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Adaptive Consensus of Non-Strict Feedback
Switched Multi-Agent Systems With
Input Saturations

Zhanjie Li and Jun Zhao, Fellow, IEEE

Abstract—This paper considers the leader-following consensus
for a class of nonlinear switched multi-agent systems (MASs) with
non-strict feedback forms and input saturations under unknown
switching mechanisms. First, in virtue of Gaussian error
functions, the saturation nonlinearities are represented by
asymmetric saturation models. Second, neural networks are
utilized to approximate some unknown packaged functions, and
the structural property of Gaussian basis functions is introduced
to handle the non-strict feedback terms. Third, by using the
backstepping process, a common Lyapunov function is
constructed for all the subsystems of the followers. At last, we
propose an adaptive consensus protocol, under which the tracking
error under arbitrary switching converges to a small
neighborhood of the origin. The effectiveness of the proposed
protocol is illustrated by a simulation example.

Index Terms—Adaptive consensus, input saturation, non-strict
feedback, switched multi-agent systems (MASs).

I. INTRODUCTION

IN recent years, the topic on the leader-following consensus
control of multi-agent systems (MASs) has captured
considerable attention [1]-[5]. In [6], the leader-following
consensus problem was addressed for networked MASs with
limited communication resources and unknown-but-bounded
noise. In [7], by introducing an auxiliary parameter for each
agent, a distributed dynamic event-triggered strategy and a
distributed adaptive consensus protocol were proposed to
solve the event-triggered consensus of general linear MASs.
Leader-following  consensus  involves many natural
phenomena and has wide practical applications, such as the
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migration of birds and formation control for mobile robots. In
the existing results, a large amount of effort has been put into
the consensus problem of linear or nonlincar MASs with
matching conditions [8]-[10].

When the agents involve mismatching nonlinear
uncertainties, however, the approaches mentioned above
cannot be used to achieve consensus of MASs. To this end,
adaptive neural/fuzzy strategies have been proposed by using
the approximation capability to unknown functions [11]-[15].
With the usage of the backstepping method, the neural
networks (NNs) based results concerning the consensus
control have been well reported for the strict feedback
uncertain MASs, see, for example, [16]-[18]. But, for MASs
with non-strict feedback forms, the above approaches are
inapplicable. The challenge lies in the well-known algebraic
loop issue, which will break the backstepping process. Thus,
we need new control schemes to handle the non-strict
feedback terms. In [19]-[21], by utilizing the structural
property of the Gaussian basis function, the consensus
tracking problems were studied for nonlinear MASs subjected
to non-strict feedback terms. However, the results [16]-[21]
are obtained just for MASs whose followers are modeled by
single dynamics. The multiple dynamics behaviors are very
common in engineering applications, such as the continuously
stirred tank reactor system [22] and the two inverted
pendulums system [23]. Thus, it is important to propose a
proper consensus protocol for more general MASs with
multiple dynamics.

Switched systems provide a more general framework to
describe the multiple dynamics behavior of processes
[24]-[29]. Switched systems have an important feature that
they do not essentially inherit the behavior of their subsystems
[30]-[32]. For example, some switching laws can destabilize a
switched system with all stable subsystems [33]-[35]. Thus,
when the switching mechanisms are unknown, we should deal
with all possible switching mechanisms to achieve the
consensus of MASs, which implies a common Lyapunov
function (CLF) for all subsystems of the agents. In [36], [37],
a CLF was constructed to achieve the consensus tracking of
switched MASs with strict and pure-strict feedback forms,
respectively. It is stressed that the leader-followering
consensus of MASs with non-strict feedback forms is not fully
taken into account. This is mainly due to the fact that in the
iterative design process, each agent is associated with not only
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its spilled variables but also state variables of its neighbours.
These undesired extra states make it difficult to proceed to the
iterative process. On the other hand, input saturation is
inevitable in many real life dynamical plants due to the
physical limitation of the actuator [38]-[42]. However, due to
the interactions among unknown switching mechanisms, non-
strict feedback terms and input saturations, the adaptive
leader-follower consensus for switched MASs with non-strict
feedback terms and input saturation has not been clearly
studied.

In this paper, we will focus on the consensus tracking
control for a class of nonlinear switched MASs with non-strict
feedback forms and input saturation under unknown switching
mechanisms. The main work is summarized as follows. 1) This
paper makes the first attempt to the adaptive leader-following
consensus for the uncertain switched MASs with non-strict
feedback terms and input saturations. The studied MASs have
a more general structure and can reduce to some special case
of non-switched MASs or switched MASs with strict-
feedback terms. 2) The nonlinear terms of the followers are
unknown and have the non-strict feedback forms. In virtue of
the NNs approximation and the structural feature of Gaussian
basis functions, the unknown nonlinear terms are compensated
and the algebraic loop problem caused by undesired extra
states is solved. 3) All the subsystems of each follower are
allowed to have switched dynamics. We construct a CLF for
all the associated subsystems, which allows the switching
mechanisms to be arbitrary and unknown. Besides, the
saturation nonlinearities are represented by asymmetric
saturation models. An appropriate consensus protocol is
proposed to ensure the tracking performance in presence of
input saturation.

