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Abstract. This paper proposed an adaptive control strategy based on
RBF (radial basis function) neural network and PD Computed-Torque
algorithm for precise tracking of a predefined trajectory. This control strat-
egy can not only give a small tracking error, but also have a good robust-
ness to the modeling errors of the robot dynamics equation and also to the
system friction. With this control algorithm, the robot can work in assist-
as-needed mode by detecting the human active joint torque. At last, a sim-
ulation result using matlab simulink is given to illustrate the effectiveness
of our control strategy.
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1 Introduction

There has been more and more patients in the world who suffered from SCI or
stroke and the treatment to these patients is a long way after surgery. Conven-
tionally speaking, doctors help these patients do rehabilitation training by hand
or by simple device such as automated vehicles. These traditional treatments
are useful to the rehabilitation of patients to some extent. But more and more
studies proved that the active participation of patients in training can do a bet-
ter favor to the neuro-rehabilitation. Literature [1][2] also suggest that active
training can improve the cortical reorganization. Clinic trials have also proved
that repetitive movement exercise is helpful to neurologic rehabilitation [3][4],
even though that the scientific basis for neuro-rehabilitation remains ill-defined.
So most of the limb rehabilitation robots also focus on the various movement
training. Exoskeleton robots are mostly often used for these purpose.

Rehabilitation robot is designed for active training and repetitive movement
exercise of patients who suffered from paraplegia or hemiplegia, so that the basic
function of a rehabilitation robot is that the robot can detect the active partic-
ipation of patients and can automatically assist the patients as needed. There
are many ways to detect the active participation of patients, for example, the
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force sensor or torque sensor can be used to detect the patients’ force that ex-
erted onto the robot, the biological signal such as electromyography (EMG) or
electroencephalogram (EEG) can be used to detect the intent of patients and
also the status of muscles [5][6]. The MIT-MANUS which was designed by MIT
in 1991 is an upper limb rehabilitation robot, it uses EEG to detect the patients’
intent and hemiplegia patients can do some easy work with the help of the robot.
The MotionMaker is an lower limb rehabilitation robot which was designed by
SWORTEC, and EMG is used to detect the muscle activity. The Locomat is
another lower limb rehabilitation robot which was designed by HOCOMA, it
consists of a treadmill and a body weight support system. The Locomat robot
can detect the torque the patients exerts onto the Locomat and then pull the
patient’s leg into the desired direction [7]. Most of the literatures about rehabil-
itation robots are mainly focus on the smart design or kinetic control [8, 9, 10],
there is little literature about the dynamics control strategy to accomplish the
precise trajectory tracking. In the following sections of this paper, we will give
a introduction of our self-designed lower limb rehabilitation robot, and propose
an adaptive control strategy based on RBF neural network and PD Computed-
Torque algorithm for precise tracking of a predefined trajectory.

2 Simplified Dynamical Model of System

The self-designed 3-DOF exoskeleton lower limb rehabilitation robot model is
showed in Fig.1. We only give an inner mechanical structure of the robot. The
people’s leg can be attached to the robot links by straps, and the foot can be
fastened to the pedal. According to actual needs, the exoskeleton lower limb
rehabilitation robot can help patients do various movement in a vertical plane,
including single-joint movement and joint united movement. Three joints of the
robot are all driven by ball screws. The ball screw is a line unit which changes
the rotational motion of electrical motor into linear motion, and then the linear
motion of the ball screw drives the link of the robot to rotate around the joint
fulcrum. Compared with geared drive, this design can reduce the system fric-
tion, and increase the system damping, and reduce the influence of the external
disturbance to the whole system. Three absolute encoders are installed in every
joint to record the real joint angle, and the absolute encoders can maintain the
current output even when the power is off. Also there is a force sensor installed
at the end of each ball screw which is used to detect the joint torque. There is
another more important force sensor placed on top of the foot treadle which is
also the third link of the robot. This force sensor is used to detect the force the
human foot exerts onto the foot treadle.

