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   Abstract—To  improve  the  energy  efficiency  of  a  direct
expansion  air  conditioning  (DX  A/C)  system  while  guaranteeing
occupancy comfort, a hierarchical controller for a DX A/C system
with  uncertain  parameters  is  proposed.  The  control  strategy
consists of an open loop optimization controller and a closed-loop
guaranteed  cost  periodically  intermittent-switch  controller
(GCPISC). The error dynamics system of the closed-loop control
is  modelled  based  on  the  GCPISC  principle.  The  difference,
compared to the previous DX A/C system control methods, is that
the controller designed in this paper performs control at discrete
times. For the ease of designing the controller,  a series of matrix
inequalities  are  derived  to  be  the  sufficient  conditions  of  the
lower-layer  closed-loop  GCPISC controller.  In  this  way,  the  DX
A/C  system  output  is  derived  to  follow  the  optimal  references
obtained  through  the  upper-layer  open  loop  controller  in
exponential  time,  and  the  energy  efficiency  of  the  system  is
improved. Moreover, a static optimization problem is addressed for
obtaining  an  optimal  GCPISC  law  to  ensure  a  minimum  upper
bound  on  the  DX  A/C  system  performance  considering  energy
efficiency  and  output  tracking  error.  The  advantages  of  the
designed hierarchical controller for a DX A/C system with uncertain
parameters are demonstrated through some simulation results.
    Index Terms—Energy  efficiency,  hierarchical  control,  open  loop
optimal  control,  optimal  guaranteed  cost  periodically  intermittent-
switch control.
  

I.  Introduction

THE  building  sector  consumes  about  30%−40% of  the
whole  energy  in  the  world  [1].  Among  energy

consumption  of  a  general  building,  the  heating,  ventilation,

and air conditioning (HVAC) system bears the greatest energy
demand as  it  consumes  approximately  50% of  the  building’s
total  energy  usage.  Therefore,  improving  the  energy
performance  of  the  HVAC  systems  allows  for  decreasing
energy  demands  of  buildings.  Although  there  are  many
methods  to  improve  the  energy  efficiency  of  buildings,  such
as  hybrid  energy  supplies  [2],  [3],  facility  retrofit  and
maintenance  [4],  [5],  envelope  retrofit  [6],  etc.,  energy-
efficient  optimal  control  of  HVAC  systems  has  greater
potential  in  the  reduction  of  energy  consumption  and  cost  of
buildings  in  comparison.  Due  to  this,  effective  control  of
HVAC systems has drawn much attention.

To  control  HVAC  systems,  advanced  control  approaches
have  been  developed  [7]–[10]  to  improve  indoor  thermal
comfort  efficiently.  A  gain  scheduled  control  approach  was
proposed [7] to improve the energy and comfort performances
of  an  HVAC  system  as  well  as  to  satisfy  the  changing
demands  for  cooling  capacity.  In  [9],  a  real-time  event-
triggered  adaptive  critic  controller  was  designed  for  near-
optimal  temperature  control  of  a  multi-zone  HVAC  system.
With  an  event-based  controller  [11],  the  multi-zone  HVAC
control  problem  was  formulated  to  maintain  indoor  thermal
comfort in an energy-efficient manner. In recent years, model-
based  predictive  control  (MPC)  as  an  advantaged  control
scheme  is  widely  employed  in  building  HVAC  systems  to
control energy efficiency and occupancy comfort [12]–[14].

Compared to conventional HVAC systems, direct expansion
air  conditioning  (DX  A/C)  systems  have  the  advantages  of
energy  efficiency,  lower  costs,  and  simpler  system
configurations [15]. That is why DX A/C systems are widely
investigated  and  adopted  in  the  building  sector,  and
particularly used in small/medium sized buildings over recent
decades. In [16], a linear-quadratic-Gaussian (LQG) controller
was  investigated  for  simultaneous  control  of  indoor  moisture
content  and  air  temperature.  An  open  loop  controller  and  an
MPC controller  were proposed for  improving the energy and
comfort  performances  of  a  building’s  DX  A/C  system  [17],
[18].  In  this  way,  an  optimal  occupancy  comfort  can  be
ensured  and  simultaneously  the  energy  demand  of  target
buildings can be reduced optimally.

In  the  previous  work,  various  control  strategies  were
employed for better energy performance of building DX A/C
systems. In this research, the DX evaporator’s dry-cooling and
wet-cooling areas were assumed to be constant. However, the
stability  of  the  dry-cooling  and  wet-cooling  areas  in  the  DX
evaporator are not clear and may change over time and under
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different  circumstances  [19].  It  requires  high  accuracy  in  the
control and operation of the DX A/C system, especially when
the  system  tracking  time-varying  references.  However,
previous control methods (i.e., LQG and MPC) are difficult to
control  the  systems  using  time-varying  dry-cooling  and  wet-
cooling  areas  and  uncertain  parameters.  To  facilitate  the
closed-loop  control  design,  the  first-order  approximation  of
the  Taylor  based  linearization  is  employed  to  linearize  the
nonlinear  models  in  [16]–[18],  [20].  However,  the  local
linearization method inevitably results in less accurate control.
Guaranteed  cost  control  (GCC)  is  capable  of  handling  the
stability  of  the  various  dynamic  systems  with  time-varying
and uncertain parameters  and ensuring adequate performance
of  the  control  system  [21].  GCC  has  attracted  widespread
attention  in  recent  years  [22]–[24].  It  is  meant  to  address  a
guaranteed cost controller for a time-varying DX A/C system
with  uncertain  parameters  for  improving  the  occupancy
comfort and energy performances of a target building.

Once the speeds of the supply fan and the compressor of the
DX  A/C  system  reach  the  values,  and  the  relative  humidity
and  indoor  air  temperature  are  within  the  suitable  ranges  or
deadband,  maintaining  the  target  speeds  is  relatively  easy.
This is because of the higher cooling capacity indoors and the
closed  operational  status  of  the  electronic  expansion  valve
(EEV), which leads to turning off the indoor air unit to avoid
energy waste [10]. We notice that this working mechanism is
similar  to  an  intermittent  control  way.  In  recent  years,
intermittent  control  has  been  widely  investigated  [25]–[27]
and has potential application value in engineering fields [28].
The reasons are that the method is not only economical, but is
also  capable  of  decreasing  the  amount  of  information
transmitted.  In  the  method,  the  working  time  is  divided  into
nonzero control  intervals,  in  which the intermittent  control  is
on,  and  others  in  which  the  intermittent  feedback  control  is
off.  Also,  the  intermittent  controller  is  more  efficient
compared  to  continuous  controllers,  because  the  system’s
input  using  intermittent  control  is  measured  intermittently
instead  of  being  measured  continuously.  In  light  of  these
advantages,  intermittent  controllers  are  used  for  controlling
various  control  systems  [26],  [29],  [30].  However,  the
intermittent  control  methods  in  the  literature  do  not  consider
the performance of dynamic control systems. For instance, the
HVAC systems are expected to guarantee the thermal comfort
of target buildings with a high level of energy efficiency. The
compressor  should  avoid  frequently  starting  and  stopping  in
order  to  reduce  compressor  loss  and  improve  energy
utilization  rates  to  avoid  energy  loss.  For  energy  savings,  a
switch  control  method  is  needed  to  control  the  compressor.
Therefore,  it  is  meaningful  to  investigate  guaranteed  cost
intermittent  and  continuous  feedback  control  problems  in
dynamic control systems.

In  this  context,  guaranteed  cost  intermittent  and  switch
regulation  control  problems  for  a  DX  A/C  system,  which
exhibits  uncertain  parameters,  state  constraints,  and  control
constraints,  are  proposed  and  studied.  Nonlinear  control
systems  are  designed  for  guaranteeing  good  indoor  thermal
comfort.  During  the  design  process,  the  coupling  effects
between  the  two  objects  are  taken  into  consideration.  Based
on the energy consumption of the DX A/C system, an energy-
optimised  open  loop  controller  is  designed  to  achieve

maximum  energy  efficiency.  The  resulting  steady  state
solution  is  then  followed  by  an  intermittent  control  strategy,
which is designed with a guaranteed cost to adjust the relative
humidity  and  air  temperature  to  the  steady  state  while
maximizing  the  energy  efficiency.  According  to  the
guaranteed cost intermittent-switch regulation control strategy
and Lyapunov stability theory, a series of sufficient conditions
for  the  proposed  guaranteed  cost  periodically  intermittent-
switch  controller  (GCPISC)  are  provided  based  on  matrix
inequalities, which ensures the DX A/C system with uncertain
parameters  maintained  at  the  optimal  steady  state  with  good
control  performances  on  energy  efficiency  and  thermal
comfort. Moreover, an open loop issue is optimized to get the
optimal  GCPISC law,  which ensures  the  minimization of  the
guarantee  cost  function’s  upper  bound  with  the  given
sufficient  conditions,  uncertain  parameters  and  states,  and
input constraints. The simulation results show that the energy
consumption  of  the  DX  A/C  system  is  reduced  and  good
occupancy  comfort  is  maintained,  which  demonstrates  the
validity  of  the  hierarchical  control  method  presented  in  this
paper.

