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Preface

Research on artiﬁcial neural networks has progressed over decades, in recent years
being fueled especially by deep learning that has proven, albeit data-greedy, efﬁcient in
solving various, mostly supervised, tasks. Applications of artiﬁcial neural networks,
especially related to artiﬁcial intelligence, affect our lives, providing new horizons.
Examples range from autonomous car driving, virtual assistants, and decision support
systems to healthcare data analytics, ﬁnancial forecasting, and smart devices in our
homes, just to name a few. These developments, however, also provide challenges,
which were not imaginable previously, e.g., veriﬁcation of raw data, explaining the
contents of neural networks, and adversarial machine learning.
The International Conference on Artiﬁcial Neural Networks (ICANN) is the annual
flagship conference of the European Neural Network Society (ENNS). Last year, due to
the COVID-19 pandemic, we decided not to hold the conference but to prepare the
ICANN proceedings in written form. This year, due to the still unresolved pandemic,
the Organizing Committee, together with the Executive Committee of ENNS decided
to organize ICANN 2021 online, since we felt the urge to allow research presentations
and live discussions, following the now available alternatives of online conference
organization. So for the ﬁrst time, ENNS and the Organizing Committee prepared
ICANN as an online event with all its challenges and sometimes unforeseeable events!
Following a long-standing successful collaboration, the proceedings of ICANN are
published as volumes within the Lecture Notes in Computer Science Springer series.
The response to this year’s call for papers resulted, unexpectedly, in a record number of
557 article submissions (a 46% rise compared to previous year), of which almost all
were full papers. The paper selection and review process that followed was decided
during the online meeting of the Bratislava organizing team and the ENNS Executive
Committee. The 40 Program Committee (PC) members agreed to check the submissions for the formal requirements and 64 papers were excluded from the subsequent
reviews. The majority of the PC members have doctoral degrees (80%) and 75%
of them are also professors. We also took advantage of ﬁlled-in online questionnaires
providing the reviewers’ areas of expertise. The reviewers were assigned one to four
papers, and the papers with undecided scores also received reports from PC members
which helped in making a ﬁnal decision.
In total, 265 articles were accepted for the proceedings and the authors were
requested to submit ﬁnal versions. The acceptance rate was hence about 47% when
calculated from all initial submissions. A list of PC members and reviewers who agreed
to publish their names is included in the proceedings. With these procedures we tried to
keep the quality of the proceedings high while still having a critical mass of contributions reflecting the progress of the ﬁeld. Overall we hope that these proceedings will
contribute to the dissemination of new results by the neural network community during
these challenging times and we hope that we can have a physical ICANN in 2022.
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Preface

Finally, we very much thank the Program Committee and the reviewers for their
invaluable work.
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Abstract. The advancement of convolutional neural networks (CNNs)
on various vision applications has attracted lots of attention. Yet the
majority of CNNs are unable to satisfy the strict requirement for realworld deployment. To overcome this, the recent popular network pruning
is an eﬀective method to reduce the redundancy of the models. However,
the ranking of ﬁlters according to their “importance” on diﬀerent pruning
criteria may be inconsistent. One ﬁlter could be important according to a
certain criterion, while it is unnecessary according to another one, which
indicates that each criterion is only a partial view of the comprehensive “importance”. From this motivation, we propose a novel framework
to integrate the existing ﬁlter pruning criteria by exploring the criteria
diversity. The proposed framework contains two stages: Criteria Clustering and Filters Importance Calibration. First, we condense the pruning criteria via layerwise clustering based on the rank of “importance”
score. Second, within each cluster, we propose a calibration factor to
adjust their signiﬁcance for each selected blending candidates and search
for the optimal blending criterion via Evolutionary Algorithm. Quantitative results on the CIFAR-100 and ImageNet benchmarks show that
our framework outperforms the state-of-the-art baselines, regrading to
the compact model performance after pruning.

Keywords: Convolutional neural networks

1

· Network pruning

Introduction

Deep convolutional neural networks (CNNs) have been the prevailing methods
in computer vision and brought remarkable improvement to various tasks [5,
6,13,14,19,20,30]. However, as the CNNs are normally over-parameterized and
cumbersome, it is challenging for the model deployment on devices with limited
resources, and the acceleration during the inference stage becomes necessary.
W. He and Z. Huang—Equal contribution.
c Springer Nature Switzerland AG 2021

I. Farkaš et al. (Eds.): ICANN 2021, LNCS 12894, pp. 3–15, 2021.
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Fig. 1. The Spearman’s rank correlation coeﬃcient (Sp) of 12 pruning criteria in
VGG16 [32]. The color of each pair of pruning criteria represents the value of Sp,
and the lighter the color (close to 1), the stronger similarity.

Network pruning, one of the critical directions in network compression, aims
at eliminating the unimportant parameters or operations without compromising
the model performance. In this area, ﬁlter pruning methods [7,10,18] are more
practical to deploy and easily to be implemented. Generally, the workﬂow of ﬁlter
pruning can be divided into three steps: (1) Normal Training: train the original
network on a speciﬁc dataset from scratch. (2) Pruning: prune the insigniﬁcant
network components such as neurons, ﬁlters, based on a well-handcrafted criterion, where the score magnitude under the criterion reﬂects their “importance”.
(3) Finetuning: recover the performance loss caused by the removal of the components to a certain extent. Among all steps, an eﬀective pruning criterion plays
an essential role in one ﬁlter pruning algorithm.
Conventional pruning methods mainly concentrate on designing a better
criterion to increase the viable prune ratio without harming the performance,
but few of them have introspected the actual correlations among them. Recent
work [15] reveals that some of the ﬁlter pruning criteria, e.g., L1-Norm [18],
L2-Norm [3], FPGM [9] and Fermat [15], have a substantial similarity on the
“importance” index of pruned ﬁlters in most layers. That is, some pruning criteria incline to remove alike ﬁlters, though their considerations are from a different perspective. From this motivation, we further extend the comparison to
more criteria. In Fig. 1, we demonstrate the ﬁlters rank similarity under assorted
state-of-the-art criteria and their variants using the Spearman’s correlation coefﬁcient (Sp) [31], which is a non-parametric correlation measurement of rankings,
and able to assess the relationship between two variables using a monotonic function. Speciﬁcally, for two sequences X = {x1 , x2 , · · · , xn } and Y = {y1 , y2 , .., yn },
if the rank of X and Y are {x1 , x2 , · · · , xn } and {y1 , y2 , · · · , yn } respectively,
the deﬁnition of the Sp between them is
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6 i=1 d2i
,
ρ(X, Y ) = 1 −
n(n2 − 1)
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(1)

where di = xi −yi . In general, if the Sp is above 0.8, there is a strong conﬁdence
that the two sequences of variables are highly similar. Figure 1 indicates an
empirical fact that although each criterion is competent for ﬁlter pruning, the Sp
correlation on their measured “importance” rank has a discrepancy. For example,
in the ﬁrst layer, Taylor BN γ [25] has negative Sp value with other criteria, i.e.,
it tends to remove diﬀerent ﬁlters comparing to other criteria. Additionally,
in the intermediate layers, this discrepancy becomes obvious on more criteria,
excluding the four criteria mentioned in [15]. These inconsistencies imply that
some of the pruning criteria may prune the potentially signiﬁcant ﬁlters, e.g.,
a ﬁlter may be viewed as an important ﬁlter by one pruning criterion whereas
another criterion may judge it unnecessary. Hence, each criterion may only be
a partial view of the comprehensive “importance” of ﬁlters. Thus, inspired by
this phenomenon, we consider a problem: can we introduce one criterion that
integrates both the criteria diversity and their advantages as much as possible?
To solve this problem, we propose a novel framework to layerwise integrate
the existing ﬁlter pruning criteria by examining the criteria diversity on their
“importance” measurements, ﬁlters “importance” rank, and the discrepancy on
their similarity. The proposed framework contains two stages: Criteria Clustering and Filters Importance Calibration. Since the searching space of the candidate combination pools will be extremely large, especially when the network is
particularly deep, e.g., ResNet152 has over a hundred layers, ﬁnding the solution for the blending criterion among them is non-trivial. Therefore, to ease the
above problem and to ensure the variance on blending candidates, we condense
the pruning criteria via layerwise clustering based on the rank of “importance”
score during the ﬁrst stage. Then, in each cluster, we propose a calibration factor
to adjust their signiﬁcance for the ensemble. In the second stage, we introduce
an Evolutionary Algorithm to optimize the combination of the calibration factor
and the blending candidates sampled from each cluster and ultimately generate
the optimal blending criterion. Our contributions are summarized as follows:
– To the best of our knowledge, our work is the ﬁrst to explore the correlation
among some existing ﬁlter pruning criteria and propose a simple-yet-eﬀective
ensemble framework to integrate diﬀerent pruning criteria and generate an
optimal criterion.
– Compared to the conventional ﬁlter pruning methods, our method searches for
the optimal pruning criteria automatically without manual interaction and
empirical knowledge prior. The comprehensive experiments on benchmarks
exhibit that our method can further outperform the current state-of-the-art
methods. Especially, for ResNet56 pruning in CIFAR-100, our pruned model
can exceed the original model performance.
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Fig. 2. Left: Overview of our framework for pruning. (a)–(c) show three layers within
the original unpruned network, the pruned network under certain conventional ﬁlter
pruning criterion (denoted in blue) and the pruned network under the blending criterion. The three-step blending process in one layer is illustrated in the dash-line bounding box, where the notation “⊕” denotes the element-wise addition and the notation
“⊗” denotes the multiplication between each ﬁlter score and the corresponding calibration factor p. Right: Average Sp of the criteria score between two clusters. (Colour
ﬁgure online)

2

Related Works

Filter Pruning. To perform fast inference without largely sacriﬁcing the accuracy, ﬁlter pruning focuses on removing the insigniﬁcant ﬁlters from the original
network [4,24]. Therefore, it is crucial to construct an eﬀective criterion to evaluate the “importance” or contribution of the ﬁlters. Previously proposed criteria
can be mainly categorized into four folds: (1) Filter-based criteria, which consider the property among ﬁlters as the importance indicator. The scoring metrics
can be the ﬁlter’s L1-Norm [18] or L2-Norm [3]. The underlying assumption of
these methods is that the small norm parameters play a less informative role
on the ﬁnal prediction. Recent FPGM [9] and Fermat [15] advance the local
ﬁlter property for the correlation of multiple ﬁlters in a layer. (2) Batch Normalization (BN) based criteria, which estimate channel importance via the value
of the parameter inside each BN layer. Network Slimming [22] and SSS [12]
consider taking the magnitude of the scaling factor γ to reveal the importance
of their corresponding ﬁlter. (3) Feature maps activation based criteria, which
take the activation value in each feature map as a proxy for its importance, for
instance, the average percentage of zeros (APoZ) and the in-between entropy on
the channel maps [11,23]. (4) First-order Taylor based criteria, which estimate
the ﬁlter’s contribution with respect to the cost function and the scoring function is designed based on the Taylor expansion [26]. One recent work is proposed
to adaptively select pruning criterion for each layer to better suit the ﬁlter distribution across layers [8]. Our framework diﬀers from [8] in two folds: (1) for
each layer, we integrate diﬀerent criteria based on the similarity of pruned ﬁlter
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selection, while [8] used only one pruning criterion for each layer; (2) according to the ﬁndings on [15] and the experiments (see Fig. 1), for L1-norm [18],
L2-Norm [3] and FPGM [9] used in [8], these three criteria tend to remove the
consistent set of ﬁlters in most layers. Thus, although one of them is selected,
the strength of diﬀerent criteria are not suﬃciently utilized.
Evolutionary Algorithms. Recently, the Evolutionary Algorithms (EA) [1]
and their variants are widely used in Network Compression and Neural Architecture Search (NAS) areas as the EA can ﬂexibly solve the multi-objective optimization problem and combinatorial optimization with conﬂicting objectives. In
Network Compression, MetaPruning [21] applied an evolutionary search to ﬁnd
the high accuracy pruned network under the soft or hard constraints. [16] leveraged an Evolution Strategy (ES) algorithm to ﬁnd a good solution for multiobjective optimization problems. In NAS, [28] modiﬁed the EA to search for
high-performance neural network architectures for large and realistic classiﬁcation dataset. [27] introduced the novel aging evolution such that the tournament
selection can be biased to choose the younger genotypes. In this paper, our target
is totally diﬀerent from all the previous work utilizing the EA. Our work leverages the EA to search for the blend of ﬁlter pruning criteria and our empirical
results demonstrate the eﬀectiveness.

3

Proposed Method

In this section, we introduce our proposed framework for ﬁlter pruning. Given
a CNN, our method adaptively generates an integrated criterion to identify the
model redundancy layerwise. The proposed method consists of two stages: in the
ﬁrst stage, we divide diﬀerent pruning criteria via clustering. In the second stage,
we propose the calibration factors to combine criteria sampled from each cluster.
Furthermore, the heuristic Evolutionary Algorithm (EA) is applied to optimize
the calibration factors and to search the optimal combination of criteria. The
details of these two stages are illustrated in Algorithm 1. For notation, suppose
that we are given I criteria, e.g., L1-Norm, L2-Norm and FPGM, and the overall
criteria set is denoted as Ucriteria = {fi }Ii=1 , where fi is the mapping to ﬁlter
importance score under criterioni . Consider a L-layer network, the ﬁlters set in ll
, where λl is the number of ﬁlters
th convolution layer is denoted as F l = {Fli }λi=1
l
in layer l. The ﬁlters importance score Si ∈ [0, 1]λl under criterioni is calculated
by fi (Fl1 , · · · , Flλl ), where i = 1, · · · , I. Each component of Sli represents the
importance score of the corresponding ﬁlter given by the criterioni . For each
criterion, the larger the score, the more important the ﬁlter is.
3.1

Criteria Clustering

We ﬁrst consider the selection complexity for blending K candidate criteria
among N given criteria on a L-layer CNN. When N = 12, K = 6, and
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Algorithm 1. Framework for Blending Pruning Criteria
Input: Unpruned model φ with L con- 15:
volution layers; Criteria Set Ucriteria = 16:
{fi }Ii=1 , I is the number of included cri- 17:
teria; Convolution ﬁlters in layer l: F l = 18:
λl
, l = 1, 2, · · · , L; Number of clus{Fli }i=1
ters each layer: K;
Output: Pruned model φblended over the
optimal integrated criterion Sblended .
1:
 Calculation of Importance 19:
20:
2: for l from 1 to L do
21:
3:
for i from 1 to I do
22:
4:
Sli ← fi (Fl1 , Fl2 , · · · , Flλl )
5:
end for
l
23:
← {Sl1 , Sl2 , · · · , SlI }
6:
SCriteria
7: end for
8:
 Clustering Criteria 24:
25:
9: for l from 1 to L do
26:
10:
for i from 1 to I do
11:
 Calculate the Spearman’s 27:
28:
correlation matrix
29:
12:
Splij ← ρ(Sli , Slj ), j = 1, · · · , I
30:
13:
end for
l
) ← KM(Spl1: , · · · , SplI: ) 31:
14:
(C1l , · · · , CK

13

end for
:
Obtain K-Means results: (C1: , · · · , CK
)
 Evolutionary Search
EA Hyperparameters: Population
size N , Number of iterations I, Mutation Probability M, Crossover Probability C, Drop Ratio D, Finetuned
Epochs E.
: )
G0 ← (P0 , S0 )P0 ∼U [0,1],S0 ∼(C1: ,··· ,CK
N ×L×K
P0 , S 0 ∈ R
for iter from 1 to I do
GCrossover ← Crossover(Giter−1 ,
C)
GM utation ← Mutation(GCrossover ,
M)
GDrop ← Drop(GM utation , D)
Giter ← GDrop
φiter ← Blending(Giter )
Accφiter ← Finetune(φiter ,E)
end for
Ptopk , Stopk ← TopK(AccφI )
φblended , Sblended ← Final(Ptopk , Stopk )
return φblended , Sblended

6
L = 13, we have (C12
) ≈ 338 combinations. For the commonly used model,
the number of selection will be extremely large. In addition, from Fig. 1, we
observe that some of the ﬁlter pruning criteria have a strong similarity on the
rank of the criteria score. As a result, they tend to prune a similar set of ﬁlters in one convolution layer. Moreover, in traditional implementation of the
ensemble method [2,33], its capability of achieving greater performance than
an individual method comes from the diversity and eﬀectiveness of the candidate methods that will be integrated. Given these above points, we cluster the given criteria set in each layer based on the Spearman’s correlation
matrix Sp before the blending, which is able to decrease the search space on
the criteria selections eﬃciently. When the K candidate criteria are obtained
from each cluster in one layer, using the rule of product and Arithmetic Mean k
. And
Geometric Mean Inequality, the upper bound of the search space is N
k
 N k k−1  N  k−1  N −j  k−1
(N
−j)
k
= j=0 k ≤ j=0 k−j = j=0k!
= CN
.
k
 N k
k
. If we sample
When k ∈ [1, N ] is selected appropriately, we have k  CN
the candidate criteria from diﬀerent clusters, the Sp value between them should
be relatively small (as shown in Fig. 2), i.e., their ﬁlter importance rank would
be dissimilar. Therefore, this clustering of criteria can not only maintain the
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criteria diversity but also it can reduce the search space by selecting the number
of clusters. Before clustering, we assign criterioni with a correlation vector,
Spli: = (ρ(Sli , Sl1 ), ρ(Sli , Sl2 ), · · · , ρ(Sli , SlI )),

(2)

where i = 1, 2, · · · , I and ρ is Spearman’s correlation deﬁned in Eq. 1. Subsequently, we conduct K-Means to cluster the correlation vectors of the criteria
l
}. The two criteria
into K clusters and obtain K clustering sets {C1l , · · · , CK
in the same cluster have similar correlation vectors in the sense of Euclidean
distance. We want to point out that the two criteria in the same cluster have
large Sp correlation value (see Fig. 2), which indicates the rank of these two
criteria is similar. Therefore, we are able to sample criteria from each cluster
whose in-between Sp is relatively small and indicate the adequate diversity of
basic criteria for the ensemble.
3.2

Filters Importance Calibration

l
) in layer
After criteria clustering, we obtained K clustering sets (C1l , C2l , · · · , CK
l. To ﬁlter out the similar criteria, we sample the distinctive criterion score Slik
from each cluster Ckl as the candidate for ensemble, where ik ∈ {1, 2, · · · , I},
k = 1, 2, · · · , K. Thus, to combine those selective criteria and integrate their
importance measurements to identify the redundancy, we calibrate their ﬁlters
importance with the introduced ﬁlter importance calibration factors plk ∈ [0, 1].
When ﬁlters in diﬀerent layer extract multi-level features, we conduct layerwise
K
l
= k=1 plk Slik .
criteria blending to adaptively discover their importance Sblended
The larger the value of plk reveals that the cluster k is much signiﬁcant for prunl
ing ﬁlters in this layer. We denote φ({Sblended
}L
l=1 , N ) as the network φ after
ﬁnetuning N epochs and discarding ﬁlters according to the ensemble score. As
the pruning objective is to remove redundancy without harming the model performance too much, therefore, our framework for ﬁlter pruning tends to discover
the blending criterion, such that its pruned network maximizes the accuracy
after N -epoch ﬁnetuning in the validation set,

maxpl ,Sl
k


ik ;k=1,··· ,K,l=1,··· ,L

Accuracy

 

L 
l
Sblended
φ
,N .
l=1

(3)

Since the objective function (3) is not diﬀerentiable, we consider using the
Evolutionary Algorithm (EA) oriented by the validation accuracy to optimize it,
and the superiority of EA has been mentioned in the related works section. In
the evolutionary search, the optimization ﬁtness is the model evaluation result
after N -epochs ﬁnetuning over part of the training set. The validation set and
train set are split from the original training set, the splitting details are discussed
in the experiments section. To be speciﬁc, each evolution gene consists of the
calibration combination and the pruned network in terms of the corresponding
calibrated criterion. All calibration factors are initiated from the uniform distribution U[0, 1]. Though the criteria in each cluster possess high similarity, they
also have their ability to probe the network redundancy individually. To avoid
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Table 1. Quantitative results on CIFAR-100 dataset

Model

Pruned/
Finetuned
Acc. (%)

Acc.↓ (%) Model

VGG16∗ L1-Norm

15.76/71.29

0.93

ResNet56† L1-Norm

52.16/69.43

0.07

L2-Norm

16.24/71.32

0.90

L2-Norm

50.75/69.45

0.05

Apoz

5.69/70.91

1.31

Apoz

2.03/63.68

5.82

BN γ

15.87/71.26

0.96

BN γ

29.35/69.39

0.11

∗

Criterion

Criterion

Pruned/
Finetuned Acc.
(%)

Acc.↓
(%)

BN β

6.92/71.45

0.77

BN β

22.44/69.32

0.18

Entropy

11.80/71.09

1.13

Entropy

17.37/69.14

0.36

FPGM

15.91/71.37

0.85

FPGM

51.20/69.50

0.00

Fermat

15.39/71.39

0.83

Fermat

51.45/69.47

0.03

Taylor L1-Norm 1.29/70.35

1.87

Taylor L1-Norm 15.77/69.27

0.23

Taylor L2-Norm 16.19/71.19

1.03

Taylor L2-Norm 39.22/69.23

0.27

Taylor BN γ

7.46/71.19

1.03

Taylor BN γ

30.41/69.34

0.16

Taylor BN β

7.10/71.16

1.06

Taylor BN β

25.42/69.34

0.16

Ours

16.67/71.68 0.54

Ours

40.38/69.82

-0.32

VGG16 original Acc.: 72.22%
†
ResNet56 original Acc.: 69.50%

Fig. 3. The R2 between Acc. on diﬀerent ﬁnetuned epochs. (a) and (c): best ﬁnetuned
Acc. vs pruned Acc.; (b) and (d): best ﬁnetuned Acc. vs Acc. after 2 epochs ﬁnetuning.

sticking to one criterion that gives high ensemble accuracy, during crossover in
EA, we give other criteria in the same cluster the opportunity to be selected
again via random sampling in each evolutionary process.
After iterations of crossover, mutation, and drop, the TopK genes with the
highest validation accuracy are considered the potential optimal calibrated pruning criterion. Then, under these blending results, we can obtain the gene with
the highest accuracy after the ﬁnal one-shot pruning and ﬁnetuning, and the criterion under this gene is considered the optimal ﬁlter importance measurement
to discard unimportant ﬁlters in this architecture.

4

Experiments

We evaluate the eﬀectiveness of our proposed method over diﬀerent image classiﬁcation benchmarks.
Dataset. We conduct experiments on CIFAR-100 [17] and ImageNet [29]
datasets. CIFAR-100 has 50k train images and 10k test images of size 32 by
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Fig. 4. The testing accuracy of VGG16 after ﬁnetuning. (a) Comparison of the performance under diﬀerent number of clusters. Note that when the number of clusters equals
to 1, we choose one criterion at each layer and when the number of clusters equals to
number of criteria, we choose all criteria; (b) Comparison of the performance over different number of iteration in EA; (c) Comparison of the performance over mutation
probability in EA.

32 from 100 classes. 10% of train images are split for validation and the remaining for training. ImageNet comprises 1.28 million train images and 50k validation
images from 1000 classes. 50k out of 1.28 million train images (50 images in each
class) are used for sub-validation. The cropping size 224 by 224 is used in our
ImageNet experiments. Adopting the same predeﬁned pruning conﬁguration [18],
we evaluate our method on VGG [32] and ResNet [6].
Results & Analysis. In Table 1 and Table 2, we present the quantitative comparison on CIFAR-100 and ImageNet, where the average accuracy over three
repeated experiments are attached (denoted as Acc.). Comparing to the baselines, our method performs the best in the same settings.
According to Fig. 2, the optimization ﬁtness in the evolutionary search needs
N -epochs ﬁnetuning over part of the training set. Is N -epoch ﬁnetuning necessary in evolutionary search?
To illustrate, we take VGG16 on CIFAR-100 and ResNet34 on ImageNet as
examples. First, we calculate the Pearson correlation coeﬃcient (R2 ) between
the accuracy of the pruned model without ﬁnetuning and the best accuracy after
completed ﬁnetuning. In Fig. 3 (a) and (c), the value of R2 indicates that the
accuracy between the pruned model accuracy and the best accuracy does not
have a strong linear relationship. Therefore, the accuracy of the pruned model
without ﬁnetuning is not suitable as a metric for our Evolutionary process in
Filters Importance Calibration. However, after several epochs of ﬁnetuning (as
shown in Fig. 3(b) and (d)), the R2 improve signiﬁcantly and it means that a
certain amount of ﬁnetuning is necessary.
From the clustering results, pruning criteria that have strong similarity will
gather in the same cluster as expected. In Fig. 5, the value of calibration factors
on each cluster are illustrated. Taking the Conv7 of VGG16 on CIFAR-100 as
an example, Criterion1 that consists of L1-Norm, L2-Norm, and FPGM, is calibrated with the largest factor, which indicates that the ﬁrst cluster contributes
more signiﬁcantly in this layer.
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Fig. 5. The optimal value of calibration factors and the sampled criterion of each
cluster at diﬀerent layers of VGG16 on CIFAR-100. The annotation above each bar
denotes the sampled criterion index.
Table 2. ImageNet quantitative
results
Model

Criterion

ResNet34∗ L1-Norm
L2-Norm
Apoz
BN γ
BN β
Entropy
FPGM
Fermat
Taylor L1-Norm
Taylor L2-Norm
Taylor BN γ
Taylor BN β
Ours
∗

5

Table 3. Ablation on hyperparameters

Pruned/
Finetuned
Acc. (%)

Acc.↓
(%)

59.08/72.76
61.02/72.77
4.70/72.19
19.02/72.71
4.12/72.59
25.84/72.57
62.28/72.78
44.63/72.80
25.71/72.67
46.43/72.67
27.47/72.65
18.00/72.67
61.33/72.85

1.03
1.02
1.60
1.08
1.20
1.22
1.01
0.99
1.12
1.12
1.14
1.12
0.94

#Clusters #Iterations Mutation Fintuned
prob.
acc.
1
3
5
7
9
11
3
3
3
3
3

50
50
50
50
50
50
100
150
50
50
50

0.10
0.10
0.10
0.10
0.10
0.10
0.10
0.10
0.20
0.30
0.50

71.50
71.68
71.62
71.54
71.57
71.60
71.45
71.50
71.31
71.41
71.34

ResNet34 original Acc.: 73.79%

Implementation Details

For the normal training and the ﬁnetuning, we use the SGD optimizer with
momentum and weight decay parameter 0.9 and 0.0001 respectively. For ﬁnetuning, the learning rate is started at 0.001. On CIFAR-100, we ﬁnetune the
pruned model for 40 epochs in batch size 64. On ImageNet, we ﬁnetune for 20
epochs with a mini-batch size of 256.
For the evolutionary search setting, we consider the criteria as follows: L1Norm, L2-Norm, FPGM, Fermat, BN γ scale, BN β scale, Entropy, Taylor L1Norm, Taylor L2-Norm, Taylor BN γ, Taylor BN β. In each evolution iteration,
we set the mutation probability to 0.1, crossover constant to 0.8, and drop probability to 0.05. In CIFAR-100, the population size is 20, the number of iterations
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is 50 and the drop ratio is 0.08. In ImageNet, the population size is 10, the number of iterations is 30 and the drop ratio is 0.1. After pruning the network based
on the weighted sum of the scores, we ﬁnetune the pruned network on the validation split for 3 epochs in CIFAR-100 experiments and 1 epoch for ImageNet.
Finally, the network is pruned under the optimal blending criterion obtained by
EA, where the ﬁnetuning epochs are 40 on CIFAR-100 and 20 on ImageNet over
the whole training set.

6

Ablation Studies

In this section, to understand the performance of our method in diﬀerent settings,
we conduct the following ablation experiments on the number of clusters used in
Criteria Clustering and the hyperparameters of Filters Importance Calibration.
The ablation results are shown in Fig. 4. The search space of EA is related to
the number of clusters. In each layer l, the larger the number of clusters K l ,
the harder the optimization of the calibration factors pl . From our experiments,
the best performance appears when K l = 3 for VGG16. Also, we compare the
performance with diﬀerent hyperparameters of EA, including the number of
evolution iterations and mutation ratio. As we see in Fig. 4(b), the increment
of iterations is not suﬃcient for the increment of performance. Therefore, we
choose the relatively small number of iterations and use the top-K strategy.
From Fig. 4(c), we observe that the large mutation probability may harm the
search. The ablation study on the EA hyperparameters and the number of the
cluster are shown in Table 3.

7

Conclusion

In this paper, we propose a novel framework for ﬁlter pruning. In the ﬁrst stage,
we reduce the searching space for the criteria selection and ﬁt the requirement
for the ensemble using clustering. In the second stage, the criteria blending problem is formulated as an optimization problem on ﬁlters’ importance calibration.
The comprehensive experiments on various benchmarks exhibit that our blended
criterion is able to outperform the current state-of-the-art criteria. Besides, we
explore the correlation among existing ﬁlter pruning criteria and provides a way
to obtain eﬀective criteria without manual eﬀorts.
Acknowledgments. S. L. and H. Y. were partially supported by the NSF grant
DMS-1945029 and the NVIDIA GPU grant.
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Abstract. Neural network pruning has attracted enormous attention
since it oﬀers a promising prospect to facilitate the deployment of deep
neural networks on resource-limited devices. However, the core of most
existing methods lies in the criteria of selection of ﬁlters which were
pre-deﬁned by researchers. With the advancement of network pruning
research, the criteria are becoming increasingly complex. In this paper,
we propose a brain-inspired ﬁlter pruning algorithm for deep neural networks, which requires no selection criteria. Inspired by the reorganization of brain function in humans when irreversible damage occurs, we
treat the weight to be pruning as damaged neurons, and complete the
reorganization of the network function in the novel training process proposed in this paper. After pruning, the kept parameters can take over the
function of those that have been pruned. The pruning method is widely
applicable to common architectures and does not require any artiﬁcially
designed ﬁlter importance measurement functions. As the ﬁrst attempt
on weight-importance irrelevant pruning, BFRIFP provides novel insight
into the network pruning problem. Experiments on CIFAR-10 and ImageNet demonstrate the eﬀectiveness of our new perspective of network
pruning compared to traditional network pruning algorithms.
Keywords: Filter pruning
neural networks
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· Brain functional reorganization · Deep

Introduction

During the past years, deep neural networks (DNNs) have reached state-of-theart performance in a variety of computer vision and natural language processing
tasks. Despite their great success, they also cause the prohibitively expensive
computational cost and make it more diﬃcult to deploy the model on mobile
devices. So there is a growing need for reduction of model size by parameter
quantization, low-rank decomposition, and network pruning.
Among these methods, network pruning has gained tremendous attention
since it can reduce the number of model parameters and operations simultaneously. The crux of ﬁlter pruning is selecting the unimportant ﬁlters to be pruned,
The original version of this chapter was revised: The corresponding author was corrected. The correction to this chapter is available at
https://doi.org/10.1007/978-3-030-86380-7 57
c Springer Nature Switzerland AG 2021, corrected publication 2022
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which should yield the highest compression ratio with the lowest loss of accuracy.
Many of them are based on assumption that the magnitude of weight and its
importance are strongly correlated. But recent work [1] questions this assumption
and observes a signiﬁcant gap in the correlation between weight-based pruning
decisions and empirically optimal one-step decisions. Other studies [2,3] have
also shown the pruned architecture itself, rather than a set of inherited “important” weights, is more crucial to the eﬃciency in the ﬁnal model. So ﬁlter pruning
remains an open problem so far, the optimal prune rate of each layer is hard to
obtain and the prune-retrain iteration is time-consuming.

Fig. 1. The process of Brain Reorganization: Functional MRI images of brain functional
activation in a stroke patient before (A) and after (B) constraint-induced movement
therapy for 4 weeks. A comparison of the images in A and B indicates that the majority
of areas of reduced functional activation displayed increased activation after constraintinduced movement therapy. [4].

To address the above issues, and inspired by the reorganization of brain function phenomenon when irreversible damage occurs [5], we propose a novel ﬁlter
pruning approach, named Brain-inspired Filter pruning (BFRIFP). Reorganization of brain function after a disabling injury or illness has been found early [6],
the process is shown in Fig. 1. Speciﬁcally, consider some regions of the brain
are irreversibly injured (correspond to ﬁlters to be pruned), other regions of the
brain may substitute or complement for this function (correspond to ﬁlters to
be retained). More details can be referred to [7,8]. Diﬀerent from the previous
methods which prune ﬁlters with relatively less contribution, any ﬁlters can be
considered a candidate to BFRIFP. To simplify the method, and without loss
of generality, we select ﬁlters from bottom to top based on the channel index in
each layer (because in general, there is no correlation between the channel index
and the content in the corresponding feature map, so select ﬁlters from bottom
to top equate to select ﬁlters randomly). Through theoretical analysis and experiments, we demonstrate that there is knowledge transfer from the ﬁlters to be
pruned to the ﬁlters that will be retained during the pruning process.
Our contributions can be summarized as follows:
1. Inspired by the reorganization of brain function in humans when irreversible
damage occurs, we propose BFRIFP (Brain Function Reorganization Inspired
Filter Pruning) to eﬀectively conduct ﬁlter pruning of deep neural networks.
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2. We employ theoretical analysis and experiments to demonstrate that there
is knowledge transfer from the ﬁlters to be pruned to the ﬁlters retained in
the pruning process, which is not only crucial for the success of the proposed
algorithm but also will deepen our understanding of the pruning process.
3. Extensive experiments demonstrate the eﬃciency and eﬀectiveness of
BFRIFP in both model compression and acceleration.

2

Related Works

Most previous works on accelerating neural networks can be broadly classiﬁed
into four categories, namely, matrix decomposition, low-precision weights, knowledge distilling, and pruning. A comprehensive survey is provided in [9]. In this
section, we mainly review the closely related work about ﬁlter pruning.
Unstructured pruning and structured pruning are two major lines of methods
for Network pruning. From a broader point of view, e.g., low-precision weights
and low-rank decomposition can be integrated with network pruning to achieve
higher compression and speedup.
Unstructured Pruning. To compress deep neural networks, network pruning disables the weak connections in a network, which will not have substantial
negative inﬂuences on model performance. [10] utilized the second-order Taylor expansion as criteria to select less important parameters for pruning. [11]
introduces an iterative weight pruning algorithm by ﬁne-tuning with a strong l2
regularization and discarding the unimportant weights with values below a predeﬁned threshold. [12] implemented CNNs in the frequency domain and apply
2-D DCT (Discrete Cosine Transform)decomposition to sparsify the coeﬃcients
for spatial redundancy removal. Since these unstructured methods make a big
network sparse rather than change the whole structure of the network, they
require specialized hardware or software supports to speed up inference, due to
the irregular sparsity in weight tensor.
Structured Pruning. To address the problem in Unstructured Pruning, structured pruning has no dependency on specialized hardware or software since the
entire ﬁlters are removed, and thereby it has more advantages in accelerating
deep neural networks. In early work on the subject, [13] proposed a group lasso
to enable the structured sparsity of deep networks. [14] proposed a data-driven
sparse structure selection by introducing scaling factors to scale the outputs of
the pruned structure and imposed the sparsity constraint on the scaling factors.
[15] proposed to minimize an objective function with l1-regularization of a soft
mask via generative adversarial learning and adopted the knowledge distillation
techniques for optimization.

3

The Proposed Approach

In this section, we ﬁrst introduce symbols and notations. Second, we present
the details of the proposed approach. Then we employ theoretical analysis and
conduct experiments to evaluate the knowledge transfer from the ﬁlters to be
pruned to the ﬁlters retained in the pruning process.
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Notations

We formally introduce symbols and notations in this subsection, which can be
summarized in Table 1 (In this paper, we are mainly interested in the CNN
model, but the algorithm is adapted to other neural networks, such as the RNN
model).
Table 1. Notations in this paper
n

Number of layers

ci

Number of filters in Li

Li

the i-th conv layer

ki

kernel size in Li

W = {W1 , W2 , ..., Wn } model parameters

b

batchsize

Wi = w1i , w2i , .., wci i

parameters in Li

hi

the height of feature map

the j-th filter in Li

wi the width of feature map

F i ∈ Rb×ci ×h×w

feature maps from Li

wji ∈ Rci−1 ×ki ×ki
fci

∈

Rb×hi ×wi

G(wji )

3.2

feature map generated by
the gradient of weight wji

wci

K

subset to be kept

P

subset to be pruned

BFRIFP

Conventional ﬁlter pruning methods aim to identify and remove the less important ﬁlters from W . Most prior works resort to directly designing a function on
the ﬁlters to measure the importance of a ﬁlter the model. However, consider
the previous studies [2,3] have shown: 1. Learned “important” weights of the
large model are typically not useful for the small pruned model. 2. The pruned
architecture itself, rather than a set of inherited “important” weights, is more
crucial to the eﬃciency in the ﬁnal model. We argue that function may not be
necessary.
Based on the analysis above, we propose a new pruning method without
ﬁlter importance measurement function. Compared with the previous methods,
this greatly reduces the complexity of pruning algorithms, which also means
that researchers can focus more on the design of the structure and size of the
model. The whole pipeline of the algorithm is inspired by the mechanism of
reorganization of brain function. The ﬂowchart of the algorithm is shown in
Fig. 2.
Given a neural network denoted as G, instead of measuring the importance
of every ﬁlter to the model, we only need to determine the pruning ratio of each
layer (we do not need to identify which ﬁlters should remove). Suppose the pruning ratio αi in each layer is already known, the only thing we need to do is to
transfer the knowledge from the original network to the pruned network. In the
proposed algorithm, the whole transfer process is the ﬁnetune process. Specifically, during the forward propagation, we gradually decrease the value of the
outputs from the candidate ﬁlters to be pruned. This can be easily accomplished
by multiplying a scalar decaying with ﬁnetuning iterations. Suppose the current
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Fig. 2. An overview of the proposed ﬁlter pruning algorithm. Given a pre-trained
network G, suppose the pruning ratio αi in each layer is known. We choose the last
αi percentage of ﬁlters of each layer as candidates to be pruned. Where the orange
part represents the ﬁlters to be preserved, and the green part represents ﬁlters to be
pruned. In the forward propagation process, we gradually decay the output of the green
part over training iterations, in the backward propagation process, the parameters that
correspond to the green part are frozen. (Color ﬁgure online)

training epoch is e, and the decay parameter is obtained by D(l, e), where l is
the current layer, D(.) is the iteration-decay function. The whole forward propagation process can be summarized in Formula (1) (here we take the convolution
layer followed by the BN (Batch-Normalization) layer as an example, which is
very common in convolutional networks):

wji ∈ K
BN (wji ∗ F i )
i
(1)
fj =
i
i
BN (wj ∗ F ) × D(i, e) wji ∈ P
The decaying operation is put after BN (BatchN ormalize) because the BN
layer has a scaling eﬀect on the input. It should be noted that in other cases such
as the BatchNorm layer is not present in CNN, the decay operation is applied
to the input to the next convolution layer, no matter what the previous layer
is. As the pruning in the bottom layer may cause the accumulation of errors in
the forward propagation, so the decay function is gradually applied from top to
bottom layers. In general, we consider a decay function of the form:
D(l, e) = exp(min(−λe · e + λl (n − l)/L, 0))

(2)

The output of the decay function is a scalar, where λe denotes epoch weight
in decay function, λl denotes layer index weight in decay function, the index
value keeps increasing from the bottom layers to the top layers. We choose the
exponential function because it has a smooth decay process while ensuring a
faster decay rate.
During the backward propagation, the gradients of ﬁlters in subset P are
set to zero while keeping the gradients of ﬁlters in the subset K as the same,
because the update of the ﬁlters in subset P may compensate for the decay
function. This also stays consistent with the biological situation: when a neuron
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is damaged, it may lose the ability to learn. The whole backward propagation
can be summarized as follows:

G(wji ) wji ∈ K
G(wji ) =
(3)
0
wji ∈ P
As the decay function cannot decay to zero from 1, so the ﬁlters to be pruned
may still have a certain contribution to the ﬁnal result after many iterations.
To solve this problem, we set the output of the ﬁlters to be pruned as random
noise after a certain number of iterations (we refer it as Random Firing of Pruned
Neurons, RFPN), which can force the network not to consider the output of those
ﬁlters, and it can also be seen as a kind of regularization and experimental results
indicated that it can further boost the performance of the proposed pruning
algorithm.
The detailed algorithm is described in Algorithm 1.
Algorithm 1. Algorithm Description of BFRIFP
Require: Model M ;
1: Pruning ratio of each layer αi ;
2: Decaying function D(.);
3: Filters to be preserved in set K, ﬁlters to be pruned in set P ;
4: Training epoch E = 1, 2, ..., T ;
Ensure: Pruned model M ∗ ;
5: for epoch e in E do
6:
if D(l, e) > threshold then
7:
Forward:
8:
Forward propagation with equation (1)
9:
Backward:
10:
Backward propagation with equation (2)
11:
end if
12:
if D(l, e) < threshold then
13:
if RFPN Flag then
14:
Random ﬁring of pruned neurons
15:
end if
16:
Finetune the subnetworks using conventional procedures
17:
end if
18: end for
19: Removing ﬁlters of M in subset P
20: M ∗ = M
21: Return M ∗

3.3

Knowledge Transfer Theory

In this subsection, we give a theoretical analysis of the proposed method and
show that there is knowledge transfer from the ﬁlters to be pruned to the ﬁlters
that will be retained in the pruning process.
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Fig. 3. Attribute-speciﬁc weights in Knowledge Transfer process.

As shown in Fig. 3, F i−1 represents the feature map input from the previous
layer, FiK (orange) represents the feature map generated by ﬁlters from subset
K, denoted as WiK , FiP (green)represents the feature map generated by ﬁlters
from subset P , denoted as WiP . In the next layer, The parameters of each ﬁlter
are divided into two parts, one part of the parameters correspond to the feature
K
, and the other part of
maps generated by ﬁlters from subset K, denoted as Vi+1
the parameters correspond to the feature maps generated by ﬁlters from subset
P
. The diﬀerences in feature maps before and after decay
P , denoted as Vi+1
operation can be easily obtained as follows:
p
k
diﬀ = F i−1 ∗ wik ∗ vi+1
+ F i−1 ∗ wip ∗ vi+1
p
k
− F i−1 ∗ wik ∗ vi+1
− D(i, e)F i−1 ∗ wip ∗ vi+1

= (1 − D(i, e))F i−1 ∗

wip

∗

(4)

p
vi+1

Since the model has been pre-trained before pruning, we argue that minimizing the diﬀ is consistent with minimizing the loss on the task. So that the
following part should give the contribution to the gradients obtained by backpropagation.
grad =

p
∂(1 − D(i, e))F i−1 ∗ wip ∗ vi+1
∂wik

(5)

As seen from Eq. 5 that there does exist a knowledge transfer (the wip contains
in the formula) from the ﬁlters to be pruned to the ﬁlters reserved in the pruning
process.
An experiment was conducted to further conﬁrm the presence of the Knowledge Transfer phenomenon in the pruning process. We use the Wasserstein distance (EMD) for measuring the distance between the preserved and pruned
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ﬁlters. EMD measures the minimal eﬀort required to reconﬁgure the probability
mass of one distribution to recover the other distribution [16]. The p-Wasserstein
distance between probability measures K and P on Rd is deﬁned as:
Wp (K, P ) = inf (Ex − yp )
x∼K
y∼D

1/p

,p ≥ 1

(6)

We considered that this can be regarded as a measurement of knowledge
transfer. Speciﬁcally, with gradually decreasing distance, which means that the
preserved ﬁlters are moving towards the pruned ﬁlters. From another perspective,
the knowledge contained in the pruned ﬁlters is transferred to the preserved
ﬁlters. We use 2-Wasserstein distance in the experiments, and x, y corresponds
to ﬁlters to be preserved and pruned respectively. The ResNet56 is used in the
experiment, and the 50th layer is measured, the ﬁlters to be pruned are randomly
selected from the 50th layer, and the number is set to half of the total ﬁlters for
measurement convenience. The experiment results are shown in Fig. 4.
Considering there might be an overlapping distribution between the weights
to be pruned and preserved, the 2-Wasserstein distance dropping process is very
clear and stable, which indicates that there does exist knowledge transfer in the
pruning process.

Fig. 4. The Wasserstein distance (EMD) between preserved and pruned ﬁlters in the
pruning process.

4
4.1

Experiments
Experimental Settings

Datasets and Baselines: To demonstrate the algorithm’s eﬃciency in reducing
model complexity, we conduct experiments on both small and large datasets.

24

S. Qiu et al.

i.e., CIFAR-10 [17] and ImageNet [18]. Two types of popular network architectures are adopted: VGGNet [19], ResNet [20]. We report the performances on
CIFAR and ImageNet datasets and compare them to the state-of-the-art. All
these experiments demonstrate the eﬀectiveness of the proposed method.
Evaluation Protocols: We adopt the widely-used protocols, i.e., number of
parameters and required Float Points Operations (denoted as FLOPs), to evaluate the model size and computational requirement. For CIFAR-10, top-1 accuracy is provided. To evaluate the task-speciﬁc capabilities, for ILSVRC-2012,
both top-1 and top-5 accuracies are reported.
Implementation Details: We use PyTorch to implement the proposed
BFRIFP approach (+RFPN means the random ﬁring of pruned neurons is utilized in the pruning process). We solve the optimization problem by using the
Stochastic Gradient Descent algorithm (SGD) with an initial learning rate of
0.01 and divided by 10 every 30 epochs. The batchsize is set to 128, weight
decay is set to 0.0005 and the momentum is set to 0.9 respectively. For the convergence rate and stability, λe is set to 2, and λl is set to 5. The threshold is set
to 0.01, we set the distribution of random ﬁring follows a normal distribution,
multiplied by the scaling factor 0.01. We ﬁne-tune the network for 100 epochs.
All experiments are conducted on two NVIDIA GTX 1080Ti GPUs. To make
the comparison fair, with the similar reductions of parameters and FLOPs, we
measure the accuracy. For VGGNet, ResNet-56, ResNet-110, and ResNet-50, the
pruning ratios α are set to 0.45, 0.5, 0.45 and 0.4 respectively, and the pruning
ratios for each layer in the model are set to the same. Due to the stochastic
nature of model training, the results are not always the same. To prove the stability of the proposed algorithm, we run the experiment on the VGGNet model
three times and show the deviation of the accuracy.
4.2

Results and Analysis

Results on CIFAR-10. We evaluate the performance of BFRIFP on CIFAR10 with popular networks, including VGGNet, ResNet-56, and ResNet-110. Following the state-of-the-art baseline [15], the output of the original networks are
changed to ﬁt the class number in CIFAR-10.
VGG: Table 2 shows the performance of diﬀerent algorithms, including a property importance based method (PR denotes the percentage of FLOPs and
Parameters reduction, ∗ denotes the proposed algorithm). Compared with recent
state-of-the-art method HRank, BFRIFP+RFPN obtains a better accuracy
(92.76 vs. 92.34%), while maintain the similar acceleration (66.5% vs. 65.3%).
From the deviation of the accuracy, it can also be seen that our algorithm is
very stable.
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Table 2. Pruning results of VGGNet on CIFAR-10
Model

Top-1%

FLOPs (PR)

Parameter (PR)

VGGNet
L1 [21]
Zhao rt al. [22]
GAL-0.05 [15]
SSS [14]
GAL-0.15 [15]
HRank [23]

93.96
93.40
93.18
92.03
93.02
90.73
92.34

313.73M(0.0%)
206.00M(34.3%)
190.00M(39.1%)
189.49M(39.6%)
183.13M(41.6%)
171.89M(45.2%)
108.61M(65.3%)

14.98M(0.0%)
5.40M(64.0%)
3.92M(73.3%)
3.36M(77.6%)
3.93M(73.8%)
2.67M(82.2%)
2.64M(82.1%)

BFRIFP*
92.41 ± 0.015 105.68M(66.5%) 5.16M(66.4%)
BFRIFP+RFPN* 92.78 ± 0.025 105.68M(66.5%) 5.16M(66.4%)

Resnet-56: The results for ResNet-56 are shown in Table 3. BFRIFP+RFPN
yields a better compression and acceleration rate than GAL-0.8 and Random
while maintaining a better accuracy (91.19% vs. 90.36% by GAL-0.8 and 90.55%
by Random). Compared with HRank, we observe that BFRIFP+RFPN shares
the same FLOPs reduction as HRank (74.7% vs. 74.1%), another property
importance based method, but achieves a much higher reduction in parameters
(74.9% vs. 68.1%) better accuracy (91.19% vs. 90.72%).
Table 3. Pruning results of Resnet-56 on CIFAR-10
Model

Top-1% FLOPs (PR)

Parameter (PR)

ResNet
L1 [21]
NISP [24]
GAL-0.6 [15]
Random [25]
GAL-0.8 [15]
HRank [23]

93.26
93.40
93.01
92.98
90.55
90.36
90.72

125.49M(0.0%)
90.90M(27.6%)
81.00M(35.5%)
78.30M(37.6%)
73.76M(41.5%)
49.99M(60.02%)
32.52M(74.1%)

0.85M(0.0%)
0.73M(14.1%)
0.49M(42.4%)
0.75M(11.8%)
0.50M(41.2%)
0.29M(65.9%)
0.27M(68.1%)

32.02M(74.7%)
32.02M(74.7%)

0.215M(74.9%)
0.215M(74.9%)

BFRIFP*
91.11
BFRIFP+RFPN* 91.19

Resnet-110: Table 4 summarizes the experimental results on Resnet-110.
BFRIFP+RFPN demonstrates its ability to obtain a high accuracy of 93.17%,
with around 66.3% FLOPs and 66.2% parameters reduction, which is better
than HRank (93.17% vs. 92.65%).
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Table 4. Pruning results of Resnet-110 on CIFAR-10
Model

Top-1% FLOPs (PR)

Parameter (PR)

ResNet-110
L1 [21]
GAL-0.5 [15]
Random [25]
HRank [23]

93.50
93.30
92.55
89.88
92.65

252.89M(0.0%)
155.00M(38.7%)
130.20M(48.5%)
92.84M(63.3%)
79.30M(68.6%)

1.72M(0.0%)
1.16M(32.6%)
0.95M(44.8%)
0.69M(59.9%)
0.53M(68.7%)

81.31M(66.3%)
81.31M(66.3%)

0.55M(66.2%)
0.55M(66.2%)

BFRIFP*
93.27
BFRIFP+RFPN* 93.45

Table 5. Pruning results of Resnet-50 on ImageNet
Model

Top-1% Top-5% FLOPs (PR) Para (PR)

ResNet-50
GAL-0.5 [15]
SSS-26 [14]
GDP-0.6 [15]
GAL-0.5-joint [15]
GAL-1 [15]
GDP-0.5 [15]
HRank [23]
GAL-1-joint [15]
ThiNet-50 [26]

76.15
71.95
71.82
71.19
71.80
69.88
69.58
71.98
69.31
68.42

BFRIFP*
72.18
BFRIFP+RFPN* 72.38

92.87
90.94
90.79
90.71
90.82
89.75
90.14
91.01
89.12
88.30

4.09B
2.33B
2.33B
1.88B
1.84B
1.58B
1.57B
1.55B
1.11B
1.10B

25.50M
21.20M
15.60M
19.31M
14.67M
13.77M
10.21M
8.66M

90.85
91.30

1.48B
1.48B

10.40M
10.40M

Results on ImageNet. Experiments are also conducted on the ImageNet
dataset using the ResNet50 network, and the results are shown in Table 5.
Compared with HRank, which gains 71.98% top-1 accuracy and 91.01% top5 accuracy, and 1.55 FLOPs, BFRIFP+RFPN obtain 72.38% top-1 accuracy
and 91.30% top-5 accuracy, and 1.48B FLOPs.

5

Conclusions

In this paper, we propose a new approach for network pruning, which is inspired
by the brain functional reorganization phenomena in people when irreversible
damage of the brain occurs. instead of designing a function to measure the importance of a ﬁlter input to the CNN, our algorithm requires only a pruning rate.
We employ theoretical analysis to demonstrate that there is knowledge transfer
from the ﬁlters to be pruned to the ﬁlters preserved in the pruning process, so
the kept parameters can take over the function of the pruned parameters after
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pruning. Extensive experiments have demonstrated the superiorities of BFRIFP
over state-of-the-arts. As the ﬁrst attempt on weight-importance irrelevant pruning, BFRIFP provides fresh insight into the network pruning problem. It should
be noticed that the pruning rate for each layer is set to the same in each model,
we believe that the adaptive determination of the pruning rate for each layer
may yield better results. That’s what we are going to do in future works.
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Abstract. Using data from a simulated cup drawing process, we demonstrate how the inherent geometrical structure of cup meshes can be used
to eﬀectively prune an artiﬁcial neural network in a straightforward way.
Keywords: Regression · Informed learning
architecture · Deep drawing
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Introduction

The optimization of production processes can beneﬁt from machine learning
methods that incorporate domain knowledge and data from numerical simulations [1]. Typically, such methods aim to model relations between process parameters and the resulting product. In this manuscript, we consider an example from
the ﬁeld of deep drawing, a sheet metal forming process in which a sheet metal
blank is drawn into a forming die by mechanical action.
Speciﬁcally, we study the prediction of product geometries in a cup drawing
process based on data from ﬁnite element simulations [2]. For each simulation,
we choose randomized process and material parameters p ∈ Rk with k ≡ 9 and
observe the resulting geometry as a set of m ≡ 1979 mesh coordinates x ∈ Rd
with d ≡ 3m = 5937. Thus, the machine learning task is to predict
x̂(p) : Rk −→ Rd

(1)

based on the generated data. Such a predictive regression model can be considered as a short-cut for the actual simulation. In contrast to the simulation,
it is faster and always numerically stable and therefore particularly suitable to
solve optimization problems. On the other hand, the model predictions are less
accurate than the simulation results, which corresponds to a trade-oﬀ between
calculation speed and outcome precision.
The choice of parameters aﬀects the resulting cup quality in the sense that we
can infer good, defect and cracked cups (indicated by strong deformations) from
c Springer Nature Switzerland AG 2021

I. Farkaš et al. (Eds.): ICANN 2021, LNCS 12894, pp. 29–33, 2021.
https://doi.org/10.1007/978-3-030-86380-7_3

30

R. Heese et al.

the mesh geometries. In total, we ran 10000 simulations, of which two failed (for
numerical reasons). Of the remaining 9998 parameter combinations, 3991 lead
to good cups, 5075 lead to defect cups and 932 cause cracked cups, cf. Fig. 1.

2

Method

We propose two artiﬁcial neural networks to model Eq. (1). Our ﬁrst network
architecture, which we call CupNet, particularly takes the geometrical structure
of the data into account to eﬀectively prune the network weights. Pruning is a
technique that helps in the development of smaller and more eﬃcient networks,
see, e. g., Ref. [3] and references therein. That means, instead of changing the
loss function as in e. g., Ref. [4], we use expert knowledge to change the network
architecture itself.
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Fig. 1. Typical cup geometries, each consisting of m points. For reasons of symmetry,
it is suﬃcient to simulate the deformation of a quarter cup segment instead of the full
cup. The colors indicate the distance of each point to the reference mesh, consisting
of the average coordinates of all good cups. We use a diﬀerent color scale for each
a) 70, b) 2, c) 6, d) 49. (Color ﬁgure online)
subﬁgure: 0

The proposed network consists of an input layer of size k (i. e., it contains
k units), which is fully connected to an initial layer of size d, which we call
frame. We split the frame layer into three evenly sized segments (i. e., one for
each dimension denoted by x, y, and z, cf. Fig. 1), which are each connected to
the following layers in a special way. Speciﬁcally, we chose the forward pass
o ≡ A([C(α)  W] i + b).

(2)

Here i ∈ Rm×1 and o ∈ Rm×1 represent the layer inputs and outputs, whereas
W ∈ Rm×m and b ∈ Rm×1 stand for the (trainable) layer weights and biases,
and A(·) represents the activation function. The symbol  denotes the Hadamard
product (element-wise multiplication). Moreover, we have introduced the symmetric pruning matrix C(α) ∈ {0, 1}m×m with elements

0 if Dij > α
(3)
Cij (α) ≡
with
Dij ≡ ||xi − xj ||2 = const.
1 if Dij ≤ α
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for i, j = 1, . . . , m. It is based on the symmetric distance matrix D ∈ Rm×m
,
≥0
which contains the euclidean distances || · ||2 between diﬀerent mesh points x of
the undeformed geometry, Fig. 1a). Thus, the pruning matrix removes the inﬂuence of all weights for which the corresponding mesh points of the undeformed
geometry have a distance beyond the user-deﬁned pruning threshold α ≥ 0.
This special layer conﬁguration is repeated h times and concludes with a
fully-connected last layer merging the three previously splitted segments into the
output layer. Summarized, we use the inherent geometrical structure of the data
to prune a fully connected network in such a way that correlations between spatially related mesh points are preserved. The complete architecture is sketched
in Fig. 2a).
As a reference we also use a second architecture, which we call RefNet. It has
a similar structure and complexity as the CupNet, but does not take advantage
of the geometrical structure of the data. Speciﬁcally, it consists of an input
layer of size k, h + 1 hidden layers of size s and an output layer of size m, all
of which are fully connected. In order to obtain a comparable complexity of
the two architectures we choose s in such a way that the number of trainable
parameters is as close as possible. For that, we ﬁrst determine the number of
trainable parameters for the CupNet architecture
ncup (h, α) = (k · d + d) + 3 h(c(α) + m) + 3(m2 + m)

with

m


c(α) ≡

Cij (α).

(4)

i,j=1

On the other hand, the number of trainable parameters for the RefNet architecture reads
nref (h, s) = (k · s + s) + h(s2 + s) + (s · d + d)
P

P
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F
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)

a) Our proposed CupNet with ncup (h, α) trainable
parameters, Eq. (4), and dimensions x, y, and z.
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h + 1 hidden layers (s)
b) The reference network RefNet with nref (h, s)
trainable parameters, Eq. (5).

Fig. 2. Network architectures used to model Eq. (1). The k-dimensional simulation
parameters p constitute the input, whereas the output corresponds to the d-dimensional
mesh x̂(p). Both architectures consist of a sequence of layers (number of units in
brackets), which are fully connected (F) or partially connected, i. e., pruned (P). We
apply a dropout after every inner layer for regularization.
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so
 that the condition nref (h, s) = ncup (h, α) leads to s(h, α) = (−u +
u2 − 4h(d − ncup (h, α)))/(2h), where u ≡ k + h + d + 1. We set the layer size
s to the ceiling of this value for a given depth h and a given pruning threshold
α. The complete RefNet architecture is sketched in Fig. 2b.
For both networks the activation function is chosen to be a ReLU for all but
the output layer for which we use a linear activation. As a regularizer we apply
a dropout after every inner layer, where we randomly set 20% of the units to
zero.

