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Fixed-Time Lyapunov Criteria and State-Feedback
Controller Design for Stochastic Nonlinear Systems

Huifang Min, Shengyuan Xu, Baoyong Zhang, Qian Ma, and Deming Yuan

Abstract—This paper investigates the fixed-time stability
theorem and state-feedback controller design for stochastic
nonlinear systems. We propose an improved fixed-time Lyapunov
theorem with a more rigorous and reasonable proof procedure.
In particular, an important corollary is obtained, which can give a
less conservative upper-bound estimate of the settling time. Based
on the backstepping technique and the addition of a power
integrator method, a state-feedback controller is skillfully
designed for a class of stochastic nonlinear systems. It is proved
that the proposed controller can render the closed-loop system
fixed-time stable in probability with the help of the proposed
fixed-time stability criteria. Finally, the effectiveness of the
proposed controller is demonstrated by simulation examples and
comparisons.

Index Terms—Fixed-time stability, Lyapunov theorem,
feedback control, stochastic nonlinear systems.
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1. INTRODUCTION

S is well-known, many practical systems are nonlinear;
Ae.g., robot systems, inverted pendulums, tunnel diode
circuits, etc. The controller design of nonlinear systems has
attracted increasing attention in the past few decades and
many useful tools have emerged [1]-[10]; for example, the
backstepping technique [1], the addition of a power integrator
method [2], the Lyapunov function criteria method [3], the
prescribed performance control (PPC) method [4]—[6], and so
on. Since stochastic noises extensively occur in real
engineering field, the investigation of stochastic nonlinear
systems is necessary and significant. Due to good transient
response performance, the backstepping technique has been
successfully extended to stochastic nonlinear systems in [11],
which together with basic stochastic stability theories
[12]-[14] allows for remarkable developments on the
controller design and analysis of stochastic nonlinear systems;
see, [15]-[25] and the references therein.

Considering the faster convergence speed, higher accura-
cies, and better disturbance rejection ability of finite-time
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stability, it is rather meaningful to ensure stochastic nonlinear
systems converge in finite time. To this end, [26]—-[29] made
the first attempt to establish the definitions of finite-time
stability for stochastic nonlinear systems and obtained the
related Lyapunov theorems. Then, based on the finite-time
stability theory, the finite-time controller design has obtained
many results in [30]—[35] for stochastic nonlinear systems in
various structures. In [36], a general Lyapunov theorem of
stochastic finite-time stability and some important corollaries
with more general conditions were further presented.
Recently, a definition of semi-global finite-time stability in
probability was presented in [37] and a related stochastic
Lyapunov theorem was established to state-feedback stabilize
stochastic nonlinear systems with full-state constraints.

However, the bound estimate of the settling time in finite-
time control is dependent on system initial states. This
impedes its practical applications since the estimate of the
settling time and desirable characteristics cannot be derived
without knowledge of initial conditions. As an evolution of
the finite-time control, the fixed-time control whose settling
time estimate is independent of a system’s initial states has
gradually attracted scholars’ attention. In [38], the fixed-time
control technique was used to handle stability issues of linear
systems. Since then, fixed-time control was frequently
considered for deterministic systems in [39]—[42].

For a stochastic nonlinear system, the fixed-time prescribed
performance on the output tracking error was investigated by
developing a novel performance function and using traditional
Lyapunov bounded in probability stability [43]. Motivated by
finite-time stability in probability using the Lyapunov criteria,
the authors established the concept of fixed-time stability and
used the Lyapunov theorem for stochastic nonlinear systems
in [44]. Then, [45] used it to study the global fixed-time
stabilization of switched stochastic nonlinear systems and [46]
considered stochastic pure-feedback nonlinear systems. In
[47], the fixed-time controller was designed for stochastic
interconnected nonlinear large-scale systems. However, the
obtained upper-bound of the settling time is conservative in
[44]-[47]. Motivated by the above discussions, two natural
issues arise: Can we further improve the proof of the fixed-
time Lyapunov theorem in [44]? How do we use it to stabilize
stochastic nonlinear systems with a less conservative settling
time?

This paper aims to solve the above two issues. The
contributions are listed as follows:

1) An improved fixed-time Lyapunov theorem with more
reasonable and rigorous proof is given for stochastic nonlinear
systems.
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2) A corollary with a less conservative bound estimate of
the settling time is obtained.

3) Based on the backstepping technique and the addition of
a power integrator method, a state-feedback controller is
skillfully designed for a class of stochastic nonlinear systems.
By using the proposed fixed-time stability criteria, it is proved
that the proposed controller guarantees the closed-loop system
to be fixed-time stable in probability.

