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   Abstract—This  paper  investigates  the  stabilization  of
underactuated  vehicles  moving  in  a  three-dimensional  vector
space. The vehicle’s model is established on the matrix Lie group
SE(3),  which  describes  the  configuration  of  rigid  bodies  globally
and  uniquely.  We  focus  on  the  kinematic  model  of  the
underactuated  vehicle,  which  features  an  underactuation  form
that has no sway and heave velocity. To compensate for the lack
of  these  two  velocities,  we  construct  additional  rotation  matrices
to  generate  a  motion  of  rotation  coupled  with  translation.  Then,
the  state  feedback  is  designed  with  the  help  of  the  logarithmic
map,  and  we  prove  that  the  proposed  control  law  can
exponentially  stabilize  the  underactuated  vehicle  to  the  identity
group element with an almost global domain of attraction. Later,
the presented control strategy is extended to set-point stabilization
in the sense that the underactuated vehicle can be stabilized to an
arbitrary  desired  configuration  specified  in  advance.  Finally,
simulation examples are provided to verify the effectiveness of the
stabilization controller.
    Index Terms—Exponential  stabilization,  logarithmic  feedback,
matrix Lie group, underactuated vehicle.
  

I.  Introduction

OVER  the  past  two  decades,  a  large  amount  of  attention
has been paid to the control of different kinds of vehicles

such  as  ground  vehicles,  autonomous  underwater  vehicles
(AUVs),  unmanned  aerial  vehicles,  etc.  In  practice,  for  the
purpose  of  weight  and  cost  reduction,  vehicles  are  generally
designed with fewer actuators than degrees of freedom (DOF),
resulting  in  underactuated  systems.  From the  kinematic  level

R3of a vehicle moving in the three-dimensional vector space ,
a  typical  form  of  underactuation  is  that  the  vehicle  has  no
sway  and  heave  velocity,  while  only  one  surge  velocity  and
three angular velocities serve as control inputs. Such a system
model  can  be  utilized  to  describe  the  kinematics  of
autonomous  underwater  vehicles  [1]–[4],  unmanned  aerial
vehicles  [5]–[8],  and so on.  Although it  is  quite  appealing to
control  more states with fewer inputs,  the stabilization of  the
underactuated  vehicle  is  a  nontrivial  problem,  owing  to  the
fact  that,  according  to  Brockett’s  theorem  [9],  underactuated
vehicles  cannot  be  stabilized  to  a  constant  equilibrium  via
continuous time-invariant feedback.

Thus, in order to overcome the problem, a variety of control
strategies  are  applied  to  the  underactuated  vehicle’s
stabilization,  such  as  continuous  time-varying  feedback  [10],
[11],  discontinuous  time-invariant  feedback  [12],  [13],  and
switched  control  [14],  [15].  For  instance,  a  continuous  time-
varying feedback is presented in [16] based on the properties
of  homogeneous  system  as  well  as  the  averaging  and
Lyapunov  techniques,  and  the  controller  can  locally
exponentially  stabilize  an  underactuated  vehicle  system.  In
[17],  the  authors  present  a  methodology  called  switched
seesaw control for the stabilization of underactuated vehicles,
in which input-to-state practical stability is obtained under the
provided  conditions.  The  authors  in  [18]  investigate  the
control  of  underactuated  vehicles  using  dipolar  reference
vector  fields  combined  with  viability  theory,  where  the
proposed  controller  guarantees  the  convergence  in  a
neighborhood of the desired configuration. An asymptotically
stable  switching control  algorithm is  provided in  [19],  where
the  model  of  the  underactuated  vehicle  is  converted  to  a
cascade  nonlinear  system  by  an  appropriate  state
transformation  so  that  general  properties  of  cascade  systems
are  utilized  in  the  stability  analysis.  In  [20],  a  novel  model
predictive control law based on the system’s homogeneity and
an  existing  time-varying  controller  is  designed,  where
asymptotic stability can be ensured under the proper terminal
set  level  and cost  weights.  In  [21],  a  three-dimensional  path-
following  control  strategy  for  an  underactuated  airship  is
proposed based on the guidance of parameterized paths, where
the system is transformed to a cascaded formulation. Also, the
approach  of  the  cascaded  structure  is  utilized  in  other
underactuated  mechanical  systems  to  handle  underactuation.
For  example,  the  authors  in  [22]  present  a  new  cascaded
extended  state  observer  for  an  underactuated  flexible  joint
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robot.  In [23],  an active disturbance rejection control  scheme
is  proposed  for  underactuated  systems  like  the  Furuta
pendulum.
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In  the  aforementioned  articles,  the  attitude  of  the
underactuated  vehicle  is  described  by  either  Euler  angles  or
unit  quaternions.  However,  it  is  pointed  out  in  [24]  that  the
configuration manifold for the attitude of rigid bodies moving
in  is the three-dimensional matrix Lie group , where

 is the group of rotation matrices. Although Euler angles
provide a straightforward means of parameterizing the matrix
in ,  they  are  only  locally  effective  and  suffer  from
singularity  when  describing  the  attitude.  Unit  quaternions
offer  a  globally  nonsingular  parametrization  of ,  but
have  the  drawback  of  sign  ambiguity,  caused  by  the  two-to-
one  map  from  to ,  where  is  the  set  of  unit
quaternions.  Then,  the  controller  designed  by  quaternions
makes  the  attitude  response  exhibit  an  unwinding
phenomenon [25]. Thus, it  would be much better to establish
the model  on the Lie  group ,  which is  a  kind of  global
and unique descriptions for the vehicle’s attitude.
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Moreover,  it  is  worth  paying  attention  to  the  domain  of
attraction  for  the  underactuated  vehicle’s  stabilization.
Generally, we would like to enlarge the domain of attraction,
preferably  a  global  domain.  Nevertheless,  as  illustrated  in
[25], due to the topological obstruction, no continuous vector
field  on  a  compact  manifold  can  have  a  globally
asymptotically  stable  equilibrium  point.  When  applying  this
fact to the problem of rigid body attitude stabilization, where
the state is the flow of a vector field on the compact manifold

,  we  reach  the  conclusion  that  the  rigid  body’s  attitude
cannot  be  globally  stabilized  [26].  Note  that,  herein,  global
stability  means  the  closed-loop  system  is  stable  from  any
initial  condition  chosen  on  the  manifold .  Thus,
regarding the underactuated vehicle’s stabilization, as pointed
out in [26], at best one can claim an almost global domain of
attraction, which means the initial condition can be arbitrarily
chosen on  except for certain sets of points with measure
zero.  Although  many  existing  articles  claim  global  stability
for  underactuated  vehicle’s  stabilization,  the  closed-loop
system is  actually  only globally  stable  in  the  subset  which is
obtained by local diffeomorphisms on .

SE(3) = SO(3)⋉R3 ⋉

In  this  paper,  we  establish  the  model  of  underactuated
vehicles on the matrix Lie group , where 
denotes the semi-direct product, and study the problem of the
underactuated vehicle’s stabilization to a desired equilibrium.
Under  such  a  framework,  the  model  of  the  underactuated
vehicle is independent of any local coordinates. Note that the
configuration of the underactuated vehicle is on the Lie group,
while  its  velocity  is  in  the  Lie  algebra,  which  is  the  tangent
space  at  the  identity  group  element  with  the  Lie  bracket
defined by matrix commutator. Thus, one of the difficulties is
how to construct the state feedback between different spaces,
that is, from the Lie group to the Lie algebra.

Another  challenge  arises  from  the  underactuation
characteristics. For underactuated systems, given the fact that
the  number  of  independent  control  inputs  is  fewer  than  the
degrees  of  freedom,  it  is  a  challenging  problem  to  design

SE(2)
SE(3)

feasible  controllers  that  compensate  for  the  impact  arising
from the system’s underactuation. The main idea in this paper
is  to  make  the  state  variables  in  underactuated  directions
coupled with the feedback in actuated directions, so that those
“underactuated  states” can  be  driven  by  the  control  inputs.
Regarding  the  underactuated  vehicle,  it  is  modelled  without
sway  and  heave  velocity,  which  is  similar  to  the
nonholonomic  constraint.  Thus,  we  should  make  the
underactuated vehicle’s rotation components coupled with the
translation  components.  Only  by  using  an  additional  rotation
related  with  the  motion  of  translation  can  the  underactuated
vehicle  be  possibly  stabilized.  However,  it  is  not  trivial  to
design a controller so as to make these two parts of different
states  appropriately  coupled.  Although  a  number  of  papers
focus  on  the  three-DOF  nonholonomic  ground  vehicle
evolving  on ,  such  as  [27]–[30],  the  six-DOF
nonholonomic vehicle on  is rarely considered.