3

Experiments

We test the performance of both network architectures, which we have implemented using Ref. [5]. For this purpose we split the standardized data into
a training set with 9000 elements and a test set with 998 elements stratiﬁed
according to the three cup classes of good cups, defect cups, and cracked cups.
We repeat this approach for 10 benchmark runs with diﬀerent data splittings
and diﬀerent random seeds for the network initialization. For the training we
use an Adam optimizer and a mean squared error for the loss. As a result, we
obtain the R2 scores shown in Table 1.
We ﬁnd that in most cases, CupNet is superior to RefNet. It performs worse
only for low α and large h (i. e., strong pruning and deep nets). In these cases, the
training process appears to not converge to a suﬃciently good state. However, the
mean scores of the two architectures are mostly within one standard deviation of
each other. The best mean CupNet score of 0.862 is achieved for h = 2 and α = 5,
which corresponds to a network with ncup = 12277950 trainable parameters. On
the other hand, the best mean RefNet score of 0.827 is achieved for h = 3 and
Table 1. R2 score means and standard deviations over all 10 benchmark runs for
diﬀerent values of the network depth h and the pruning threshold α. The best mean
results are highlighted in colored bold.
network

α = 1.0

α = 2.5

α = 5.0

α = 10.0

α = 25.0

α = 50.0

CupNet, h = 1 0.822 ± 0.042 0.823 ± 0.052 0.829 ± 0.040 0.832 ± 0.084 0.839 ± 0.044 0.819 ± 0.072
RefNet, h = 1 0.818 ± 0.047 0.818 ± 0.066 0.815 ± 0.066 0.817 ± 0.045 0.818 ± 0.056 0.817 ± 0.053
CupNet, h = 2 0.821 ± 0.038 0.850 ± 0.039 0.862 ± 0.046 0.851 ± 0.057 0.847 ± 0.047 0.831 ± 0.045
RefNet, h = 2 0.804 ± 0.050 0.813 ± 0.061 0.809 ± 0.048 0.821 ± 0.036 0.803 ± 0.037 0.800 ± 0.070
CupNet, h = 3 0.830 ± 0.039 0.849 ± 0.039 0.850 ± 0.053 0.861 ± 0.056 0.839 ± 0.053 0.829 ± 0.043
RefNet, h = 3 0.811 ± 0.043 0.789 ± 0.085 0.826 ± 0.042 0.802 ± 0.064 0.810 ± 0.045 0.827 ± 0.029
CupNet, h = 4 0.830 ± 0.040 0.838 ± 0.050 0.845 ± 0.064 0.849 ± 0.035 0.817 ± 0.114 0.806 ± 0.034
RefNet, h = 4 0.797 ± 0.055 0.792 ± 0.044 0.800 ± 0.052 0.808 ± 0.041 0.779 ± 0.051 0.768 ± 0.068
CupNet, h = 5 0.478 ± 0.292 0.835 ± 0.064 0.838 ± 0.048 0.839 ± 0.037 0.832 ± 0.036 0.805 ± 0.033
RefNet, h = 5 0.762 ± 0.060 0.774 ± 0.041 0.789 ± 0.038 0.767 ± 0.050 0.778 ± 0.042 0.691 ± 0.126
CupNet, h = 6 0.052 ± 0.108 0.832 ± 0.042 0.840 ± 0.046 0.832 ± 0.103 0.832 ± 0.045 0.787 ± 0.080
RefNet, h = 6 0.780 ± 0.041 0.785 ± 0.039 0.769 ± 0.049 0.770 ± 0.045 0.765 ± 0.019 0.436 ± 0.129
CupNet, h = 7 0.053 ± 0.161 0.714 ± 0.191 0.843 ± 0.049 0.857 ± 0.033 0.825 ± 0.051 0.781 ± 0.049
RefNet, h = 7 0.772 ± 0.034 0.761 ± 0.058 0.755 ± 0.040 0.755 ± 0.031 0.592 ± 0.243 0.377 ± 0.203
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α = 50, which corresponds to a much larger network with nref = 34898737
trainable parameters. Thus, according to the respective optimal values for h and
α, our pruning approach leads to smaller networks with a better expected score.
As an alternative approach we also test the performance of a Random Forest
regressor (with 250 trees) on PCA-transformed features (with 100 components)
using the implementation from Ref. [6]. This leads to a R2 score of 0.736 ± 0.029
over 10 benchmark runs, which is worse than most results from Table 1.

4

Conclusion

Summarized, we ﬁnd that our approach of pruning the network connections
according to the spatial correlation of mesh points leads to a better expected
performance in comparison with a reference network with similar structure and
complexity. It would be an interesting point of origin for further studies to check
whether this approach can also be applied to other geometrical data.
Acknowledgements. We would like to thank Alexander Butz for helpful discussions,
Maria Baiker and Jan Pagenkopf for providing the simulation of the cup drawing process, and Boris Giba for data processing. This work was developed in the Fraunhofer
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Abstract. Accurate real-time object detection plays a key role in various practical scenarios such as automatic driving and UAV surveillance. The memory limitation and poor computing power of edge devices
hinder the deployment of high performance Convolutional Neural Networks (CNNs). Iterative channel pruning is an eﬀective method to obtain
lightweight networks. However, the channel importance measurement
and iterative pruning in the existing methods are suboptimal. In this
paper, to measure the channel importance, we simultaneously consider
the scale factor of batch normalization (BN) and the kernel weight of
convolutional layers. Besides, sparsity training and ﬁne tuning are combined to simplify the pruning pipeline. Notably, the cosine decay of sparsity coeﬃcient and soft mask strategy are used to optimize our compact model, i.e., Pruned-YOLOv3/v5, which is constructed via pruning
YOLOv3/v5. The experimental results on the MS-COCO and VisDrone
datasets show that the proposed model achieves a satisfactory balance
between computational eﬃciency and detection accuracy.
Keywords: Model compression
detection · YOLO

1
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Introduction

As fundamental task of computer vision, object detection is widely studied and
applied. With the rapid development of deep learning, object detection models show unprecedented performance and the average precision (AP) records
on large public datasets are constantly refreshed. The state-of-the-art detection
models often use high complexity backbone to extract the features rich in semantic information, then the detection head is further used to locate and classify the
bounding boxes. However, increasing backbone parameters will certainly limit
the computational eﬃciency of detection models. When the model is deployed
This work is supported by Chinese National Natural Science Foundation (62076033,
U1931202), and BUPT innovation and entrepreneurship support program (2021-YCT026).
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on mobile and edge devices, one of the biggest challenges of such networks is
the high memory and computational requirements. As a representative model
compression method, model pruning is often used to remove the relatively unimportant weights to lighten the model. Pruning technology can retain the model
accuracy well and is complementary to other compression methods. For example,
the pruned model can be further compressed by parameter quantization [16,30]
or low rank factorization [17], and the accuracy can be further restored by knowledge distillation technology [5,22].
We focus on the channel pruning, which removes some relatively unimportant
ﬁlters in CNNs. The key point lies in how to measure the channels’ importance.
The scale factor of BN layer following the convolutional layer is taken as a measure [23], and achieves satisfactory performance on the classiﬁcation task. This
method is extended to the object detection model YOLOv3 [36]. However, it is
not enough to only use the scale factor to determine whether a channel should be
reserved. Since the input feature map is processed by convolution and normalization in turn, the output feature map is weighted by convolution kernel ﬁrst,
and then scaled by BN layer. Therefore, the convolution kernel corresponding to
the output channel of feature map should also be considered.
The popular pipeline of channel pruning is the continuous iteration of sparsity
training, channel pruning and model ﬁne-tuning. The purpose of sparsity training
is to obtain channel sparsity model. According to the designed pruning strategies,
some channels are removed, then ﬁne tuning the pruned model. These three
steps are iteratively applied until the compression model reaches the budget
target. This process is cumbersome and time-consuming. We propose a method
that combines the normal training and sparsity training. During the network
training, the importance of each channel is evaluated at the same time, and
the soft mask operation is adopted for the less important channels. The soft
mask strategy helps the model fast sparsity. Besides, the weighting coeﬃcient
of the L1 regularization term directly aﬀects the sparsity speed. We add cosine
decay for it. The small coeﬃcient in the later training stage is helpful to the
recovery of model accuracy. The proposed method can speed up the pruning
period, meanwhile improve the accuracy.
In this paper, YOLOv3/v5 [15,28] are chosen as the baseline and the proposed channel pruning method is applied to obtain compact models, namely
Pruned-YOLOv3/v5. Our contributions can be summarized in three-fold. First,
a channel pruning algorithm for YOLOv3/v5 is proposed. The method of measuring channel importance is optimized, and the ablation experiments demonstrate its eﬀectiveness. Then, the combination of sparsity training and ﬁne tuning greatly shorten the iteration period. The introduction of soft mask and
sparse factor cosine decay in the training process is the key of success. Third,
the experimental results on the VisDrone and MS-COCO benchmark datasets
show that our method greatly reduces the model parameters, while ensuring
an acceptable decline in accuracy. Our code is available at https://github.com/
jiachengjiacheng/Pruned-YOLO.
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2

Related Work

2.1

Series Models of YOLO

YOLO [26] regards object detection as a regression problem and uses a single neural network directly to predict the bounding box and category probability in the whole image. YOLOv2 [27] achieves better detection accuracy by
the aid of a series of tricks, such as dimension clusters, multi-scale training etc.
YOLO9000 [27] is a real-time framework for detection more than 9000 object categories. DC-SPP-YOLO [14] introduces dense connection and improved spatial
pyramid pooling to ameliorating the detection accuracy. The powerful darknet-53
is put forward in YOLOv3 [28]. Because of its excellent speed accuracy balance,
YOLOv3 becomes one of the most popular object detectors in industry. Gaussian
YOLOv3 [7] models the bounding box with a Gaussian parameter and redesigning the loss function, showing a higher accuracy than previous approaches with a
similar FPS. Stochastic-YOLO [1] introduces stochasticity in the form of Monte
Carlo Dropout, which improves diﬀerent components of uncertainty estimations.
YOLOv4 [3] optimizes the model from the aspects of data processing, backbone,
activation function and loss function, etc. Scaled-YOLOv4 [31] propose a network
scaling approach which modiﬁes the depth, width, resolution and architecture
of the network. PP-YOLO [24] combine various existing tricks and achieve a
better balance between eﬀectiveness and eﬃciency than EﬃcientDet [29] and
YOLOv4. In view of the huge application prospect, the improvement of YOLO
is constantly proposed. However, the optimal combination of accuracy and speed
still has large room to explore.
2.2

Model Pruning Methods

Some early approaches to pruning based on the Hessian of the loss function [12].
[11] prunes redundant connections using a three-step method and learns the
important connections by an iterative process. It reduces the number of parameters of multiple large-scale networks by an order of magnitude. However, only
with the help of dedicated libraries or hardware can the speedup be realized.
Incremental/iterative model pruning becomes a representative procedure, and
the components removed from deep models can be not only individual neural connections, but also network structures [23]. FPGM [13] chooses the ﬁlters with the
most replaceable contribution through calculating the Geometric Median of the
ﬁlters. Centripetal SGD [8] is a novel optimization method for seeking removed
ﬁlters. MDP [10] introduces a gate for each channel to indicate its importance,
which automatically learned in the searching stage. HRank [18] prunes ﬁlters
with low-rank feature maps. These methods demonstrate the eﬀectiveness on
image classiﬁcation datasets, but their performance in challenging object detection tasks has not been discussed. SlimYOLOv3 [36] uses the idea of network
slimming [23] and applies the pruning method to the object detection model
YOLOv3. It identiﬁes automatically insigniﬁcant channels and prunes afterwards
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to obtain thin models. [32] further proposes an overall slimming scheme to alleviate the problem of low computation reduction rate. However, improvements in
channel importance measurement and pruning pipeline are still required.

3

Methodology

An eﬃcient deep object detector could be learned through an iterative procedure of three-step including sparsity training, channel pruning and ﬁne tuning.
Sparsity training helps to highlight the diﬀerences between channels, which is
helpful to the following pruning process and model accuracy recovery. Convolution layer, BN and activation function are the smallest components of deep
model. Channel-wise sparsity training is conducted by imposing weight decay
on convolution kernel parameters α and L1 regularization on trainable scale
factor γ of BN. Both are considered when measuring channel importance. We
remove a certain proportion of the least important channels according to the
ranking of the importance of them. For accuracy recover, it is crucial to keep the
surviving parameters and retrain the pruned network. We propose to integrate
ﬁne tuning into sparsity training for fast iteration, which can not only shorten
the pruning period, but also help to restore the model’s accuracy.

Fig. 1. The bottleneck module and C3 module in YOLOv5 [15].

3.1

Channel Importance Measurement

Assuming that Cin and Cout are the channel number of input and output feature
map respectively. The convolution layer is expressed as {α1 , α2 , . . . , αout }, where
αi is the ith ﬁlter. The ith channel response value of the output feature map is
calculated by convolution of the input feature map and the ith ﬁlter. BN layer
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following the convolution layer normalizes convolutional features using minibatch statistics. The channel importance is calculated by formula (1).

θi = |γi | ∗
|t|, i ∈ [1, 2, ..., Cout ],
(1)
t∈αi

where γi is the scale factor corresponding to the ith ﬁlter. The importance measurement factors of all channels in the network are sorted. It combines the pre-set
pruning ratio of channels to determine the removal or retention of a channel.
Speciﬁc to YOLOv5 [15], some basic modules need customized pruning
strategies. For the module called Conv, which is composed of convolution layer,
BN and activation function, the channel pruning is carried out naturally according to the above method. In SPP module [6], Conv is used to reduce channel
dimension before and after max-pooling, and its ﬁlters can be reduced. Upsample layer and concatenate layer are ignored during pruning process because
there is no need to change their channel number. Detect layer also is discard
because it outputs the ﬁnal detection results and cannot be compressed. The
bottleneck module and C3 module are shown in Fig. 1. If the shortcut layers
do not exist in the C3 module, it degenerates into a simple cascade of multi
Convs and each Conv can be pruned directly and independently. Otherwise, all
the layers connected to shortcut layer are required to have a same channel number. In this case, we divide the channels needed to be removed equally among
these layers. This pruning trick makes the pruned network structure relatively
uniform.

Fig. 2. The pipeline of channel pruning. The blue arrow ﬂow and the green arrow ﬂow
indicate the classical procedure and the improved procedure respectively. (Color ﬁgure
online)

3.2

Combination of Sparsity Training and Fine Tuning

When the channel pruning strategy is designed, pruning is not time-consuming
in the iterative process, and almost all the time is spent on model training. In
order to shorten the iteration period, we propose to combine sparsity training
and ﬁne tuning, and the pruning pipeline before and after combining the two is
shown in Fig. 2. When the training epochs of the two are equal, this combined
strategy reduces the time of each iteration to about half of the original.

Pruned-YOLO: Learning Eﬃcient Object Detector Using Model Pruning

39

First, the L1 regularization coeﬃcient changes in the way of cosine decay as
the training proceeds. At the early stage of training, large coeﬃcient can help
the model sparse quickly, and meanwhile the accuracy declines signiﬁcantly. In
the later stage of training, the small coeﬃcient is helpful to accuracy recovery,
which simulates the ﬁne-tuning process. In addition, we add warm up strategy
for it at the initial phase. Speciﬁcally, the same decay strategy as the learning
rate is used directly.
Compared with the constant coeﬃcient method, when the initial coeﬃcient is
the same, the cosine decay method leads to less sparse model at convergence. It
is likely to cause precipitous accuracy reduction to prune the model with insufﬁcient sparsity. Simply increasing the initial coeﬃcient is not conducive to the
stability of model, and increasing the training epoch goes against our purpose.
We propose the soft mask strategy, which checks the sparsity in the channel
level and deliberately reduces the scale factor of the nearly sparse channel during training. In our implementation, before each training epoch, we count the
scale factor γ of all BN layers in the network, calculate the mean value of γ̄, and
set the threshold value of γ̄/5. If the scale factor is less than the threshold, it is
reduced to one tenth of the original. The soft mask strategy helps to speed up
the sparsity process.

4

Experiments

MS-COCO 2017 [20] and VisDrone2018-Det [39] datasets are used to verify the
performance of our methods on the object detection benchmark. We apply the
proposed channel pruning method to compress YOLOv3/v5 [15,28]. Generous
ablation studies are imported to investigate the properties of proposed method
and compare it with similar state-of-the-art algorithms.
4.1

Implementation Details

Two sets of hyper-parameters are released in the implementation of YOLOv3/
v51 , one is used for training from scratch on COCO dataset, the other is used
for ﬁnetuning on VOC dataset [9]. The latter is obtained by hyper-parameter
evolution. When experiments are performed on the VisDrone dataset, all models
are trained on training set and evaluated on validation set. We set the initial
learning rate to 0.0064, the input image resolution to 640, minibatch size to 24
and others are the same as ﬁnetuning hyper-parameters. The baseline model
of pruning is trained for 200 epochs. Both sparsity training and ﬁne tuning
are performed for 100 epochs. When experiments are performed on the COCO
dataset, we use the default hyper-parameters directly in sparsity training. The
initial learning rate is reduced to 0.0064 in ﬁne tuning, and the others remain
unchanged. We select the sparse penalty according to [34].

1

https://github.com/ultralytics/yolov3, https://github.com/ultralytics/yolov5.
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Fig. 3. The ablation results of Pruned-YOLOv3 (left) and Pruned-YOLOv5 (right) on
the VisDrone dataset [39]. R, S and C represent the reweighting of channel important
factors, soft mask strategy and sparsity coeﬃcient cosine decay respectively.

Fig. 4. The mean and variance of channel measure factors are visualized. Horizontal coordinate is the layer index. The sparse YOLOv5 model training on VisDrone
dataset [39] is used.

4.2

Experimental Results on VisDrone Dataset

Ablation Studies. Firstly, we implement channel pruning algorithms for
YOLO v3/v5, where the L1-norm of scale factors denote channel importance [23].
The theoretical channel pruning rate is set to 50%, and the model is pruned four
times. Then, the reweighting of channel important factors by convolution kernel
parameters, soft mask strategy and sparsity coeﬃcient cosine decay are introduced in turn. Figure 3 reports the quantitative comparison. In the ﬁrst iteration,
the proposed method brings few accuracy improvement. When the model has a
large number of parameters, some diﬀerences in the model structure are insignificant, and the small ﬂuctuation of accuracy may be caused by the randomness
in the training. With the progress of iteration, the advantage of the improved
method is more and more obvious. The more iterations, the less parameters, the
greater the diﬀerence of model structure after pruning, and the more important
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the model structure and retained weight. This proves the eﬀectiveness of the
improved method. Introducing the weight of convolution kernel into the measurement of channel importance can prune the model more reasonably.
The mean and variance of channel measure factors are visualized layer by
layer in Fig. 4. It can be seen that compared with the method using only scaling
factor of BN, the proposed method makes the distribution of channel measure
factors more balanced. It means that channel pruning can balance the network
structure, which is beneﬁcial for the subsequent deployment. Besides, the difference between the two distribution shows that the two diﬀerent measurement
strategies focus on diﬀerent ﬁlter sets.

Fig. 5. Comparison of the proposed Pruned-YOLO and other state-of-the-art object
detectors on the VisDrone dataset [39]. Pruned-YOLO has better parameter/accuracy
trade-oﬀ than the others.

Comparison with Other Methods. The theoretical channel pruning rate is
set to 25% in the iterative pruning, and the model is pruned three times. In order
to make a fair comparison with SlimYOLOv3, we use the same test parameters as
them [36]. Figure 5 illustrates the comparison of the proposed pruned-YOLO and
other object detectors. Obviously, Pruned-YOLO has better parameter/accuracy
trade-oﬀ than the other methods. Surprisingly, Pruned-YOLOv3 achieves a better performance than Pruned-YOLOv5. Pruning is a positive evolutionary process with learning new knowledge [2]. We consider that Pruned-YOLOv3 learns
more eﬀective representations than Pruned-YOLOv5 when aggressive pruning
is occurring. The interpretability of evolutionary process is an open problem,
which needs further study.
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Experimental Results on MS-COCO Dataset

As in Sect. 4.2, we perform iterative channel pruning on the base model
YOLOv5l. The comparison between it and other state-of-the-art detectors in
terms of model parameters, BFLOPs and accuracy is shown in Table 1, in which
the AP on the validation set is reported. Two-stage detectors have very high
BFLOPs, which weakens their real-time performance. Compared with other onestage detectors, Pruned-YOLOv5 has higher detection accuracy while BFLOPs
is similar. Besides, it has obvious advantages in model volume, which reduces
the overhead of model storage. In a word, Pruned-YOLOv5 achieves excellent
performance in the balance of parameters, calculation and accuracy.
Table 1. Detection performance on the COCO 2017 val set. These models are compared in terms of parameters, BFLOPs and accuracy.
Model

Backbone

Param. BFLOPs AP

Mask
R-CNN [25]

ResNet-50

44M

262

37.2

SENet-50

47M

262

38.7

ResNet-50-FPN

42M

180

40.2

ResNet-101-FPN 60M

246

42.0

E-RFB Net [35]

VGG-16
ResNet-50

36M
32M

37
36

30.6
33.8

YOLOv3 [28]

Darknet-53

59M

66

38.9

RetinaNet [19]

ResNet-50-FPN
SpineNet-49

34M
29M

97
85

37.8
40.8

DTER [4]

ResNet-50
ResNet-101

41M
60M

86
152

42.0
43.5

Deformable DETR [40]

ResNet-50

40M

173

43.8

YOLOv5 [15]

v5l
v5m
v5s

47M
21M
7M

115
51
17

48.1
44.5
36.5

Pruned-YOLOv5

v5l-I
v5l-II
v5l-III

17M
8M
3M

72
54
30

46.5
44.6
38.2

Faster
R-CNN [33]

Comparison of the results on test split with other object detectors are shown
in Table 2. Almost all other state-of-the-art models use backbones with high
complexity. Our Pruned-YOLOv5 has certain advantages in accuracy and complexity. If we employ multi-scale training like [3,21,24], the performance will be
improved further. When running on NVIDIA GTX2080ti GPU, the end-to-end
latency is about 10ms when batch size is set to 1.
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Table 2. Detection performance on the COCO 2017 test-dev dataset. Size refers to
the input resolution of the model.

5

Model

Backbone

Size

AP

EﬃcientDet-D1 [29]
EﬃcientDet-D2 [29]

Eﬃcient-B1
Eﬃcient-B2

640
768

39.6 58.6
43.0 62.3

AP50 AP75 APs APm APl
42.3
46.2

17.9 44.3
22.5 47.0

56.0
58.4

RetinaNet [19]

ResNet-101-FPN 800

39.1 59.1

42.3

21.8 42.7

50.2

FCOS [38]

ResNet-101-FPN 800

41.0 60.7

44.1

24.0 44.1

51.0

ATSS [37]

ResNet-101-FPN 800× 43.6 62.1

47.4

26.1 47.0

53.6

YOLOv3 + ASFF [21] Darknet-53

608
800

42.4 63.0
43.9 64.1

47.4
49.2

25.5 45.7
27.0 46.6

52.3
53.4

YOLOv4 [3]

CSPDarknet-53

512
608

43.0 64.9
43.5 65.7

46.5
47.3

24.3 46.1
26.7 46.7

55.2
53.3

PP-YOLO [24]

ResNet50-vd-dcn 512
608

44.4 64.6
45.2 65.2

48.8
49.9

24.4 47.1
26.3 47.8

58.2
57.2

YOLOv5 [15]

v5l
v5m
v5ls

640
640
640

48.2 66.6
44.4 62.9
36.6 55.3

52.4
48.3
39.8

30.0 52.5
26.4 48.6
20.3 41.1

59.8
54.8
44.5

Pruned- YOLOv5

v5l-I
v5l-II
v5l-III

640
640
640

46.6 65.7
44.9 63.9
38.5 57.5

50.6
48.9
41.7

28.7 50.8 56.9
27.8 49.3 53.6
23.7 42.3 44.3

Conclusion

We improve the representative pipeline of channel pruning. Both the kernel
weight and scale factor are considered when measuring channel importance. A
more comprehensive importance measure of ﬁlters can get a more reasonable
structure of the pruned model. Soft mask strategy and sparse factor cosine decay
play a key role in fast iteration. Generous experiments on the object detection
benchmark demonstrate the eﬀectiveness of the proposed methods.
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Abstract. The rise of neural network (NN) applications has prompted
an increased interest in compression, with a particular focus on channel
pruning, which does not require any additional hardware. Most pruning methods employ either single-layer operations or global schemes to
determine which channels to remove followed by ﬁne-tuning of the network. In this paper we present Gator, a channel-pruning method which
temporarily adds learned gating mechanisms for pruning of individual
channels, and which is trained with an additional auxiliary loss, aimed at
reducing the computational cost due to memory, (theoretical) speedup
(in terms of FLOPs), and practical, hardware-speciﬁc speedup. Gator
introduces a new formulation of dependencies between NN layers which,
in contrast to most previous methods, enables pruning of non-sequential
parts, such as layers on ResNet’s highway, and even removing entire
ResNet blocks. Gator’s pruning for ResNet-50 trained on ImageNet produces state-of-the-art (SOTA) results, such as 50% FLOPs reduction
with only 0.4%-drop in top-5 accuracy. Also, Gator outperforms previous pruning models, in terms of GPU latency by running 1.4 times faster.
Furthermore, Gator achieves improved top-5 accuracy results, compared
to MobileNetV2 and SqueezeNet, for similar runtimes.

1

Introduction

The use of NNs, in particular, convolutional neural networks (CNNs), in a variety
of Computer Vision applications has surged considerably in recent years. Most
NNs consist of tens to hundreds of millions of weight parameters and require
typically billions of floating point operations (FLOPs) for processing a single
image. This limits their use on available hardware, especially on small devices.
Consequently, many works in recent years have focused on reducing the computational cost of network architectures without severely impairing their performance, either by creating more eﬃcient network architectures or by applying
network compression. Pruning is a popular method among compression methods,
where network weights and activations are removed. Pruning methods can be
categorized as unstructured, i.e., referring to the removal of individual weights,
Nathan Netanyahu is also aﬄiiated with the Department of Computer Science at the
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or structured, i.e., referring mostly to the removal of convolutional channels.
Unstructured pruning is considered much less practical, as it requires special
hardware for eﬃcient application.
More recent techniques also utilize dynamic computation in conjunction with
gating mechanisms to control the network operations that are invoked for each
input instance; thus, the computational cost is determined dynamically for each
individual input. Our method utilizes dynamic gating mechanisms only during
training, to learn which channels should be removed, thereby producing a pruned
network without any gating mechanisms.
The eﬀectiveness of pruning methods is usually assessed by these parameters:
– Reduction of memory required for storing weights;
– Theoretical speedup, measured by the reduction of the number of FLOPs;
– Latency/runtime on a speciﬁc hardware.
Note that latency is not commonly used as an optimization objective, and that
theoretical speedup is never translated into the exact same practical speedup.
For unstructured methods, this is due to the fact that most hardware does not
support sparse operations, leading to no optimization in practice; for structured
pruning, the sole focus on the FLOPs metric ignores hardware-speciﬁc behavior.
This paper makes the following contributions:
– Presentation of Gator, an innovative pruning technique that utilizes channel hard-gating to remove channels during training while also adjusting the
remaining weights;
– Introduction of a novel formulation for dependencies between NN layers allowing Gator to prune non-sequential parts of NN architectures (such as ResNet’s
highway), which are not handled by most pruning methods;
– Presentation of a customizable cost function, which reﬂects various practical compression criteria, such as memory reduction, FLOPs reduction, and
hardware-speciﬁc speedup;
– Obtaining new SOTA results for ResNet-50 pruning on ImageNet, in particular, 50% FLOPs reduction with 0.4% top-5 accuracy drop and runtime
speedup (latency reduction) of 1.4 for the same accuracy as other methods;
– Presentation of additional results for higher pruning rates, outperforming
MobileNet V2 and SqueezeNet for the same runtime.

2
2.1

Related Work
Network Compression

Most methods for NN compression can be categorized into three categories. First,
tensor decomposition [15,17,20], where the convolutional operation is approximated by decomposing it to smaller operations.
Second, quantization methods [2,33,34], in particular, binary methods [3,
24], where the network weights are approximated with lower precision variables
allowing for memory reduction.
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And third, pruning, where parts of layer outputs or weights are removed. In
early works [21] and more recent ones [8], pruning methods are characterized by
weight elimination and a “ﬁne tuning” training stage. A thorough review of pruning methods can be found in [1], which also highlights the distinction between
structured and unstructured pruning. Since unstructured pruning cannot reduce
computational costs on most hardware types, we will focus and compare Gator
only to other structured pruning methods.
2.2

Structured Channel Pruning

Most channel pruning works diﬀer in the criteria by which channels are pruned.
In [22] the smallest sums of weights of channels from all layers are pruned, while
non sequential layers are being considered. The pruning criterion in [23] is the
∂L
). Weights closest to the geometric
ﬁrst order Taylor expansion of the loss (w ∂w
median are pruned in [9], in an iterative process for each layer. And in [32],
individually trained squeeze and excitation [12] blocks are used to prune layers
with the lower attention values.
Other methods, such as [11], remove the convolutional input channels with
the least impact on the output. While [35] ﬁrst train auxiliary classiﬁcation losses
on intermediate layers and deﬁne reconstruction losses on potential channels to
be remove. The channels chosen to be removed are those which have the smallest
impact on the sum total of all classiﬁcation and reconstruction losses.
2.3

Gating

Dynamic gating modules determine, for each individual input, which parts are
executed and which are skipped within a computational NN graph. In [30],
squeeze and excitation blocks [12] are used with a gumbel softmax [16] gate
on individual residual blocks, enabling skipping some blocks dynamically. In [4],
the same gating mechanism is applied on individual channels.
Methods which do not rely on gumbel softmax, such as [7], use regression on
the global pooling vector of the convolutional input to determine dynamically
which channels are passed to the convolution. In [13], convolutions are divided
into two parts, such that the output of the ﬁrst gates the execution of the second.
A soft sigmoid gate is used in [6] to prune connections in fully-connected
layers. Our method also uses a sigmoid; however, it gates entire channels, using a
hard gating mechanism with a diﬀerent learning process which leads to practical
results on ImageNet.
2.4

Network Architecture Search

Network architecture search (NAS) ﬁrst introduced in [36]. It focuses on ﬁnding
an optimal network architecture within a wide search space using methods such
as reinforcement learning. Many NAS works, such as [29], typically regard the
number of layer channels as part of the search space while minimizing the FLOPs
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metric. The search space of [10] consists of layer pruning ratios minimizing either
FLOPs or memory metrics for a given target accuracy. Other methods, such as
[31], optimize the latency metric. Although many NAS methods also share the
idea of optimizing the number FLOPs, memory footprint or latency, and even
yield SOTA performance in many cases, they are extremely computationally
intensive compared to pruning methods, and thus exhibit sub-optimal latency.

3

Approach

In this section we describe the components of Gator. We start with the gating mechanism in Subsect. 3.1, and then explain in Subsect. 3.2 how modeling
the network architecture as a hypergraph encapsulates the channel dependency
between diﬀerent layers in the network architecture, thereby allowing for nonsequential pruning. Finally, in Subsect. 3.3 we present the loss function for computational cost and demonstrate how to customize it for FLOPs, memory, and
latency reduction.
3.1

Channel Gating

Fig. 1. Logistic sigmoid gating model for an output of a layer.

Gator utilizes a gating mechanism which determines for each individual channel
whether it should be passed or gated for each individual sample within a batch.
The gating mechanism (see Eq. 1) uses a binary version of the Gumbel softmax
distribution (introduced in [16]), referred to as the logistic sigmoid distribution.
1

where x ∼ Logistic(0, 1)
θ+x
1 + e− τ

1 σ( θ+x
τ ) ≥ 0.5  sign(θ + x) .
g(θ) =
0 σ( θ+x
τ ) < 0.5

σ(θ) =

(1)

The gating binary value g(θ) is determined by adding the gating weight θ to a
random variable x sampled from a logistic distribution. The purpose of the sigmoid function is to enable a continuous gradient while the threshold test provides
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a discrete output equivalent to a sign function in the forward pass. The temperature parameter τ , which controls the gradient magnitude, is set to the default
value of 1 and is, henceforth, ignored. The addition of the random variable x
is according to the reparameterization trick in [18], which enables a computational ﬂow of the gradients for the gating weights as part of the backpropagation
process, while providing a discrete value in the forward pass.
A gating module can be placed before or after a layer to pass or block individual channels, thereby simulating the eﬀect of pruning input or output channels.
Figure 1 illustrates gating on an output of a model.
3.2

Hypergraph of Neural Network Channels

Early pruning methods on sequential network architectures, such as VGG [27],
focus naturally on individual convolutions, so they are applicable to all layers. However, most recent architectures consist of many non-sequential parts.
Considering ResNet architectures, for example, note that inputs of some convolutions depend on outputs of multiple convolutions residing in diﬀerent ResNet
blocks, as a result of the “highway” path conﬁguration. Thus, using a channel
pruning scheme, in an attempt to remove a channel from the output of a single
convolution may not remove the same channel from the input of a dependent
convolution or the output of another convolution, as implied by the network’s
non-sequential architecture. In other words, one needs to consider the impact of a
channel removal on the input and output channels of all convolutions dependent
on that channel. We shall refer to a collection of channel-dependent convolutions,
as far as their input and output channels are concerned, as a channel dependency
group.
We deﬁne an undirectional hypergraph H = (V, E), where the set of vertices
V corresponds to the union of the input and output channel sets over all convolutions. Let C in and C out denote these input and output sets, respectively.
in
and cout
∈ C out represent the (numbers of
Speciﬁcally, the vertices cin
i ∈ C
i
the) input and output channels of convolution i, respectively. The set of edges
E is composed of subsets of V , where an edge ej ∈ E corresponds to channel
dependency group j. (Each edge in E is referred to as a dependency edge.) We
represent the dependency group as ej = Cjin ∪ Cjout ⊆ V , where Cjin ⊆ C in and
Cjout ⊆ C out denote, respectively, the input and output channel subsets associated with dependency group j. We can now deﬁne pruning as a removal of
channels from each dependency edge.
For sequential networks, each dependency edge is composed of a pair of a
convolutional layer’s output and the following convolutional layer’s input. However, we can now also map channel dependency for non-sequential networks,
such as ResNet-50, as detailed in Table 1. Speciﬁcally, 53 convolutions and a
fully-connected layer are mapped to 37 dependency edges, 32 of which are trivial edges representing sequential connections inside bottleneck blocks, and to 5
additional edges, which include more than two convolutions (some of which are
located along the “highway” path).
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Table 1. Dependency mapping for Resnet-50; Each row represent one edge composed
of output and input layers (vertices); encoding used, L1B1-(example of) layer and
block, C0-ﬁrst convolution, C1, C2, C3-bottleneck convolutions, D-downsampling convolution, and FC-fully connected; for brevity, trivial edges inside bottlenecks are listed
once

3.3

# Edges

Output layers

Input layers

c0

l1b1d, l1b1c1

c1

c2

16

c2

c3

16

l1b1d, l1b1c3, l1b2c3,
l1b3c3

l1b2c1, l1b3c1, l2b1d,
l2b1c1

1

l2b1d, l2b1c3, l2b2c3,
l2b3c3, l2b4c3

l2b2c1, l2b3c1, l2b4c1,
l3b1d, l3b1c1

1

l3b1d, l3b1c3, l3b2c3
l3b3c3, l3b4c3, l3b5c3,
l3b6c3

l3b2c1, l3b3c1, l3b4c1,
l3b5c1, l3b6c1, l4b1d,
l4b1c1

1

l4b1d, l4b1c3, l4b2c3,
l4b3c3

l4b2c1, l4b3c1, fc

1

1

Loss Function for Computational Cost

For each edge ej we have cj (t) non-gated channels at iteration t from a total of
cj channels, computed from the binary gating values deﬁned in Eq. (1):
cj (t) =

cj


g(θji ).

(2)

i=1

Let λj (t) denote the per channel cost factor for iteration t. The change in cost
for diﬀerent iterations stems from the fact that the number of non-gated input
and output channels of a convolution changes at each iteration. We now deﬁne
the auxiliary computational loss as:

Lcomputation (t) =

m

j=1

m


j (t) =
cj (t)λ

j=1

cj (t)λj (t)

m

j=1

,

(3)

cj λj

j (t) is the normalized, per-channel
where m is the number of dependency edges, λ
cost factor, and λj is the initial cost factor. The normalization sets the initial
loss to Lcomputation (0) = 1, so that it is easier to calibrate the total loss
Ltotal (t) = Loriginal + αLcomputation (t),
where Loriginal is the original loss and α is a global weight being calibrated.

(4)
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The memory footprint cost factor is the number of weights in all layers of
each individual edge, i.e.,


kqwi kqhi cout
kqwi kqhi cin
(5)
λj (t) =
qi (t) +
qi (t),
qi ∈Cin
j

qi ∈Cout
j

out
where Cout
and Cin
and Cjin ,
j
j are the convolution sets corresponding to Cj
w
h
respectively. For each convolution qi , kqi and kqi denote the kernel width and kerout
nel height, respectively. Also, cin
qi (t) and cqi (t) denote, respectively, the number
of non-gated input and output channels at iteration t.
The theoretical speed cost factor is computed for a single input pixel, by
multiplying the number of weights of each layer by the downsample factor di ,
i.e., the ratio between the number of pixels in the current layer’s output and
the original input image. Typically di = 4−si , where si is the number of stride-2
operations (e.g., convolutions, maxpooling, etc.) encountered on a computational
path from the input image to the current layer i. Thus the FLOPs cost factor is
given by


λj (t) =
di kqwi kqhi qiout (t) +
di kqwi kqhi qiin (t).
(6)
qi ∈Cin
j

qi ∈Cout
j

For latency, the cost factor cannot be generally deﬁned, as it is hardwarespeciﬁc. Instead, we approximate, in this case, the cost factor λj (t), by measuring
the latency diﬀerence between the original network and a network with 50% of
the channels in ej pruned.

4
4.1

Experiments
Methodology and Setup

The lack of a comparison standard for pruning results is discussed in [1], listing
diﬀerent types of pruning, diﬀerent benchmark types, and a plethora of diﬀerent network architectures on which various pruning methods are benchmarked.
Hence, comparing between pruning methods is only relevant for compatible criteria, i.e., same pruning type (e.g., structured pruning), optimized parameter (e.g.,
FLOPs reduction), and architecture. (From a practical consideration, we only
compared with structured channel pruning methods.) Similarly to most other
works, we performed pruning on the ImageNet ILSVRC2012 [25] and CIFAR10 [19] classiﬁcation challenges. However, we believe that results for CIFAR-10
are not very indicative, due to the small dataset, the large variation in accuracy [5], and the fact that the dataset does not adequately represent “real-world”
data. We chose the ResNet architecture, which enabled demonstrating Gator’s
pruning capability for a non-sequential architecture and comparing it to other
works. Note that newer and smaller architectures would require a much greater
eﬀort in recreating proper training and pruned versions, not to mention that
there are very few results to compare to.
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Fig. 2. ImageNet (ILSVRC-12) top-5 accuracy (%) as a function of latency speedup
for ResNet-50 pruning by Gator compared with (a) other pruning networks and (b)
smaller networks for larger scale pruning.

In both experiments, we trained our model with the standard SGD optimizer,
setting the momentum to 0.9 and the weight decay to 0.0001. We initialized the
gating probability to 0.005, which was found empirically to have a low impact
on the network’s initial accuracy, while still enabling the pruning in a relatively low number of epochs. Note that a lower initial gating probability would
have required more steps to reach the pruning threshold probability set to 0.5.
Crossing the threshold probability marks a channel as permanently pruned. We
performed iterative pruning with an increasing global weight α. Each pruning
iteration consisted of training with gating, and of additional ﬁne-tuning without
gating. The next iteration loaded the weights produced by the gating phase.
4.2

Results for ResNet-50 on ImageNet

For pruning ResNet-50 trained on ImageNet, we used the pretrained weights.
The batch size was 256, which was split between two GPUs. However, due to
the lack of RAM, we used gradient accumulation and split each half batch into
4 parts, training equivalenty on 8 GPUs with sub-batches of size 32 each. (This
only aﬀects the batch normalization.) We trained with gates for 30 epochs, using
learning rates of 0.01 and 0.001 for the ﬁrst 20 epochs and the latter 10 epochs,
respectively. Table 2 contains ﬁne-tuning results for lower pruning rates (α ≤ 2).
We trained, in this case, for 40 epochs with a learning rate step policy of 0.001,
0.0001, and 0.00001 for 20, 10, and 10 epochs, respectively. For high pruning
rates, we trained for 20 epochs (given the available resources under the time
constraints), with a learning rate step policy of 0.001, 0.0001, and 0.00001 for
10, 5, and 5 epochs, respectively (see Table 3). For image preprocessing, we
applied mean subtraction and standard deviation normalization for each color
channel. Data augmentation consisted of selecting a random 224 × 224 crop from
the original image and applying to it a random horizontal ﬂip. Practical speedup
was measured by timing an inference run in Pytorch on GTX 1080 Ti GPU with
a batch of size 32 for 224 × 224 images.
Table 2 contains comparative results of optimized Gator pruning on FLOPs
and latency, with other methods (also illustrated in Fig. 2(a)). Note the very
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Table 2. Comparison of pruned ResNet-50 on ImageNet for Gator optimized on FLOPs
and GPU latency; number of Gator variant indicates pruning weight α; results are
ordered and divided to categories by FLOPs reduction (%)
Pruning algorithm

Top-1 acc.% Top-5 acc.% FLOPs % Memory
Practical
reduction %
Speed-upa
reduction

Channel pruning [11] 72.30

90.80

24.14

15.52

Gator latency 0.25

76.00

92.94

26.75

5.22

1.069
1.310

Gator flops 0.25

75.89

92.93

31.48

8.88

1.200

DCP 30 [35]

76.35b

93.09b

36.04

33.45

1.145

Geometric 30% [9]

75.59

92.63

41.89

37.64

1.162

Gator latency 0.5

75.28

92.50

48.27

18.05

1.647

Gator flops 0.5

75.19

92.61

49.91

18.96

1.442

Geometric 40%

74.83

92.32

53.16

47.72

1.251

DCP 50

74.88

92.19

55.77

51.63

1.477
–

PCAS [32]

72.68

91.09

56.70

51.20

Gator latency 1

74.24

91.95

61.17

31.18

1.857

Gator flops 1

74.14

91.99

62.64

31.40

1.612

DCP 70

72.65

91.03

71.10

66.00

1.569

Gator flops 2

72.36

90.97

76.57

55.15

2.106

a

b

Speedup multiplier for batch 32 on single GTX 1080 Ti GPU
[2] Better accuracy then baseline ResNet-50.

Table 3. Comparison of small networks to high rate pruned ResNet-50 on ImageNet
for Gator optimized on GPU latency; number of Gator variant indicates pruning weight
α; results are ordered and divided to categories by speedup
Pruning algorithm Top-1 acc.% Top-5 acc.% FLOPs Speed up
Gator latency 2
Mobilenet V2

72.69
71.87

90.98
90.29

973M
301M

2.273
2.399

squeezenet 1.0
Gator latency 4

58.10
69.48

80.42
89.3

888M
551M

2.843
2.959

Gator latency 16
squeezenet 1.1
Gator latency 20

61.07
58.19
56.89

83.72
80.62
80.67

191M
387M
134M

4.777
5.070
5.404

similar accuracy obtained by the two optimization methods and how each type
is better suited for its designated reduction metric. (Although there is a single instance that outperforms Gator (optimized on FLOPs reduction) for lower
pruning rates, note that the accuracy reported in this case [35] exceeds the
original ResNet-50 accuracy; this could be explained by the use of auxiliary
classiﬁcation losses, known to enhance the performance [28]. Thus, we believe
this isolated instance is not a fair comparison.)
Regarding the latency speedup, Gator outperforms all other methods, achieving a speedup of 1.4 for some pruning rates.
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Table 4. Pruning results of ResNet-56 on CIFAR-10 using Gator optimization on
FLOPs and memory vs. other methods; baseline network accuracy is listed for comparison as it diﬀers across methods
Pruning algorithm

Baseline
acc. %

Acc. % FLOPs % Memory %
reduction reduction

Gator flops 1
Gator flops 2
Gator memory 0.25
Gator memory 0.5
DCP
DCP Adapt
Geometric 40
Channel Pruning
PCAS

93.63
93.63
93.63
93.63
93.80
93.80
93.59
92.80
93.04

93.58
93.14
93.66
92.59
93.49
93.81
93.49
91.80
93.58

43.39
54.62
33.21
57.98
49.75
47.09
52.30
50.00
54.80

33.50
44.39
42.70
75.08
49.24
70.33
–
–
53.70

Gator flops 16

93.63

91.50

79.33

73.40

Gator memory 2

93.63

90.99

76.05

90.87

Results for higher pruning rates are available in Table 3. We compared Gator’s
latency optimization to that of much smaller architectures, such as SqueezeNet
[14] and MobileNet V2 [26], a newer architecture containing speed-eﬃcient elements, such as inverse bottlenecks and grouped convolutions. According to
Fig. 2(b), our method slightly outperforms both of these small architectures.
4.3

Results for ResNet-56 on CIFAR-10

We trained ResNet-56 on CIFAR-10 from scratch for 240 epochs with a batch
size of 128. The learning rate was 0.1 for the ﬁrst 120 epochs, and was changed
to 0.01 and 0.001 at epochs 120 and 180, respectively. For pruning, we trained
with gating for 90 epochs, starting with at a learning rate of 0.01 and decreasing
it to 0.001 at epoch 60. This was followed by ﬁne-tuning for another 30 epochs
at the same learning rate. Image preprocessing consisted of mean subtraction
and standard deviation division for each channel. Data augmentation consisted
of random cropping and random horizontal ﬂipping. The results are available in
Table 4, where we see a signiﬁcant reduction of FLOPs with little accuracy loss
for Gator which also and best performance on memory reduction compared to
other models. In addition Gator was able to prune entire ResNet blocks, thereby
reducing the number of layers.

5

Conclusions

In this paper we presented Gator, a novel structural channel-pruning method,
which utilizes dynamic channel gating during training to obtain smaller eﬀective

56

E. Passov et al.

networks. We showed how to prune non-sequential architectures by using a hypergraph formulation to encapsulate the mapping of dependencies between input and
output channels of diﬀerent convolutions. We also demonstrated how Gator can
accommodate a variety of auxiliary cost functions to optimize FLOPs, memory,
and latency reduction due to pruning. Latency reduction, in particular, is important for allowing to produce very light networks designed for small devices. Finally,
we showcased SOTA results of pruning ResNet-50, trained on ImageNet, with
respect to FLOPs reduction and practical speedup on actual hardware.
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Abstract. Hierarchical classiﬁcation is signiﬁcant for complex tasks by
providing multi-granular predictions and encouraging better mistakes.
As the label structure decides its performance, many existing approaches
attempt to construct an excellent label structure for promoting the classiﬁcation results. In this paper, we consider that diﬀerent label structures
provide a variety of prior knowledge for category recognition, thus fusing
them is helpful to achieve better hierarchical classiﬁcation results. Furthermore, we propose a multi-task multi-structure fusion model to integrate diﬀerent label structures. It contains two kinds of branches: one is
the traditional classiﬁcation branch to classify the common subclasses,
the other is responsible for identifying the heterogeneous superclasses
deﬁned by diﬀerent label structures. Besides the eﬀect of multiple label
structures, we also explore the architecture of the deep model for better
hierachical classiﬁcation and adjust the hierarchical evaluation metrics
for multiple label structures. Experimental results on CIFAR100 and
Car196 show that our method obtains signiﬁcantly better results than
using a ﬂat classiﬁer or a hierarchical classiﬁer with any single label
structure.
Keywords: Hierarchical classiﬁcation
label structures
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Introduction

Although deep learning in text spotting [5,6,25–28], object detection [37], selfsupervised learning [22,23,38–40] and image classiﬁcation [10,15] has achieved
dramatic performance with the increase of annotated data, the unclassiﬁable
categories are growing and inevitable in the ear of big data. Moreover, the conventional one-hot coding in ﬂat classiﬁers suggests a strict error evaluation: as
Supported by the National Natural Science Foundation of China (No. 62006221), the
Open Research Project of the State Key Laboratory of Media Convergence and Communication, Communication University of China, China (No. SKLMCC2020KF004),
the Beijing Municipal Science & Technology Commission (Z191100007119002), and the
Key Research Program of Frontier Sciences, CAS, Grant NO ZDBS-LY-7024.
c Springer Nature Switzerland AG 2021
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Fig. 1. The beneﬁt of combining multiple label structures. (a) shows two samples for
palm tree and porcupine, as these two categories are similar, they are easy to be misclassiﬁed. (b) and (c) are two label structures, each for the visual sturcture based on the
aﬃnity matrix and the semantic structure. The second layers in (b) and (c) are the superclasses, the third layers are the shared subclasses. The green dashed paths are the ground
truth in both label structures when a “porcupine” is needed to identify. When “s1”and
“medium mammals”are recognized in each label structure, “porcupine”is promoted as it
belongs to both “s1”and “medium mammals”. (Color ﬁgure online)

long as the predicted value is inconsistent with the real one, it will be recognized
as misclassiﬁcation. In fact, there are diﬀerent levels of severity in mistakes [4].
As shown in Fig. 1(c), the classiﬁer makes a less serious mistake when it classiﬁes
a “porcupine” into an “opossum” than a “ sunﬂower” obviously, because they all
belong to the superclass “medium mammals”. Therefore, when misclassiﬁcation
is unavoidable, providing a reasonable mistake is more signiﬁcant.
Recently, more and more work is devoted to using hierarchical classiﬁcation
methods [34,35] to make multi-granular predictions and avoid serious mistakes.
In hierarchical classiﬁcation, label structures play a critical role. Hence many
researchers try to construct eﬃcient label structures, which can be roughly
divided into semantics-based methods and computation-based methods. The
former extracts the semantic structure from WordNet [18], where categories
are organized into a tree-shape structure according to their semantic relations
[7,8,14,41]. However, these relations may be inconsistent with the appearances,
which weakens the performance of classiﬁcation tasks. Therefore, a lot of work
builds visual information tree structures [3,11,13,16,19–21,29]. Some build the
tree structures based on the confusion matrix [3,13,19–21], which is constructed
by the results of a classiﬁer. Others construct the label structure based on the
aﬃnity matrix [11,16,29] calculted by the similarity of any two categories.
Diﬀerent label structures provide various prior knowledge for the underlying
classiﬁcation tasks. Hence integrating these structures can further improve the
performance [33,43]. As shown in Fig. 1, in the mission of “porcupine” classiﬁcation, if one has determined its superclass “s1” and “medium mammals” according
to the label structure based on the aﬃnity matrix and semantics respectively,
then, “porcupine” can be easily determined by combining these two intermediate
results. A straightforward strategy to fuse multiple label structures is constructing a hierarchical classiﬁer for each structure, and the prediction is obtained by
integrating the results of multiple classiﬁers [33]. This idea is simple and eﬃcient,
but in the deep learning scenario, it is memory-consuming and computationally
redundant to design a neural network for each label structure.
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In this paper, a multi-task multi-structure fusion (MMF) model is proposed
to make the superclasses from diﬀerent label structures instruct the subclass
recognition. It achieves this by encouraging the learned feature to satisfy the
multiple similarity constraints in various hierarchical label structures. Speciﬁcally, it is a deep convolutional neural network with two kinds of classiﬁcation
branches: the conventional classiﬁcation branch (CCB) used for identifying subclasses, and the multiple superclass classiﬁcation branches (MSCBs), where each
branch is responsible for recognizing the superclasses deﬁned by a speciﬁc label
structure.
Our main contributions are summarized in three folds: 1) We ﬁnd that integrating multiple label structures can further improve the performance of hierarchical classiﬁcation, and propose a MMF model to combine diﬀerent hierarchical label structures. 2) Further, various architectures of our MMF model are
explored for better classiﬁcation. 3) We adjust the hierarchical evaluation metrics
for multiple label structures. Experimental results on CIFAR100 and Car196 are
better than traditional ﬂat classiﬁers and hierarchical classiﬁers with any single
label structure.

2

Related Work

2.1

Hierarchical Classification

The traditional methods decompose the hierarchical classiﬁcation task into several subtasks and train a subclass classiﬁer for each superclass node independently [3,9,13,29]. However, this strategy is memory-consuming and computing
expensive for storing and training many subclass classiﬁers. Therefore, these
methods are not suitable for deep learning. For deep hierarchical classiﬁcation,
Frome et al. [12] constructs a deep visual-semantic model by re-training the lower
layers of the pre-trained visual network to predict the vector representation of
the image label text in the hierarchical label structure learned by the language
model. Barz & Denzler [2] design an algorithm to map the labels into a unit
hypersphere where the cosine distances between diﬀerent labels are equal to the
distance in the hierarchical label structure.
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…
…
…
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tree
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…
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Fig. 2. The architecture of our MMF model with a ﬁve-stage CNN.
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Besides the implicit label embedding, many researchers want to explicitly
model the hierarchical label structure. Wu et al. [36] adds one fully connected
softmax layer for each layer in the hierarchy to make the network recognize both
the superclasses and the subclasses. But in this work, the relations between the
superclasses and subclasses are underutilized. Bertinetto et al. [4] adds a weight
matrix between the superclass classiﬁer and the subclass classiﬁer, thus, predictions of the superclass can be propagated to and aﬀect the predictions of the
subclass through the weight matrix. Ahmed et al. [1] trains a network to provide
superclasses information and common knowledge through shared features to a
set of expert networks, each of which devoted to recognizing the subclasses of a
speciﬁc superclass. Therefore, the multi-task framework has been proved eﬃcient
for hierarchical classiﬁcation.
2.2

Multiple Label Structures Fusion

As we have mentioned, diﬀerent label structures provide diﬀerent priori knowledge for hierarchical classiﬁcation, thus, integrating these structures can further
improve the performance. Wang et al. [33] constructs a classiﬁer for each label
structure, and the prediction of a test sample is obtained by integrating the
results of multiple classiﬁers. This idea is simple and eﬃcient, but in the deep
learning scenario, it is memory-consuming and computationally redundant to
design a neural network for each label structure. Instead of training multiple
subclass classiﬁers, Zhao et al. [43] fuses multiple category similarities deﬁned
by diﬀerent label structures in the kernel space, then trains one kernel SVM classiﬁer. Inspired by this idea, we propose a multi-task multi-structure framework
to make the superclasses from diﬀerent label structures instruct the subclass
recognition by encouraging the learned features to satisfy the multiple similarity
constraints in diﬀerent label structures.

3
3.1

Method
Problem Definition

Given an image dataset D with N classes, after M label structure construction
methods applied, we can obtain M tree-like label structures. Except for the
layer containing the root node, each layer in the structure is equipped with a
speciﬁc classiﬁer to decide the category in the current layer. To simplify the
problem, all the structures covered in this paper are arranged with three levels.
Take the right side of Fig. 2 as an example, a label structure is represented as
Hm = {R, CSm , C}, where R is the root node, CSm is the superclass set in
Hm , and C is the subclass set. Consequently, given a sample x in D, its labels
compose of one subclass c and M superclasses csm . For hierarchical classiﬁcation
with multiple label structures, all these superclasses should be predicted.
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Fig. 3. The construction of HA on CIFAR100. (a) Samples from CIFAR100 dataset.
(b) Feature representations devided from 100 classes in images. (c) The aﬃnity matrix
obtained from the features. (d) HA with 30 superclasses after spectral clustering.

3.2

Multi-task Multi-structure Fusion Framework

Assumed that multiple label structures have been obtained, the MMF model
can be constructed, which includes two kinds of classiﬁcation branches: CCB is
a classiﬁcation branch with a traditional classiﬁer to identify the subclass, while
MSCBs are several classiﬁers for the superclass identiﬁcation. Figure 2 shows an
overview of our model. All MSCBs work in parallel to encourage the features
derived from the network to meet various similarity constraints in diﬀerent label
structures, guiding CCB to make more accurate predictions.
MSCBs The MSCBs contains multiple superclass classiﬁers. As shown in
Fig. 2, the “Hm classiﬁer” in MSCBs completes its task based on the label structure Hm . As the superclasses are more generic than the subclasses (e.g., medium
mammals and porcupine in Fig. 1(c)), and the high-level features usually contain
more details to discriminate the subclasses, MSCBs should be inserted in the
early stages. We will explore the inﬂuence of various network stages to attach
the MSCBs in the following experiments.
3.3

Multiple Label Structures

For a dataset D, we introduce two kinds of Hm to construct our MMF model:
the semantic label structure HS and the visual label structure HA based on the
aﬃnity matrix.
HS Usually, a semantic structure is adopted to organize the data. Take
CIFAR100 as an example: there is a three-level semantic hierarchical label structure (one root node, 20 superclasses, and 100 subclasses) in the dataset (like Hm
in Fig. 2). We adopt this semantic structure HS inherent in the datasets in our
paper.
HA We construct a visual label structure based on the aﬃnity matrix through
two stages as shown in Fig. 3: feature extraction and label structure construction. For feature extraction (from (a) to (b)), we use a pre-trained VGG16 to
extract features. Then, for label structure construction, we adopt sample pairwise distance to calculate the similarity between any two categories (from (b)
to (c)), and simplify the calculation with [29] by Eq. (1), where ci is the i-th
class, and Qci , σci are the mean and variance of features in ci . Then the aﬃnity
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matrix A can be constructed by Eq. (2), where δij is a self-tuning parameter
[30], and we take 1 in our work. Finally, we use spectral clustering [24] to build
the corresponding HA (from (c) to (d)).

2
dis(ci , cj )2 = Qci − Qcj  + σc2i + σc2j .
Aij = exp(−
3.4

dis(ci , cj )
).
δij

(1)
(2)

Hierarchical Measures

As it is a multi-structure fusion work, we add the hierarchical information to
the evaluation measures, and consider the similarity between the predicted class
and the ground truth, i.e., the severity of the classiﬁer’s mistakes. However, the
existing evaluation measures [42] such as hierarchical F1 -measure (FH ), the tree
induced loss (T IE) and the lowest common ancestor (LCA) of the prediction
and the ground truth, are designed for a single label structure. Therefore, we
adjust the above three measures to ﬁt our method.
FHa The traditional precision P and recall R rate are extended to the hierarchical precision PH and recall RH rate, which can well measure the severity of
mistakes, as the error in the superclasses is more serious than that in the subclasses. As our MMF deals with multiple label structures, we take the average
of all PH and RH in each label structure. FHa is calculated from PHa and RHa :

PHa
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∩
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=
=
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M m=1
M m=1
C ˆ 

(3)

aug

FHa =

2 · PHa · RHa
,
PHa + RHa

(4)

m
ˆ is the predicted extension
where M is the number of the label structures, Caug
set which contains the class nodes on the path from the root class to the predict
m
is the real extension set which contains the class nodes on
subclass in Hm , Caug
the path from the root class to the real subclass in Hm , and | · | is an operator
to calculate the number of the elements.
TIEa In the tree structure, the total number of edges from the predicted
node to the real node along a speciﬁc label structure is represented as T IE
distance. To deal with multiple label structures, we introduce T IEa to average
all the T IE distances in each label structure by Eq. (5), where |Edgem (c, ĉ)|
is the number of edges from the predicted node ĉ to the real node c in Hm .
Accordingly, the smaller the T IEa , the more similar the predicted class is to the
real class.
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T IEa =

M
1 
|Edgem (c, ĉ)| .
M m=1
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(5)

LCAa We modiﬁed the LCA height to the mean value of all LCA heights
in each label structure to obtain LCAa by Eq. (6), where Heightm (c, ĉ) is the
lowest common ancestor height between the predicted node ĉ and the real node
c in Hm . A smaller LCAa means a smaller classiﬁcation error.
LCAa =
3.5

M
1 
Heightm (c, ĉ).
M m=1

(6)

Traing and Inference

The multi-task loss for MMF model contains a CCB loss and several MSCBs
losses denoted by Eq. (7), where φ(x; θ) is a classiﬁcation network, the parameter
θ is learned by minimizing our loss function. ĉ , csˆm are the predicted subclass
and superclass, c, csm are the ground truth of subclass and superclass in Hm
M
respectively. λm is the constraint intensity of “Hm classiﬁer”, and λ = m=1 λm .
We use the standard cross entropy loss to compute LCCB and LHm .
L(φ(x, θ), c, CS ) = (1 − λ) ∗ LCCB (ĉ, c) +

M


λm ∗ LHm (csˆm , csm ).