The remainder of this paper is organized as follows. Section II
gives the preliminaries. A fixed-time stability theorem is
given in Section III. In Section IV, the state-feedback
controller is designed and analyzed. Section V shows an
example, which is followed by Section VI to end this paper.

Notations: Throughout the whole paper, R* is the set of the
non-negative real numbers; R! stands for i-dimensional
Euclidean space; X7 denotes the transpose of a given vector or
matrix X and ||X]|| denotes its Euclidean norm with Tr{X}
being its trace when X is square; C represents the family of all
the functions with continuous ith partial derivatives; a class K
function is continuous, strictly increasing and vanishes at
zero; K is the set of all functions y(x) which are of class K
and radially unbounded (y(x) — oo as x — o).

II. MATHEMATICAL PRELIMINARIES
Consider stochastic nonlinear system

= f(o)dt+ g(x)dw, VYx(0)=xp€eR" )
where xe€R" is the system state; w is an r-dimensional
standard Wiener process defined on a complete probability
space {Q,F, P}, where Q is a sample space, F is a o-field and
P is the probability measure; f(x): R* — R” and g: R — R
are Borel measurable continuous functions with f(0) = 0 and
g(0) =0. This means that system (1) has a trivial zero
solution.
Definition 1 [12]: For a C* function V(x) € R", denote LV
as the differential operator of V. Then LV with respect to sys-
tem (1) is given by £V(x) = 20 f(x) + LTr{gT () LY LV g(x)),

where the term %Tr{gT‘g9 PV o} is called the Hessian term.

Definition 2 [30], [36]: The trivial solution of system (1) is
said to be finite-time stable in probability, if system (1) admits
a solution x(t; xo) for any initial value xy € R" and satisfies

i) Finite-time attractiveness in probability: For every initial
value xo € R" \ {0}, the first hitting time 7, = inf{z > 0; x(¢; xp) =
0}, called the stochastic settling time, is almost surely finite,
ie., P{Ty, < oo} =1;

i) Stability in probability: For every pair of £ €(0,1) and
r>0, there exists a d(g,r) >0 such that P{|x(t;xp)| < r, for
all t > 0} > 1 — &, whenever |xg| < §;

iii) x(t+ 7y x0) = 0, a.s., V£ > 0.

Definition 3 [44]: The trivial solution of system (1) is called
fixed-time stability in probability, if, i) the trivial solution is
finite-time stable in probability; ii) E(ry)<Tp, for
VYxo € R"\ {0}, where T} is a positive constant and independent
of the initial values.

Lemma 1 [36]: Assume that there exists a nonnegative,
radially unbounded Lyapunov function V(x) € C%. If LV(x) <
0, then system (1) has a global solution for any initial data.
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Lemma 2 [15]: For system (1), suppose there exists a
positive definite, C> Lyapunov function V : R” — R* and two
Ko-class functions 7y and 7, such that for all xe R" and ¢ > 0,

m(lxd) < V(x) <mo(lixlD,  LV(x) < =W(x) 2

where W(x) is a nonneagtive continuous function. Then, the
trivial solution of system (1) is globally stable in probability
and P{lim,_,o, W(x(¢)) =0} =1, Vxp € R".

We present some lemmas to end this section.

Lemma 3 [2]: For any real variables x,y, positive numbers
m, n, b and nonnegative continuous function a(-), it holds

a()x"y" < bIx{" " 4+ s (B) T A (b7
Lemma 4 [8]: For x, yeR one has |x+y|? <277 HxP +yP|,
(IXI+|y|)” < IXI" +IYIP <2 P+, k= ylP < 2P P
yP, |x!l’ yl’l <2 g lx— y| for p>1 and (x1+---+x,) <
max{np 1,1}()61 +---+xﬁ) for any p >0 and x1,...,x, €R.
Lemma 5 [26]: Assume that n(-): R > R and ¢(-) : R" - R
are two smooth functions and x(¢) := x(; xg) is the solution of
system (1), then, it holds

277 )

0
{(a =

dln(@(x))] = d”d(¢( X0+ 9 (5

7 2 dg? oldr. ()

III. LYAPUNOV THEOREM OF FIXED-TIME STABILITY

A Lyapunov theorem on fixed-time stability with a rigorous
proof is given for stochastic nonlinear systems.