The contributions of this paper are elaborated below.

SE(3)

1) We firstly transfer the underactuated vehicle’s states from
the  Lie  group  to  the  Lie  algebra  with  the  help  of  the
logarithmic  map,  which  is  almost  global  on  the  Lie  group

. After that, we construct two rotation matrices based on
the  translation  components  of  the  states  in  the  Lie  algebra.
Since  the  additional  rotation  matrices  are  designed  by
translation  states,  such  a  construction  makes  the  translation
state  variables  in  underactuated  directions  coupled  with  the
motions  of  rotation  which  are  fully  actuated.  Moreover,  the
additional  rotation  matrices  are  constructed  based  on  both
rigorous  mathematical  tools  and  clear  physical  backgrounds,
so that they can be explained intuitively and explicitly from a
physical point of view.

SE(3)

2) Following the constructed rotation matrices,  we propose
the  logarithmic  state  feedback  for  the  underactuated  vehicle,
where the logarithm of the constructed matrices serves as the
additional angular velocity to compensate for the nonexisting
sway  and  heave  velocity.  In  this  way,  the  translation  state
variables in underactuated directions can be controlled by the
coupling effect with the motions of rotation. Furthermore, by
dint  of  the  Lyapunov  theorem,  we  prove  that  the  presented
control  law  can  exponentially  stabilize  the  underactuated
vehicle  to  the  identity  group  element  with  the  almost  global
domain  of  convergence.  That  is  to  say,  the  underactuated
vehicle  can  start  from  any  point  on  except  for  several
points with measure zero.

3)  By  designing  a  new  group  element  related  with  a
constant configuration, we propose a feasible controller which
exponentially  stabilizes  the  underactuated  vehicle  to  an
arbitrary  desired  configuration  specified  in  advance.  In  other
words, the presented control strategy can achieve exponential
set-point stabilization of the underactuated vehicle.

SE(3)
SE(3)

The rest of the paper is organized as follows. In Section II,
we provide preliminaries of the Lie group  and formulate
the  stabilization  problem  on .  The  control  strategy  is
presented in Section III, including stabilization to the identity
group  element  and  to  the  predefined  constant  configuration.
Numerical  simulation examples  are  given in  Section IV.  The
whole paper concludes in Section V.
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Several  commonly-used  notations  are  defined  in  advance.
The identity matrix in  is denoted by . The base vectors of

 are  denoted  by .  The  symbol  represents  a
matrix in  with all zero components. Moreover, variables
denoting vectors and matrices are written in bold, while those
denoting scalars are not.  

II.  Preliminaries and Problem Formulation
  

A.  Kinematics on Special Euclidean Group SE(3)

R3 Fe Fb

Fe p= [x y z]T

Fb Fe

SO(3) = {R ∈ R3×3
∣∣∣RT R =

I3,det R = 1}

Consider  a  vehicle  moving  in  the  three-dimensional  vector
space .  Let  and  denote  the  earth-fixed  frame  and
body-fixed frame, respectively. The position of the vehicle in

 is described by a vector , while the attitude is
specified by a rotation matrix R, which depicts the rotation of

 relative to . Herein, R belongs to the Special Orthogonal
group  SO(3),  which  is  defined  by 

.  Thus,  the  configuration  of  the  vehicle  can  be
described by a matrix
 

g =
[

R p
01×3 1

]
∈ R4×4. (1)

g = (R, p)

SE(3)

Since g can be uniquely defined by a rotation matrix R and
a  position  vector p,  the  configuration  of  the  vehicle  can  also
be  simply  denoted  by .  All  the  configurations g,
with  matrix  multiplication  as  group  operation,  constitute  a
matrix  Lie  group  named  the  special  Euclidean  group ,
that is,
 

SE(3) =
{[

R p
01×3 1

]
∈ R4×4| R ∈ SO(3), p ∈ R3

}
.

SE(3)
Therefore, the vehicle’s configuration g is an element on the

matrix Lie group .

Fb ω = [ωx ωy ωz]T ∈ R3

v = [vx vy vz]T ∈ R3

so(3) = {S ∈ R3×3
∣∣∣ ST = −S}

R3×3

·̂ : R3→ so(3) âb = a× b a, b ∈ R3

×
so(3) ≃ R3

[·]∨ : so(3)→ R3

ω = [ωx ωy ωz]T ∈ R3

The  vehicle’s  angular  velocity  and  linear  velocity  in  the
body-fixed  frame  are  denoted  by 
and ,  respectively.  In  the  following,  we
formulate  them  under  the  framework  of  geometric  control.
Regarding  the  matrix  Lie  group  SO(3),  its  associated  Lie
algebra is defined by , which is the
vector space of the skew-symmetric matrices in .  Define
the  linear  map  by  for  all ,
where “ ” is the vector cross-product. Since the linear map is
an  isomorphism  of  vector  spaces,  we  can  write .
Then,  it  is  also  convenient  to  let  denote  the
inverse  isomorphism.  For ,  these  two
maps can be explicitly expressed as
 

ω̂ =

 0 −ωz ωy
ωz 0 −ωx
−ωy ωx 0

 ,
 0 −ωz ωy
ωz 0 −ωx
−ωy ωx 0


∨

= ω.

SE(3)
Following the above notations, the associated Lie algebra of

 can be given by
 

se(3) =
{[

S v
01×3 0

]
∈ R4×4| S ∈ so(3),v ∈ R3

}
.

·̂ : R3⊕R3→ se(3)
With  slight  abuse  of  notation,  we  introduce  the  linear  map

 defined by

 

ξ =

[
ω̂ v

01×3 0

]
∈ R4×4 (2)

ξ = (ω,v) ∈ R3⊕R3 ·̂ : R3⊕R3→ se(3)

se(3) ≃ R3⊕R3 [·]∨ : se(3)→ R3⊕R3

se(3)
ω ∈ R3 v ∈ R3

ξ̂ se(3) ξ̂ ∈ se(3)
adξ̂ : se(3)→ se(3) adξ̂η̂ = [ξ̂, η̂] [·, ·]

[ξ̂, η̂] = ξ̂η̂− η̂ξ̂ adξ̂
ξ̂ ∈ se(3)

for . Due to the fact that 
is  an  isomorphism  of  vector  spaces,  we  can  write

 and  let  represent  the
inverse  isomorphism.  The  elements  in  are  often  called
twists. Thus, the velocity  and  are formulated to
be the twist  which belongs to . For , we define
the linear map  by , where 
is  the  Lie  bracket  given  by .  We  call  the
adjoint operator corresponding to .

ξ̂Having defined the configuration g and velocity ,  we can
establish the kinematic model of the vehicle by
 

ġ = gξ̂ (3)
ξ̂

Fb

where g is  regarded  as  the  state  and  is  the  control  input.
Obviously, the system (3) is independent of local coordinates.
Although  the  vehicle  has  six  DOFs,  it  is  assumed  that  the
linear velocity along the y-axis and z-axis of  are set to be
zero, that is,
 

vy = vz = 0. (4)
vx

ωx ωy ωz

[êωz , êvx ] [êωy , êvx ]

Hence, there are only four available control inputs,  i.e., ,
, , ,  which  renders  an  underactuated  vehicle  system.

Under  such  an  input  setting,  it  can  be  verified  that  the  Lie
algebra  controllability  rank  condition  is  satisfied,  indicating
that the underactuated vehicle is controllable. Furthermore, by
computing the Lie brackets  and , we have
 

[êωz , êvx ] = êvy , [êωy , êvx ] = −êvz

ê⋆ se(3)
⋆ ê⋆

vy vz

where  is  the  basis  of  the  Lie  algebra  along  the
direction of . Since  also serves as the control vector field,
the  above  equalities  imply  that  we  can  design  additional
rotation  along  the z-axis  and y-axis  to  compensate  for  the
nonexistence of  and .  