(7)

m=1

When training, samples with diﬀerent hierarchical label structures are input
into the framework for multiple rounds of iterative training. MSCBs impose
constraints on the network through the multi-task loss, aﬀecting the prediction
of subclasses. When it comes to inference, the ﬁnal predicted result of subclass
is decided by CCB only.

4
4.1

Experiments
Experimental Settings

Datasets. We conduct experiments on two benchmark datasets CIFAR100 and
Car196. In CIFAR100, there is a total number of 100 categories belonging to
20 semantic superclasses on average. Car196 is a ﬁne-grained dataset containing
196 subclasses from three diﬀerent kinds of semantic superclasses “Make” (49
categories), “Type”(18 categories), and “Year”. We choose “Make” and “Type”
as the semantic label structures because “Year” is not discriminative. We also
construct a three-level HA for each dataset.
Backbones. The backbones of our network are VGG16 [31] and ResNet50 [32]
trained from scratch. Note that there are ﬁve stages in both backbones.
Evaluation Metrics. Four evaluation metrics are considered in our work to
fully analyze the classiﬁers’ results. Besides the ﬂat measure top-1 accuracy
(Acc), we also adopt three hierarchical measures proposed before to better evaluate the performance of the classiﬁers.
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Table 1. The subclass performance with diﬀerent HA .

Dataset
CIFAR100

Car196

N umsuper

VGG16

ResNet50

Acc(↑)

FHa (↑)

T IEa (↓)

LCAa (↓)

Acc(↑)

FHa (↑)

T IEa (↓)

LCAa (↓)

18

72.67

84.15

0.9509

0.4754

79.20

88.12

0.7130

0.3565

20

72.51

84.07

0.9558

0.4779

79.01

88.04

0.7176

0.3588

25

72.46

83.78

0.9733

0.4867

79.13

87.93

0.7240

0.3620

30

72.95

84.04

0.9574

0.4787

79.21

87.91

0.7252

0.3626

15

82.67

91.70

0.4979

0.2490

90.19

95.44

0.2738

0.1369

18

81.04

90.87

0.5478

0.2739

89.17

95.06

0.2963

0.1482

20

82.42

91.47

0.5116

0.2558

89.69

95.22

0.2865

0.1433

30

79.58

89.38

0.6370

0.3185

89.06

94.47

0.3321

0.1660

40

79.09

88.66

0.6804

0.3402

89.26

94.33

0.3402

0.1701

50

79.76

89.05

0.6569

0.3285

89.67

94.50

0.3297

0.1649

Fig. 4. (a) MSCBs attached in diﬀerent stages on CIFAR100. (b) and (c) are the constraint intensities of MSCBs on CIFAR100 and Car196 respectively. Note that results
in the ﬁrst row are for VGG16, and the second are for ResNet50.

4.2

Ablation Study

The impact of HA , the network stages to attach MSCBs, and the constraint
intensity λ on the model’s performance is explored in the following ablation
experiments. Note that all the ablation studies are adapted both VGG16 and
ResNet50 backbone on CIFAR100 and Car196, in order to show the generalization of our model.
HA s As HA is three-level, the number of superclasses decides its structure.
To obtain a suitable number of superclasses, we perform a series of ablation
experiments on our MMF model with a singe label structure HA . Referring to
the number of superclasses in HS , We vary the number of HA ’s superclasses in
[18, 20, 25, 30] for CIFAR100 , and [15, 18, 20, 30, 40, 50] for Car196. According
to the results of Table 1, we select the HA with 30 superclasses for CIFAR100,
and 15 for Car196.

MMF for Hierarchical Image Classiﬁcation

69

Table 2. The subclass performance of VGG16.
Dataset

Method

Structure

N umclass

λ

Acc(↑)

FHa (↑)

T IEa (↓)

LCAa (↓)

CIFAR100

Greedy [3, 17]

HS

100/20

–

70.09

81.98

1.0811

0.5405

Car196

NBPath [29]

HS

100/20

–

70.49

82.23

1.0664

0.5332

MMF

w/o H

100

–

72.20

83.35

0.9991

0.4995

HA

100/30

0.1

73.27

84.97

0.9015

0.4507

HS

100/20

0.1

73.25

84.70

0.9179

0.4590

HA&S

100/30/20

0.15

73.37

84.79

0.9127

0.4563

HT

196/18

–

51.45

73.89

1.5663

0.7832

HM

196/49

–

54.05

75.40

1.4763

0.7381

HT

196/18

–

52.99

74.71

1.5172

0.7586

HM

196/49

–

55.30

76.05

1.4373

0.7186

w/o H

196

–

74.63

87.88

0.7273

0.3637

HA

196/15

0.6

82.67

91.70

0.4979

0.2490

HT

196/18

0.4

82.35

91.34

0.5344

0.2672

HM

196/49

0.3

82.24

91.89

0.4864

0.2432

HA&T

196/15/18

0.3

82.67

92.23

0.4661

0.2330

HA&M

196/15/49

0.3

81.62

91.77

0.4938

0.2469

HT&M

196/18/49

0.2

80.69

91.44

0.5134

0.2567

HA&T&M

196/15/18/49

0.2

83.67

92.88

0.4274

0.2137

Greedy [3, 17]
NBPath [29]
MMF

MSCBs . An important thing for our MMF model is where to insert the classiﬁers for superclasses. We explore it with HA , HS and multiple structures HA&S
on CIFAR100, and the results with λ = 0.2 are shown in Fig. 4(a). One interesting phenomenon can be observed in the both backbones: adding the superclass
classiﬁers in the early stages is more eﬀective. The reason may be that the lowlevel features are more generic and lose details of the high-level features for
subclasses identiﬁcation. So in the experiments, we insert MSCBs in the early
stages to make our MMF model ﬁrstly grasp general concepts, then the CCB
captures details in each concept to discriminate subclasses.
λ: We ﬁx MSCBs on the stage where the best performance is achieved, then
vary λ in [0.1, 0.8]. In Fig. 4(b) and (c), experimental results on the subclasses
show that diﬀerent Acc obtained by adjusting λ. With a larger λ (λ ≥ 0.1), the
performance on the subclasses is worse than the MMF w/o H. And it’s not weird
that results of diﬀerent label structures don’t coincide exactly because they have
diﬀerent similarity constraints, corresponding to diﬀerent constraint strengths.
In the following experiments with a single label structure, we set λ with the best
performance. And for multiple label structures, λm is set to the same values for
the sake of making these label structures act equally, varying within the range
of the λ which achieved the best results in the single label structures.
4.3

Experimental Results and Analyses

Our deep MMF model with diﬀerent single label structures and their combinations is compared with two methods based on the top-down strategy. For the
top-down methods, we choose two methods which are based on the greedy selection at each hierarchy (Greedy) [3,17] and the N-Best Path (NBPath) [29]. To
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Table 3. The subclass performance of ResNet50.

Dataset

Method

Structure

N umclass

λ

Acc(↑)

FHa (↑)

T IEa (↓)

LCAa (↓)

CIFAR100

Greedy [3, 17]

HS

100/20

–

76.22

85.68

0.8594

0.4297

Car196

NBPath [29]

HS

100/20

–

76.44

85.78

0.8535

0.4267

MMF

w/o H

100

–

78.50

87.22

0.7668

0.3834

HA

100/30

0.1

79.38

88.14

0.7114

0.3557

HS

100/20

0.1

79.51

88.28

0.7034

0.3517

HA&S

100/30/20

0.15

79.52

88.28

0.7029

0.3514

HT

196/18

–

86.80

93.30

0.4022

0.2011

HM

196/49

–

87.30

93.57

0.3855

0.1928

HT

196/18

–

87.40

93.63

0.3823

0.1911

HM

196/49

–

87.69

93.78

0.3732

0.1866

w/o H

196

–

88.66

94.84

0.3097

0.1548

HA

196/15

0.3

90.19

95.44

0.2738

0.1369

HT

196/18

0.3

90.10

95.44

0.2736

0.1368

HM

196/49

0.3

89.92

95.59

0.2645

0.1322

HA&T

196/15/18

0.1

90.20

95.72

0.2567

0.1283

HA&M

196/15/49

0.1

89.45

95.41

0.2756

0.1378

HT&M

196/18/49

0.2/0.1

90.42

95.89

0.2468

0.1234

HA&T&M

196/15/18/49

0.05

90.29

95.87

0.2477

0.1239

Greedy [3, 17]
NBPath [29]
MMF

improve the performance, we adopt features extracted from a carefully ﬁne-tuned
VGG16 or ResNet50, which is the backbone in our MMF model. Then kernel
SVMs are employed as the classiﬁers at each hierarchy. For our MMF model,
we adopt diﬀerent label structures as shown in Table 2 and Tabel 3. “w/o H”
means MMF model without any hierarchical structures, which is a traditional
classiﬁcation network contains a backbone and a classiﬁer for subclass classiﬁcation. “HT ” and “HM ” are the semantic structures based on “Type” and “Make”
respectively, and “HA&S ” (i.e., HA and HS ) etc. are multiple label structures.
Table 2 and Table 3 show the results of VGG16 and ResNet50 on CIFAR100
and Car196, respectively. Note that in the multi-structure models, the performance of the subclass classiﬁers achieves the best performance when the λm for
diﬀerent structures is equal, except for HT&M in ResNet50. It can be concluded
that: 1) For the subclass classiﬁer performance, our MMF model with a single structure is better than the top-down methods with a considerable margin,
which veriﬁes the eﬃciency of the end-to-end training. 2) Besides, MMF with
any single structure achieves better performance than “w/o H”, indicating the
beneﬁt of the superclass classiﬁers. 3) Furthermore, MMF with multiple label
structures performs better than any single one, which conﬁrms our assumption
that multiple label structures can provide richer similarity constraints to improve
the performance of the subclass classiﬁer. 4) The gain in hierarchical evaluation
metrics is more obvious than the ﬂat measure Acc, indicating that predictions in
our MMF model are more closer to the ground truth (i.e., a less serious mistake).
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Conclusion

In this paper, we have constructed a multi-task multi-structure fusion model for
hierarchical classiﬁcation. Various factors have been explored, such as diﬀerent
label structures based on the aﬃnity matrix, the stages to attach the superclass
classiﬁers, and theconstraint intensities. Besides, the hierarchical evaluation metrics have been adjusted to ﬁt the classiﬁcation with multiple label structures. The
experimental results demonstrate that diﬀerent label structures provide various
prior knowledge for the subclass classiﬁer. Meanwhile, integrating these multiple
label structures can achieve better results.
In this work, relations of the subclass and its superclasses are impplicitly
modeled by the weighted multi-task loss function. In the future, we will explore
more direct ways to utilize multiple label structures.
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Abstract. Medical image segmentation is a fundamental technology for
computer-aided diagnosis and clinical disease monitoring. Most of existing deep learning-based methods solely focus on the region and position
of objects without considering edge information which provides accurate contour of objects and is beneﬁcial to medical image segmentation. In this paper, we propose a novel Global-Local fusion UNet model
(GLUNet) to address above problem, which contains a Global Attention Module (GAM) and a Local Edge Detection Module (LEDM). In
GAM, we embed residual block and convolution block attention module
to capture contextual and spatial information of objects. Meanwhile, to
obtain accurate edge information of objects in medical image segmentation, we devise the LEDM to integrate edge information into our model.
We also propose a multi-task loss function that combines the segmentation loss and the edge loss together to train our GLUNet. Experimental
results demonstrate that our proposed method outperforms the original
U-Net method and other state-of-the-art methods for lung segmentation
in Computed Tomography (CT) images, cell/nuclei segmentation and
vessel segmentation in retinal images.
Keywords: Medical image segmentation · Neural networks
Attention mechanism · Edge detection · Multi-task learning

1

·

Introduction

Medical image segmentation is a vastly signiﬁcant task for quantitative disease
diagnosis, pathology assessment and treatment planning, which is closely related
to clinical applications. Nevertheless, automatic or semi-automatic segmentation
of object regions from medical images is a challenging assignment due to the high
complexity of medical images, the vast diﬀerence of object regions and the lack
of simple and eﬀective linear information.
With the wide application of convolutional neural network (CNN) [8], deep
learning-based methods [12,20,25] are proposed for medical image segmentation
and achieve superior performance. But these methods only utilize the abstract
information of the multi-scale feature maps without considering the diﬀerent contributions between high-level and low-level features. Recently, massive studies
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[5,10,13,17] have shown that attention mechanism augments the global attention capability of the model and can obtain detailed information about medical
images while suppressing irrelevant information. Attention Gate (AG) for spatial attention is proposed in [10] and an image-grid based gate that makes the
coeﬃcient of attention speciﬁc to the target region is introduced. In [13], the
self-supervised approach utilizes regularization constraints to generate semantically meaningful segmented maps. However, these methods solely focus on the
global region and shape representation, which leads to discontinuous boundary
and blurred details of segmented organs. Some methods including [16,21,24]
introduce edge detection into their proposed model, which can extract the local
contour feature of the object and reﬁne the shape feature in theory.
In this paper, we combine the beneﬁts of these models mentioned above
and propose a novel method to aggregate dense pixel information and reﬁne the
global shape features. Speciﬁcally, we apply a U-like architecture as our backbone
network, and augment it with attention mechanism and edge detection strategy
to consider global region information and local edge information together.
The contributions of this paper are listed as follows: (1) We propose a globallocal fusion U-Net to learn representation eﬀectively. (2) To highlight the global
features, we introduce the attention mechanism and residual block to make our
model focus on the target region and position information. We also utilize an edge
detection module to optimize the encoder of our model and assist in learning local
edge features. (3) The experimental results demonstrate that our proposed GLUNet outperforms other state-of-the-art methods on three benchmark datasets.

2

Related Work

With the emergence of the Full Convolutional Network (FCN) [14], many methods [10–13,18,24,25] have been studied for medical image segmentation. U-Net
[12] is one of the encoder-decoder models based on FCN, which is composed of
a contracting path and an expanding path, and the two paths are symmetric
to each other. Specially, through skip connection, the diﬀerent features in the
contracting path and the expanding path are combined, which can help U-Net
achieve high accuracy in segmentation. U-Net++ [25] propose nested dense skip
connections to further narrow the semantic gap between the feature mapping of
encoder and decoder.
When human vision captures an image, it obtains abundant information
from the relevant areas and suppresses other irrelevant information [6]. Attention mechanism simulates human visual architecture that has been widely used
in various ﬁelds, such as image processing, natural language processing or speech
recognition. Attention U-Net [10] and CA-Net [5] apply attention mechanism to
improve the sensitivity and accuracy of models. They suppress feature activation in irrelevant regions and realize high segmentation accuracy without additional location modules. Woo et al. [17] propose the attention mechanism of the
convolution module, CBAM, where the attention maps are added to the input
features for adaptive feature reﬁnement through two independent channel and
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spatial dimensions. Guo et al. [19] integrate squeeze and excitation blocks into
U-Net deformation network and achieve successful performance in medical image
segmentation.
Edge detection methods [16,21,23,24] are gradually applied to image segmentation. Determining and extracting the image edge information is greatly
important for recognizing and understanding the whole image scene. For example, Deeptour [16] proves that the features learned from CNN can improve the
accuracy of edge detection. To learn more distinguishable features, Deeptour
also proposes a positive-sharing loss function. To utilize the correlation between
encoder and decoder, Dense R2UNet [4] introduces residual network and dense
convolutional network to improve the segmentation performance. Furthermore,
SUD-GAN [18] and M-GAN [11] respectively propose deep convolutional adversarial network with deep residual blocks or dense blocks to conduct accurate and
precise vessel segmentation.

3

Proposed Method

Figure 1 illuminates the architecture of our proposed Global-Local fusion U-Net
(GLUNet) which is mainly composed of two modules – a Global Attention Module (GAM) and a Local Edge Detection Module (LEDM). The overall backbone
of GLUNet is similar to U-Net which is an encoder-decoder structure responsible
for feature extraction and up-sampling respectively, and features are augmented
by the skip connections at each resolution level. The diﬀerence between our
model and U-Net is that the encoder of our GLUNet is replaced with dense
blocks from DenseNet-121 [7]. Speciﬁcally, in our GLUNet, we embed the GAM
in each skip connection to obtain the global region information of the object
more accurately, which can extract dense pixel information and features from
channel and spatial dimensions. Besides, we propose that on top of producing
ﬁner segmentation, LEDM encourages the model to learn object edge information. LEDM, explained in detail in Sect. 3.2, can supervise and optimize the
encoder in the early stage, and ﬁne-tune the image segmentation eﬀect in the
later stage.
3.1

Global Attention Module

U-Net fuses feature maps output by the encoder with the feature maps of lower
decoder that capture more spatial and contextual information. Naturally, we
would like to focus more on extracting image feature maps in the process of
image segmentation to decrease information redundancy. Woo et al. [17] propose
the convolution block attention module (CBAM), which multiplies the attention
map to the input feature map for adaptive feature reﬁnement through two independent channel and spatial dimensions, so that it can focus on the object.
Inspired by them, we propose a global attention module (GAM), as shown in
Fig. 2, which is comprised of two residual blocks and CBAM after the feature
maps extracted by the encoder.
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Fig. 1. Illustration of our proposed Global-Local fusion U-Net. The proposed architecture is composed of two main module - the Global Attention Module (GAM) that
captures the global region information and the Local Edge Detection Module (LEDM)
that learns local edge information. ‘Conv.’ represents the convolutional layer, while ‘U ’
and ‘C’ represent the upsampling and concatenation, respectively.

CBAM is a lightweight module, including channel attention mechanism and
complementary spatial attention mechanism, both of which use average-pooling
and max-pooling. In the channel attention module, the feature map F performs
the global average-pooling and max-pooling along the spatial dimension, gener
. Both descriptors are then input to
ating two channel descriptors: Ca and Cm
a shared network that is composed of multi-layer perceptron with one hidden
layer to produce our channel attention map Mc . In the spatial attention module,
F  = Mc ⊗ F also performs two pooling operations along the channel dimension,

. Those are then concatenated and congenerating two 2D maps: Ca and Cm
volved by a standard convolution layer, producing 2D spatial attention map Ms .
In the two attention modules, Mc and Ms multiply with the original feature to
obtain the new feature after scaling. On this basis, in order to prevent the loss
of information in the feature extraction process, we add residual blocks before
and after the CBAM. The residual block is composed of two normalized 3 × 3
convolutional layers with a skip connection, which is greatly easy to learn the
identity function. It not only retains the original feature information, but also
learns the more abstract feature information.
Given the input feature F , GAM feeds it into residual blocks and attention mechanism to capture feature maps Mc and Ms along channel and spatial
dimensions respectively. In short, our GAM is calculated as follows:
AG = R(R(F ) ⊗ Mc ⊗ Ms ),

(1)

Atotal = F + AG ,

(2)
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Fig. 2. Details of Glocal Attention Module (GAM). GAM is mainly a CBAM architecture, which is combined with residual blocks to extract abundant feature information
along channel and spatial dimensions. Right: Residual Block.

where AG is the feature of the backbone and R(F ) denotes the features output
by the residual block. Operator ⊗ denotes element-wise multiplication.
3.2

Local Edge Detection Module

As stated in Sect. 3.1, GAM solely focuses on the object region information
without considering the edge information which is beneﬁcial to reﬁning object
edge. Hence, we devise a novel local edge detection module (LEDM) to capture
local edge features. We embed the LEDM in each layer of the encoding path, as
shown in Fig. 1. To our knowledge, lower-level features preserve more suﬃcient
edge information than higher-level features. Therefore, in this module the feature
weights of encoders decrease with the increase of layers, which means that the
weights of earlier layers are relatively larger in the concatenation process. LEDM
provides two main functions: First, it supervises and optimizes the early convolutional layers using loss functions. Furthermore, the output of LEDM reﬁnes
the process of segmentation in the decoder.
As shown in Fig. 1, to ensure that the outputs of all encoder layers can
be connected together, the outputs of other layers are upsampled to the same
resolution as the outputs of E1 by ‘×2’, ‘×4’ and ‘×8’. After that, they are fed
separately into the Edge Block which consists of 1×1−3×3 convolutional layers
and then concatenated together. Let C1×1 (x) and C3×3 (x) denote the normalized
1 × 1 and 3 × 3 convolution function applied on feature map x. Formally, denote
the LEDM feature maps as Lk where k is the layer number in our LEDM. Then,
Lk is computed as,
Lk = C3×3 (C1×1 (x)) + C3×3 (C1×1 (x × 2)),

(3)

where ‘×2’ denotes that the scale factor of upsampling is 2. During concatenation, the weights of features of each edge block decrease as the number of block
increases. The concatenated features ﬂow to one of the following two branches: a
1 × 1 convolutional layer to predict the edge detection results for early supervision, or another 1 × 1 convolutional features to be conducive to the segmentation
of GLUNet. In the latter branch, the output of LEDM is then concatenated with
the decoder feature maps before the last normalized 3 × 3 convolution layer.
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Multi-task Loss Function

Our proposed GLUNet adopts a multi-task learning framework with diﬀerent
loss functions to optimize image segmentation and edge detection. The Lovāsz −
Sof tmax loss [3] is used in our LEDM, since it performs better than the common
cross entropy loss [22] in image segmentation for the IoU index measure and class
imbalanced problems. The loss can be formulated as:
loss(f ) =

1 
ΔJc (m(c)),
|C|

(4)

c∈C


mi (c) =

1 − fi (c)
fi (c)

if c = yi∗ ,
otherwise,

(5)

where C denotes the class number, i.e., 2. fi (c) ∈ [0, 1] is the output score of
class c, and yi∗ ∈ {−1, 1} is the ground truth label. ΔJc is the Lovāsz extension
of the Jaccard index [3].
Same as edge detection based on LEDM, our GAM also utilizes Lovāsz loss
function. Thus, in GLUNet, our loss function is deﬁned as:
Ltotal = Lseg + (1 − )Ledge ,

(6)

where Lseg and Ledge denote the loss of GAM and LEDM, respectively.  is a
hyperparameter, denoting the weight of the loss function.

4
4.1

Experiment
Datasets

To evaluate the robustness and accuracy of our model, we conduct experiments
on three standard medical image datasets. Examples of these datasets are shown
in Fig. 3 and the details are as follows.
Lung Segmentation in CT Images: The dataset [9] is from the Lung
Nodules Analysis Competition, which contains 214 images for training and 53
images (size: 512 × 512) for testing. They are obtained by a 2D CT scan and
manually labeled with a lung mask, and are used as the basis for diagnosing lung
diseases.
The Nucleus Detection Challenge (DSB2018): The dataset [1] includes
nuclear images under diﬀerent conditions such as cell types, magniﬁcation and
imaging modality, which is suitable to evaluate the performance of models. It
contains 670 images (size: 256 × 256) for training and testing.
Vessel Segmentation in Retinal Images: The dataset [15] is a retinal
vascular detection dataset. DRIVE [15], provides two kinds of manually annotated masks, one of which, according to our opinion, has little eﬀect on the task
of image segmentation. Therefore, we use the ﬁrst mask data containing retinal blood vessels as the ground truth for performance evaluation. The dataset
contains 20 images for training and 20 images (size: 565 × 584) for testing.
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Fig. 3. Samples of three datasets. (a) Lung segmentation in CT images; (b) The
Nucleus Detection Challenge; (c) Retinal Vessel Detection.

4.2

Data Processing and Implementation Details

In data processing, we resize all the input images of the three datasets to satisfy
the requirements of models. In terms of data augmentation, we ﬂip each image
horizontally and vertically. Besides, we add Gaussian white noise with variances
of 0.001 and 0.01 to the lung dataset and the nuclear dataset following MUNet
[20]. We train our proposed GLUNet architecture from scratch on an NVIDIA
GeForce GTX 1070 Ti in the experiments. The implementation is based on
PyTorch (version 1.1.0), and our model is optimized with the Adam optimizer.
The grid search method is adopted to select the optimal parameters of our model.
According to the results, we set the learning rate as 0.0001, the batch size as 16
and the hyperparameter  in loss function as 0.7. During training, we apply early
stopping strategy. For each dataset, the network is trained for 150 epochs, after
which the training loss tends to be stable. Under our experimental conditions,
it takes 2.4 h to train the model once (150 epochs).
4.3

Evaluation of Our Method

Table 1. Quantitative comparison of segmentation results on Lung dataset.
Method

IoU

F1

SE

SP

ACC

AUC

U-Net

0.9352

0.9420

0.9467

0.9431

0.9663

0.9512

R2UNet

0.9421

0.9574

0.9669

0.9583

0.9740

0.9685

Attention UNet

0.9480

0.9578

0.9698

0.9610

0.9756

0.9700

EU-Net

0.9538

0.9622

0.9779

0.9610

0.9776

0.9702

SUD-GAN

0.9632

0.9656

0.9853

0.9674

0.9801

0.9725

M-GAN

0.9636

0.9653

0.9896

0.9715

0.9843

0.9765

U-Net++

0.9684

0.9723

0.9841

0.9737

0.9874

0.9809

Dense R2UNet

0.9707

0.9715

0.9920

0.9721

0.9882

0.9816

GLUNet (Ours) 0.9745 0.9813 0.9943 0.9840 0.9906 0.9889
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To highlight the potential of our method, we compare our model with other
state-of-the-art models on three datasets. Furthermore, to ensure the fairness of
quantitative comparison, the results in the table (including Table 2 and Table 3)
are trained by ourself under the environment of Sect. 4.2. We employ Intersection
over union (IoU), F1-score (F1), Sensitivity (SE), Speciﬁcity (SP), Accuracy
(ACC) and Area Under ROC (AUC) as measurements. It is obvious that our
method outperforms most of the existing methods.
Table 2. Quantitative comparison of segmentation results on DSB2018.
Method

IoU

F1

SE

SP

ACC

AUC

U-Net

0.8731

0.8682

0.9479

0.9263

0.9314

0.9371

R2UNet

0.8772

0.8799

0.9454

0.9338

0.9367

0.9396

Attention UNet

0.8857

0.8823

0.9496

0.9313

0.9372

0.9405
0.9619

EU-Net

0.8903

0.8920

0.9643

0.9625

0.9624

Sahasrabudhe

0.8943

0.9043

0.9732

0.9765

0.9798

0.9703

U-Net++

0.8991

0.9125

0.9712

0.9769

0.9830

0.9722

Dense R2UNet

0.9024

0.9218

0.9784

0.9788

0.9821

0.9853

GLUNet (Ours) 0.9175 0.9273 0.9805 0.9853 0.9842 0.9844

Table 3. Quantitative comparison of segmentation results on DRIVE.
Method

IoU

F1

SE

SP

ACC

AUC

U-Net

0.6942

0.8174

0.7822

0.9808

0.9555

0.9752

R2UNet

0.7018

0.8149

0.7726

0.9820

0.9553

0.9779

Attention UNet

0.7132

0.8171

0.7792

0.9813

0.9556

0.9784
0.9786

EU-Net

0.7184

0.8198

0.8296

0.9822

0.9560

SUD-GAN

0.7208

0.8333

0.8340

0.9820

0.9589

0.9792

M-GAN

0.7372

0.8324

0.8346 0.9836

0.9706

0.9868

U-Net++

0.7518

0.8452

0.8312

0.9831

0.9772

0.9830

Dense R2UNet

0.7756

0.8618

0.8276

0.9869

0.9753

0.9878

GLUNet (Ours) 0.8040 0.8686 0.8302

0.9930 0.9783 0.9897

Similar to R2UNet [2] and Attention UNet [10], our model also employs
the residual block and attention mechanism strategy, and applies them to skip
connection. From Table 1, 2 and 3, we can see that our results are better than
R2UNet and Attention UNet. Compare to them, our model can improve the
performance on F1-score, SE, SP and ACC by more than 2%. Especially on
the DRIVE dataset, our model increases F1-score and SE by 5.37% and 5.76%
respectively.

82

N. Wang and H. Quan

Besides, it’s obvious that EU-Net [23] and Sahasrabudhe [13] achieve competitive performance among above methods, where EU-Net adopts edge guidance
strategy and Sahasrabudhe adopts self-supervised segmentation strategy. We
compare our experimental results with them and all metrics are increased on
the three datasets as shown in Table 1, 2 and 3.
Dense R2Unet [4], which is a synthesis of recurrent, residual and dense convolutional network, achieves high performance. Our method is a mixture of residual
block, attention mechanism and edge detection, which pays attention to global
and local features at the same time. On the lung dataset and DRIVE, experimental metrics are slightly improved compared to the Dense R2UNet. On the
DSB2018, our method has improved on most metrics, only slightly decreased
on AUC. Finally, our GLUNet is also superior to U-Net and U-Net++ in all
metrics.
Table 4. Ablation study on Lung dataset and DSB2018.
Model

Dataset
Lung
DSB2018
IoU
ACC IoU
ACC

4.4

Backbone

0.9352 0.9663 0.8731 0.9314

Backbone + LEDM

0.9479 0.9742 0.8915 0.9534

Backbone + GAM

0.9593 0.9803 0.9048 0.9736

Backbone + GAM + LEDM

0.9745 0.9906 0.9175 0.9842

Ablation Study

To verify the eﬀectiveness of each main module in our GLUNet, we conduct ablation study on lung dataset and DSB2018 respectively, and evaluate the results
with IoU and ACC metrics. Quantitative results of model with diﬀerent structures are tabulated in Table 4. When the overall network only contains Backbone
(U-Net), IoU and ACC are lowest. By adding GAM, the rates of IoU and ACC
have improved signiﬁcantly. We observe an interesting phenomenon, when we
only consider LEDM, the ratio of IoU and ACC is lower than that of GAM only.
As a result, we conclude that the acquisition of whole region of an object is the
most important for the entire segmentation task, followed by edge information.
Furthermore, to verify strength of eﬀect of ResBlock in GAM on our model,
we carry out veriﬁcation according to the following conditions, as shown in
Table 5: Single: GAM with CBAM (without ResBlock); Single-Res1: GAM
with CBAM and one ResBlock (Adding a ResBlock before CBAM); SingleRes2: Our GLUNet; (Single-Res3): GAM with CBAM and there ResBlocks
(Adding an extra ResBlock before CBAM); Single-Res4: GAM with CBAM
and four ResBlocks (Adding an extra ResBlock before and after CBAM).
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Table 5. The IoU and ACC scores in percentage of our GAM with and without
ResBlock evaluated on Lung dataset and DSB2018 validation set split.
Dataset

Metrics Single

Lung

IoU
ACC

0.9689 0.9713
0.9842 0.9866

Single-Res1 Single-Res2 Single-Res3 Single-Res4
0.9745
0.9906

0.9745
0.9907

0.9751
0.9910

DSB2018 IoU
ACC

0.9063 0.9104
0.9785 0.9821

0.9175
0.9842

0.9182
0.9849

0.9187
0.9844

The quantitative experimental results are shown in Table 5. We can see that
our GLUNet achieves the best results when we add two ResBlocks. It can also
be seen that, in our experiment, with the continuously increasing amount of
ResBlock, our time-consuming in training increases, but the results of the experiment have no improvement notably. Finally, we choose to add two ResBlocks
in our model.
4.5

Visual Results

Fig. 4. Visualized results on diﬀerent datasets. (The ground truth ﬁeld is outlined with
red, while the predicted ﬁeld is ﬁlled with white. The diﬀerences in results are marked
with blue blanks but are not limited to these blue blanks). (Color ﬁgure online)

In addition to the quantitative results, we also show some examples for visual
comparison in Fig. 4. According to the visualization results, other state-of-theart methods tend to focus on global segmentation, while our GLUNet is capable
of focusing on both edge details and global regions. The results show that our
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architecture captures global region information and fuses edge information to
reﬁne our object segmentation. We mark some diﬀerent areas with blue blanks
in Fig. 4 to make it clear. The results also indicate that the segmentation eﬀect
of GLUNet is better than that of other state-of-the-art methods.

5

Conclusion

In this paper, we propose a Global-Local fusion U-Net (GLUNet) for medical image segmentation, the backbone of which is similar to U-Net network. In
GLUNet, the backbone is used for the overall segmentation task, and the global
attention module (GAM) is used to focus on the region information of the object,
so that the module can extract the feature maps of the object, just like human
visual attention. Meanwhile, the local edge detection module (LEDM) is used to
extract the edge information mainly including the features of the shallow layers
of the encoder, so as to supervise the encoder and ﬁne-tune the region information of the whole object. Our extensive experimental results demonstrate that our
method outperforms the state-of-the-art segmentation methods on various medical datasets. In future research, we will extend our approach to 3D segmentation.
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Abstract. Textbook question answering (TQA) is a multi-modal task
that requires complex parsing and reasoning over scientiﬁc diagrams
and long text to answer various types of questions, including true/false
questions, reading comprehension, and diagram questions, making TQA
a superset of question answering (QA) and visual question answering
(VQA). In this paper, we introduce a Multi-Head TQA architecture
(MHTQA) for solving the TQA task. To overcome the long text issue, we
apply the open-source search engine Solr to select sentences from lesson
essays. In order to answer questions that have diﬀerent input formats and
share knowledge, we build a bottom-shared model with a transformer
and three QA networks. For diagram questions, previous approaches
did not incorporate the textual context to produce diagram representation, resulting in insuﬃcient utilize of diagram semantic information.
To address this issue, we learn a contextualized diagram representation
through the novel Contextualized Iterative Dual Fusion network (CIDF)
using the visual and semantic features of the diagram image and the lesson essays. We jointly train diﬀerent types of questions in a multi-task
learning manner for knowledge sharing by an eﬃcient sampling strategy
of Multi-type Question Learning (MQL). The experimental results show
that our model outperforms the existing single model on all question
types by a margin of 4.6%, 1.7%, 1%, 1.9% accuracy on Text T/F, Text
MC, Diagram, and overall accuracy.

Keywords: Question answering
Multi-task learning

1

· Visual question answering ·

Introduction

Question answering (QA) is a hot topic in the natural language processing (NLP)
community. For many years, QA focuses on building a text processing system
that can answer questions posed by humans [7]. Recently, visual question answering (VQA) has received increasing attention in the ﬁeld of artiﬁcial intelligence
c Springer Nature Switzerland AG 2021
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Lesson

Questions
Photosynthesis

What Is Photosynthesis
What is the source of glucose for living things? It is made
by plants and certain other organisms. The process in
which glucose is made using energy in light ……

Making Glucose
Chemical energy that organisms need comes from food.
The nearly universal food for life is the sugar glucose.
Glucose is a simple carbohydrate with the chemical
formula C6 H12 O6 ……
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Diagram

Text T/F
The chemical formula for glucose is
C6H12O6
The second stage of photosynthesis takes
place in the cytoplasm.

Text MC

…

The first stage of photosynthesis
requires
A. carbon dioxide
B. water
C. oxygen
D. none of the above

which gas enters the plant and is
necessary for photosynthesis?
A. carbon dioxide
B. oxygen
C. glucose
D. light energy

Fig. 1. Content of Photosynthesis lesson in the TQA dataset. The lesson contains
abundant essays, and the following questions have three types: text T/F, Text MC,
and diagram. The knowledge required for answering questions is bounded to the lesson
essays.

as it is the intersection of NLP and computer vision (CV). VQA system takes a
natural image and the corresponding question as input and outputs the answer
in the natural language form [2]. To build a more realistic QA system, Kim et
al. [10] published a new challenging dataset, the textbook question answering
(TQA). The TQA dataset comprises many lessons, and each lesson contains
abundant essays and three types of questions. Figure 1 shows the content of the
Photosynthesis lesson in the TQA dataset, accompanying three types of questions: the true/false questions Text T/F, the reading comprehension questions
Text MC and the diagram questions Diagram. TQA is a superset of text QA
and visual QA since the text QA does not have the image, while the visual QA
does not have the lesson essays.
Over 75% of TQA lessons have at least 50 sentences, making it almost impossible to load the entire lesson into memory for calculation. Previous works [11,13]
use TF-IDF to select important sentences to overcome this so-called long text
issue. Parsing and reasoning abilities are required to answer TQA questions, not
just simple words matching. Another characteristic of the TQA that makes it
rather challenging is the diagram questions. People use scientiﬁc diagrams to
illustrate scientiﬁc phenomenons or processes that occur in the real world. Thus,
diagrams are more abstract than natural images and hard to generalize and
understand. Speciﬁcally, objects in the natural images are limited to common
objects in daily life, such as persons, cars, and cats. But objects that appear in
the diagram are various. For instance, we might ﬁnd microzooplankton in a food
web diagram, mantle in a geography diagram. We believe that the lesson essay
is the key to understand what the diagram image conveys.
Although TQA has three question types, recent work [5] deal with diﬀerent
question types separately, ignoring the correlations between diﬀerent types of
questions. In this work, we introduce a Multi-Head TQA architecture (MHTQA)
that can answer all categories of questions in a uniﬁed framework. First, we
apply the open-source search engine Solr to select sentences from the lesson
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essays to address the long text issue. Then, we build three QA networks with
a shared transformer to answer all types of questions, oﬀering an environment
for knowledge sharing. Especially for diagram questions, we propose a novel
Contextualized Iterative Dual Fusion network (CIDF) to learn the contextualized
diagram representation. In the training stage, we propose a Multi-type Question
Learning (MQL) strategy to arrange training samples of diﬀerent question types
proportionally to train diﬀerent question types jointly in a multi-task learning
manner for more eﬃcient knowledge sharing. In summary, our main contributions
are as follows:
– We apply Solr to select sentences from lesson essays to overcome the long text
problem in TQA. Compared to TF-IDF, Solr is more practical and accurate.
– We propose the Multi-Head TQA architecture (MHTQA) to address all types
of questions and a Multi-type Question Learning strategy (MQL) to share
knowledge of diﬀerent question types.
– We extract the visual and semantic features of objects and texts from the
diagram for better diagram representation learning.
– We propose the novel Contextualized Iterative Dual Fusion network (CIDF)
to learn the contextualized diagram representation and answer diagram
questions.

2

Related Work

Kembhavi et al. [10] proposed several TQA baselines based on Machine Comprehension (MC) and VQA models, such as BiDAF [20] and VQA [2]. Unsurprisingly, those famous models worked poorly on the TQA dataset, indicating
that existing methods are insuﬃcient for the TQA dataset. Kim et al. [11] use
Stanford dependency parser extract context graph from lesson text and diagram
image then use Graph Convolutional Networks (GCN) to extract knowledge features from context graphs. Gomez-Perez et al. [5] incorporate the RoBERTa [16]
and BUTD attention with 6 models ensembled, pushes forward the research of
TQA. While researchers successfully build VQA systems based on large datasets
and attention mechanisms, the diagram question could not be answered properly by those approaches [10]. Therefore, Kembhavi et al. [9] proposed DsDP-net
to parse the diagram image into Diagram Parsing Graph (DPG), then convert the generated DPGs to statements. However, the converted statements lose
the original visual features of the diagram like shapes and colors. By contrast,
Gomez-Perez et al. [5] extracts the visual features of diagram constituents and
applied the Bottom-up and Top-Down (BUTD) attention [1] to answer diagram
questions.

3
3.1

Method
Overview

Figure 2 shows an overview of the Multi-Head TQA architecture (MHTQA).
We generate a short passage for each candidate answer by applying the opensource search engine Solr to select sentences from the lesson essays. We build a
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Solr

Essay 1

Short passage

Sentences

FC

Essay 2

…

Questions

…

Text T/F

…
…

Diagram

…

Sampling

……

Text MC

epoch

epoch

Multi-type Question
Learning

Question

Question

Passage

Passage

Answer

Question

Passage

Textual Context
Self-Attention Encoder

…

……

Answer

Diagram

Diagram Parsing

True
False

FC
A.
B.
C.
D.

Answer
Comparison
Contextualized
Iterative Dual Fusion
objects

A.
B.
C.
D.

texts

Fig. 2. An overview of the multi-head TQA architecture (MHTQA).

model with a shared transformer Tc , the textual context self-attention encoder
in our architecture, and three QA networks, each QA network for answering a
speciﬁc question type. For the Text T/F question, we use two fully connected
(FC) layers to calculate the probabilities of true and false. For the Text MC
question, we compare the candidate answers before the two FC layers. For the
Diagram question, we learn a contextualized diagram representation of the diagram image through the novel Contextualized Iterative Dual Fusion network
(CIDF). We train diﬀerent types of questions jointly for knowledge sharing by
arranging the training samples proportionally through the Multi-type Question
Learning (MQL) strategy. Our MHTQA can be compatible with other QA and
VQA models by replacing the QA network. For example, we can use BUTD to
answer diagram questions instead of CIDF.
3.2

Sentences Retrieval

Most previous works use TF-IDF to select relevant sentences from the lesson
essays. However, the TF-IDF is very sensitive to word morphological variations. To overcome this shortcoming, we apply the open-source search engine
Solr to retrieve sentences. Given a question q and a set of candidate answers
A = {ak }K
k=1 , where K is the number of choices. For k-th candidate answer ak ,
we concatenate q and ak as a query and input it into Solr to search relevant
sentences. To ensure the retrieved sentences are relevant to ak , the retrieved
sentence must have at least one overlapping and non-stop word with ak . Finally,
we concatenate the top 10 valid sentence as passage pk and assume that pk is
the knowledge needed to answer the question.
3.3

Text Question Answering

Text T/F. Given a Text T/F question (p, q, y), where p is the generated passage
by the sentences retrieval, q is the question and y is true or false. We concatenate
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the p and q as input sequences to the Tc and get the context feature vector, then
we apply two fully connected layers to calculate the probabilities of true and
false.
Text MC. Given a Text MC question (P, q, A, y), where P = {pk }K
k=1 is the
is
the
set
of
candidate
answers,
K
is
the
number
set of passages, A = {ak }K
k=1
of choices. For k-th candidate answer ak , we concatenate the pk , q and ak as the
input sequence (1 ≤ k ≤ K) to the encoder Tc and output the textual context
feature Ck ∈ Rh . We ﬁnd that some candidate answer interact with others, such
as all of the above and lower to upper. To deal with candidate answers properly,
we compare the context features by the cross attention as follows:
G = CrossAttention(C̄1 , C̄2 , ..., C̄K )
Qi C̄jT
Gi,j = sof tmax( 
), i = j
dC̄j
(1)

C̄j = tanh(Wc Cj )
Qi = Wcq C̄i
Ĉi = [Gi,j C̄i ]K
j=1 , i = j
C̃i = ReLU (Wcc Ci + Woc Ĉi )

where Wc , Wcq , Wcc , Woc are trainable weights, G ∈ RK×K is the matrix of
attention scores for comparison, and [Δ] is the operation of matrix concatenation.
The C̃i is the comparison features for i-th candidate answer. Then, we use two
fully connected layers to select the correct answer.
3.4

Contextualized Iterative Dual Fusion Network

fastText GloVe BERT

D Dual Fusion G Gated output W Weight

G

G

o

Hadamard product

G

FC

Diagram image
Question

Passage

D

W

D

W

D

W

D

W

D

o

……
CDF

CDF

D
CDF

Answer

Textual context

Fig. 3. An overview of the Contextualized Iterative Dual Fusion network (CIDF).

Figure 3 shows an overview of the Contextualized Iterative Dual Fusion network (CIDF). Given a Diagram question (P, q, I, A, y), where I is the diagram
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image. Firstly, similar to the Text MC question, for k-th candidate answer, we
use Tc to encode the passage, question, and candidate answer to the textual context feature Ck . Secondly, we parse the diagram into a set of objects and texts.
For objects, we apply ResNet [6] to extract visual features. For texts, previous
work also uses ResNet to extract the features [5,13], resulting in insuﬃcient
utilize of text semantics in the diagram image. By contrast, we exploit several
word embeddings tools to capture the semantics feature of texts. Finally, we use
Contextualized Dual Fusion (CDF) layer to learn the contextualized diagram
representation. After several representation learning iterations, CIDF output
the ﬁnal diagram representation and answers the diagram question.
Diagram Parsing. A diagram image is composed of constituents, including
objects and texts. Given a diagram image I, we apply oﬀ-the-shelf object detecNo
tion model Faster R-CNN [19] to extract a set of bounding boxes {bobj
s }s=1
of RoIs (Region-of-Interest) of the image, where No is the number of objects.
Then, we recognize the words of the diagram by text detection model CRAFT
[3], which is robust on character-level text detection, and text recognition model
STAR-net [15]. We concatenate the word as text according to their spatial relat
}N
tionship and ﬁnally obtain a set of text and the bounding boxes set {btext
e
e=1 ,
where Nt is the number of texts.
Visual and Semantic Representations. For s-th objects (1 ≤ s ≤ No ), we
exploit the ResNet to encode it to a feature vector vsf ∈ Rh . In addition, we
learn a spatial embeddings [21] vsp as follows:
vsp = LayerN orm(Wp bobj
s )

(2)

the Wp are trainable weights, bobj
s is the bounding box coordinates of s-th object.
Then we take the average of vectors as the ﬁnal representation vs = (vsf + vsp )/2.
We use three diﬀerent text representations, including fastText [8], GloVe [18]
and BERT [4], to extract semantic features of diagram texts. To produce a text
representation ufe ∈ Rh for e-th (1 ≤ e ≤ Nt ) text, we transform the semantic
features into a same vector space:
Wg + ubert
Wb
ufe = ufe asttext Wf + uglove
e
e

(3)

where the Wf , Wg and Wb are trainable projection matrices, ufe asttext , uglove
are
e
is the output of the ﬁrst three
word embeddings of fastText and Glove, and ubert
e
by Eq. 2 and
layers of BERT. We also learn a spatial embeddings upe with btext
e
output the ﬁnal text representation ue = (ufu + upe )/2.
Now, We learn a contextualized diagram representation for image I by Contextualized Dual Fusion Layer (CDF). The CDF input consists of three types of
features: diagram visual features, diagram semantic features, and textual context features. There are two main components in the CDF layer: the dual fusion
operation and the gated output.
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Dual Fusion. People learn the object by words and vise versa, suggesting
this is a two-way learning procedure. To modeling this procedure, we deﬁne
the Dual Fusion operation to calculate the dual representations of objects and
texts. We gather the object features and text features as matrix respectively, as
V (0) = [v1 ; v2 ; ...; vNo ] ∈ RNo ×h and U (0) = [u1 ; u2 ; ...; uNt ] ∈ RNt ×h . For t-th
CDF layer, the dual representation of object to text is calculated as follows:
au(t) = U (t) Wu(t) (V (t) )T
(t)

au
âu(t) = sof tmax( 
)
dU (t)
Su(t)
Zu(t)

=
=

(4)

(âu(t) )T V (t)
(t)
ReLU (Su(t) Wou
)

where Wu , Wou are trainable weights, au ∈ RNt ×No is bi-linear attention
(t)
(t)
scores and âu is its normalized version. The Zu ∈ RNt ×h is the dual representation of object to text. Then, we exchange the V (t) and U (t) and calculate the
(t)
dual representation Zv of text to object by:
(t)

(t)

(t)

(t)
Wv(t) (U (t) )T
a(t)
v =V
(t)

av
â(t)
)
v = sof tmax( 
dV (t)

(5)

Sv(t) = (âv(t) )T U (t)
(t)
Zv(t) = ReLU (Sv(t) Wov
)

where Wv , Wov are trainable weights, and av , âv ∈ RNo ×Nt are attention
scores. Dual representations describe the correlations between objects and texts.
We need to learn a joint representation of them for diagram question answering.
(t)

(t)

(t)

(t)

Gated Output. Now we learn the joint representation O(t) of the two dual
(t)
(t)
representations Zu and Zv under the guidance of the textual context:
Z̄u(t) = M axP ooling(Zu(t) )
Z̄v(t) = M axP ooling(Zv(t) )
(t)
(t)
(t)
g (t) = tanh(Z̄u(t) Wgu
+ Z̄v(t) Wgv
+ Ck Wgc
)

(6)

O(t) = g (t) ∗ Z̄u(t) + (1 − g (t) ) ∗ Z̄v(t)
(t)

(t)

(t)

where Wgu , Wgv , Wgc are trainable weights. We use M axP ooling to select
(t)
(t)
important features and output the Z̄u , Z̄v ∈ Rh . The g (t) ∈ Rh controls the
feature selection with the help of textual context information. For (t+1)-th CDF
(t)
(t)
layer, we transform the dual representation Zv and Zu as the inputs by:
(t)
U (t+1) = Zu(t) Wuu
(t)
V (t+1) = Zv(t) Wvv

(7)
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where Wuu , Wvv are trainable weights. We compute the Hadamard product
between the output of last CDF layer O(N ) and textual context features Ck
and output the answer score by two fully connected layers. We argue that after
several iterations, the O(N ) contains rich semantic information and is the highlevel representation of the diagram.
3.5

Multi-type Question Learning

Traditional multi-task learning shares both input data and networks, while our
MHTQA shares only networks. Therefore, we should alternatively take training
samples from diﬀerent tasks to optimize the MHTQA model. Previous work
uses a round-robin batch-level sampling strategy (RRBS) to arrange the training
(l)
l
samples [17]. For L tasks, and {br }M
r=1 is the set of batches of the l-th task, the
(l)
size of the set is Ml and br is r-th batch. In an epoch of training, the RRBS
strategy sample a batch from 1-th task, then a batch from 2-th task and so on,
until all of the batches are visited:
(1)

(2)

(L)

(1)

(2)

(L)

(8)

b1 , b1 , ..., b1 , b2 , b2 , ..., b2 , ...

Obviously, the distribution of batches is unbalanced if the numbers of task
batches are not equal. To address this issue, we propose the sampling strategy of
Multi-type Question Learning (MQL) to distribute the batches proportionately:
(1)

(1)

(2)

(2)

(L)

(L)

(1)

(1)

b1 , ..., bF1 , b1 , ..., bF2 , ..., b1 , ..., bFL , bF1 +1 , bF1 +2 , ...

(9)

where F1 , ..., FN are task ratios. The MQL sample Fl batches from l-th task
(1 ≤ l ≤ L) until all batches are visited. The key of MQL is that we need ensure
the task ratios F1 : ... : FL ≈ M1 : ... : ML . In practical, we use the size of the
minimal batch set Mmin = min(M1 , ..., ML ) as the cardinal number, and the
i
).
task ratio Fi for i-th task is calculated by Fi = f loor( MM
min

4
4.1

Experiments
Datasets

TQA. Drawn from middle school science curricula, the TQA dataset comprises
1,076 lessons distributed in Earth Science, Life Science, and Physical Science,
containing 78,338 sentences and 3,455 images. The dataset is split by training, validation, and test sets, consist of 666, 200, and 210 lessons respectively,
including 5,400 true/false questions, 8,293 text-related multi-choice questions,
and 12,567 diagram questions.
AI2D. AI2D [9] is a diagram dataset with exhaustive annotations of constituents and relationships for over 5,000 diagrams and 15,000 multi-choice questions and answers. The diagram category is various, such as food webs, life cycles
etc.

94

J. He et al.

4.2

Settings

We build Solr with OpenNLP integrations1 , including tokenizer, part-of-speech
ﬁlter, phrase chunking ﬁlter, and lemmatizer ﬁlter. Every sentence in Solr has
tagged with lesson id, we run the query and ﬁlter the sentences with the same
lesson id. In the MHTQA architecture, the Tc is RoBERTa-large [16] and we use
the model weights provided by [5] for comparable results. We truncate the input
sequence of Tc to 180 tokens. For object detection, we pre-training the Faster
R-CNN2 on the AI2D dataset and then apply to the TQA dataset. For word
recognition, we use default settings of the CRAFT3 and the STAR-net4 . We set
the maximum number of objects and texts to 20, 15 respectively. In MQL, the
task ratio of Text T/F, Text MC and Diagram is 1, 6, 7, and the batch size
is 8, 2, 2 respectively. We use Adam as the optimizer and the learning rate is
2 × 10−6 . We train our model for 4 epochs and take the epoch with the best
validation accuracy as the ﬁnal model.
4.3

Main Results

Table 1. Comparison of accuracy (%) with previous single model and ours on the
TQA validation set.
Model

Text T/F Text MC Text all Diagram All

Random
MemN+VQA [10]
MemN+DPG [10]
BiDAF+DPG [10]
IGMN [14]
f-GCN1+SSOC [11]
RoBERTa+VQA [5]
ISAAQ-IR [5]

50.10
50.50
50.50
50.40
57.41
62.73
76.85
78.26

MHTQA+BUTD
80.79
80.79
MHTQA+CIDF
MHTQA+CIDF+MQLtext 82.87

22.88
31.05
30.98
30.46
40.00
49.54
62.81
67.52

33.62
38.73
38.69
38.33
46.88
54.75
68.38
71.76

24.96
31.82
32.83
32.72
36.35
37.61
41.14
53.83

29.08
35.11
35.62
35.39
41.36
45.77
54.09
62.37

67.78
67.78
69.22

72.92
72.92
74.61

53.43
54.87
54.87

62.63
63.46
64.27

Table 1 shows the single model performance of previous works and our work
on the TQA validation set. Testing our method on the validation set is suﬃcient
since all of the previous works do also. Note that the ISAAQ is a model ensemble
approach, and the best single model in ISAAQ is ISAAQ-IR [5]. Obviously, our
1
2
3
4

https://solr.apache.org/guide/7 3/language-analysis.html.
https://github.com/facebookresearch/detectron2.
https://github.com/clovaai/CRAFT-pytorch.
https://github.com/clovaai/deep-text-recognition-benchmark.
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Table 2. Comparison of diﬀerent training strategies.
Training strategy Text T/F Text MC Text all Diagram All
Independent

80.79

67.78

72.92

54.87

63.46

RRBSall
MQLall

80.06
81.16

67.97
68.17

72.74
73.53

53.15
53.72

62.48
63.04

RRBStext
MQLtext
MQLtf,diag
MQLmc,diag

81.06
82.87
81.26
–

68.04
69.22
–
68.78

73.18
74.61
–
–

–
–
53.36
53.76

–
–
–
–

MHTQA+CIDF+MQLtext outperforms the previous best single model by a
margin of about 4.6% in true/false questions and 2% in overall accuracy. Even
our base version of MHTQA+BUTD have about 2.5% accuracy improvement
on Text T/F questions compare to the previous best model. We believe that our
method works well on the TQA problem since our method achieves considerable
margins compared to recent methods. Details of variants of our method:
– MHTQA+BUTD. We train diﬀerent types of questions independently and
use the BUTD to answer diagram questions.
– MHTQA+CIDF. We replace the BUTD with our CIDF.
– MHTQA+CIDF+MQLtext . We train Text T/F and Text T/F questions
jointly with our MQL strategy. We will discuss why not train diagram questions together in Sect. 4.4.
4.4

Ablations and Analysis

Multi-type Question Learning. We ﬁrst train and evaluate our model for
each question type independently (see Independent in Table 2). In this setting,
diﬀerent question types share nothing. Next, we take all of the types of questions together to train MHTQA through our MQL strategy (see MQLall ). As
a comparison, we also experiment with the RRBS strategy (see RRBSall ). The
results show that compares to independent training, MQLall slightly improves
model accuracy on Text T/F and Text MC questions, but accuracy decline on
Diagram questions.
Considering the largest proportion of diagram questions in TQA dataset,
we believe that the main reason is the task correlations instead of the data
scale. For diagram questions, the model needs to pay more attention to multimodal representation learning. By contrast, the model needs to focus on semantic matching and reasoning when answering text-related questions. Thus, Text
T/F and Text MC questions have a strong correlation. And the correlation of
diagram questions and text-related questions is weak. We can infer that it is
harmful to related tasks when adding an unrelated task into multi-task learning. We make further experiments exclude a type of questions and get three
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Table 3. Comparison of accuracy (%) with previous single model and ours
MHTQA+CIDF in the TQA diagram questions and the AI2D dataset.
Model

AI2D

VQA [10]
32.90
DGGN+Dqa-Net [12] 41.55
73.29
ISAAQ-IR [5]

TQA

All

31.82
32.83
53.83

31.10
35.10
58.89

53.37
54.87
54.01

58.45
60.04
58.90

Our CIDF
with N = 0
with N = 2
with N = 4

72.90
74.74
72.8

combinations: the Text T/F and Text T/F (RRBStext and MQLtext ), the Text
T/F and Diagram (MQLtf,diag ), and the Text MC and Diagram (MQLmc,diag ).
The results demonstrate that MQLtext , which excludes the diagram questions,
obtain the best accuracy in text-related questions, conﬁrming that Text T/F and
Text MC have a strong correlation, and diagram questions is weakly correlate to
text-related questions. We also observe that MQLall and MQLtext outperforms
RRBSall and RRBStext , showing that our MQL strategy is more eﬃcient than
RRBS strategy when training MHTQA (Table 3).
Number of CDF Layers. We train and evaluate our model on TQA diagram
questions and the AI2D dataset separately. We experiment with multiple CDF
layers (N > 0) and record the model accuracy relative to no CDF layers (N = 0).
We draw Fig. 4 to observe the eﬀects of CDF layers. When 0 ≤ N ≤ 2, model
accuracy increase with N on TQA dataset, and model obtained best performance
on both TQA and AI2D dataset when N = 2. When 3 ≤ N ≤ 7, for the AI2D
dataset, accuracy decreases and ﬂuctuates around N = 0, while for the TQA
dataset, the accuracy decreased also but above N = 0. We believe that greater
N means a higher level of diagram representation. And bigger N may harm the
model as the diagram may not contain too complex relationships. The model can
reﬁne diagram representation by lesson essays of the TQA dataset. Therefore,
compare to the AI2D dataset, which does not have lesson essays, the model
performed more stable on the TQA dataset.

Accuracy changes(%)

Textbook Question Answering with MQL and CDR
2.5
2
1.5
1
0.5
0
-0.5
-1
-1.5
-2

AI2D
TQA

0
0
0

1
-0.51
0.57

2
1.84
1.5

3
-0.3
0.64

4
-0.1
0.64

5
-1.63
1.18

6
-1.53
1.21
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7
0.21
0.6

Number of CDF layers (N)

Fig. 4. Accuracy changes (relative to N = 0) under diﬀerent number of CDF layers
(N ).

5

Conclusion

This paper proposes a Multi-Head TQA architecture (MHTQA) integrated with
Multi-type Question Learning (MQL) and Contextualized Iterative Dual Fusion
Network (CIDF) to solve the TQA task. We conﬁrmed by experiments that
knowledge sharing on text-related questions is possible. The quantitative analysis
clearly shows the general eﬀectiveness of our method. The TQA remains an open
research ﬁeld especially the diagram questions. We believe that future works on
diagram representation learning and multi-type question knowledge sharing can
push forward the development of the TQA problem.
Acknowledgments. This work was supported by the Stable Support Projects for
Shenzhen Higher Education Institutions (SZWD2021011) and the Scientiﬁc Research
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Abstract. Extracting emotion cause and experiencer from text can help
people better understand users’ behavior patterns behind expressed emotions. Machine reading comprehension framework explicitly introduces a
task-oriented query to boost the extraction task. In practice, how to learn
a good task-oriented representation, accurately locate the boundary, and
extract multiple causes and experiencers are the key technical challenges.
To solve the above problems, this paper proposes BERT-based Machine
Reading Comprehension Extraction Model with Multi-Task Learning
(BERT-MRC-MTL). It ﬁrst introduces query as prior knowledge and
obtains text representation via BERT. Then, boundary-based and tagbased strategies are designed to select characters to be extracted, so as
to extract multiple causes or experiencers simultaneously. Finally, hierarchical multi-task learning structure with residual connection is adopted
to combine the answer extraction strategies. We conduct experiments on
two public Chinese emotion datasets, and the results demonstrate the
eﬃcacy of our proposed model.