Theorem 1: Consider system (1). Suppose there exists a
continuous differentiable function y >0, Io y(1‘)ds <M for
any 0 <e<+co and y'(s) >0 for any s> 0, and there also
exists a positive definite, C?> and radially unbounded

Lyapunov function V : R” — R™ such that
LV(x) < =y(V(x)) “)

where M is a positive constant, then, the trivial solution of
system (1) is fixed-time stable in probability and the
stochastic settling time satisfies E(t,,) < M, for Yxo € R"\ {0}.

Proof: Firstly, from (4), one gets LV(x) <0, which together
with Lemma 1 shows that for each xg € R", there exists a
global continuous solution x(#; xg) to system (1). Since V(x) is
positive definite and radially unbounded, according to Lemma
4.3 of [3], one can find two class K, functions 71 and m, such
that 71 (||x[)) < V(x) < m(llxll). By defining W(x) =y(V(x)) in
Lemma 2, one can get that the trivial solution of system (1) is
globally stable in probability.

Now, we aim to prove the trivial solution is finite-time
attractive in probability.

When x(0) = xp = 0, it follows from LV(x) <0 and V(x) >0
that V(x(t;x9)) is a nonnegative continuous supermartingale
with filtration {¥;};>0. This together with Lemma 3 in [36] and
m1(|lxl]) < V(x) implies x(t; x0) = 0 a.s., for all > 0.

When xg € R"\{0}, there exists ke€{2,3,4,...} such that
X0 € (%,k). Define the stopping time sequence as
. 1
7= inf {12 0: [t x0)l ¢ (7.0} (5)
. 1
7 =inf {1201 lx(rx0)l € [0, 1) ©)
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It is clear that when the solution is global, one has 7o = 7T
a.s., with 7o =limg_ 07 and Tie = limg_,e T1x. Define a
function

Vi) 1
n(V(x)) = j ——ds, V(x)€[0,+00). )
0 ¥(s)

According to Lemma 5, one has

d 0
dinVooy] = SV + TG Sl

for x e R". Moreover, from system (1) and It6’s formula, it
holds

dV(x) = LV(x)dt+ (;—Vg(x)dw 9)
X
which together with y’(s) > 0, (4) and (8) shows

dn oV
Wa_g( x)dw

op 1 ¢

> dV2 Tr{(-9)" (5 gt

w1 o

(V) y(V(x) dx

Y(V(&) ¢ 1 ¢

- 2y2(V(x))Tr{(6xg) (Gox

LV(x) 1 ov
< t+

V()" y(V(x)) dx

d
dln(V(x)] = —ULV(x)dt

—g()dw

2)dt

——g(dw

1 9V

For any k and ||x|| € (E’k)’ integrating (10) on [0,7 A 7] and
taking expectations on both sides, one obtains

E[n(V(xtAT))] - E [TI(V(XO))] <-E(tATy)

g(X(S xo)dw(s). (11

Jﬂ/\rk 1
0 V(V(X(s X0))) 6

Noting that y(v(x)) 3x
[|lx]] < k, we have

Vo(x) is bounded in the domain %<

A% 2

—g(x(s X0))| ds < co

ff s < 74}
0 y2(V(x(s:x0))) | 0
where I{-} denotes the indicator function. This together with

[ Lo (sixadats)
0 y(V(x(s: x0))) dx

_ t s <1y}
- Ejo ma—g(x(s ;%0))dw(s)

implies
ATk 1
Efo m o (X(S xo))dw(s) = (12)
from Theorem 3.2.1 of [13].
Considering (11) and (12), one has
En(V(x(t Ati))] < E[n(V(xo)] — E(t AT). (13)

Since n(V(x)) > 0, one gets from (13) that
E(t Ati) < E[n(V(x0))] = n(V(x0)).
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Letting ¢,k — oo, by Fatou Lemma and 7o = Tie a.s., ONE
has E(Te) = E(T1e0) < n(V(xp)). Considering the definition
Ty, = inf{t > 0;x(¢; x0) = 0} = liMj 500 T1k = T1eo .S, it S
obvious that

V(xo)
0 —ds<M

7o) (14)
which shows P{r,, <o} =1; ie., the solution is finite-time
attractive in probability.

Recalling V(x(t; x9)) is a nonnegative continuous supermar-
tingale with VTXO = V(x(7x,;%0)) = 0 and Lemma 3 in [36], it is
easy to get Vt+7x0 =0 a.s., Yt >0. On the other hand, since
0 <m1(|lxl]) < V(x), it holds

x(t+7x3%0) =0, ass.,

E(t:) = E(riea) <n(Vx)) = ||

V>0

which means Condition iii) in Definition 2 holds.