The used notation of this paper is standard. Denote by R”
and R™™ the real n-vector space and nXxm-matrix space,
respectively. For a scalar xj, |xi| is its absolute value. For a
vector x, ||x|| = VT x is the Euclidean norm with x7 being its
transpose. Let Apin(A) be the minimum singular value of a
matrix A. diag(bi,...,b,) denotes an nxn diagonal matrix
whose element (i,1) is b;. sign(-) denotes the sign function.

II. PROBLEM STATEMENT AND PRELIMINARIES

A. Problem Statement

Consider a nonlinear MAS which consists of N followers
and one leader. The leader output is a desired reference signal
Ye, and the dynamics of the j-th follower are given by

Rjs = [is )X +hTIx), s=1,..,0 =1

)'Cj’[j = f}’[j(xj')uj+h:'ljj()€j)

Yj=Xjl M
where x; =(xj,1,...,xj,1j)T eRY and y; €R are the state and
output of the j-th follower, respectively. o;:[0,00) > M =

{1,2,...,Mp} is a piecewise continuous switching signal and
the j-th follower has My subsystems. We assume that the

uncertain nonlinearity hljjs(-) is locally Lipschitz and satisfies
hl].jS(O) =0 where i; € Mo, and assume that there are constants
J_‘j >0 and f; > 0 such that [j <|f;s(x)I < f;. For brevity and
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without causing confusion, we will use h;s(~) to replace h'jjs(~).
u; denotes the input of the j-th follower and the output of the
saturation nonlinearity is expressed by

—uig I vi<-u,
wjvpy=gvp i —u<vi<ijo @
ujo, iij>L_tj,()

where —u 0 < 0 and i;0 > 0 are the lower and upper bounds
of uj, respectively.

Remark 1: The MAS (1) is a switched system in which each
follower switches among different dynamics. When Mg = {1},
the uncertain nonlinear term h;,s(.) of the MAS (1) reduces to
that of non-switched MASs considered in [20], [21], [39]. In
addition, compared with the switched MASs in [36], [37]
where the nonlinear functions are in the strict and pure-strict
feedback forms, respectively, the MAS (1) contains the non-
strict feedback term hj,,s(-) which is associated with the whole
state variables x; = (x.,-,l,...,xj,lj)T. Thus, the MAS (1) has a
more general structure.

The objective of this paper is to explore an adaptive
protocol for each follower in (1) such that for the desired
leader signal y, and a small constant o >0, the consensus
tracking error ej=y;-y, satisfies lim;le;() <o,
j=12,...,N, thatis, e = (el,ez,...,eN)T converges to a small
neighbourhood near the origin.

Before deriving a solution to this consensus objective, some
necessary preliminaries and assumptions are presented, and
some useful lemmas are introduced.

B. Communication Graph

A directed graph G = (V,E,A) is introduced to express the
information transfer between agents. In an MAS,
V ={V|,V,,...,Vn} denotes the set of agents (or nodes),
ECVxV denotes the set of directed edges and
A = [a; ;] € RNV is the adjacency matrix. Edge Eji = (V}, Vi) €
E means the information flow from agent j to agent i. In
matrix A, a; ; > 0 indicates the weight of this edge, otherwise,
a;j = 0. In our context, we do not consider the self-loop, thus,
a;; =0. Denote by L = D— A the Laplacian matrix, in which
D = diag{d,...,dy} e RNV is the in-degree matrix with
d;= Z?’Zl a; j. The neighbor set N; = {V;|(V;, V) € E} contains
all neighbors of the agent i. A graph has a directed spanning
tree if there is a node named root, which has a directed path to
the rest of nodes. The augmented graph G = (V,E) of G is
used when considering the leader, where V is the node set
involving the leader, and E denotes the edge set of G. The
leader adjacency matrix is defined by B =diag{by,...,by},
where b; > 0 if follower i can get information flow from the
leader, otherwise, b; = 0.

Assumption 1: If the leader is considered as the root, the
graph G has a directed spanning tree.

Denote the neighbourhood synchronization error as

zj) = Z ajx(Vi—=y)+bi(yj—ve)

kENj
N
:(bj+dj)yj—Zaj,kyk—ije- (3)
k=1
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Under Assumption 1, [43] has indicated that L+ B is
nonsingular. Then, we have the following lemma.