The main contributions of this research are below. Firstly, a
guaranteed  cost  intermittent-switch  control  problem  is
investigated.  Secondly,  the  GCPISC  is  used  in  a  building’s
DX A/C system. Thirdly, this research discusses the GCPISC
problem for a DX A/C system, in the DX evaporator of which,
the dry-cooling and wet-cooling areas are time-varying. With
the  presented  control  method,  the  energy  and  thermal
performances  of  the  DX A/C system can  be  improved.  With
the solution, an open loop optimization for the control system
is presented for reducing the energy demand of target building
and maintain good thermal comfort. Lastly, the validity of the
provided  control  strategy  for  a  DX  A/C  system  is
demonstrated by simulation results.

The  remainder  of  this  content  consists  of  five  parts.  The
complex  nonlinear  dynamic  modelling  of  a  DX  A/C  system
with uncertain parameters is presented in Section Ⅱ, followed
by the design of a hierarchical control approach in Section Ⅲ.
After  that,  the  validity  of  the  proposed  strategy  is
demonstrated by numerical simulations in Section Ⅳ.  Lastly,
conclusions are summarized in Section Ⅴ.

Nomenclature:
A1

m2
  Heat  transfer  area  of  the  DX  evaporator  in  the  dry-

 cooling region, ;
A2

m2
  Heat  transfer  area  of  the  DX  evaporator  in  the  wet-

 cooling region, ;
Ca kJ kg−1 ◦C−1 Specific heat of air,  ;
h f g kJ/kg  Latent heat of vaporization of water, ;
hr1 kJ/kg  Enthalpy of refrigerant at vaporisation inlet, ;
hr2 kJ/kg  Enthalpy of refrigerant at vaporisation outlet, ;
Ml kg  Latent load in the conditioned space, /s;
mr kg/s  Mass flow rate of refrigerant, ;
Qs kW   Sensible heat load in the conditioned space, ;
Tz

◦C   Air temperature in the conditioned space, ;
Td

◦C
  Air  temperature  leaving  the  dry-cooling  region  on  air

 side, ;
Ts

◦C   Air temperature leaving the DX evaporator, ;
T0

◦C Temperature of the outdoor air, ;
Tm

◦C Mixed air temperature, ;
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V m3 Volume of the conditioned space, ;
v f m3/s Air volumetric flow rate, ;
Vh1

m3
  Air  side  volume  of  the  DX  evaporator  in  the  dry-

 cooling region on air side, ;
Vh2

m3
  Air  side  volume  of  the  DX  evaporator  in  the  wet-

 cooling region on air side, ;
Wz kg/kg  Moisture  content  of  air-conditioned  space,  dry

  air;
Ws

kg/kg
  Moisture  content  of  air  leaving  the  DX  evaporator,

  dry air;
W0 kg/kg Moisture content of the outdoor air, ;
Wm kg/kg  Mixed moisture content,  dry air;
α1

kW m−2

◦C−1

  Heat  transfer  coefficient  between  air  and  the  DX
 evaporator  wall  in  the  dry-cooling  region, 
  ;
α2

kW m−2

◦C−1

  Heat  transfer  coefficient  between  air  and  the  DX
 evaporator  wall  in  the  wet-cooling  region, 
  ;
ρ kg/m3 Density of moist air, ;
δ Proportion of outside air entering inside, %.  

II.  Problem Formulation
  

A.  The Description and Dynamic Model of a DX A/C System
The  DX  A/C  system  of  a  general  building  is  mainly  com-

posed of an air distribution unit and the DX refrigeration equip-
ment,  the  simplified  diagram  of  which  is  presented  in Fig. 1
(for more details  refer to [17],  [18]).  Assume that the system
is  operating  at  cooling  mode.  Other  assumptions  and  the
operating principles for the control system are given below [17].
 

Air conditioned room Variable speed
supply fan

S

Pe

Pc

EEV

             

Evaporator

Variable speed
compressor

Fresh air

R

Exhausted air
Cooling

load

Condenser

Tz, Wz

hr2 hr1

To, Wo

 
Fig. 1.     Simplified framework of a DX A/C control system.
 

δ 0 < δ < 1

(1−δ)

1)  A  certain  percentage,  ( ),  of  outside  air,  is
allowed  to  enter  into  the  indoor  unit  and  gets  mixed  with

 of the recirculated air to across the DX evaporator.
2) Plenty of air is mixed and gets conditioned inside the heat

exchangers.
3) Heat quantity losses in air ducts are negligible.
4)  The supply air  enters  the  air-conditioned space to  offset

the indoor heat loads.
1−δ5) The air in the conditioned space is drawn by a fan. 

of the air  is  recirculated to the indoor unit  and the remaining

of it is recirculated by a fan.
Based  on  the  principles  of  energy  and  mass  conservation,

the complex coupling dynamic model of the DX A/C system
is built  for control on the comfort indoor air temperature and
relative humidity, etc. The model can be described by
 

CaρVṪz =Caρv f (Ts−Tz)+Qs

ρVẆz = ρv f (Ws−Wz)+Ml

CaρVh1Ṫd =Caρv f (Tm−Td)+α1A1
(
Tw−

Tm+Td

2

)
ρVh2(CaṪs+h f gẆs) = ρv f (Ca(Td −Ts)+h f g(Wm

−Ws))+α2A2
(
Tw−

Td +Ts

2

)
CwρwVwṪw = α1A1(

Tm+Td

2
−Tw)+α2A2

(Td +Ts

2
−Tw
)
− (hr2−hr1)mr

Ẇs−
2×0.0198Ts+0.085

1000
Ṫs = 0

(1)
α1 α2where  and  are expressed as follows [31]:

 

α1 = je1ρva
Ca

Pr
2
3

, α2 = je2ρva
Ca

Pr
2
3

(2)

Pr je1 je2
va

where  is  the  Prandtl  number,  and  are  the  Colburn
factors, ahd  is the air velocity.

Remark  1: More  details  of  the  system  models  (1)  can  be
found  in  [17]  and  [32].  The  system models  (1),  in  which  no
outside air enters, were reported and experimentally validated
in  [32].  This  study  will  investigate  the  energy-efficient
GCPISC problem based on these models.

A0 A1
A1 A2

The  two  regions  on  the  airside  of  the  DX  evaporator,
namely  the  dry-cooling  region  (sensible  heat  transfer  only)
and  wet-cooling  region  (mixing  latent  and  sensible  heat
transfer  region),  are  shown  in Fig. 2.  The  coupling
relationship  between  the  two  regions  is  that  the  outlet  air
characteristics  of  the  dry-cooling  region  are  the  inlet  air
conditions  entering  the  wet-cooling  region.  Hence,  the  space
from point  to  represents the dry-cooling region and the
space  from  point  to  the  calls  the  wet-cooling  region,
they can be defined as
 

A1 = L1h, A2 = L2h (3)
L1 L2

L0 = L1+L2 h

where  and  are  the  length  of  the  dry-cooling  and  wet-
cooling  areas,  respectively,  and  the  total  length  of  the  DX
evaporator  is .  is  the  height  of  the  DX
evaporator.
 

Air side

Evaporator wall

Refrigerant side

Dry-cooling
region

Wet-cooling region

Superheated
region Two-phase region

L2
A1A0 = 0 A0 = A1 + A2L1

Ts, Ws, hs

Tz, Wz, T0, W0

hr1hr2

TW

Td

 
Fig. 2.     Simplified framework of DX evaporator.
 

A1

In general, these parameters of the heat transfer coefficients,
namely the dry-cooling region  and the wet-cooling region
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A2 (A2 = A0−A1)

l̃(t)
Ã1

L1h

,  are  obtained  from  numerous  experiments
and remain unchanged during the operating process. However,
due  to  the  complexity  of  inherent  operational  characteristics
between  the  dry-cooling  and  wet-cooling  regions  inside  the
DX  evaporator  and  the  difficulty  of  the  measurement,  the
values  keep  time-varying  as  a  DX  A/C  system  during  the
operating  process.  Therefore,  they  are  treated  as  uncertain
parameters  during  the  process.  Here,  is  used  to  represent
the  varying  part  of ,  and  the  variations  are  assumed  to  be
around the known nominal value .  Then, the coefficient’s
realized values are derived as
 

Ã1 = A1+ l̃(t)h = A1+
l̃(t)
L0

A0 = A1+φ(t)A0

Ã2 = A2−
l̃(t)
L0

A0 = A2−φ(t)A0 (4)

0 ≤ l̃(t)/L0 = φ(t) ≤ 1 ∥φ(t)∥ < 1where , and satisfies , which its
dynamics is described in Section IV.