Thus, from Definition 2, one obtains that the trivial solution
of system (1) is finite-time stable in probability with
E(ry) <M, Vxp€eR" Since M is a positive constant
independent of initial values, one gets from Definition 4 that
the trivial solution is fixed-time stable in probability. [ ]

Remark 1: For the fixed-time Lyapunov theorem of
stochastic nonlinear systems, Theorem 1 in this paper
improves the unreasonable parts of the proof procedure given

by [44]. Firstly, only when IT(XO) & yf‘ﬁg»dw is a martingale,
E[J"O T(x0) v _8(x) W _ 0] =

T(x0) 9V _g(x)
xS 0.Butin fact, [,

¥ y(v(x))dw isonly
a local martingale. Hence, without proving [;

T(x0) oV _g(x) d
x y(V(0)

a martingale, it is not correct and reasonable to use
E[‘J"T(xo) vV _gx)

o yvapdwl =0 to prove E[F(V(x(T(x0))] =0
Secondly, the authors in [44] obtained the proof by integrating
the related equation from 0 to 7(xg), which leads to the
conclusion cannot hold generally; see [27] for a counter
example, where T'(xp) is the settling time used in [44].

We give a useful corollary of Theorem 1 as follows.

Corollary 1: For system (1), if there exists a positive
definite, C? and radially unbounded Lyapunov function V(x),
real numbers @ >0, 8> 0,0 < p <1 and g > 1 such that

LV(x) < —aVP(x)-BVi(x), YxeR" (15)
then, the trivial solution of system (1) is fixed-time stable in
probability and the stochastic settling time satisfies

1-p 1-q

(@/p)er  (a/p)er

Hr = o= g (1)

Proof: Choose y(V(x)) in Theorem 1 as y(V(x)) =aVP+

BV4 >0, then, y'(V(x)) = apVP~! +BqV7~! > 0. Furthermore,
for 0 < € < +o0, it can be verified that

e 1
Ery)< |, v =

Yxp € R"\{0}.

1
vy
0 aVP+pV4

1 1
< js —dV+f —dV
0 aVP+pBVY e aVP+pBVY
1 -1
<
a(l-p) Blg-1)
gl-r gl-a

= 17
a(l-p) " Blg-1) 1n

viTPle 4 vl




1008

where £ > 0 is a design constant. Thus, considering Theorem 1
and (15), one says the trivial solution of system (11) is fixed-
time stable in probability. By choosing € = (a/B)47, one can
get a settling time that satisfies (16). [ |

Now, we aim to prove that the upper-bound estimation of
the settling time 7y, is less conservative than that giveg pby

[44]. To prove this point, one needs to prove Ty = (C;/(lf)_lj’
1-¢q
(@/pTr 1 |
Ba-D < atp tEgD - LI
Set
1-p El—q
fle)=

ao(1-p) " Blg-1)

then, f/(e) = % + "’";g—q.IWhen letting f’(e) = 0, one gets the extr-
eme p(?int & = (a/B)4r. It is obvious from Fig. 1 that for ¢ <
(a/B)er, f'(e) <0 and for & > (a/B)¢», f'(g)>0. This 1imp-
lies that the minimum value of f(€) is fiin = f(e = (@/B)4P) =
Ty. Hence, To < T1 = f(e =1). For example, choosing a = %,
B=1Lp= % and ¢ = 2, one can obtain Ty = 11.3137 < 13 =T7;
see, Fig. 1 for details.

30
28
26

10} To= o 6= (1A = (@) e

0 2 4 6 8 10

Fig. 1. The response of f(e).

IV. STATE-FEEDBACK CONTROL FOR STOCHASTIC
NONLINEAR SYSTEMS

Consider the stochastic nonlinear systems
dx; = xjp1dt + fi(%)dt + gi(X%)dw
dx, = udt+ fr(X)dt + gn(X,)dw (18)
where i=1,2,...,n—-1; x;€eR and ueR are system
measurable states and control input, respectively; X; = (xi,
X2,...,x)7; @ is defined as those in (1); the drift terms
fi(%) :R' > R and the diffusion terms g;(%;) : Ri — R™" are
unknown smooth functions with f;(0) = 0 and g;(0) = 0.
For system (18), impose the assumption as:
Assumption 1: For smooth functions f;(%;) and g;(X;) in
system (18), there exist known nonnegative smooth functions
fi(x%;) and g;(%;) such that