Lemma 1 [43]: Denote z=(zl,1,zz’1,...,zN,1)T. Then, the
overall consensus tracking error e = (e, es,...,ey)! satisfies

LT @
min

For the consensus design of MASs, Assumption 1 is
standard and commonly used, see for example [21], [39], [43].
Using Lemma 1, our control objective can be boiled down to
designing the adaptive consensus protocol to make the
neighbourhood synchronisation error z=(z1.1,22.1,...,z8.1)"
bounded and small.

llell <

C. Saturation Nonlinearity

In this context, we adopt a new model, rather than saturation
model (2), to describe the saturation nonlinearity. This is
mainly due to the fact that in (2), there exist the sharp corners
for the relationship between v;(r) and u;(f) when v;=—u ;0
and v; = itp. The new smooth model is given as in [41]

N

Mj(Vj) =ujoX erf(%vj) %)
where ujo = (ﬂj,o —ij0)/2+ (Zj,() +iij0)/2sign(v;) with erf(-)
being defined as

2 v o
erf(v) = - jo e d. ()

The function erf(-) is called the Gaussian error function and
is smooth. In Fig. 1, by taking wu;,=3, ij0=4 and
vi(t) = 10sin(z), we show the evolutions of the saturation
models (2) and (5) of the first follower.

vi(0)
— Model (2)
— -Model (5)

Saturation

5 10 15 20
Time (s)

Fig. 1.  Saturation models (2) and (5).

For the j-th follower, we define the function A;(-) as

Aj(Vj)Zuj—ngj (7)
where g; is some positive constant. Using the function A;(v;),
we can rewrite the saturation model (5) as follows:

MJ‘:Aj(Vj)+ngj. (8)
To design a desired consensus protocol, the following
assumption is required.
Assumption 2: There are constants A;g >0, gj >0 and
8j> 0 such that Aj < Aj,o, gj€ [gj,gj].
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Remark 2: From (5), each follower has its own saturation
level, and the different lower and upper bounds of each
saturation level can be adjusted by alternating the values u 0
and ijp, respectively. If u;o=1ijo, (5) is a symmetric
saturation actuator, otherwise, (5) is an asymmetric one. In
Assumption 2, the boundedness of the disturbances is
required, which is reasonable. In a real application, the actual
control input cannot be infinite, thus, Assumption 2 is
practical in reality. Some similar restrictions can be found in
[41], [42].

D. Neural Networks

In practice, a control system often involves some nonlinear
uncertainties. To design an effective control strategy, we will
adopt the radial basis function (RBF) NNs to model the
uncertainties. As shown in [12], if A(y) is a continuous
function defined on a compact set X, CR”, then for a pre-
given accuracy level 7 > 0, there is an RBF NN @’ ¥(y) such
that

h(y) =@ ¥(x) +&x) )

where |e(y)| < 7 is the approximation error, @ = (@, ®@2,...,
@)’ € Rl is the weight vector with [ being the neuron number,
and P(v) = W1 (x),¥2(x),....¥i(x)) € R! is the basis function
vector with ;(y) being selected as the Gaussian function

(X_Pi)T(X_Pi)]
2

i

where p; = (01,p2,....p,)" is the center of the receptive field
and v; indicates the width of y;(y).

In what follows, some lemmas and an assumption are
introduced.

Lemma 2 [19]: 1t is assumed that W(y,) = [y
(/\?q),...,wl(/\‘/q)]T is the basis function vector of an RBF NN
and ¥4 =[x1,.--, )(q]T €eR? is the input vector. For any
integers g > p > 1, the following inequality holds

I Ce Il < ¥ CGep)Il- (11)

Lemma 3 [14]: For all (a,b) € R?, constants £ >0 and p > 1,
q > 1 satisfying p + ¢ = pq, it holds

vilx) = exp| - (10)

Jal” + 57% w. (12)
p q

Lemma 4 [13]: Consider a system & = —y9+s(t). If y is a
positive constant and s(¢) is a positive function, then, for all
I(tp) > 0, it holds 9(¢) > 0, V¢t > 1.

Assumption 3: The signal y.(f) and its derivatives up to
y(eL)(t) are continuous and bounded with L = max{l;,l,,...,Iy}.
It is assumed that there is a positive constant yo such that
Iygj)l <y, for j=1,2,...,L.

Lemma 2 shows the property of the Gaussian basis
functions of RBF NNs and is useful to apply backstepping for
the system with non-strict feedback forms. Young’s inequality
in Lemma 3 is used to handle some important inequalities.
Lemma 4 is applied to guarantee that all adaptive signals are
positive.

ab<e
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III. MAIN RESULT
In this section, we will design the adaptive consensus
tracking protocol and construct a CLF for the MAS (1). Then,
an analysis procedure will be presented to give the main
result.