Based  on  (1)  and  (4),  the  state-space  form of  the  DX A/C
system can be compacted as
 

ẋ = f (x,u) = D−1 f1(x,u)+D−1 f2(z) (5)

x ∆= Ts,Tz,Td,Tw,Ws,Wz]T u ∆= [v f ,mr]T z ∆= [Qs,

Ml,0,0,0,0]T f1 f2
where , ,  and 

.  and  are the nonlinear functions described
as follows:
 

f1(x,u) = [ f11 f12 f13 f14 f15 0]T

f11 =Caρv f (Ts−Tz)

f12 = ρv f (Ws−Wz)

f13 =Caρv f (Tm−Td)+α1Ã1
(
Tw−

Tm+Td

2

)
f14 =Caρv f (Td −Ts)+ρh f gv f (Wm−Ws)

+α2Ã2
(
Tw−

Td +Ts

2

)
f15 = α1Ã1

(Td +Tm

2
−Tw
)
+α2Ã2

(Td +Ts

2
−Tw
)
− (hr2−hr1)mr

f2(z) = [Qs Ml 0 0 0 0]]T

Qs Mlwhere  indoor  loads  and  were  given  in  our  previous
work [18].

Remark  2: The  dry-and  wet-cooling  areas  of  a  DX  A/C
system  are  universal  time-varying  and  uncertain  during  the
system operation. This will influence the control performance
of  the  DX  A/C  system  if  the  uncertainty  is  not  considered.
This also results in inaccurate reflection of the physic inherent
operating characteristic of the DX A/C system [19]. The dry-
and  wet-cooling  regions  were  considered  to  be  constant  in
[16],  [17].  In  this  study,  the  relevant  parameters  are
considered  to  be  time-varying  and  uncertain.  Then,  the
operation  stability  is  analyzed  and  the  DX  A/C  system
controllers with uncertain parameters are designed.  

III.  Hierarchical Control Design

In  this  study,  a  hierarchical  controller  is  designed  to
improve  the  energy  efficiency  of  a  DX  A/C  system  and
maintain  good  thermal  comfort.  The  hierarchical  controller
includes  an  open  loop  control  for  minimizing  the  energy
consumption  of  the  DX  A/C  system  and  a  closed-loop

GCPISC for maintaining indoor air temperature and moisture
content  at  their  references.  The  framework  of  the  proposed
hierarchical controller is listed by Fig. 3.
 

Open loop
optimization

Guaranteed
cost control

DX A/C
system 

Conditioning
room

Intermittent
controller

Energy
consumption

model

Upper layer

Lower layer

Tz, Wz, vf, mr, Ts, δ Optimal reference points

Closed-loop control

Setpoint

K K*
Tz

Wz

Tz
r, Wz

r

 
Fig. 3.     Simplified flowchart of the presented hierarchical control.
   

A.  Open Loop Controller
An open loop controller is designed to schedule an optimal

operation mode by minimizing the power consumption of the
DX A/C system for the closed-loop periodically intermittent-
switch controller.

Ptot

The total power consumption model of the DX A/C system
 can be calculated by

 

Ptot = Pe+P f +Pc (6)
Pe Pc P fwhere , ,  and  are  the  power  consumptions  of  the

condenser,  compressor,  and  evaporator,  respectively.  They
can be expressed by [33], [34]
 

Pe = a0+a1v f +a2v2
f +a3Ts+a4T 2

s +a5Qc

+a6Q2
c +a7v f Te+a8v f Qc+a9TsQc

Pc = b0+b1Td +b2Ts+b3T 2
d +b4TdTs+b5T 2

s

+b6T 3
d +b7T 2

d Ts+b8TdT 2
s +b9T 3

s

P f = c0+ c1mr + c2m2
r (7)

ai, bi (i = 0,1, . . . ,9), ci (i = 0,1,2)

Qc
Qs Ml

where  the  coefficients  can
be determined experimentally by polynomial fitting [33], [34].

 denotes  the  building’s  cooling  load  comprising  sensible
heat load  and latent heat load .

T r
z

Wr
z

For  the  present  open  loop  optimal  control  design,  it  is
assumed that the system is at its steady state. Therefore, let 
and  denote  the  given  setpoints  of  air  temperature  and
moisture content of the conditioning room, which are selected
according to a thermal comfort index. A steady state condition
of the nonlinear model (5) is formulated as
 

D−1 f1(x,u)+D−1 f2(z) = 0

Tz = T r
z

Wz =Wr
z . (8)

A1 A2
[aA0,bA0] 0 ≤ a,b ≤ 1 a ≤ b A1 = L1h
A2 = L2h

In our previous work [18], test results demonstrate that this
open  loop  optimal  controller  is  insensitive  to  the  parameters

 and  of  the  DX  A/C  system  within  any  ranges  of
, where  and . Hence,  and

 are  chosen  in  the  equality  constraint  in  (8).  The
uncertain  parameters  will  be  considered  in  the  lower  layer
closed-loop control.

The operation of the DX A/C system is restricted by thermal
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comfort,  physical  characteristics,  and  operational  limits,
which are defined as follows.

Tz ∈ [T z,T z], Wz ∈ [Wz,Wz](C1) , which confines the indoor
air temperature and moisture content to be within the suitable
ranges.

Ws ∈ [W s,W s], Ts ∈ [T s,T s]

T s W s Tz Wz

(C2) , which specifies the upper
and lower bounds of the supply air temperature and moisture
content  owing  to  physical  characteristics  of  the  air  cooling
coils  inside  the  DX  evaporator.  Additionally,  the  upper
bounds  and  must be less than  and , respectively,
since the DX A/C system is operating at the cooling mode.

Tw ≤ Td(C3) ,  which  ensures  that  the  air  temperature
crossing the DX cooling coils should be cold.

mr ∈ [mr,mr], v f ∈ [v f ,v f ]
v f mr

(C4) : the volumetric air flow rate
 and  the  mass  flow  rate  of  the  refrigerant  confined

within their respectively lower and upper bounds according to
the  physical  characteristics  of  the  system  and  the  operating
requirements of the DX A/C system.

Td ≤ (1− p%)Tz+ p%T0, Ws ≤ (1− p%)Wz+ p%W0(C5) .
The  air  temperature  and  moisture  content  of  the  mixed  air
formed  by  the  outside  return  air  crossing  both  the  DX  dry-
cooling region and wet-cooling region can only drop.

Thus, the open loop energy-optimised scheduling of the DX
A/C  system  can  be  formulated  as  a  nonlinear  static
programming problem: minimize (6) subject to (8) and (C1)−
(C5), which is concisely presented as follows:
 

min Ptot
s.t.
D−1 f1(x,u)+D−1 f2(z) = 0
Tz = T r

z
Wz =Wr

z

T s ≤ Ts ≤ T s

T d ≤ Td ≤ T d

T w ≤ Tw ≤ T w

W s ≤Ws ≤W s

v f ≤ v f ≤ v f

mr ≤ mr ≤ mr. (9)
T r

s , T r
z , T r

d, T r
w, Wr

s , Wr
z vr

f ,and mr
rLet ,  denote  the  optimal

solution to (9).
Remark  3: In  the  optimization  problem  (9),  the  two

equations  can  be  referred  to  as  the  two  equality  constraints
and  set  them  at  their  setpoints.  The  obtained  optimal  steady
state can be used as the trajectory reference by the lower layer
closed-loop  feedback  controller  to  follow.  The  DX  A/C
system  model  is  linearly  approximated  near  the  optimal
solution calculated by the optimization problem (9).  