A < fiE) Y bl lgiE@II < &%) Y Il
=1

J J=1

IEEE/CAA JOURNAL OF AUTOMATICA SINICA, VOL. 9, NO. 6, JUNE 2022

Remark 2: The conditions that guarantee the existence and
uniqueness of the solution to system (18) are: f(x) and g(x)
satisfies the linear growth condition and the local Lipschitz
condition. For system (18), f(x) and g(x) are smooth
functions, which naturally satisfy the local Lipschitz
condition. Assumption 1 is similar to the linear growth
condition, which together with the local Lipschitz condition
guarantees that the considered system has an unique solution.
This is the basis of investigating the controller design and
stability analysis.

A. Controller Design

The following coordinate transformation is given to start the
design procedure:

1 1

1
7

zi=x", zi:x;"—x;", i=2,3,....n (19)

where x3,x5,...,x, are virtual control laws to be determined,
o 2u=2j43 . .

Tj= gas (j=1,2,...,n+1) are parameters with p>1

being an integer. The properties of r; are listed as follows:

O<rn+1<rn<---<r2<r1<§

L=rN—nMNn=-"=In—Th=

<1
s (20)

Fit1 _2,[1—2i+1 1
T T 2u—2i+3 2
For better reading, we denote po=4—-r +r, and
oi>t=r;—ry in the following parts and show the design
procedure through # recursive steps.
Step 1: For system (18), consider the Lyapunov function
4

i=1,...,n.

candidate Vy(x;) = %xlr'. In terms of (18), Definition 1, (19),

(20), Assumption 1, Lemma 3 and It&’s rule, one can verify
that
4-r

LVi<x" (n+fi)+

4-2
4-— r 7,1”
X

2}’1 1

lgigl

4- 4-r 7
<z x|z T A Gl

4 —r _ _
+ Sl g G P
r
<A -x5) 4z IS @ el (21)
where ¢1 = filz1/" "2 and ¢ = %E’%Iﬂl” .
Then, we choose the first virtual control law as
x5(x1) = =22 Bi1(x1)
Bi(x1) = c11 +¢1(x1) +@1(x1) + byz]! (22)
which changes (21) into
LV <=zl = bilzy O 42T (- xp) (23)

where c1; > 0 and by > 0 are design constants.

Step i (2<i<n-1): We summarize the inductive step in a
proposition.

Proposition 1: If at Step (i — 1), there exist a series of virtual
control laws x5(x)) = —ZB1(x1), x5(X2) = —25'Ba(%2), ...,
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X7 (%i- 1)——z lﬁ, 1(Xi—1) such that the 02 Lyapunov func-
tions Vi_ 1—V1+Z’ 1U with Uj—f (sJ—

positive definite, proper and satisfy

;’)4 "ids are

Vi1 < 2(Z?+"'+Z?_1) (24)
i-1 i-1
LV < _ch,i71|zj|p0 —ijlzjlmwj
=1 =1
+z T i—x) (25)

where ﬁl,ﬂz,...,ﬁi_l are nonnegative continuous functions;
cji—1 and b; are positive design constants. Then, for the ith
Lyapunov function

4—r;
Vi=Vi+U;, Ui = j’(n—x') ds  (26)
it can be verified that
Vi<2(f 4+ +2]) 27
i i
LVi< - Z cjilzji’ = ijlzjlp‘)”"
j=1 j=1
+Z?_ri(x,'+] — x;_l) (28)
where the virtual control law is designed as
xiy (X)) = =2 Bi(%)
Bi(Xi) = cii + ¢i(%) + @i(Xi) + bz}’ (29)

where ¢; and ¢; are nonnegative continuous design functions;
Ciis bis &ijks €j41,1, and cji=cji—je11— i &ijk (G=1,...,
i—1) are positive design constants.

Proof: See the Appendix.

Step n: By exactly following the design procedure at step i,
for Lyapunov function:

1\4-Ti
V, = V1+ZU,,U f"’(n—xj') ds  (30)

one can construct the controller as

u(x,) = _Z:L’HI,Bn()_Cn) (1)
such that
n n
Va<2Y 2 LV <= cinlzl - Zb |0t (32)
=1 =1
where Brn=Can+Pn+@n+ ann " Cin = Cii—Eixl1 — Ezzzsnik >

0 for i=1,2,...,n—1, ¢,,>0, b, >0, and c,, >0 are design
constants; ¢, and ¢, are nonnegative continuous functions.

B. Stability Analysis

The following theorem shows the stability given by the
designed controller.