A. Design of Consensus Protocol

In this subsection, the backstepping method is used to
design the desired protocol. The design process involves /;
steps for the j-th follower, and at each step we will use the
NNs to approximate the uncertain functions.

For the j-th follower, we introduce a new set of coordinates
zjs, s =1,2,...,1;. The coordinate z; is defined in (3) and

K
zj,szxjys—x];s, S:2,...,lj

(13)

where x’  is some virtual protocol to be designed.

We now present the design process.

Step 1: By the definition of z;; in (3) and along the i-th
subsystem of the j-th follower, one can deduce from (1) that

2= (b +d(fin(x)xjo+ 1 (x))

N
- Z ak(fi1 (i) xeo + h};,l (X)) = bjye. (14)
=l

Choose the Lyapunov function candidate as
1 5 1

Wii= .
M Sl dy T 20,

32
ﬁj,l

(15)

where & i1 =191 -9 1, and 9 ;.1 1s the estimation of };; which
will be defined latter. By (14) and along the i-th subsystem,
one obtains that

Wi =zj (fj,l(xj)xj,z +h§,1(xj)

- i K a0z + iy (30)
= bj + dj >

b; 1 A
Ve | — —110;1.
b,~+d,~ye) A FALHAL

(16)

Denote for convenience H;(x;1) ZmaxieM()“h;l(xj)_
SN (@] (bj+d))(fir ()X +h§{’1(xk)) = (bj/(bj +dp)yel}
where x| :(xJT.,x,f’j,ye,ye)T and xg; is the column vector

composed of all the states of the k-th agent, k € N;. Then, by
(16) one has

Wir < fit(xpzjixjz+zjlH 1 () — ﬂﬂj,lﬂj,l-
)

(17)

Since the function Hj;(y;i) is related to the unknown
functions h’j ((xj) and h};l(xk), we cannot directly use
H;1(x ;1) to design the desired virtual protocol. To this end, an
RBF NN is utilized to approximate H;(y;1) on a compact
Q,,, such that for any given 7;; >0,

HjiGvj) =@ WinOejn) +&j10c1) (18)

where €;1(xj1) denotes the approximation error satisfying
lej10¢ 1)1 < ;1. Applying (18) and Lemmas 2-3, one has

1755

T
|zl H 1 O < lzjal(@ i Ol + 750

2 2@T
< ?Zﬂ”wj,l” R STICTAN: FACTAY)
Jil

1 1 1
2 2 2
+ 56t Zat 5T

[ T - -
< 22 21951 G Gejin)
Jil

1 2 1 2 1 2
+§Cj,1+§Zj’1+§Tj’1 (19)

where Xj1= (xjsl’xlzj,l’yz,l)T with J.1 = (ye,)')e)T, Xk, j1 is the
column vector composed of all the states xii, k€N,
B = ||wj,1||2 is an unknown constant, and c¢;; > 0 is a design
parameter. It follows from (17) and (19) that
Wi SZj,l(fj,l(xj)xj,Z"'h%zj,]ﬂj,]ly;:l()?j,l)Tj,l()_(j,])

il

1 | 1, 1,
+§Zj’1)_aﬂj’lﬁj’l+zcj,l+§Tj,1' (20)

Next, we construct the desired virtual protocol x}fz and the
adaptive law & 1as

1 A _ _
- WZ,’J%J‘I’LC\{,;J)‘F/'J()(j,l)

A At 5 _ "
Vi =52V DY Ge) — vt (21)

W= 50
2cj’1
where the constants uj;, 4;; and y;; are positive design

parameters. By (20) and (21) one deduces that
i 2 Dilg b 22
Wit < —pjazi + F +fi(xzjnzip+651  (22)

Js
where §;1 = (1/2)c§1 +(1/2)T§1.