Keywords: Emotion cause and experiencer extraction
reading comprehension · Multi-task learning

1

· Machine

Introduction

Extracting emotion causes and experiencers from text is a ﬁne-grained emotion analysis task. For instance, structural emotion phrases such as “
(caught up in memories)” and “
(Jinyue Bai)” extracted from Fig. 1 can
(excited)” emotion, which
provide a more comprehensive description of the “
answer the questions like “What is the cause of emotion?” and “Who feels such
emotion?”.
c Springer Nature Switzerland AG 2021

I. Farkaš et al. (Eds.): ICANN 2021, LNCS 12894, pp. 99–110, 2021.
https://doi.org/10.1007/978-3-030-86380-7_9
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Fig. 1. An example of emotion cause and experiencer extraction.

The machine reading comprehension based framework provides a task-speciﬁc
extraction mechanism which guides the learning of extraction by explicitly introducing target-oriented query. This framework exerts easily generated queries and
does not depend on particular category features. The key issue lies in how to
mine the relationship between the query and the content. Recently, pre-trained
language models such as BERT [3] obtain good performance on machine reading
comprehension (MRC) tasks, it contains rich linguistic knowledge [10] and can
capture long-distance relations [2]. In this paper, we adopt BERT to acquire
query-aware contextualized representation. In practice, there exists multiple
emotion causes or experiencers for one emotion, however, traditional machine
reading comprehension models can output only one answer by selecting the
answer head and the answer tail with the maximum probability. We propose
boundary-based and tag-based extraction strategies to extract all causes or experiencers simultaneously. Moreover, since cause phrases have complex semantic
structures and are variable in length, it is hard to accurately locate their boundaries. A multi-task learning structure is designed to combine answer sequence
labeling and answer boundary prediction into a uniﬁed framework, where hierarchical structure and residual connection are adopted to share the encoder
parameters.
We conduct experiments on two public Chinese emotion datasets. The empirical results show that the BERT-based machine reading comprehension extraction model with multi-task learning achieves a boost over oﬀ-the-shelf sequence
labeling models and named entity recognition models.
Contributions. Our contributions can be summarized as follows:
1) We propose a MRC-based framework that introduces task-oriented query to
extract emotion causes and experiencers.
2) The model uses contextualized Chinese character embeddings and does not
suﬀer from segmentation errors or out of vocabulary (OOV) problems.
3) We demonstrate the eﬃcacy of the model on two public Chinese emotion
datasets.

A Multi-Task MRC Extraction Framework

2

101

Related Work

Our work is related to structural emotion phrase extraction and machine reading
comprehension framework. In this section, we review the related works.
Extracting multiple emotion related structural information such as causes,
experiencers and cues can enhance the interpretability of emotion analysis [19].
[11] adopted LSTM-CRF to extract causes, experiencers, targets and cues from
English ﬁction corpus separately. [1] proposed an English news headline emotion
corpus and used BiLSTM-CRF to extract causes, experiencers, cues and targets.
They formulated the extraction task as a common sequence labeling problem and
did not consider the relation between emotion roles and emotion expressed in the
text, which limits its performance. [20] analyzed the emotion roles by masking
or preserving speciﬁc emotion roles in the text when detecting emotions.
Most of the existing works focused on extracting cause and experiencer separately from English ﬁction or news headline corpus. Little work has been done
on extracting emotion cause and experiencer from Chinese news content in a
uniﬁed framework. News headlines are usually a summary of the news content
and have higher information density. In contrast, the news content provides more
details of an event. Hence, extracting cause and experiencer from news content
facilitates understanding of the emotion behind the event from a deeper level
and enables a multi-dimensional emotion analysis.
Machine reading comprehension framework provides a mechanism to extract
answer spans from the content given a query. Such formulation has two main
advantages. First, since query provides important prior information, it is highly
task-oriented. Second, it does not rely much on manual features, and can easily
apply to many scenarios. Recently, there has been a trend of converting NLP
tasks [4,13,15,16] into machine reading comprehension problem. [6] adopted
memory slots to model context information in emotion cause clause identiﬁcation
task. Diﬀerent from these works, we focus on extracting structural information
related to emotion.

3
3.1

Proposed Model
Problem Definition and Formulation

Given a news fragment C = [c1 , c2 , ..., cn ], where n denotes the length of the
news, our purpose is to ﬁnd the structural information related to emotion using
task-oriented query Q = [q1 , q2 , ..., qm ], where m denotes the length of the query.
We assign a label y ∈ Y to ci , where Y is a list of predeﬁned phrase types (e.g.,
cause, experiencer, etc.).
3.2

Model Architecture

The overview of the proposed model (BERT-MRC-MTL) is shown in Fig. 2.
It provides a uniﬁed framework that extracts structural emotion information.
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The model contains two modules: (1)A query-aware context encoder. The taskoriented query and news fragment are concatenated and put into BERT. The
encoder outputs the query-fused text representation. (2)A hierarchical multitask learning answer extraction module with two-layer BiLSTM and residual
connection. The contextualized text representation is input into the lower BiLSTM to tag the answer sequence, then the representation obtained by BERT
and the output sequence from the lower BiLSTM are transfered together to the
higher BiLSTM to predict the answer boundary. The ﬁnal extraction results are
decided by the higher BiLSTM.

Fig. 2. The overview of the machine reading comprehension extraction framework with
multi-task learning.

Query-Aware Context Encoder. Given the task-oriented query Q, we aim
to extract the type y span from the news. The key issue is how to generate query
related news content representation. The BERT receives the input sequence
[[CLS], Q, [SEP], C], and models the interactions between the query and the news
using layer-by-layer Transformers, and outputs a context representation matrix
Hbert ∈ Rn×d , where d is the vector dimension of the last layer.
Answer Span Extraction. There may exist multiple causes or experiencers
in one news fragment. Hence, two multi-span extraction strategies are adpoted
to solve the problem.
Boundary-based strategy consists of two binary token classiﬁers. One classiﬁer predicts the probability of each token being a start, while the other predicts
the probability of each token being an end:
Lstart = Linear(Wstart H) ∈ Rn×2

(1)
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Lend = Linear(Wend H) ∈ Rn×2
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(2)

Then, we apply argmax to Lstart and Lend in the token level and get the starting
and ending indices.
Istart = {i | argmax(Listart ) = 1,
Iend = {i | argmax(Liend ) = 1,

i = 1, 2, · · · , n}
i = 1, 2, · · · , n}

(3)
(4)

Since there is no overlap between certain category, the Nearest Match Rule is
adopted to generate pairs for the starting or ending indices. The loss function
for predicting the start and end indices is deﬁned as follows:
Lstart = BCE(Lstart , Ystart )

(5)

Lend = BCE(Lend , Yend )

(6)

Lbdy = Lstart + Lend

(7)

where BCE denotes Binary Cross Entropy, Ystart and Yend indicate the true start
and end indices.
Tag-based strategy uses a binary token classiﬁer to predict the probability
distribution of tokens belonging to the answer:
Ltag = Linear(Wtag H) ∈ Rn×2
Itag = {i | argmax(Litag ) = 1,

i = 1, 2, · · · , n}

(8)
(9)

This strategy can also extract a set of non-contiguous spans from the input text
and does not need to handle the start/end matching issue. The loss function is
deﬁned as follows:
Ltag = BCE(Ltag , Ytag )
(10)
where Ytag is the ground truth answer.
Multi-Task Learning Structure. Boundary-based extraction strategy predicts the start and end indice of an answer, it suﬀers from label imbalance problem. In contrast, tag-based extraction strategy labels the whole answer sequence,
it assigns the same weight to each token in the answer and needs to put more
emphasis on the boundary. Inspired by the existing multi-task learning methods in NLP tasks [5], these two extraction strategies are integrated together to
enhance the performance. They share the BERT encoder, and each subtask has
its corresponding classiﬁer. Speciﬁcally, for the input in Fig. 2, to extract the
(fall into memory)”, the answer tagging subtask will
cause phrase “
(fall into memory)”, while the answer boundary
learn to tag the span “
prediction subtask will learn to predict the start indice “ (fall)” and the end
indice “ (memory)”.
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Parallel Multi-Task Learning. This multi-task learning mode puts the two
subtasks in a parallel manner. Two separate BiLSTMs for each subtask share
parameters of the encoding part. One BiLSTM is regarded as the answer tagger
and the other is the answer boundary predictor.
Xtag = Xbdy = Hbert

(11)

Htag = BILSTMtag (Xtag )

(12)

Hbdy = BILSTMbdy (Xbdy )

(13)

Here tag and bdy represent answer tagging and boundary prediction.
Heirarchical Multi-Task Learning. Hierarchial learning structure is used to
make use of order information between the two subtasks. The text representation
obtained by BERT is ﬁrst input into the lower BiLSTM to tag answers:
Xtag = Hbert

(14)

Htag = BILSTMtag (Xtag )

(15)

Then, the output hidden states of BiLSTMtag are input into the higher BiLSTM
to predict the answer boundary. In addition, to share information between diﬀerent layers and avoid error propagation, residual connection [8] is added between
the BERT encoder and BiLSTMbdy :
Xbdy = Hbert + Htag

(16)

Hbdy = BiLSTMbdy (Xbdy )

(17)

where BILSTMbdy learns the answer boundary information. The ﬁnal answer is
decided by BILSTMbdy using Eq.(1)(2)(3)(4).
Training Objective. The overall training objective to be minimized can be
summarized as follows:
L = λLbdy + (1 − λ)Ltag

(18)

where λ is a hyper-parameter that controls the importance of each subtask. In
the experiment, we set λ to 0.5. The two losses are jointly trained in an end-toend fashion, with parameters shared at the BERT encoder.

4

Experimental Setup

4.1

Datasets

We conduct experiments on two public Chinese emotion datasets named HLTEmotionml and CEAC. HLTEmotionml1 is a benchmark dataset for emotion cause
1

HLTEmotionml is available at http://119.23.18.63/?page id=694
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analysis proposed by [7]. Since there are only emotion and cause annotated on
this dataset, we ask two annotators to ﬁnd experiencers for HLTEmotionml. The
inter-annotator agreement of the experiencer is 82%. CEAC2 [17] labels causes,
experiencers, emotion keywords and actions on news corpus. Samples that lack
cause or experiencer are deleted from the two datasets. Table 1 shows the statistical information of the two datasets. During the experiment, we stochastically
select 90% of the data for training and the remaining 10% for testing. The experiment is repeated 10 times and the average result is reported. Span-level micro
precision, recall, and F1 score are used as evaluation measures.
Table 1. Statistical information of the two datasets.
Dataset

4.2

HLTEmotionml CEAC

Instances

2045

2915

Instances with multiple causes

57

515

Instances with multiple experiencers 42

6

Avg. text length

88.08

64.98

Avg. cause length

9.33

10.48

Avg. experiencer length

2.19

2.79

Compared Methods

Sequence labeling models and named entity recognition models are used as baselines:
• LSTM-CRF [9]: It is a Chinese-character-based model using BiLSTM as
encoder and CRF layer as decoder. Compared with word-based methods,
this model does not suﬀer from segmentation errors.
• CAN-NER [21]: It is a convolutional attention network for Chinese named
entity recognition that uses character embedding and segmentation information as features.
• BERT [3]: It uses BERT model as encoder with a token classiﬁcation unit on
top. This model treats extraction task as a sequence labeling problem.
We additionally propose a series of methods based on the MRC framework.
• BERT-MRC(Tag): It uses BERT to encode the query and the content, then
adopts the tag-based span extraction strategy to extract the answers.
• BERT-MRC(Bdy): Similar to BERT-MRC(Tag), it adopts boundary-based
answer span extraction strategy.
• BERT-MRC-MTL(Parallel): A BERT-MRC model that combines tag-based
extraction strategy and boundary-based extraction strategy in a parallel way.
2

CEAC
is
available
EmotionInference

at

https://github.com/liupengyuan/EmotionAction
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• BERT-MRC-MTL(Hierarchy): A BERT-MRC model that combines tagbased extraction strategy and boundary-based extraction strategy in a hierarchical way.
4.3

Implementation Details

Under the MRC framework, the task-oriented query is instantiated as
(What is the cause of emotion?)” for cause extraction
“
(Who feels the emotion?)” for experiencer extraction.
and “
We set the max sequence length for HLTEmotionml and CEAC to 120 and 160
respectively. For non-BERT models, the Chinese character embeddings are taken
from4 [14]. The character embedding size, hidden size of CNN and BiLSTM(BiGRU) are set to 300. The window size of CNN is set to 5, which is the same as the
setting in [21]. Adam [12] is used for optimization, with an initial learning rate
of 0.001. For all BERT-based models, we use BEET-Base-Chinese5 as backbone.
The hidden dimension of the BiLSTM in BERT-based models is set to 768. For
BERT-Tagger and BERT-MRC(Tag), we train them with a learning rate of 1e-5
for all parameters. For other models, we employ layer-wise learning rate, where
BERT encoder has a learning rate of 1e-5 while the other layers have a learning
rate of 1e-4. AdamW [18] is employed for optimization. Note that Pytorch 1.6.0
and Transformers 3.4.0 are used to implement the model.

5

Results and Discussions

The results are shown in Table 2. The models are categorized into non-BERT
models and BERT-based models.
5.1

Model Comparison

Evaluation on HLTEmotionml. For non-BERT models, CAN-NER achieves
an F1 score of 60.53 and has a relative margin of 3.21 over LSTM-CRF. BERTbased models outperform non-BERT models. BERT-MRC-MTL(Hierarchy) is
the best among them with an F1 score of 74.99. BERT-MRC(Bdy) and BERTMRC(Tag) contain target-oriented information and perform better than BERTTagger.
Evaluation on CEAC. CAN-NER is the best among non-BERT models and
achieves an F1 score of 56.94. BERT-MRC-MTL(Hierarchy) achieves the best
performance in terms of F1 score. BERT-MRC(Bdy) and BERT-MRC(Tag) perform better than BERT-Tagger.
4
5

The Chinese character embedding is available at https://github.com/Embedding/
Chinese-Word-Vectors
BERT-Base-Chinese is available at https://huggingface.co/bert-basechinese/tree/
main
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Table 2. F1-score of the extraction on the two datasets.
Dataset

HLTEmotionml

CEAC

Type

Cause Experiencer All

Cause Experiencer All

Non-BERT models
LSTM-CRF

40.85

73.96

57.32

46.21

65.13

54.82

CAN-NER

44.75

76.1

60.53

47.61

68.29

56.94

BERT-Tagger

54.52

87.68

70.52

61.94

82.35

70.79

BERT-MRC(Tag)

53.93

88.27

70.52

62.62

84.29

72.09

BERT-MRC(Bdy)

57.93

89.87

74.22

67.06

86.61

75.83

BERT-MRC-MTL(Parallel)

59.47

90.21

74.94

69.33

87.03

77.32

BERT-based models

BERT-MRC-MTL(Hierarchy) 59.66 90.33

74.99 70.13 86.95

77.76

It can be seen that BERT-based models perform better on CEAC than on
HLTEmotionml. The reason may be that the average text length for CEAC
dataset is longer and BERT can better capture long-distance dependencies.
5.2

Ablation Test

We conduct ablation tests to study the eﬀect of diﬀerent modules.
Context Encoder. In this section, diﬀerent context encoders including LSTM,
convolutional attention network and BERT are compared. LSTM-CRF uses BiLSTM as encoder to capture sequence-aware information. CAN-NER ﬁrst combines CNNs with local attention to capture local context relations among characters, then, a GRU unit with global self-attention layer is used to capture the
sentence context information. With more local and sentence context information,
CAN-NER performs better than LSTM-CRF. BERT-based models outperform
non-BERT models since BERT is better at capturing the long-range interactions
between characters.
Answer Extraction Strategy. Compared with BERT-Tagger, BERTMRC(Tag) achieves comparable performance on HLTEmotionml and make a
slight improvement on CEAC. BERT-MRC(Bdy) outperforms BERT-Tagger on
both HLTEmotionml and CEAC. The diﬀerent improvement margins of the two
MRC-based models imply that the chosen of span extraction strategy aﬀects the
extraction quality. The tag-based one assigns the same weight to all the answer
tokens while the boundary-based one emphasizes the importance of extracting the exact spans. We select the boundary-based strategy to obtain the ﬁnal
answer.
Multi-Task Learning Structure. Boundary-based extraction strategy may
suﬀer from label imbalance, while tag-based strategy can provide more category labels. To take advantage of both strategies, we co-train the two answer
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extraction tasks. BERT-MRC-MTL(Parallel) aims to share the parameters of
the context encoder. It performs better than any single task learning model.
BERT-MRC-MTL(Hierarchy) runs the two subtasks in a hierarchical order. To
avoid error propagation and share the parameters of the encoder, a residual
connection is added to directly link the BERT and the higher-level BiLSTM.
Compared with BERT-MRC(Parallel), BERT-MRC-MTL(Hierarchy) provides
a mechanism that the high-level task beneﬁts from the low-level one.
5.3

Case Study
Table 3. A test case on HLTEmotionml.

An example in Table 3 is used to illustrate the proposed model vividly. It can be
seen that BERT-MRC-MTL(Parallel) and BERT-MRC-MTL(Hierarchy) extract
(her brother had ﬁve hematopoietic
the cause “
(Bingyi Yin)”
stem cell transplantation to save her)” and experiencer “
correctly, while the other models roughly locate the cause phrase and extract
(mentions the
a longer span, such as “
event that her brother had ﬁve hematopoietic stem cell transplantation to save
her)”. The results indicate that the combination of query-related information,
deep contextualized representation and multi-task learning structure can help
improve the extraction performance.
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Conclusion

We present a novel extraction framework to obtain emotion cause and
experi- encer from news corpus, it generates task-oriented content representation through BERT, and adopts multi-task learning for spans extraction.
Experiments on two public Chinese emotion datasets show that BERT-MRCMTL(Hierarchy) outperforms other models. In future work, we will extract emotion cause and experiencer in more complex scenarios such as Weibo, which
contains dialogue structures and rich user interactions.
Acknowledgement. This work was supported in part by the National Key Research
and Development Program of China under Grant 2020AAA0103405, the National Natural Science Foundation of China under Grants 62071467,71621002 and 71902179, as
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Introduction

Machine learning techniques are widely applied in real life, such as image recognition [9] and job application screening [21]. However, unfairness or discrimination
from training data may lead to unfair data-driven models and unfair predictions.
During the last decade, there has been a signiﬁcantly growing research interest
in measuring and mitigating unfairness in machine learning [1,4,14,27,34].
Dozens of (un)fairness measures for determining and evaluating the fairness
of machine learning models trained only for accuracy have been deﬁned [1,4,14,
27,34] mainly based on the evaluated model’s predicted outcomes, the predicted
and actual outcomes, predicted probabilities and actual outcomes, similarity,
and causal reasoning [27]. However, two dilemmas exist [1]: (i) the trade-oﬀ
between model accuracy and its fairness has been theoretically and empirically
shown [26]; (ii) some fairness measures have been shown to be conﬂicting with
each other [3,26], such as individual fairness and group fairness [26]. To tackle
the former dilemma, some approaches for mitigating unfairness take into account
a single fairness measure as a regularisation term or a constraint aiming at balancing between model accuracy and fairness [1]. However, no fairness measure
has been universally accepted as the single fairest measure. To our best knowledge, no one has considered multiple fairness measures simultaneously during
training. Motivated by this gap, we attempt to answer the following research
question in this paper: Can we make fair machine learning fairer by considering
multiple fairness measures simultaneously? This can be divided into three questions more precisely: (Q1) Whether multi-objective learning can simultaneously
optimise the model accuracy and multiple conﬂicting fairness measures? (Q2)
Can multi-objective learning optimise one or several fairness measures without
degenerating others? In other words, whether the obtained models will become
less fair according to any of the considered measures? (Q3) Can we obtain a
group of diverse models by applying multi-objective learning so that diﬀerent
trade-oﬀs can be seen clearly?
To answer those questions, in this paper, we propose a multi-objective evolutionary learning framework which trains machine learning models for accuracy
and multiple fairness measures simultaneously. The main contributions of this
paper are as follows. (i) We propose a multi-objective evolutionary learning
framework for training fairer machine learning models. Multi-objective optimisation is applied to consider model accuracy and multiple fairness measures
simultaneously during training. (ii) We have implemented our framework with a
concrete instantiation which uses the model error and two conﬂicting but complementary unfairness measures as three objectives during model training. (iii)
Empirical results on three well-known benchmark sets show that our framework
is able to ﬁnd Pareto-front models eﬀectively. (iv) The obtained models can act
as good candidates for human decision-makers’ use with diﬀerent preferences.
The remainder of this paper is organised as follows. Section 2 presents related
work. Our framework is proposed in Sect. 3.1. An eﬀective instantiation of our
framework is described in Sect. 3.2. Section 4 presents and discusses empirical
studies. Section 5 concludes the paper.
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Background

Concepts of (un)fairness in machine learning have been considered in many
research ﬁelds for more than half a decade [14]. Diﬀerent perspectives of fairness
have diﬀerent preferences and there is no universal deﬁnition of fairness [1,14].
The interpretation of individual fairness and group fairness is one perspective
being accepted by many studies [7,26]. Individual fairness implies that similar
individuals should be treated similarly. On the contrary, group fairness considers the fairness of diﬀerent groups, which often depends on sensitive (also called
protected [4]) attributes. Typically, sensitive attributes are traits considered to
discriminate against by law, such as gender, race, age and so on. A number of
articles [4,14,27,34] have reviewed research progresses on measuring and mitigating unfairness in machine learning, in which dozens of fairness or unfairness
measures have been deﬁned.
Diﬀerent (un)fairness measures have been used as a regularisation term or
a constraint together with model accuracy/error during model training for balancing between model performance and fairness [1,23]. In the work of [29], the
fairness-accuracy Pareto front was estimated by training models for diﬀerent
weighted sums of model accuracy and one single fairness measure. However, correlation and disagreement between fairness measures have been observed [3,26].
A model determined as fair under one measure could be unfair under another
measure. Speicher et al. [26] illustrated the trade-oﬀ between model accuracy and
fairness, as well as the trade-oﬀ between individual fairness and group fairness.
How to make fair machine learning fairer is a core research topic. In this
paper, we intend to treat model accuracy and multiple fairness measures equally
with multi-objective learning, which is signiﬁcantly diﬀerent from existing works.

3

Multi-objective Evolutionary Learning for Mitigating
Unfairness

To make fair machine learning fairer, we propose a multi-objective evolutionary learning framework [2] to train models for accuracy and multiple fairness
measures simultaneously. An instantiation of our framework is also provided.
3.1

Proposed Framework

Our general framework is presented in Algorithm 1. It takes as input a set of
training data Dtrain , a set of validation data Dvalidation , a number of initial models M, a multi-objective optimisation algorithm π and a set of model evaluation
criteria E, including an accuracy measure and multiple (un)fairness measures.
Every time a new model is initialised or generated (line 1, 9), partial training [30,31] on Dtrain is always applied as a kind of local search. Each model is
evaluated with criteria E as objectives of π. In the main loop, μ promising models
are selected according to some selection strategy of π (line 6), from which λ new
models M are generated with the aim of inheriting information from promising
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Algorithm 1. Multi-objective learning framework for fairer machine learning.
Require: Initial models M1 , . . . , Mλ
Require: Set of model evaluation criteria E
Require: Training dataset Dtrain , validation dataset Dvalidation
Require: Multi-objective optimiser π
1: Partially train [30, 31] M1 , . . . , Mλ over Dtrain
2: for i ∈ {1, . . . , λ} do
3:
i ← Evaluate Mi with criteria E on Dvalidation
4: end for
5: while terminal conditions are not fulﬁlled do
6:
P ← Select μ promising models from M1 , . . . , Mλ with “best” 1 , . . . , μ
according to π
7:
M ← Generate λ new models M1 , . . . , Mλ from P according to π
8:
for i ∈ {1, . . . , λ} do
9:
M i ← Partially train [30, 31] Mi on Dtrain
10:
 i ← Evaluate M i with criteria E on Dvalidation
11:
end for
12:
< M1 , 1 >, < M
 2 , 1 >, . . . , < Mλ , λ > ← Select λ promising models from
{M1 , . . . , Mλ } {M1 , . . . , Mλ } by π based on 1 , . . . , λ and 1 , . . . , λ , and
then update M1 , . . . , Mλ and 1 , . . . , λ accordingly
13: end while
14: Return M1 , . . . , Mλ

models (line 7). After partial
training and model evaluation (line 8–11), λ mod
els are selected from M M by π as new M (line 12). The above steps repeat
until a termination criterion is reached.
The core steps of our framework are the model evaluation based on multiple
criteria and the generation of new models. Multi-objective evolutionary algorithms (MOEAs) [19] are ideal for those tasks. The output models can be further
selected by human decision-makers or used as an ensemble of models [2,31].
3.2

An Eﬀective Instantiation of Our Framework

The choices of the model set, multi-objective optimisation algorithm and evaluation criteria in our proposed framework can vary according to the prediction
tasks and actual preferences. We provide an instantiation of our framework and
perform experimental studies with this instantiation in Sect. 4. Core ingredients
of this instantiation are as follows.
Evaluation Criteria (Measuring Between- and in-group Unfairness).
The mean square error (MSE), individual unfairness and group unfairness [26]
are used as three evaluation criteria. In this paper, we view the conﬂicting but
complementary in- and between- group unfairness as individual unfairness (fI )
and group unfairness (fG ), respectively, which were formulated in [26] as:
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(1)

(2)

where |G| is the number of groups, ng refers to
the size of group g (e.g., male,
female), n is the number of individuals (i.e., n = g ng ). The work of [26] deﬁned
the notion of benefit vector in group g, denoted as bg . For each individual i, its
beneﬁt is quantiﬁed as bi = θxi −yi +1 [12,26], where yi , θ and xi denote the true
labels, parameters of models and data, respectively. The averaged beneﬁt of a
group g and the whole dataset are denoted and calculated as μg = mean(bg ) and
μ = mean(b) [26], respectively. α is a constant ∈
/ {0, 1} and set as 2 in our empirical studies as in [26]. α (bg ) is a family of inequality indices from the perspective
of economics [5], namely generalised entropy indices, which measures the degree
of (un)fairness of the beneﬁts obtained by algorithmic predictors
and ground
n  bi α
1
α g
α
truth, calculated as  (b ) =  (b1 , b2 , . . . , bn ) = nα(α−1) i=1 ( μ ) − 1 .
Model Set. Various machine learning models can be used. In this work, a set
of artiﬁcial neural nets (ANNs) with an identical architecture is used.
Multi-objective Optimiser. The non-dominated sorting genetic algorithmII (NSGA-II) [6], a well-known Pareto dominance-based MOEA, is used in our
instantiation. The weights and bias of each ANN are encoded as a real-value vector. During selection and replacement, NSGA-II uses Pareto dominance mechanisms to select non-dominated solutions based on the evaluation criteria. When
reproducing individuals, isotropic Gaussian perturbation δ ∼ N (0, σ 2 ) is added
to weights and bias of each parent [11,22], where σ indicates mutation strength.
During partial training [30], model parameters are updated by Adam [16].

4

Experimental Studies

To answer our research questions proposed in Sect. 1, we perform several experiments on three benchmark datasets. On each dataset, the instantiation of our
framework is used to optimise simultaneously three objectives, the model error
(M SE), individual and group unfairness of models (fI and fG , respectively).
This tri-objective case is referred to as FEIG in our experiments.
To our best knowledge, there is no study that directly applied individual and
group unfairness [26] to mitigate model discrimination. Therefore, in order to
verify the eﬀectiveness of our framework, we perform the following three ablation
studies as baselines for comparison: a bi-objective one considering M SE and fI
(referred to as FEI ) during model training; another bi-objective one considering
M SE and fG (FEG ); and a single-objective one considering M SE alone (FE ).
In each case, 15 independent trials have been performed.
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Experimental Setup

Datasets. Three benchmark datasets, German [15], COMPAS [18] and
Adult [17], have been used in our experimental study. The task of German is
predicting if a person has an acceptable credit risk. The sensitive attributes
are gender and age. Both have two categories. The task of COMPAS (Correctional Oﬀender Management Proﬁling for Alternative Sanctions) [18] is predicting whether an arrested oﬀender will be rearrested within two years counting
from taking the test. The sensitive attributes are race and gender, which have
six and two categories, respectively. The task of Adult is predicting whether
a person can get income higher than $50,000 per year or not. The sensitive
attributes are race and gender, which have three and two categories, respectively. The pre-processing on each dataset is the same as in [8]. Each dataset is
randomly split into 3 partitions, with a ratio of 6:2:2, as training, validation and
test sets.
Parameter Setting. Our model set is composed of 50 ANN models. In our
primary experiments, all models are fully connected with one hidden layer of 64,
128 and 256 nodes for German, COMPAS and Adult, respectively. The weights
are initialised as in [10], which is commonly used. The learning rate is set as 0.001
for German and 0.01 for both COMPAS and Adult. The mutation strength is
set as 0.01. The μ and λ of NSGA-II are 50. In the tri-objective and two biobjective cases, the experimental setting are the same. Since FE considers one
single objective, the top λ models considering M SE only are directly selected
as the new population for the next generation. The termination condition is set
as a maximum number of 500 generations of NSGA-II.
Performance Measures. Three popular indicators [20], hyper volume
(HV) [33], pure diversity (PD) [25] and spacing [24], are used to evaluate the
solution set obtained by NSGA-II. HV is widely used as a common measure to
evaluate the overall performance of a solution set in terms of convergence and
diversity, while PD and spacing indicators emphasise more the diversity of solutions. In this work, due to the unknown true Pareto front, when calculating HV,
all the non-dominated solutions found in all the experimental trials on the same
dataset are collected as a pseudo Pareto front. Equation (7) of the work [32] is
used to calculate HV, with Nadir point {1.1, . . . , 1.1} after normalisation. PD is
calculated with Eq. (5) of [25]. Spacing is calculated with Eq. (1) on page 136
of [25].
4.2

Experimental Results and Discussions

In this section, our research questions are answered with experimental results.
(Q1) Whether multi-objective learning can simultaneously optimise the
model accuracy and multiple conflicting fairness measures or not?
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Fig. 1. Illustrative examples: evaluated values on validation set. Diﬀerent colours indicate solutions at diﬀerent generations. Green stars highlight the non-dominated solutions in the ﬁnal generation. Left to right: FEI , FEG and FEIG . (Color ﬁgure online)

We answer Q1 from two perspectives on the validation set: (i) visualisation
of optimisation process and (ii) convergence curves of HV values.
Figure 1 illustrates the optimisation process of arbitrarily selected trials of
FEI , FEG and FEIG on the validation set, where non-dominated solutions of
each generation are drawn with colour darken as the evolution progresses. It’s
clearly shown that, model error and one or two unfairness measures converge
simultaneously towards Pareto fronts (green stars).
In addition, Fig. 2 illustrates the convergence curves of HV values obtained
by FEI , FEG and FEIG considering their corresponding objectives in calculating
HV values.
In all the three studies considering two or three objectives, their HV values
increase along with evolution, which implies that the model error, individual and
group unfairness decrease along with evolution while the diversity signiﬁcantly
increases.
(Q2) Can multi-objective learning optimise one or several fairness
measures without degenerating others?
Q2 is answered by results on the test set: (i) model quality measured by HV
values and (ii) model unfairness (comparing the models trained for error and
unfairness to the ones trained for error only).
For the ﬁrst aspect, HV values of FEI , FEG FEIG , and FE are compared.
In order to achieve fair comparison, M SE, fI and fG are involved as the three
objectives in the calculation of HV for all the four aforementioned cases.
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Fig. 2. HV values averaged over 15 trials considering their corresponding objectives on
the validation set. x-axis: generation number; y-axis: HV value.

Fig. 3. HV values averaged over 15 trials considering each objective on test set.

Figure 3 illustrates how the average HV value changes along with evolution.
In FEIG (black curve), the obtained HV value is usually higher than the ones of
other cases. Especially on Adult dataset, this tri-objective FEIG signiﬁcantly outperforms the bi-objective and single-objective cases. It is worth mentioning that
although only M SE is optimised in FE , the HV values of its solutions increase
with the generation number. This can be easily justiﬁed. The calculations of individual and group unfairness [26] involve the true positives, true negatives, false
positives and false negatives which imply the model error. According to beneﬁt
bi = θxi −yi +1, minimising M SE means making θxi −yi closer to 0 and bi closer
to 1. According to Eqs. (1) and (2), fI is minimal when b1 = b2 = . . . bn and fG
has the similar trend to fI . Therefore, optimising M SE alone will decrease the
individual and group unfairness but the eﬀect is limited. This was also shown
in [26]. However, on Adult and German, the contribution of solely optimising
M SE to HV gradually decreases as shown in Fig. 3.
Table 1 provides the statistical analysis of HV values of the ﬁnal solution sets
illustrated in Fig. 3. Overall, FEIG , considering simultaneously M SE, fI and
fG , achieves statistically the best HV values in 7 out of 9 cases according to
the Wilcoxon rank sum test [13] with 0.05 signiﬁcance level. From the perspective of multi-objective optimisation, FEIG has superior performance, in terms
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Table 1. HV values of ﬁnal solutions averaged over 15 trials. “+/≈/-” indicates that
the average HV value of corresponding algorithm (speciﬁed by column header) is statistically better/similar/worse than the one of FEIG according to Wilcoxon rank sum
test with 0.05 signiﬁcance level.
FEI

Dataset

FEG

FE

FEIG

COMPAS 0.00172– 0.00186≈ 0.00165– 0.00195
Adult

0.01147– 0.01214– 0.00929– 0.01351

German

0.00606≈ 0.00476– 0.00494– 0.00738

Table 2. Comparing models shown to be non-dominated on the test data and best
on at least one of the metrics (M SE, fI and fG ), in terms of the three metric values
averaged over 15 runs. “NDM” stands for “non-dominated models”. “+/≈/-” indicates
that the average objective value (speciﬁed by row header) of corresponding algorithm
(speciﬁed by column header) is statistically better/similar/worse than the one of FEIG
according to Wilcoxon rank sum test with 0.05 signiﬁcance level.
NDM with best M SE

German

Adult

COMPAS

Avg. M SE Avg. fI

NDM with best fI

NDM with best fG

Avg. fG Avg. M SE Avg. fI

Avg. fG Avg. M SE Avg. fI

Avg. fG

0.00290

0.00297

0.00287

FEIG 0.22268

0.10575

FEI

0.22270≈

0.10567≈ 0.00297- 0.22582≈

0.10206≈ 0.00299≈ 0.22363≈

0.10402≈ 0.00291≈

FEG

0.22246≈

0.10486+ 0.00289≈ 0.22296+

0.10368-

0.00285+ 0.22279+

0.10446- 0.00285≈

FE

0.22362-

0.10610≈ 0.00299- 0.22415+

0.10368-

0.00292≈ 0.22333≈

0.10451- 0.00290≈

0.05396

0.00065

0.00057

0.22585

0.22351

0.05738

FEI

0.12552≈

0.05810- 0.00066≈ 0.13133≈

FEG

0.12546≈

0.05804- 0.00065- 0.12758+

0.05643-

0.00038+ 0.12933≈

0.05807≈ 0.00027≈

FE

0.12556≈

0.05828- 0.00066≈ 0.12679+

0.05608-

0.00063≈ 0.12705+

0.05709+ 0.00040-

FEIG 0.16380

0.08071

0.07707

0.00121

FEI

0.16375≈

0.07830+ 0.00125- 0.16716≈

0.07537+ 0.00125≈ 0.16468≈

0.07748+ 0.00125-

FEG

0.16314≈

0.08302- 0.00110≈ 0.16341+

0.08297-

0.00110≈ 0.16476≈

0.08361≈ 0.00107≈

FE

0.16574≈

0.08367- 0.00120≈ 0.16512+

0.08172-

0.00119≈ 0.16489≈

0.08294≈ 0.00117≈

0.16813

0.12926

0.10371

FEIG 0.12565

0.00115

0.13163

0.10203

0.05411≈ 0.00064≈ 0.12777+

0.16449

0.05791

0.00027

0.05540+ 0.00048-

0.08224

0.00110

of convergence and diversity, in comparison with the single- and bi-objective
optimisation cases.
For the second aspect, we focus on studying each unfairness measure individually for further analysis. A set of models, providing diﬀerent tradeoﬀs among
the optimised objectives, can be obtained by our proposed framework. Among
the models returned at the end of each run of an F∗ (“∗” indicates the objective(s) considered during training), the models shown to be non-dominated on
the test data and “best” on at least one of the metrics (M SE, fI and fG ) are
selected (in other words, extreme points are selected). The M SE, fI and fG values of those selected models are averaged separately over 15 runs and reported in
Table 2. Statistical tests assist with the determination of dominance relation [20]
when comparing to the aforementioned, selected models obtained by FEIG with
the ones obtained by other algorithms. Highlights are summarised as follows.
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FEIG versus FEI . In only one case (German, highlighted in grey in Table 2),
FEIG ’s “best” model has worse fI (0.07707) than the one (0.07537) obtained
by FEI , while no statistically signiﬁcant diﬀerence has been observed on their
M SE or fG values; in the other cases, FEIG ’s “best” models are not dominated
by the ones of FEI , and even dominate FEI ’s in some cases.
FEIG versus FEG . Similarly, in only one case (COMPAS, highlighted in grey
in Table 2), FEIG ’s “best” model has worse fI (0.10575) than the one (0.10486)
of FEG , while no statistically signiﬁcant diﬀerence has been observed on their
M SE or fI values; in the other cases, FEIG ’s best models are not dominated by
the ones of FEG , and even dominate FEG ’s in some cases.
FEIG versus FE . “best” models of FEIG are never dominated by FE ’s.
To summarise, in 25 out of 27 cases, our framework is able to optimise multiple fairness measures without degenerating others.
Table 3. PD and spacing of ﬁnal solutions averaged over 15 trials. “+/≈/-” indicates that the average PD or spacing value of corresponding algorithm (speciﬁed by
column header) is statistically better/similar/worse than the one of FEIG according
to Wilcoxon rank sum test with 0.05 signiﬁcance level. Larger PD values and smaller
spacing values imply better performance.
FEI
PD

COMPAS 77509–
Adult
80454–
German
76695–

FEG

FE

FEIG

72794– 63791– 94144
72202– 69703– 94345
51746– 68083– 97476

Spacing COMPAS 0.1614≈ 0.1846– 0.2599– 0.1462
Adult
0.1518≈ 0.1716– 0.2434– 0.1308
German
0.1086– 0.1046– 0.1775– 0.0409

Fig. 4. Pareto fronts obtained by FEIG from all the generations over 15 runs.
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(Q3) Can we obtain a group of diverse models by applying multiobjective learning?
To verify if multi-objective learning can generate a group of diverse models
providing diﬀerent tradeoﬀs among the concerned objectives, Fig. 4 illustrates
the Pareto fronts generated by FEIG , i.e., our algorithm considering M SE, fI
and fG simultaneously. All the points in Fig. 4 are non-dominated solutions.
Table 3 shows that tri-objective FEIG obtains models with better diversity in
16 out of 18 cases than the other three algorithms according to PD [28] and
spacing [24] indicators (cf. Sect. 4.1).

5

Conclusion

In this paper, we propose a novel multi-objective evolutionary learning framework for mitigating unfairness in machine learning models considering simultaneously multiple (un)fairness measures. An instantiation of the proposed framework is evaluated on three well-known benchmark datasets. Experimental results
show that our framework is able to optimise one or several fairness measures
without degenerating others and ﬁnd Pareto-front models eﬃciently to provide
human decision-makers with diverse candidate models for their choice.
In the future, we plan to evaluate our framework on a larger number of
data sets. We will investigate (1) more appropriate multi-objective optimisation
algorithm as the learning algorithm in our framework; (2) more eﬃcient ﬁtness
evaluation methods for evaluating learning models; and (3) ensemble strategies
for combining multiple models [2].
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Abstract. Spatiotemporal patterns, such as words in speech, are rarely
precisely the same duration, yet a word spoken faster or slower is still
easily recognisable. Neural mechanisms underlying this ability to recognise stretched or compressed versions of the same spatiotemporal pattern
are not well understood. Recognition of time-varying patterns is often
studied at the network level, however here we propose a single neuron
using learnable spike delays for the task. We characterise the response of
a single neuron to stretched and compressed versions of a learnt pattern
and show that using delays leads to pattern recognition above 99% accuracy for patterns morphed by up to 50%. Additionally, we demonstrate
a signiﬁcantly reduced response when the pattern is reversed, a property
that is often diﬃcult to reproduce in synaptic eﬃcacy (synaptic weight)
based learning systems. With appropriate settings of the neuron membrane time constant and spike threshold, we show that a single neuron is
able to generalise to time-warped patterns while discriminating temporally reversed patterns. Together, these results highlight the potential of
synaptic delay-based learning rules as a robust mechanism for learning
time-warped spatiotemporal patterns.

Keywords: Time-warped
pattern.
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Introduction

Much of the information processed by brains is inherently temporal in nature.
However, the temporal structure of sequences is often distorted including being
temporally stretched or compressed. Neural systems are well adapted to be
invariant to such temporal morphing; for example, a speech played at 1.5x the
speed is still understandable.
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The neural mechanisms underpinning the ability to recognise patterns under
temporal morphing have been studied at many levels, but are not completely
understood. Spike timing-depending plasticity (STDP) has been a major focus
of computational studies and has signiﬁcant biological evidence (for a review see
[3]). Neural learning has focused primarily on synaptic eﬃcacy plasticity (often
called weight learning). Synaptic eﬃcacy plasticity excels at modelling spatial
information in signals by reinforcing connections between correlated neurons [10].
For modelling temporal information, synaptic eﬃcacy based rules depend on the
implicit interaction of the weight eﬃcacy with other components in the system
with temporal dynamics, such as membrane dynamics or synapse transfer functions. For example, using a shorter membrane time constant can allow neurons
to diﬀerentiate between a larger number of patterns [9]. However, the length of
pattern that can be learnt is limited by the period over which the neuron can
integrate. Using a short membrane time constant means only short sections of
a pattern can be learnt if diﬀerentiating between patterns is also required [9].
Furthermore, because eﬃcacy-based learning only requires that a set of inputs
ﬁre within a short time period, the temporal order of inputs is irrelevant, such
that diﬀerentiating between temporally reversed patterns is diﬃcult.
An alternative form of plasticity that is also based on spike-timing is conduction delay plasticity (CDP) [5]. CDP explicitly adjusts delays between neurons
to cause input spikes to arrival coincidentally, evoking a larger response from
the postsynaptic neuron [14]. As CDP adjusts delays for each input, it learns
both the spatial (which synapses) and temporal (when they ﬁre) information
in a pattern. A dependence on both the spatial and temporal information in a
pattern makes CDP a promising rule for learning spatiotemporal patterns where
the temporal order matters. Conduction delays have been demonstrated as a
functional learning mechanism in animals [4]. In humans, training has also been
linked to increased white matter volume which is associated with axon myelination and conduction delay changes [6]. There is an increasing body of literature
around computational potential of CDP rules [1,11,13,14]. In particular, the
computational performance of delay learning has been studied under diﬀerent
amounts of time-warping using supervised learning [7] and simpliﬁed, well separated data [12]. However, the performance of unsupervised delay-learning of
time-warped signals in noisy continuous spike data has not been tested.
Software simulations allow direct study of the computational advantages of
using conduction delays as a learning mechanism for time-warped patterns. This
work extends earlier studies using the CDP rule Synaptic Delay Variance Learning (SDVL) [2,14]. The range over which delay-based learning can generalise
or discriminate between temporally morphed (stretched or compressed) versions
of a learnt pattern are quantiﬁed. In particular, the aims of this work are two
fold. First, to characterise the performance of a delay-based learning rule on the
task of recognising stretched and compressed versions of a learnt pattern and
its temporal reversal. Stretching and compression will be tested between 0.5x-2x
the original learnt pattern length. Second, to demonstrate the inﬂuence of the
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neuron’s membrane dynamics on learning by comparing the voltage responses
of a neuron acting as an input spike coincidence detector or integrator.

2
2.1

Methodology
Synaptic Delay Variance Learning

The delay-based learning rule Synaptic Delay Variance Learning (SDVL) is used
to train a single neuron in each experiment. Delay-based learning rules generally
work by causing spikes that would arrive at a neuron asynchronously to instead
arrive coincidentally by adjusting the delays (often bidirectionally). Causing multiple input spikes to arrive coincidentally evokes a large response in the neuron,
even when the synaptic eﬃcacy weights have remained the same. The performance and behaviour of SDVL has been studied in earlier works but is outlined
here for completeness [14,15]. SDVL models the synaptic current transfer of
a synapse using a Gaussian function. The current applied to the postsynaptic
neuron, I(t), from a synapse is deﬁned as:
−(t − μ)2
),
for t ≥ 0
(1)
σ
where c is the centre (peak) of the Gaussian, with delay, μ, and variance σ.
Adjusting the mean of the Gaussian function changes the delay when current
is applied to the postsynaptic neuron. By adjusting the variance, SDVL can
change whether the current is applied as a large short pulse (low variance) or a
smaller longer term inﬂuence (high variance). SDVL changes the mean, Δμ, and
variance, Δσ, following the equations:
⎧
⎪
⎨sgn(t0 − μ)kημ , if |t0 − μ| ≥ α1
(2)
Δμ = −kημ ,
if t0 ≥ α2
⎪
⎩
0,
otherwise
⎧
⎪
if |t0 − μ| ≥ β1
⎨kησ ,
Δσ = −kησ ,
(3)
if |t0 − μ| < β2
⎪
⎩
0,
otherwise
I(t) = c exp(

where, t0 is the diﬀerence between the postsynaptic neuron spike time, sn , and
the presynaptic input spike time. Furthermore, sgn is the signum function, and
k is a learning accelerator deﬁned as k(σ) = (σ + 0.9)2 . The hyperparameters
α1 , α2 , β1 , and β2 control the regions over which SDVL changes delays and variances, while ημ , and ησ control the learning rate. The maximum and minimum
values allowed for μ and σ are [1, 20] and [0.1, 10] respectively. As μ and σ change,
the total current applied for each input spike also changes; that is, the integral
of Eq. (1). To ensure each input spike delivers the same amount of current, the
Gaussian peak, c, of each synapse is adjusted with μ and σ. Adjusting the peaks
to give a constant integral ensures the system is performing delay learning rather
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than some variant of synaptic eﬃcacy learning. As the constant integral value
is used globally across all synapses, it is called the ﬁxed global integral (FGI).
Prohibiting eﬃcacy learning in this fashion means SDVL must learn the spatial
information (which synapses) as well as the temporal information (what delays)
necessary for a pattern. The necessity to learn both spatial and temporal information in a signal is what makes SDVL well suited for spatiotemporal pattern
learning.
A simpliﬁed version of SDVL (sSDVL) can be used by setting α1 = α2 ,
β1 = β2 , and ημ = ησ ; the value of these parameters are then referred to as α,
β, and η, respectively. These simpliﬁcations are described in greater detail in [2]
and allow simpler optimisation of SDVL by reducing the hyperparameter space
that needs searching. This simpliﬁed rule will be used for all tasks described here
with values: α = 3; β = 20; and η = 0.04. These values were chosen through
experimenter experience with SDVL following principles outlined in previous
work [2].
2.2

Tasks

The experimental design consists of a single leaky-integrate and ﬁre neuron using
sSDVL to learn a repeating pattern embedded in distractor inputs (see Fig. 1.
The change in membrane voltage (v(t)) of the neuron with membrane time
constant (τ ) is deﬁned as:
dv
= vrest − v(t) + RI(t)
(4)
dt
where vrest = 65 mV; R = 1Ω is the resistance; and I(t) is the current applied
by the inputs. The current is the sum of the N = 2000 input aﬀerents, of which
500 are involved in the pattern. The 500 inputs involved in the pattern are at
index 1–501 sorted by ascending ﬁring time and are called pattern inputs (see
Fig. 1). Sorting pattern inputs make visualisation clearer and have no impact on
the diﬃculty of the task from the neuron’s perspective. The pattern repeats at a
rate 5 Hz and consists of each pattern input ﬁring exactly once over the pattern
length, L = 50 ms. A spike from input i at time t is speciﬁed as sti . The other
1500 distractor inputs are allowed to ﬁre during each pattern presentation, but
their ﬁring rates are adjusted to ensure the average input to the neuron remains
constant throughout the simulation. All inputs ﬁre with a Poisson distribution
10 Hz over the length of the simulation. The neuron is allowed to train on a
pattern for 300 simulated seconds and reported averages are taken over 20 s of
subsequent testing.
Delay representations are studied under two conditions for the neuron: acting
as an integrator or as a coincident spike detector [8]. Using a larger membrane
time constant, τ = 20ms, the neuron’s membrane voltage is able to accumulate
the inﬂuence of spikes over a longer time period and decays slowly, acting as an
integrator. Neurons can also act as coincident spike detectors when using short
membrane time constants, τ = 3ms. Using a short time constant means the
membrane voltage decays quickly, so only recent spikes can aﬀect the voltage;
τ
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Fig. 1. Example input during training, pattern is presented between time 400–450 ms
on inputs 0–500. The activity of distractor neurons ﬁring during the pattern presentation is adjusted so the total activity remains constant. The ﬁring rate of pattern inputs
between each pattern presentation are adjusted to maintain 10 Hz ﬁring rate.

in this case, to cause a large membrane voltage response, many spikes need to
arrive within a short time period.
Testing. After the neuron has learnt a pattern, all learning is stopped and the
neuron is presented with morphed instances of the pattern as described in the
next sections. To observe the relative diﬀerence in response, the spike threshold is removed and the membrane voltage is measured during morphed pattern
presentations. Accuracy is also used to assess performance and is deﬁned as the
product of the percentage of correctly recognised patterns and the percentage
of correctly unrecognised regions between pattern presentations. That is, the
percentage of patterns with at least one output spike and the percentage of
between-pattern periods with no output spikes.
Stretch and Compress Task. The learnt pattern is stretched or compressed
linearly such that the morphed spike time of an input mti is deﬁned as:
mti = sti ∗ mf

(5)

where the pattern is assumed to be starting at time 0 and mf is the morphing
factor. A morph factor of 0.5 (1.5) represents compressing (stretching) the pattern by 50% of its original length. Values for mf were tested in the range 0.5 to
2.0 in steps of 0.5. As the pattern is stretched and compressed, the distractor
inputs’ ﬁring rates are also adjusted to ensure the average input to the neuron
remains constant. In the case of mf = 0.5, the ﬁring rate of the pattern inputs
are high enough that no distractor inputs ﬁre during the pattern presentation.
Values of mf < 0.5 would not be possible in this task without the pattern contributing a larger than average total input during the presentation and are thus
excluded.
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Temporal Reversal Task. A main feature of using delay-based representations is that they explicitly model the temporal structure in a signal. Each
synapse explicitly models both the spatial and temporal location at which an
event (spike) is expected. If a learnt spatiotemporal pattern is presented to the
synapses, the delays cause coincident spike arrival by delaying early spikes. However, if the same spatial pattern is presented but in reverse temporal order, the
learnt delays now cause asynchronous arrival, evoking a small response in the
membrane voltage. Neurons using delays should have large responses to a learnt
pattern and small responses to a spatially identical but temporally reversed pattern. To verify the diﬀerences in membrane voltage, response the procedure for
stretching and compressing was repeated and then the spike times were reversed.
A spike in the reversed and morphed pattern, rit , is deﬁned as:
rit = mf (L − sti )

(6)

For simplicity, stretched and compressed patterns will be denoted as a positive mf while temporally reversed and morphed patterns will be denoted with
a negative mf . All experiments were carried out using custom written Matlab
code available with an open source licence.1

3

Results

3.1

Training the Neuron

A neuron was trained for 300 s as described in Sect. 2.2. Visualising the learnt
delays showed a straight line with negative slope indicating the pattern had been
eﬀectively learnt, see Fig. 2A. As the pattern inputs are sorted by ascending
ﬁring time, current from spikes with smaller input indexes and larger delays
arrive coincidentally with inputs which ﬁre later but have smaller delays. A
common structure learnt is a smaller set of delays just before the main feature.
This smaller feature often causes an initial neuron spike before the arrival of
input from the main feature, resulting in two spikes per pattern presentation
(see Fig. 2C). Once the neuron has learnt the pattern it quickly stabilises its
ﬁring time and maintains it, see Fig. 2B. The ﬁnal ﬁring time of each neuron
depends on random chance during learning.
3.2

Stretch and Compression Eﬀects on Neuron Response

Presenting the learnt pattern to a trained neuron (with spiking disabled) results
in a large membrane voltage response, reaching −38 mV on average, see Fig.
3A. When the neuron acts as an integrator (τ = 20ms) the average response is
much smaller in general, on average only achieving voltages of −52 mV on the
learnt task, see Fig. 3C. When using delay-based representation there is a drop
in membrane voltage just after the peak of the response. This corresponds to the
pattern spikes which would have normally arrived in this period but instead have
shortened delays to arrive coincidentally with the earlier input arrival times.
1

https://github.com/jotia1/modular-spikingnets.
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Fig. 2. The learnt delays align well with the pattern, produce consistent output ﬁring
times (26 and 28 ms), and evoke a large voltage response. (A) The ﬁnal delays learnt
by a neuron, early inputs ﬁre ﬁrst but have the largest delay such that all spikes arrive
simultaneously. (B) Simultaneously arriving spikes cause very consistent ﬁring times
once learnt, the neuron consistently ﬁres at 26 and 28 ms for every presentation. (C)
The voltage trace of the neuron after training (averaged over 100 presentations).

Coincidence Detector. As the pattern is compressed the current from pattern
spikes no longer arrive coincidentally. When the neuron is acting as a coincident
detector, these asynchronous arrivals result in a diminished response, however
the response still exceeds threshold allowing the neuron to generalise to these
cases. An equal amount of stretching (mf = 1.5) has a much smaller response
(max at −52 mV) in contrast with compression (mf = 0.5, max at −43 mV).
Integrator. When the neuron acts as an integrator, its response is similar to
when the pattern is compressed, with a maximum of the average at −52 mV.
Although the spikes are no longer arriving coincidentally the slow decay of the
membrane time constant allows them to be integrated, resulting in the similar
response. As the pattern is stretched (mf = 1.5) the maximum of the average
response drops to −54 mV. However, even when the pattern is stretched to twice
its originally learnt length (mf = 2.0) the maximum average response (−54.7
mV) still exceeds the voltage threshold.
3.3

Temporal Reversal Eﬀects of Neuron Response

In both cases responses of the membrane voltage to the reversed and morphed
patterns are signiﬁcantly lower than to the learnt patterns, see Fig. 3B,D. The
response is diminished by the morphing as well as the asynchronous spike arrival
from the temporal reversal. However, while the average response to the reversed
and morphed patterns is lower than the learnt case the response still exceeds
threshold in some cases. These slight increases in response are due to the delay
learning rule assigning a low variance to synapses with learnt delays. The current
applied from each spike follows the Gaussian synapses outlined in Eq. 1, meaning
a low variance results in a short but large burst of current. These short but large
impulses are able to evoke a larger eﬀect in the membrane voltage before the
membrane dynamics decay it.
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Fig. 3. Neurons acting as coincidence detectors respond more strongly then integrators
when using delay-based learning and evoke larger responses to temporally morphed patterns than temporally reversed patterns. (A) The neuron’s membrane voltage response
to the learnt pattern is largest when the pattern is unchanged (mf = 1.0), stretching or compressing the pattern diminished this response. (B) Temporally reversing the
pattern severely diminished the response, however it still often exceeded threshold. (C)
Using a larger membrane time constant (τ = 20 ms) produced a smaller response.
Compressing the pattern evokes a similar response to the learnt pattern while stretching diminished the response. (D) The average response to a temporally reversed version
of a learnt pattern is smaller when using a large membrane time constant. All curves
are average responses from 100 pattern presentations.
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Fig. 4. Increasing the voltage threshold to −52 mV would allow near perfect generalisation to patterns stretched or compressed by up to 50% while discriminating temporally
reversed patterns (mf < 0.00).

4
4.1

Discussion
Learnt Features

Once trained, the neuron typically learns one large pattern that spans the delay
range allowed and consisting of between 150–200 inputs. However, in some cases,
smaller sub-patterns can form just before the main pattern, see Fig. 2A. These
smaller features are often responsible for producing an initial spike, allowing the
neuron to ﬁre two or more times during a single pattern presentation as shown
in the average response in Fig. 2C. The cause of these smaller features forming
is likely linked to the parameters of sSDVL used, in particular, setting α = 3ms.
Additional details on the behaviour and parameter settings of sSDVL can be
found in [2]. The reliable response of the neurons ﬁring time (see Fig. 2B) and
membrane voltage (see Fig. 2C) is an advantageous feature of this representation.
In particular, it suggests that delay learning could be extended to multiple layers
with early layers able to produce precise temporal structure in their outputs as
inputs to deeper layers.
4.2

Coincidence Detector

Stretching and compressing the learnt pattern causes the inputs to apply current to the neuron asynchronously. When the neuron is a coincidence detector
this results in a diminished response for both stretching and compression. The
response to stretched patterns declines faster than the response to the same
amount of compression. When the pattern is stretched, the spikes from the learnt
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delays ﬁll the same gap that they had previously left by shortening the delays
and thus the response moves back towards baseline (as if no learning had happened). However, when the pattern is compressed the spikes with learnt delay
are now arriving sooner and at the same time as the spikes from just before
the pattern presentation. The result of this doubling up of spikes earlier can
be noticed most clearly by the decline in voltage response immediately after the
peak. This decline is where the spikes from the learnt pattern would have arrived
if the pattern had not been compressed.
When the pattern presented to the coincidence detector, it temporally
reverses the combination of the pattern being spread by the reversal and the
fast membrane voltage decay makes the response relatively small. Despite this
much lower response, the neuron does respond frequently to the reversed pattern due to the low spike threshold used. High accuracy detection on a similar
task can be achieved when the diﬀerence between average membrane voltage and
threshold is only 3 mV [2]. Because the diﬀerence in response between a learnt
and temporally reversed pattern is > 15 mV increasing the threshold slightly
would enable whatever level of discrimination or generalisation is needed.
4.3

Integrator

When the neuron is an integrator the overall responses are much smaller. This is
a consequence of there being a ﬁxed number of pattern spikes arriving coincidentally yet the integrator still integrates all spikes (including the noise spikes) from
over a longer period. Because of the accumulated noise inﬂuence, integrator neurons are not as well suited to take advantage of the simultaneous spike arrivals
as coincidence detector neurons. The relative decrease in performance of integrator neurons for morphed patterns is less than in the coincidence detector case,
however, it is still signiﬁcantly lower in general. It is still possible for integrators
to diﬀerentiate between learnt and temporally reversed patterns, however the
diﬀerence is small and would have a high signal-to-noise ratio.
Membrane Time Constant Interaction. Eﬃcacy-based systems depend on
carefully setting the membrane time constant of the postsynaptic neuron to
allow generalisation or discrimination between patterns [9]. Short time constants
have been used in weight-based learning systems to enable them to diﬀerentiate
between spatially similar but temporally diﬀerent patterns [9]. However, the
size of the time constant in a weight based system limits the maximum size of
the pattern that can be learnt. That is, if the neuron has eﬀectively decayed any
spikes from more then 3 ms ago, then 3 ms becomes the upper limit of the length
of pattern that can be learnt in a weight based system. Delay-based systems
do not suﬀer from this same issue, even with a short membrane time constant,
features up to the length of the maximum delay can be learnt by causing all of the
spikes to arrive simultaneously. Using a short time constant is still advantageous
in delay-based systems as this allows the eﬀect of coincidentally arriving spikes
to have a larger inﬂuence.