Theorem 2: For the stochastic nonlinear system (18), under
controller (31), the solution of the closed-loop system
consisting of (18), (19), (22), (29), and (31) can be ensured to
be fixed-time stable in probability and the settling time

1009
satisfies
4/ T Aeb) o
_ c i c i
E(ry) < min (c/b) (c/b) (33)
i=12en | c(4=po)  b(po+oi—4)

Potoi 2
where b > max;—j,,. ,{n'"" 4 band €227 co are
positive constants with co=min;=12, {cix} and by =
min;=1 2, a{bi}.

Proof: Considering (30) and (32), it is obvious that V,, is C2,
nonnegative radially unbounded. In addition, from V, <
23" IZz and Lemma 4, one verifies that

_ro Po _POtoi _ Poto Potoi
LV, < =2"3coV,* —nlmma 27T bV, *
m potoi
< _CVn4 _an ¢ (34)

where ¢ = mini12,fciyl, o = min1, b, o2 2% e
and b > max,':l,z,__.,n{nl_mrrl - bo} are posmve constants.
Since o;>ri—ry, po=4—-ri+ry and ri—rp >0, it is
obvious that 0 < £ < 1 and 2% > 1. Thus, using Corollary 1
and letting @ = c, B b, p =5 and g = 277, one can obtain
that the solution of the closed- loop system 1s ﬁxed—time stable
in probability and (33) holds. [ ]

V. SIMULATION EXAMPLES
Example 1: Consider the stochastic simple pendulum
system established by [32] as
dx| = xodt
dxy = udt+ (=9.8sin(x) — 0.5xp)dt — 0.1 xdw. (35)
It can be verified that Assumption 1 is satisfied with f; = 10
and g, = 0.1. By following the design procedure in Section V
exactly, one gets the state-feedback controller:

1 1 1

zi=x]', m=xp-x" (36)
x; = —(C11 -i-blztlrl)zg2 (37)
u= —Z? (cxp+dor+@r+ bgzgz) (38)

39 =2
85> 13~ 85
o1 = %, oo = %, c11=5, c;» =2, by =1, by =1 and the other
constants during the controller design procedure are given by
1 in simulation. Then, it can be Venﬁed that ¢2 = ¢ +¢22+

¢23 with ¢y = 0.0451; ¢ = 4. 1971/1255|,31|2ss +4. 22,1147 and

¢23 = 9.0049(1 + /1 +,6%)30| (1213555 +z,]255%5) + 10 1+,B%|zz|sl§
in addition, ¢, = 0. 081|ﬁl|% + 0 3859|zz|% where B = ¢11+

9and A1 = 1. 5061|,81|39 Izll3 + |ﬁl|?9 In addition, it can be
Verlﬁed that »>0.47 and ¢ > 0.502.
E(7y,) <308.8.

To give the comparison, we show a simulation from two
cases.

Case 1: Different initial values x(0) = 0.6, x(0) = —1 and
x1(0) = 0.6, x2(0) = 10.

When x;(0) =0.6 and x;(0) = —1, the convergence time of
Example 1 is almost 6 s from Figs. 2 and 3, which satisfies
E(ty,) <308.8; when x1(0)=0.6 and x,(0) =10, the con-
vergence time of Example 1 is also almost 6 s from Figs. 4

where the parameters are chosen as r| = %, r =

Then, one can calculate
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Fig. 2.  The response of states with x;(0) = 0.6 and x,(0) = —1.
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Fig. 3. The response of control input with x;(0) = 0.6 and x,(0) = —1.

10

---x

X5

System states
N

0 2 4 6 8 10 12 14 16
Time (s)

Fig. 4. The response of states with x;(0) = 0.6 and x(0) = 10.

and 5. This means that fixing x1(0), the convergence time of
system states and controller under different values of x,(0) are
almost the same. Similarly, when fixing x,(0), the conver-
gence time of system states and controller under different
values of x;(0) will not change too.

Case 2: To show the difference between fixed-time (FxT)
control and finite-time control, we show the finite-time (FT)
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Fig. 5. The response of controller with x;(0) = 0.6 and x»(0) = 10.

controller given by [32] as

1 1 1
— 1 _ 2 a2
Z1=x, Z22=Xx, —X,

* rn
Xz——C“Zl

u=—zy(cn+dr+¢) (39)
where ¢, and ¢, are shown as in [32]. In the comparison, we
choose all the constants to be the same as those in this paper.
The initial values are given by x;(0) =0.6, x2(0)=—1 and
x1(0) = 0.6 and x,(0) = 10, respectively. Figs. 6 and 7 show
the effectiveness of the proposed controller. In particular, it is
clear that when fixing x| and increasing the initial values from
x2(0) = —1to x2(0) = 10, the settling time of FXT controller in
this paper is almost the same and around 6 s. But the settling
time of FT controller in [32] grows from 6 s to 12 s as the the
initial values increase.