B.  Logarithmic Map
ξ̂

SE(3)
se(3)

SE(3) se(3)

According  to  the  definition  of g and ,  the  state  of  the
underactuated  vehicle  system  (3)  evolves  on  the  matrix  Lie
group ,  while  the  control  input  lies  in  the  Lie  algebra

. In order to construct state feedback, the configuration g
has  to  be  transformed  from  to .  To  this  end,  we
utilize the logarithmic map which is introduced in the lemma
below.

USO(3) = {R ∈
SO(3)|tr(R) , −1} Uso(3) = {ψ̂ ∈ so(3)|ψ ∈ R3,∥ψ∥ < π}

∥ · ∥
logSO(3):USO(3)→Uso(3)

Lemma  1  ([24],  Proposition  5.7): Consider 
 and ,

where  is  the  Euclidean  norm.  Then,  the  logarithmic  map
 is given by

 

logSO(3)(R) =
ϕ

2sinϕ
(R−RT ) ∈ so(3) (5)

ϕ cosϕ = 1
2 (tr(R)−1) |ϕ| < π USE(3) =

{(R, p) ∈ SE(3)|R ∈ USO(3), p ∈ R3} Use(3) = {(ψ̂, q) ∈ se(3)|
ψ̂ ∈ Uso(3), q ∈ R3} logSE(3):USE(3)→
Use(3)

where  satisfies  and . For 
 and 

,  the  logarithmic  map 
 is given by

 

logSE(3)(R, p) =
[

ψ̂ q
01×3 0

]
∈ se(3) (6)
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ψ̂ = logSO(3)(R) q = A−1(ψ)pwhere ,  and
 

A−1(ψ) = I3−
1
2
ψ̂+

(
1− ∥ψ∥

2
cot

(
∥ψ∥
2

))
ψ̂2

∥ψ∥2
.

X̂ = logSE(3)(g)
X̂ = (ψ̂, q) ∈ se(3)

g = (R, p) ∈ SE(3)
se(3) ξ̂ = (ω̂,v)

X̂ = (ψ̂, q) X̂

For the sake of simplicity, we define . Then,
 is referred to as the exponential coordinates

of the configuration . Note that the element
in the Lie algebra  can represent the velocity as 
in (2), and in the meanwhile, can represent the logarithm map
of  the  configuration  (and  therefore  should  be  considered  as
state) as  in (6). Thus, the exponential coordinates 
can  be  employed  to  construct  state  feedback  for  the
underactuated vehicle.

SE(3)
tr(R) = −1 SO(3)

logSO(3)

R ∈ SO(3)
ℓ ∈ R3 θ = arccos( 1

2 (tr(R)−1))

Another  fact  which  should  be  noted  is  that  the  logarithmic
map  is  not  globally  defined  on  the  whole ,  since  it
suffers  from  ambiguity  at  the  point  on ,
which  is  explained  as  follows.  As  illustrated  in  [24],  the
logarithmic map  for  a  rotation matrix R is  related to
the notion of angle and axis of rotation. To be more specific,
the attitude  is equivalent to a rotation about a fixed
axis  through an angle θ,  where 
and
 

ℓ =
1

2sinθ
(R−RT )∨ ∈ R3.

ψ̂ = θℓ̂ ψ̂

−1 ≤ tr(R) ≤ 3 −1 ≤ tr(R)−1
2 ≤ 1

[−π,π] tr(R) = −1
−π

ℓ ∈ R3 −π
R ∈ SO(3)

logSO(3)(R) tr(R) = −1
tr(R) = −1

USO(3) Uso(3)
tr(R) = −1

logSO(3)(R) USO(3)
Uso(3)

SO(3)

Indeed,  if  we  define ,  then  results  from  the
logarithmic  map  given  in  (5).  Due  to  the  fact  that

, there holds . Then, the rotation
angle θ takes values in . In particular, once ,
the  angle θ is π or .  However,  the  rotations  about  a  fixed
axis  with  an  angle  of π or  represent  the  same
attitude ,  indicating  that  the  logarithmic  map

 at  is  not  unique  but  double-valued.
Those  points  of  are  referred  to  as  ambiguous
points.  Fortunately,  according  to  the  measure  theory,  the
Lebesgue measure  of  the  ambiguous points  is  zero.  Thus,  by
defining  two  sets  and  in  Lemma  1,  where  the
points  of  are  not  considered,  the  logarithmic  map

 becomes  a  diffeomorphism  between  and
,  so  that  almost  global  results  can  be  obtained  in  the

sense of the whole .

X̂
In  the  following,  we  introduce  the  time  derivative  of  the

exponential coordinates .
g = (R, p)

SE(3) tr(R) , −1 X̂ = (ψ̂, q)
ξ̂ = g−1 ġ

Fb

Lemma  2  ([31],  Lemma  4): Let  be  a  smooth
curve  on  such  that .  Let  be  the
exponential  coordinates  of g and  be  the  velocity  in
the body-fixed frame . Then we have
 

˙̂X =
(
I4+

1
2

adX̂ +µ(∥ψ∥)ad2
X̂ + ν(∥ψ∥)ad4

X̂

)
ξ̂

adX̂ µ(·) ν(·)where  is the adjoint operator,  and  satisfy
 

σ2µ(σ) = 2(1−α(σ))+
1
2

(α(σ)−β(σ))

σ4ν(σ) = (1−α(σ))+
1
2

(α(σ)−β(σ))

α(σ) = (σ/2)cot(σ/2) β(σ) = (σ/2)2 sin2(σ/2)
σ ∈ R
and , ,  for

. If we define 

BX̂ = I4+
1
2

adX̂ +µ(∥ψ∥)ad2
X̂ + ν(∥ψ∥)ad4

X̂ (7)
˙̂Xthen,  has the formulation of

 

˙̂X = BX̂ξ̂. (8)
BX̂Additionally,  the  operator  can  be  written  in  a  matrix

form as
 

[BX] =
[

A(ψ)−T 03×3
∗ A(ψ)−T

]
(9)

A(ψ)−T A(ψ)−1where  is the transpose of .

X̂ se(3)
R3⊕R3

X̂ X = [ψT qT ]T ψ ∈ R3

q ∈ R3

ξ = [ωT vT ]T

The  differential  equation  (8)  is  actually  the  formulation  of
the  underactuated  vehicle’s  kinematics  (3)  under  the
exponential  coordinates .  Given  the  fact  that  is
isomorphic  to ,  for  the  sake  of  simplicity,  we  can
express  in vector space as , where  and

 are defined in Lemma 1. In addition, the vector form of
the  velocity  is .  Then,  according  to  (8),  the
kinematics of the underactuated vehicle can be rewritten as
 

Ẋ = [BX]ξ (10)
[BX]where  is provided in (9).  

C.  Problem Formulation

gd = (Rd, pd)
Rd pd

ξ̂

The  control  objective  of  this  paper  is  to  stabilize  the
underactuated  vehicle  to  an  arbitrary  desired  position  with
specified  attitude.  Let  denote  the  desired
configuration,  where  and  represent  the  predefined
attitude  matrix  and  position  vector,  respectively.  Then,  the
problem can  be  formulated  as  designing  a  control  strategy 
for system (3) such that the state g satisfies
 

lim
t→∞

g(t) = gd. (11)

Fe

Fb Fe Rd = I3
p= 03×1 gd = I4

Particularly, if we would like to stabilize the underactuated
vehicle  to  the  origin  of  the  earth-fixed  frame ,  and
meanwhile,  make  the  underactuated  vehicle’s  body-fixed
frame  have the same direction as , then it holds 
and ,  in  other  words, .  Thus,  the  control
objective (11) degenerates to
 

lim
t→∞

g(t) = I4. (12)

vy vz ξ̂
ω̂

vx

Note that when the components  and  in  are 0, we can
merely employ the angular velocity  and the linear velocity

 as control inputs to stabilize the underactuated vehicle.
In  addition  to  the  mission  of  making g convergent,  we

would  like  to  have  the  domain  of  convergence  as  large  as
possible.  Under  the  exponential  coordinates,  although  global
convergence cannot be derived due to the existence of certain
ambiguous  points,  it  is  still  possible  to  make the  closed-loop
system almost globally stable. The definition of almost global
stability on SE (3) is provided below.

g(t, g0, ξ̂)
g0 ξ̂

g0 = (R0, p0) tr(R0) , −1

Definition  1  (Almost  Global  Stability  on  SE  (3)): Let
 denote  the  solution  of  the  system  (3)  under  the

initial  condition  and  control  input .  If  for  any  initial
condition  satisfying ,  there  always
holds
 

lim
t→∞

g(t, g0, ξ̂) = I4
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g = I4
g(t, g0, ξ̂) I4

then  the  equilibrium  is  almost  globally  asymptotically
stable.  Moreover,  if  the  solution  converges  to 
exponentially,  then  the  equilibrium  is  almost  globally
exponentially stable.

g = I4

X̂ = 0 X̂ = logSE(3)(g)

X̂

Note  that  the  identity  group  element  corresponds  to
 under  the  logarithmic  map .  Thus,  the

underactuated  vehicle’s  configuration g is  stabilized  to  the
identity element if and only if  is driven to zero.

