topology is first
considered in this work. Under directed topology, the
Laplacian matrix associated with the communication graph is
asymmetrical. The eigenvalues of the matrix have an
imaginary part because the Laplacian matrix associated with
communication topology is asymmetric. Comparing the
controller and observer design with undirected switching
topology then becomes difficult. Moreover, using switching
communication, the description and certification of theoretical
results becomes complicated and difficult for a system with
directed topology.

IV. SIMULATIONS
A numerical simulation is provided in this section to
illustrate the effectiveness of the theoretical results. Consider
a group of agents consisting of four followers and one leader.
Fig. 1 shows the switching communication topology. The
coefficient matrices of both leader and follower dynamics are
given as

0 2 0
A=| 0 0 15
| 02 02 1.1
(1 0
100
B:ll,C:[ ]
1 010

Consider the following Laplacian matrices Li(i =1,2,3) for
graphs G'

2 -1 0 -1
0 1 -1 0
1 _
L= 0 1 o
-1 0 0 1
3 -1 0 -2
, | -15 35 =2 0
L=l o 21 1 o
-1 0 0 1
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g

Fig. 1.  Switching communication topology graph.
35 -1 -2 0
-1 25 0 -15

3 _
L= -1 0 2 -1
0 -1 -1 2
and the diagonal matrices

G' = diag{1,1,1,0}
G? = diag{0,2,2,2}
G? = diag(0,0,2,2}.
The topologies are arbitrarily switched among the three
graphs G;, i =1,2,3.
The observer coefficient matrix 7 = [0, O, 1]T, and some

coefficient matrices of control protocol (21) are given as
follows:

(1 0 0
s=10 1 0,E=[0.08 0.2]
|0 0 1
(1 0 0
Ri={0 1|, Rp= 0}.
0 0 1

Through simple calculations, we can get WN = 0.8. Then,
take 6 = 0.4 and ¢ = 0.3 which satisfies the above conditions.
We can obtain

M= -0.0703 0.1785 0.4262
~| =0.0977 -0.1676 0.5704
with

0.2311 -0.0092 -0.3964
Py=| -0.0092 1.4861 -1.3189

-0.3964 -1.3189 4.3495

0.0956  0.0093 -0.0633
Q1 =| 00093 0.7312 -0.9970

-0.0633 -0.9970 1.4475
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In general, xo(0) is taken as [10,-5,15]7 and ug(k) is taken
as [2,1]7. The initial states of the following agents are random
generated with an item in each dimension in the interval
[-30,30]. Choosing a simple formation vector
h=1[[2,-2,-217,[-2,2,2]7,[4,3,2]7,[-4,-3,-2]T]" for the
leader-following system. Figs. 2-3 shows the estimation error
e;(k) and the state y;; (k) of four followers. The position
trajectories of leaders and followers under the protocol (21)
are showed in Figs.4-7. It is shown that the multi-agent
system can achieve the expected formation. Now, the
feasibility and effectiveness of protocols (20) and (21) are
now verified.

30

20

—_
(=}
T

(=}
T

—10 +

-20

Position tracking errors e

=30+

750 1 1 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40 45 50

Time (s)

Fig. 2.  Estimation error trajectories of four followers.

150

100 |

wn
(=}
T

(=}

|
wn
(=}
T

Observer state y,

—100 -

7150 1 1 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40 45 50

Time (s)

Fig. 3.  State trajectories of the observers.

V. CONCLUSIONS

In this work, a novel reduced-order observer-based control
law is presented for leader-following formation of discrete-
time linear multi-agent systems with directed switching
topologies by utilizing the relative output information of
neighboring agents. Using the model transformation method,
the formation control problem is converted into an output
feedback control problem with a reduced-order observer of the
associated switching system. Based on the Lyapunov method
and the modified discrete-time algebraic Riccati equation, a
sufficient condition is obtained to ensure that the discrete-time
linear multi-agent system can achieve the expected leader-
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20
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Follower 3
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Fig. 4. Position trajectories: k= 0.
4
3 Follower 1
* Follower 2
) Follower 3
= * Follower 4
= 1 * Leader
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2710
Fig. 5. Position trajectories: k= 15.
7
6 Follower 1
* Follower 2
5 Follower 3
= * Follower 4
=4 * Leader
3
2
16
34
10 3% 2% xik
8724
Fig. 6.  Position trajectories: k= 30.
12
1 Follower 1
g * Follower 2
10 Follower 3
- r * Follower 4
I * Leader
8
7
22
20 1 40
P 18 70 42
X2 16 I
736 38 x,/
Fig. 7. Position trajectories: k = 45.

following formation. Future works will focus on parameter
time-changing systems.
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