Neurons with delay-based learning generalise between time-warped patterns
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Discrimination Between Learnt and Reversed Patterns

While the overall response is much lower, the temporal reversal still evokes a
large enough response to cause the neuron to ﬁre regularly. This is due to the
membrane voltage needing to be driven near-threshold for learning to originally
occur. Once learning has occurred shifting the threshold up slightly would enable
the neuron to diﬀerentiate between the learnt pattern and the temporal reversal.
There are numerous methods through which the threshold could be appropriately
adjusted to allow discrimination between the learnt pattern and the temporal
reversal. A simple solution is to simply apply a variant of simulated annealing
where the threshold (or synaptic eﬃcacy) are adjusted slowly during learning
[14]. Using an adaptive threshold or intrinsic plasticity would provide a much
more robust solution but also bring added levels of complexity []. Shifting the
threshold up to −52 mV from −55 mV would allow near perfect accuracy for the
learnt patterns with mf in the range [0.5, 1.5], whilst also perfectly discriminating between the temporal reversal, see Fig. 4. Methods of dynamically adjusting
the threshold are left for future studies in this work. Which instead focuses on
demonstrating there is a relative diﬀerence in response which could be used to
diﬀerentiate between a learnt pattern and its temporal reversal.

5

Conclusion

A single neuron using delay-based learning is able generalise to patterns timewarped by up to 50% with an accuracy >99%. Further, there is a distinct difference between the response of the neuron to the learnt pattern and a spatially
identical but temporally reversed pattern. The membrane time constant plays
and important role in allowing the neuron to generalise to stretched and compressed patterns. Small values of the membrane time constant cause the neuron to act as a coincidence detector without hampering the neuron’s ability to
learn temporal structure. These results demonstrate that using delay-based representations is a promising method for allowing single neurons to generalise to
time-warped versions of a pattern whilst still allowing discrimination between
spatially identical but temporally distinct (reversed) patterns. Future work is
needed to compare the performance of delay-based learning with network level
solutions but also to study the integration of delay-based learning into network
level solutions. Delay-based learning oﬀers an explanation of how neurons can
respond to spatiotemporal patterns that are temporally distorted such as words
spoken faster or slower.
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Abstract. Uncertainty in probabilistic classiﬁers predictions is a key
concern when models are used to support human decision making, in
broader probabilistic pipelines or when sensitive automatic decisions
have to be taken. Studies have shown that most models are not intrinsically well calibrated, meaning that their decision scores are not consistent
with posterior probabilities. Hence being able to calibrate these models,
or enforce calibration while learning them, has regained interest in recent
literature. In this context, properly assessing calibration is paramount to
quantify new contributions tackling calibration. However, there is room
for improvement for commonly used metrics and evaluation of calibration could beneﬁt from deeper analyses. Thus this paper focuses on the
empirical evaluation of calibration metrics in the context of classiﬁcation. More speciﬁcally it evaluates diﬀerent estimators of the Expected
Calibration Error (ECE), amongst which legacy estimators and some
novel ones, proposed in this paper. We build an empirical procedure to
quantify the quality of these ECE estimators, and use it to decide which
estimator should be used in practice for diﬀerent settings.
Keywords: Uncertainty

1

· Calibration · Reliability · Classiﬁcation

Introduction

Almost all currently used classiﬁers are not intrinsically well-calibrated [11],
which means their output scores can’t be interpreted as probabilities. This is an
issue when the model is used for decision making, as a component in a more
general probabilistic pipeline, or simply when one needs a quantiﬁcation of the
uncertainty in model’s predictions, for example in high risk applications.
To overcome this calibration issue, two main tracks have been explored by
either correcting the calibration of the model via some post-training procedure
[7,8,11,13] or by regularizing the model to enforce calibration during training
[9]. Would it be for the quantitative comparison of the performances of calibration methods or the evaluation of prediction’s uncertainty, one needs to precisely quantify calibration. The recent literature trend is to use estimators of the
Expected Calibration Error (ECE) [10], which we focus on in this work.
We propose a few improvements on current ECE estimators as well as a
novel approach for the estimation of this metric based on kernel density estimation. We also introduce via these new estimators a continuous equivalent of
c Springer Nature Switzerland AG 2021
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the reliability diagram constructed on the proposed notion of Local Calibration
Error (LCE). This notion can be used in practice to evaluate the uncertainty of
the predicted probabilities itself, with an optional uncertainty interval. Furthermore we designed the ﬁrst experimental setup to enable the assessment of the
calibration metrics, in order to identify which estimators are the most relevant.
In this paper, we ﬁrst present the context of this study in Sect. 2 and set up
the formal deﬁnition of calibration in Sect. 3. The theoretical calibration metric,
namely the Expected Calibration Error, and its legacy and newly proposed estimators, are presented in Sect. 4, where we also introduce the concept of Local
Calibration Error. We ﬁnally assess in Sect. 5 the relevance of legacy and proposed estimators empirically using a broad empirical setup.1

2

Context and Related Work

The oldest attempt to quantify calibration has been the reliability diagram [3,11]
for binary classiﬁcation. Although it has been useful for the evaluation of early
calibration methods, it does not provide point estimates - a single value - required
to systematically compare calibration of diﬀerent models. The ﬁrst point estimate proposed in [16], which exploited a decision theory framework to use a
proﬁt maximisation as a proxy for calibration quality, required a speciﬁc type
of dataset to be usable in practice. Mirroring the procedure used to compute
the reliability diagram, the empirical Expected Calibration Error (ECE) was
designed [3], and later has been proven to be an estimator for the natural theoretical notion of calibration error [4]. Meanwhile, some works have used the
negative log-likelihood (NLL) or the Brier score [16], which both are weak proxis
for the calibration of classiﬁers [6]. Using reliability diagrams has become even
more diﬃcult in multiclass settings [17].
Recent works mostly rely on the binning based legacy estimator of the ECE
to quantify calibration. Defects have been highlighted with this estimator, such
as its reliance on a hyperparameter and its bias variance trade-oﬀ [12]. More
recently [7] made clearer the notion of calibration for multiclass classiﬁers, and
new estimators of the ECE with adaptive binning have been proposed in [12]
along side with uncertainty aware reliability diagrams [1]. Although the notion
of calibration was originally deﬁned for classiﬁers, this notion is currently being
generalized to regression [5,15].
In this context we aim at improving the evaluation of calibration in the
setting of classiﬁcation, and speciﬁcally focus on estimators of the ECE as the
theoretical deﬁnition itself has been consistently adopted.
Definition 1. Classiﬁer
Let us consider the random variable (X, Y ), from which are drawn i.i.d samples to build a training set, and a holdout set of size N : (x, y) ∈ X × [1..C]. A
classiﬁer M : X → ΔC is a function learnt from the training set which outputs
1

The code ensuring the reproducibility of the experiments presented in this work is
available at https://github.com/euranova/estimating eces.
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scores -ideally the probabilities P(Y |X)- of belonging to class c for c ∈ [1..C],
C
where ΔC  {s ∈ [0, 1]C | j=1 sj = 1} is the probability simplex that ensures
the scores sum up to one. In the rest of the paper the indexed notation sc represents the cth element of any vector s and xi denotes the ith sample of the holdout
set. For readability purpose we use the notation si for the output score M (xi ).

3

Calibration

In this section we present and formalize properly the 4 diﬀerent notions of calibration, and derive the corresponding Expected Calibration Errors (ECE).
Calibration characterizes how much a model is able to output scores corresponding to actual posterior probabilities. The ﬁrst and simplest calibration
notion [13] is focused on a speciﬁc class and extends to the simultaneous calibration of every classes considering their associated scores independent, namely the
class-wise calibration [17]. This version considers a classiﬁer is well-calibrated
if all one-vs-rest submodels are calibrated. The calibration concept for binary
classiﬁcation is equivalent to class-speciﬁc calibration focusing on the positive
class and to class-wise calibration, since the score for the negative class s0 is
determined by the score for the positive class s1 = 1 − s0 . The more recently
introduced conﬁdence calibration [4] is only concerned about the model predicting relevant scores for the class it predicts for each sample. Throughout this
paper, we only tackle the conﬁdence and class-wise settings. Finally the most
rigorous evaluation of calibration should actually take into account all classes as
non-independent, the corresponding deﬁnition, the multiclass-calibration [13] is
almost never used in practice for computability reasons. All these notions are
formalized in the following deﬁnition.
Definition 2. Diﬀerent calibration notions of a probabilistic classiﬁer. A probabilistic classiﬁer M , is
Calibrated for class c :∀s ∈ [0, 1], P(Y = c|M (X)c = s) = s
Class-wise calibrated: ∀c ∈ [1..C], ∀s ∈ [0, 1], P(Y = c|M (X)c = s) = s
Conﬁdence-calibrated: ∀s ∈ [0, 1], P(Y = argmax(M(X)c )| max (M(X)c ) = s) = s
c∈[1..C]

c∈[1..C]

Multiclass-calibrated: ∀s ∈ ΔC , ∀c ∈ [1..C], P(Y = c|M (X) = s) = sc
The Expected Calibration Error (ECE) of a given model M can be naturally
derived from these theoretical formulations by computing the expected deviation
from the perfect theoretical calibration. This concept is applied to the diﬀerent
calibration settings and results in the following formulations:
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Definition 3. Expected calibration error (ECE) for the diﬀerent settings for a
given model M on (X, Y ):


ECE c (M )  Es∼M (X)c P(Y = c | M (X)c = s) − s
1 
ECE cw (M ) 
ECE c (M )
C
c∈[1..C]


conf
(M )  Es∼max(M (X)) P(Y = argmax(M (X)) | max(M (X)) = s) − s
ECE


ECE mul (M )  E(s,c)∼(M (X),Y ) P(Y = c|M (X) = s) − sc 
Where ECE c (M ) is the class-speciﬁc ECE associated to class c, ECE cw the
class-wise ECE [17], ECE conf (M ) the conﬁdence ECE [4] and ECE mul (M )
the multiclass ECE.
By replacing the expectation over the absolute values of the diﬀerences by
a simple maximum over the absolute diﬀerences, we obtain the formulations of
the Maximum Calibration Error (M CE) [10], which focus on the highest gap
between posterior probabilities and the scores given by the model.

4

Estimation of Calibration Quantification

In this section we describe the challenges of calibration quantiﬁcation, then
present the existing tools to handle these challenges namely the reliability diagram and the legacy ECE estimator. We then introduce a new formalization
of these estimators based on binning and sample mapping, which help us deﬁne
new binning based estimators. Finally we present the new notion of Local Calibration Error on which we rely to build continuous estimators of the ECE based
on Kernel Density Estimation. All estimators are written for the class-speciﬁc
calibration setting, which can then be transposed to the other settings using
Deﬁnition 3.
4.1

Challenges of Such Quantification

Quantifying calibration is challenging in practice for two main reasons: Calibration is intrinsically a local notion. Miscalibration is deﬁned on the neighbourhood
of a given output score. Thus any global quantiﬁcation of calibration depends
on an aggregation procedure of local measures. This is what diﬀerentiates the
ECE, which implicitly weights all parts of the score distribution according to its
local density, from the M CE, which only cares about the worst case scenario.
Since calibration depends on score distributions , any relevant estimator relies
on these scores, which means that we are limited by the amount of available
validation data to perform such quantiﬁcation.
A good calibration metric should speciﬁcally quantify calibration: contrary to
the Brier score and the NLL, which values only carry a partial information on
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calibration, we expect a good metric to be independent of confusion factors. It
should then be theoretically well-funded as well as tractable in practice. Finally, a
good calibration metric should be able to take into account cost matrices for the
classiﬁcation task, when available, risk management being intrinsically linked to
such cost matrices.
The ECE corresponds to the identiﬁed required properties for homogeneous
cost matrices, since it directly derives from the theoretical notion of calibration
and has an immediate interpretation. However, it doesn’t allow heterogeneous
costs matrices, and as we will see in the next sections, current estimators provide
poor estimations of the true value of the ECE. For these reasons we focus on
the setting of homogeneous cost classiﬁcation, and try to provide better estimators for the ECE. Such estimators should be robust to hyperparameter choice,
problem which can be solved by the use of a relevant heuristic. The estimator
should be data-eﬃcient too, in order to provide good estimates with a low variance even with few holdout labeled data points. Such estimation should provide
low-bias estimates with a suﬃcient amount of available data and should ﬁnally
be consistent and computable in a reasonable amount of time.
4.2

Reliability Diagram

The reliability diagram introduces the classical way of calculating the ECE. To
build the reliability diagram (in the binary setting), a uniform binning scheme
(the [0, 1] interval is split into equal bins) is used, and each holdout sample is
mapped into a bin based on the score given by the model for the positive class
(procedure deﬁned below as 1-bin mapping). For each bin, the average score for
the positive class and the proportion of samples belonging to the positive class
are calculated. The ﬁrst is then plotted against the second. If the model is well
calibrated, each point should fall on the line y = x. The local oﬀset of each
point tells us if the model is locally over or under-conﬁdent on its scores for the
positive class. Such diagram can be seen on Fig. 1 (left).
Originally designed for the binary classiﬁcation case, it can be easily extended
to conﬁdence calibration in the multiclass setting. In that case, samples are sent
into bins based on the score the model outputs for the class it predicts, and the
ratio of correct predictions is plotted against the average over the scores given
for the predicted class.
4.3

Binning Based Estimators

In order to present diﬀerent binning-based estimators of the ECE, we formalize
the binning and aﬀectation mapping objects. We note si the score of the class
of interest of the ith sample, which depends on if we consider the speciﬁc-class,
class-wise (ﬁxed class) or conﬁdence (predicted class) calibration.
Definition 4. Binning schemes
The [0, 1] segment is split into B bins used to assign each data point to one
(or more) bin. These bins are deﬁned by their respective thresholds. Hence to
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deﬁne a binning scheme one only needs to specify the increasing splitting function
t : [1..B] → [0, 1] that computes the right threshold for each bin.
Two main binning schemes have been used to compute the ECE in the
literature: Uniform binning splits the segment into B bins of equal size : t(i) = Bi
and Adaptive binning splits the segment so that each split contains the same
number of samples : t(i) = {sσ(j) | ∀j ∈ [1..N − 1], sσ(j) ≤ sσ(j+1) }N/i , σ being
the permutation which sorts samples based on the score predicted for the class
of interest.
Definition 5. Aﬀectation mapping
Given a binning of a domain [0, 1], an aﬀectation mapping of D in these bins
is a matrix W composed of positive weights, so that Wij is the weight of the
aﬀectation of the sample i in the bin bj . Rows of such matrix sum up to 1.
Using this formalisation, we start from the 1-bin mapping W 1bin for which
every sample is assigned to a single bin with unit weight, to go to the new proposed convex mapping W conv for which each sample may contribute to up to
two bins for the computation of the binning based ECE estimators. This mechanism is the one referred to as linear binning in the kernel density estimation
ﬁeld. These two mappings can be respectively mathematically written, as follows,
t
−t
where cj is the geometric centre of the j th bin j−12 j :

1bin
Wij


1
=
0

if si ∈ [tj−1 , tj ]
;
otherwise

conv
Wij
=

⎧
1
⎪
⎪
⎪
⎪
⎨1

si −cj

⎪
⎪
cj+1 −cj
⎪
⎪
⎩1 − si −cj−1

cj −cj−1

if si ∈ [0, c0 ] & j = 0
if si ∈ [cB , 1] & j = B
if si ∈ [cj , cj+1 ]
if si ∈ [cj−1 , cj ]

The original estimator of the ECE is basically a weighted mean over the
absolute diﬀerences calculated when the reliability diagram is computed (here
expressed in the speciﬁc-class case). If W is a 1-bin mapping on a uniform binning
and 1 is the indicator function, the legacy estimator is:

ECElc =

B
N

1   

Wij (1Y i =c − sic )

N j=1 i=1

(1)

Such estimator can be deﬁned in the same way for ECE conf and ECE cw .
We unify binning-based estimators under Eq. (1) with diﬀerent binning/mapping schemes. The ECEa uses an adaptive binning with 1-bin mapping, while the ECEc uses a uniform binning and a convex mapping, and ﬁnally
the ECEac uses both improvements on the legacy estimator - adaptive binning
and convex mapping. In the case of class-wise calibration, the ACE deﬁned in
[12] is equivalent to ECEa , when all bins contain the same amount of samples.
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Local Calibration Error

We deﬁne the notion of Local Calibration Error (LCE), and then use it to build
the reliability curve, a continuous version of the reliability diagram. Let us ﬁrst
begin with the formal deﬁnition of the LCE:
Definition 6. Local calibration error (LCE) for the class-speciﬁc and the conﬁdence settings for a given model M on (X, Y )
c
LCEM
(s)  P(Y = c | M (X)c = s) − s

conf
LCEM
(s)  P(Y = argmax(M (X)) | max(M (X)) = s) − s

For the class-speciﬁc case, to estimate the LCE of a model for all scores
s ∈ [0, 1], we have to estimate P(Y = c|M (X)c = s). We resort to the Bayes
rule to tear down this estimation to estimating the densities of P(M (X)c =
s|Y = c) and P(M (X)c = s), and the scalar P(Y = c). We can then rely on
kernel density estimation (KDE) to estimate the two densities. Theoretically,
this approach is continuous. In our implementation however, both KDEs are
evaluated numerically in Fourier space (the ﬁrst one on all scores for the class
c and the second one on all scores for the class c when the ground truth is the
class c), which makes the computation eﬃcient with O(N + nlog(n)) complexity,
if n is the number of numeric subdivisions of the domain [0, 1]. We use steps of
0.0003 for precision, and mirrored the data around s = 0 and s = 1, which are
the limits of the domain. This mirroring implies a slight bias in estimations due
to a leak of density mass. Once again the LCE conf can be estimated in the same
way with the relevant scores and classes.
A continuous equivalent of the reliability diagram can be derived from such
object. The reliability curve associated with the classiﬁer M and the class c, for
the class-speciﬁc calibration is:
c
(sc ) + sc
∀ sc ∈ [0, 1], relM (sc ) = LCEM

(2)

An example of such reliability curve is shown in Fig. 1 (middle).
The main beneﬁt this proposed notion of local calibration error oﬀers is its
usability in practice to know the uncertainty of a model on a speciﬁc score,
which cannot be evaluated with enough precision using previous tools (points in
a reliability diagram can be used for an interpolation aiming at the same result,
yet the precision of such procedure is very low, and interpolation at that scale
is questionable).
We propose to compute this curve on bootstrapped versions of the holdout
set, in order to quantify the uncertainty on this LCE. In this context, the median
curve is considered as the reliability curve and percentiles of interest are used
for uncertainty quantiﬁcation. This idea, illustrated on Fig. 1 (right), allows the
prediction of conﬁdence intervals for the class probabilities instead of point estimates, by only looking at the uncertainty on the bootstrapped reliability curve
at the score output by the model.
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Fig. 1. Reliability diagram with 15 bins (left), reliability curve with a bandwidth of
0.03 (middle) and the bootstrapped version with the same bandwidth (right). Each
plot brings one more level of insight.

4.5

Density Based Estimator: ECEd

Based on the deﬁnition of this Local Calibration Error we can derive a new ECE
estimator, which is formalized as follows:
ECEdc


=
0

1

fM (X)c (s) |LCEM (s)| ds,

where fM (X)c is the probability density function of the scores given by the model
for class c.
Heuristics for Hyperparameter Choices. For all binning-based estimators,
we investigate the use of a simple heuristic to select the number of bins used for
the estimations: the bin amount is the square root of the number of samples.
For the kde-based approach, we propose to use Silverman’s rule [14] to select
the bandwidth (the bandwidth is estimated on P(M (X)c = s), and the same
bandwidth is used to estimate the density of P(M (X)c = s|Y = c)). Other
heuristics are often used for KDE computations, yet Silverman’s rule is to our
knowledge the only one which provides satisfying results in small data contexts,
for which legacy estimators struggle the most.
From Class-Specific to the Other Settings. To translate the class-speciﬁc
estimators into the class-wise case, class-speciﬁc ECEs are estimated for all
classes, and the class-wise ECE is the mean of these values. To get to the conﬁdence case, scores for the class of interest are replaced by the score for the
predicted class, and the class of interest is the ground truth label.

5

Experimental Setup

We present the assessment of a few empirical properties of the diﬀerent ECE
estimators. As pointed out in [12], the main diﬃculty with empirical evaluation
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of calibration methods and calibration metrics is that we don’t have access to
ground truths in general. This is why we worked on a setup which gives us access
to arbitrarily precise estimates of the ECE considered as a the ground truth, in
the class-wise and conﬁdence settings.
5.1

Procedure

We aim at quantitatively compare the estimators in terms of approximation,
data eﬃciency and variance. To do so we build curves which can indicate the
expected performance of each estimator with its corresponding parameters, for
diﬀerent sizes of holdout set. In order to observe statistically robust result we
introduce various degrees of variability in our experiment at distribution level,
in the algorithm used to train the models, and in terms of train/holdout sets
splits. The results are thus produced based on numerous realistic output score
distributions.
The distribution variability is introduced by creating synthetic sample sets
from Gaussian mixtures, where each class is composed of 4 modes of the mixture. For each mode we build the mean vector with elements uniformly drawn
in [0, 1], and the covariance matrix is built as follows: we ﬁrst sample a matrix
with elements uniformly drawn in [−0.3, 0.3] then multiply it with its transposition to get the required positive deﬁnite matrix. This sample set generation is
produced with various number of classes (2, 5, 7) and dimensions of the feature
space (2, 5, 7) with 5 diﬀerent large datasets sampled from each combination,
resulting into 45 synthetic distributions.
In order to produce various relevant score distributions from these data distributions, we trained 4 diﬀerent types of models (logistic regression, gaussian
naı̈ve bayes classiﬁer, support vector classiﬁer and random forest) on 3 train sets
of size 300 sampled out from the previously generated large datasets. For each
of these trained models we compute the “ground truth” ECE using the legacy
estimator with high granularity (2000 bins) on the remaining holdout set (2.106
samples). Then, we build 200 evaluation sets which are bootstrapped versions
of the holdout set of sizes taken between 30 and 500 on a logarithmic scale. The
“ground truth” ECE is used as reference to compute the approximation error
(the absolute value of the diﬀerence between the estimated ECE and its true
value normalized by the ground truth). Among those 200 values per evaluation
set size, we keep the 95th percentile of the approximation errors, below which
95% of such errors rely. For each evaluation set size and estimator, we ﬁnally
plot the median over the 540 95th percentiles obtained with each score distributions. The resulting curves can be seen in Fig. 2. The number of evaluations of
the learning algorithms plus the ECE estimators makes this experiment long to
run, but as all the estimators have limited computation complexity the overall
computation remains feasible.
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Fig. 2. Median 95th percentile of the approximation error (absolute value of the normalized relative deviation with respect to the ground truth ECE) for the diﬀerent
estimators of the ECE conf (top) and the ECE cw (bottom) (lower is better) for evaluation sets of size between 30 and 500 samples. The scale is logarithmic for both axis

5.2

Results Analysis

For All Settings, the error of all estimators is very high for small data regimes
(the estimation error is around 10% of the true value), and thus one shouldn’t
evaluate calibration on so little data, no matter what estimator is used.
For the Conﬁdence Setting, the best performing estimator in almost all data
regimes is the ECEdconf with Silverman’s rule. This is good news, since we now
have a procedure to estimate the ECE which doesn’t rely on a sensitive hyperparameter choice, but instead on a simple heuristic. As far as it is concerned,
the convex mapping scheme empirically improves the performance of the legacy
estimator and the one using the adaptive binning, which underperforms when
alone, probably because of the increased variance induced by the adaptivity. It
is worth noting that above 300 samples, a lot of the estimators show similar
performances. As far as the square root heuristic is concerned for the automatic
choice of number of bins used, the graphs suggest that the number of bins grows
slightly too fast in average with an increasing amount of samples.
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For the Class-wise Setting, there is no clear outperformer in all data regimes
cw
with the
among the tested estimators. For less than 100 samples, the ECEac
square root heuristic seems to be the best choice. The same estimator, this time
with a ﬁxed small number of bins, is then the most precise one. The observation
made earlier about the square root heuristic still holds, and Silverman’s heuristic
for the bandwidth seems to be a less relevant choice in the class-wise setting than
in the conﬁdence one. We assume it is the case because of the sharpness of the
score distributions for each classes in the class-wise setting (most of the density
being very close to 0 and 1), which is a context in which Silverman’s bandwidth
is known to underperform for kernel density estimation.

6

Conclusions

We have introduced a few improvements on the legacy estimators, from the
proposition of new binning schemes to the use of heuristics to automatically
pick relevant values for hyperparameters of estimators of the ECE. On top of
this, a novel approaches has been built to deﬁne properly the notion of local
calibration error, which produces novel estimators for the ECEs. By testing all
approaches on a synthetic experimental setup for which we had access to very
precise estimates of the theoretical ECE, we have been able to compare all
candidate estimators. This systematic evaluation, which had never been done
until now, allowed us to formulate some recommendations on which estimator
to use in what context.
Our proposed solutions lead to natural potential future works. First, the
introduced calibration curve suggests a natural post-training calibration method,
since it can be seen as a calibration map. Such method would be interesting to
evaluate, yet poses the problem that the associated calibration maps are not
monotonous, which is considered as a prerequisite for post-hoc calibration procedures in the literature. Then multiclass-calibration evaluation, which is still an
open problem today, could potentially be evaluated in the scores space using an
adapted variant of our kde approach, which we think wouldn’t suﬀer as much as
legacy estimators from the increase of dimensionality. Finally, even if this paper
uses classical kernels and a mirroring approach to constrain density estimations
on the domain [0, 1] which allows standard and fast KDE computation, some preliminary investigations using a beta pseudo-kernel (the second one introduced
in [2]) which is naturally constrained to this domain, show promising results.
Because this kernel has a diﬀerent shape for all support points in [0, 1], it is
computationally prohibitive for now, and needs further exploration.
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Abstract. The Lipschitz constant of neural networks plays an important role in several contexts of deep learning ranging from robustness
certiﬁcation and regularization to stability analysis of systems with neural network controllers. Obtaining tight bounds of the Lipschitz constant is therefore important. We introduce LipBaB, a branch and bound
framework to compute certiﬁed bounds of the local Lipschitz constant of
deep neural networks with ReLU activation functions up to any desired
precision. It is based on iteratively upper-bounding the norm of the
Jacobians, corresponding to diﬀerent activation patterns of the network
caused within the input domain. Our algorithm can provide provably
exact computation of the Lipschitz constant for any p-norm.

1

Introduction

The notion of Lipschitz constant for a function, in general, bounds the rate of
change of outputs with respect to the inputs. For neural networks, the Lipschitz constant of the network is an useful metric to measure sensitivity, robustness and many other properties. It can be used as a regularization constraint
while training or provide certiﬁed robustness bounds against adversarial perturbations. It also helps in providing guaranteed generalization bounds. Other
use cases involves estimating Wasserstein distance, stabilising training of GANs,
and acting as building blocks for formulating invertible neural networks and ﬂow
based generative models [4]. Hence, a provable and accurate Lipschitz constant
estimation technique is important.
There have been several recent works related to the estimation of Lipschitz
constants [3,6,9], etc. Sect. 2 provides a brief study on these works, including a
comparison with our algorithm.
It has been shown that exactly computing the Lipschitz constant or even
within any desired approximation is computationally hard [3,6]. Hence computing the exact Lipschitz constant for large networks is almost infeasible. However,
any technique which provides iteratively reﬁned bounds with convergence over
time is desired. Techniques used for the veriﬁcation of neural networks including
Research sponsored by DRDO Headquarters, New Delhi, India.
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robustness certiﬁcation, output bounds estimation and calculation of the Lipschitz constant are deeply interlinked and share many similarities among them.
Our work also uses some of the extensions and combinations of such related techniques like symbolic propagation, interval arithmetic and linear programming
(for feasibility checking), within our proposed branch and bound framework.
Our Branch and Bound (BaB) algorithm is based on iterative space partitioning and upper bounding the local Lipschitz constant for each such partition.
Each node in the BaB tree has associated with it, an input partition deﬁned by
some half-space constraints and a activation pattern of the network on which
the Lipschitz upper bounds are calculated. At each iteration our algorithm provides a reﬁned upper bound of the exact Lipschitz constant until convergence.
Preliminaries and notations used are given in Sect. 3. Sections 4 and 5 provides
details of our algorithm. Section 6 provides the implementation and experimental
results demonstrating the performance over various parameters.

2

Related Work

We provide a brief comparison of some of the related works and the speciﬁc
settings they apply to in the table below. To the best of our knowledge LipBaB
is the ﬁrst work which is able to calculate the exact local Lipschitz constant for
any p-norm. Our algorithm can also be used to compute the global Lipschitz
constant.
LipBaB LipMIP LipSDP
local/global local,global local
global
exact
exact
upper
guarantee
p
1, ∞
2
p-norms
ReLU
ReLU ReLU, Diﬀ
activations

SeqLip CLEVER LipOpt FastLip
global
local
local local
heuristic heuristic upper upper
p
p
p
p
ReLU ReLU, Diﬀ Diﬀ ReLU

As shown in the above table, each of the approaches on estimating Lipschitz
constants meet diﬀerent requirements1 . The various techniques or formulations
used in these works include interval-bound propagation [9], semi-deﬁnite programming [2], extreme value theory and sampling techniques [10], combinatorial
optimization [6], polynomial optimization [5] and mixed integer programming
[3]. The technique LipMip [3] can be extended to work for other linear norms
also.

3

Preliminaries

This section provides the preliminaries, notations and background deﬁnitions as
required by the problem.
1

We have used the names of the techniques as given in the respective papers. The
column titled LipBaB is our algorithm.
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Generalized Jacobian

The Jacobian of a function f : Rn → Rm at a diﬀerentiable point x is given as:
δfi
, ∀i, j.
Jf (x) ∈ Rm×n : Jf(ij) = δx
j
For functions which are not continuously diﬀerentiable, we have the notion
of Clarke’s generalized Jacobian. The generalized Jacobian of such a function f
at a point x is deﬁned as: δf (x) = co{limxi →x Jf (xi ) : xi is diﬀerentiable}. In
other words, δf (x) is the convex hull of the set of Jacobians of nearby diﬀerential
points. For a diﬀerentiable point δf (x) is a singleton set {Jf (x)}.
3.2

Lipschitz Constant and Norms of Jacobians

For a locally Lipschitz continuous function f : Rn → Rm deﬁned over an open
domain X ∈ Rn , the local Lipschitz constant Lp (f, X ) is deﬁned as the smallest
value such that ∀x, y ∈ X : f (y) − f (x)p ≤ Lp (f, X ) · y − xp . For a differentiable and locally Lipschitz continuous function, the Lipschitz constant is
given as Lp (f, X ) = supx∈X Jf (x)p , (Federer, 1969) [4] where Jf (x)p is the
induced operator norm on the matrix Jf (x).
However, in the case of ReLU-networks the function is piece-wise linear in
nature and is not diﬀerentiable everywhere. For such functions, the above definition of Lipschitz constant can be extended accordingly using the notion of
Clarke’s generalized Jacobian [3]:
Lp (f, X ) =

sup
M ∈δf (x),x∈X

M p = sup Jf (xd ) p
xd ∈X

where xd is a diﬀerentiable point in X .
It is natural that the supM ∈δf (x),x∈X M p is attained at a diﬀerentiable
point xd in X . By deﬁnition, a norm . is convex. Therefore, the maximal value
of the norm of the elements in δf (x), which is itself a convex set, is attained
at one of the extreme points which are the Jacobians of nearby diﬀerentiable
points.
This result shows that for computing the Lipschitz constant we don’t need
to necessarily account for the non-diﬀerentiable points.
3.3

Upper Bounds on Jacobian Norms

Lemma 1. If A and B are both matrices of size m × n, and if for each i, j,
|Aij | ≤ Bij , then Ap ≤ Bp .
The above result can be used to upper bound the Lipschitz constant by upper
bounding the absolute values of the partial derivatives [9].
Lemma 2. Let U be a matrix of the same size as the Jacobian Jf (x) of a
function f (x). If U is such that supxd ∈X |Jf (xd )ij | ≤ Uij for all i, j, then
Lp (f, X ) ≤ U p .
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Feed Forward ReLU Networks and Their Jacobians

Deep feed-forward ReLU networks (MLPs) are stacked layers of perceptrons with
ReLU activation functions. They are piece-wise linear in nature.
Given an input vector x and a list of parameters θ ≡ {W (l) , b(l) , i = 1, . . . , n}
describing the network architecture, the function f : Rn → Rm represented by
a MLP can be deﬁned as follows:
f (x, θ) = W (L) φ(W (L−1) (. . . φ(W (1) x + b(1) ) . . . ) + b(L−1) ) + b(L) , where φ
denotes the ReLU activation function with φ(x) = max(0, x). To denote the
input and output vectors of any layer l, we use the notations z l and xl respectively.
The concept of Jacobians for a network (with respect to the outputs and
inputs of f ) gives us an idea about how the network outputs vary with changes
in inputs near a point. The Jacobian at a point x is calculated by the chain rule of
derivatives and is done using back propagation. It is important to note that this
Jacobian is deﬁned only if the derivatives at every ReLU node is deﬁned. This
happens only if the input to each ReLU node is strictly positive or negative. If it
is equal to zero then a sub-gradient exists which lies between [0, 1]. The Jacobian
at a point x, if deﬁned, can be compactly represented as
Jf (x) = W (L) Λ(L−1) W (L−1) . . . Λ(1) W (1)
where Λl encodes the activation pattern of a layer l caused by the input x. It is
a diagonal matrix, having 1s as elements if the corresponding neuron is active
and 0s for inactive neurons. The Jacobian is the same for all the points strictly
inside a linear region with the same activation pattern. Since ReLU networks are
piece-wise linear in nature, the Lipschitz constant is exactly equal to the p-norm
of the Jacobian at one such linear region in the input domain.

4

Algorithm and Its Components

The proposed algorithm is composed of several components like initial estimation of activation pattern, calculation of Lipschitz bounds and partitioning of
subproblems, which are uniﬁed within the branch and bound framework. This
section describes each of these components, including the representation of the
sub-problems, in relevant order. The next section combines all these components
and provides the overall branch and bound framework.
4.1

Input Domain Abstraction and Interval Bound Propagation

We consider the input region X as a hyper-rectangle of n-dimensions. It can be
represented as the Cartesian product of the following intervals, X = [x1 , x1 ] ×
[x2 , x2 ] × · · · × [xn , xn ] where xi denotes the ith dimension of an input x.
The aim of this section is to get an initial estimation of the activation states
of neurons with respect to all the inputs in the input region. Additionally, we
obtain the output bounds of the network. The activation states of the neurons
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can be decided by calculating the pre-activation bounds of each neuron. We mark
the state of a neuron as active/inactive based on whether the pre-activation
values are positive/negative respectively. If the pre-activation bounds contain
both negative and positive values, it is marked as ∗ (an undecided neuron). The
neurons may be active or inactive depending on the inputs.
The pre-activation bounds of each neuron can be calculated using interval
bound propagation. For all l = 1, . . . , n, taking [x(0) ] = [z (0) ], and
(l)

(l)

(l)

[z (l) ] = W (l) [x(l−1) ] + b(l) , [xi ] = [max(0, zi ), max(0, zi )]
where [z (0) ] denotes the input interval vector.
However these bounds are an over-approximation of the actual range of values and these over-approximations accumulate across the layers because of the
dependency problem in interval arithmetic. The dependency problem occurs
because multiple occurrences of the same variables are treated independently.
This dependency problem can be reduced by using symbolic expressions. The
symbolic expression makes use of the fact that the input to any neuron depends
on the same set of input variables, instead of considering only the outputs from
the previous layer independently as done in naive interval bound propagation. A
similar approach is presented in [8], but, a crucial diﬀerence is that we maintain a
single expression instead of two, per neuron. Also we create new symbols instead
of concretizing the bounds completely for ∗-neurons, to reduce the dependency
errors for such a neuron in deeper layers. In practice, the symbolic expressions
are represented using coeﬃcient vectors and constants.
Symbolic Propagation. We denote the symbolic counterparts of the input
vector z l and output vector xl of the neurons in layer l, as zel and xel respectively.
These expressions are symbolic linear expressions over the outputs of neurons
from previous layers. To get the pre-activation bounds we calculate the lower and
upper bounds of these expressions at each node. If we encounter a ∗-neuron, the
linear relation breaks down and we can no longer propagate the expression from
this node. Hence we introduce an independent variable for this node and hope
to preserve the resultant expressions in deeper layers. [Λ]l is a diagonal interval
matrix denoting the activation pattern of layer l, whose diagonal elements are
intervals of the form [1, 1], [0, 0] or [0, 1] corresponding to active, inactive or ∗neurons (undecided) respectively. All other elements of this interval matrix are
[0, 0]. This interval matrix will be later used in calculating the Lipschitz upper
bounds. Note that the number of ∗-neurons marked can only be exact or an
overestimation. It is these ∗-neurons which we aim to remove successively by
creating partitions.
4.2

Sub-Problem Representation

This section explains how a sub-problem, or equivalently a node in the Branch
and Bound (BaB) tree, is represented. We denote a sub-problem as ρ and a
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Algorithm 1. Symbolic Propagation
1: procedure SymProp(network N , input-domain X )
2:
//zeli and xeli are the input and output expressions respectively For ith neuron
at level l
3:
Initialize xe0 = ze0 = vector of input variables
4:
for l=1,...,L-1 do
5:
zel = W (l) xel−1 + bl
6:
for i = 1, ..., nl do
7:
if zeli > 0 then
8:
xeli = zeli , Ali = 1, [Λ]lii = [1, 1] //Keep Dependency
9:
else if zeli < 0 then
10:
xeli = 0, Ali = 0, [Λ]lii = [0, 0] //Update to 0
11:
else
12:
//Introduce new variable vil
13:
vil = zeli , vil = 0, xeli = vil , Ali = ∗, [Λ]lii = [0, 1]
14:
end if
15:
end for
16:
end for
17:
zeL = W (L) xeL−1 + b(L)
18:
output-bounds=[zeL zeL ]
19: end procedure

property p of that sub-problem as (p, ρ). Each sub-problem has a corresponding
subset of the input space (ψ, ρ) associated with it, deﬁned by the set of half-space
constraints (H, ρ). Also, for every sub-problem there is an associated activation
pattern of the network, (A, ρ), where
⎧
(l)
⎪
⎨1 if known zi > 0 for all inputs in ψ
Ali = 0 if known zi(l) < 0 for all inputs in ψ
⎪
⎩
∗ if known otherwise/not known
Any sub-problem can be equivalently represented by a pair consisting of its
set of half-space constraints and its activation pattern {H, A}. The half-space
constraints of a sub-problem are of the form zleli < 0 or zleli > 0, where zleli is a
symbolic linear expression of only the input variables, corresponding to the ith
neuron at layer l. zle0 is the symbolic input vector.
The initial sub-problem (root node of the BaB tree) is denoted as ρI , whose
corresponding ψ is X itself and activation pattern A is as determined by SymProp. The constraints corresponding to the initial hyper-rectangular input space


(0)
(0)
X are given as H = {zle0i < z i , i = 1, . . . , n(0) } ∩ {zle0i > z i , i =
1, . . . , n(0) }, which forms a bounded convex polytope. For any sub-problem, if
the set of constraints H form a bounded convex polytope and a hyper plane
zleli = 0 cuts through this polytope, we get two partitions, which are also convex polytopes, given by the constraints, {H ∩ zleli < 0} and {H ∩ zleli > 0}. It
follows from induction that any feasible set of constraints generated after any
number of partitioning steps as stated above, forms a bounded convex polytope.
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The use of open half-spaces, or strict inequalities, makes sure that when
we have a sub-problem with no ∗-neurons, any feasible point in that region is
actually a diﬀerentiable point. The reason is that the strict inequalities implies
that the corresponding neurons takes non-zero values as inputs for all points in
the feasible region, which in turn implies that the Jacobian is well deﬁned.
4.3

Propagating Linear Relations

In order to generate the half-space constraints corresponding to neurons at a
layer l, we need to have the expressions zlel for that layer, which is possible
only if there are no ∗-neurons present in previous layers. Therefore for any subproblem, we simply propagate the linear relations zle across the layers until we
reach the last layer of the network or encounter a layer which contains a ∗neuron (since by moving further we cannot preserve the linear relationship with
the inputs anymore). xleli is the output expression of a neuron corresponding to
the input zleli . It is computed only if there are no ∗-neurons in a layer.

0
if Ali = 0
l
(l)
l−1
l
l
zle = W xle
+ b , xlei =
zleli if Ali = 1
where xle0 = zle0 is the symbolic input vector. This process, called as LinProp
(as used in subsequent algorithms), is similar to SymProp except that we don’t
need to evaluate any bounds or introduce any new variables.
4.4

Lipschitz Bounds

In this section we describe the procedure to calculate valid upper bounds of
the Lipschitz constant of a sub-problem (similar to [9]). We use interval matrix
multiplication to upper bound the Lipschitz constant for a sub-problem. Similar
to the Jacobian Jf (x) for a single point x as described before, we can represent
the notion of a Jacobian matrix for a set of points X by an interval matrix where
each element is an interval which bounds the partial derivatives of all the points.
We have
[J(X)] = W (L) [Λ](L−1) W (L−1) . . . [Λ](1) W (1)
where [Λ]l is an interval matrix used to denote the activation pattern for layer
l, as described in SymProp. The intervals [0, 1] used to represent ∗-neurons,
takes into account both possible activation states to calculate the extreme cases
of lower and upper bounds of the partial derivatives. Once we obtain this [J]
matrix, calculated using interval matrix multiplication, we construct an ordinary
matrix U of the same size as that of [J] where each element upper bounds the
absolute values of the corresponding intervals in [J]. It is to be noted that the
interval bounds are over-approximation of the actual values. The p-norm of the
constructed U matrix gives us an upper-bound of the local Lipschitz constant
for the corresponding sub-problem. In case we have no ∗-neurons (corresponds
to a piece-wise linear region), we simply return the p-norm of the Jacobian at
that region.
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Algorithm 2. Calculating Lipschitz Bounds
1: procedure LipschitzBounds(sub-problem ρ)
2:
if ρ has no ∗ neurons then
3:
//ψ is a linear region, hence Jacobian is deﬁned
4:
return Jf p
5:
else
(1)
(1)
6:
Initialize [J]ij = [Wij , Wij ], ∀i, j
7:
for l = 2, . . . , L do
8:
[J] = W (l) [Λ](l−1) [J] //interval matrix multiplication
9:
end for
10:
Deﬁne {U |Uij = max(abs([J]ij ), abs([J]ij )), ∀i, j}
11:
return U p
12:
end if
13: end procedure

4.5

Branching

The main idea behind the branching step is to create a partition in the polytope
associated with the a sub-problem and compute the upper-bound of the local
Lipschitz constant of each partition to get tighter estimates. The partitions are
made in such a way such that inputs from one part activates a speciﬁc neuron
while for the inputs from the other part, the neuron is inactive. A new set of
constraints is created by adding a new constraint (zleli < 0 in one case, zleli > 0 in
the other) corresponding to a ∗-neuron at layer l, to the existing set of half-space
constraints H. A related idea of solving linear programs to get reﬁned values
after adding constraints similar to this is discussed in [7]. If the constraints set is
feasible, we create a sub-problem with the new set of constraints and activation
pattern (based on the new half-space constraint added). The next steps include
propagating the linear expressions, zle, and also removing some of the ∗-neurons
whose states can be determined to be active/inactive with respect to the new
constraint set. Finally we calculate the Lipschitz bound for the newly created
sub-problem and add it to the set of sub-problems. Note that the Lipschitz
bounds of a branched problem can only decrease, since we reduce uncertainties.
4.6

Feasibility Filter

When a new sub-problem is created by creating a partition in a polytope, the
smaller partitions may be able to decide the states (active/inactive) of more
than one neuron which were marked as ∗-neurons before the partitioning. It is
easy to see that identifying such a neuron early on in the BaB tree is better as
it prevents repeating the process (feasbility checks) for several (in worst case,
exponential) sub-problems which are generated later. We use a simple heuristic
to do this. We keep on ﬁxing the states of ∗-neurons which are decidable by
the new constraints till we encounter a neuron which still maintains both active
and inactive states depending on the inputs. We check the feasibility of both
(H ∩ zleli < 0) and (H ∩ zleli > 0) for a ∗-neuron at layer l. Based on which of
these two is feasible we decide the activation state of the neuron. If both of them
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Algorithm 3. Branching
1: procedure Branch(Sub-problem ρ)
2:
t ← ﬁrst layer with ∗-neurons
3:
select a ∗-neuron(ith neuron at layer t)
4:
H0 , H1 ← {(H, ρ) ∩ zleti < 0}, {(H, ρ) ∩ zleti > 0}
5:
S ← S\{ρ}
6:
for r ∈ {0, 1} do
7:
if F easible(Hr ) then
8:
Create sub-problem ρr ≡ {Hr , (A, ρ)}
9:
(Ati , ρr ) ← r, ([Λ]tii , ρr ) ← [r, r]
10:
LinProp(ρr )//propagating linear relations
11:
FFilter(ρr )//feasibility ﬁlter
12:
(Lub , ρr ) = LipschitzBounds(ρr )
13:
S ← S ∪ ρr
14:
if ρr has no ∗-neurons then
15:
glb ← max(glb, (Lub , ρr )) //update lower bound
16:
end if
17:
end if
18:
end for
19: end procedure

are feasible then this is a ∗-neuron with respect to H, and we terminate this
step. Later, if we need to branch on this sub-problem we shall choose to branch
on the ∗-neuron which was already found to maintain both active and inactive
states. This strategy will always create two feasible sub-problems. We use this
process, called FFilter, in combination with LinProp (for generating half-space
costraints) to reduce ∗-neurons across layers.

5

Final Algorithm

This section puts together all the individual components discussed before and
provides the main branch and bound framework, as provided in Algorithm 4.
Given the network parameters and the input region of interest, the ﬁrst step is
to run symbolic propagation to mark the state of each neurons as active, inactive
or ∗. This gives us the initial activation pattern. The ﬁrst sub-problem is created
with this activation pattern and half-space constraints given by the bounding
constraints of the input region. The corresponding Lipschitz upper bound is
also calculated. The set of sub-problems is initialized with this sub-problem.
We use a max heap data structure to represent the sub-problems, sorted by
the Lipschitz upper-bound of the sub-problems. glb and gub are used to keep
track of the lower and upper bounds of Lp (f, X ) respectively. The algorithm
iteratively selects a sub-problem from the set with the highest Lipschitz upper
bound and branches on it. Each newly created sub-problem with its own set
of half-space constraints, activation pattern and corresponding Lipschitz upper
bound is pushed into the heap. Also, if a sub-problem has no ∗-neurons it is a
valid lower-bound for Lp (f, X ), and we use it to compare and update glb.
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Algorithm 4. Final Algorithm
1: procedure LipBaB(network N , input domain X , approximation factor k)
2:
Initial constraints H ← Bounding constraints of X
3:
Initial activation A ← SymProp(N, X )
4:
Create initial sub-problem ρI ≡ {H, A}
5:
LinProp(ρI ) //propagating linear relations
6:
(Lub , ρI ) ← LipschitzBounds(ρI )
7:
S ← S ∪ ρI
8:
gub, glb ← (Lub , ρI ), 0 // initialize lower and upper bounds of Lp (f, X )
9:
if ρI has no ∗-neurons then
10:
glb ← (Lub , ρI )
11:
end if
12:
while True do
13:
ρ ← arg maxρ∈S (Lub , ρ)
14:
gub ← (Lub , ρ )
15:
if gub ≤ k.glb then
16:
break //k=1 implies gub = glb = Lp
17:
else
18:
Branch(ρ )
19:
end if
20:
end while
21:
return gub
22: end procedure

For an approximation factor k, we can terminate when gub ≤ k.glb since we
know that Lp (f, X ) lies between glb and gub. While calculating the exact local
Lipschitz constant, the algorithm is terminated when gub = glb or equivalently,
the sub-problem at the top of the heap as no ∗-neurons. This means that the
input region corresponding to the sub-problem is actually a piece-wise linear
region and therefore the local Lipschitz upper-bound of that region is exact
instead of an upper bound. Also, since this is the highest among all the other
sub-problems, by deﬁnition, this is the exact local Lipschitz constant of the
entire input region X . The algorithm returns tighter estimates of the Lipschitz
upper-bound iteratively until convergence. Hence terminating early because of
constraints like time/memory, will always provide us with a valid upper-bound.
To compute the global Lipschitz constant we need to simply mark every neuron as ∗-neuron. This takes care of all the possible activation patterns throughout
Rn and there is no need for any initial input constraints. The rest of the procedure is same. Note, in this case the feasible region of sub-problems are not
necessarily bounded.
Note that the number of sub-problems generated in the worst case can be
at most 2p − 1, where p is the number of piece-wise linear regions in X . This is
because the BaB tree generated is a full binary tree, and there can be at most
p leaf nodes (sub-problems with no ∗-neurons), representing piece-wise linear
regions. In practice it is usually much less because of branch and bound.
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Implementation and Experiments

In this section we provide experimental results to illustrate the working of our
algorithm on various parameters. All the experiments were done on Google Colab
notebooks. The implementation is done using Python (available in GitHub). For
feasibility checking, we used the ‘GLPK’ Linear Programming solver with a
default tolerance limit of 1e−72 . The MLPClassiﬁer module from scikit-learn
was used to train the networks. The local Lipschitz computation was done on
the networks considering the input region [0, 1]4 for the Iris data-set and [0, 0.1]10
for the synthetic data-sets, generated using scikit-learn. Note that the choice of
input region is arbitrary (Table 1).
Table 1. Lipschitz constant computation for diﬀerent approximation factors.
Network

p-norm

First estimation
Time
Value

2-approximation
Time
Value

1.5-approximation
Exact
Time
Value
Time
Value

Iris Network(4, 5, 5, 3)

1
2
inf

0.02 s
0.02 s
0.02 s

8.776
8.810
14.663

0.06 s
0.07 s
0.06 s

6.874
7.098
12.606

0.06 s
0.06 s
0.06 s

6.874
7.098
12.606

0.11 s
0.09 s
0.06 s

5.959
6.772
12.606

SD Network1(10, 15, 10, 3)

1
2
inf

0.04 s
0.05 s
0.04 s

15.105
13.019
25.243

0.17 s
0.16 s
0.18 s

12.704
10.658
19.543

0.17 s
0.16 s
0.18 s

12.704
10.658
19.543

0.25 s
0.28 s
0.27 s

10.413
9.531
16.275

SD Network2(10, 20, 15, 10, 3) 1
2
inf

0.06 s
0.07 s
0.06 s

101.705
101.940
182.988

1.01 s
1.79 s
2.26 s

70.928
55.969
82.938

1.01 s
1.79 s
2.26 s

70.928
55.969
82.938

3.08 s
3.35 s
2.97 s

48.049
40.057
72.286

SD Network3(10, 30, 30, 30, 3) 1
2
inf

0.20 s
0.20 s
0.20 s

131.727
139.808
272.416

9.43 s
19.11 s
18.90 s

33.890
30.684
63.035

22.24 s
25.94 s
23.88 s

25.871
28.474
55.311

56.00 s
78.88 s
59.98 s

19.370
19.463
39.111

It was observed that the algorithm achieves a good approximation factor
within a reasonable time, but gradually converges slowly as the number of subproblems increases exponentially. Also, the quality of the output bounds of the
networks calculated using SymP rop in comparison to naive interval propagation
was found to be much better (Fig. 1).

Fig. 1. Convergence of the algorithm for a network with layer sizes (10, 30, 30, 30, 3)
2

In very rare cases where the feasibility checks demands more precision than the
tolerance limit of solvers, we might get a larger value than the true exact.
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Conclusion

We provide a technique which helps to calculate certiﬁed bounds of the Lipschitz constant of neural networks which has several important applications in
deep learning. Our main contribution is that this technique can be applied for
exact/approximate computation of the local/global Lipschitz constant for any
p-norm. Additionally, the ideas discussed here can be applicable to other related
problem areas of deep learning including veriﬁcation problems like output bounds
computation, robustness estimation etc., where providing formal guarantees is a
requirement.
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Abstract. Recently, Fagerholm, Friston, Moran and Leech advanced a
class of linear neural network models complying with Lagrangean dynamics. In the present eﬀort, we explore the possibility of extending the
Lagrangean approach to nonlinear models. We present a Lagrangean formalism for a family of nonlinear neural network models, and investigate
its main mathematical features.
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1

Introduction

The action variational principle, and the associated Lagrangean and Hamiltonian dynamics, are central to our present understanding of Nature [7]. At the
most fundamental level, natural phenomena are described by physical theories
based on the Lagrangean and Hamiltonian formalisms [10,17,19,24,27]. The fundamental description, however, is not always or necessarily the most convenient,
practical or straightforward to use when studying particular problems. Scientists often use eﬀective or phenomenological, higher level treatments formulated
in terms of evolution equations that do not have a Lagrangean or a Hamiltonian
form. This happens when considering systems involving drag forces or, more
generally, systems that are dissipative or nonconservative. In spite of this situation, the mathematical elegance and beauty of the Lagrangean and Hamiltonian
formulations, and the many conceptual and technical advantages provided by
them, were strong motivations for exploring ways of recasting the higher-level,
eﬀective dynamics of non-conservative systems in a Lagrangean or Hamiltonian
form. Eﬀorts along these lines have been conducted by several researchers, and
have already a long and distinguished history. We can mention a few examples
of these endeavors. A Lagrangean approach to the dynamics of a dissipative
oscillator was proposed by Bateman, based on the idea of introducing extra,
mirror-like, dynamical variables whose evolution compensates the dissipative
c Springer Nature Switzerland AG 2021
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eﬀects associated with the oscillator’s original variables [1]. A Lagrangean formulation of dissipative systems was also discussed by Lindsay and Margenau in
[17]. Action-like, variational principles for the diﬀusion equation, based on ideas
similar to those of Bateman, were studied by Morse and Feshbach in [20]. The
technique of incorporating new degrees of freedom to construct action variational
principles for systems whose original dynamics is not conservative has also been
applied to some nonlinear wave equations [25].
Most of the fundamental models in theoretical biology exhibit a dynamics
that is not conservative, and is not described by evolution equations having
a Lagrangean or a Hamiltonian structure. As examples, we can mention the
Lotka-Volterra models in population dynamics [18], the Hopﬁeld and related
neural network models [3,11,13], and various mathematical models for biological
evolutionary dynamics [21]. There have been, however, interesting proposals for
Lagrangean or Hamiltonian models in Biology, such as the Hamiltonian versions
of the Lotka-Volterra dynamics investigated by Kerner [14,15], and the family
of Hamiltonian neural networks proposed by De Wilde [5]. More recently, a set
of Lagrangean dynamical systems, inspired in various of the basic mathematical
models considered in neuroscience, have been advanced by Fagerholm, Friston,
Moran and Leech (FFML) [6]. The FFML, Lagrangean, neural network systems
are, however, linear, which constitutes a serious limitation for neural computing.
The main aim of the present contribution is to advance a nonlinear extension of
the FFML proposal, and explore some of its main mathematical features.

2

The Action Variational Principle and the Lagrangean
and Hamiltonian Formulations of Classical Dynamics

Here, we are going to brieﬂy review some basic aspects of the Lagrangean and
Hamiltonian formalisms, as applied to classical, dynamical systems. In classical
mechanics, the dynamical properties of a conservative system with N degrees
of freedom are determined by its Lagrangean L (q1 , . . . , qn , q̇1 , . . . , q̇N ). The
Lagrangean L is a function of the N generalized coordinates qi , i = 1, . . . , N ,
and the corresponding generalized velocities q̇i = dqi /dt, i = 1, . . . , N , which
are the time derivatives of the coordinates qi . The set of generalized coordinates
{q1 , . . . , qN } completely describes the instantaneous conﬁguration of the system,
at a given time. For example, in a system composed of n particles in three dimensions, the total set of N = 3n cartesian coordinates of the particles constitutes
a possible set of generalized coordinates.
The action, variational principle states that, when evolving from an initial
(1)
(1)
(2)
(2)
conﬁguration {q1 , . . . qN } at time t = t1 , to a ﬁnal conﬁguration {q1 , . . . qN }
at time t = t2 , the system chooses an orbit that makes the action integral,
 t2
S =
L dt
(1)
t1
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stationary. In other words, the action variational principle states that
 t2
δS = δ
L dt = 0.
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(2)

t1

It can be shown that a trajectory {q1 (t), . . . , qN (t)} that makes the action stationary has to obey the Lagrange equations of motion,


d ∂L
∂L
, i = 1, . . . , N.
(3)
=
dt ∂ q̇i
∂qi
In classical physics, the Lagrangean of a conservative, mechanical system
can be expressed as the diﬀerence between the system’s kinetic and potential
energies (T and V , respectively). For instance, for a system of n particles of
mass m, moving in three dimensions, under the eﬀects of interactions described
by the potential function V , the Lagrangean is given by
L = T −V
⎡
⎤
n
m ⎣  2
=
ẋ + ẏj2 + żj2 ⎦ − V (x1 , y1 , z1 , . . . , xn , yn , zn ) ,
2 j=1 j

(4)

where (xi , yi , zi ) are the cartesian coordinates of the ith particle.
One of the great advantages of the Lagrangean formalism is that the form (3)
of the equations of motion is the same for any system of generalized coordinates
{q1 , . . . qN }. In other words, the Lagrange equations of motion preserve their form
(3) when one changes from a given system of generalized coordinates {q1 , . . . qN }
to a new one {q̄1 , . . . q̄N }.
Closely related to the Lagrangean formalism is the Hamiltonian one. The
energy of the system can be expressed in terms of the Lagrangean as
E =

N


q̇i pi

−L,

(5)

i=1

where the
pi =

∂L
,
∂ q̇i

i = 1, . . . , N,

(6)

are the generalized momenta, canonically conjugated with the generalized coordinates qi . If the Lagragean does not depend explicitly on time (which is the
case for autonomous dynamical systems), the energy is conserved: dE/dt = 0.
If Eqs. (6) are solved for the velocities q̇i (expressing them as functions of the
canonical variables qi ’s and pi ’s) and the resulting expressions are used, in turn,
to express E as a function of the canonical variables, one obtains the Hamiltonian function of the system H(q1 , . . . , qN , p1 , . . . , pN ). The system’s dynamics
can then be described in terms of the canonical variables and the Hamiltonian
function, yielding the celebrated Hamiltonian equations of motion,
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∂H
,
∂qi
∂H
q̇i =
,
∂pi

ṗi = −

i = 1, . . . , N,
i = 1, . . . , N.

(7)

The abstract space whose points have as coordinates the set of 2N canonical
variables {qi , pi } is the phase space of the system. The Hamilton equations of
motion (7) deﬁne a ﬂow in phase space. One of the most important properties
of a Hamiltonian, dynamical system is that the associated ﬂow in phase space is
divergenceless. This property can be interpreted as meaning that information is
conserved under Hamiltonian evolution. The conservation of information implied
by Hamiltonian dynamics is regarded, by some leading theoretical physicists, as
the most fundamental law of Physics [26].