We  conclude  this  section  with  a  technical  lemma  which
illustrates the exponential stability of a nonlinear system, and
this  lemma  will  be  utilized  in  later  stability  analysis  of  the
closed-loop system.

ẋ = f (t, x) f : [0,∞)×D→ Rn

[0,∞)×D D ⊂ Rn

x = 0 x = 0
ẋ = f (t, x) V(t, x)

Lemma  3  ([32],  Theorem  4.10): Consider  the  system
, where  is piecewise continuous

in t and locally Lipschitz in x on ,  and  is  a
domain  that  contains  the  origin .  Let  be  an
equilibrium  point  for .  Let  be  a  continuous
differentiable function such that
 

c1∥x∥2 ≤ V(t, x) ≤ c2∥x∥2 (13)
 

∂V
∂t
+
∂V
∂x

f (t, x) ≤ −c3∥x∥2 (14)

(t, x) ∈ [0,∞)×D c1 c2
c3 x = 0
for all  and for some positive constants , ,

. Then,  is exponentially stable.  

III.  Control Strategy

In  this  section,  we  propose  the  control  strategy  to  stabilize
the  underactuated  vehicle.  For  systems  evolving  in  the
Euclidean  space,  the  stabilization  to  a  given  equilibrium  can
be reduced to the stabilization to the origin via an appropriate
state  transformation.  Similarly,  we  firstly  consider  the
problem  of  stabilizing  the  underactuated  vehicle’s
configuration  to  the  identity  element,  and  then  focus  on  the
stabilization to an arbitrary desired configuration.  

A.  Stabilization to the Identity Element
SE(3)

ξ̂ = −X̂

X̂

vy = vz = 0

vy vz

Regarding fully actuated systems on ,  the control law
 can  exponentially  stabilize  the  state  to  the  identity

element  [31].  Following  this  idea,  we  can  design  a  feedback
with the aid of  the exponential  coordinates  to stabilize the
underactuated  vehicle.  Given  the  fact  that  the  underactuated
vehicle  does  not  have  linear  velocity  along  the y-axis  and z-
axis,  i.e., ,  we  will  construct  additional  angular
velocity  around  the z-axis  and y-axis  respectively  so  as  to
compensate for the lack of linear velocity  and .

X̂ = (ψ̂, q) ψ̂ = logSO(3)(R) q = A−1(ψ)p
R3 qi i = 1,2,3

From  Lemma  1,  the  exponential  coordinates  of g are
, where  and . Since q is

a  vector  in ,  we  use  ( )  to  denote  the ith
component, so that
 

q =
[

q1 q2 q3
]T
. (15)

n= [q1 q2 0]T
We  firstly  construct  a  rotation  matrix  around  the z-axis.

Define a vector  and normalize it as
 

ne =
n
∥n∥ =

1√
q2

1+q2
2

[
q1 q2 0

]T
.

Then, we define another vector
 

n⊥e =
1√

q2
1+q2

2

[
−q2 q1 0

]T

ne
e3 = [0 0 1]T

{ne,n⊥e }

which  is  orthogonal  to .  Obviously,  the  unit  vector
 is  orthogonal  to  the  vector  space  spanned  by

. Thus, we construct the following matrix
 

Rz =
[

ne n⊥e e3
]

(16)

RT
z Rz = I3 det Rz Rz

SO(3)
which satisfies  and  = 1. Thus,  belongs to

 and can be regarded as a rotation matrix around the z-
axis.

m= [q1 0 q3]T
Similarly, we can design another rotation matrix around the

y-axis.  Define  a  vector  whose  normalized
vector is
 

me =
m
∥m∥ =

1√
q2

1+q2
3

[
q1 0 q3

]T
.

Then, the following vector
 

m⊥e =
1√

q2
1+q2

3

[
−q3 0 q1

]T

me
e2 = [0 1 0]T
is  orthogonal  to .  Therefore,  with  the  unit  vector

,  we  can  construct  a  rotation  matrix  around the
y-axis as
 

Ry =
[

me e2 m⊥e
]
. (17)

Rz Ry SO(3)Due to the fact that  and  are both in , according
to (5), we can obtain their exponential coordinates by
 

ψ̂z = logSO(3)(Rz)

ψ̂y = logSO(3)(Ry).

ψ̂z ψ̂yWith  the  help  of  and ,  we  propose  the  stabilization
controller below.

g = (R, p) ∈ SE(3)

X̂ = (ψ̂, q) ∈ se(3)
Rz

Ry ψ̂z ψ̂y

Rz Ry

Theorem 1: Let  denote the configuration
of an underactuated vehicle whose kinematics are formulated
in (3). Let  be the exponential coordinates of
the  configuration g.  Construct  two  rotation  matrices  and

 as  in  (16)  and  (17),  and  let  and  represent  the
exponential  coordinates  of  and ,  respectively.  Design
the following control law for the underactuated vehicle
 

ω̂ =

 −k1ψ̂, q = 0

−k1ψ̂+ k2(ψ̂z+ ψ̂y), q , 0
(18)

 

vx = −k1q1 (19)
k1 k2

I4

where  and  are positive scalars. Then, the identity element
 is an equilibrium of the closed-loop system which is almost

globally exponentially stable.

logSE(3)
X̂ = (ψ̂, q) ψ̂

The  block  diagram  of  the  closed-loop  system  is  given  in
Fig. 1.  As  shown  in  the  figure,  we  firstly  operate  the
logarithmic  map  on  the  AUV’s  configuration g to
obtain  exponential  coordinates ,  where  is  the
rotation component and q is the translation component. Then,
the  translation  component q is  utilized  to  construct  two
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Rz Ry

Rz Ry
logSO(3) ψ̂z ψ̂y

ψ̂ q1

rotation matrices  and . In this way, the translation state
variables  in  the  underactuated  directions  are  made  coupled
with  the  motion  of  rotation.  Next,  the  constructed  rotation
matrices  and  are  operated  via  the  logarithmic  map

 so  as  to  obtain  and ,  which  serve  as  the
additional  angular  velocities  for  the  AUV.  Therefore,  due  to
the  effect  of  coupling,  the  translation  state  variables  in  the
underactuated  directions  can  be  stabilized  by  the  additional
angular  velocities,  which  demonstrates  how  to  deal  with  the
underactuation  of  the  system.  Regarding  the  rotation  and
translation state  variables  in  the  actuated directions,  they can
be stabilized by the feedback of  and , respectively.