Example 2: Consider

1 1
dx = (—§x3 —x%)dx+ zxzdw.

If we choose V(x) = %xz, we have

100 T
u under FxT
0.5 -~y under FT
80 | R
0
60 |
=
g
= -0.5
s 40r 0 5 10 15
=
o
@]
6 8 10 12 14 16
Time (s)
Fig. 6. The response of controller with x;(0) = 0.6 and x»(0) = —1.
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—800 .
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Time (s)
Fig. 7. The response of controller with x;(0) = 0.6 and x»(0) = 10
. o - 2
Using Corollary 1 and substituting a =23, 8= %, p= % and

q =2 in (16), the system is fixed-time stable in probability and
E(ty,) £2.46. Choosing xo = —6, xo = 1, and xo = 10, we can
see from Fig. 8 that, regardless of the initial values, the
settling time is around 1.8 s satisfies E(7,,) < 2.46.

10

8t =
- - x=10

===

x(1)
o

0 0.5 1.0 L5 20 25 30 35 40
Time (s)

Fig. 8.  The response of Example 2.

VI. CONCLUSIONS

In this paper, the Lyapunov criteria of fixed-time stability
for stochastic nonlinear systems has been improved.
Compared with existing results, the upper-bound estimate of
the settling time is less conservative with rigorous and
reasonable analysis. In addition, with a backstepping design, a
state-feedback controller is designed for stochastic nonlinear
systems, which ensures the closed-loop system to be fixed-
time stable in probability. There are still problems to be
investigated: i) Determining how to use the proposed stability
to give the output-feedback controller design for more general
stochastic nonlinear systems. ii) For stochastic nonlinear
systems with inverse dynamics, determining how to obtain the
fixed-time stability theorem and design the controller.

APPENDIX

Proof of Proposition 1: Firstly, from (19), (26) and It6’s
rule, one has

1011
oU; 4 (92U,- 4—r; 3 ,ii—l
—_=Z. s _—= . X.
ox; ! ox? i bt
; :
ou, 05" (g AV
a_xj =—4-r) o, Ljf (s i =X ) ds
l‘
(’*)ZUZ- (92U,' ax: ' .
e oy i LT e et
6x,-6xj (’)xj(’)xi an !
1
62U aZx*l xif 1 *711 3—r;
e [ (s’i—xi ) ds
j 1
1
+@4=-r)G-r)( 6xj)
xif L = 2
er (s*i —-x; ds
) o 3
8U; X" exif L A\
— =—(4- iy d
PR T Lrw ¥ kf (s ti ) g
b
+@-r)@B-r) W
! ! Ox; Oxi
x; | 1 2—r;
x| (srf—x;‘ ) ds (40)

where jk=1,...,i—1and j# k. Obviously, V; is C?, positive
definite and proper. Moreover, by means of (24), (26) and
Lemma 4, one yields

4" (xi—x7)

1
wTir
x; )

i—1
<2Zz +ztrile ’z(x" -
j=1

i
<2 Z z (41)
j=1
which means (27) holds.
On the other hand, from (18), Definition 1, (19), (25), (26)
and It6’s rule, it can be verified that

i-1 i-1 o
. 1
LVi< =) cjimtlzjl? = ) bjlzjlP" 7 + —— iy
0x;
J=1 J=1 '
4
r"(xl—x)+z (x,+1+f,

oU; U
+ —fi+Tr{G; —-Gi,, (42)
ax; 7! { L ox? '
PU; i— 9 U;
where Tr{GlT 3 2 G } 2 ljkl 1,j+k axjaxk”gjgk” + 5 l 11X
&U; *U;
||g,gT||+z; 11 g g1+ 3 G5 i I
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Now, we focus on estimating the terms in (42).
Firstly, from (19), Lemmas 3 and 4, one arrives at

i

P r’ "X = x; )—24 i '((x,—x )r,)

< 21—r[ |Zi—l |4—r,‘_1Z;’i

< &itlziot 170 + @i |zil 0 (43)
4— 4-ri g
where ¢; = ‘((4 o l)8,1) i and g&;>0 is a design

constant.
Secondly, from (19), Lemmas 3 and 4, one obtains

o
[xXiv1] < (Izier + LzillBil7ier ) !