B.  Closed-Loop Controller Design
ur

xr

ur

e(t) = x(t)− xr δu(t) = u(t)−ur

To facilitate the closed-loop controller design, the vectors 
and  are used to represent the nominal control action and the
steady  state,  respectively,  which  are  obtained  by  the
optimization  formulation  (9).  Then,  the  control  force  is
used  to  keep  the  DX  A/C  system  at  the  steady  state.

 and  are  defined as  as  the  state
and  the  control  input  vectors.  From  (1),  the  error  dynamics

can be linearized and represented by the following taking into
account uncertain parameters:
 

ė(t) = Ace(t)+△Ce(t)+Bcδu(t), (10)

e(t) ∆= [δTs, δTz, δTd, δTw, δWs, δWz]T

e(t) = x− xr δu
∆
= [δv f δmr]T

δu = u−ur δTz = Tz−T r
z

δWz =Wz−Wr
z δTs = Ts−T r

s δTd = Td −T r
d δTw = Tw−T r

w
δWs =Ws−Wr

s δv f = v f − vr
f δmr = mr −mr

r

xr
∆
= [T r

s ,T
r
z ,T

r
d,T

r
w,W

r
s ,W

r
z ]T ur

∆
= [vr

f ,m
r
r]

T

Ac(xr,ur), Bc(xr,ur)

where  represents  the
deviation  defined  by ,  represents
the  input  deviation  defined  by . ,

, , , ,
, ,  are defined to be

the  derivations  of  the  input  and  state  variables  from  their
steady  states.  and 
represent  the  steady  state  points  of  the  state  and  input,
respectively. The coefficient matrices  can
be calculated as follows:
 

Ac =
∂ f (x,u)
∂x

∣∣∣∣∣
x=xr ,u=ur

, Bc =
∂ f (x,u)
∂u

∣∣∣∣∣
x=xr ,u=ur

△C = ΦE(t)H1
H1 = diag{A0, . . . ,A0}6×6 Φ E(t)
and  the  uncertain  parameter  matrix  is ,  where

,  and  are defined as
 

Φ =



0 0 0 0 0 0
0 0 0 0 0 0

0 −α1(1− p)
2

−α1

2
α1 0 0

α2

2
0

α2

2
α2 0 0

−α2

2
α1(1− p)

2
α1−α2

2
α2−α1

2
0 0

0 0 0 0 0 0


 

E(t) =



φ(t) 0 0 0 0 0
0 φ(t) 0 0 0 0
0 0 φ(t) 0 0 0
0 0 0 φ(t) 0 0
0 0 0 0 φ(t) 0
0 0 0 0 0 φ(t)


.

To reduce the energy demand of the DX A/C system as well
as  to  maintain  good  thermal  comfort,  a  closed-loop
periodically intermittent-switch controller (PISC) is presented
in  this  study  to  stabilize  the  error  dynamic  model  of  the
system  (10)  under  the  framework  of  the  PISC  strategy  with
the following form:
 

δu(t) = F(t)(x(t)− xr) (11)
with the control gain for the supply fan designed as follows:
 

F1(t) =


K1, t ∈ Θ1k

∆
= [kT,kT +ϑ), or

x(t) < [xr − θ, xr + θ]

0, t ∈ Θ2k
∆
= [kT +ϑ, (k+1)T ), or

x(t) ∈ [xr − θ, xr + θ]

(12)

and the control gain for the compressor is designed below:
 

F2(t) =


K2, t ∈ Θ1k

∆
= [kT,kT +ϑ), or

x(t) < [xr − θ, xr + θ]

K3, t ∈ Θ2k
∆
= [kT +ϑ, (k+1)T ), or

x(t) ∈ [xr − θ, xr + θ]

(13)

this  controller  is  designed as  a  periodically  switching control
to  avoid  switching  off/on  frequently,  damaging  the  com-
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pressor, and reducing the compressor’s power consumption.
T

ϑ K = [K1,K2]T ,

Ks = [0,K3]T

k

In (12)  and (13),  the positive constant  is  the controller’s
control  period,  denotes  the  control  width, 

 are the control gain matrix of controller to adjust
the  system  to  stabilize  at  a  equilibrium  point,  and  is  the
number of control period.

t ∈ Θ1k

t ∈ Θ2k

Remark 4: The periodically intermittent  controller  (11) can
be called a classic switching controller, the switching rules of
which  are  only  related  to  time.  The  control  of  the  DX  A/C
system is periodic. Each operating period can be divided into
two  control  intervals,  namely “work  time” and “idle  time”.
The supply fan speed controller is activated when  and
there  is  no  control  action  on  the  system  when .  The
compressor  speed  controller  is  switched  at  the  two  control
intervals. Fig. 4 is  given  to  better  clarify  the  periodically
intermittent controller mechanism of the DX A/C system.
 

Work time Idle time Work time Idle time

Operating period 1
T T

Operating period 2

 
Fig. 4.     Simplified  control  mechanism  of  the  presented  periodically
intermittent feedback controller [28].
 

With  the  design  periodically  intermittent-switch  controller
(11), the error dynamic model (10) is described as
  ė(t) = (Ac+△Ac+BcK)e(t), t ∈ Θ1k

ė(t) = (Ac+△Ac+BcKs)e(t), t ∈ Θ2k.
(14)

To get the main results of this study, we will first introduce
the definition and lemmas below.

T ϑ ϑ < T

Definition 1: The error dynamic model (10) is deemed to be
exponentially  stable  if  there  are  constant  and positive  scalars

 and ,  for  with  a  periodically  intermittent-switch
controller (11), such that the error dynamic system satisfies
 

||e(t)|| ≤ Mc∥e(0)∥e−αt (15)
t > 0 Mc α e(0)for all  and positive constants  and .  denotes the

initial point of the error system (14).
E F

Θ

Lemma  1  [35]: Given  any  matrices  and  with
appropriate  dimensions  and  a  symmetric  matrix ,  then  it
concludes that the following condition:
 

Θ+EΣ(t)F + (EΣ(t)F)T < 0 (16)
Σ(t) ΣT (t)Σ(t) ≤ I
ζ > 0

for  all  such  that ,  if  and  only  if  there  is  a
scalar  to satisfy
 

Θ+ ζEE
T
+ ζ−1F

T
F < 0.

Lemma  2  (Schur  complementary  lemma  [36]): Assume  a
real matrix as
 [

Γ11 Γ12
Γ21 Γ22

]
ΓT

11 = Γ11 ΓT
22 = Γ22with  and ,  then  the  three  inequalities  are

equivalent as below:
Γ < 01) ;
Γ11 < 0, Γ22−ΓT

12Γ
−1
11Γ12 < 02) ;

Γ22 < 0, Γ11−ΓT
12Γ
−1
22Γ12 < 0.3) 

  

C.  Guaranteed Cost Intermittent-Switch Control
For the DX A/C system, a GCPISC is designed making use

of the Lyapunov stability, the optimal control theories, and the
guaranteed cost periodically intermittent control method.

The  regulation  control’s  priority  is  to  ensure  the  indoor
comfort  level.  In  addition,  the  DX  A/C  system  is  a  piece  of
energy-intensive  equipment,  for  which  the  energy
consumption  should  be  minimized.  Therefore,  a  GCPISC
strategy is considered in the lower layer to improve the indoor
comfort  level  and  minimize  the  total  energy  consumption.
Accordingly, the following objective function is presented
 

J =
w ∞

0
(eT (t)S e(t)+ (u(t)−ur)T R(u(t)−ur))dt (17)

where
 

JΘ1k =
w t0+nT+ϑ

t0+nT
(eT (t)S e(t)+ (u(t)−ur)T R(u(t)−ur))dt

t0+nT ≤ t < t0+nT +ϑ

JΘ2k =
w t0+(n+1)T

t0+nT+ϑ
eT (t)(S +KT

s RKs)e(t)dt

t0+nT +ϑ ≤ t < t0+ (n+1)T (18)
S Rwhere  and  are the positive definite weighted matrices. The

first  part  of  the  integration  in  (17)  indicates  the  cumulative
state deviation from its references corresponding to the indoor
thermal  comfort,  and  the  second  implies  the  cumulative
energy  consumption,  which  directly  relates  to  the  energy
efficiency of the DX A/C system.

The  guaranteed  cost  intermittent-switch  regulation  control
of  a  DX A/C system operation  to  be  stated  in  this  section  is
described below.

δu(t)
J∗

J ≤ J∗ J∗

δu(t)

Definition 2: For the error dynamic of the DX A/C system
(10)  and  the  guaranteed  cost  function  (17),  if  there  exists  a
periodically  intermittent-switch  control  law  under  the
constraints  in  (C1)−(C5) and a  positive  constant  such that
the  system  outputs,  namely  indoor  air  temperature  and
humidity,  are  exponential  to  follow  their  desired  references
simultaneously, and the corresponding index of the guaranteed
cost  function  (17)  meets ,  then  is  referred  to  as  a
guaranteed cost index and  is said to be a GCPISC law for
the DX A/C system with the guaranteed cost function (17).

The  following  theorems  will  give  the  sufficient  conditions
for the GCPISC of the DX A/C system to improve the energy
efficiency and indoor thermal comfort.