ω̂ = −k1ψ̂
Rz,Ry

ψ̂z, ψ̂y

Rz Ry
SE(2)

Before  proving  Theorem  1,  we  intuitively  explain  the
structure  of  the  presented  control  law.  Compared  with  the
controller  for  fully  actuated  systems  in  [31],  we
design  two  auxiliary  rotation  matrices  and  use  their
exponential coordinates  as feedback in (18). To explain
the  physical  meaning  of  and ,  we  firstly  recall  the
logarithm  feedback  on  the  Lie  group ,  which  describes
the motion of a rigid body in a two-dimensional space.

g = (R, p) ∈ SE(2)
X̂ = (θ̂, q) θ ∈ R q = [q1 q2]T ∈ R2

ω = −θ [vx vy]T = −[q1 q2]T

I3
−q

vx
vy ω = −θ vx = −q1

Given ,  its  exponential  coordinates  are
,  where  and .  According  to

[31], for fully actuated systems on SE(2), if the velocity is set
as  and ,  then  the  system’s
configuration g can be exponentially stabilized to the identity
element .  Therefore,  as  shown  in Fig. 2(a),  the  system  can
be stabilized if the linear velocity v aligns with the vector 
which  is  marked  in  red  color.  However,  regarding  the
nonholonomic ground vehicle, it only has forward velocity 
but no side velocity . If we still choose  and ,
then, obviously, the vehicle cannot be stabilized.

vx

ϑ = arctan(q2/q1)

Now that  the  red  vector  in Fig. 2(a) is  the  direction  of  the
velocity v which  can  achieve  stabilization,  we  can  rotate  the
orientation  of  the  nonholonomic  vehicle  such  that  has  the
same direction as the red vector, as shown in Fig. 2(b). To this
end,  we construct  an  additional  angular  velocity  proportional
to ϑ, which is the angle given by . Thus, we
can  design  the  following  stabilization  controller  for  the
nonholonomic vehicle
 

ω = −θ+ kϑ (20)
 

vx = −q1 (21)

[êω, êvx ] = êvy [·, ·] ê⋆
⋆

where k is a positive scalar. This control law is motivated by
the fact ,  where  is the Lie bracket and  is
the  control  vector  field  along  the  direction  of .  This  shows
that  additional  rotation  can  possibly  compensate  for  the  lack

kϑ

kϑ
vy

of side velocity.  In the control law, intuitively,  the additional
angular velocity  rotates the nonholonomic vehicle to make
its  velocity  aligned  with  the  velocity  of  a  fully  actuated
system, so that the nonholonomic vehicle can converge to the
origin  by “following” the  trajectory of  fully  actuated system.
In  this  sense,  is  interpreted  as  an  additional  rotation  to
compensate  for  the  nonexistence  of .  Of  course,  it  can  be
proved  that  the  controllers  (20)  and  (21)  asymptotically
stabilize  the  nonholonomic  vehicle’s  configuration  to  the
identity element [33].

SO(2) ϑ = (logSO(2)(R̄))∨
Actually, ϑ is the exponential coordinate of a rotation matrix

on , i.e., , where
 

R̄ =
1√

q2
1+q2

2

[
q1 −q2
q2 q1

]
(22)

R̄ q1
kϑ

R̄

and  represents  the  rotation  of q relative  to  shown  in
Fig. 2(a). Thus, the additional angular velocity  in (20) can
be  regarded  as  a  proportional  feedback  to  the  exponential
coordinates of the constructed rotation matrix .

SE(3)

Fb vx

X̂ = (ψ̂, q)
ψ̂z ψ̂y

Rz Ry

Now,  we  turn  to  the  stabilization  of  the  underactuated
vehicle on . According to (4), the underactuated vehicle
does not have velocity along the y-axis and z-axis of the body-
fixed frame , but only has one linear velocity . Motivated
by  the  controller  designed  for  the  nonholonomic  vehicle,  we
utilize  the  exponential  coordinates  for  feedback,
and  meanwhile  add  extra  angular  velocity  and ,  which
are  the  exponential  coordinates  of  the  constructed  rotation
matrices  and , respectively.

Rz Ry R̄
SO(3)

Rz vx x− y
vy Ry

vx z− x vz
vx Fb

vx
Fb

vx
−q

The  construction  of  and  is  similar  to  in  (22),  but
their  dimension  is  lifted  so  as  to  be  compatible  with .
From the definition in (16),  is to rotate  in  plane to
compensate for .  Similarly,  designed in (17) is to rotate

 in  plane to compensate for . Note that such rotation
of  actually rotates the body-fixed frame , in other words,
it changes the attitude of the underactuated vehicle, since  is
always aligned with the x-axis of . Therefore, after rotation,
the  only  linear  velocity  can  point  to  an  appropriate
direction  (in  fact  the  direction  of ),  so  as  to  make  the
underactuated vehicle converge to the origin.

Although  the  ideas  of  designing  controllers  to  compensate

 

Translation controller in (19)

logSE(3) in (6)Vehicle system in (3)

Rotation controller
in (18) Matrix construction

in (16) and (17)
logSO(3) in (5)

 
Fig. 1.     Block diagram of the closed-loop system.
 

 

(a) Fully actuated system

(b) Nonholonomic vehicle

ϑ

υ = −qυy = −q2

υx = −q1

ϑ

υ = −q

υx = −q1

 
SE(2)Fig. 2.     Logarithmic feedback on .
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SE(2) SE(3)

SE(2)

se(2) logSE(2)

R3 se(2)

R3

SE(3)
se(3)

logSE(3)
R6

se(3)

SE(2) SE(3)
SE(3)

for  underactuation  on  and  are  similar  to  some
extent,  the  stability  analysis  and  theoretical  proofs  in  these
two  cases  are  totally  different.  For  the  case  of ,  the
closed-loop  system  is  transformed  from  the  Lie  group  SE(2)
to the Lie algebra  by the logarithmic map . More
importantly, the system can then be transformed to the vector
space , which is isomorphic to the Lie algebra . In this
way,  the  stability  can  be  proved  based  on  the  explicit
formulation  in  with  the  techniques  of  inequalities.
However,  when  it  comes  to ,  although  the  closed-loop
system can  be  similarly  transformed  to  the  Lie  algebra 
by the logarithmic map , it is difficult to further obtain
an  explicit  formulation  in  the  vector  space ,  which  is
isomorphic  to .  Thus,  as  provided  in  the  following
subsection, in order to analyze the stability, we firstly define a
positive  invariant  set,  and  then  derive  the  boundness  of
eigenvalues  of  the  system  matrix.  Finally,  by  utilizing  some
inequalities,  we prove the exponential  stability of  the closed-
loop  system.  Therefore,  the  stability  analysis  in  the  cases  of

 and  are  completely  different,  and  the  proof  on
 is much more involved.  

B.  Stability Analysis

BX̂

ψ̂z+ ψ̂y

In this subsection we present the proof of the main result in
Theorem 1. Although the structure of the proposed controller
is  not  complicated,  analyzing  the  stability  of  the  closed-loop
system  is  rather  involved.  The  difficulties  arise  from  two
aspects.  On the one hand,  in  the exponential  coordinates,  the
system’s dynamics contains a state-dependent term , which
brings  strong  nonlinearity  to  the  stability  analysis.  On  the
other hand, the constructed additional angular velocity 
is  related  to  the  translation  components,  which  makes  the
rotation  and  translation  coupled  with  each  other,  so  that  the
technical tools for cascade systems cannot be applied herein.

To overcome these difficulties, we discuss the stability from
two  cases  based  on  the  formulation  of  Lyapunov  function.
Later,  by  estimating  a  series  of  inequalities,  we  obtain  a
condition  which  guarantees  the  exponential  stability  of  the
closed-loop  system.  The  whole  proof  of  Theorem  1  is
provided as follows.

g(t)→ I4 t→∞
SE(3) se(3)

logSE(3) se(3)
R3⊕R3

X(t) = [ψT (t) qT (t)]T → 0

Proof: Our  mission  is  to  prove  as .  By
transforming the state from  to  with the logarithmic
map ,  and  using  the  fact  that  is  isomorphic  to

,  the  objective  can  be  transformed  to  the  proof  of
.

q = 0

ψ̇ = ω
ψ̇ = −k1ψ

q , 0

The  situation  of  is  fairly  simple  to  deal  with.  Under
such  a  situation,  we  merely  have  to  consider ψ,  whose  time
derivative is . According to (18), the closed-loop system
becomes ,  which  is  obviously  a  first-order  system
with  exponential  stability.  Thus,  in  the  following,  we  pay
much attention to the situation of .

From  the  control  law  in  (18)  and  (19),  the  underactuated
vehicle’s velocity ξ can be written as
 

ξ = −k1

[
ψ
q

]
+

[
k2(ψz+ψy)

k1qc

]
(23)

qc = [0 q2 q3]Twhere . Define a new vector
 

Xc =

[
k2(ψz+ψy)

k1qc

]
then we can rewrite (23) as
 

ξ = −k1X+Xc. (24)
Substituting the controller (24) into underactuated vehicle’s

kinematics  (10),  we  obtain  the  closed-loop  system  in
exponential coordinates, that is,
 

Ẋ = −k1[BX]X+ [BX]Xc. (25)
BX̂From the definition of  in (7), there holds

 

BX̂ X̂ = X̂+
1
2

adX̂ X̂+µ(∥ψ∥)ad2
X̂ X̂+ ν(∥ψ∥)ad4

X̂ X̂.

adi
X̂

X̂ = 0 i = 1, . . . ,n BX̂ X̂ =
X̂

With  the  property , ,  we  have 
.  Then,  the closed-loop system in (25)  can be simplified to

be
 

Ẋ = −k1X+ [BX]Xc. (26)
X = 0Therefore,  in  the  following,  we  shall  prove  is  the

exponentially  stable  equilibrium  of  the  closed-loop  system
(26).