3

The FFML, Linear, Lagrangean Neural Network
Models

Before we explore its nonlinear extensions, we shall brieﬂy review the main
ingredients of the original, FFML proposal for linear, Lagrangean neural network
models. In a nutshell, the basic mathematical procedure behind the construction
of the FFML Lagrangean networks is as follows (see [6] for details). The starting
point is an appropriate (in general, nonconservative), linear, neural network,
governed by the equations of motion of the form,


Ωjk xk +
Γjk Vk + Wj ,
(8)
ẋj =
k

k

where the variable xj characterizes the state of neuron j, the variables Vk represent external inputs, and the quantities Wj represent noise. The symmetric
matrix {Ωjk } describes the interaction among the neurons, and the matrix {Γjk }
describes the eﬀect of each input Vk on each neuron j. Equations (8) are a linear version of the widely used Dynamic Causal Modelling (DCM) equations of
motion [9]. To obtain the FFML Lagrangean network, one promotes the real variables xj to complex variables zj . Then, one incorporates a multiplicative factor,
proportional to the imaginary constant i, in front of each of the time derivatives
żj appearing in the left-hand sides of the dynamical equations of the network.
At ﬁrst sight, this procedure may look arbitrary. However, if properly applied, it
leads to conservative neural networks complying with the structures associated
with the Lagrangean and Hamiltonian formalisms which, in turn, have deep and
far-reaching, conceptual implications.

4

The Lagrangean for a Nonlinear Neural Network

The DCM equations of motion, that are at the basis of the original FFML
proposal, provide useful descriptions of various scenarios in neuroscience [9].
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However, they are a linear approximation [6] to more general, nonlinear neuronal
systems. In order to go beyond the linear approximation, we shall explore an
extension of the FFML approach, leading to nonlinear, Lagrangean networks.
We start by proposing an appropriate Lagrangean function, and then show how
this Lagrangean leads, via the action, variational principle, to the dynamical
equations governing the evolution of a nonlinear, Lagrangean network.
The neural network we are considering consists of N interacting neurons. The
state of each neuron j is characterized by the complex number zj . Alternatively,
the state of this neuron can be regarded as given by two real quantities in an
ordered pair (uj , vj ), such that zj = uj + ivj and i is the imaginary unit. The
Lagrangean of our nonlinear network is
N
N

i ∗
(zj z˙j − z˙j∗ zj ) −
zj∗ g(|zj |2 )Ωjk g(|zk |2 )zk
2 j=1
j,k=1
 N

N


−
Γjk Vk + Wj (zj + zj∗ ),

L =

j=1

(9)

k=1

where zj∗ indicates the complex conjugate of variable zj . In the expression (9)
for the Lagrangean L , the N × N matrix Ωij is hermitian, that is,
∗
Ωij
= Ωij .

(10)

The function g(x) characterizes the nonlinearity in the evolution equations governing the behavior of the network. The matrix {Γjk } has real elements. Finally,
V1 , . . . VN and W1 , . . . WN are real quantities, possibly time-dependent. Note that
L is itself a real quantity.
The Lagrangean L gives rise to the action integral
 t2
L dt.
(11)
S=
t1

The evolution of the network can then be determined by a variational principle
of stationary action [7,10,24],

δS = δ

t2

L dt = 0.

(12)

t1

This principle leads to the Euler-Lagrange equations of motion. We refer the
reader to Chapter 19 of [7] for a descrition of the principle of least action.
To obtain the equations of motion, we can work with the real state variables (uj , vj ). Alternatively, we can regard the complex variables zj , and the
corresponding complex conjugate quantities zj∗ , as formally independent. This
last procedure is more expeditive and we thus obtain the corresponding EulerLagrange equations, in the form
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d
dt
d
dt



∂L
∂ z˙∗
j

∂L
∂ z˙j

=

∂L
,
∂zj∗

i = 1, . . . N,

=

∂L
,
∂zj

i = 1, . . . N,



(13)

yielding
iz˙j =

N


g(|zj |2 ) + |zj |2 g  (|zj |2 )
Ωjk g(|zk |2 )zk
k=1

+

zj2



2

g (|zj | )

N




∗
Ωjk
g(|zk |2 )zk∗

+

k=1

iz˙j∗ =

N



Γjk Vk

+ Wj

,

k=1

N


∗
g(|zj |2 ) + |zj |2 g  (|zj |2 )
Ωjk
g(|zk |2 )zk∗
k=1

+ zj∗ 2 g  (|zj |2 )

N




N


Ωjk g(|zk |2 )zk +

k=1

(14)


Γjk Vk

+ Wj

.

k=1

Note that the equation of motion for zj∗ is the complex conjugate of the equation
of motion for zj . These equations of motion (14) can be formally cast under the
guise
iz˙j = a(zj )

N


Ωjk b(zk ) + d(zj )

k=1

N


∗
Ωjk
c(zk )

k=1



N


+



Γjk Vk

+ Wj

j = 1, . . . N,

(15)

k=1

and their respective complex conjugates. In (15),


a(zj ) = g(|zj |2 ) + |zj |2 g  (|zj |2 ) ,
b(zj ) = g(|zj |2 )zj ,
d(zj ) = zj2 g  (|zj |2 ),
2

c(zj ) = g(|zj |

)zj∗ .

and
(16)

These Eqs. (15) are clearly similar in form to the equations of motion for the
continuous Hopﬁeld model for associative memory [11,13,28].
When choosing the function g to be constant and equal to one, g(|z|2 ) =
1, our Lagrangean network model becomes linear, and coincides with one
of the models proposed by FFML [6]. It was pointed out by FFML that
their Lagrangean network models have a formal structural similarity with the
Schrödinger equation. This similarity has interesting consequences, because some
of the techniques of quantum mechanics can then be applied to the study
of the Lagrangean network. In a similar vein, the nonlinear, Lagrangean networks advanced in the present work share basic structural features with some
nonlinear, Schrödinger equations that have been recently considered in the
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theoretical physics, research literature [16,23,29]. We have to emphasize, however, that the mathematical connection between our present network dynamics
with some Schrödinger equations does not imply that our models represent quantum mechanical systems. We are not proposing these Lagrangean networks as
neural networks incorporating quantum mechanical eﬀects. The use of complex
numbers to formulate our present models should be regarded only as a matter of
mathematical convenience. By recourse to complex numbers, the action integral
and the associated Lagrangean equations of motion can be cast in a compact
way that makes their mathematical features more transparent. However, everything could be expressed using only the 2N real quantities (ui , vi ), i = 1, . . . , N ,
that constitute the state variables of a classical, dynamical system. It is worth
mentioning that this de-complexiﬁcation procedure can be applied to the standard, Schrödiner equation itself, which can be formally regarded as describing
a classical, dynamical system [12]. The mathematical connections between the
Schrödinger equation and the evolution equations describing classical systems
admit diverse applications such as, for instance, to kinetic theory [8].

5

Energy Function

If the Vj and Wj are time-independent, one has the conserved quantity given by
the energy
N

∂L
∂L
E=
z˙k + ∗ z˙k∗ − L ,
(17)
∂ z˙k
∂ z˙k
k=1
which can be calculated from (9), resulting in
 N
N
N



∗
2
2
zj g(|zj | )Ωjk g(|zk | )zk +
Γjk Vk
E=
j=1

j,k=1


+ Wj (zj + zj∗ ). (18)

k=1

For autonomous neural networks (corresponding to constant Vj ’s and vanishing
Wj ’s), it can be directly veriﬁed from the equations of motion (14) that the
energy is conserved,
dE
= 0.
(19)
dt
Otherwise, this conservation law can be derived from the celebrated Noether’s
theorem [24] (that relates conservation laws with symmetries), as a consequence
of the invariance of the action (12), under a time shift (see, for instance, [10]).

6

Another Conservation Law

It can be veriﬁed that, under the time evolution determined by the equations of
motion (14), the time derivative of the quantity
N =

N

j=1

2

|zj | =

N



u2j + vj2 ,

(20)

j=1

vanishes: dN /dt = 0. The conservation of N can thus be proved directly from
the equations of motion (14), or, alternatively, using Noether’s theorem. The
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action functional (11), corresponding to the Lagrangean (9), is invariant under
the transformation zi → exp(iα)zi ; zi∗ → exp(−iα)zi∗ , where α is a real number
and exp(−iα) is a global phase. The conservation law associated, via Noether’s
theorem, with this invariance under a global phase change, is precisely the conservation of N . A similar situation, of course, holds for Schrödinger’s equation
(see, for instance, [10]). In the case of Schrödinger equations, either linear or
nonlinear, the conservation of N corresponds to the conservation of the normalization of the wave function, which is essential for the probabilistic interpretation of the squared modulus of the wave function (see [16] for an interesting
discussion of this issue, in the context of nonlinear, Schrödinger equations). In
our system, the conservation of N allows us to formally treat the quantities
Pi = |zi |2 /N , i = 1, . . . , N , as constituting a normalized, probability distribution. This, in turn, permits the application of techniques based on the maximum
entropy principle, to obtain approximate solutions of the equations of motion of
the system. These techniques have been successfully applied in quantum mechanical scenarios (see [22] and references therein).

7

Hamiltonian Formulation

The conjugate momenta associated with zj and zj∗ are, respectively,
izj∗
∂L
,
=
∂ z˙j
2
∂L
izj
χ̄j =
=− ,
∗
˙
2
∂ zj

i = 1, . . . N ,

χj =

i = 1, . . . N .

(21)

We see that the quantities zj and χj = izj∗ /2 can be formaly regarded as canonically conjugate, dynamical variables. The Hamiltonian function then is given by
the expression for the energy. That is,
H(zj , χj ) =

N


zj∗ g(|zj |2 )Ωjk g(|zk |2 )zk

j,k=1

+

N

j=1



N



Γjk Vk

+ Wj (zj + zj∗ ),

(22)

k=1

where zj∗ is replaced by −2iχj , and |zj |2 by −2izj χj . The equations of motion
then become
∂H
∂H
= −2i ∗ ,
i = 1, . . . N ,
(23)
z˙j =
∂χj
∂zj
or, equivalently,
i
∂H
z˙j = ∗ ,
2
∂zj

i = 1, . . . N ,

which coincides with the equations of motion (14).

(24)
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As already mentioned, the equations of motion of our system can be reexpressed in terms of the real variables (ui , vi ), adopting the form
u̇i = Ui (u1 , . . . , uN , v1 , . . . , vN ),
v̇i = Vi (u1 , . . . , uN , v1 , . . . , vN ),

(25)

where the Ui ’s and the Vi ’s are functions of the 2N real quantities (ui , vi ).
All over the biological kingdom Animalia, nervous systems are constituted
by neurons sharing the same basic features. There are theoretical reasons to
expect that this remarkable fact might hold even within astrobiological contexts
[4]. In spite of this uniformity of biological neuronal systems, there are valid
reasons to explore new biologically-inspired mathematical models of computation. First, it would be naive to expect that the existing mathematical models
exhaust all the richness and complexity of biological computation (even if neurons are everywhere more or less alike). Second, there are theoretical reasons
to explore new models of computation. We are specially interested in models
that share with the fundamental laws of physics a basic information-theoretical
feature. The dynamical system (25) has a divergenceless phase space ﬂow. This
divergenceless property, related to the conservation of information, is perhaps
the most fundamental diﬀerence between the network models explored in this
work, and those usually considered in theoretical neuroscience. In this regard,
it is worth to mention a recent work by Berto, Tagliabue and Rossi (BTR) [2].
These authors investigate the deep conceptual and philosophical implications of
a cellular automata admitting universal computation that, in contrast to Conway’s “Game of Life”, is reversible. We believe that Lagrangean neural networks
may give rise, within the context of continuous models of computation, to similar
theoretical issues, deserving further scrutiny.

8

Concluding Remarks

In a recent contribution, Fagerholm, Friston, Moran and Leech made the
intriguing proposal of considering neural network models that are governed by
Lagrangean equations of motion, and thus comply with the celebrated action
variational principle, which is at the heart of our present understanding of
fundamental physics. The Lagrangean networks studied by Fagerholm and collaborators are inspired on linear approximations to neuronal dynamics, such
as the linear Dynamic Causal Modelling (DCM) equations of motion [9]. Linearity imposes a severe limitation on the computational capabilities of these
Lagrangean models. The main purpose of our present work is to explore the possibility of extending the Lagrangean approach to nonlinear networks. We advance
a Lagrangean function leading, via the action variational principle, to neuralnetwork-like, dynamical systems governed by nonlinear, Lagrangean, equations
of motion. These equations of motion are structurally similar to some nonlinear, Schrödinger equations that have been investigated in the recent theoretical
physics literature. The analogy with Schrödinger equations makes it possible to
study the Lagrangean networks taking advantage of techniques borrowed from

172

R. S. Wedemann and A. R. Plastino

quantum mechanics. Schrödinger-like equations admit oscillatory solutions that,
as suggested in [9], may describe oscillatory phenomena in neuronal systems.
Nonlinear Lagrangean models could be useful in this regard, since the oscillatory behavior in real neuronal systems is typically nonlinear. As a ﬁnal remark, it
is worth stressing that in spite of their formal connection with some Schrödinger
equations, the neural network models considered here are dynamical systems of
a strictly classical nature.
All biologically inspired models supporting universal computation are nonconservative or, in the case of discrete models, nonreversible. A paradigmatic
example is Conway’s celebrated “Game of Life” cellular automata. In an interesting recent work [2], Berto, Tagliabue, and Rossi explore the manyfold conceptual implications of a cellular automata admitting universal computation that, in
contrast to the “Game of Life”, is reversible. The nonlinear Lagrangean networks
investigated here might play, for continuous models of computation, a role similar to the one that the reversible cellular automata of Berto and collaborators
plays for discrete models. Of one thing we are certain: the Lagrangean networks
and the reversible cellular automata inspire in us the same kind of intellectual
curiosity. We hope that the curiosity of other researchers will be aroused as well.
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Abstract. A three-layered neural-network (NN), which consists of an
input layer, a wide hidden layer and an output layer, has three types
of parameters. Two of them are pre-neuronal, namely, thresholds and
weights to be applied to input data. The rest is post-neuronal weights to
be applied after activation. The current paper consists of the following
two parts. First, we consider three types of stochastic processes. They are
constructed by summing up each of parameters over all neurons at each
epoch, respectively. The neuron number will be regarded as another time
diﬀerent to epochs. In the wide neural-network with a neural-tangentkernel- (NTK-) parametrization, it is well known that these parameters
are hardly varied from their initial values during learning. We show that,
however, the stochastic process associated with the post-neuronal parameters is actually varied during the learning while the stochastic processes
associated with the pre-neuronal parameters are not. By our result, we
can distinguish the type of parameters by focusing on those stochastic
processes. Second, we show that the variance (sort of “energy”) of the
parameters in the inﬁnitely wide neural-network is conserved during the
learning, and thus it gives a conserved quantity in learning.

Keywords: Wide neural-networks
Energy conservation

1

· Cumulative sum of parameters ·

Introduction

In recent years, great developments have been made in understanding the mechanisms of training of a neural networks when the width of the network is large.
The ﬁrst step was given in Neal [7], where it was shown that for any NTKparametrized NN, the output before training converges to a Gaussian process
on the space of inputs as the width increases. This means that even in the case of
a neural network with nonlinear transformations, Bayesian regression with this
Gaussian process as its prior distribution is tractable when we take the limit
of width to inﬁnity (Williams [12] and Goldberg et al. [2]). This idea has been
extended to deep neural-networks by Lee et al. [5].
The Bayesian regression and training by gradient method have been linked
by Jacot et al. ([4]). They found that gradient method in a NTK-parametrized
c Springer Nature Switzerland AG 2021
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NN with the large width is equivalent to kernel learning with the neural tangent
kernel (NTK), and found a connection between the kernel and the maximum-aposteriori estimator in Bayesian inference. They and Lee et al. ([6]) also showed
that as the NTK-parametrized NN becomes wider, the model becomes linearized
along the gradient descent or ﬂow as the training, and the parameters become
harder to be changed. This “lazy” regime appears, as shown in Chizat et al. [1],
not only in over-parametrized neural-networks, but also in more abstract settings
depending on the choice of scaling and initialization.
Due to the universal nature discovered in [4] and [6], we have not been able to
distinguish whether they are pre- or post-neuronal if we focus on the behavior of
the parameters. In this paper, we show that, during the learning, the behaviors
of the cumulative sums of parameters over all neurons are diﬀerent from each
other according to their types of parameters. This implies that it is possible to
distinguish whether the parameters are pre- or post-neuronal. When the width
of the network tends to inﬁnity, we also show that the “energy” of the cumulative
sum is conserved (Theorem 2).

2

Related Works

Integral Representation of Mean-Field Parametrized NN. A mean-ﬁeld
parametrized NN forms like a Riemann sum, and thus has an integral representation when the width tends to inﬁnity. In Sonoda-Murata [8] and Murata [11], the
relationship between the distribution of parameters and the output is described
via ridgelet transformation and their reconstruction theorem. On the other hand,
in the case of our NTK-parametrized NN, the output before training is given by
a stochastic integral when the network is inﬁnitely wide. It would be of independent interest to investigate the reconstruction theorem in this situation.
Dynamics of Infinitely Wide Mean-Field Parametrized NN. For training of mean-ﬁeld parametrized NN, another method for training is the stochastic gradient descent. It is described as a stochastic diﬀerential equation in the
parameter space, in particular, it gives a gradient Langevin dynamics. When the
width of the network is inﬁnite, the parameter space is inﬁnite-dimensional. Then
the corresponding dynamics is described by an inﬁnite-dimensional Langevin
dynamics in a reproducing kernel Hilbert space, which appears as a collection of
features. This inﬁnite-dimensional model contains all models of ﬁnite width, and
thus allows us to analyze them universally among all models with ﬁnite width.
The convergence of this learning and the generalization error are discussed in
Suzuki [9] and Suzuki-Akiyama [10].

3

Our Contribution

We consider the following NTK-parametrized NN of the width m:
m

1 
bj σ(aj x + a0,j ).
f (x; θ) = √
m j=1
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Here, the input x ∈ R is one-dimensional and the activation function σ : R → R
is assumed to be non-negative and Lipschitz continuous. We denote the coordinates of the parameter θ = (a0 , a, b) as follows.
– Pre-neuronal thresholds: a0 = (a0,1 , a0,2 , . . . , a0,m ) ∈ Rm ,
– Pre-neuronal weights: a = (a1 , a2 , . . . , am ) ∈ Rm ,
– Post-neuronal weights: b = (b1 , b2 , . . . , bm ) ∈ Rm .
Given a training data {(xi , yi )}ni=1 , we put ŷi (θ) := f (xi ; θ) and deﬁne a loss
function by
n
1
(ŷi (θ) − yi )2 .
L(θ) :=
n i=1
d
θ(t) = − 12 (∇θ L)(θ(t))
The solution to the associated gradient ﬂow equation dt
m
m
is denoted by θ(t) = (a0 (t), a(t), b(t)) = ({a0,j (t)}j=1 , {aj (t)}m
j=1 , {bj (t)}j=1 ),
where we set its initialization by θ(0) = (a0 (0), a(0), b(0)) ∼ N(0, I3m ). Here,
I3m is the identity matrix of order 3m.
It is known that when the width m of the network is suﬃciently large and
training is performed, the optimal parameters are obtained as values close to the
initial ones (Jacot et al. [4]). In this paper, we further investigate behaviors of the
parameters. Speciﬁcally, we consider cumulative sums of the parameters over all
neurons at each epoch, which are normalized by a scale depending on the width
m. We focus on what arises when we take the normalized cumulative sums along
the gradient ﬂow, even the values of parameters
are hardly
m varied. It is enough to
m
consider only two cumulative sums j=1 aj (0) and j=1 bj (0) associated with
pre- and post-neuronal weights respectively since thresholds have the same role
as pre-neuronal weights by considering {(xi , 1)}ni=1 as a two-dimensional input.
To compare their behaviors among diﬀerent widths during the training, we
have to consider which scale is appropriate to normalize the cumulative sums of
the parameters. The initialization gives
a hint. At the initialization,
variances
m
us
m
of the cumulative sums are given by j=1 Var(aj (0)) = j=1 Var(bj (0)) = m.
m
m
Thus it would be natural to normalize j=1 aj (0) and j=1 bj (0) by scaling of
√
m. Moreover, we embed them into the space of continuous functions on the
k m
}
of the
interval [0, 1] as follows. On the m-equidistant partition {sk := m
k
k k=0
(m)
(m)
1
1
interval, we set Ask (t) := √m j=1 aj (t) and Bsk (t) := √m j=1 bj (t) and
then we extend them onto subintervals [sk−1 , sk ] by linear interpolations:
(m)

(m)

Ask (t) − Ask−1 (t)
(s − sk−1 ) + A(m)
sk−1 (t),
sk − sk−1
(m)
(m)
Bsk (t) − Bsk−1 (t)
Bs(m) (t) :=
(s − sk−1 ) + Bs(m)
(t)
k−1
sk − sk−1

A(m)
s (t) :=

if sk−1 ≤ s ≤ sk .

For each width m and time t of the gradient ﬂow, these embedded func(m)
(m)
tions A(m) (t) = {As (t)}0≤s≤1 and B (m) (t) = {Bs (t)}0≤s≤1 are random
continuous-functions on [0, 1], namely, stochastic processes.
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With this embedding, it will be necessary that they do not diverge when
m → ∞ in order to compare them appropriately among various widths. At
the initialization, by the so-called Donsker’s invariance principle, which is well
known in probability theory, the stochastic processes {(A(m) (0), B (m) (0))}∞
m=1
converge to a two-dimensional Brownian motion. In general, for any time t of
the gradient ﬂow, the following is valid.
Theorem 1. The family {(A(m) (t), B (m) (t))}∞
m=1 is tight.
This implies that a certain subsequence {(A(mk ) (t), B (mk ) (t))}∞
k=1 converges
almost surely (by replacing the probability space appropriately if necessary). In
what follows, we denote the subsequence again by {(A(m) (t), B (m) (t))} for simplicity of notations. The limit (A(t), B(t)) of this subsequence gives a dynamics
on the inﬁnite-dimensional Banach space C([0, 1] → R2 ) and then it would be
another interest to describe the dynamics. In terms of B(t) = {Bs (t)}0≤s≤1 , we
have
 1
m
1 
(∞)
σ(aj xi + a0,j )bj →
σ(as x + a0,s )dBs (0) =: ŷi
f (xi ; θ) = √
m j=1
0
in probability as m → ∞, and this limit is called a stochastic integral. In the
above, {as }0≤s≤1 and {a0,s }0≤s≤1 are mutually independent Gaussian processes
on [0, 1] with a zero mean and the covariance function given by E[as au ] =
E[a0,s a0,u ] = 1{0} (u − s). Here, 1{0} is the indicator function of the singleton
{0}. These are also independent of B(0). Although it can be smoothly expected
that the dynamics of {(A(t), B(t))}t≥0 is described by the neural tangent kernel,
since C([0, 1] → R2 ) is a non-Hilbert Banach space, it is diﬃcult to employ the
concepts of their gradient and kernel that depend on the inner product structure.
Now, among NTK-parametrized NNs
of various widths, we can compare the
dynamics for the cumulative sum at an
“appropriate scale”. Figure 1 shows outputs of neural networks widths of m =
100, 1000, 10000 after training. The training data are indicated by points, and we
have used gradient descent. The following Figs. 2, 3, 4 and 5 show the changes
of the parameters and their cumulative
sums during the training. Each line in
Figs. 2 and 4 represents how the correFig. 1. Outputs after training
sponding parameter is varied during the
training.
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Fig. 2. Changes of parameters aj during the training

Fig. 3. Cumulative sums of parameters
aj before/after the training

Fig. 4. Changes of parameters bj during the training

Fig. 5. Cumulative sums of parameters
bj before/after the training

From the ﬁgures, as width increases, the variation of cumulative sum becomes
smaller for parameters a, while we can see it is actually varied for parameters b.
In fact, when t = 0 and m → ∞, by the law of large numbers, we have

n
m
1 


1 
d 
(m)
ŷi (θ(0)) − yi
A (t) = −
σ  aj (0)xi + a0,j (0) xi bj (0)
dt t=0 sm
n i=1
m j=1
→−

n
  

1   (∞)
ŷi − yi E σ  a1 (0)xi + a0,1 (0) xi E[b1 (0)] = 0.
n i=1

On the other hand, since the activation function σ is non-negative and non-zero,

n
m
1 


1 
d 
(m)
ŷ
B
(t)
=
−
(θ(0))
−
y
σ aj (0)xi + a0,j (0)
i
i
sm

dt t=0
n i=1
m j=1
→−

n
  

1   (∞)
ŷ
− yi E σ a1 (0)xi + a0,1 (0) = 0.
n i=1 i
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As above, we observed numerically that the cumulative sum of the parameters
b is varied along the gradient ﬂow. It can be shown, however, that the following
“energy” is conserved along the gradient ﬂow.
m
2
1 
bj (t) − E[bj (t)] = 1 for all t ≥ 0.
m→∞ m
j=1

Theorem 2. We have lim

Here, E denotes the expectation operator. The same for a0,j (t) and aj (t).
Figures 6 and 7 below conﬁrm Theorem 2 in the learning shown in Fig. 1.
The expectations have been simulated with using Monte Carlo methods.

Fig. 6. Graph of

4

m
1 
(aj (t)−E[aj (t)])2
m j=1

Fig. 7. Graph of

m
1 
(bj (t) − E[bj (t)])2
m j=1

Conclusion

In this paper, we showed that in a three-layer wide neural-network, the cumulative sum of pre-neuronal parameters is hardly varied along the gradient ﬂow,
while it is varied for post-neuronal parameters. This allowed us to ﬁnd a critical
diﬀerence among the behaviors of the pre- and post-neuronal parameters, this
is a ﬁrst trial to distinguish them, which has not been so far. Furthermore, we
showed that the energy is conserved along the gradient ﬂow.
Acknowledgments. The authors would like to express their appreciation to Professor
Masaru Tanaka and Professor Jun Fujiki who provided valuable comments and advices.

A

Proof of Theorem 1 and Theorem 2

Recall that the activation function σ has been assumed to be non-negative and
Lipschitz continuous. Then σ is diﬀerentiable almost everywhere and the Lipschitz constant can be expressed as σ  ∞ := ess sup |σ  |, where σ  is the almosteverywhere-deﬁned derivative of σ. We shall put |X | := maxi=1,2,...,n |xi |, where
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2
n 
1
ŷi (θ)−yi
{xi }m
i=1 is the input data. Note that the loss function L(θ) = n
i=1

m
depends on the width m as does so for the outputs ŷi (θ) = √1m j=1 σ(aj xi +
a0,j )bj .
A.1

Equipments About Gradient Flow

d
θ(t)
dt

= − 12 (∇θ L)(θ(t))

Lemma 1. Along the gradient flow, we have L(θ(t)) ≤ L(θ(0)) for t ≥ 0.
m
In the coordinate θ(t) = (a0 (t), a(t), b(t)) = ({a0,j (t)}m
j=1 , {aj (t)}j=1 ,
d
1
m
{bj (t)}j=1 ), the gradient ﬂow dt θ(t) = − 2 (∇θ L)(θ(t)) can be written as
follows: for j = 1, 2, . . . , m and t ∈ R,
n
 
 bj (t)
d
1 
a0,j (t) = −
ŷi (θ(t)) − yi σ  aj (t)xi + a0,j (t) √ ,
dt
n i=1
m

n
 
 bj (t)
d
1 
aj (t) = −
ŷi (θ(t)) − yi σ  aj (t)xi + a0,j (t) xi √ ,
dt
n i=1
m

(1)

n
 
 1
d
1 
bj (t) = −
ŷi (θ(t)) − yi σ aj (t)xi + a0,j (t) √ .
dt
n i=1
m

Proposition 1. For m = 1, 2, 3, . . ., j = 1, 2, . . . , m and t ≥ 0, we have
Fj (t) ≤

σ(0)t
Fj (0) + √
m

σ

L(θ(0)) e

∞ (|X |

√
m

+ 1) 
L(θ(0)) t

,

where Fj (t) := |a0,j (t)| + |aj (t)| + |bj (t)|.
d
Proof. We begin with estimating aj (t). Let ȧj (s) := ds
aj (s). By fundamental
theorem of calculus, the triangle inequality and (1), we have

 t 
n

 
 bj (s) 
1
ŷi (θ(s)) − yi σ  aj (s)xi + a0,j (s) xi √ ds

m
0 n i=1

 t 
n
σ ∞ |X | 1 
√
≤ |aj (0)| +
|ŷi (θ(s)) − yi | |bj (s)|ds.
n i=1
m
0

|aj (t)| ≤ |aj (0)| +

Since it holds that
n

1
|ŷi (θ(s)) − yi | ≤
n i=1

L(θ(s)) ≤

L(θ(0))

by virtue of Jensen’s inequality and Lemma 1, we obtain
 t
σ  ∞ |X |
√
|aj (t)| ≤ |aj (0)| +
L(θ(0))
|bj (s)|ds.
m
0

(2)

(3)
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Similarly, we have
σ
|a0,j (t)| ≤ |a0,j (0)| + √



∞

t

L(θ(0))

m

|bj (s)|ds.

(4)

0

For bj (t), by estimating in a manner similar to |aj (t)|, we get
 t 
n

 1
1
|bj (t)| ≤ |bj (0)| +
|ŷi (θ(s)) − yi | · σ aj (s)xi + a0,j (s) √ ds.
n
m
0
i=1


By using a estimate: σ aj xi + a0,j ≤ σ(0) + σ  ∞ (|X ||aj | + |a0,j |) and (2),
σ(0)t 
|bj (t)| ≤ |bj (0)| + √
L(θ(0)) +
m

σ

+ 1) 
L(θ(0))

∞ t(|X |

√
m



t

0




|aj (s)| + |a0,j (s)| ds.

(5)
By putting estimates (3), (4) and (5) together, we have
σ(0)t
Fj (t) ≤ Fj (0) + √
m

L(θ(0)) +

σ

∞ (|X |

√

+ 1)

m


L(θ(0))

t

Fj (s)ds.

0

Now, by applying Grönwall’s inequality, we reach the conclusion.
Proposition 2. For every j = 1, 2, . . . , m, we have
 t
(i)
Fj (u)du ≤ Gj (t),
(ii)

 0t
0





max |ȧ0,j (u)|, |ȧj (u)|, |ḃj (u)| du ≤




L(θ(0))  
σ ∞ (|X | + 1)Gj (t) + σ(0)t ,
m

where Fj (u) := |a0,j (u)| + |aj (u)| + |bj (u)| and
Gj (t) =

σ(0)
Fj (0) + 
σ ∞ (|X | + 1)

2 σ

t·e

∞ (|X |

√
m

+ 1) 
L(θ(0)) t

.

(6)

Note that each Gj (t) depends on the width m of the network.


|+1)
√
Proof. (i) Put c1 = σ ∞√(|X
L(θ(0)) and c2 = σ(0)
L(θ(0)). Then by
m
m
Proposition 1, we have
 t
 t
c2
e c1 t − 1
t + t · e c1 t .
Fl (u)du ≤
(Fl (0) + c2 u) ec1 u du ≤ Fl (0)
c
t
c
1
1
0
0
x

Since it holds that e x−1 ≤ e2x for x > 0, we obtain
 t
c2
c2
Fl (u)du ≤ Fl (0)e2c1 t · t + t · ec1 t ≤ Fl (0) +
t · e2c1 t = Gj (t).
c1
c1
0
t
(ii) We show only for 0 |ḃj (u)|du. The same is for the other parameters. By


t
t 
(1) and (2), we get 0 |ḃj (u)|du ≤ L(θ(0))
σ aj (u)xi + a0,j (u) du. Then by
m
0


using that σ aj (u)xi + a0,j (u) ≤ σ  ∞ (|X | + 1)Fj (u) + σ(0) and by (i), we
have the conclusion.
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Proposition 3. For all p > 0, we have the following: lim supm→∞ E[ L(θ(0)) p ] <

p
∞, lim supm→∞ E[Gj (t)p ] < ∞ and lim supm→∞ E[
L(θ(0)) Gj (t) ] < ∞.
Proof. The last estimate follows from the ﬁrst two estimates and CauchySchwarz’ inequality. Since the ﬁrst estimate is obvious, we show only the second.
For this, it is suﬃcient to show that

lim sup E[e

p
√
m

L(θ(0))

m→∞

] < ∞.

(7)

In the following, we write a0,j (0) = a0,j , aj (0) = aj and bj (0) = bj . First, we
n
n
note that L(θ(0)) ≤ √1n i=1 |ŷi (θ(0)) − yi | ≤ √1n i=1 |ŷi (θ(0))| + √1n |yi |.
Then by using Hölder’s inequality, we get
√
n
p 
p 
p n
n
L(θ(0))
|yi |  
√
√
 √ |ŷi (θ(0))|  1/n
E[e m
] ≤ e nm i=1
E e m
n
p 
|yi |
√
≤ e nm i=1

max

i=1,2,...,n

√i=1
√
n
p n
p 
p n
n
|yi | 
|ŷi (θ(0))| 
√
√

 √ |ŷi (θ(0))| 
≤ e nm i=1
.
E e m
E e m
i=1


 1 m
2
Since we have (ŷi (θ(0)) | a0 , a) ∼ N 0, m
j=1 σ(aj xi + a0,j ) ,
√
p n

 √
|ŷi (θ(0))| 
=
E e m

≤

2
π

 ∞
−∞

√
p n
 √
E e m

1
m

2

 ∞

π

0

m


√
p n

 √
E e m

m
1 
2
σ(aj xi + a0,j )
m j=1

σ(aj xi + a0,j )

2

1/2

w −

j=1

e

1/2

w −
e

w2
2 dw

m
p2 n 1 
w2
2

σ(aj xi + a0,j ) 
2 dw = 2E e 2 m m j=1
.

Furthermore,
by Jensen’s inequality m
and independence,
m

p2 n 
p2 n 1 
p2 n
2
2
2



σ(a1 xi + a0,1 ) 
σ(aj xi + a0,j ) 
σ(aj xi + a0,j ) 1/m
≤ E e 2 m j=1
.
E e 2 m m j=1
= E e2m

We can show that σ(a1 xi + a0,1 )2 ≤ 16{ σ  ∞ (|X | + 1)}2 {(a0,1 )2 + (a1 )2 } +
(σ(0))2 . Hence
p2 n
p2 n
8p2 n σ  2∞ (|X | + 1)2 
2
2
2
(σ(0)) . 
(a0,1 ) + (a1 )
 2 m σ(a1 xi + a0,1 )2
2
m
m
≤e
.
E e
E e
8p2 n σ 

2

(|X |+1)2

∞
The right-hand-side is ﬁnite if
− 12 < 0, that is, m >
m
2
 2
2
16p n σ ∞ (|X | + 1) , and then it is decreasing with respect to m. By putting
all together, (7) is proved.

A.2

Proof of Theorem 1

(m)
It is enough to prove that both of {A(m) (t)}∞
(t)}∞
m=1 and {B
m=1 are tight.
For this, from [3, Chapter I, Section 4, Theorem 4.3], it is suﬃcient to show that
 (m)
(m)
(i) supm E |A0 (t)| + |B0 (t)| < ∞ and (ii) there exist γ, α > 0 such that

 (m)
 (m)
(m)
(m)
E |Bs (t) − Bu (t)|γ
E |As (t) − Au (t)|γ
sup sup
+
< ∞.
|s − u|1+α
|s − u|1+α
m s,u∈[0,1]:
s=u
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(m)

(m)

(i) is clear since A0 (t) = B0 (t) = 0. Thus we show only (ii). We will
only show the one for A(m) (t). Since A(m) (t) is a piecewise linear interpolation
k m
}k=0 , it suﬃces to show that for some γ, α > 0, it holds
of values on {sk = m
that
 (m)
(m)
E |Ask (t) − Asj (t)|γ
sup sup
< ∞.
(8)
|sk − sj |1+α
m 1≤k,j≤m:
k=j

Let k, j ∈ {1, 2, . . . , m} be arbitrary. Without loss of generality, we assume
that j < k. Then we have
k
k


1  
1   

(m)
al (t) − E[al (t)]  + √ 
E[al (t)].
|A(m)
sk (t) − Asj (t)| ≤ √ 
m
m
l=j+1

l=j+1

(9)
We shall make estimates for two terms on the right-hand-side.
Lemma 2. With Gl (t) defined in (6), we have
k




l=j+1

al (t) − E[al (t)]



k


≤

l=j+1

al (0) +

k

σ  ∞ |X | 


L(θ(0)) Gl (t) + E[ L(θ(0)) Gl (t)] .
√
m
l=j+1

t
t
Proof. Since E[al (0)] = 0, we have al (t)−E[al (t)] = 0 ȧl (u)du− 0 E[ȧl (u)]du+
al (0). By summing up this over l = j + 1, j + 2, . . . , k and by using (1) and (2),
k



al (t) − E[al (t)]



k


≤

l=j+1

al (0) +

l=j+1

+

 t
k

σ  ∞ |X | 
L(θ(0))
|bl (u)|du
√
m
l=j+1 0
 t
k



σ  ∞ |X |
L(θ(0))
|bl (u)|du .
E
√
m
l=j+1 0

Finally, by applying Proposition 2, we get the conclusion.
k
 

σ  ∞ |X | 


√
Lemma 3. We have 
E
E[al (t)] ≤
m

L(θ(0))

l=j+1

k


Gl (t) .

l=j+1

 
t
n 
Proof. By (1), E[al (t)] =
E[− n1 i=1 ŷi (θ(u)) − yi σ  al (u)xi +
0
 bl (u)
a0,l (u) xi √m ]du. By taking the sum over l = j + 1, j + 2, . . . , k, we have
k

 
σ  ∞ |X | 


√
E
E[al (t)] ≤

m
l=j+1

L(θ(0))


k

l=j+1

t


|bl (u)|du .

0

Then by using Proposition 2, we reach the conclusion.
Turning back to Eq. (9), we apply Lemma 2 and Lemma 3 to get
k
k


σ  ∞ |X |  
1  

(m)
√
+
2Hl (t) + E[Hl (t)] ,
|A(m)
(t)
−
A
(t)|
≤
a
(0)


l
sk
sj
m
m
l=j+1

l=j+1
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L(θ(0)) Gl (t). By an easy estimate: (x + y)4 ≤ 24 (x4 + y 4 ),

 (m)
4
(m)
As (t) − As (t)
j
k
⎛
⎞4
k

24
4

⎝
≤
al (0)⎠ + 2 σ
m2 l=j+1

4
4
∞ |X |



 (m)
4
(m)
Therefore E[ Ask (t) − Asj (t) ] =
k
4
 
al (0) ],
I := E[
l=j+1

4

k−j
m
24
m2 I

⎛
⎝

⎞4
k



1
2Hl (t) + E[Hl (t)] ⎠ .
k − j l=j+1

+ 24 σ 

4
4
∞ |X | (sk

− sj )4 II. Here,

k
 1


 4
2Hl (t) + E[Hl (t)]
II := E[
].
k−j
l=j+1

First, we shall focus on II. By Jensen’s inequality,
II ≤

k


4

4
1
E[ 2Hl (t) + E[Hl (t)] ] = E[ 2H1 (t) + E[H1 (t)] ].
k−j
l=j+1

On the other hand, for I, since a1 (0), a2 (0), . . . , am (0) are independent and
identically distributed, and each of them is distributed in N(0, 1), we have
I = 3(k − j)2 . Hence
4

(m)
E[ A(m)
sk (t) − Asj (t) ]
≤ 24 · 3(sk − sj )2 + 24 σ 

4
4
∞ |X | (sk


4
− sj )4 E[ 2H1 (t) + E[H1 (t)] ].

Finally, by noting Proposition 3, we see that (8) holds for γ = 4 and α = 1.
A.3

Proof of Theorem 2

By the law of large numbers, we see that
m → ∞. Then it suﬃces to show that

1
m

m 
j=1

2

2
bj (0) → E[ bj (0) ] = 1 as

m
m

2
2 
 1 
1 
bj (t) − E[bj (t)] −
bj (0)  → 0.
E 
m j=1
m j=1


t
Since bj (t) − E[bj (t)] = bj (0) + 0 ḃj (u) − E[ḃj (u)] du, we have (bj (t) −
t
 2
t
E[bj (t)])2 −(bj (0))2 = 0 ḃj (u)−E[ḃj (u)] du +2bj (0) 0 (ḃj (u)−E[ḃj (u)])du.
Thus we have
m
m
1 

2
2 
1 

bj (t) − E[bj (t)] −
bj (0) 

m j=1
m j=1

1  
≤

m j=1
m



0

t




ḃj (u) − E[ḃj (u)] du

2



t

+ 2bj (0)
0

 
ḃj (u) − E[ḃj (u)] du.
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By taking the expectation, we get
m
 1 
bj (t) − E[bj (t)]
E 
m j=1

≤

m
1 
m j=1

For the term


t

t


E

0

t
0

2 



|ḃj (u)| + E |ḃj (u)| du



−

2


+ 2E |bj (0)|

t
0





|ḃj (u)| + E |ḃj (u)| du .

|ḃj (u)|du appeared above, we know by Proposition 2 that


|ḃj (u)|du ≤

0




m
1 
bj (0)
m j=1

2

L(θ(0))
{ σ
m

∞ (|X |

Mj (t)
+ 1)Gj (t) + σ(0)t} =: √ ,
m

t
where note that Mj (t) depends on the width m. Thus, 0 |ḃj (u)| +



M (t)+E[M (t)]
E |ḃj (u)| du ≤ j √m j . By Proposition 3, we have lim sup E M1 (t) +
2


 m→∞
< ∞ and lim sup E |b1 (0)| M1 (t) + E[M1 (t)] < ∞. Hence as
E[M1 (t)]
m→∞
m → ∞,
m
m

 1 
2
2 
1 
bj (t) − E[bj (t)] −
bj (0) 
E 
m j=1
m j=1



2

 
m
E |bj (0)| Mj (t) + E[Mj (t)]
1  E Mj (t) + E[Mj (t)]
√
≤
+2
m j=1
m
m


2


E |b1 (0)| M1 (t) + E[M1 (t)]
E M1 (t) + E[M1 (t)]
√
+2
=
→ 0.
m
m
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Class-Similarity Based Label Smoothing
for Conﬁdence Calibration
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Abstract. Generating conﬁdence calibrated outputs is of utmost importance for the applications of deep neural networks in safety-critical
decision-making systems. The output of a neural network is a probability distribution where the scores are estimated conﬁdences of the
input belonging to the corresponding classes, and hence they represent a
complete estimate of the output likelihood relative to all classes. In this
paper, we propose a novel form of label smoothing to improve conﬁdence
calibration. Since diﬀerent classes are of diﬀerent intrinsic similarities,
more similar classes should result in closer probability values in the ﬁnal
output. This motivates the development of a new smooth label where the
label values are based on similarities with the reference class. We adopt
diﬀerent similarity measurements, including those that capture featurebased similarities or semantic similarity. We demonstrate through extensive experiments, on various datasets and network architectures, that our
approach consistently outperforms state-of-the-art calibration techniques
including uniform label smoothing.

Keywords: Conﬁdence calibration
Similarity measure

1

· Uncertainty estimation ·

Introduction

Machine learning algorithms have progressed rapidly in recent years and are
becoming the critical component in a wide variety of technologies [6]. In most of
these applications, making wrong decisions could lead to very high costs, including
signiﬁcant business losses or even severe human injuries [2]. As a result, in realworld decision-making systems, machine learning models should not only try to be
as accurate as possible, but should also indicate when they are likely to be incorrect, which allows the decision-making to be stopped or passed to human experts
when the models are not suﬃciently conﬁdent to produce a correct prediction.
It is therefore strongly desirable that a network provides a calibrated conﬁdence
measure in addition to its prediction; that is, the probability associated with the
predicted class label should reﬂect its ground truth likelihood of correctness [19].
However, recent works [7] have shown through extensive empirical studies
that even though impressively accurate, modern deep neural networks are poorly
c Springer Nature Switzerland AG 2021
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calibrated. It turns out that modern DNNs are overconﬁdent - the prediction
accuracy is likely to be lower than what is indicated by the associated conﬁdence.
Since the discovery of this challenging problem, several methods [18,25,27,31]
have been explored and empirically shown to improve conﬁdence calibration performance on the predictions, which we refer to as prediction calibration, for which
only the model’s prediction (the winning class) and its associated conﬁdence (the
maximum softmax score) are considered.
In the output of a neural network, each score represents the model’s estimated
probability of the current input belonging to that corresponding class. Therefore,
for a well-calibrated model, each probability should be indicative of the actual
likelihood of the input belonging to each class, not just the one with the maximum
score [10,12]. This is signiﬁcant in safety-critical applications. For example, an
autonomous driving system predicts an object to be 60% a pedestrian, 30% an
obstacle, and 10% a traﬃc sign. Clearly these probabilities should be calibrated.
We refer to this as output calibration where the entire output probabilities are
considered.
The output scores deﬁne a probability distribution over all classes, and we call
the perfectly calibrated distribution as the optimal output distribution. Under
the optimization scheme with cross-entropy loss that most modern DNNs adopt,
a model would achieve perfect conﬁdence calibration if directly trained using the
optimal distribution as training label. Unfortunately, as one would expect, it is
unclear how to directly compute the optimal distribution in general. However,
under certain reasonable assumptions, we can develop good approximations. Different classes are not equally distinct, and a class can be inherently more similar to
some classes than others. For example, in the CIFAR-100 dataset, we could generally agree that the class dolphin is much more similar to the class seal than to the
class rose, and the probability of a seal should be higher than a rose in the output
distribution of a dolphin input. Therefore, we make the following two assumptions:
1. The distribution of other (i.e. non ground-truth) classes is non-uniform in
general.
2. The probability value should correlate positively with the similarity between
the true class and any other class, i.e. the more similar they are the higher
the value.
In this paper, we propose a novel form of the smooth labeling, called classsimilarity based label smoothing, which uses class similarities to approximate the
optimal output distribution. In the proposed smooth label of a reference class,
the label for another class is based on its similarity with the reference class, and
hence more similar classes result in higher values.
From the label smoothing perspective, our proposed smooth label is more
intuitive than the traditional uniform smooth label. One-hot labels have all probability mass in one class, which are zero-entropy signals that admit no uncertainty about the input. When a network is trained using such labels, it inevitably
becomes overconﬁdent. With uniform smooth labels, the output of a network is
trained to be a mixture of a Dirac distribution and a uniform distribution. This
implies that the predicted probabilities for other classes are encouraged to be
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equal. As we discussed above, the label value should be based on the similarity
between classes, which is not accounted for in either the one-hot or the uniform
smooth labels. Relational information can be crucial and provides high-order
properties that can improve performance of a model in various tasks [20].
In our proposed method, we ﬁrst measure the similarity between classes which
is then mixed with the one-hot labels to serve as the ﬁnal smooth label. Since
measuring similarity is in general an open problem [26,32], we adopt diﬀerent
metrics, including a new notion of semantic similarity, and evaluate their eﬀectiveness in conﬁdence calibration on various data benchmarks and architectures.

2

Related Work

Since the pioneering work [7], conﬁdence calibration has raised a great interest in
the machine learning community resulting in a great deal of recent work trying
to address this issue. Existing calibration techniques can be broadly categorized
based on whether or not they are post-hoc methods.
Post-hoc calibration methods use parametric or non-parametric models to
transform the network’s predictions based on a held-out validation set to improve
calibration. Traditional techniques include Platt scaling [22], Isotonic Regression [30], Bayesian binning [19,30], Histogram binning [30], matrix and vector scaling [7], Beta calibration [11], and temperature scaling [7]. Among these methods,
temperature scaling consistently outperforms the other methods [7]. More recent
advances include Dirichlet calibration [10], ensemble temperature scaling [31],
mutual information based binning [21], and spline recalibration [8]. Non-post-hoc
methods are mostly based on adapting the training procedure, including modifying
the training loss [17,27], label smoothing [18,24], and data augmentation [25,29].
Another line of related work is Bayesian Neural Networks [5,14,23]. Bayesian
methods provide a natural probabilistic representation of uncertainty in deep
learning and are well-suited for providing calibrated uncertainty estimation.
However, these methods are resource-demanding and hard to scale to modern
datasets and architectures [14].

3

Conﬁdence Calibration

In this section, we formally introduce the deﬁnition of conﬁdence calibration. We
denote the input as X ∈ X and label as Y ∈ Y = {1, 2, ..., K}. Let h be a neural
network and h(k|x) is the conﬁdence estimate of the sample x belonging to class
k. The prediction is the winning class Ŷ = arg max h(Y |X) and its associated
conﬁdence is the maximum P̂ = max h(Y |X). The number of samples is n.
3.1

Prediction and Output Calibration

In prediction calibration, only the winning class and its associated conﬁdence
are considered. With perfect prediction calibration, the conﬁdence estimate P̂
represents a true probability that indicates the likelihood of correctness
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P(Y = Ŷ | P̂ = p) = p, ∀p ∈ [0, 1]
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(1)

The output of a neural network h(Y |X) is the conﬁdence estimate for all
classes. For a calibrated model, we would like not only the maximum but all
conﬁdences to be calibrated, which means that h(k|X) represents the actual
likelihood of Y = k for all classes k. Perfect output calibration is deﬁned as
P (Y = k | h(k|X) = p) = p, ∀p ∈ [0, 1] and ∀k ∈ {1, 2, ..., K}

(2)

Note that output calibration infers prediction calibration but not vice versa.
3.2

Histogram-Based ECE

Since the probabilities in (1) and (2) cannot be computed using ﬁnitely many
samples, empirical approximations are developed. The most widely adopted estimator is histogram-based expected calibration error (ECE) [7,19].
The model’s output probabilities pki = h(k|xi ) are grouped into M interval
bins, where pki is the model’s output conﬁdence for sample i belonging to class
k. Let Bm be the set of indices of which the conﬁdence falls into bin m, i.e.
m
pki ∈ ( m−1
M , M ]. The likelihood and conﬁdence of Bm are deﬁned as
lik(Bm ) =

1
|Bm |



1(yi = k)

and

conf(Bm ) =

(i,k)∈Bm

1
|Bm |



pki (3)

(i,k)∈Bm

where yi is true class label for sample i. The histogram-based ECE is deﬁned as
Histogram ECE =

3.3

M

|Bm |
|lik(Bm ) − conf(Bm )|
nK
m=1

(4)

KDE-Based ECE

While a histogram-based estimator is easy to implement, it inevitably inherits
drawbacks from histograms, for example being sensitive to the binning schemes
and data-ineﬃcient [12]. KDE-based estimator is proposed in [31] by replacing
histograms with density estimation using a continuous kernel.
Let φ : R → R≥0 denote a kernel function and h denote the bandwidth. The
density function and canonical calibration function are given by
K
n
n K
p−pk
i
h−K   p − pki
i=1 yi
k=1 φ( h )
(5)
) and c(p) = 
φ(
f (p) =
k

p−pi
n
K
n i=1
h
k=1
i=1
k=1 φ( h )
and the KDE-based ECE is computed as

KDE ECE = p − c(p)f (p)dp

(6)

While KDE alleviates the dependence on histogram binning, it heavily depends
on the kernel choice and may induce error from the integral approximation procedure. Therefore, we use both ECE metrics in our evaluation.
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Learning with Diﬀerent Labels

In this section, we discuss the learning objective with respect to diﬀerent labels
and present the intuition behind our method. The output of
a neural network is
K
a probability distribution over all classes h(k|x) = exp(zk )/ i=1 exp(zi ), where
zk is the activation in the last layer. Let π(k|x) be the label corresponding to
input x. The model is trained by minimizing the cross-entropy loss
K
l(x) = − i=1 π(k|x) log(h(k|x))
(7)
With one-hot label, the cross entropy loss can be simpliﬁed to
l(x) = − log(h(y|x))

(8)

Under this loss, the model is not only trained to make a correct prediction but
also with the highest conﬁdence zy possible to reduce the loss, which causes the
model to become overconﬁdent. Uniform smooth labels are deﬁned by
π(k|x) = (1 − α)ey + αu(k)/K

(9)

where ey is the coordinate vector and u is a uniform distribution. The crossentropy loss with uniform smooth label can be written as
l(x) = −(1 − α) log(h(y|x)) + αH(u, h)

(10)

The second part of this loss encourages the model to match its output with a
uniform distribution, which implies that the example is regarded to be equally
probable in any other class. This is clearly not the case in general as some classes
are inherently more similar than others. The intuition behind our method is
that we assume there is an unknown optimal distribution for perfect calibration
q ∗ (k|x) that satisﬁes the two assumptions made in Sect. 1 and can be approximated by estimating the class similarities. Let q̂ ≈ q ∗ be the approximated
optimal distribution, then our proposed smooth label is deﬁned as
π(k|x) = (1 − α)ey + αq̂(k|x)

(11)

With this label, the cross entropy loss can be written as
l(x) = −(1 − α) log(h(y|x)) + αH(q̂, h)

(12)

and the model is trained to make a correct classiﬁcation while matching it output with the approximated optimal probability distribution. Hence, minimizing
H(q̂, h) is a direct optimization for both prediction and output calibration.

5

Approach

In this section, we describe our approach to capture class similarities in order
to compute the approximation distribution q̂ and generate our proposed smooth
labels. Capturing semantic similarity has been a longstanding and still a wideopen problem [26,32]. Diﬀerent metrics quantify the similarity from diﬀerent
perspectives, therefore we propose to use several distance metrics, including a
novel one based on word2vec mapping of label words, and evaluate the performance under varying notions of the captured similarities.
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Image Space

For directly computing the distance in the image space, we use Lp norms and
choose p = 1 and p = 2. For two inputs x in class k and x in class k  , the
pairwise distances are given by
Lp Distance

5.2

d(x, x ) = x − x p

(13)

Representation Space

Studies have shown that features learned by neural networks are often surprisingly useful as a representational space for a much wider variety of tasks and
match with human perception [4,32]. The latent representations of autoencoders
have been shown to be useful for various downstream tasks [1]. Therefore, we
also propose to use an autoencoder to map the data to the representation space
and compute distances between their encodings.
Autoencoder Distance
d(x, x ) = r(x) − r(x )2

(14)

where r(x) is the autoencoder latent encoding of input x.
The inter-class distance between classes k and k  is determined by averaging
the distances between all pairs of inputs that belong to them
dk (k  ) =

1
|C(k)||C(k  )|



d(x, x )

(15)

x∈C(k),x ∈C(k )

where C(k) is the set of data points in class k, and dk is a vector that contains
the distances between class k and all other classes.
5.3

Semantic Space

The previous distance metrics use either the original features of the objects or
those generated by a neural network. In general, samples in the same class are
expected to share a common semantic meaning, which may not be captured in
either feature space. It was observed for example that image visual similarity
is not necessarily the same as semantic similarity [3]. The problem of deﬁning
semantic similarity has been studied extensively in the NLP literature as well as
in various disciplines for which knowledge can be captured through an ontology
or a hierarchy of classes [13]. For most datasets, the words used to label each class
capture signiﬁcant semantics of the class [16]. We make use of the advances in
NLP based on the labels to deﬁne the semantic similarity. Vector representation
of words has been shown to successfully capture semantic similarities such that
words with similar meaning are mapped to similar points in the vector space [15].
Therefore, we propose to use a word2vec model to map the label words into
Euclidean space, and then compute the distances between the vectors.
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Word Embedding Distance
dk (k  ) = V(w(k)) − V(w(k  ))2

(16)

where V is a word2vec model and w(k) be the natural language word associated
with class k. This notion can be generalized to the case in which each class is
deﬁned by a set of words or a sentence.
5.4

Class-Similarity Based Smooth Label

Class distances are converted into class similarities using the softmax function
exp(−βdk (k  ))
sk (k  ) = K
i=1 exp(−βdk (i))

(17)

where β ≥ 0 is a hyperparameter that controls how “uniform” the similarity
distribution is. In order to ensure the consistency of β for diﬀerent metrics, we
normalize the distances dk to zero mean and standard deviation of one before
applying the softmax function. Note that this normalization is equivalent to
scaling β and does not aﬀect the relative relationship between classes.
Finally, the class-similarity based smooth label is deﬁned as follows. Let ek
be the one-hot label vector, the smooth label for class k is
yk = (1 − α)ek + αsk

(18)

where α isthe label smoothing factor. Note that in practice we set sk (k) = 0
and scale k =k sk (k  ) = 1 to make sure that α consistently represents the total
mass in the label over the other (non ground-truth) classes. Otherwise the total
mass will be diﬀerent because of diﬀerent values of sk (k).