Step s (2<s<lj=1): Denote for convenience x7,=0.
Suppose that at the first (s—1)-th step, we have designed a set

of desired stabilizing functions x;m, m=2,...,s, which are

) _ =T T 3T - T .
(}ependent on  Xjm-1 —(xjvm_l,xk’j’l,ﬂj’m_l,ye’m_l) with

2 a3 2 - 1 -1
ﬁj,m—l = (ﬁj,l,ﬁj,z, e ’ﬁj,m—2)T and Yem—1= ()’e,yg ), ces ,ygm )),
the adaptive laws ¢;,,, and a Lyapunov function candidate
W s-1, such that

s—2
W < N R
=15~ (/J],k - E)Zj’k _llj,s—lzjgs,l
k=1

s—1

Yikz o

+ Z T Dk + fi,s-1(x))Z 5125
k=1""7

+ 6}',&—1 (23)

where ¢, is a constant. In what follows, we will prove that
a similar inequality in the form of (23) holds at the step s for
the following Lyapunov function candidate
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1 1 1
Wis(Ejs) = Wis1 (Ris)+ 575+ Tﬂz (24) < 26—; @ sIPE O W s is)
J»S
By (1) and (13), along the i-th subsystem of the j-th 1 1 1
follower, one has +oC S ST
9 2 S 2 IS 2 IS
. i % 1
Zjs = fj,s(xj)xj,s+l + hj,s(xj) ~Xis (25) < 2—223 yﬂj,s\PJT‘q(/?/',S)‘Pj,s(/?j,s)
where sl
oo PEVE R (30)
Jis s Jis
W= o S Fi e + by () 222
k=1~ _
N where Xjis = (xjs’xkjl’ s—12Ye, s)T ]s:”wj,s”z, and cjs>0
é)X* is a design parameter. Next construct the virtual protocol
* Z dik (f ko1 (X)X + hk () x* . and the adaptive law 9 as
k=1 Jos+1 s
—1 ox* =2 Hx* 72
s (k+1) Js A Wi fi+1
+ %k 26 o _ B0 .
Z o Ye kZ::A 00 i ’ (26) Xjs+1 ]_cj ZisT J_cj Zjs
In view of (23), the derivative of W;, along the i-th 1
subsystem satisfies ) f YL s S\PJS(XJ V(i)
/ s
s=2 1 /1
5 2 2 A _ _ A
Wis< = kz; (:“/k 2) Tjk THjs=12j5-1 Djs =32 2 R SNCTOL SNCTOES TR VN €1)
y where the constants pj, A;¢ and vy, are positive design
ik : Pt T
+ Z jkﬂj»k + fis-1(X))2is125 + 6 jis-1 parameters. Using (28), (30) and (31), one arrives at
. s—1 1
i S .
+Zj,s(fj,s(xj)xj‘,s+l +hj,s(xj)_xj,s) Wj,s <- (ﬂj,k_ E)Zik_'uf’szis
1 -~ =« k=1
/1—19 19 (27) sy
2 k~ A
» - + J kD + fis(xX))zj 52541 + 8 s (32)
For convenience, we denote y ;, = (xJT,x]{j,ﬂjT.S_l, )‘zeT’S)T and k= 1

Hj(x)s) = max,gMO{Ih]?(xj) x* (). Then, it follows from . ) )
(27) that where 65 =01+ (1/2)cj’s + (1/2)7'.].,3,.

Step 1;: At the finial step, we consider the Lyapunov

s—2
. 1 function candidate as
Wis< - (:“Jk 2) ik—ﬂj‘sflzis—l
k=1
Wi =Wji-1+ 19 33
]slj 1 22 2/1 . ( )
+z7’/k~ Dix+ fiso1(X))zjs 125+ 6
FRY kTS js= 1A A 2 s =12 s T O frs=1 By (1) and (13), along the i-th subsystem, one has
+ s zisx s + |2l H s o) Zjty = Fit e+ hyy () = 55, (34
1 . 4 L . .. .
— 3 ﬂ (28) where Xy, 18 sm?llarly defined as in (26). By (8) and
Y jis (32)—(34), one obtains that

Since the function H;,(y;) is related to the unknown 1-2
functions h;,s(xj) and hi’l(xk), an RBF NN is utilized to W, _S_Z lljk—]
approximate Hj(x;s) on a compact €, such that for any
given 7, >0,

2 2
)Zj,k TH-1Z

-1
Yikz o
Hj,s()(j,s) = w;:sq}j,s()(j,s) + 8j,s()(j,s) (29) + kz aﬁj,kﬁj’k + fij_l(xJ')Zij_lz/ﬂlj
=1 ")
where &;,(y;s) denotes the approximation error satisfying + Fi, ()8 20,V + 2 1A OV I+ Hja (O a,)
lejs(xjs)l <75 Applying (29) and Lemmas 2-3, one has |
1 2 f“JZ 2 — /l_'l.ﬁj’ljﬁj’lj + 6]"[]_1 (35)
Sis—1(x)zjs- 121,5—2 Gs—1t o 2 Zjs i

where Hj;; is similarly defined as in (28). An RBF NN

Iz).s1H s O jis) < lzjisl(@ j,s'{'j,s()(j,sﬂ +Tjs) wJT.l ¥;1;(x;u;) is used to approximate the unknown nonlinear
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function Hj;,(x ;) on a compact T, such that for any given