When using the platform for rehabilitation training, the length of each link
should be adjusted firstly to set the link length equal to the human thigh and
crus. Then the foot of the patient is fastened to the foot treadle. We can see
the robot combined with the human leg as a whole, a three-link system. For
simplification, the mass of human leg and the robot link are seen as evenly
distributed, and the third link of the system is omitted because it just impacts
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the foot posture and has no effect to the end trajectory. After simplification,
the whole system can be seen as a well-proportioned two-link system showed in
Fig.2.
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Fig. 1. 3–DOF rehabilitation robot
for lower limbs
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Fig. 2. Simplified model of system

2.1 Lagrange’s Dynamics of Human Leg and Robot

By using Lagrange-Euler method, we can easily get the dynamics of the whole
system, as showed in Fig.2. Firstly, the Lagrange’s equation of motion for the
two-link system is defined as followed

τi =
d

dt

[
∂L

∂q̇i

]
− ∂L

∂q̇i
(1)

where τi is joint torque, qi is the joint angle, L is the Lagrangian which represents
the difference between the kinetic and potential energies

L = K − P (2)

For link 1, the kinetic and potential energies can be given by
⎧⎪⎨
⎪⎩

K1 =
1
6
m1a

2
1q̇

2
1

P1 =
1
2
m1ga1 sin q1

(3)

where m1 is the total mass of robot link 1 and human thigh, a1 is the length of
link 1 and human thigh, q1 is the joint angle of hip. For link 2, the kinetic and
potential energies can be given by

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
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2
m2ga2 sin(q1 + q2)

(4)
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where m2 is the total mass of robot link 2 and human crus, a2 is the length of
link 2 and human thigh, q2 is the joint angle of knee.

By combining (3) and (4), and computing the formula (1), we can get the
ideal dynamics of the whole system which can be written in the standard form

M0(q)q̈ + V0(q, q̇)q̇ + G0(q) = τ (5)

with M0(q) the inertia matrix, V (q, q̇) the Coriolis/centripetal vector, and G0(q)
the gravity vector. The specific form of these matrices are given in the simulation
section. Note that M0(q) is symmetric and positive definite, and Ṁ(q)−V0(q, q̇)
is a skew-symmetric matrix, and the gravity vector G0(q) is bounded [11].

2.2 Detect the Joint Torque of Human Leg

Actually, in formula (5), the torque τ is comprised of two parts, one is caused
by the voluntary movement of patient and the other is caused by robot motor.
To detect the torque of human leg that exerts to the joint is very important and
it will decide the output torque of robot motor.

We suppose that the human foot and the third link is always horizontal in
training, so that the force of foot is always perpendicular to the ground, and
the drawing force and compression force transducer on top of the third link can
detect the the human voluntary force. From Fig.2, we can see that if there is
no voluntary force, the reading of the transducer should be produced by the leg
gravity. The relationship between them is

Fs =
(1
2mt + mc)ga1 cos q1 + 1

2mcga2 cos(q1 + q2)
a1 cos q1 + a2 cos(q1 + q2)

(6)

With Fs the reading of transducer at static status, mt and mc the mass of thigh
and crus. If the patient exerts voluntary force to the pedal, the reading of the
transducer should be bigger or smaller than Fs. From the reading of transducer
we can judge the system running mode. Specifically, if the reading is between 0
and Fs, then the robot arm will work in the assistance mode, else if the reading
is bigger than Fs or less than 0, then the robot arm will work in the resistance
mode. If the current reading of transducer is F, then the difference between Fs

and F is the patient’s voluntary force. Note that the leg gravity is not voluntary
force. By transforming the force into joint torque, we can get

τh =

[
(Fs − F )a1 sin(q1 + q2) sin q2

(Fs − F )a2 cos(q1 + q2)

]
(7)

where τh is patient’s voluntary torque.

2.3 Control Strategy

In practice, the precise model of the plant is hard to get, and we can only build
the ideal model. If the model (5) we have built is precise, then a Computed-PD
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algorithm as followed is enough to make a good tracing of the predefined trajectory
[11].

τ = M0(q)(q̈d − Kv ė − Kpe) + V0(q, q̇)ṡ + G0(q) (8)

where qd is the desired trajectory, and e = q− qd, ė = q̇− q̇d, the derivative gain
matrix Kv and the proportional gain matrix Kp are selected positive definite.

But if the true model is

M(q)q̈ + V (q, q̇)q̇ + G(q) + F (q, q̇) = τ (9)

where F (q, q̇) is friction and disturbance item. Put the control law (8) into (9),
and we get

ë + Kv ė + Kpe = M−1
0 (ΔMq̈ + ΔV q̇ + ΔG − F (q, q̇)) (10)

where ΔM = M0 −M ,ΔV = V0 − V ,and ΔG = G0 −G. Easily we can see that
the control law (8) is not satisfying. The unprecise part of the model is the right
item of (10). We define the unprecise part of the model as

f(x) = M−1
0 (ΔMq̈ + ΔV q̇ + ΔG − F (q, q̇)) (11)

If we have known the unprecise part, then we can design the controller as

τ = M0(q)(q̈d − Kv ė − Kpe − f(x)) + V0(q, q̇)ṡ + G0(q) (12)

Substitute (12) into (9), we can get the following error differential equation

ë + Kv ė + Kpe = 0 (13)

From this error differential equation, we can see that if the derivative gain matrix
Kv and the proportional gain matrix Kp are selected positive definite, the system
must converge within a certain time.