6
6.1

Experiments
Setup

We compare the four variants of our proposed method with L1 distance, L2 distance, Autoencoder distance (AE) and Word Embedding distance (WE) to the
vanilla training using one-hot labels, as well as various techniques that improve
conﬁdence calibration: temperature scaling (TS) [7], uniform label smoothing [18,24], mixup training [25], Dirichlet calibration with oﬀ-diagonal regularization (Dir-ODIR) [10], and ensemble temperature scaling (ETS) [31].
We perform experiments on CIFAR-100 and Tiny-ImageNet using DenseNet
(DN), ResNet (RN), and WideResNet(WRN). For all experiments, the network
architectures and all parameters are identical for all methods. For CIFAR-100,
we use DenseNet-161, ResNet-18, and WRN with {16, 16, 32, 64} ﬁlters respectively. For Tiny-ImageNet, we use DenseNet-161, ResNet-34, and WRN-50-2.
The dimensionality of the latent space of the autoencoder is set to 256 for CIFAR100 and 1024 for Tiny-ImageNet. We use a pretrained Wikipedia2Vec [28] as our
word2vec model V with a vector of length 100. For histogram-based ECE, we set
the number of interval bins M = 15 following [7,18]. For KDE-based ECE, we use
2 3
−1/5
[31].
the Triweight Kernel K(u) = 35
32 (1 − u ) and bandwidth h = 1.06σn
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Table 1. Histogram and KDE-based ECE (%) results of prediction (P) and output
(O) on CIFAR-100.
Uniform Mixup DirODIR ETS L1 (Ours) L2 (Ours) AE(Ours) WE(Ours)

Model ECE

One-hot TS

DN

Hist P

16.40

2.08 2.41

4.58

2.10

2.04 2.39

2.65

1.96

1.68

DN

Hist O

35.52

3.55 8.11

8.81

3.54

3.48 4.15

4.74

3.32

2.98

DN

KDE P 15.28

1.90 2.68

4.52

1.95

1.88 2.61

2.72

2.08

1.75

DN

KDE O 28.65

7.01 15.08

13.40

7.09

7.00 12.85

12.92

12.44

11.32

RN

Hist P

22.96

1.98 2.35

2.70

1.85

1.71 2.84

2.76

2.02

1.74

RN

Hist O

50.07

3.13 3.80

5.03

2.98

2.90 5.06

5.10

3.34

2.47

RN

KDE P 21.13

2.16 2.60

2.83

1.84

1.65 2.91

2.76

2.19

1.76

RN

KDE O 39.23

9.49 15.17

12.03

10.42

9.14 11.89

11.15

10.13

9.02
0.72

WRN Hist P

12.17

2.34 2.77

2.29

2.07

1.79 1.68

1.56

0.77

WRN Hist O

25.71

5.11 5.41

5.02

4.54

3.91 2.91

2.60

1.64

1.55

WRN KDE P 11.57

2.35 2.83

2.49

1.99

1.83 1.57

1.48

1.15

1.11

WRN KDE O 21.13

9.08 9.27

9.47

6.87

6.92 7.59

7.01

4.53

3.73

Table 2. Histogram and KDE-based ECE (%) results of prediction (P) and output
(O) on Tiny-ImageNet.
Model ECE

One-hot TS

Uniform Mixup DirODIR ETS L1 (Ours) L2 (Ours) AE(Ours) WE(Ours)

DN

Hist P

13.98

3.45

3.77

DN

Hist O

29.76

11.64 13.27

DN

KDE P 13.38

3.46

DN

KDE O 27.64

18.36 21.01

3.72

3.70

3.23

2.16

2.93

3.07

2.54

1.19

12.13

10.57

8.80

9.94

10.40

7.74

3.00

2.95

3.76

3.21

2.21

19.06

17.87

17.48 17.51

3.13

2.60

1.23

18.18

17.56

15.67

RN

Hist P

24.95

4.83

5.24

5.87

5.15

3.12

2.95

2.86

2.49

1.23

RN

Hist O

58.01

9.94

10.92

11.76

10.07

6.52

5.78

5.59

5.05

2.12

RN

KDE P 23.55

4.93

5.21

5.80

5.17

3.01

3.02

RN

KDE O 46.51

22.33 27.57

24.99

23.14

13.15 27.21

WRN Hist P

22.39

10.15 12.92

8.73

9.79

6.71

WRN Hist O

52.14

22.19 25.10

17.00

19.17

14.36 16.87

WRN KDE P 21.37

10.75 12.90

8.74

9.78

6.55

WRN KDE O 43.78

28.14 37.64

26.76

27.34

19.44 25.81

6.2

8.55
8.50

2.82

2.57

1.26

28.60

29.97

11.84

8.03

7.41

4.21

16.59

13.82

7.93

7.97

7.45

4.13

24.80

24.33

11.30

Conﬁdence Calibration Results

We show conﬁdence calibration results on CIFAR-100 in Table 1 and TinyImageNet in Table 2. We set α = 0.1 and β ∈ [0.5, 6]. Parameter eﬀects are
discussed in detail in Sect. 6.3.
The models trained with our proposed method generally outperforms other
methods. Among the four distance measures, WE performs the best in all scenarios which is expected considering that the distance in the vector space more
faithfully reﬂects class semantic relationships than pixel-wise distances and the
latent encoding distance. WE delivers better conﬁdence calibration than all comparison methods in most cases. By comparing AE with WE, we can see the
performance gap is more signiﬁcant on Tiny-ImageNet than on CIFAR-100. As
the complexity of a dataset and the number of classes increase, it becomes more
diﬃcult for an autoencoder to learn good representations, which leads to the performance diﬀerence. The large output ECE diﬀerence between WE and Uniform
shows that the uniform distribution is not an optimal objective. We note that
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(a) Prediction on CIFAR-100

(b) Output on CIFAR-100

(c) Prediction on Tiny-ImageNet

(d) Output on Tiny-ImageNet

Fig. 1. Reliability diagrams on CIFAR-100 and Tiny-ImageNet dataset.

for output ECE, the KDE estimate is signiﬁcantly distinct from the histogram
estimate. The output probabilities of a model contain a majority of near-zero
values, thus in this case the density estimation is not very accurate.
In Fig. 1 we show the reliability diagrams for WRN on CIFAR-100 and
ResNet-34 on Tiny-ImageNet. The plots conﬁrm our ﬁndings of the ECE results.
For better readability, we divide the diagrams of the ten techniques into two ﬁgures. In all the plots, the dashed black diagonal line represents perfect calibration
for which the conﬁdence matches the accuracy. The model trained using one-hot
labels is clearly overconﬁdent since the accuracy is always below the conﬁdence.
While all other methods have a better performance, diagrams from our proposed
smooth labels almost identically match the diagonal line.
6.3

Eﬀects of Parameters

In this section, we perform a series of experiments on Tiny-ImageNet to explore
the eﬀects of two important hyper-parameters α and β.
First, we test diﬀerent α values that determine the strength of label smoothing. We compare WE to uniform LS and set β = 2. The results are presented
in Fig. 2a and 2b. We observe that our proposed smooth label generally outperforms uniform smooth label for all α values, and the best results for both
methods are achieved at α = 0.1 which is the commonly value used in practice.
When α is very small, the labels are only weakly smoothed and the model is still
over-conﬁdent. When α becomes large, the labels are too noisy and the model
is not well-calibrated because of the excessive smoothing.
Next, we perform experiments on diﬀerent β which determines how uniform
the similarity distribution is. We choose the WE model and set α = 0.1. The
results are shown in Fig. 2c. When β is too small, the similarity distribution
is close to uniform and the class relation is not well represented, therefore the
model is not well calibrated. As β keeps increasing when it becomes too large, the
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(a) Prediction ECE relative to α.

(b) Output ECE relative
to α.
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(c) Prediction and output ECE relative to β.

Fig. 2. Eﬀects of parameters.

softmax function will produce extreme similarity values that are concentrated
in only a few classes that do not represent the optimal distribution either.
6.4

Evaluation on Out-of-Distribution Data

DNNs are not only overconﬁdent on the data they are trained on but also on
unseen out-of-distribution data [9,25]. In this section, we evaluate the methods
on two types of out-of-distribution data: another unseen dataset and random
noise. We test the WRN models trained on CIFAR-100 in Sect. 6.2. We use the
validation set of Tiny-ImageNet as the unseen dataset and generate uniformly
distributed random samples as the second type of out-of-distribution data. We
show the distributions of the prediction conﬁdence values in Fig. 3.

Fig. 3. Distribution of the prediction conﬁdences on the validation set of TinyImageNet (left) and uniform random noise (right).

From the left plot, we can see that our method and mixup perform the best
at refraining to produce high conﬁdence on unseen out-of-distribution data. On
the random noise samples, all three methods signiﬁcantly outperform the one-hot
training. Note that our method is based on class similarities which is not wellsuited for random noise samples where the notion of similarity does not exist.
Although this application is not the main focus of our method, we note that it
still signiﬁcantly outperforms the uniform label smoothing in both scenarios.
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Conclusion

In this paper, we address the conﬁdence calibration problem in a more holistic
framework. Motivated by directly optimizing the objective of conﬁdence calibration, we propose class-similarity based label smoothing. We adopt several similarity metrics, including those that capture feature based similarities or semantic
similarity. We demonstrate through extensive experiments that our method signiﬁcantly outperforms state-of-the-art techniques.
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Abstract. Universal Adversarial Perturbations (UAPs) are input perturbations that can fool a neural network on large sets of data. They
are a class of attacks that represents a signiﬁcant threat as they facilitate realistic, practical, and low-cost attacks on neural networks. In this
work, we derive upper bounds for the eﬀectiveness of UAPs based on
norms of data-dependent Jacobians. We empirically verify that Jacobian
regularization greatly increases model robustness to UAPs by up to four
times whilst maintaining clean performance. Our theoretical analysis also
allows us to formulate a metric for the strength of shared adversarial perturbations between pairs of inputs. We apply this metric to benchmark
datasets and show that it is highly correlated with the actual observed
robustness. This suggests that realistic and practical universal attacks
can be reliably mitigated without sacriﬁcing clean accuracy, which shows
promise for the robustness of machine learning systems.
Keywords: Adversarial machine learning · Universal adversarial
perturbations · Computer vision · Jacobian regularization

1

Introduction

Neural networks have been the algorithm of choice for many applications such as
image classiﬁcation [15], real-time object detection [21], and speech recognition
[11]. Although they appear to be robust to noise, their accuracy can rapidly deteriorate in the face of adversarial examples – inputs that appear similar to genuine
data, but have been maliciously designed to fool the model [1,25]. Thus, it is
important to ensure that neural networks are robust to such attacks, especially
in safety-critical applications, as this can greatly undermine the performance
and trust in these models.
A concerning subset of attacks on neural networks come in the form of Universal Adversarial Perturbations (UAPs), where a single adversarial perturbation can cause a model to misclassify a large set of inputs [18]. These present a
systemic risk, as many practical and physically realizable adversarial attacks are
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based on UAPs. These attacks can take the form of adversarial patches for image
classiﬁcation [2], person recognition [26], camera-based [7,8] and LiDAR-based
object detection [3,9,10,28]. In the digital domain, UAPs have been shown to facilitate realistic attacks on perceptual ad-blockers for web pages [27] and machine
learning-based malware detectors [16]. Furthermore, an attacker can utilize UAPs
to perform query-eﬃcient black-box attacks on neural networks [4,6].
In the literature, existing defenses to adversarial attacks focus primarily on
input-speciﬁc (“per-input”) attacks–where adversarial perturbations need to be
crafted for each single input. In contrast to universal attacks, input-speciﬁc attacks
fool the model on only one input. However, the practicality of input-speciﬁc
attacks suﬀers in realistic settings, as the perturbations need to be constantly
modiﬁed to match the current input. In contrast, defences against UAPs have
not been thoroughly investigated, even if they are potentially more dangerous and
should intuitively be easier to defend against because the same perturbation needs
to be shared across many inputs. These are the main focus of this paper.
A number of studies have investigated the use of Jacobian regularization to
improve the stability of model predictions to small changes to the input, but
up to this point, studies have only considered input-speciﬁc perturbations [12,
13,20,22,24,29]. In this work, we expand the theoretical formulation of Jacobian
regularization to UAPs and derive upper bounds on the eﬀectiveness of UAPs
based on the properties of Jacobian matrices for individual inputs. Our work
shows that for inputs to strongly share adversarial perturbations, their Jacobians
need to share singular vectors.
We empirically verify our theoretical ﬁndings by applying Jacobian regularization to neural networks trained on popular benchmark datasets: MNIST
[17], Fashion-MNIST [30] and then evaluating their robustness to various UAPs.
Our results show that even a small amount of Jacobian regularization drastically
improves model robustness against many universal attacks with negligible downsides to clean performance. To summarize, we make the following contributions:
– We extend theoretical formulations for universal adversarial perturbations
and are the ﬁrst to show that the eﬀectiveness of UAPs is bounded above by
the norms of data-dependent Jacobians.
– We empirically verify our theoretical results and show that even a minimal
amount of Jacobian regularization reduces eﬀectiveness of UAPs by up to
4-times, whilst leaving clean accuracy relatively unaﬀected.
– We propose the use of cosine similarity for Jacobians of inputs to measure
the strength of shared adversarial perturbations between distinct inputs. Our
empirical evaluations on benchmark datasets demonstrate that this similarity
measure is an eﬀective proxy for measuring robustness to UAPs.
The rest of this paper is organized as follows. Section 2 introduces adversarial examples, universal adversarial perturbations, and Jacobian regularization. Section 3 formulates Jacobian regularization for UAPs and derives our key
propositions. Section 4 evaluates the robustness of models trained with Jacobian
regularization to various UAP attack. Finally, Sect. 5 discusses implications of
our results and summarizes our ﬁndings.
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Background
Universal Adversarial Perturbations

Let f : X ⊂ Rn → Rd denote the logits of a piece-wise linear classiﬁer which
takes as input x ∈ X . The output label assigned by this classiﬁer is deﬁned by
F (x) = arg max(f (x)). Let τ (x) denote the true class label of an input x).
An adversarial example x is an input that satisﬁes F (x ) = τ (x), despite x
being close to x according to some distance metric (implicitly, τ (x) = τ (x )).
The diﬀerence δ = x − x is referred to as an adversarial perturbation and its
norm is often constrained to δp < ε, for some p -norm and small ε > 0 [25].
Universal Adversarial Perturbations (UAP) can come in targeted or
untargeted forms depending on the attacker’s objective. An untargeted UAP
is an adversarial perturbation δ ∈ Rn that satisﬁes F (x + δ) = τ (x) for suﬃciently many x ∈ X and
 with δp < ε [18]. Untargeted UAPs are generated by
maximizing the loss i L(xi + δ) with an iterative stochastic gradient descent
algorithm [5,19,23,27]. Here, L is the model’s training loss, {xi } are batches of
inputs, and δ are small perturbations thatsatisfy δp < ε. Updates to δ are
done in mini-batches in the direction of − i ∇L(xi + δ). Targeted UAPs for a
class c are adversarial perturbations δ that satisfy F (x + δ) = c for suﬃciently
many x ∈ X and with δp < ε. To generate this type of attack, we use the
same stochastic gradient descent as in the untargeted case, but modify the loss
to be minimized when all resulting inputs xi + δ are classiﬁed as c.
2.2

Jacobian Regularization

Given that f (x) is the logit output of the classiﬁer for input x, we write Jf (x)
to denote the input-output Jacobian of f at x. We can linearise f within a
neighbourhood around x as follows using the Taylor series expansion:
f (x + δ) = f (x) + Jf (x)δ + O(δ 2 )

(1)

For a suﬃciently small neighbourhood δp ≤ ε with ε > 0, the higher order
terms of δ can be neglected and the stability of the prediction is determined by
the Jacobian.
(2)
f (x + δ) f (x) + Jf (x)δ
and equivalently, for any q-norm, we have:
f (x + δ) − f (x)q ≈ Jf (x)δq

(3)

For a small ε, we want the δ that maximizes the right hand side of Eq. 3 in order
to suﬃciently change the original output and fool the model. With constraint
δp ≤ ε, this is equivalent to ﬁnding the (p, q) singular vector for Jf (x) [14].
To improve the stability of model outputs to small perturbations δ, existing
works have proposed regularizing the Frobenius norm [12,13,20] or the Spectral
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norm [22,24,29] of this data-dependent Jacobian Jf (x) for each input. Additionally, [22] show that the input-speciﬁc adversarial perturbations align with the
dominant singular vectors of these Jacobian matrices.
Although [14] considered Jacobians in the context of UAPs, they only focused
on the computation of δ as an attack and did not perform any theoretical or
empirical analysis for mitigating the eﬀects of UAPs. Prior studies that explore
Jacobian regularization focused solely on improving robustness to single-input
perturbations and did not explain nor consider the eﬀectiveness of Jacobian
regularization for UAPs. Thus, we extend these formulations [14,22] to have a
more concrete theoretical understanding for how Jacobian regularization mitigates UAPs.

3

Jacobians for Universal Adversarial Perturbations

When computing a universal adversarial perturbation δ that uniformly generalizes across multiple inputs {xi }N
i=1 , one would optimize:
max

δ:δp =1

N


Jf (xi )δq

(4)

i=1

This extends the intuition from Eq. 3 to many inputs, and due to the homogeneity
of the norm, it is suﬃcient to solve this for δp = 1 [14]. The solution to δ for
Eq. 4 is equivalent to ﬁnding the (p, q) singular vector for the stacked Jacobian
matrix JN , the matrix formed by vertically stacking the Jacobians of the ﬁrst
N inputs.
⎡
⎤
Jf (x1 )
⎢ Jf (x2 ) ⎥
⎢
⎥
(5)
max JN δq where JN = ⎢ . ⎥
⎣ .. ⎦
δ:δp =1
Jf (xN )
3.1

Upper Bounds for the Stacked Jacobian

To obtain an upper bound for the (p, q)-operator norm shown in Eq. 5, note that
it is bounded above by its Frobenius norm denoted by JN F :
JN δq ≤ JN F δ

(6)

Thus, mitigating the eﬀectiveness of a UAP across multiple inputs can be
achieved by limiting the Frobenius norm of the stacked Jacobian JN F .
Before proceeding, let us deﬁne the inner product induced by the Frobenius
norm for two real matrices. Given A, B ∈ Rm×n , let the inner product in Rm×n
be deﬁned as:
m 
n

A, B = Tr(A B) =
aij bij
(7)
i=1 j=1
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where A denotes the transpose of A, the lowercase letters aij are the entries of
the matrix A, and Tr(·) is the trace. This inner product is associated with the
Frobenius norm  · F . Now we introduce the following proposition.
Proposition 1. For matrices A, B ∈ Rm×n , we have:
A, B ≤ AF BF

(8)

with equality if and only if A and B share singular directions and their singular
values satisfy σi (A) = s · σi (B) for all i for a constant scalar s > 0, where σi (·)
is the singular value that corresponds to the i-th largest singular value.

Proof. Consider the singular value decomposition of A = UA ΣA VA
and B =

UB ΣB VB , where UA , UB , VA , VB are orthogonal matrices and ΣA , ΣB are
diagonal matrices whose diagonal entries σi (A) and σi (B) are non-negative and
in descending order. Let r = max(rank(A), rank(B)).

A, B = Tr(A B)

= Tr(VA ΣA UA UB ΣB VB
)



= Tr(VB VA ΣA UA UB ΣB )

cyclic property of trace

Note that since UA , UB , VA , VB are all orthogonal matrices, UA UB 2 ≤

VA 2 ≤ 1.
UA 2 UB 2 = 1, and in a similar way, VB

A, B = Tr(VB
VA ΣA UA UB ΣB )
r 
r

=
zij · σi (A)σj (B)

where

i=1 j=1

≤

r


σi (A) σi (B)

≤

1
2

σi2 (A)

i=1

= AF BF

r


|zij | ≤ 1,

r


i=1

j=1

equality ⇐⇒ zij

1,
0,

i=1
r


r


|zij | ≤ 1
if i = j,
if i =
 j.

1
2

σi2 (B)

Cauchy-Schwarz Inequality

i=1




The equality conditions for the above requires zii = 1, ∀i as the σi are in

VA are identity matrices,
descending order. This implies that UA UB and VB
which requires UA = UB and VA = VB , i.e. A and B share the same singular
vectors. Equality under Cauchy-Schwarz requires the singular values to be scalars
of one another: σi (A) = s · σi (B) for the same scalar s > 0, ∀i.
This proposition is signiﬁcant as it gives us upper bounds for the inner product and equality conditions to achieve this upper bound. Applying this result to
the stacked Jacobian matrix JN gives us the following:
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JN 2F = Tr(JN JN )
⎛
⎞
N 
N

= Tr ⎝
Jf (xi ) Jf (xj )⎠
=



i=1 j=1

Tr(Jf (xi ) , Jf (xj ))

i,j

=



Jf (xi ), Jf (xj )

Frobenius inner product

Jf (xi )F Jf (xj )F

Proposition 1

i,j

≤


i,j

With equality if and only if, for all pairs of inputs (xi , xj ), we have Jf (xi )
and Jf (xj ) sharing singular vectors and their corresponding singular values are
constant up to a ﬁxed scalar s > 0.
Our result can be summarized with the following equation:
⎛
JN F ≤ ⎝



⎞ 12
Jf (xi )F Jf (xj )F ⎠

(9)

i,j

From a defense perspective, this shows that regularizing the Frobenius of the
Jacobian for the xi decreases the total Frobenius norm of the stacked Jacobian
and hinders the overall eﬀectiveness of a UAP. Thus, data-dependent Jacobian
regularization across inputs should make it signiﬁcantly more diﬃcult to generate
eﬀective UAPs.
3.2

Measuring Alignment of Jacobians

To measure the alignment between Jacobians of two distinct inputs, we use the
cosine similarity between their respective Jacobians under the inner product
induced by the Frobenius norm:
sim(xi , xj ) =

Jf (xi ), Jf (xj )
≤1
Jf (xi )F Jf (xj )F

(10)

This is precisely the formula given in Proposition 1, with the above ratio equal
to one if and only if the singular vectors of their Jacobians are the same. This
shows to us that alignment of Jacobians can be evaluated with this similarity
measure. Also, combining this with our ﬁndings from Eq. 9, this ratio allows us
to measure how strongly two inputs share adversarial perturbations.
Although the Jacobian is a ﬁrst-order derivative, we show in later sections
that our Jacobian similarity measure correlates with vulnerability to iterative
UAP attacks. Thus, demonstrating that it is an eﬀective measure to determine
the “universality” of adversarial vulnerability even against iterative adversaries.
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Having a similarity measure like this is beneﬁcial as this allows us to easily
determine if two inputs are likely to share adversarial perturbations. This is
more advantageous than manually generating adversarial perturbations for each
pair of inputs as one would have to consider many additional attack parameters
when generating adversarial attacks, including the ε bounds, chosen p -norm,
step size, number of attack iterations, and so on.

4
4.1

Experiments
Experimental Setup

Models & Datasets. We consider the benchmark datasets MNIST [17] and
Fashion-MNIST [30]. These are widely-used image classiﬁcation datasets, each
with 10 classes, whose images are 28 by 28 pixels, and their pixel values range
from 0 to 1. For the neural network architecture, we use a modernized version
of LeNet-5 [17] as detailed in [12] as it is a commonly used benchmark neural
network. We refer to this model as LeNet.
Jacobian Regularization. For training with Jacobian regularization (JR), we
optimize the following joint loss and use the algorithm as proposed by [12]:
Ljoint (θ) = Ltrain ({xi , yi }i , θ) +

λJR
2

1 
J(xi )2F
B i

(11)

where θ represent the parameters of the model, Ltrain is the standard crossentropy training loss, {xi , yi } are input-output pairs from the mini-batch, and
B is the mini-batch size. This optimization uses a regularization parameter λJR ,
which lets us adjust the trade-oﬀ between regularization and classiﬁcation loss.
UAP Attacks. We evaluate the robustness of these models to UAPs generated
via iterative stochastic gradient descent with 100 iterations and a batch size of
200. Perturbations are applied under ∞ -norm constraints. The ε we consider
in our attacks for this norm are from 0.1 to 0.3, this perturbation magnitude is
equivalent to 10%–30% of the maximum total possible change in pixel values.
We generate untargeted and targeted attacks. For targeted UAPs, we generate one UAP for each of 10 classes of each dataset. Clean and UAP evaluations
are done on the entire 10,000 sample test sets.
Robustness Metrics. The eﬀectiveness of untargeted attacks are measured
using the Universal Evasion Rate (UER), deﬁned as the proportion of inputs
that are misclassiﬁed. Targeted UAPs for class c are evaluated according to
their Targeted Success Rate (TSR), the proportion of inputs classiﬁed as class c.
4.2

Jacobian Regularization Mitigates UAPs

Regular training without JR (i.e. λJR = 0) achieves 99.08% and 90.84% test accuracy on MNIST and Fashion-MNIST respectively. Figure 1 shows that increasing
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Fig. 1. Test accuracy of LeNet on MNIST (left) and Fashion-MNIST (right) for various
Jacobian regularization strengths λJR .

Fig. 2. Eﬀectiveness of untargeted UAPs for various ∞ -norm perturbation constraints
ε. Plots are shown for various models with diﬀerent degrees of Jacobian regularization.

the weight of JR decreases the resulting model’s test accuracy. Note, however,
that this decrease appears to be negligible for very small λJR ≤ 0.1.
Untargeted UAPs. Figure 2 presents the eﬀectiveness of our untargeted UAP
attacks on diﬀerent LeNet with varying JR strengths. The regularly trained
model is especially vulnerable to UAP attacks on both datasets, with untargeted
UAPs achieving above 80% UER for ε ≥ 0.2 on both datasets.
On MNIST, UAP attacks seem to gain reasonable success only after ε ≥
0.25. This is permissible as the adversary perturbs the input by 25% of its
maximum possible value in this case, which entails an enormous change. What
is striking is that JR has a protective eﬀect for ε ≤ 0.2, even for small amounts of
regularization at λJR = 0.05. Here, UAP eﬀectiveness is down from 80% to 20%
at ε = 0.2. Increasing the strength of the regularization likely has diminishing
returns for robustness as stronger regularization also begins to damage clean
accuracy, and thus the model’s generalization. Fashion-MNIST can be seen to
be less robust since it begins with a lower clean accuracy at around 91%. This
means that the model is overall less robust to begin with than the model trained
for MNIST, so we can expect it to be less robust to UAP attacks in general.
Nonetheless, we still see a protective eﬀect from JR for ε ≤ 0.15 even with only
a minor degree of regularization λJR = 0.05.
Targeted UAPs. Figure 3 shows our results for the eﬀectiveness of targeted
UAPs. These plots follow a similar trend as with untargeted UAPs, suggesting
that JR is able to improve model robustness against a diverse array of UAP
attacks and not only against untargeted UAPs.
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Fig. 3. Average Targeted Success Rate (TSR) of targeted UAPs generated for each
class, with error bars showing standard deviation across UAPs for diﬀerent classes.
Plots are shown for various models with diﬀerent degrees of Jacobian regularization.

Even a minor amount of regularization in λJR = 0.05 provides up to a 4-times
decrease in eﬀectiveness of UAPs while maintaining the model’s performance on
the clean test set, as seen in Table 1.
Comparison with Adversarial Training. We compare JR with the current
state-of-the-art defense against universal attacks: Universal Adversarial Training
(UAT) [23], where adversarial training is done on UAPs. UAT models in Table 1
are trained on ε = 0.2 and ε = 0.15 adversaries for MNIST and Fashion-MNIST
respectively. Although UAT improves robustness to UAPs compared to standard
training, it doubles the test error on both clean datasets. In contrast, JR achieves
better robustness than UAT without damaging clean accuracy.
Adversarial training relies on training against speciﬁc UAP perturbations.
The heuristic quality of UAT makes improving robustness against all possible
perturbations computationally diﬃcult. Our results show that regularizing a
more general property of the model, in the norm of the Jacobian, leads to better
robustness while maintaining accuracy.
Table 1. Performance metrics (in %) of LeNet. Jacobian regularization (JR) uses λJR =
0.05. UAP evaluations are for ∞ -norm attacks at ε = 0.2 for MNIST and ε = 0.15 for
Fashion-MNIST. Lowest values indicate the best robustness and are highlighted.

Test Error

MNIST
Standard UAT [23] JR

Fashion-MNIST
Standard UAT [23] JR

0.92

9.16

1.81

0.90

Untargeted UER 85.88

27.49

Average TSR

24.05

4.3

85.94

16.66

9.15

20.47 86.63

34.10

29.96

21.57 86.33

26.64

30.59

Jacobian Alignment of Input Pairs

We now investigate how the cosine similarity of input Jacobians as introduced in
Eq. 10 correlates with the models’ robustness to UAPs. We consider LeNet with
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Jacobian regularization (λJR = 0.05) and without (λJR = 0.0). The performance
of the models on the test sets is the same as the ones in Table 1. For each dataset,
we take a random subset of 1,000 test set images with a uniform distribution on
the output classes. Thus, we measure the similarity for a million input pairs.

Fig. 4. Jacobian similarity for pairs of inputs on MNIST (left) and Fashion-MNIST
(right) for LeNet with and without Jacobian regularization (JR). Median similarity
values on MNIST are 0.18 and 0.58; and on Fashion-MNIST are 0.11 and 0.46 with
and without JR respectively.

Figure 4 shows the histogram of the similarity values for the generated random pairs (cosine similarity is bounded in [−1, 1]). We observe that Jacobian
regularization signiﬁcantly reduces the median of the distributions by around
0.35. Although the Jacobian is only a ﬁrst-order derivative, this greatly correlates with the models’ robustness even for iterative stochastic gradient descent
UAP attacks. This shows that observing the similarity measure we introduced
can help to analyze the strength of shared adversarial perturbations, allowing
defenders to better evaluate model robustness against UAPs.

5

Conclusion

In this work, we are the ﬁrst to derive upper bounds on the impact of UAPs,
we theoretically show and then empirically verify that data-dependent Jacobian
regularization signiﬁcantly reduces the eﬀectiveness of UAPs, and ﬁnally we propose cosine similarity of Jacobians to measure the strength of shared adversarial
perturbation between inputs.
In contrast to input-speciﬁc adversarial examples which have been shown
to be diﬃcult to defend against and often incur a notable decline in accuracy
to achieve robustness, we show that Jacobian regularization can greatly mitigate the eﬀectiveness of UAPs whilst maintaining clean performance through
theoretical bounds and comprehensive empirical results.
These results give us conﬁdence that applying Jacobian regularization to
existing models signiﬁcantly improves robustness to practical and realistic universal attacks at minimal cost to clean accuracy. Additionally, the proposed
similarity metric for Jacobians can be used to further diagnose and analyze the
vulnerability of models by identifying subsets of inputs with shared adversarial perturbations. Overall, these enable us to put defenses for neural networks
against realistic and systemic UAP attacks on a more practical footing.
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Abstract. Convolutional neural network (CNN) models are widely used
for image classiﬁcation. However, CNN models are vulnerable to outof-distribution (OoD) samples. This vulnerability makes it diﬃcult to
use CNN models in safety-critical applications (e.g., autonomous driving, medical diagnostics). OoD samples occur either naturally or in an
adversarial setting. Detecting OoD samples is an active area of research.
Papernot and McDaniel [43] have proposed a detection method based
on applying a nearest neighbor (NN) search on the layer activations of
the CNN. The result of the NN search is used to identify if a sample
is in-distribution or OoD. However, a NN search is slow and memoryintensive at inference. We examine a more eﬃcient alternative detection
approach based on clustering. We have conducted experiments for CNN
models trained on MNIST, SVHN, and CIFAR-10. In the experiments,
we have tested our approach on naturally occurring OoD samples, and
several kinds of adversarial examples. We have also compared diﬀerent
clustering strategies. Our results show that a clustering-based approach
is suitable for detecting OoD samples. This approach is faster and more
memory-eﬃcient than a NN approach.
Keywords: CNN

1

· Out-of-distribution detection · Clustering

Introduction

Convolutional neural network (CNN) models have increasingly been used for
image classiﬁcation due to their great performance [18,25]. However, a high
performance is only obtained on in-distribution samples. The performance can
drastically decrease in the presence of out-of-distribution (OoD) samples. Indistribution samples are samples that are drawn from the training distribution
of the model. OoD samples, in contrast, are drawn from a distribution that is
diﬀerent from the training distribution. Distributions diﬀerent from the training
distribution can occur either naturally (e.g., objects presented in environments or
occlusions not seen during training) [21] or in an adversarial setting (in the latter
case OoD samples are usually referred to as adversarial examples) [3,16,47].
c Springer Nature Switzerland AG 2021
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The vulnerability of CNN models to OoD samples makes it diﬃcult to use CNNs
in safety-critical applications (e.g., autonomous driving, medical diagnostics).

Fig. 1. 2D-Projections (created by UMAP) of the activations of the MNIST training
data at the ﬁrst convolutional layer (ConvLayer 1) and the output layer (FC-Layer) of
the CNN (CNN setup as described in Sect. 4.1)

In safety-critical applications, the reliability of CNN models can be improved
by using a conﬁdence estimate of the predictions made by the model. This conﬁdence estimate should be high for in-distribution samples and low for OoD samples. A naive approach to obtain such an estimate is to use the softmax scores of
the network output. Unfortunately, the softmax scores do not provide a reliable
conﬁdence estimation [14,19]. To ﬁnd a better conﬁdence estimate, extensive
research has been conducted. For instance, a promising approach, named Deep
k-Nearest Neighbors (DkNNs), was proposed by Papernot and McDaniel [43].
Their method is based on the assumption that in-distribution samples of the
same class are usually close together in feature space at each network layer.
OoD samples, in contrast, can be close to in-distribution samples of a diﬀerent
class at each network layer. Hence, at inference, they check if an incoming sample is in-distribution or OoD (regarding a trained model) by using a k-nearest
neighbor (kNN) search: When the sample is fed into the model, at each layer
they identify the majority class of the kNNs of that sample among the training
samples of the model (in feature space of that layer). They calculate a conﬁdence
estimate (credibility) using this majority class from each layer. If the majority
class is the same among all layers, the conﬁdence of the prediction will be high.
If the majority class varies heavily between the diﬀerent layers, the conﬁdence of
the prediction will be low. However, DkNNs have the following disadvantages: 1)
Inference is slow because a kNN search requires comparing the incoming sample
to a high number of training samples. DkNNs use an approximate kNN approach
based on local-sensitive hashing [43]. An approximate approach is faster than a
naive kNN search (i.e., compare with every sample), but it still requires many
comparisons. Additionally, their method does not perform a kNN search only
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once but for each layer. This can be time-consuming for large training sets in
particular. 2) To be able to perform a kNN search they need to store the whole
training set for inference.
To address these issues we examine an alternative approach based on clustering. We state the following research question: Can we perform a cluster analysis
at each layer instead of a kNN search to detect OoD samples? A clusteringbased approach has the following advantages over DkNNs: 1) Inference is faster.
Instead of comparing the incoming sample to a high number of training samples,
we simply apply a cluster model (learned from the training set) on the incoming
sample at each layer and compare the result to the cluster statics of the training
set. 2) For inference we do not need to keep the whole training set but only
the clustering model of each layer and the cluster statics of the training set. 3)
In contrast to a kNN search, clustering should be able to better handle lower
layers. Lower layers try to detect low-level features [49]. However, low-level features are not necessarily class-speciﬁc (e.g., a soccer player and a baseball player
share some low-level features like shape features of the person, the sportswear,
or the grass in the background). As a consequence, at lower layers samples of
diﬀerent classes are usually heavily mixed (illustrated in Fig. 1). A kNN search
only tries to identify the majority class among the kNNs of a sample. At lower
layers, this majority class does not need to be the same as the class of the sample
(even if the sample is in-distribution). Our clustering-based approach, in contrast, tries to keep the information about all classes in the cluster by calculating
a class distribution statistic of that cluster (i.e., what fraction of the samples in
the cluster belongs to a certain class?). Besides these advantages, our approach
keeps the following favorable properties of DkNNs: 1) OoD samples do not have
to be generated for our detection approach. This would be diﬃcult because we
do not know all possible OoD samples in advance that can occur in practice. 2)
The CNN model for which we want to detect OoD samples does not have to be
re-trained. Our contributions are as follows: 1) We examine if a clustering-based
approach is suitable to detect OoD samples for CNN models. 2) We compare
diﬀerent clustering strategies for the proposed approach.

2

Related Work

There have been other studies that also propose to use hidden layer activations
for detecting OoD samples. Cohen et al. [9] use a kNN approach in combination
with sample inﬂuence scores to detect OoD samples. Crecchi et al. [10] suggest
using the hidden layer activations to learn a kernel density estimator for OoD
detection. Li and Li [30] use convolutional ﬁlter statistics to learn a cascadebased OoD detector. Metzen et al. [39] propose to add a detector subnetwork at
a hidden layer of the CNN. Chen et al. [6] use the hidden layer activations to
train a meta-model that computes the conﬁdence of the model prediction. Huang
et al. [22] have observed that OoD samples concentrate in feature space. They
propose to use a threshold on the distance to the center of the concentrated OoD
samples to decide if an incoming sample is also OoD. However, in contrast to
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our approach, these methods are either computationally more expensive [9,43],
require OoD samples to create the OoD detector [22,30,39], or are more complex
[6,10]. None of these methods uses clustering to detect OoD samples. Chen
et al. [5] have proposed an approach based on clustering. They try to identify if
a training set was poisoned to trigger backdoor attacks on CNN models trained
on this dataset. In contrast, we detect if an incoming sample, during inference,
is an OoD sample for the trained CNN model. Moreover, Chen et al. apply
clustering only on the last hidden layer. We apply clustering on multiple hidden
layers.
A number of other approaches to detect OoD samples (especially adversarial
examples) have been suggested. There are approaches that detect OoD samples based on generative models [29,38,45], using a special loss function [28,42],
Baysian Neural Networks [4,15], characterizing the adversarial subspace [33],
self-supervised learning [20], energy scores [32], techniques from object detection
and model interpretability [7], augmenting the CNN with an additional output
for the conﬁdence estimate [12,17], or by perturbing the training images [31,48].

3

Method

A CNN model f is trained using a training dataset (X D , Y D ) to classify samples
X I into one of C classes at inference. However, the model f can fail to predict
the correct class for a sample xI ∈ X I , if the sample xI is an OoD sample.
To detect if xI is OoD, we perform a layer-wise cluster analysis of the CNN
model activations of xI . Our approach is based on the work of Nguyen et al.
[41]. Nguyen et al. apply clustering on the layer activations to visualize diﬀerent
features learned by each neuron of the model. In contrast, we use clustering to
detect if a sample is OoD regarding the model f . Our approach is organized into
two phases: 1) Before inference, at each layer L, we learn a clustering model gL
from the layer activations of the training data (X D , Y D ) of f . 2) At inference,
at each layer L, we apply the learned clustering model gL on the activations
of sample xI . As a result, at each layer L, we obtain the cluster KxLI in which
sample xI falls. Finally, based on the cluster KxLI at each layer L, we determine if
xI is OoD or in-distribution. In the following, we describe both phases in detail.
Before Inference: 1) X D has N training samples xD . All N samples xD are
fed into model f . 2) At each (speciﬁed) layer L: (a) We fetch the activations of
each sample xD . At convolutional layers (ConvLayers), the activations of each
sample xD are in cube form. At linear layers, the activations of each sample
xD are in vector form. (b) We transform the activations of each sample xD into
vector form. However, we only need to do this for ConvLayers as the activations
of linear layers are in vector form already. In either case, we obtain N vectors
D
L
AL
xD (one for each sample x ) of length ML . We concatenate all N vectors AxD
L
to a matrix A of size N × ML . (c) We need to project the activation matrix
AL from N × ML down to N × 2 using dimensionality reduction. This is a
necessary preprocessing step for clustering as clustering usually does not work
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well in high dimensions [5]. As a result, we obtain the projected activation matrix
pL (AL ) of size N × 2 and the projection model pL . (d) We try to ﬁnd clusters in
the projected activation matrix pL (AL ). As a result, we obtain 1, ..., kL clusters
and the clustering model gL . (e) For each found cluster KiL (i ∈ 1, ..., kL ), we
calculate a cluster statistic S L (KiL ) expressing how much each of the C classes
(c )).
c1 , ..., cC is represented in cluster KiL at layer L in % (cf racL
KiL j





c
cj , cf racL
(c
)
∈
c
,
...,
c
S L (KiL ) =
L
j
1
C
K
 j
i

D
)|
|(x , yy==c
j
|(xD , y D )|

(1)

D

cf racL
KiL (cj )

=

,

∀ (x , y ) ∈
D

D

KiL

3) Finally, we store the projection model pL , the cluster model gL and the cluster
statistic S L (KiL ) for each found cluster KiL of each layer L.
At Inference: 1) The sample xI is fed into the model f . 2) At each (speciﬁed)
layer L: (a) We fetch the activations of the sample xI . At ConvLayers, the activations of xI are in cube form. At linear layers, the activations of xI are in vector
form. (b) We transform the activations of sample xI to vector form. Again, we
only need to do this for ConvLayers as the activations of linear layers are already
in vector form. As a result, we obtain an activation vector AL
xI of size 1 × ML .
(c) We apply the projection model pL (that was learned from the training data
(X D , Y D ) before inference) on the activation vector AL
xI . As a result, we obtain a
projected activation vector pL (AL
xI ) of size 1 × 2. (d) We apply the cluster model
gL (that was learned from the training data (X D , Y D ) before inference) on the
projected activation vector pL (AL
xI ). As a result, we determine to which cluster
KxLI the sample xI at layer L belongs (among the clusters 1, ..., kL identiﬁed in
the training data (X D , Y D ) before inference). (e) We identify all classes that
are in the cluster KxLI using the cluster statistic S L (KxLI ) for cluster KxLI . However, we only consider those classes cj (j ∈ 1, ..., cC ) whose occurrence (in %)
in the cluster is higher than a given threshold t (i.e., cf rac of class cj in cluster
KxLI must be greater than t) resulting in a modiﬁed cluster statistic S L (KiL ).
This threshold t is necessary as there are usually outliers in the training dataset
(X D , Y D ). Hence, some clusters contain only very few samples of a certain class
(i.e., the occurrence of that class is low). As a result, we obtain a set of classes
csetL (xI ) for the sample xI at layer L whose occurrence in cluster KxLI is greater
than a given threshold t. If xI is an in-distribution sample, the class of xI will
probably be one of the classes in csetL (xI ).
 


L I
L
L

cset (x ) = cj  cj ∈ S (KxI )


 (2)


L
L
L
L

S (KxI ) =
cj , cf racK L (cj )  cj ∈ c1 , ..., cC ∧ cf racK L (cj ) > t
xI

xI

3) The set csetL (xI ) does most likely not contain the same classes at each layer
L. The set usually contains more classes at lower layers than at higher layers.
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This is caused by the type of feature each layer L tries to detect. Lower layers
detect low-level features. Low-level features are typically not class-speciﬁc (e.g., a
soccer player and a baseball player share some low-level features like shape features of the person, the sportswear, or the grass in the background). As a consequence, at lower layers, training samples of diﬀerent classes are usually close
together (illustrated in Fig. 1). Hence, the identiﬁed clusters at lower layers contain training samples of several diﬀerent classes as well. Higher layers, in contrast,
detect high-level features. High-level features are typically class-speciﬁc. The
higher the layer, the more class-speciﬁc the features it detects. As a consequence,
at higher layers, training samples of the same class are located increasingly close
together, whereas training samples of diﬀerent classes are located increasingly
far apart (illustrated in Fig. 1). Hence, the identiﬁed clusters at higher layers
only contain few classes. The clusters at the ﬁnal layer ideally contain only one
class [49]. This is not surprising. The goal of training a neural network-based
classiﬁcation model is to ﬁnd a feature representation at the ﬁnal layer of the
network that is linearly separable (usually by softmax) regarding the diﬀerent
classes. As a result, the set csetL (xI ) contains more classes at lower layers than
at higher layers. However, if xI is in-distribution, all csetL (xI ) must contain at
least one common class. This follows from our assumption: If a sample is indistribution, it will usually be close to other in-distribution samples of the same
class at each layer L. If a sample is OoD, it might be close to in-distribution
samples of a diﬀerent class at each layer L. Thus, we take the intersection of the
class sets csetL (xI ) of each layer L to obtain the overall class set cset(xI ) for
the sample xI .

cset(xI ) =
csetL (xI )
(3)
L

Finally, we determine if the sample xI is OoD or in-distribution using this overall
class set cset(xI ) for xI : If the class set cset(xI ) is empty, it will probably be
OoD. If the class set cset(xI ) is not empty, it will probably be in-distribution.
detector(xI ) =

4
4.1

1,
0,

if cset(xI ) = ∅
otherwise

(4)

Experiments
Experimental Setup

We have conducted several experiments to ﬁnd out if a clustering-based approach
(as described in Sect. 3) is suitable to detect 1) natural OoD samples (Sect. 4.3),
and 2) adversarial examples (Sect. 4.4). To ﬁnd clusters in the activations of
the training data in each layer (before inference), we need to 1) transform the
activations into vector form (only ConvLayers), 2) project the activations of all
samples to 2D, and 3) search for clusters in the projected activations. For each of
the 3 steps, we can use several techniques. Our base conﬁguration is based on the
clustering method introduced by Nguyen et al. [41]. To transform the activations
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of ConvLayers into vectors, we simply ﬂatten the activations (this approach was
also used by Papernot and McDaniel [43]). Then, we concatenate the activation
vectors of all samples into a matrix and normalize this matrix (subtract the
mean and then divide by the standard deviation). The normalization serves as
preprocessing step for projecting the activations. To project the activations, we
use a combination of PCA [44] and UMAP [37]. First, we project the activations
down to 50D using PCA. Then, we project the activations in 50D further down to
2D using UMAP. Theoretically, using UMAP directly should give better results
because UMAP is a non-linear dimensionality reduction technique. However, the
activation matrix is usually too large to apply UMAP directly. Thus, we project
the matrix down to 50D using a linear method (PCA) ﬁrst. A similar approach
is also used by Nguyen et al. [41]. Finally, we search for clusters in the projected
activations using k-Means [35]. The value for k was chosen based on the best
silhouette score [46] of the identiﬁed clusters corresponding to k. The silhouette
score is a metric to evaluate how well clusters are separated using the mean intracluster distance and the mean inter-cluster distance. We use the silhouette score
to evaluate the identiﬁed clusters because, according to Chen et al. [5], it works
best for evaluating clusters in CNN activations. Finally, the found clusters in
each layer are used for detecting natural OoD samples and adversarial examples
as described in Sect. 3. Based on our base conﬁguration, we have also tested
alternative strategies to identify clusters in layer activations (Sect. 4.2).
All experiments have been conducted using models trained on the MNIST
[27] (60,000 training samples), SVHN [40] (73,257 training samples), and CIFAR10 [24] (50,000 training samples) dataset. For MNIST and SVHN, we have used
the same CNN model architecture as Papernot and McDaniel [43]: 3 consecutive ConvLayers using ReLU as activation function followed by a fully-connected
output layer. The CNN model for MNIST was trained using the following training parameters: 6 epochs, learning rate (LR) of 0.001, Adam optimizer (test
performance: 99.04% accuracy). The CNN model for SVHN was trained using
the following training parameters: 18 epochs, base LR of 0.001, multi-step LRschedule (gamma: 0.1, steps: (10,14,16)), Adam optimizer (test performance:
89.95% accuracy). We have used the activations from all ConvLayers (after
ReLU) and the fully-connected layer for detecting OoD samples. For CIFAR10 (not used by Papernot and McDaniel [43]), we have used a 20-layer ResNet
model (using ﬁxup initialization) introduced by Zhang et al. [50]. The ResNet
model was trained using the following training parameters: data augmentation
(random crop, random horizontal ﬂip, mixup), 200 epochs, base LR of 0.1, cosineannealing LR-schedule, SGD optimizer (test performance: 92.47% accuracy). We
have used the activations from the ﬁrst ConvLayer (after ReLU), the output activations of the 3 ResNet blocks, the activations from the Global-Average-Pooling
layer, and the fully-connected output layer for detecting OoD samples.
4.2

Comparing Clustering Approaches

Besides our base conﬁguration (described in Sect. 4.1), we have also examined
alternative clustering strategies to ﬁnd clusters in the activations of the train-
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ing data at each layer. We have exchanged either the clustering algorithm, the
projection technique, or the method to transform ConvLayer activations into
vector form. We have tested the following approaches: 1) Clustering algorithm:
DBScan [13] (we also tried OPTICS [2] and Agglomerative Clustering [1], but
both did not give suﬃcient results). 2) Projection: (a) a combination of PCA
and parametric t-SNE [34] (the original t-SNE cannot be used for our method as
it does not learn a model that we can apply to incoming samples at inference),
(b) only PCA. 3) Transforming ConvLayer activations: pooling the ConvLayer
activations using a kernel of (2,2) followed by ﬂattening the pooled activations
(through pooling we may obtain a small translational invariance). All clustering strategies have been evaluated by the median silhouette score over all used
layers. The results of our experiment are shown in Table 1.
Table 1. Silhouette scores of tested conﬁgurations (best score: 1, worst score: −1)
MNIST

4.3

DBScan

kMeans

0.699

0.733

MNIST

PCA

tSNE

UMAP

0.423

0.432

0.733

MNIST

Pool

Flat

0.721

0.733

SVHN

0.535

0.59

SVHN

0.349

0.369

0.59

SVHN

0.561

0.59

CIFAR10

0.319

0.677

CIFAR10

0.378

0.382

0.677

CIFAR10

0.657

0.677

Natural OoD Sample Detection

We have conducted an experiment to ﬁnd out if our clustering-based approach is
suitable for detecting naturally occurring OoD samples. Before inference, we have
identiﬁed the clusters in the activations of the training data for each (speciﬁed)
layer of the model using our base conﬁguration (described in Sect. 4.1). From
the identiﬁed clusters we computed the cluster statistics for each (speciﬁed)
layer. At inference, we have used the cluster statistics to check if samples are
in-distribution or OoD. As in-distribution samples, we have used the test set
of the dataset the CNN model was trained on: MNIST (10,000 test samples),
SVHN (26,032 test samples), CIFAR-10 (10,000 test samples). As OoD samples
we have used a test set that is diﬀerent from the dataset the CNN was trained
on: the KMNIST [8] test set (10,000 test samples, 7.59% test accuracy) for
the MNIST model, the CIFAR-10 test set for the SVHN model (9.24% test
accuracy), the SVHN test set for the CIFAR-10 model (9.35% test accuracy).
We have applied our approach to each in-distribution and OoD dataset to receive
the OoD detection rate for the dataset (i.e., how many samples of the dataset
were recognized as OoD in %?). The threshold t was set to t = 0.01, t = 0.05
and t = 0.1. The results of the experiment are shown in Table 2.
4.4

Adversarial Sample Detection

Similar to our experiment in Sect. 4.3, we have also conducted an experiment
to ﬁnd out if our clustering-based approach is suitable for detecting adversarial

222

D. Lehmann and M. Ebner

examples. We have generated the adversarial examples (using the library torchattacks [23]) from the test set of the dataset the CNN model was trained on:
MNIST, SVHN, CIFAR-10. The following methods to create the adversarials
for MNIST have been used: FGSM [16] ( = 0.25, 8.05% test accuracy), BIM
[26] ( = 0.25, α = 0.01, i = 100, 0.04% test accuracy), PGD [36] ( = 0.2,
α = 2/255, i = 40, 2.46% test accuracy), PGDDLR [11] ( = 0.3, α = 2/255,
i = 40, 0.85% test accuracy). The following methods to create the adversarials for SVHN have been used: FGSM ( = 0.05, 2.72% test accuracy), BIM
( = 0.05, α = 0.005, i = 20, 0.79% test accuracy), PGD ( = 0.04, α = 2/255,
i = 40, 2.42% test accuracy), PGDDLR ( = 0.3, α = 2/255, i = 40, 3.48% test
accuracy). The following methods to create the adversarials for CIFAR-10 have
been used: FGSM ( = 0.1, 13.21% test accuracy), BIM ( = 0.1, α = 0.05,
i = 20, 0.84% test accuracy), PGD ( = 0.3, α = 2/255, i = 40, 0.93% test
accuracy), PGDDLR ( = 0.3, α = 2/255, i = 40, 28.0% test accuracy). We have
applied our approach to each adversarial set to receive the adversarial detection
rate for the dataset (i.e., how many samples of the dataset were recognized as
adversarial examples in %?). The threshold t was set to t = 0.01, t = 0.05 and
t = 0.1. The results of the experiment are shown in Table 2.
Table 2. OoD detection rates of our detection method (using the threshold t) in %
for in-distribution samples (Testset), natural OoD samples (OOD) (MNIST: KMNIST,
SVHN: CIFAR-10, CIFAR-10: SVHN), and several adversarial examples (FGSM, BIM,
PGD, PGDDLR )

t
Testset

MNIST
0.01 0.05
3.6

5.4

0.1
5.94

SVHN
0.01 0.05

0.1

1.35 19.67 42.56

CIFAR10
0.01 0.05

0.1

4.24 19.62 63.69

OOD

81.11 86.89 86.97 12.46 70.16 81.61 22.16 42.9

FGSM

72.29 80.01 80.67

4.98 50.5

BIM

75.52 81.50 81.54

3.04 37.35 63.76 15.39 45.32 97.25

PGD

81.70 86.61 86.74

3.86 40.58 65.7

PGDDLR 77.46 83.46 83.67

83.87

71.17 35.77 76.64 95.27
14.02 43.56 96.53

5.84 53.89 75.14 15.84 39.32 84.03

The best detection results, in relation to the false positive rates on indistribution samples, have been reached using a threshold of t = 0.05. However,
our results are not directly comparable to DkNNs as DkNNs compute a credibility score (e.g., mean scores MNIST-Test = 0.799, MNIST-FGSM = 0.136,
SVHN-Test = 0.501, SVHN-FGSM = 0.237) and not a binary value. Additionally, we measured the inference times on the test sets and the FGSM adversarial
examples using (a) our method (MNIST-Test: 32 s, MNIST-FGSM: 31 s, SVHNTest: 83 s, SVHN-FGSM: 77 s, CIFAR10-Test: 145 s, CIFAR10-FGSM: 142 s),
and (b) DkNNs (MNIST-Test: 296 s, MNIST-FGSM: 255 s, SVHN-Test: 1217
s, SVHN-FGSM: 1120 s, CIFAR10-Test: 783 s, CIFAR10-FGSM: 825 s). Our
method was signiﬁcantly faster than DkNNs.
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Conclusion

In Sect. 1, we stated the following research question: Can we perform a cluster
analysis at each layer of the CNN instead of a kNN search to detect OoD samples? Our experiments (Sect. 4) have shown that our approach is able to detect
OoD samples at a higher rate than the false positive rate for in-distribution
samples. As a result, an approach based on clustering is suitable to detect OoD
samples. Furthermore, our experiment (Sect. 4.2) has shown that the projection
technique has a crucial inﬂuence on the cluster quality. This is not surprising
because without a good projection we cannot ﬁnd good clusters. Best results
were obtained using UMAP. This also corresponds to what we have observed
visually. Using UMAP typically results in more dense clusters compared to tSNE or PCA. However, by taking the intersection of the classes in the identiﬁed
clusters of each layer, we have used a quite simple method to decide if a sample is
OoD. Hence, the detection rates for SVHN and CIFAR-10 are often low. The low
detection rates may be caused by noise in the data. Some form of calibration is
probably needed. We have shown that clustering can be used for OoD detection.
It is faster, more memory-eﬃcient, or less complex than other state-of-the-art
approaches. In future work, we plan to devise a reﬁned clustering-based OoD
detector obtaining improved detection rates. Moreover, the detector should not
only give us a yes/no answer, if a sample is OoD or not. To be comparable to
DkNNs, our method should compute a credibility score instead.
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{wolfgang.fuhl,enkelejda.kasneci}@uni-tuebingen.de
Abstract. Batch normalization is currently the most widely used variant of internal normalization for deep neural networks. Additional work
has shown that the normalization of weights and additional conditioning as well as the normalization of gradients further improve the generalization. In this work, we combine several of these methods and
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Introduction

Deep neural networks (DNN) [21] are currently the most successful machine
learning method and owe their recent progress to the steadily growing data
sets [19], improvements in massively parallel architectures [17], high-speed
bus systems such as PCIe, optimization methods [15,28], new training techniques [7,16], and the regularly growing ﬁelds of application. These advances
in technology make it possible to train deep neural networks on huge datasets
like ImageNet [19], however, further techniques had to be introduced to prevent
the gradients from becoming too small [10]. The normalization of the data [13]
has a huge impact on the generalization of large networks. Generalization alone
is not the only quality feature of a good learning process of neural networks.
Another important point is the acceleration of the learning process and the
resource-saving use of the techniques. This is due to the fact that the most
successful architectures already have an intrinsically high resource requirement
and additional techniques to improve generalization can, therefore, only use a
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doi.org/10.1007/978-3-030-86380-7 19) contains supplementary material, which is
available to authorized users.
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small number of supplementary resources. This can be seen very clearly when
comparing the optimization techniques themselves. The most popular methods
are Stochastic Gradient Decent (SGD) with momentum [28] and Adam [15]
which introduces a second momentum. There are many other optimization algorithms [2,4,15,28], but SGD and Adam are the most popular. Both methods
allow batch based learning and require only a constant multiple of the gradient
(for the momentum) as additional memory. Comparing this with the LevenbergMarquardt algorithm (LM) [22,24], which was the most popular method for
training neural networks for quite some time, it is noticeable that the memory
consumption in the case of LM grows quadratic to the weights. This is due to
the fact that the LM algorithm calculates the exact derivatives for each weight
over the whole network and not only local derivatives as is the case with backpropagation. Further procedures like the residual layers [10], weight initialization
strategy [6,9], activation functions [25], gradient clipping [26,27], algorithms for
adaptive learning rate optimization [15,28], and many more have been introduced and are subject to the same conditions of generalization improvement,
training stabilization, and resource conservation.
In neural networks themselves, statistics are also collected and used to balance the forward and backward ﬂow of data and errors. The best known method
used directly on the activation of neurons is Batch Normalization (BN) [13].
Other procedures that work on the activation functions are instance normalization (IN) [12,34], layer normalization (LN) [1] and group normalization
(GN) [35]. These procedures smooth the optimization landscape [32] and lead
to an improvement of the generalization. The disadvantages of BN are that it
continues to process the data in the neural network as an independent layer
even after training and that it must be applied to a relatively large batch size.
To avoid these disadvantages, weight normalization (WN) [11,31] and weight
standardization (WS) [29] were introduced. These must only be applied during
training and are independent of the batch size. WN limits the weight vectors via
diﬀerent standards whereas WS normalizes the weight vectors via the mean and
standard deviation. A newer technique that works only on the gradient is Gradient Centralization (GC) [36], which subtracts the mean value from the gradient.
All these advanced techniques smooth the error space and lead to a faster and,
typically, better generalization of neural networks.
In this work, we deal with these extended techniques and seek to ﬁnd a good
combination of the methods. In our evaluation, it has been shown that the combination of the ﬁlter mean subtraction and the gradient mean subtraction in
union is very eﬀective for diﬀerent networks. We have also tested other combinations and found that many also depend on batch normalization. Our main
contributions are as follows:
1 The combination of mean gradient and mean ﬁlter subtraction
2 Publicly available CUDA implementations
3 Description of the integration into the back propagation algorithm (Supplementary material)
4 A comprehensive comparison with advanced techniques
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Related Work

In this section, we describe the related work based on three groups. The ﬁrst
group is the manipulation of the data after the activation functions, which has
the disadvantage that the activation functions have to be executed in the later
application of the model. The second group is the manipulation of the weights
during training. Here, the weights can be standardized or otherwise restricted.
The last group is the manipulation of the gradients. In this instance, after each
back propagation, normalizations and restrictions are applied to the gradients
before they are being used to change the weights.
2.1

Manipulation of the Output of the Activations

This type of normalization is the most common use of internal manipulation in
DNNs today. In batch normalization (BN) [13], the mean value and standard
deviation are calculated over several batches and used for normalization. This
gives the output of neurons after the activation layer a mean value of zero and
uniform variance. With group normalization GN [35], groups are formed over
which normalization is performed unlike BN where normalization occurs over the
number of copies in a batch, this eliminates the need for large batches, which is
the case with BN. Other alternatives are instance normalization IN [12,34] and
layer normalization LN [1]. For IN, each specimen is used individually for the
calculation of the mean and standard deviation, and for LN, the individual layers.
IN and LN have been successfully used for recurrent neural networks (RNN) [33].
However, all these methods have the disadvantage that normalization has to be
applied even after training.
2.2

Manipulation of the Weights of the Model

In weight normalization (WN) [11,31], the weights of the neural network are
multiplied by a constant divided by the Euclidean distance of the weight vector
of a neuron. This decouples the weights with respect to their length, thereby
accelerating the training. An extension of this method is weight standardization
(WS) [29], which does not require a constant, but calculates the mean and standard deviation thus normalizing the weights. Like the previous manipulation
methods, this method smooths the error landscape, which speeds up training
and levels the generalization of the ﬁnal model. An advantage of these methods
is that they only have to be applied during training and not in the ﬁnal model.
These methods, however, have a limitation and that is the ﬁne-tuning of neural
networks. If the original model was not trained with a weight normalization,
these methods cannot be used for ﬁne-tuning without creating a high initial
error on the model. This is due to the fact that the restrictions and norms for
the original model’s weights most likely do not apply.
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Manipulation of the Gradient After Back Propagation

Another very common technique is gradient manipulation over the ﬁrst [28] and
second moment [15]. This gradient impulse allows neural networks to be trained in
a stable way without the gradients exploding, which is interpreted as a damped
oscillation. The second momentum leads, in most cases, to a faster generalization, but the model’s ﬁnal performance is usually slightly worse when compared
to training with only the ﬁrst momentum. These moments are moving averages
which are formed over the calculated gradients and represent a pre-determined
portion of the next weight adjustment. An advanced method in this area is gradient clipping [26,27] wherein randomly selected gradients are set to zero or a small
random value is added to each gradient. Another technique is to project the gradients onto subspaces [3,8,20]. Here, for example, the Riemannian approach is used
to map the gradients onto a Riemannian manifold. After the mapping, the gradients are used to adjust the weights. Finally, in [36] a very simple procedure was
presented which subtracts the current mean value of the gradients in addition to
the moments.