T
ϑ

η, ζ1, ζ2, γ1, γ2 M
H, Hs

Theorem 1: For  the given controller  working period  and
control  width ,  and considering the error  dynamic model  of
the DX A/C system in the form of (14), if there exist positive
scalars , symmetric positive definite matrix ,
and  any  matrices  with  appropriate  dimension  to  make
the following inequalities hold:
  Υ1 ζ1Φ MHT

1
∗ −ζ1I 0
∗ ∗ −ζ1I

 ≤ 0 (19)
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 Υ2 ζ2Φ MHT
1

∗ −ζ2I 0
∗ ∗ −ζ2I

 ≤ 0 (20)

 

ϑγ1− (T −ϑ)γ2 > 0 (21)
 

S +KT RK −γ1P ≤ 0 (22)
 

S +KT
s RKs−γ2P ≤ 0 (23)

 

eT (0)Pe(0) ≤ η (24)
Υ1 = AcM+MAT

c +BcH+HT BT
c +γ1M Υ2 = AcM+

MAT
c +BcHs+HT

s BT
c −γ2M

δu(t) = F(t)e(t)

where , and 
, then, the periodically intermittent-

switch controller  is then obtained to ensure that
the  output  commands  of  the  DX A/C system can  reach  their
desired references exponentially, and the error state satisfies
 

∥e(t)∥ ≤
√
λmax(P)
λmin(P)

∥e(0)∥e−β(t−ϑ) (25)

β = (ϑγ1− (T −ϑ)γ2)/T
J < (γ1η/β)exp(βϑ)

J∗ = (γ1η/β)exp(βϑ)

where . Meanwhile, the corresponding
guaranteed  cost  function  (17)  satisfies ,
and  is a guaranteed cost value for the DX
A/C system over a whole operation period.

Proof: At first, to study the exponential stability of the error
dynamic model  of  the DX A/C system (14),  one can employ
the Lyapunov theory and its function can be taken as
 

V(t) = eT (t)Pe(t) (26)
Pwhere  is a symmetric and positive definite matrix.

t0+nT ≤ t < t0+nT +ϑWhen ,  one  can  calculate  that  the
derivative of (26) in regard to time along with the trajectory of
the error dynamic model (14) is calculated as
 

V̇(t) = 2eT (t)P(Ac+△Ac+BcK)e(t)

= eT (t)[PΦE1(t)H1+ (ΦE1(t)H1)T P+PAc

+AT
c P+PBcK +KT BT

c P]e(t)

= eT (t)[GE1(t)H1+ (GE1(t)H1)T +PAc

+AT
c P+PBcK +KT BT

c P]e(t)

= eT (t)[GE1(t)H1+ (GE1(t)H1)T +Ω1

+γ1P]e(t)−γ1V(t) (27)
Ω1 = PAc+AT

c P+PBcK +KT BT
c P PΦ =Gwhere  and .

Inequality (28) holds
 

V̇(t) ≤ −γ1V(t) (28)
if and only if
 

GE1(t)H1+ (GE1(t)H1)T +Ω1+γ1P ≤ 0 (29)
holds.

ζ̂1 > 0
On  the  basis  of  Lemma  1,  there  exists  a  scalar  constant

 to make (29) equivalent to
 

ζ̂1GGT + ζ̂−1
1 HT

1 H1+Ω1+γ1P ≤ 0. (30)

η
1
2 P−1

We  premultiply  and  postmultiply  both  sides  of  the
inequality (30) by the term , we have
 

ζ̂1ηΦΦ
T + ζ̂−1

1 ηP
−1HT

1 H1P−1+ηP−1Ω1P−1+

ηγ1P−1 ≤ 0. (31)

By Schur complement, the inequality (31) holds if and only
if the following inequality
 

ηP−1(Ω1+γ1P)P−1 ζ̂1Φ ηP−1HT
1

∗ − ζ̂1
η

I 0

∗ ∗ −ζ̂1ηI

 ≤ 0 (32)

holds.

{I,ηI, I}
Let  both  sides  of  (32)  to  premultiply  and  postmultiply  by

diag , one can obtain
  Υ1 ζ̂1ηΦ MHT

1
∗ −ζ̂1ηI 0
∗ ∗ −ζ̂1ηI

 ≤ 0 (33)

Υ1 = η(AcP−1+P−1AT
c +BcKP−1+P−1KT BT

c +γ1P−1)
M = ηP−1 ζ1 = ζ̂1η H = KM

where ,
let , ,  and ,  one  can  easily  obtain
that the inequality (33) is converted to the inequality (19).

According to the inequality (28), one has
 

V(e(t)) ≤ V(e(t0+nT ))e−γ1(t−t0−nT ) (34)

t ∈ [t0+nT, t0+nT +ϑ)for .
t0+nT +ϑ ≤ t < t0+ (n+1)TWhen , the derivative of (26) in

regard to  time along with  the  trajectory of  the  error  dynamic
system (14) is
 

V̇(t) = 2eT (t)P(Ac+△Ac+wI)e(t)

= eT (t)[GE1(t)H1+ (GE1(t)H1)T

+PAc+AT
c P+PBcKs+KT

s BT
c P]e(t)

= eT (t)[GE1(t)H1+ (GE1(t)H1)T

+Ω2−γ2P]e(t)+γ2V(t) (35)

Ω2 = PAc+AT
c P+PBcKs+KT

s BT
c Pwhere .

By  Lemma  1  and  (20),  and  following  (32)  and  (33),  one
obtains
 

V̇(t) ≤ γ2V(t) (36)

which implies
 

V(e(t)) ≤ V(e(t0+nT +ϑ))eγ2(t−t0−nT−ϑ) (37)

t ∈ [t0+nT +ϑ, t0+ (n+1)T )for .
t ∈ [0,ϑ)When ,  one  has  the  following  inequality  based  on

(34)
 

V(e(t)) ≤ V(e0)e−γ1t ≤ V(e0)

V(e(ϑ)) ≤ V(e0)e−γ1ϑ (38)
e0 e(t) t ∈ [ϑ,T )where  is initial  point of the error ,  and when ,

according to the inequality (37), one has
 

V(e(t)) ≤ V(e(ϑ))eγ2(t−ϑ) ≤ V(e0)e−γ1ϑ+γ2(t−ϑ)

V(e(T )) ≤ V(e(ϑ))eγ2(T−ϑ) ≤ V(e0)e−γ1ϑ+γ2(T−ϑ). (39)
t ∈ [T,T +ϑ) t ∈ [T +ϑ,2T )When  and , one can obtain

 

V(e(t)) ≤ V(e(T ))e−γ1(t−T )

≤ V(e0)e−γ1ϑ+γ2(T−ϑ)−γ1(t−T )

V(e(T +ϑ)) ≤ V(e0)e−2γ1ϑ+γ2(T−ϑ), t ∈ [T,T +ϑ) (40)
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and
 

V(e(t)) ≤ V(e(T +ϑ))eγ2(t−T−ϑ)

≤ V(e0)e−γ1ϑ+γ2(T−ϑ)−γ1(T+ϑ−T )+γ2(t−T−ϑ)

≤ V(e0)e−2γ1ϑ+γ2(T−ϑ)+γ2(t−T−ϑ)

V(e(2T )) ≤ e−2γ1ϑ+2γ2(T−ϑ), t ∈ [T +ϑ,2T ). (41)
t ∈ [nT,nT +ϑ) (t−ϑ)/T < n ≤ t/TWhen ,  i.e., ,  by  mathe-

matical induction, one can obtain
 

V(e(t)) ≤ V(e(nT ))e−γ1(t−nT )

≤ V(e0)e−nγ1ϑ+nγ2(T−ϑ)

≤ V(e0)e−
ϑγ1−(T−ϑ)γ2

T (t−ϑ). (42)
t ∈ [nT +ϑ, (n+1)T ) t/T < n+1 ≤ (t+T −ϑ)/TWhen ,  i.e., ,

by mathematical induction, one can obtain
 

V(e(t)) ≤ V(e(nT +ϑ))eγ2(t−nT−ϑ)

≤ V(e0)e−(n+1)γ1ϑ+(n+1)γ2(T−ϑ)

≤ V(e0)e−
ϑγ1−(T−ϑ)γ2

T t

≤ V(e0)e−
ϑγ1−(T−ϑ)γ2

T (t−ϑ). (43)
t > 0From (42) and (43), it concludes that for any 

 

V(e(t)) ≤ V(e0)e−
ϑγ1−(T−ϑ)γ2

T (t−ϑ). (44)

According to (26), we have
 

λmin(P)∥e(t)∥2 ≤ eT (t)Pe(t) ≤ λmax(P)∥e(t)∥2 (45)
λmin(P) λmax(P)

P
where  and  denote  the  minimum  and
maximum  eigenvalues  of  the  positive  definite  matrix ,
respectively.

Based on (44) and (45), one obtains
 

∥e(t)∥ ≤
√
λmax(P)
λmin(P)

∥e(0)∥e−β(t−ϑ)

this  implies  that  the  error  system is  exponential  stability  and
the indoor thermal comfort level is achieved.