V = 1
2 ⟨X,X⟩

⟨·, ·⟩
Choose  the  Lyapunov  function  candidate ,

where  is  the  inner  product  in  the  Euclidean  space.  The
time derivative of V along the trajectory of (26) is
 

V̇ = ⟨X, Ẋ⟩ = ⟨X,−k1X+ [BX]Xc⟩
= − k1⟨X,X⟩+ ⟨X, [BX]Xc⟩.

⟨X, [BX]Xc⟩ ≤ ∥X∥∥[BX]Xc∥
V̇

By  using  the  inequality ,  we
obtain  as
 

V̇ ≤ −k1∥X∥2+ ∥X∥∥[BX]Xc∥. (27)
k1

k1∥X∥2
∥[BX]Xc∥ k1

k1 V̇ < 0

Note  that  we  cannot  choose  sufficiently  large  to  make
 dominate  on  the  right  hand  side  of  (27),  because

 also contains the control gain  and will grow with
the increase of . Then, in order to prove , we write the
inequality (27) as
 

V̇ ≤ −(1−ρ)k1∥X∥2−ρk1∥X∥2+ ∥[BX]Xc∥ (28)
0 < ρ < 1where . Now, define the following set

 

Υ =

{
X

∣∣∣∣∣ ∥X∥ ≤ ∥[BX]Xc∥
ρk1

}
. (29)

Next, we analyze the stability based on two cases whether Υ
is well defined or not.

∀X
∥X∥ > ∥[BX]Xc∥

ρk1

1) Case 1: If the set Υ is not well defined, that is to say, the
set Υ is  empty,  then  it  means  for  there  always  holds

. Thus, we can derive the following inequality
 

ρk1∥X∥2 > ∥X∥∥[BX]Xc∥.
Substitute it into (28), and it can be obtained that

 

V̇ ≤ −(1−ρ)k1∥X∥2 < 0.

X = 0
Then,  based  on  Lemma  3,  the  state  of  the  closed-loop

system (26) will be exponentially stabilized to .

∥X∥ ≤ ∥[BX]Xc∥
ρk1

X < Υ
2) Case 2: If the set Υ is well defined, in other words, there

exists X satisfying , then, for , we have
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ρk1∥X∥2 > ∥X∥∥[BX]Xc∥, ∀X < Υ.
V̇According to  in (28), we can further derive

 

V̇ ≤ −(1−ρ)k1∥X∥2 < 0, ∀X < Υ. (30)

V̇ ∂Υ

V̇ < 0

Inequality  (30)  implies  that  the  set Υ is  positive  invariant
since  is  negative  on  the  boundary .  Hence, X starting
from Υ will be always in Υ.  For those starting outside Υ,  due
to ,  they will  enter Υ in finite time, then remain therein
for all future time.

[BX] [BX]

λmax([BX]T [BX]) λmax(·)
λb

λmax([BX]T [BX]) λb ∥X∥ [BX]
∥X∥ ∥X∥

k1
k1

∥X∥ λb
λb < 1 ∥[BX]Xc∥

Therefore,  we  can  obtain  that X is  bounded.  Based  on  the
formulation of the matrix , it  can be derived that  is
bounded.  Following  this  fact,  we  further  have

 is  bounded,  where  is  the  maximum
eigenvalue.  Let  denote  the  upper  bound  of

.  Then,  is  decided  by  because 
relies  on .  Based  on  above  derivation,  is  upper
bounded in the set Υ,  while the size of Υ is  affected by  as
shown in  (29).  Therefore,  by  choosing  an  appropriate ,  we
can  tune  the  upper  bound  of  so  as  to  make  satisfy

. Hence, regarding , we have
 

∥[BX]Xc∥ ≤ ∥[BX]∥∥Xc∥ ≤
√
λb∥Xc∥ (31)

λb < 1where . Then, we substitute (31) into (27) and get
 

V̇ ≤ −k1∥X∥2+
√
λb∥X∥∥Xc∥. (32)

XcBased on the definition of , we have
 

∥Xc∥ =
√

k2
2∥ψz+ψy∥2+ k2

1∥qc∥2

≤
√

k2
2∥ψz+ψy∥2+ k2

1∥q∥2 (33)

∥q∥2 = q2
1+ ∥qc∥2 ψz ψy

Rz Ry
x− y z− x

ψz+ψy

where  is  utilized.  Since  and  are
derived from the logarithm of  and ,  which respectively
represents the rotation in the plane of  and ,  we can
obtain the expression of  as
 

ψz+ψy =
[

0 arctan( q1
q3

) arctan( q2
q1

)
]T

(34)

∥ψz+ψy∥2 < π2/2

where  the  logarithmic  map  on  SO(2)  introduced  in  [31]  is
employed.  From  the  formulation  in  (34),  it  holds  that

, then, inequality (33) becomes
 

∥Xc∥ ≤
√

k2
2
π2

2
+ k2

1∥q∥2 ≤ k2

√
π2

2
+ ∥q∥2 (35)

k2 k2 > k1where  we  choose  such  that .  Therefore,  we  can
further deduce
 

∥Xc∥ ≤ k2∥X∥ ≤ k2

√
π2+ ∥q∥2. (36)

By substituting (36) into (32), it can be obtained that
 

V̇ ≤ −(k1−
√
λbk2)∥X∥2. (37)

k2 k2 < k1/
√
λb

k1−
√
λbk2 > 0 X = 0

k1 < k2 < k1/
√
λb λb < 1

We  further  require  that  satisfies ,  i.e.,
.  Then,  according  to  Lemma  3,  is  the

exponentially  stable  equilibrium  of  the  closed-loop  system
(26).  Overall,  the  requirement  of  control  gains  is

, where .
Up to now, we have proven the exponential stability of the

closed-loop  system.  Apart  from  that,  we  also  need  to  prove

X = 0

{g = (R, p) ∈ SE(3) | R ∈ SO(3), tr(R) , −1, p ∈
R3}

{X̂ = (ψ̂, q) ∈ se(3) | ψ̂ ∈ so(3), ∥ψ∥ < π, q ∈ R3}
V = 1

2∥ψ∥2+
1
2∥q∥2

V̇ ≤ −s∥ψ∥2− s∥q∥2 s = k1−
√
λbk2 ≥ 0

V1 =
1
2 ∥q∥2 V2 =

1
2 ∥ψ∥2 V1

V1→∞ ∥q∥ →∞
R3 V2

V2 = c c > 0 ∥ψ∥ < π
∥ψ∥ < π

V2 = c
V̇2 < 0

{ψ̂ ∈ so(3), ∥ψ∥ < π, q ∈ R3}

X = 0

 is almost globally stable. From Definition 1, the almost
global  stability  means  the  system  is  stable  for  all  initial
conditions  in 

.  Since  the  logarithmic  map  in  Lemma  1  is  a
diffeomorphism, the almost global stability can be guaranteed
if  the  system  is  stable  for  any  initial  condition  chosen  in

.  In  previous
derivations,  the  Lyapunov  function  is  and
we  obtain ,  where .
Define  and .  Obviously,  is  radially
unbounded,  that  is,  as .  Thus,  the  initial q
can  be  globally  chosen  in .  Regarding ,  the  Lyapunov
surface  (  is  a  constant)  is  closed  for  all .
This implies that any ψ satisfying  will approach to 0
in  the  sense  that  the  closed  Lyapunov  surface  will
shrink  to  the  origin  due  to .  Thus,  the  initial  condition
can  be  arbitrarily  chosen  in ,
which indicates  the almost  global  stability  of  the equilibrium

. ■
k1

λb < 1 k2
k1 < k2 < k1/

√
λb λb

λmax([BX]T [BX]) [BX]

∥ψ∥
R3

[BX]
k1

λb < 1

k1 ∥[BX]Xc∥ k1
k1∥X∥2

λmax([BX]T [BX])

k1 ([BX]T [BX])
[BX]

[BX]
∗

k1

k1

Remark 1: In the above proof, we tune the control gain  to
obtain ,  which guarantees the existence of  satisfying