Unfortunately, the unprecise part of model is not available more often. The
common method to resolve this problem is to compensate for the unprecise part
of model. Neural network is a common method to approximate the unprecise
item of a system [11]. The BP network and RBF network are two more often
used neural networks. The BP network is a global approximation network, and
the convergence is slow and be easy to fall into local minimum. On the contrary,
the RBF network is a local approximation network, and has a fast learning speed,
also it can avoid the local minimum [12]. Here we choose RBF neural network
to approximate the unprecise part of the model. The structure of RBF neural
network is showed in Fig.3. The gauss basis function is also chosen as followed

φj = exp

(
−‖X − cj‖2

2b2
j

)
, j = 1, 2, · · · , m (14)

In the RBF network, X = [x1, x2, · · · , xn]T is the input vector, cj is the central
vector of node j, cj = [cj1, cj2, · · · , cjn], and bj is the base width of node j.
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ϕ = [φ1, · · · , φm]T is the radial basis vector. If the weights vector of network is
W = [w1, · · · , wm]T , then the output of network is

y(t) = w1φ1 + w2φ2 + · · · + wmφm (15)

In our control system, we choose X =
[
e ė
]T as input vector, Ŵ as the weights

vector which will be adjusted online, W ∗ is the best approximation weight vector,
and the network output is f̂(x, w) = ŵT ϕ(x), and Ŵ is the estimation value of
W ∗. At the basis of (8–10), we design the controller as

τ = M0(q)(q̈d − Kv ė − Kpe − f̂(x, w)) + V0(q, q̇)ṡ + G0(q) (16)

If we substitute (16) into (9), then we will get

ẋ = Ax + B{f(x) − f̂(x, w)} (17)

where f(x) = M−1
0 (ΔMq̈+ΔV q̇+ΔG−F (q, q̇), and A =

[
0 I

−kp −kv

]
, B =

[
0
I

]
.

If we define the Lyapunov function as

V =
1
2
xT Px +

1
2γ

‖w̃‖2 (18)

where P is a positive definite symmetric matrix, and it satisfies the Lyapunov
function as followed

PA + AT P = −Q (19)

where Q ≥ 0. If we choose the adaptive law as

˙̂w = γϕ(x)xT PB + k1γ‖x‖ŵ (20)

with γ > 0, k1 > 0. The condition of convergence is

‖x‖ ≥ 2
λmin(Q)

(
‖η0‖λmax(P ) +

k1

4
w2

max

)
(21)

with η0 the ideal error between f(x) and f̂(x, w∗).
With above discussions, we can get the control system block diagram as Fig.4.

3 Simulation

In order to verify the resulting performance and robustness of the control algo-
rithm, the simulation is conducted using SIMULINK toolboxes of MATLAB. The
namely model we use is the model we have built as (8), where the inertia matrix

M0(q) is given by M0(q) =
[

α + 2η cos q2 β + η cos q2

β + η cos q2 β

]
. The centrifugal/Coriolis

torque V0(q, q̇) is given by V0(q, q̇) =
[−η sin q2q̇2 −η sin q2q̇1 − η sin q2q̇2

η sin q2q̇1 0

]
. The
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Fig. 4. Control system block diagram

gravity G0(q) is given by
[

(1
2m1 + m2)ga1 cos q1 + 1

2m2ga2 cos(q1 + q2)
1
2m2ga2 cos(q1 + q2)

]
. The

real model we use is (9), with M(q), V (q, q̇), G(q) are all twenty percent less than
that of M0(q), V0(q, q̇), G0(q) for simulation, the disturbance and friction item is
chosen as

F (q, q̇) = kr q̇ (22)

The following parameters are used in the simulation:m1 = 15.2kg, m2 = 12.51kg,
a1 = 0.42m, a2 = 0.41m. The parameters α, β and η in M0(q) and V0(q, q̇) are
representative of α = (1

3m1 + m2)a2
1 + 1

3m2a
2
2, β = 1

3m2a
2
2 and η = 1

2m2a1a2.
The coefficient associated with the friction is kr = 1.2.