K = HM−1

Ks = HsM−1

Hence,  the  periodically  intermittent-switch  controller  can
exponentially  stabilize  the  DX  A/C  system  at  their  optimal
references of the indoor air temperature and moisture content
under  the  state  feedback  control  gains  and

.

t ∈ [0,∞)

Additionally,  to  analyze and obtain the upper  bound of  the
guaranteed  cost  index  function  (17)  over  the  whole  time
horizon , we use (22) and (23), we have
 w t

0
(eT (s)S e(s)+ (u(s)−ur)T R(u(s)−ur))ds

=
w t

mT+δ
eT (s)(S +KT

s RKs)e(s)ds+
w mT+δ

mT
eT (s)(S

+KT RK)e(s)ds+ · · ·+
w T

δ
eT (s)(S +KT

s RKs)e(s)ds

+
w δ

0
eT (s)(S +KT RK)e(s)ds

≤
w t

mT+δ
γ2V(s)ds+

w mT+δ

mT
γ1V(s)ds+ · · ·

+
w T

δ
γ2V(s)ds+

w δ
0
γ1V(s)ds. (46)

t ∈ [mT,mT +δ)For , using (22) and (23), we have
 w t

0
(eT (s)S e(s)+ (u(s)−ur)T R(u(s)−ur))ds

=
w t

mT
eT (s)(S +KT RK)e(s)ds

+
w mT

(m−1)T+δ
eT (s)(S +KT

s RKs)e(s)ds+ · · ·

+
w T

δ
eT (s)(S +KT

s RKs)e(s)ds

+
w δ

0
eT (s)(S +KT RK)e(s)ds

≤
w t

mT
γ1V(s)ds+

w mT

(m−1)T+δ
γ2V(s)ds+ · · ·

+
w T

δ
γ2V(s)ds+

w δ
0
γ1V(s)ds. (47)

γ1 ≥ γ2 t ∈ [mT+
δ, (m+1)T )

According  to  (22)  and  (23),  we  have  for 
 and it yields

 w t

0
(eT (s)S e(s)+ (u(s)−ur)T R(u(s)−ur))ds

≤
w t

mT+δ
γ1V(s)ds+

w mT+δ

mT
γ1V(s)ds+ · · ·

+
w T

δ
γ1V(s)ds+

w δ
0
γ1V(s)ds

= γ1

w t

0
V(s)ds (48)

t ∈ [mT,mT +δ)for , it also yields
 w t

0
(eT (s)S e(s)+ (u(s)−ur)T R(u(s)−ur))ds

≤ γ1

w t

0
V(s)ds. (49)

Based on (44), we have
 w t

0
(eT (s)S e(s)+ (u(s)−ur)T R(u(s)−ur))ds

≤ γ1

w t

0
V(s)ds

≤ γ1

w t

0
V(0)e−β(s−ϑ)ds

=
γ1V(0)
β

(eβϑ− e−β(t−ϑ)). (50)

t→ +∞
eT (0)Pe(0) = V(0) ≤ η

Let  and  according  to  the  condition  (24):
, one has

 

J =
w ∞

0
(eT (s)S e(s)+ (u(s)−ur)T R(u(s)−ur))ds

≤ γ1

w ∞
0

V(s)ds <
γ1V(0)
β

eβϑ ≤ γ1η

β
eβϑ. (51)

J <(γ1η/β)exp(βϑ) (γ1η/β)exp(βϑ)
Hence,  the  guaranteed  cost  function  value  is  then

,  and  is  the  supremum
guaranteed cost of the DX A/C system working over the total
control horizon. ■

Remark 5: Theorem 1 gives a sufficient criterion to realize
the  exponential  stability  of  the  DX  A/C  system  by  the

MEI et al.: ENERGY-EFFICIENT OPTIMAL GUARANTEED COST INTERMITTENT-SWITCH CONTROL OF A DX A/C SYSTEM 1859 



[t0+nT, t0+nT +ϑ)
T

GCPISC law. This strategy is different from existing literature
on  DX  A/C  system  control  [17],  [18],  in  which  the  output
commands are continuous. Besides, this control scheme is also
different from existing literature in term of genetic regulatory
networks  [37],  uncertain  nonlinear  systems  [38]  and  fuzzy
time-delay systems [23], in which the guaranteed cost control
laws  are  continuous.  The  proposed  controller  only  operates
the  control  action  within  the  interval  in
each  working  period .  The  energy  efficiency  is  improved
when  the  proposed  closed-loop  GCPISC  forces  the  DX  A/C
system to reach their trajectory reference [17]. Also, this type
of  controller  presents  more  advantages  to  energy  efficiency
improvement  in  comparison  with  [39]  during  short  working
time and the simulation results will illustrate this fact.

It is noted that both the inequalities (19), (20), (22) and (23)
are nonlinear matrix inequalities (NLMIs), and it is difficult to
solve  the  control  gain  by  the  current  algorithm.  The  NLMIs
(19),  (20),  (22)  and  (23)  can  be  converted  to  linear  matrix
inequalities  (LMIs)  in  the  following  Theorem  2.  For  the
proposed  closed-loop  control,  the  system  variables  should
follow their physical conditions, thus, the exponential stability
of  the  DX  A/C  system  with  input  and  state  constraints  is
studied below.

γ1, γ2, η, ζ1, ζ2
M, Γ1, Γ2, Z

F, L H, Hs

Theorem  2: For  the  error  dynamic  model  of  the  DX  A/C
system  with  the  control  and  state  constraints  in  (C1)−(C5)
under  the  periodically  intermittent-switch  controller  (11),  if
there  exist  positive  scalars ,  positive  definite
matrices ,  positive  definite  diagonal  matrices

,  and  any  matrices  with  appropriate  dimensions
satisfying:
 

Υ1 FΦ MHT
1

∗ −F 0

∗ ∗ −F

 ≤ 0 (52)

 
Υ2 LΦ MHT

1

∗ −L 0

∗ ∗ −L

 ≤ 0 (53)

 

ϑΓ1− (T −ϑ)Γ2 > 0 (54)
 

−Γ1 M HT

∗ −ηS −1 0

∗ 0 −ηR−1

 ≤ 0 (55)

 
−Γ2 M HT

s

∗ −ηS −1 0

∗ 0 −ηR−1

 ≤ 0 (56)

 [
−1 eT (0)
e(0) −M

]
≤ 0 (57)

 [
−Z ∗
HT −M

]
≤ 0 (58)

 

ET
q ZEq+ ∥ur

q∥2 ≤ ũq (59)
 

−x̃ η

1
2 (xr)T η

1
2 eT (0)

∗ −M 0

∗ 0 −M

 ≤ 0 (60)

Υ1 = AcM+MAT
c +BcH+HT BT

c +Γ1 Υ2 = AcM+
MAT

c +BcHs+HT
s BT

c −Γ2 max {∥uq∥2,∥uq∥2} = ũq max {∥x∥2P,
∥x∥2P} = x̃ Eq q

ur
q q ur

δu(t) = F(t)e(t)

where , 
, , 

 and  denotes  the -th  column  of  an  identity
matrix,  is the -th entry of , then the intermittent-switch
control  input  is  obtained to guarantee that  the
output  commands  of  the  DX  A/C  system  track  the  desired
references exponentially, and the error dynamics satisfies
 

∥e(t)∥ ≤

√
λmax(ηM−1)
λmin(ηM−1)

∥e(0)∥e−β(t−ϑ) (61)

β = λmin
(
(Γ1− (T −ϑ)Γ2)M−1/T

)
J < (γ1η/β)exp(βϑ)

(γ1η/β)exp(βϑ)

where .  Meanwhile,  the
guaranteed  cost  function  obeys  that ,  and
the  term  is  a  supremum  guaranteed  cost  for
the DX A/C system operation.

Γ1 = γ1M Γ2 = γ2M F = ζ1I L = ζ2I

M
η−1I

Proof: Let , , , and , then
conditions  (19)  and  (20)  can  be  rewritten  as  LMIs  (52)  and
(53).  Then  the  inequality  (21)  is  converted  to  (61).  Let  both
sides of (22) to premultiply and postmultiply by , and then
multiply ;  according  to  the  Schur  complement  principle,
one  can  conclude  that  the  nonlinear  inequality  (22)  is
transformed to
 

−Γ1 M HT

∗ −ηS −1 0

∗ 0 −ηR−1

 ≤ 0 (62)

then, the inequality (22) is converted to (55).
M

η−1I
Premultiply and postmultiply both sides of (23) by ,  and

then multiply by ; by the Schur complement principle, the
nonlinear inequality (23) is then transformed to
 

−Γ2 M HT
s

∗ −ηS −1 0

∗ 0 −ηR−1

 ≤ 0. (63)

By  Lemma  1  and  Theorem  1,  the  proposed  periodically
intermittent-switch  controller  can  exponentially  stabilize  the
DX  A/C  system  to  the  optimal  reference  resulted  from  the
upper  layer  control,  and  the  error  dynamic  system  satisfies
(61).

u ≤ ur +δu ≤ u
∥uq(t)∥2 ≤max {∥uq∥2,∥uq∥2} = ũq uq(t)

q u(t)

x ≤ xr +δx ≤ x ∥x(t)∥P ≤max {∥x∥P,∥x∥P} = x̃
∥x(t)∥P = xT (t)Px(t)

The  control  input  constraints  for  the  DX  A/C  system
operation  are  given  in  (C4),  namely, ,  which
means  that ,  where 
denotes  the -th  entry  of .  The  state  variable  constraints
for  the  DX  A/C  system  are  provided  in  (C1)−(C3),  namely,

.  It  implies that ,
where .