. Note the fact that  is the upper bound of

, where  the  matrix  contains ψ and q
describing  the  attitude  and  position,  respectively.  Although

 is  no  more  than π,  note  that q denoting  positions  takes
values  in .  If  the  magnitude  of  the  initial  position  is
extremely  large,  the  components  of  possibly  also
becomes  large.  Thus,  it  might  be  difficult  to  find  a  to
reduce the size of Υ so as to obtain . Note that, from the
definition  of Υ in  (29),  we  cannot  derive  a  small Υ by
sufficiently large  since  contains  as well. This is
also why we cannot make  dominate in (27). Of course,
if  the  formulation  of  the  eigenvalue  is
obtained, then we can give an explicit yet restricted condition
for . However, the eigenvalue of  is difficult to
be estimated since the formulation of  is state-dependent,
and is complicated enough to be derived. From the definition
in  (7),  is  a  triangular  block  matrix,  and  its  left  bottom
block denoted by “ ” is a quite involved function of ψ and q.
Although  it  may  be  tricky  to  choose  theoretically,  from  a
large  number  of  simulation  examples,  it  can  be  found  that  a
moderate  is sufficient to guarantee system convergence, no
matter whether the initial position is large or small.

vy,vz

Rz,Ry q = 0

ψz,ψy q = 0

q = 0

Remark  2: Since  the  velocity  of  the  underactuated
vehicle  is  set  to  be  0,  the  vehicle  can  be  regarded  as  a
nonholonomic  system  in  three-dimensional  space.  According
to  the  Brockett’s  theorem,  nonholonomic  systems  cannot  be
stabilized  to  a  constant  equilibrium  via  continuous  time-
invariant  feedback.  From  (18),  the  angular  velocity ω has  a
discontinuous  form,  which  corresponds  to  the  Brockett’s
theorem. The discontinuity of ω results from the fact that the
constructed  matrices  are  not  well  defined  at 
according to the definition in (16) and (17). Then, we set the
additional angular velocity  to be 0 at . In fact, such
an operation is reasonable and can be intuitively explained as
follows. Based on the definition in Lemma 1,  means the
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Fe p= 0
ψz,ψy vy,vz

ψz,ψy

ψz = ψy = 0 q = 0

underactuated vehicle is at the origin of the earth-fixed frame
,  i.e., .  Note  that  the  additional  angular  velocities

 are  to  compensate  for  the  nonexistence .  In  other
words, the variables  are designed to make the position
converge  to  the  origin.  Thus,  once q converges  to 0,  the
additional angular velocity is no longer necessary, so that we
can let  at .  

C.  Stabilization to an Arbitrary Configuration

SE(3)

We  have  presented  the  control  strategy  in  Theorem  1  that
stabilizes  the  underactuated  vehicle’s  configuration  to  the
identity element. This result can be extended to the problem of
stabilizing  the  underactuated  vehicle  to  an  arbitrary  point
specified in advance, that is, achieving set-point stabilization.
Note that, herein, the point refers to a configuration on ,
which  means  the  desired  position  and  attitude  can  be  both
predefined.  In  the  following,  we  will  derive  the  set-point
stabilization controller based on Theorem 1.

gd = (Rd, pd)Let  denote the desired constant configuration.
Referring to the definition of error on Lie groups, we define a
new element
 

h = g−1
d g (38)

gd
SE(3)

gd
gd

I4

which is defined in the body frame of  and also belongs to
.  Generally, h is  called  the  relative  configuration  of g

with  respect  to ,  and  it  can  be  intuitively  regarded  as  the
error  between g and .  If  we  can  make h converge  to  the
identity element , that is,
 

lim
t→∞

g−1
d g(t) = I4

gdthen g reaches  the  desired  configuration .  To  this  end,  we
firstly  derive  the  dynamics  of h as  follows.  Taking  the  time
derivative of h, we have
 

ḣ = g−1
d ġ. (39)

Substitute (3) into (39), then there holds
 

ḣ = hξ̂ (40)

SE(3) ξ̂
I4

gd

where  the  definition  of h in  (38)  is  utilized.  Compared  with
the  underactuated  vehicle’s  kinematics  in  (3),  the  differential
equation  (40)  describes  an  underactuated-vehicle-like  system
evolving on , whose state is h and input is . Therefore,
the configuration h can be stabilized to the identity element 
under the controller  proposed in Theorem 1,  which implies a
modified controller  to stabilize g to the desired configuration

. The result is summarized in the theorem below.
g = (R, p)

gd = (Rd, pd)

X̂h = (ψ̂h, qh)
ψ̂hz ψ̂hy

ψ̂z ψ̂y

qh

Theorem  2: Let  denote  the  configuration  of  an
underactuated  vehicle  and  the  desired
configuration  specified  in  advance.  Define  a  relative
configuration h as  in  (38),  and  let  be  the
exponential  coordinates  of h.  Construct  and  by
following similar constructions as for  and  in Theorem 1,
that  is,  replacing q with .  If  we  design  the  control  law  for
the underactuated vehicle as follows
 

ω̂ =

{
−k1ψ̂h, qh = 0
−k1ψ̂h+ k2(ψ̂hz+ ψ̂hy), qh , 0 (41)

 

vx = −k1eT
1 qh (42)

e1 = [1 0 0]T k1 k2
gd

where ,  and  are  positive  scalars,  then,  the
desired configuration  is the equilibrium of the closed-loop
system which is almost globally exponentially stable.  

IV.  Numerical Simulation

In  this  section,  we  provide  five  simulation  examples  to
verify the effectiveness of the proposed controller. In addition,
we apply the system model of the underactuated vehicle given
in (3) to the autonomous underwater vehicle (AUV), similar to
the models in [1]–[3].

R0 p0

The  first  example  is  to  stabilize  the  AUV  to  the  identity
configuration by using Theorem 1. The initial  attitude matrix

 and initial position vector  are chosen as
 

R0 =


0 0 1

−1 0 0

0 −1 0

 , p0 = [4 8 6]T .

k1 = 2,k2 = 7

(1− e−
1
2 t)

x,y,z

vy vz

The  control  gains  are  set  to  be  and  the
simulation time is 10 s. Note that in order to avoid a velocity
step at the initial  time, an exponential  decay factor 
is multiplied in front of the controller.  The simulation results
are  shown  in Figs. 3–5.  The  configuration  of  the  AUV  is
depicted  in Fig. 3.  For  the  sake  of  graphical  illustration,  we
use Euler angles (roll, pitch, yaw) to describe the attitude. As
is shown in the figure, both of the Euler angles and positions

 converge  to  zero,  which  indicates  that  the  AUV’s
configuration  is  stabilized  to  the  identity  element. Fig. 4
shows the AUV’s velocity which serves as the control input. It
can be observed that there are only four inputs and the linear
velocity  and  are  always  zero,  which  verifies  the
underactuation of the AUV. The AUV’s trajectory is provided
in Fig. 5,  where  the  evolution  of  the  attitude  is  also  depicted
by exhibiting the body frame attached to the center of mass of
the AUV. In order to illustrate the AUV’s attitude clearly, we
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Fig. 3.     Evolutions of AUV’s configuration with time.
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Fig. 4.     Evolutions of AUV’s angular velocity and linear velocity with time.
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Fb

Fe

Fe

mark the x-, y-, z-axis of the body-fixed frame  in red, green
and blue color, respectively. It is shown that the AUV finally
converges  to  the  origin  of  the  earth-fixed  frame ,  and  has
the same direction as .

k1 = 2,k2 = 6 k1 = 2,k2 = 20
R0

p0

The  second  example  is  to  intuitively  show  the  meaning  of
the control  gains,  where the simulation are  performed in  two
cases  of  different  control  gains.  In  Case  1  (C1)  and  Case  2
(C2), the gains are set to be  and ,
respectively.  The AUV’s initial  attitude matrix  and initial
position vector  are chosen as
 

R0 =

 0 0 1
−1 0 0
0 −1 0

 , p0 = [4 6 8]T .

k1 = 2,k2 = 6
k1 = 2,k2 = 20

k2/k1

k2 (ψ̂z+ ψ̂y)

k2

The AUV’s trajectories under the gains of  and
 are  given  in Fig. 6.  The  configuration  and

velocity  evolution  of  the  AUV  are  given  in Figs. 7 and 8,
respectively. As shown in Fig. 6, with a larger value of ,
the AUV would adjust its orientation to the desired orientation
more  quickly.  In Fig. 6(a),  when  the  AUV’s  position  is  near
the  origin,  its  orientation  is  still  quite  different  from  the
desired  orientation,  so  that  it  should  adjust  its  attitude  in  a
short  time  to  make  the  attitude  convergent.  In  contrast,  the
AUV  in Fig. 6(b) adjusts  the  attitude  earlier;  thus,  when
approaching  the  origin,  it  can  converge  to  the  desired  orien-
tation more steadily and smoothly, avoiding a large maneuver
in a short time. It can also be observed from Fig. 7(a) that the
convergence  of  the  AUV’s  attitude  in  Case  1  is  slower  than
that  in Case 2.  Such a phenomenon results  from the fact  that

 is  the  coefficient  before  the  term ,  which  is  the
additional  angular  velocity  to  compensate  for  the
underactuation.  Thus,  a  larger  control  gain  will  result  in  a
more  obvious  compensation  to  the  rotation  dynamics,
indicating  that  the  AUV  will  adjust  its  orientation  more
quickly so as to converge to the origin more “smoothly”.