Tj,l_,v > O,
Hju) =@, i) +&0,(0i;)

where &;/,(x;i;) denotes the approximation error satisfying
leji j(X j,l_/)l <Tjy; Applying (36) and Lemmas 2-3 results in

f_2

12
2 %l

(36)

1,
.fjl —l(xj)zjl —IZ]l, = 2 jl—1+

1 2 >
il 0PI < 53—+ =5

\zji; 1 H g (xjay) < IZj,zjI(Iw.,-,,j‘Pj,lj(Xj,lj)l +7j1;)

1 2 AN
< 22 Zj,lj”wj,lj” \Pj,lj (Xj,l_/)‘{lj,l_/(/\,/j,l_/)
Jilj
1 2 1 2 1 2
+ Ecj’lj + Ez-i’lj + ET./.slj

I 5 T - _
< ?Zj’ljﬂj,qulj,[j(Xj,lj)\l'lj,lj(Xj,lj)
Jilj

1, 1, 1

2 2
+ Ecj’lj + §Zj,lj + ETj’lj (37)

where A;. >0, c jil; >0 are design parameters. We construct
the actual protocol v; and the adaptive law as

| f?

J
. Z/l + 2Z/'Jj.)
1
——ngj[ ﬂ [\le (X][ )\P]l (X]l)

‘1’,1(/\/11)‘}’,1()(/1) )’1119,1 (38)

Pl = 2 2

where the constants i /llllf and vy ; are positive design
parameters. Recalling Lemma 4, for 3j,lj(z0)zo, one has

9 j,l_/,(t) >0, Yt > 1y. Therefore, it follows from (38) that

Ti(x))8 21V,
)
P S 122_£Zz
=Ml il 2Aj,c Jilj 2 “ilj
2 & ol
my 2,90 0, Y O y)- (39)
.]slj
Substituting (37)—(39) into (35) produces
J J
Yik = A
Zﬂ]k—— 2% Zrﬂ',kﬂj,k
k=1 =1
1 Aj,
+Ec§1_+5131_+6j,,_/_1+%Ai0. (40)
Since  jud i < —(1/2)8% + (/292 k=1,...,1;, it
follows from (40) that
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7 1 I’ A,
2 JiC A2
Wi —_Z(/‘f»k_z)zjk_z 0 ) A
k=1 k=1 """/
7 y q
ik g2 2
+ ——9, += 4011
;2/1]_’]( ik 2 ]l 2 gl J
Lj lj
‘y 22
<= (- Z—Z W @1
k=1

where 6, = Zk | Vjk/24j4) O
],lj—l +(A],C/2)Aj,0

et (1/2)c 1 + (1/2)72 i

B. Consensus Analysis

In this subsection, we present the main result.

Theorem 1: Consider the switched MAS (1) under
Assumptions 1-3, and design the consensus protocol (38),
related to the virtual protocols and the adaptive laws (21) and
(31), with the designed parameters pu;,>1/2, c¢;j;>0,
Aje>0,cj5>0,7js>0andy;s>0,j=1,...,N,s=1,...,1;

Let5=2§»\'z15j,l,andﬂ=minj=1 ..... Nik=1,... {201 (bj +dj), 2f j,
vjkt with i =p;r—1/2. Then, for the bounded initial
conditions, all the closed-loop signals under arbitrary

switching are bounded, and the consensus tracking error tends
to a small neighbourhood near the origin and satisfies
lim—se0lej1 (O] < V26/ Vidmin(L+B), j=1,2,...,N.

Proof: Choose a common Lyapunov function of the MAS
(1)asW= Z Wi, From (41), it follows that

1k+Z 27:{1; Jk Z‘Sﬂ

According to the definitions of 6 and y, we can rewrite (42)
as

l:

—i(Z

J
(42)
=1 k=1

W < —uW +6. (43)
By (43), we derive that
W) < e W(0) + g(l — et (44)

where W(¢) stands for W(z,(?),...,zn(0), 31 (), ..., 9n(r)). From
(44) and the definition of W, it can be obtained that all the
closed-loop signals are bounded under arbitrary switching. In
addition, using (44), we can also achieve that

u 26
Zzil(t) <2e7HW(0) + (1 — ek, (45)
= K
Hence, the following relationship holds
N
) 26
lim Zzi NGRS o (46)
=1
Recalling Lemma 1, we arrive at
26
lim [ej ()] < V8 : (47)
Unc VHAmin(L+ B)

For any constant ¢ >0, we can choose appropriate design
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parameters such that 26/u < Qz/lfnin(L+ B), which implies that
the consensus tracking errors |e;;(f)] can be made small
enough. [ |

Remark 3: For the switched MAS (1), how to construct a
CLF candidate is rather difficult due to the interaction among
switching subsystems, non-strict feedback terms and input
saturation. In the iterative design process, at step s, the j-th
agent is associated with not only its spilled variables
Xjstloneos Xjl; but also state variables x; of its neighbours. The
extra undesired variables often destroy the solvability of
virtual controllers. To this end, the structural feature of
Gaussian basis functions is utilized to eliminate the effect of
these undesired variables.