By  Lemma  2,  the  inequality  (57)  can  be  transferred  to  the
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following linear inequality
 

eT (t)Pe(t) ≤ η. (64)

q
According to the Cauchy-Schwarz inequality and the above

inequality  (64),  one can obtain  that  the -th  row of  the  input
vector is
 

∥uq(t)+ur
q∥2 = ∥Kqe(t)+ur

q∥2

= ∥KqP−
1
2 P

1
2 e(t)+ur

q∥2

≤ KqP−1KT
q eT (t)Pe(t)+ ∥ur

q∥2

≤ KqP−1KT
q η+ ∥ur

q∥2 (65)

Kq q
K ur

q q
where  is the -th row of the calculated control gain matrix

 and  is the -th row of optimal control input reference.

{I,M−1}
Letting  both  sides  of  (58)  to  premultiply  and  postmultiply

diag  results in
  −Z ∗

KT −η−1P

 ≤ 0. (66)

From inequalities (58), (59), (65) and (66), one can obtain
 

KP−1KTη ≤ Z, Zqq+ ∥ur
q∥2 ≤ u2

q (67)

which implies that the control constraint in (C4) holds.
The  bound  of  the  state  variable  can  also  be  used  the

Cauchy-Schwarz inequality as follows:
 

∥x(t)∥P = ∥e(t)+ xr∥P

≤ eT (t)Pe(t)+ ∥xr∥P

≤ η+ (xr)T Pxr. (68)
By  the  Schur  complement,  it  can  be  transformed  to  the

following inequality:
 

(xr)T Pxr + eT (t)Pe(t) ≤ x̃. (69)
From inequalities (68) and (69), one has that

 

∥x(t)∥P ≤ x̃ (70)
which implies that the control constraints in (C1)−(C3) hold.

J < (γ1η/β)exp(βϑ) (γ1η/β)×
exp(βϑ)

Therefore,  the  proposed  periodically  intermittent-switch
controller of the DX A/C system with an uncertain parameter
can  exponentially  stabilize  the  indoor  air  temperature  and
humidity under the design control with control input and state
constraints.  Meanwhile,  the  corresponding  cost  function  is
obtained  abounded  as ,  where 

 is a guaranteed cost for the DX A/C system operation.
■

Remark  6: The  optimal  steady  state  is  calculated  by  the
upper  layer  open  loop  controller  under  state  and  input
constraints.  To ensure  that  the  working point  of  the  DX A/C
system  is  operating  within  the  feasible  range  and  the  energy
efficiency  improvement  is  achieved,  this  theorem  should
consider  the  control  and  state  constraints  when  the  proposed
GCPISC stabilizing  the  error  dynamic  system with  uncertain
parameters.

In practice, suitable controllers are necessary to optimize the
upper  bound  on  the  control  of  DX  A/C  system  so  that  the
energy  efficiency  of  the  system  and  the  thermal  comfort  of
target building can be improved. According to Theorem 2, an
optimization issue is developed to solve an optimal guaranteed
cost  controller  to  ensure the optimization of  the upper  bound
on the control of DX A/C system below.

Theorem 3: Considering the error dynamic model of the DX
A/C system with the input and state constraints in (C1)−(C5)
and  the  performance  cost  function  (17),  an  open  loop
optimization problem can be formulated as follows:
 

minγ1,γ2,η,M,Γ1,F,L,Γ2, Z,H,Hs

γ1η

β
eβϑ

s.t. (52)− (60). (71)

(γ1,γ2,η,M,Γ1,Γ2,F,L,Z,H,Hs)

δu∗(t)

If a set of solutions  can be
obtained,  it  means  that  a  local  optimal  guaranteed  cost
intermittent-switch  controller  to  optimize  the  upper  bound,

 can also be obtained.

J < (γ1η/β)exp(βϑ)
(γ1η/β)exp(βϑ)

δu∗(t)

Proof: According  to  Theorem  2,  the  feasibility  of  LMIs
(52)−(60)  implies  that  the  thermal  comfort  of  the  target
building can reach the desired level and the DX A/C system is
stabilized  to  the  steady  state  determined  by  the  upper
controller.  In  addition,  since ,  the
minimization  of  presents  the  superior  control
performance  on  the  DX  A/C  system.  It  is  noted  that  the
optimization  issue  (71)  ensures  a  global  solution  to  the  error
dynamic  model  (14),  which  ensures  to  obtaining  a  local
optimal  solution  to  the  original  DX  A/C  system  (1).  If  a
feasible  solution  exists,  a  local  optimal  intermittent-switch
controller  can be achieved to optimize the upper limit of
the DX A/C system performance. ■

K∗ = HM−1 K∗s = HsM−1

(γ1η/β)exp(βϑ)

Remark  7: For  the  regulation  control  problems  of  the  DX
A/C  system,  the  existing  literature  proposes  the  use  of  the
traditional  LQG  [16]  and  the  MPC  method  [17]  to  enhance
control  performance  of  the  DX  A/C  system  model  with
constant  dry-cooling  and  wet-cooling  areas.  However,  these
optimal results may not sufficiently reflect the system’s actual
operation  with  time-varying  dry-cooling  and  wet-cooling
areas.  In  contrast,  the proposed optimal  GCPISC approach is
effective and can be applied to the dynamic system to improve
the  system  performance  on  energy  efficiency  and  thermal
comfort.  Therefore,  the  proposed  control  method  is  more
effective and practical  than the conventional  control  methods
for  the  control  of  the  DX  A/C  system.  Except  for  this,  the
periodically intermittent-switch control of the DX A/C system
based on guaranteed cost control is taken into consideration to
ensure  the  minimization  of  energy  consumption  and
improvement  of  indoor  thermal  comfort.  Moreover,  this
optimization  control  problem  can  solve  the  optimal  control
gains  and  in  the  controller  (11)  by
minimizing guaranteed cost .

Remark 8: The proposed GCC is different from the famous
linear  quadratic  regulator  (LQR)  control.  GCC  refers  to
mastering  the  best  ability  to  achieve  the  intended  purpose  or
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specified purpose, so that it does not exceed the upper bound.
LQR  is  linear,  and  its  performance  index  function  is  the
integral of the quadratic function of the state variable and the
control  variable,  and  the  state  variable  constitutes  the  linear
state feedback mode.

The proposed optimization algorithm steps are given below.

Algorithm  1 A  Nonlinear  Programming  (NLP)  Algorithm
to the Hierarchical Optimization Control Problems of the DX
A/C System.

x(0) u(0)Initialization: Given initial state values  and . The
initial state values are chosen within their limitations.

T01: Input the data of the outside air temperature , moisture
content, sensible heat, and latent loads.

2: The optimization objective function and the constraints in
(9)  are  transformed  to  a  standard  form  such  that  it  could  be
expediently  solved  by  the  built-in  function fmincon in
MATLAB Toolbox: 

min f T
c · x, s.t.



c(x) ≤ 0
ceq(x) = 0
A · x ≤ b

Aeq · x = beq

lb ≤ x ≤ ub

(72)

3: Solve the above procedure (72).
T r

s , T r
z , T r

d, T r
w, Wr

s , Wr
z vr

f ,

and mr
r

4:  Obtain  optimal  references , 
.

Φ1,ϑ,Ac,Bc,

S ,R, xr, x̃,T,H1

5:  Put  the  certain  matrices  and  parameters 
.

6:  The  optimization  objective  function  in  (71)  and  the
constraints in (52)−(60) are transformed to a standard form in
(72).

K Ks
φ(t)

7:  Obtain  optimal  control  gains  and ,  and  put  the
uncertain parameter  to the DX A/C system.

8: Solve the optimization guaranteed cost function (17) with
the closed-loop feedback control system and constraints.

9:  Obtain  the  tracking  curves  of  air  temperature  and
humidity.
  