Treadmill exercise is a mostly often used movement to paraplegia or hemi-
plegia patients, and it has been proven very effective to their recovery. In our
simulation, we also choose this movement style which means that the trajectory
of the rehabilitation robot end is a circle. Specifically speaking, we choose the
trajectory as {

x = 0.63 + 0.1 cos(0.5πt)
y = 0.63 + 0.1 sin(0.5πt)
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The center of the circle is selected as (0.63, 0), and the radius is 0.1m . According
to [13] ,we know that the human walking speed ranges from 67±3 (very slow) to
154± 11 steps/min (very fast), and a normal person walks 100± 1 steps/min at
the usual walking speed. We set the simulation period as 4s, and it is suitable for
a injured person. From the end trajectory of the robot, we can get the desired
trajectory of every joint. It can be written as followed:⎧⎪⎪⎪⎨

⎪⎪⎪⎩

qd
2 = −arccos

x2 + y2 − a2
1 − a2

2

2a1a2

qd
1 = arcsin

y√
x2 + y2

− arctan
a2 sin(qd

2)
a1 + a2 cos(qd

2)

The qd
1 is the desired trajectory of joint 1, and qd

2 is the desired trajectory of
joint 2.

The torque that human exert onto the pedal is chosen as 20% of the system
output torque for simulation. The gain matrices Kp and Kv are selected diagonal

as Kp =
[
16 0
0 16

]
, Kv =

[
8 0
0 8

]
respectively. The number neurons of the RBF

hidden layer we choose is four and the central vector is c =

⎡
⎢⎢⎣
−4 −2 0 2
−4 −2 0 2
−4 −2 0 2
−4 −2 0 2

⎤
⎥⎥⎦, the

base width of neurons is bj =
[
5 5 5 5

]
. The parameters in (20) are chosen as

γ = 100, k1 = 0.001, and the Lyapunov matrix as Q =

⎡
⎢⎢⎣

60 0 0 0
0 60 0 0
0 0 60 0
0 0 0 60

⎤
⎥⎥⎦. The

parameters above have different influences to the simulation. Specifically, the
much bigger of the gain matrices Kp and Kv the faster convergence of trajectory.
The γ and Lyapunov matrix Q is much bigger and the k1 is much smaller then
the compensation for the unprecise part is more precise. Besides, the central
vector and base width of neurons have small influence to the simulation. These
conclusions are consistent with formula (13) and (21).

Figs 5 and 6 depict the position tracking results in 15 sec. The tracking error
is almost less than 0.005 rad (0.287 deg) after 9 sec for both joints. Figs 7 and 8
show the output torque for tracking the desired trajectory. It can be seen that the
output torque is the combination of human torque and robot torque. From figs 7
and 8 we also can see that the robot is working in assistance mode for the reason
that the human torque and the robot torque are of the same direction. Once the
human torque and the robot torque are of different directions, then the robot
will work in resistive mode. Thus the assist-as-needed mode is accomplished.
While in rehabilitation training for patients who have suffered from different
degrees of disability, once the doctors have set the trajectory and the speed, the
robot will decide to help or resist the patient according to the patients’ degree of
voluntary. If the patient can not control his lower limbs to follow the trajectory,
then the robot will give him a hand. On the contrary, if the patient can not only
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follow the trajectory but also want to move faster, then the robot will give him
an resistance. So the whole system will always work in the predefined form the
doctors have set. Figs 9 and 10 show the approximation to the unprecise part of
the dynamics model as showed in formula (10).

4 Conclusion

In this paper, an adaptive RBF neural network combined with PD Computed-
torque control algorithm is proposed for trajectory tracking of lower limbs re-
habilitation robot. In this control algorithm, the RBF neural network is used
to approximate the uncertain part of the dynamics model, including model er-
ror, friction and external disturbance, and the PD Computed-torque is used to
control the known part of dynamics. From the simulation result we can see that
the RBF approximation has a good performance and the control algorithm has
a good robustness to the load changes and system friction. As is known to all
that the rehabilitation robot load is different for different patients, and the RBF
compensation can resolve the influence of physical difference. Furthermore, us-
ing this control algorithm, the robot can work in the assist-as-needed mode by
detecting the joint torque. The control algorithm is just for simulation and has
not been used in practice to date.
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