Remark 4: According to the definitions of y and ¢, the
satisfactory leader-following consensus performance can be
achieved by decreasing c;, 7}, Aj. and increasing pj, vjs.
But, in such a way, a high gain of the designed protocol will
be caused. Thus, in practice, the trade-off between desired
performance and the protocol gain can be used to guide the
choice of design parameters.

IV. AN ILLUSTRATIVE EXAMPLE

In this section, we give an example to illustrate the
effectiveness of the designed protocol.

Example 1: Consider a switched MAS composed of three
followers and one leader. Fig. 2 shows the communication
graph, and the dynamics of each follower are described by

Xj1=Xj2 +hj.:{(xj)
Xjo=Xxj3+ h;—é(x]')
)'Cj,3 = I/tj-i-/’l(;.:é(x]')

Vi =Xl (48)
where j=1,2,3, o;:[0,00) > My ={1,2}. The functions
hjs(x;)=1, j,s=1,2,3. The nonlinear terms h;,v h’]2 and h;.’3,
iel,2, the
hil = (x;1%;3)/(10+ xi3), h}.’z = hiz =0, h}ﬁ = x;p +sin(x;3),

have following form h},l =0.1x;2x;3,

hi3 =X +xj,3e_x§»3, for j=1,2, and hé,l = sin(x33), hg’l =
x3,1, hy, = sin(xs 1) +x31€08(x32), B3, = 1=cos(x3,), hi; =
0, h% 3= X3 +x§2. The leader output is selected as y, = sin(¢).
The saturation lower and upper bounds are u; =50,
it10 =10, u, =800, @20 = 800, us = 1200, it3 9 = 1500.

Following the process of Section III, the consensus protocol
and the adaptive laws are designed as

Fig. 2. Communication graph between leader and agents.
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1

1
Vj gj (H/,3Z./,3 20, 2j3 22,/,3)

1 o _ _
- ——2;39 ;35 (1) W3 (3)
26? 38; J

% Ajk > T _ R
ik = 525 Y O )Y e i) = v jk ¥ ik
ik

where j=1,2,3, k=1,2,3, z1.1 =21 —¥e), 22,1 =32 —y1),
Z3,1 = 2(y3 —yl), Zj,2 = xj‘,z —xjf’z, Zj,3 = )Cj,3 - x;f’3 with xj.,z and
x5 being defined by (21) and (31), 11 =(x1,1.Ve.¥e)
)_(1,2=(x1,1,x1,2,191,1,}7£2)T,)_(1,3 :(xl,xl,Z,xl,&ﬁl,l7ﬁ1,27y£3)T7
and for j=2,3, ¥;1=(Xj1,X11,YesTe) s Xj2 = (Xj1,Xj2: %11,
{91,1,922)T, Xj3= (xj,l,xj,z,xjs,,xl,lﬁj,lﬁj,z,?zg)T, where
Ve = (Ye,).’eaye)Ta Ve3 = VesVes Ve .).)'e)T~

The parameters are selected as puj; =4, pi2=15,
n13=30, c1x=05, L1x=5 vix=3, k=123, uxj =4,
M2 =10, pp3 =25, 24, =0.5, Aox =6, y24 =3, k=1,2,3,
3,1 =06, p3p =20, p33=30, c3x=0.5, B3x=6, y3x=4,
k=1,23¢g =1LA;c=1,j=1,23.u; ,=30,i10=50, u, ) =
iy 0 =100, _23,0 =130 =200. The initial states are taken as
(x1,10), %1,2(0), x1.3(0)) = (0,0.2,0.1),(x2,1(0), x2,2(0), x23(0)) =
(0.3,—0.1,0.1), ()C3’1(0),X372(0),X3,3(0)) = (—0.2,0, O), and
$11(0)=0, Br1(0)=D31(0)=0.1, & ;0)=0, i=1.2,3,
j=2,3. In the sequel, we take the RBF NNs including 16
neurons, and their centers evenly space in [-3,3] and their
widths are equal to 5.