IV.  Numerical Examples

A  case  is  studied  to  verify  the  effectiveness  of  the
hierarchical  controller  designed  for  the  DX A/C system with
uncertain  parameters,  aiming  at  improving  the  energy
efficiency  of  the  system  as  well  as  ensuring  indoor  thermal
comfort.

m3

φ(t) = |cos(t)|

0.5I2 0.5I6

This  study  considers  an  office  room  with  a  77  volume
space to be conditioned. Table I provides detailed information
on  the  parameters  related  to  the  DX  A/C  system, Table II
gives  the  figures  of  the  variables  associated  with  different
constraints, and Table III shows the figures of the coefficients
in  (7)  [33].  The  uncertain  and  time-varying  parameter  in  the
system  is  presumed  to  be .  The  weighted
matrices of the input error and tracking error in (17) are set to

 and , respectively, which are to balance the energy
efficiency and thermal comfort levels.

Next,  several  scenarios  are  simulated  to  evaluate  the
effectiveness  of  the  designed  control  strategy  in  different
conditions.  

A.  Comfort Performance of the Proposed Control Scheme

T r
z = 24 ◦C Wr

z = 11.35/1000

The  validity  of  the  designed  control  strategy  is  tested  in
different situations. In the simulation process, the setpoints of
the  indoor  air  temperature  and  moisture  content  are  set  to

  and  kg/kg, respectively.

Ac Bc

The  process  (9)  is  followed  with  the  information  given  in
Tables I and II.  A unique set of steady states is provided and
omitted here. The state and input matrices of the system (10),
which  are  denoted  by  and ,  respectively,  are  then
obtained.  To  verify  the  performance  of  the  closed-loop
GCPISC, the operating and working time are set to T = 2 s and

 

TABLE I 

Parameters of Dynamic System Model

Symbol Value Symbol Value

ρ 1.2 kg/m3 h f g 2450 kJ/kg
V 77 m3 εwin 0.45

Vh1 0.04 m3 Vh2 0.16 m3

kspl 0.0251 kJ/m3 Ca 1.005 kJ kg−1 °C−1

A0 22.07 m2 δ 0.25
 

 

TABLE II 

Constraints of the Dx A/c System Variables

Symbol Value Symbol Value

T s ◦C22 T s ◦C8 
T z ◦C26 T z ◦C22 
T d ◦C22 T d ◦C10 
T w ◦C22 T w ◦C10 
Wz 12.3/1000 kg/kg Wz 9.85/1000 kg/kg
W s 9.85/1000 kg/kg W s 7.85/1000 kg/kg
v f m30.8 /s v f m30 /s
mr 0.11 kg/s mr 0 kg/s

 

 

TABLE III 

Coefficients of the Energy Consuming Model

Symbol Value Symbol Value

a0 900.5 a1 −8.1

a2 6.18 a3 −0.15

a4 −4.61 a5 0.02

a6 −0.2 a7 0.01

a8 0.12 a9 0.09

b0 −6942 b1 82

b2 −0.7 b3 2.4

b4 −2.5 b5 2.68

b6 0.03 b7 −0.02

b8 0.04 b9 0.0001

c0 138.1 c1 0.52

c2 −2.3
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ϑ = 1

◦C ◦C ◦C
◦C

◦C

 s,  respectively.  To  improve  the  occupancy  comfort  of
the target  building to a certain level,  several  constraints  need
to  follow.  In  the  simulation,  the  disturbance  is  taken  into
account to test the closed-loop system’s robustness. The initial
values  of  the  state  variables  are  set  to  23 ,  23 ,  23 ,
15 ,  12.44/1000 kg/kg,  and  15.5/1000 kg/kg,  respectively.
The  initial  values  of  the  input  variables  are  set  to  0.  It  is
currently assumed that the indoor temperature is 30  and the
moisture content is 15.5/1000 kg/kg.

K∗ K∗s
With  the  LMIs  (52)−(60)  in  Theorem  3,  the  best  control

gains  and  can be obtained with the LMI Toolbox from
MATLAB software. The DX A/C system can then follow the
best  trajectory  reference  provided  by  the  upper-layer  open
loop energy-optimized controller.

◦C
◦C

ϑ = 1.2

The  performance  of  the  proposed  GCPISC  controller  is
displayed  in Fig. 5.  The  figure  indicates  that  the  indoor  air
temperature and relative humidity of the conditioned room can
reach their desired setpoints simultaneously by controlling the
speeds  of  the  indoor  unit  supply  fan  and  the  compressor
through the closed-loop GCPISC. Once the two factors of the
conditioned room reach their setpoints, which are set to 24 
and 60%, they will stay at the setpoints afterwards. For 36 
air  temperature  and  18.5  kg/kg  moisture  content,  it  can  be
seen from Fig. 6 that the proposed controller can still force the
indoor  air  temperature  and  relative  humidity  of  the
conditioned  room  to  reach  their  desired  setpoints.  For  the
control  on  occupancy  comfort,  the  portions  of  the  cooling
loads  are  commonly  uncertain.  Hence,  the  disturbance  factor
is considered in the simulation test. It is observed from Fig. 7
that the indoor air temperature and relative humidity can still
reach  their  setpoints  taking  the  disturbance  factor  into
account,  which  implies  that  the  GCPISC  can  ensure  the
reference following capability. Fig. 8 shows that the indoor air
temperature  and  relative  humidity  of  the  closed-loop  system
are  capable  of  reaching  their  desired  setpoints  with  the
proposed controller when T = 2 s and  s. Therefore, the
proposed  GCPISC  controller  can  effectively  improve  the
thermal  comfort  of  the  target  building  by  controlling  the
compressor and the supply fan speeds.  

B.  Comparisons With Previous Control Strategies
The comparison between the proposed GCPISC method and

other control strategies is analyzed in this section to verify the
performance of the proposed control strategy.

ϑ = 1.4

ϑ = 1.4

The first approach is the proposed GCPISC with the control
parameters set to T = 2 s and  s, referred to as C1. The
second  approach  is  the  intermittent-switch  control  method
[28] with the control parameters set to T = 2 s and  s,
referred  to  as  C2.  Furthermore,  guaranteed  cost  feedback
control  proposed  in  [39]  is  one  of  the  effective  continuous
control methods and is referred to as C3. This control strategy
is  capable  of  handling  uncertain  parameters,  guaranteeing
occupancy  comfort,  and  improving  energy  performance.  For
comparison,  the  three  control  methods  are  employed  to
conduct  the  simulations  independently  under  the  same
conditions.  Specifically,  the  target  of  the  air  temperature  is

T r
z = 24◦C Wr

z =11.35/1000
Tz = 30◦C Wz =

 and that of the moisture content is 
kg/kg.  The  initial  points  of  them  are  and 
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Fig. 5.     Reference regulation of indoor temperature and moisture content.
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Fig. 6.     Reference regulation of indoor air temperature and moisture content
under different initial point.
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15.5/1000 kg/kg. The total simulation time is 1 hour.

E =
r T f

0 Ptot(t)dt T f

To assess control performance, some quantitative targets on
energy  performance  are  discussed.  The  energy  usage  is
calculated approximately by , where  is the
total  simulation  time.  In Table IV,  the  total  energy
consumption  with  different  controllers  is  summarized.  One
can observe that the GCPISC strategy performs better than the
continuous  control  ones  considering  the  total  energy

consumed and the control time.
In  summary,  the  proposed  GCPISC  approach  can

effectively  reduce  the  energy  demand  and  the  controller's
working  time  by  sacrificing  part  of  the  transient
processability.  The  proposed  control  strategy  is  therefore
satisfactory.  

V.  Conclusions

In  this  study,  we  proposed  an  open  loop  optimization
control and a closed-loop optimal guaranteed cost periodically
intermittent-switch  control  (GCPISC)  for  a  DX  A/C  system
with uncertain parameters and control and state constraints to
improve  both  indoor  thermal  comfort  and  energy  efficiency.
With the guaranteed cost control and periodically intermittent-
switch control techniques, a GCPISC technique is obtained. In
accordance to the Lyapunov stability theory and the obtained
GCPISC  technique,  closed-loop  optimal  GCPISC  laws  are
designed  with  linear  matrix  inequalities  (LMIs).  The  indoor
air  temperature  and  relative  humidity  can  reach  the  optimal
references calculated by the open loop controller. Meanwhile,
the  guaranteed  cost  bounded for  the  system is  optimised  and
obtained.  Through  the  way  of  adjusting  the  cost  function’s
weighting matrices, a trade-off between the comfort level and
the system’s energy performance can be achieved. Numerical
examples  demonstrate  the  feasibility,  advantage,  and
effectiveness of the presented control approach.

In this work, the GCPISC controller is based on the Taylor
based linearization system,  which may result  in  some loss  of
accuracy  in  the  DX  A/C  system’s  performance.  In  future
work,  we will  study a  decoupled control  method to  decouple
the nonlinear DX A/C system, which results in an input-output
linear system. Then an optimal GCPISC controller for energy
performance  improvement  will  be  proposed  based  on  an
input-output linear system.
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