Ri0 pi0
(i = 1,2,3)

In the third example, with the aid of Theorem 2, the AUV is
stabilized  to  a  desired  configuration  specified  in  advance.  In
the numerical simulation, we consider three AUVs which are
to be controlled to their respective desired configurations. The
initial attitude matrix  and initial position vector  for the
AUV i  are set as 

R10 =


0 0 1
−1 0 0
0 −1 0

 , p10 = [0 10 20]T
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Fig. 5.     Trajectory of AUV stabilized to the identity element.
 

 

0

2

6

4

z (
m

)

4

y (m)

4

6

x (m)

2 2

8

00

(a) k1 = 2, k2 = 6

0

2

6 4

4

2
z (

m
)

4

y (m) x (m)

6

02

8

−2
0 −4

(b) k1 = 2, k2 = 20
 
Fig. 6.     Trajectories of AUV under different control gains.
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R20 =



√
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2
0

√
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2√
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√
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, p20 = [0 20 30]T

R30 =



√
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2
0 −

√
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2
0 1 0
√

2
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0

√
2

2


, p30 = [5 15 0]T .

Rx Ry Rz

Fb

Before  specifying  the  desired  configuration,  we  define  the
following  three  rotation  matrices , , ,  which
respectively represent the rotation around the x-, y-, z-axis of
the body-fixed frame , that is,
 

Rx =



1 0 0

0

√
3

2
−1

2

0
1
2

√
3

2


, Ry =



√
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√
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0

√
2

2



Rz =
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2

√
3

2
0

−
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3
2

1
2

0

0 0 1


.

Then, we can define another rotation matrix by
 

Rxyz = RzRyRx

Rx Ry Rz
R1d = R2d = R3d = Rxyz
p1d = [30 20 15]T p2d = [30 15 15]T

p3d = [30 25 15]T

which represents the attitude of the AUV after the consecutive
rotation of , , . The desired attitude of the three AUVs
are all specified to be , and the desired
position  vectors  are , 
and .  The  simulation  result  is  provided  in
Fig. 9,  which shows that  all  of  the three AUVs are stabilized
to  their  desired  configurations  from  their  respective  initial
conditions.

The fourth example is to show that the proposed controller
is  robust  to  nonlinear  disturbances  from  the  ambient
environment. Consider a bounded time-varying environmental
disturbance on the angular velocity as follows
 

ω̂E =

 0 −ωEz ωEy
ωEz 0 −ωEx
−ωEy ωEx 0

 (43)

where
 

ωEx = 0.2cos t, ωEy = 0.15sin1.5t, ωEz = 0.1sin t.

Thus, the total angular velocity of the AUV should be
 

ω̂Total = ω̂+ ω̂E (44)
ω̂ ω̂E

R0 p0

where  is the control component given in (18) and  is the
disturbance  given  in  (43).  The  AUV’s  initial  attitude  matrix

 and position vector  are chosen as
 

R0 =

 0 0 1
−1 0 0
0 −1 0

 , p0 = [3 5 4]T .

k1 = 3,k2 = 10
ω̂Total vx

The control gains are set to be . We substitute
the angular velocity  in (44) and the linear velocity  in
(19) into the AUV’s kinematics (3), so as to obtain the closed-
loop  system  for  the  simulation.  The  simulation  results  are
provided in Figs. 10 and 11, which show the evolution of the
AUV’s  configuration  and  velocity,  respectively.  It  can  be
observed from Fig. 10(a) that the attitude angles converge to a
small neighborhood of the origin, implying that the controller
is robust to bounded nonlinear disturbances.
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Fig. 10.     AUV’s configuration under bounded nonlinear disturbances.
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Fig. 11.     AUV’s velocity under bounded nonlinear disturbances.
 

R0
p0

In  the  fifth  example,  we  present  comparisons  between  the
stabilization  controller  in  this  paper  and  that  in  [11].  In  the
numerical simulation, the AUV’s initial attitude matrix  and
initial position vector  are chosen as
 

R0 =

 0 0 −1
−1 0 0
0 1 0

 , p0 = [0 6 8]T .
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Fig. 9.     Trajectory of AUV stabilized to a desired configuration.
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The  simulation  results  under  the  two  different  controllers
are  provided  in Figs. 12–15.  Specifically, Figs. 12 and 13
show  the  attitude  and  position  evolution,  while Figs. 14 and
15 provide the angular and linear velocity. By comparison, it
can  be  seen  that  under  the  controller  in  this  paper,  the  AUV
has  little  or  no  oscillation  during  the  transient  period,  while
the configuration (especially the attitude) of the AUV in [11]
oscillates  rather  seriously.  This  is  because  a  sine  function  of
time t is employed in the controller of [11], which makes the
controller  become  time-varying  and  periodical.  Furthermore,
the controller in this paper can stabilize the AUV in about 35 s.
In contrast, the convergence time of the controller proposed in
[11]  is  longer  than  150  s.  Although  the  convergence  time  is
directly  related  to  the  magnitude  of  control  inputs,  it  can  be
observed from Figs. 14 and 15 that magnitude of the velocities
are  relatively  similar  between  these  two  controllers.

Therefore, compared with [11], the controller proposed in this
paper  has  a  better  transient  performance  and  shorter
convergence time.  These  advantages  result  from the  fact  that
the  proposed  controller,  especially  the  constructed  rotation
matrix,  is  designed  based  on  the  physical  background  of  the
AUV.  In  other  words,  the  controller  has  an  intuitive  and
explicit  physical  explanation,  which is  a  critical  point  for  the
control design of mechanical systems.  

V.  Conclusions

SE(3)

In  this  paper,  we  study  the  problem  of  the  underactuated
vehicle’s  stabilization  under  the  framework  of  Lie  group

.  The  kinematics  of  the  underactuated  vehicle  is
considered  which  features  nonholonomic  constraints.
Additional  rotation  matrices  coupled  with  translation
components  are  constructed so  as  to  compensate  for  the  lack
of sway and heave velocity. We utilize the logarithmic map to
design  the  stabilization  controller  which  makes  the  closed-
loop  system  almost  globally  exponentially  stable.
Furthermore,  the  control  law  can  drive  the  underactuated
vehicle  to  any  specified  constant  configuration  and  achieve
set-point stabilization.

SE(3)
SE(3)

Future  work  will  focus  on  the  dynamic  model  of  the
underactuated vehicle, since it is more common for vehicles to
be  actuated  by  force  and  torque.  However,  regarding  the
dynamic  model,  the  system’s  state  space  is  not 
anymore,  but  the  tangent  bundle  of ,  where  the  tangent
space  is  included.  Also,  the  dynamic  model  includes  a  drift
term caused by gyroscopic  force that  cannot  be compensated
by  the  control  in  the  case  of  underactuation.  This  will  make
the problem more challenging. Another challenge arises from
the  nonholonomic  constraint,  which  is  no  longer  first-order
but  second-order,  since  it  is  lifted  from  velocity  to  force.
Thus, the control of the underactuated vehicle’s dynamics by
techniques on Lie groups still needs further investigation.
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Fig. 12.     AUV’s attitude under controllers in this paper and in [11].
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Fig. 15.     AUV’s linear velocity under controllers in this paper and in [11].
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