Figs. 3-7 show the simulation results. Fig.3 depicts
switching signals o1(f), o2(f) and o3(f). Fig. 4 shows the
consensus errors of the followers and the leader. Figs. 5-7
demonstrates the responses of the states x;;, i,j=1,2,3 and
the adaptive laws ¥ ;, i, j = 1,2,3. From Figs. 4-7, it follows
that all the closed-loop system signals are bounded under the
chosen switching signals, and from Fig. 4, it can be clearly
seen that all outputs of the followers track that of leader
successfully. Besides, in this example, the real errors satisfy
le;j(®)] <0.02, j=1,2,3. The simulation time is t = 1.26 s.

(49)

2.5 2.5

2.0 20F r== = r ===
on o0 | [ I
2 E o N :
15 Ssh
z = . ot \
n n b |
1.0 Lop- = tele -
0.5 1 1 1 1 05 1 1 1 1
0 4 8 12 16 20 0 4 8 12 16 20
Time (s) Time (s)
Fig. 3. The evolution of switching laws o, 07, 03.

Example 2: We consider three groups of single-link robot
manipulators subjected to nonlinear disturbances. Each system
is modeled as M;G; =—(1/2)m;l;gsin(q;)+u;, where the
physical meanings and the values of the system parameters
can be founded in [44]. Due to the potential changes of system
dynamics, we introduce the switching disturbances. By taking
xj1=q; and xjp =¢g;, j=1,2,3, the system model can be
rewritten as
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Fig. 4. The consensus errors between the three followers and the leader.
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Fig. 6.  The states and adaptive laws of the follower 2.
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Fig. 7.  The states and adaptive laws of the follower 3.
o
Xj1=X;2 +hj,{(xj)
1 mjljg . o
Xjp=—uj——=——sin(x;1)+h.5(x))
/ Mj J 2Mj / s
Vj=Xj1 (50)

where j=1,2,3, o;:[0,00) > Mp=1{1,2}, and h;.l(xj),
h;.z(xj), i€ My, denote the switching disturbances. The

communication graph and the switching laws are chosen as in
Figs. 2 and 3, respectively. The adaptive consensus protocol is

designed as in Section III.
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In the simulation, we select h},1 =0.5x;1sin(x}2), hil =

X1 +0.1xj0c08(x),), Aly = xjo, S, = 2%, sin(xj2), j=1,2,3.
The parameters are selected as u;; =7, c¢;;=1, 4;1 =3,
Vi = 2, 5 =1, Aj,c =1, Zj,O = ﬁj,() =20, j= 1,2,3, i=1,2,
The leader output is selected as y, =0.1sin(xt/2)+0.1cos
(mz/2). The initial states are taken as (x1,1(0), x1 2(0)) = (0.4,0.1),

(02,1(0),x2,2(0)) = (=0.3,-0.1),

(x3,1(0), x32(0)) = (0.5,0.2),

and 5,-,]-(0) =0, i=1,2, j=1,2. We take the RBF NNs
including 25 neurons, and their centers evenly space in [4,4]
and their widths are equal to 3. From Fig. 8 and Figs. 9-11, it

0.6 F
€
)
0.4 - - &
|
0.2}
e
g off - e~ TS~—
= 0.6
K 04
0.2 F 0.2 An
0 F\Y7 >
021
04t 0.4 ¢ .
1 1 0 1 I1 1 2 1 1 1 1
0 2 4 6 § 10 12 14 16 18 20
Time (s)
Fig. 8.  The consensus errors in Example 2.
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Fig. 9. The state and adaptive laws of the follower 1 in Example 2.
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Fig. 10.  The state and adaptive laws of the follower 2 in Example 2.
25 4 =
| ! X3,2 s — 9,
‘\ : g3 ~
L 7N 7N N 7 — I
g U )
7y EN
‘ :
-2k < 1 ‘\
_3 ‘ 1 1 1 1 0 \ 1 1 1 1
0 4 8 12 16 20 0 4 8 12 16 20
Time (s) Time (s)
Fig. 11.  The states and adaptive laws of the follower 3 in Example 2.
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can be seen that under the chosen switching signals, the
consensus errors between the three followers and the leader
converge to a neighborhood of the origin, and all the closed-
loop system signals remain bounded.

V. CONCLUSIONS

In this paper, an adaptive consensus protocol has been
proposed for a class of nonlinear switched MASs with non-
strict feedback forms and input saturations. By utilizing the
Gaussian error functions and NNs approximation, the
unknown nonlinear terms are compensated, and by
constructing a CLF for all the followers, we make the tracking
error convergent under arbitrary switching. An interesting
problem worthy of further investigation is to extend the
developed control strategy to the output feedback design
based on an observer. Recent results on cyber deception
attacks have been achieved, see e.g. [45]-[47], thus, a problem
is whether some results can be obtained for non-strict
feedback switched MASs with input saturation under
deception attacks.
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