< lzipa !+ Billzil

Together with Assumption 1, it can be verified that

(44)

A< B D (1217 + 1By llzjal7)
j=1

< Fi®) D LE (117 +I2,1) (43)

J=1
where

si+siv, j=1,...,0-1

Li(x)) ={ .
S j=i

with s; = max{1,|8;-1]} and so = 1. Furthermore, by applying a
similar induction argument as those in [9], it holds for
j=1,...,i—1that

1

i-1

< /11'1()_51'—1)2 Jz|' i

j=1

(46)

;F 1

6x j

where A;; > 0 is a continuous design function. Then, by means
of (40), (44)—(46) and Lemma 3, one has

i-1

ouU;
jzzl 6_xj(xj+l + 1)

i-1 Ox
SZ(4—r,~) 2
J=1
i-1
3 1-
< 2 Ak (Z'Zﬂ r’)('znnl’ﬁwwuz i
J=1 j=

3-r;
z (G = x)D (e + )

J
+J5 ) Il ™+l o)
k=1

i1
< Zsijzlzjlm + i (%, 0)|zi | “47)

=
where A;1(%_1) =2(4-r)A;; and ¢, are nonnegative

continuous functions.
Thirdly, by combining (40), (45) with Lemma 3, one yields
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i1
4_ . - . . - .
'—ﬁ <Ll (i Y e+ ) + Fle”)
=
i-1
< Zgij3|zj|p0 + iz (Fp)lzif

=

(48)

where &3 is an any pos1t1ve des1gn parameter to be chosen

1 4- 1 4-r;
and g = 312} TGP ) i :<fz B RGOSR Y=t
(L2 y3) % (0190 4 il

Finally, using similar induction proof of (46), one gets

1

2 xTi
Xi 1-2
5| < A 1>Z|z,| (49)
J J=
1
ZX*G 1-2r
A
| < - 1);|z| , (50)

where A;; =max{i, j}; A;3 and A;4 are nonnegative smooth
functions. In addition, from Assumption 1 and (44), it holds

i
gl < &i(E) Y LGNz, +1z;177+)
j:
where /; has been defined in (45).
Then, by adopting (40), (46), (49)—(51), Lemmas 3 and 4,
one can verify that

2Zaznﬂn

i-1

Z (2(4 )
Jj=

1
7

‘ﬁx’.‘i 2
1

C1))

1
2 *’i

—lzil +2(4 = r)3—r)

J
|zi|2)g§(z Izl + |z*1)?
k=1

Z is (%) (Z|z,|‘ e )21 ENRCET

j=1 j=1 k=1

i—1 i—1 2
+ Ziis(x,»)(z |z,»|‘—’f) D Bl
j=1

= =1
i1

< Z«Sijm |Z170 + i1 (X)|zi|™°
J=1

(52)

Ais =2(4—r)(3-
.,i—1} and ¢;; are nonnegative continuous

where 2,5 =2(4- r,)max{§§,j= 1,...,i—1},
rj) max{g> ] =1,.
functlons with &;;51 being a positive design constant. Thus,
similarly, based on (40), (46), (49)—(51), Lemmas 3 and 4,
one can further get

‘Zﬁllggjll

Zsl,mz P+ (@l (53)
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IR
L T
———llg;g ||‘ < ) &ijslzii +eplzil™  (54)
kT ek 20%0%i =
1 6°U; = _
5o leisl I < D auale ™ + g™ (55)
i =1

where €52, &ij53 and &;j54 are positive design constants; ¢;»,
;3 and ;4 are nonnegative continuous functions. By substi-

— PWe = )
tuting (52)—(55) into Tr{GiT%G,-}, letting &;j4 =22:1«9ij4k
and ¢; = Y} _, gir, one can finally get

—TazUi _ i-1
|Tr{Gi a—)_CiZGiH < gsij4|2j|po +@i(®)lzil. (56)
Substituting (43), (47), (48) and (56) into (42) leads to
i-1 i-1 4
LVi< - ch,i—1|zj|p0 +Zzsijk|2j|p° +e&itlzi-1 |7
=1 =1 k=2
i-1
Y byl Pt 4 2 gy — x5 )
=1
2+ GiEE + Qi Elz (57)
where ¢; = Zzzl ¢ix. Thus, by constructing x, | as (29), one
can obtain (28). [ |
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