3

Method

Since our approach is a combination of several previously published approaches
(Weight mean subtraction and gradient centralization), we proceed as follows in
this section: we formally describe the already published methods and introduce
a naming convention, which we use later in the evaluation. This should make
it easier for the reader to evaluate the eﬀectiveness of diﬀerent methods. In the
following, we will refer to operations on the data in forward propagation as
Fs,c,y,x where s is the sample, c is the channel and y, x is the spatial position in
the data. For the weights we use Wout,in,y,x . Where out is the output channel,
in is the input channel and y, x is the spatial position for fully connected layers.
In the case of convolution layers, y, x is the position in the two-dimensional
convolution mask, which together with in deﬁnes the convolution tensor. To
manipulate the gradient we use ΔWout,in,y,x with the same indices as we used
for the weights (Wout,in,y,x ). Since a normalization can be applied not only to
the data and the gradient, but also to the back propagated error, the error is
denoted by Es,c,y,x where the indices are the same as the indices of the forward
propagated data (Fs,c,y,x ).
3.1

Weight Normalization

In this section, the equations used for weight normalization are presented. In
all equations, j represents the axis to which the normalization was performed
orthogonally. This means that we have calculated a separate mean value, standard deviation or Euclidean distance for each index of j.
Wj,in,y,x = Wj,in,y,x ∗

k
||Wj,in,y,x ||

(1)
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In Eq. 1, the weight normalization [11,31] is described (WN). This normalizes
each weight in a tensor with the ratio of a constant k (in our experiments 1)
divided by the Euclidean distance of the tensor.
Wj,in,y,x = Wj,in,y,x − W j,in,y,x

(2)

Since the pure normalization over the mean value of the tensor of the weights
has no separate designation, we use WC in our work. WC is deﬁned in Eq. 2 and
calculates a separate mean value for each weight tensor and subtracts it from
each weight.
Wj,in,y,x − W j,in,y,x
(3)
Wj,in,y,x =
std(Wj,in,y,x )
The ﬁnal normalization of the weights is the weight standardization [29]
which is deﬁned in Eq. 3. Here, as in WC, the mean value is subtracted and each
weight of a tensor is also divided by the standard deviation.
3.2

Gradient Normalization

In this section, the gradient normalization is introduced. Modern optimizers
already use moving averaging with momentum [15,28]. We also think that the
authors exploring gradient centralization [36] already tried diﬀerent approaches
like the standardization. We only present the recently published approach here.
Also, as in the weight normalization section, j corresponds to j against the axis
along which orthogonal normalization is performed.
ΔWj,in,y,x = ΔWj,in,y,x − ΔW j,in,y,x

(4)

As can be seen in Eq. 4, the mean value is subtracted from each gradient
tensor. The mean value is recalculated for each output layer.
3.3

Data Normalization

In this section, we brieﬂy describe the diﬀerent data normalizations. In our
analysis, we only used batch normalization [13]. In this section, j as well as j1
and j2 (in case of instance normalization) stand for the axis or plane to which the
normalization is orthogonal. Since scal and shift is learned in data manipulation,
we denote them with γ and β respectively.
Fs,j,y,x = γ ∗ (

Fs,j,y,x − F s,j,y,x
)+β
std(Fs,j,y,x )

(5)

Equation 5 describes the batch normalization[13]. As mentioned above, γ and
β are the scale and shift parameters which are learned during training. Since j is
on the second index, each channel has its own average and standard deviation.
Fj,c,y,x = γ ∗ (

Fj,c,y,x − F j,c,y,x
)+β
std(Fj,c,y,x )

(6)
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Equation 6 is the layer normalization [1]. Compared to batch normalization [13], layer normalization is the normalization of the samples in a batch.
This means that each sample has its own average and standard deviation.
Fj1 ,j2 ,y,x = γ ∗ (

Fj1 ,j2 ,y,x − F j1 ,j2 ,y,x
)+β
std(Fj1 ,j2 ,y,x )

(7)

In the case of instance normalization [12,34], each sample is normalized on
its own. Equation 7 describes this procedure. It does not normalize along an axis
like the other methods, but each sample and each channel separately.
The only approach still missing is group normalization [35]. Here groups are
formed between the individual instances, which have their own mean values and
standard deviations. Since we cannot simply describe this with our annotation,
the equation for the group normalization [35] is not included in this paper.
3.4

Error Normalization

Inspired by the data normalization, we have also done some small evaluations
regarding error normalization as a separate normalization approach. For this
purpose, we evaluated the standardization as well as the simple mean value
subtraction. The simple mean subtraction is based on the fact that, in the case
of weight normalization, the simple mean has proven to be very eﬀective. In our
simple implementations we did not use the scale and shift (γ, β) parameters and
applied the normalization directly.
Es,j,y,x =

Es,j,y,x − E s,j,y,x
std(Es,j,y,x )

(8)

Ej,c,y,x =

Ej,c,y,x − E j,c,y,x
std(Ej,c,y,x )

(9)

The Eqs. 8 and 9 describe error normalization along the channels and samples. The procedure is the same as for batch normalization [13] and layer normalization [1]. As you can see in the equations, we have omitted the learned
γ and β parameters and the remainder of the equations are the same. Thus,
the standard deviation and the mean value are calculated in each iteration and
normalization is performed by subtracting the mean value and dividing by the
standard deviation.
Es,j,y,x = Es,j,y,x − E s,j,y,x

(10)

Ej,c,y,x = Ej,c,y,x − E j,c,y,x

(11)

For the two other Eqs. 10, 11, we calculated only the average value over the
samples or the channels and subtracted it. This was recalculated accordingly in
each iteration. An overview of the abbreviations used in the rest of the document
is shown in Table 1.
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Table 1. The used naming convention for our evaluation.
Name WN WC WS GC BN LN IN EBN ELN EB EL
Eq.

4

1

2

3

4

5

6

7

8

9

10

11

Neural Network Models & Data Sets

Figure 1 shows the architectures used in our experimental evaluation. The ﬁrst
model (Fig. 1a)) is a small model with batch normalization. We used this model
to show the impact of the diﬀerent normalization approaches on small models with and without batch normalization. The second model (Fig. 1b)) is a
ResNet-34 and a commonly used larger deep neural network. We used it with
and without batch normalization during our experiments to show the impact of
the normalization approaches on residual networks. The third model (Fig. 1c))
is a classical architecture for neural networks without batch normalization. This
model was used to show the impact of the normalization to classical neural
network architectures. The last model (Fig. 1d) is a fully convolutional neural
network [23]. It uses the U-connections [30] to improve the result for semantic
segmentation. We used this network, together with the VOC2012 [5] data set, in
the semantic segmentation task to show the impact of the normalizations. For
training and evaluation, we used the DLIB [14] library for deep neural networks.
In this library we have also integrated our normalization and the state of the art
approaches against which we compare our work.

Fig. 1. All used architectures in our experimental evaluation. (a) is a small neural
network model with batch normalization. (b) is a ResNet-34 architecture. (c) is a small
model without batch normalization. (d) is a residual network using the interconnections
from U-Net [30] for semantic image segmentation.

CIFAR10 [18] has 60,000 colour images each with a resolution of 32 × 32.
The public data set has ten diﬀerent classes. For training, 50,000 images are
provided with 5,000 examples per class. The validation set consists of 10,000
images with 1,000 examples for each class.
CIFAR100 [18] is a more diﬃcult but similar public data set like CIFAR10
and consists of color images each with a resolution of 32 × 32. The task here,
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as in CIFAR10, is to classify the given image to one of the one hundred classes
provided. The training set consists of 500 examples per class and the validation
set has 100 examples per class.
VOC2012 [5] is a publicly available data set which can be used for detection,
classiﬁcation and semantic segmentation. In our experiments we only used the
semantic segmentation annotations as well as the semantic segmentation task.
The training set consists of 1,464 images with 3,507 segmented objects and the
validation set has 1,449 images with a total of 3,422 segmented objects on it.
ImageNet ILSVRC2015 [19] is a publicly available data set for classiﬁcation with one thousand classes. The images have diﬀerent resolutions and are
taken everywhere on earth. The validation set consists of 50,000 images and the
training set has more than a million images.
Training parameters are given in the supplementary material and under the
provided link in the abstract.

5

Evaluation

In this section, we show the results on CIFAR10, CIFAR100 and VOC2012. We
use the models from Fig. 1 and apply the training parameters and procedures
from Sect. 4. In the ﬁrst experiment, we show over which areas in the data
the mean value subtraction can be used most eﬀectively. In the following four
experiments we compare the combination of GC and WC with the state of the
art.
Table 2. The results for the mean subtraction normalization on CIFAR10 on diﬀerent
target areas for mean computation. The used model was c) from Fig. 1.
Reference area Target

Accuracy

Baseline

Non

84.14%

Global
Tensor
Channel
Instance

Weight
Weight (WC)
Weight
Weight

84.91%
85.95%
85.63%
84.37%

Global
Tensor
Channel
Instance

Gradient
84.01%
Gradient (GC [36]) 84.89%
Gradient
84.38%
Gradient
83.36%

Global
Sample
Channel
Instance

ERROR
ERROR (EL)
ERROR (EB)
ERROR

79.03%
72.15%
75.40%
69.73%

Table 2 shows the evaluation of mean subtraction on diﬀerent areas of
weights, gradients and back propagated errors. As can be seen, the mean subtraction on the error propagated back is not very eﬀective because it signiﬁcantly
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Table 3. Classiﬁcation accuracy on the
CIFAR10 data set. The ﬁrst column
speciﬁes the methods, the second column the used model from Fig. 1, and the
third column is the classiﬁcation accuracy. Models a) and b) where evaluated
with and without batch normalization.
For the models a) and c) we also used
the normalization in the penultimate
fully connected layer which is speciﬁed
with the keyword fully.

Table 4. Classiﬁcation accuracy on the
CIFAR100 data set. The ﬁrst column
speciﬁes the methods, the second column the used model from Fig. 1 and
the third column is the classiﬁcation
accuracy. Model a) was evaluated with
and without batch normalization. For
the models a) and c) we also used normalization in the penultimate fully connected layer which is speciﬁed with the
keyword fully.

Method

Model Accuracy

Method

Model Accuracy

Baseline

a

81.87%

Baseline

a

46.31%

WN [11, 31] k = 1

a

71.74%

WN [11, 31] k = 1

a

45.93%

WC

a

85.01%

WC

a

50.19%

WS [29]

a

73.00%

WS [29]

a

41.19%

GC [36]

a

81.42%

GC [36]

a

45.55%

WS [29], GC [36]

a

74.51%

WC, GC [36]

a

50.99%

WC, GC [36]

a

85.75%

WC, GC [36], fully

a

52.03%

WC, GC [36], fully

a

87.07%

Baseline, BN [13]

a

54.04%

Baseline, BN [13]

a

84.67%

WN [11, 31] k = 1, BN

a

44.26%

WN [11, 31] k = 1, BN

a

82.95%

WC, BN [13]

a

55.01%

WC, BN [13]

a

85.38%

WS [29], BN [13]

a

48.99%

WS [29], BN [13]

a

79.65%

GC [36], BN [13]

a

53.59%

GC [36], BN [13]

a

84.01%

WC, GC [36], BN [13]

a

WS [29], GC [36], BN [13]

a

81.01%

WC, GC [36], BN [13], fully a

56.78%

WC, GC [36], BN [13]

a

56.45%

85.48%

Baseline, BN [13]

b

68.99%

WC, GC [36], BN [13], fully a

85.95%

WN [11, 31] k = 1, BN [13]

b

52.97%

Baseline

b

88.35%

WC, BN [13]

b

69.89%

WN [11, 31] k = 1

b

58.77%

WS [29], BN [13]

b

63.52%

WC

b

80.15%

GC [36], BN [13]

b

69.34%

WS [29]

b

nan

WC, GC [36], BN [13]

b

70.24%

GC [36]

b

69.85%

Baseline

c

46.31%

WC, GC [36]

b

89.61%

WN [11, 31] k = 1

c

10.31%

Baseline, BN [13]

b

91.00%

WC

c

52.05%

WN [11, 31] k = 1, BN [13]

b

61.02%

WS [29]

c

34.65%

WC, BN [13]

b

92.50%

GC [36]

c

47.95%

WS [29], BN [13]

b

79.83%

WC, GC [36]

c

53.16%

GC [36], BN [13]

b

92.01%

WC, GC [36], fully

c

53.90%

WS [29], GC [36], BN [13]

b

79.71%

WC, GC [36], BN [13]

b

92.68%

Baseline

c

84.14%

WN [11, 31] k = 1

c

83.73%

WC

c

85.95%

WC, fully

c

86.64%
10.05%

WS [29]

c

GC [36]

c

84.89%

GC [36], fully

c

85.37%

WS [29], GC [36]

c

10.72%

WC, GC [36]

c

87.46%

WC, GC [36], fully

c

87.62%
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worsens the generalization of the deep neural network. This shows that error normalization without data normalization, as it happens in batch normalization [13],
only brings disadvantages. For the weights and gradients, a convolutional tensor
seems to be most eﬀective for normalization. This means that each tensor is used
for the mean calculation and this mean is subtracted only from this tensor. It is
also clearly seen that weight normalization provides better results independent
of gradient normalization with the exception of instance based normalization. In
instance based normalization, an average value is calculated for every two dimensional mask and this average value is subtracted from the mask. Based on these
results, we decided to deﬁne WC on the tensor and to discard the normalization
of the back propagated error for further evaluations.
In Table 3, the results on CIFAR10 show diﬀerent normalizations and the
baseline, which is CNN without normalization. As you can see, the combination
WC and GC can be eﬀectively applied to all convolutions and also to the penultimate fully connected layer (indicated by the keyword fully). This can be seen
in model a) and c) from Fig. 1. In model b), there is only one fully connected
layer in which normalization is not eﬀective because it generates the output. For
model a) and b), we have also performed the evaluations with and without batch
normalization. As you can see, the combination WC and GC works even better
without batch normalization for model a). This is the best result for the model,
especially together with normalization in the penultimate fully connected layer.
In case of model b), the additional use of batch normalization is much better,
because of the residual blocks. Therefore, for the additional evaluations, all residual blocks were evaluated with batch normalization only. Since model c) does
not have an integrated batch normalization, we only evaluated without batch
normalization.
The combination of WS and GC has not proven to be advantageous for
all models, which is why we will not use it in further evaluations. In general,
the best normalization across all evaluations on CIFAR10 is the combination
of WC and GC. For residual blocks, batch normalization is added. Considering
normalizations individually without batch normalization, WC is clearly the best,
with GC a close second.
Table 4 shows the results of models a), b), and c) of Fig. 1 on the CIFAR100
data set. As you can see, again the combination WC and GC is the most eﬀective.
As with CIFAR10 (Table 3), this applies in particular to the additional use of
normalization in the last fully connected layer (Indicated by the keyword fully).
Like CIFAR10 (Table 3), the normalization WC always delivers better results in
comparison to GC, if both normalizations are evaluated alone. However, there is
a diﬀerence in the batch normalization for model a). The additional batch normalization is much more eﬀective than model a) is without batch normalization.
In all evaluations in Tables 3 and 4 one also sees that the normalizations WS
and WN have worsened the generalization of the model. In one case, WS even
led to a NaN result.
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Table 5. The average pixel accuracy classiﬁcation results for diﬀerent normalization
methods on the VOC2012 validation set using model d) from Fig. 1. We applied the
normalization speciﬁed in column one to all layers except for the last convolution.
Method

Average pixel accuracy

Baseline, BN [13]

85.15%

WS [29], BN [13]

81.23%

WN [11, 31] k = 1

75.76%

GC [36], BN [13]

85.91%

WC, BN [13]

86.92%

WC, GC [36], BN [13] 88.98%

Table 5 shows the evaluation of diﬀerent normalization methods on the
VOC2012 data set with model d) from Fig. 1. Normalization was used in all layers except the ﬁnal convolution before output. As you can see, both GC and WC
improve the result signiﬁcantly. In combination with the batch normalization,
the result is improved by more than 3%. This clearly shows that the combination
of WC and GC can be used very eﬀectively together with batch normalization
for residual blocks. This can also be seen in Table 6 on the ImagNet validation
set. The combination of WC and GC improves the Top-1 accuracy by 1.24% and
the Top-5 accuracy by 1.46%.
Table 6. The Top-1 and Top-5 accuracy classiﬁcation results for diﬀerent normalization
methods on the ImageNet validation set using model b) from Fig. 1.
Method

Top-1

Top-5

Baseline, BN [13]

75.37%

92.49%

GC [36], BN [13]

75.71%

92.92%

WC, BN [13]

75.89%

93.03%

WC, GC [36], BN [13] 76.61% 93.95%

6

Conclusion

In this work, we have shown that weight centralization is a very eﬀective normalization method. Together with gradient centralization and, for residual networks,
batch normalization, this combination exceeds the state of the art. We have also
shown over which area mean subtraction is most eﬀective. Our results were generated with four diﬀerent nets on three public data sets and clearly show that
the additional use of weight centralization is eﬀective and improves the generalization of deep neural networks.
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Abstract. While modern convolutional neural networks achieve outstanding accuracy on many image classiﬁcation tasks, they are, once
trained, much more sensitive to image degradation compared to humans.
Much of this sensitivity is caused by the resultant shift in data distribution. As we show, dynamically recalculating summary statistics for
normalization over batches at test-time improves network robustness,
but at the expense of accuracy. Here, we describe a variant of Batch
Normalization, LocalNorm, that regularizes the normalization layer in
the spirit of Dropout during training, while dynamically adapting to
the local image intensity and contrast at test-time. We show that the
resulting deep neural networks are much more resistant to noise-induced
image degradation, while achieving the same or slightly better accuracy
on non-degraded classical benchmarks and where calculating single image
summary statistics at test-time suﬃces. In computational terms, LocalNorm adds negligible training cost and little or no cost at inference time,
and can be applied to pre-trained networks in a straightforward manner.

1

Introduction

Methods that reduce internal covariate shift via learned rescaling and recentering
neural activation, like Batch Normalization [8], have been an essential ingredient
for successfully training deep neural networks (DNNs). In Batch Normalization,
neural activation values are rescaled with trainable parameters, where summary
neural activity is typically computed as mean and standard deviation over training samples. Such summary statistics however are sensitive to the input distribution, failing to generalize when novel images are outside this distribution, for
example when faced with diﬀerent and unseen lighting or noise conditions [5].
Where the original Batch Normalization computed statistics across the activity in a single feature map (or channel) [8], trainable normalizations have
been proposed along a number of dimensions of deep neural network layers
[2,13,18,20]. Other normalization approaches focus speciﬁcally on domain generalizability where distributions shift between source and target domains [4,12,16].
While these methods each have their merits, they do not resolve the sensitivity
c Springer Nature Switzerland AG 2021
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Fig. 1. RGB-histogram for increasing additive Gaussian noise (Color ﬁgure online)

of DNNs to image-degradation and the resultant distributional shifts in unseen
images, which can be considered within-domain, dynamic and continuous distribution shifts.
Here, we propose a variant of Batch Normalization (BatchNorm), Local Normalization (LocalNorm): we observe that the mean and variance in channel
activity changes when images are subjected to noise-related degradation. And
the pixel distribution will signiﬁcantly aﬀect the network performance. Figure 1
shows an example of how the addition of Gaussian Noise ﬂattens the color distribution for each channel in an image - other types of noise similarly aﬀect the
summary statistics. As we show, simply computing summary statistics at testtime similar to [12] – which we term Dynamic BatchNorm – does not resolve the
problem: for large sized images, robustness increases, but accuracy decreases;
for smaller sized images all accuracy is lost as the summary statistics computed
from a single test-image prove too volatile.
To increase robustness of trained networks for variable summary statistics,
LocalNorm regularizes the normalization parameters during training by splitting
the Batch into Groups, each with their own normalization scaling parameters.
At test-time, the summary statistics are then computed on the ﬂy, either over
a single image or a set (batch) of images from the test-set. For even single
large images, this approach increases accuracy over and beyond both standard
and dynamic Batch Normalization accuracy while retaining robustness; for single
small images we demonstrate how a simple data augmentation strategy similarly
ﬁxes the accuracy while drastically increasing robustness to image degradation:
the trained networks exhibit strong performance for unseen images with noise
conditions that are not in the training set.
We also ﬁnd that LocalNorm improves classiﬁcation of distorted images in
general, as measured on the CIFAR10-c and ImageNet datasets [7]. LocalNorm
is straightforward to implement, also for networks already trained with standard BatchNorm - we demonstrate how a large pretrained ResNet152 network
retrained further with LocalNorm signiﬁcantly improves accuracy. We further
show that LocalNorm achieves competitive performance on image classiﬁcation
benchmarks at little additional computational expense.
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Fig. 2. Variants of Normalization Methods. Each cube corresponds to a feature
map tensor, with N as the batch axis, C as the channel axis, and (H, W) as the spatial
axes – height and width. The pixels in gray are normalized by the same mean and
variance, computed by aggregating the values of these pixels.

2

Related Work

Lighting and noise conditions can vary wildly over images, and various preprocessing steps are typically included in an image-processing pipeline to adjust
color and reduce noise. In traditional computer vision, diﬀerent ﬁlters and probabilistic models for image denoising are applied [14]. More recent approaches for
noise removal include deep neural networks, like Noise2Noise [11], DURR [22],
and a denoising AutoEncoder [19] where the network is trained on a combination
of noisy and original images to improve its performance on noisy dataset thus
increasing the networks’ robustness to image noise and also to train a better
classiﬁer. However, as noted in [5], training on images that include one type of
noise in DNNs does not generalize to other types of noise.
Neural Normalizing Techniques. Normalization is typically used to rescale
the dynamic range of input. This idea has been applied to deep learning in various
guises, and notably Batch Normalization (BatchNorm) [8] was introduced to
renormalize the mean and standard deviation of neural activations using an endto-end trainable parametrization. Normalization is generally computed as
x̂i =

xi − μi
∗γ+β
σi + 

where the xi is a feature tensor of input X = {∪xi } computed by the previous layer and γ and β are the (trainable) scaling parameters. For normal RGB
or GBR images, i = (iN , iW , iH , iC ) is a 4D vector indexing the feature in
[N, W, H, C] order where N is the batch size(number of images per batch), H
and W are the spatial height and width axes, and C is the channel axis.
The space spanned by N, H, W, C can be subdivided and subsequently normalized in multiple ways. We call the subdivision, the elements on which this
normalization is performed, a group Gk : diﬀerent forms of input normalization
can be described as dealing with diﬀerent groups. The mean μk and std σk of
the certain computation group Gk are computed as:


1 
1 
xj ; σk = 
(xj − μi )2 + 
μk =
m
m
xj ∈Gk

xj ∈Gk
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Fig. 3. Performance of VGG19 network applied to CIFAR10 (a) and a ResNet152 network to the stanford Cars dataset (b) where the test-images are subjected to increasing amounts of image degradation, here in the form of additive Gaussian noise. Blue:
accuracy for standard batch normalization. Green: accuracy on dynamic batch normalization evaluated on single images. Orange: accuracy on dynamic batch normalization
with summary statistics computed over a batch of test-images. (Color ﬁgure online)

where  is a small constant. The computation group Gk (where X = {∪Gk | k =
1, 2, . . . K}) is a set of pixels which shares the mean μk and std σk , and m is
the size of the group Gk . BatchNorm and its variants, like Layer Normalization
[2], Instance Normalization [17,18] and Switchable Normalization [13], can be
mapped to a computational group along various axes (Fig. 2).
Dynamic Batch Normalization. For BatchNorm, the mean μ and standard
deviation (std) σ are calculated along all training samples in a channel and then
ﬁxed for evaluation on test images; as noted however, when the (test) image
distribution changes, these statistical parameters will drift. As a result, DNNs
with BatchNorm layers are sensitive to input that deviates from the training
distribution, including noisy images. Simply computing the summary statistics
on-the-ﬂy at test-time [12], to account for potential drift, only partly solves
the problem: in Fig. 3, we show what happens when the mean μ and std σ are
computed as dynamical quantities also at test time for standard benchmarks
CIFAR10 and Stanford Cars, using modern deep neural networks (for details,
see below). For each test image (or batch of test images) we compute (μ, σ), for
increasing noise (here for additive Gaussian noise).
For CIFAR10, we ﬁnd that using single test images when evaluating gives
poor results (Fig. 3a; Dynamic BN), as the small (32 × 32) images do not result in
channel activity suﬃcient for eﬀective summarizing statistics. However, computing these statistics over a batch shows a marked improvement (Fig. 3a; Dynamic
BN-Batch): then, test accuracy exceeds standard BatchNorm for noisy images,
at the expense of a slight decrease in accuracy for noiseless images. For the
large images in Stanford Cars, we see that dynamically computing (μ, σ) at test
time even for single images drastically improves accuracy for noise-degraded
images (Fig. 3b); the classiﬁcation accuracy absent noise however drops. While
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computing summary statistics over a batch at test-time is feasible for benchmarking purposes, real world application would correspond to for example using
a video stream, which would however substantially increase computational cost
and latency, and decrease accuracy on noiseless data.

Fig. 4. LocalNet. A deep network with standard batch normalization computes single summary statistics over the entire batch. In LocalNorm, summary statistics are
computed over groups, where each group k is associated with its own scaling parameters βk , γk (while sharing the all other network parameters), and summary statistics
(μk , σk ) are dynamically computed also at test-time on the test-images.

3

Local Normalization (LocalNorm)

We develop LocalNorm, which dynamically uses the local summary statistics
in a group to improve the robustness of DNNs to various noise conditions and
show how resolves the loss of accuracy when computing summary statistics at
test-time in Dynamic BatchNorm, while also improving the robustness to image
degradation and distributional shifts at test-time.
In LocalNorm, we regularize the normalization layer for variations in μ and
σ. The aim is to make the trained architecture less sensitive to changes in these
statistics at test-time, such that we can dynamically recompute μ and σ on testimages. We divide the Batch into separate Groups Gk for which we each compute
summarizing statistics μk , σk and associate separate scaling parameters γk and
βk with each Group, as illustrated in Fig. 4. For LocalNorm the computational
group is deﬁned along the (N/K, H, W ) axes (Fig. 2(e)):


in
pn
=
 .
Gk = p|pc = ic , 
N/K
N/K
BatchNorm computes ﬁxed summary statistics μ, σ from the training set; for
Dynamic BatchNorm and LocalNorm, we recompute these statistics at test-time.
Since LocalNorm provides both multiple independent groups and computes
summary statistics at test-time, there are diﬀerent variants for classifying a
novel image at test-time. Given L Groups of size M each, we can evaluate an
image Mi at test-time as follows: we can pass Mi through a randomly selected
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group Lr , use the activations of only this image Mi to compute this group’s
summary statistics μr , σr , and then obtain a classiﬁcation cri (LN-Single); we
can pass Mi through all L groups, obtaining a set of classiﬁcations {cli } for
each image, and then for each image select the class with the most votes (LNSingle-Vote; randomly breaking ties). We can also ﬁll all random groups Lr
with M diﬀerent test-images into a batch, compute the summary statistics on the
collective activations, and obtain classiﬁcations crM for all M images and M ∗ L
images are classiﬁed at once (LN-Batch), and ﬁnally we can pass the batch
with M test-images through all L groups obtaining classiﬁcation {clM } for each
image, where voting then determines the overall classiﬁcation (LN-Voting).
For benchmark testing, LN-Batch is the fastest evaluation method, whereas
LN-Voting will be most accurate; LN-Single will be fastest for single-image
real-world application and LN-Single-Voting most accurate.
Implementation. LocalNorm is easily implemented in auto-diﬀerent-iation
frameworks like Keras [3] and Tensorflow [1] by adapting a standard batch
normalization implementation1 . For multi-GPUs, LocalNorm can map computational groups on separate GPUs which can accelerate training and allow the
training of larger networks. It is moreover straightforward to adapt a model
pre-trained with BatchNorm by replacing all BatchNorm layers with LocalNorm
layers initialized with the BatchNorm parameters, and then continue training.

4

Image Noise

We test LocalNorm in a Noisy-object classiﬁcation task where synthetic Gaussian, Poisson and Bernoulli noise is added to images, as in Noise2Noise [11].
All three kinds of independent noise ξ are added on each channel of the image
xc as follows. For Additive Gaussian Noise (AGN), Gaussian noise with
zero mean is added to the image on each channel, deﬁned as xˆc = xc (1 + ξ), ξ ∼
Gaussian(0, σn ). Additive Poisson Noise (APN) is one of the most dominating noise sources in photographs, and is easily visible in low-light images. APN
is a type of zero-mean noise and is hard to remove by pre-processing because it
is distributed independently at each channel. Mathematically, APN is computed
as xˆc = xc + 255ξ or xˆc = xc (1 + ξ) ξ ∼ P oisson(0, σn ), where σn ∈ [0, 1].
Multiplicative Bernoulli Noise (MBN) removes some random pixels from
the image with probability σn . MBN deﬁned by x̂ = xξ, ξ ∼ Bernoulli(σn ).

5

Experimental Results

Benchmark Accuracy. We apply LocalNorm to a number of classical benchmarks: CIFAR10 [10], and Stanford Cars [9]. Where useful, we evaluate the
benchmarks using all four diﬀerent types of LocalNorm evaluation methods;
when not explicitly mentioned otherwise, the application of LocalNorm refers
1

Code available at https://github.com/byin-cwi/LocalNorm1.
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to LN-Batch evaluation. LocalNorm has as a parameter the number of groups
which, for a given batch size, determines the number of images in each group.
While we did not extensively optimize for group number, we found that a smallish number of images per group, 4–8, performed best in practice for the batch
sizes used in this study.
Results for all three normalization methods (BatchNorm, Dynamic BatchNorm and LocalNorm) are shown in Table 1 using otherwise identical network
architectures, where we evaluate LocalNorm with LN-Single, LN-Batch and
LN-Voting. We achieve high or near state-of-the-art accuracy on the original
datasets, where in 3 our of 4 cases, LN-Voting and LN-Batch outperform BatchNorm and Dynamic BatchNorm. The improvement for CIFAR10 using the VGG
architecture with LN-Voting in particular stands out, as accuracy improves from
88.8% to 95.3%; no such improvement is observed for the ResNet32 architecture,
and only a slight improvement for the ResNet152 applied to Stanford Cars. We
also observe that for the small CIFAR10 images, evaluating test-images using
only a single image at a time (LN-Single) gives poor results. Comparing training
time, we ﬁnd that LocalNorm incurs only a small computational cost (10–20%)
compared to BatchNorm.
Table 1. The accuracy on original test dataset of each network with various types of
normalization on each dataset and for diﬀerent LocalNorm evaluation methods.
CIFAR10-VGG CIFAR10-ResNet Stanford-cars
BatchNorm

88.83%

91.74%

88.17%

Dyn. BatchNorm 87.64%

89.34%

85.34%

LN-Single

65.88%

32.33%

88.39%

LN-Batch

92.07%

91.15%

89.34%

LN-Voting

95.29%

91.65%

89.58%

For CIFAR10, we use two classical network architectures – VGG19 and
ResNet32. The classical VGG19 network architecture [15] is often used as a
baseline to test new network architectures. Residual Networks, or ResNets
[6] achieve robust and scalable accuracy on many machine learning datasets,
and ResNet32 (a ResNet with 32 Layers) achieves competitive results on the
CIFAR10 dataset [21]. We use a batch size of 128; for LocalNorm, we divide the
batch into 8 computational groups with 16 images per group by default.
The Stanford Cars dataset contains 16,185 images of 196 classes of cars taken
under various conditions, and each image is large, 224 × 224 pixels, allowing us
to compare LocalNorm to BatchNorm and Dynamic BatchNorm when applied
to large networks and large images. We use a large ResNet152For ResNet152, we
use a pre-trained network2 and continue training this network with BatchNorm,
Dynamic BatchNorm or LocalNorm. For LocalNorm, 16 images are trained as a
batch and divided into 4 groups.
2

https://gist.github.com/ﬂyyufelix/7e2eafb149f72f4d38dd661882c554a6.
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Fig. 5. Development of mean and variance of the scaling parameters γ and β for
LocalNorm Groups (group x) and BatchNorm (BN) during training on CIFAR10. The
group-speciﬁc scaling parameters do not converge during training, maintaining a diverse
scaling regime.

In Fig. 5 we plot the development of mean and variance of the normalization
scaling parameters γ and β for LocalNorm and BatchNorm (averaged over all
channels) when training VGG19 on CIFAR10 using 8 Groups for LocalNorm.
We see that LocalNorm converges to a spread of γ and β values during training,
maintaining a diverse normalization regime.
Noisy Image Degradation. To measure noise robustness and noise generalization, we use the networks trained with various normalization methods and
the original training dataset, and test them on images degraded with diﬀerent
levels of noise. We evaluated the CIFAR10 and Stanford Cars dataset for all
variants of LocalNorm, both where a batch of images is used at test-time (LNBatch and LN-Voting) to obtain summary statistics, and where only a single
image at a time is used at test-time to obtain summary statistics (LN-Single
and LN-Single-Voting).
CIFAR10. We tested VGG19 trained on CIFAR10 with various normalization
methods on noisy test images degraded with AGN. Figure 6a shows that the
accuracy when using BatchNorm decreases rapidly, achieving only 29% accuracy
for σn = 1. For the diﬀerent types LocalNorm evaluation, we ﬁnd that LNBatch and LN-Voting drastically improve over BatchNorm and substantially over
Dynamic Batchnorm, where for LN-Voting the network accuracy is 83% at σn =
1, almost three times better than the BatchNorm-based network. Evaluation
using only single images, LN-Single and LN-Single-Voting, while being more
robust to noise, clearly underperform for noiseless data.
Similar observations apply for the other types of noise. For APN, both
BatchNorm and LocalNorm’s accuracy curve dropped sharply, while LocalNorm
still substantially outperforms BatchNorm and Dynamic BatchNorm in general
(Fig. 6b). For MBN in Fig. 6c, BatchNorm accuracy drops exponentially and
converges to random choice, while LocalNorm’s performance decreases slower.
Similar ﬁndings apply for a ResNet32 network (not shown).
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Fig. 6. Noise eﬀect on CIFAR10 (a–c) and Stanford Cars datasets (d–f ). (a–
c) Top row illustrates noise-degraded CIFAR10 images for diﬀerent amounts of AGN,
AGN and MBN respectively. Bottom row, line graphs plot corresponding network accuracy on degraded CIFAR10 images using a VGG19 network architecture; (d–f) same
noise-degradations applied to the Stanford Cars images using a ResNet152 network.

Stanford Car Dataset. For the images in the Stanford Cars dataset, we ﬁnd that
when testing on noisy images (Fig. 6d), all LocalNorm variants perform very
similar, demonstrating that here, a single large image is suﬃcient to dynamically compute the summary statistics at test-time. LocalNorm maintains a test
accuracy over 74% under any tested level of AGN and substantially outperforms
Dynamic BatchNorm, while standard BatchNorm accuracy declines sharply to
< 20% for σn > 2.5; similar behavior is observed for APN and BBN (Fig. 6e, f).
CIFAR10-c. The Cifar10-C dataset was published speciﬁcally to test network
robustness to image corruption [7]. It contains 19 types of algorithmically generated corruptions from noise, blur, weather, and digital categories. To evaluate
robustness, the networks are trained on the original CIFAR10 dataset, and evaluated on the corrupted dataset using LN-Voting. The result are shown in Fig. 7b:
we ﬁnd that LocalNorm outperforms both standard BatchNorm and Dynamic
BatchNorm everywhere, with the largest improvements observed for those image
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Fig. 7. (a) Comparison of LocalNorm LN-Voting to other normalization on the Cifar10C dataset, for both Resnet32, for all the diﬀerent image corruption categories. (b) Single
image using data augmentation of the summary statistics through group expansion with
rotated images. For a single image in each group (bracketed in green), rotated versions
are created and added to the group. Summary statistics are computed for the whole
group, while classiﬁcation is computed for the original single image only. (Color ﬁgure
online)

corruptions that incur the largest performance drop (Noise, Blur). We also see
that LocalNorm improves the accuracy of the VGG-19 network much more than
for the ResNet32 network, to the point that VGG becomes substantially more
accurate than ResNet32.
ImageNET. We include the ImageNet dataset to test the generalization-ability
improvement of VGG16 network with LocalNorm. The network was optimized
based on a pre-trained network. The VGG16 with BN achieved 68% top-1 test
accuracy, and LocalNorm obtained 67%. In [7], the mCE(mean of Corruption
Error) was introduced to represent the generalizability of the network on various
corruptions and perturbations. In [7] an mCE value of VGG16-BN of 0.8597
was reported, while the use of LocalNorm-batch improved this to 0.8036 and
LocalNorm-voting achieved 0.7045.
Single Image Data Augmentation at Test-time. To improve the performance of LocalNorm-Single and LocalNorm-Single-Voting evaluation on small
images, a simple suggestion is to enrich the summary statistics. Here, we propose
to augment the data by adding rotated versions of the image along the widthand channel-axis (ROT90 clockwise) to the computation group to enrich the
summary statistics, as shown in Fig. 7b. Adding such data will increase stability
of the mean and variance derived from the computational group. During classiﬁcation, the rotated images are only used to compute the summary statistics
and the classiﬁcation is determined for the original image only; classiﬁcation can
be done by either voting the prediction of each group or selecting a prediction
randomly as the ﬁnal result.
We ﬁnd that this approach drastically improves LN-Single and LN-SingleVoting for the small images of CIFAR10. As show in Fig. 8 for AGN, thus enhancing the summary statistics for single image evaluation improves robustness and
noiseless accuracy to the same level as LN-Batch - similar observations apply for
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-batch

Fig. 8. Rotation-augmented summary statistics. The solid ‘ROT90’ lines indicate rotation data-augmented evaluation; the LN-Single-ROT90 and LN-Single-Voting-ROT90
curves now overlap with the LN-batch curve. Rotation-augmentation for Dynamic
Batch Normalization on single images is insuﬃcient (solid yellow line). (Color ﬁgure
online)

APN and MBN image degradation (not shown). Applying rotation-augmentated
Dynamic BatchNorm to single CIFAR10 images improves performance evaluation only modestly (DynamicBN in Fig. 8). While adding rotated images at testtime to the groups implies a substantial increase in computational cost, there is
no cost to training, and evaluation on such small images tends to be very fast.

6

Conclusion

We develop an eﬀective and robust normalization layer–LocalNorm. LocalNorm
regularizes the Normaliation layer during training, and includes a dynamic computation of the Normalization layer’s summary statistics during test-time. The
key insight here is that out-of-sample conditions, like noise degradation, will shift
the summary statistics of an image, and the LocalNorm approach makes a DNN
more robust to such shifts.
We demonstrate the eﬀectiveness of the approach on classical benchmarks,
including both small and large images, and ﬁnd that LocalNorm decisively
outperforms classical Batch Normalization and dynamic variants like Dynamic
Batch Normalization. We show that computing LocalNorm only has a limited
computational cost with respect to training time, of order 10–20%. LocalNorm
furthermore can be evaluated on batches of test-images, and, for large enough
images, also on single images passed through only a single group, then incurring
the same evaluation cost as Batch Normalization. To enable the evaluation of
small images one-at-a-time at test-time, we demonstrated the addition of rotated
images to the groups as a form of data augmentation to improve the summary
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statistics. For more general type of image distortions, we ﬁnd that using LocalNorm also makes networks substantially more robust, as evidenced by the results
on the CIFAR10-c dataset.
Intriguingly, the ability of regularized normalization layers to calculate sufﬁcient summary statistics from single large-enough inputs rather than batches
also suggests that correlates may be found in biological systems, where access to
batch-statistics seem implausible but multiple parallel pathways may facilitate
multiple independent normalizations as in LocalNorm.
Acknowledgments. BY is funded by the NWO-TTW Programme “Eﬃcient Deep
Learning” (EDL) P16-25.
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Abstract. Occam’s Razor principle suggests preference for simpler
models and triggers an enduring question: what is the proper deﬁnition of complexity of a model? In this work, we regard neural networks
as communication channels and measure the complexity of neural networks by means of their channel capacity—the maximum information
reserved in the output of a neural network. Furthermore, we show a connection between the L2-norm of the weight matrix of the linear model
and its channel capacity through the singular values of the weight matrix.
On image classiﬁcation problems, we ﬁnd regularizing diﬀerent neural
networks by constraining their channel capacity eﬀectively boosts the
generalization performance and outperforms other information-theoretic
regularization methods.

Keywords: Neural network
method
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Introduction

Inductive biases are necessary for machine learning and one of the most famous
examples would be Occam’s Razor : the simplest explanation is best. From the
perspective of deep learning, a simpler model may refer to a network with fewer
parameters/connections [17], a network with smaller norm [16], or a network
with shorter minimal description length [12]. Following the simple intuition that
the output of a simple model should contain fewer information about the input,
in this work we regard neural networks or their modules/layers as communication channels and propose to view the channel capacity as a measure of model
complexity.
In information theory [5], communication means messages/data/signals,
denoted as a random variable W , successively get through an encoder, a communication channel, and a decoder. Analogous to this communication process,
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an input to a neural network is an instantiation of a class label, and after representation learning through a neural network (corresponding to a communication channel), the recovered label is obtained by a classiﬁer (corresponding to a
decoder).
The channel capacity is deﬁned as the maximum mutual information between
channel input X and channel output Y , maximized over all possible input distributions. In this work, we deﬁne two versions of information complexity (IC)
of neural networks. Maximum information complexity (MIC) of a neural
network means the channel capacity of the corresponding communication channel. For boundness of this quantity, we constrain the possible distributions of the
input to be those from a certain subset of absolutely continuous distributions
(corresponding to a continuous random variable) and assume an extra noise
added to the output. By assuming that the input distribution itself is drawn
from a measure space and then changing the maximization over all distributions to expectation, we get the second version, called expected information
complexity (EIC), of neural networks for practical use.
It needs to be clear that analysis of mutual information (MI) between
the input and the representation is nothing new for machine learning. InfoMax principle [18] argues that the goal of representation learning should
be to learn a representation Z = g(X) such that the MI I(X, g(X) is maximized. Some recent state-of-the-art self-supervised learning methods [11,24] aim
at maximizing the MI between features of diﬀerent views of the input, while
this objective can be treated as a lower bound of the InfoMax objective [27].
Information bottleneck principle (IB) [25] suggests that supervised learning
should attempt to learn a representation Z being maximally expressive about the
label Y while being maximally compressive about the input X, which has been
recently rephrased in the context of deep learning [26]. The learning objective
of IB is to minimize L(pθ (z|x)) = I(Z, X) − βI(Z, Y ), where model parameter
θ belongs to a condition distribution and β controls the tradeoﬀ. Following this
principle, a thread of research [21,22] analyzes the training of neural networks
using information planes and discusses the relationship between generalization
and compression. Also IB can be directly applied to train neural networks [1,15].
Hafez-Kolahi and Kasaei [9] provides a survey about IB and its applications.
Previous works mostly draw lessons from data compression of information
theory, whereas this work treats neural networks as communication channels.
To verify the usefulness of this perspective, we train neural networks regularized
with lower information complexity, supposing that a neural network with lower
channel capacity can convey more task-relative information when it ﬁts training
data equally well as other models.
Our main contributions are as follows:
– We formally deﬁne two kinds of new complexity measures for neural networks.
– We design two regularization methods by penalizing the neural network of
high channel capacity during training.
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– Experiments on various settings show that our methods do improve classiﬁcation performance and outperform other information-theoretic regularization
methods.

2

Related Work

MacKay [19] viewed neural network learning as communication and fostered
research on the capacity of a single neuron. Parameters of a neural network are
treated as a message in [19] while corresponding to a communication channel in
our work. Foggo and Yu [7] investigated the maximum MI supθ I(X, Zθ ), where θ
is the set of parameters of a neural network, for various neural network architectures. In this work, the channel capacity of neural networks is also the maximum
MI maxpX I(X, Z), however, with respect to all possible input distributions.
Our work involves the calculation of MI between high dimensional random
vectors, which is a notoriously hard problem. Classic techniques [8,28] proposed
to estimate MI through samples are hard to scale up to dimensionality encountered in deep learning. To overcome the diﬃculty, recent works [1,3] develop MI
estimators for DNNs with diﬀerent variational bounds of MI.
In the context of supervised learning, our work is related to recently proposed information-theoretic regularization methods [1,20,23]. Szegedy et al. [23]
tried to smooth the label to prevent models from assigning full probability to
each training example. Similar to label smoothing, conﬁdence penalty method of
Pereyra et al. [20] proposed to regularize networks with an extra loss term, which
penalizes networks for having low entropy predictive distributions. Alemi et al.
[1] attempted to regularize neural networks by constraining the MI between the
input and the representation.

3

Information Complexity of Neural Networks

We ﬁrst introduce some concepts from information theory. We denote random
vectors with capital letters such as X. All the logarithms in this paper are in
base e. In this work, we use AC n to denote the set of all n-dimensional continuous random vectors and PD n to denote the set of all probability density
function (pdf ) of n-dimensional continuous random vectors. Beside, we use
X ∼ N (m, K) to indicate that X is a gaussian random vector with mean m
and covariance
matrix K. The diﬀerential entropy of the random vector X is

h(X) = − p(x) log p(x)dx, where p(x) is the pdf of X. The mutual information

p(x,y)
dxdy.
between random vectors X and Y is I(X, Y ) = p(x, y) log p(x)p(y)
3.1

Information Complexity of Neural Networks

In this subsection, we give formal deﬁnitions of two version of information complexity of neural networks. In information theory, a discrete-time memoryless
communication channel corresponds to a regular conditional probability mathematically, which can be used to construct a joint distribution of the input and the
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output. For a set A of all possible distributions of input, the channel capacity
of a communication channel [5] is: C = maxpX ∈A I(X, Y ), where X is the input
and Y is the output of the channel. Capacity describes the ability of the channel
to transport information, which is also intuitively important to understand neural networks. Treating a neural networks as a communication channel, we need
to explain how the neural network deﬁnes a regular conditional probability and
what the set of possible input distributions is.
Let a n-dimensional random vector X ∈ AC n be the input of a neural
network. Let θ be the parameter of the neural network, corresponding a continuous function fθ (x) : Rn → Rm . Let the m-dimensional random vector
Y be the output of the neural network. In this work, we assume the output
Y (X, θ, ε) = fθ (X) + ε is a function of the random vector X, parameter of the
network θ and an extra noise ε.
Add Noises to the Output of Neural Networks. A straightforward idea
making connections between a neural network and a communication channel
is to deﬁne Y = fθ (X). Because fθ (x) is continuous, it’s easy to prove that
this model relates to a communication channel. In this work, we analyze neural
networks with extra noise ε = 0. When the distribution of the input is absolutely
continuous with respect to some convex subset of Rn , MI between the input
and the representation is inﬁnity for some most practical deterministic neural
networks and almost every choice of weight matrices [2]. To avoid the inﬁnity of
MI, we add an extra noise ε ∈ AC m to the output of a neural network following
the suggestion of [2].
Limit the Set of Possible Distributions of the Input. It’s a well-known
fact [5] that the channel capacity of a gaussian channel is inﬁnite if we don’t
constrain the signal-to-noise rate (SNR). In this work, we follow the maximuminput-power constraint from information
theory
and deﬁne the allowable input


pdfs as those from AnP = {p(x)  p ∈ PD n , Rn xT xp(x)dx ≤ P }. This constraint
is reasonable because the input of neural networks often takes values in intervals,
e.g., [0, 1].
Suppose the pdf of a ﬁxed noise is denoted as pε (·). The joint distribution
of X and Y is totally determined by the pdf of input pX and the parameter of
neural network θ, which corresponds to a conditional pdf of Y given X, pθ (y|x) =
pε (y − fθ (x)). Consequently, the MI between X and Y is determined purely by
pX and θ, which can written as:

p(x, y)
dxdy
p(x, y) log
I(X, Y ) =
p(x)p(y)
Rn ×Rm

pθ (y|x)
=
dxdy
pθ (y|x)p(x) log
p(y)
Rn ×Rm

pθ (y|x)
=
pθ (y|x)p(x) log 
dxdy.
p(x)pθ (y|x)dx
Rn ×Rm
Rn
Therefore we also write M I(pX , θ) = I(X, Y ) to denote MI between the input
and the output. Beside a ﬁxed noise, we restrict possible input random vectors X

Channel Capacity of Neural Networks

257

to those correspond to pdfs pX ∈ AnP . Now we are ready to deﬁne the maximum
information complexity (MIC) of neural networks.
Definition 1 (Maximum information complexity). Given a random vector
ε ∈ AC m and a neural network fθ (x) : Rn → Rm , the maximum information
complexity with noise ε of the neural network is:
M ICε (θ) := maxn M I(pX , θ).
pX ∈AP

Calculation of MIC requires solving an optimization problem over a function
space, which makes it diﬃcult to be used in practice. In order to overcome this
diﬃculty, we deﬁne a similar concept called expected information complexity. Let
A be the set of all possible pdfs of input random vectors. Assuming A belongs to
a probability space (A, FA , PA ), we can deﬁne expected information complexity
of neural networks in a general way:
Definition 2 (Expected information complexity). Let a random vector
ε ∈ AC m and let (A, FA , PA ) be a probability space that satisfies: (1) the corresponding sample space A is a subset of PD n and (2) the functional M I(·, θ) :
A → [0, ∞) is a random variable for all θ. We define the expected information
complexity with noise ε and the probability space (A, FA , PA ) of a neural network
fθ (x) : Rn → Rm to be:

EICε,PA (θ) := E[M I(pX , θ)] = M I(pX , θ)dPA .
3.2

Special Case: Single Layer Neural Networks Without Activation

In this subsection, we derive the close-form expression of MIC of a simple neural
network which is just a linear function fθ (x) = W x, where W ∈ Rn×m is the
weight matrix. Let X be the input whose pdf belongs to AnP and let ε ∼ N (0, Im )
be the noise injected to the latent representation of the neural network Ŷ =
fθ (X). The output of the neural network is Y = fθ (X) + ε. Known as gaussian
vector channel, this kind of models is well studied in the context of network
information theory [6]. The next theorem gives the value of the channel capacity
of a gaussian vector channel, which is also MIC of the corresponding neural
network.
Theorem 1 (MIC of linear neural networks [6]) Given a linear neural
network fθ (x) = W x and a gaussion noise ε ∼ N (0, Im ). If the rank of W is
d (> 0) and the positive singular values of W are γ1 , . . . , γd in descenting order,
the maximum information complexity is
M ICε (W ) =
where λ is chosen such that

d
i=1

k

1
log(λk
γi2 ),
2
i=1

max{λ −

1
, 0}
γi2

= P (where P is the constant

of AnP ) and k is the number of singular values γi that satisfies λ >

1
.
γi2
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Proof. See the discussion in Sect. 9.1 of [6]
The MIC of linear neural networks is only related to the singular values of
the weight matrix. For comparison, weight decay method [16] constrains the L2norm of the weight matrix by introducing an extra loss 12 W 2F = 12 tr(W T W ) =
d
1
2
i=1 γi , where  · F is the Frobinus norm. Yoshida and Miyato [29] proposed
2
to constrain the spectral norm of the weight matrix by introducing an extra loss
1
1 2
2
2 W 2 = 2 γ1 , where  · 2 is the spectral norm. Note that weight decay method
and spectral norm regularization show some connections to MIC of the model:
log(λk

k


γi2 ) ≤

i=1

≤

k
k


1 2
1
( (P +
)γ ) − 1
k
γ2 j
j=1
i=1 i
k


(P γj2 + 1) − 1

j=1

≤ (P W 2F + 1)d − 1 ≤ (P dW 22 + 1)d − 1.
The ﬁrst inequality is obtained because log(x) ≤ x − 1 and λ = k1 (P +

k

1
i=1 γi2 ).

The second inequality holds because γ12 − γ12 < P for all 1 ≤ i, j ≤ k. We can
i
j
see that the MIC measure is tighter than the Frobinus norm and the spectral
norm of W .
3.3

Information Complexity Regularization

In this subsection, we describe how to use information complexity to regularize
neural networks.
A General Learning Framework. Suppose the set of learnable parameters
of a neural network is θ and the origin learning objective is to minimize a loss
function L(θ, S) where S is the training dataset. Information complexity regularization methods introduce extra terms to construct a new learning objective:
min L(θ, S) + βe EICε,PA (θ) + βm M ICε (θ),
θ

where the βe and βm controls the strength of regularization.
A Version of EIC. At ﬁrst, we show how to construct a probability space on
which we can deﬁne EIC. In general, a basic idea is to parameterize the set of all
possible pdfs of the input random vector and then deﬁne a prior distribution on
the parameter space. We show a simple example about this strategy and use this
version of EIC in our experiments. Suppose the random vector V is uniformly

distributed on the n-dimensional hyperrectangle HR : HR = {x ∈ Rn  12 ≤
xi ≤ 1 for all 1 ≤ i ≤ n}. Let G(v) = pv : HR → PD n map a vector v to
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the pdf of the gaussian random vector with mean 0 and covariance matrix In v.
With the random vector V and the map G(v), it’s straightforward to construct a
probability space on N A = G(HR), which we denote (N A, FN A , PN A ). In this
case, the EIC of a neural network is : EICε,PN A (θ) = E[M I(G(V ), θ)], where
G(V ) is the pdf of the input random vector.
An Upper Bound of EIC of Neural Networks. In this work, we use a
sampling method to minimize an upper bound of EIC in practice instead of
minimizing the exact value of EIC. We can derive an upper bound of EIC:
EICε,PA (θ) = E[I(X, Y )] = E[h(Y ) − h(Y |X)] = E[h(Y )] − C



1
1
m
log((2πe) det(KY )) − C = E
log det(KY ) − C
≤E
2
2

1
≤ E[tr(KY )] − C ,
2
where det means the determinant of a matrix and tr means the trace of a matrix.
The ﬁrst inequality holds because the maximum-entropy distribution for a given
covariance is Gaussian with the same covariance [5]. The second inequality is
true because det(KY ) is the product of singular values of KY and tr(KY ) is the
sum of the singular values.
(1)
(n)
In order to minimize E[tr(KY )], we sample n pdfs (pX , . . . , pX ) of the
(i)
input random vector based on (A, FA , PA ). Then we use each pdf pX to get
k samples of the input (x̂i1 , . . . , x̂ik ), which are fed into the neural network to
get the samples of the output (ŷi1 , . . . , ŷik ). The sampled outputs are used to
approximate E[tr(KY )]:

E[tr(KY )] = EY ∼pY Y − EY ∼pY [Y ]2 dPA
≈

n
k
k
1 
1
ŷij −
ŷil 2
kn i=1 j=1
k
l=1

 tr,
where  ·  means the L2-norm of a vector. It’s easy to calculate the gradient of
tr with respect to model parameters.
A Surrogate of MIC of Neural Networks. We also use a sampling method
to minimize a surrogate of MIC in practice. As mentioned
kbefore, the MIC of
k
linear neural networks has an upper bound j=1 ( k1 (P + i=1 γ12 )γj2 ), which is
i
a polynomial of singular values and the ratios between them.
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Suppose the singular value decomposition of W is U ΣV T . Let X ∼ N (0, In )




and let X = V T X, X =



X
.
X  

Meanwhile, we have the following equations:



d


W x
U ΣV T V x 
U Σx 

=
=
= U Σx  = 
γi2 (xi )2 .


x
V x 
x 
i=1


It’s straightforward to see that X is a random vector having uniform distri-
x
bution on {x ∈ Rn | x = 1}. Given X ∼ N (0, In ), we minimize E W
x


x
to constrain the singular values and minimize V W
, where V[·] means the
x
variance, to limit the diversity of singular values.
Furthermore, we hypothesize that minimizing the surrogate of MIC of general
neural networks fθ :


fθ (x)
fθ (x)
M ICS = E
+V
,
x
x
is an eﬀective way to constrain the MIC. The sampling method to estimate

M ICS is straightforward and we minimize the estimator M
ICS in our experiments.
Discussion. Note that we don’t need to access the training data to calculate tr

and M
ICS. It’s worth mentioning that our method is not limited to constrain
the information complexity of the whole network. By viewing each block (e.g.
ﬁrst n layers of a neural network network) as a tiny neural network, we can
impose multiple information complexity regularizer terms for more ﬂexibility.

4

Experiments

In this section, we evaluate our methods on various image classiﬁcation datasets:
MNIST, Kuzushiji-MNIST, SVHN and CIFAR101 . All models are implemented
using PyTorch and trained on a single NVIDIA GeForce RTX 2080TI GPU.
4.1

Benchmark Experiments

We ﬁrst experiment our regularization methods on various image classiﬁcation
datasets: MNIST, Kuzushiji-MNIST, SVHN, and CIFAR-10.

1

The code is available at https://github.com/IanyePKU/IC-Regularization-methods.
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Table 1. Experimental results on benchmark datasets. The average and standard
deviation of the accuracy of each method over 3 trials. We compare “baseline”, “+MIC”
and “+EIC” and the best one is shown in boldface. The best result for each dataset
is shown with underline.
Dataset

Model & Setup

Baseline

+MIC

+EIC

MNIST

MLP

98.56%(0.03) 98.87%(0.03) 98.86%(0.05)

MNIST

MLP +WD

98.69%(0.02) 98.78%(0.05) 98.78%(0.03)

Kuzushiji MLP

93.53%(0.08) 93.94%(0.13)

94.16%(0.11)

Kuzushiji MLP +WD

93.40%(0.09) 93.74%(0.07)

93.85%(0.22)

ResNet20
95.45%(0.12) 95.59%(0.09)
ResNet20 +WD 95.73%(0.09) 95.89%(0.09)

95.60%(0.04)
95.93%(0.05)

CIFAR10 ResNet44
85.76%(0.23) 86.11%(0.17)
CIFAR10 ResNet44 +WD 87.91%(0.08) 87.95%(0.10)

86.56%(0.33)
88.10%(0.17)

SVHN
SVHN

Settings. For MNIST and Kuzushiji-MNIST, we train three-layer MLPs with
fully connected layers of the form 784–1024–1024–10 and the ReLU activation
function. The batchsize is set as 100. For MNIST and Kuzushiji-MNIST, all models are trained using ADAM optimizer [14] with an initial learning rate 0.001 for
200 epochs and we decay the learning rate by a factor of 0.97 every 2 epochs. We
train ResNet-20 from [10] for SVHN and ResNet-44 for CIFAR10. The batchsize
is set as 128. ResNets are trained using Nesterov’s accelerated gradient descent
[4] with momentum 0.9 for 160 epochs. For SVHN and CIFAR10, we set the
initial learning rate as 0.1 and decay the learning rate by a factor of 0.1 once the
half and the three quarters of the training process have passed. For all datasets,
we also report results by adding weight decay (WD).
Our methods include MIC regularization method (train networks with an

extra loss M
ICS) and EIC regularization method (train networks with an extra
loss tr). We impose constraints on both the IC of whole network and the IC
of each layer and assume that all noises obey the gaussian distribution. In all
experiments, we perform the hyper-parameter search for βe and βm with candidates from {0.01, 0.02, 0.05, 0.1, 0.2, 0.5}. For EIC method, we use the probability
space (N A, FN A , PN A ) to estimate tr, implying that we expect fewer information is preserved in the outputs of the neural network when the inputs are from
a gaussian distribution.
Results. The test error rate obtained by each method is summarized in Table 1.
The best result for each dataset is always achieved by the models trained with IC
regularization methods. For SVHN and CIFAR10, combining our methods with
weight decay has complementary eﬀects. Introducing an extra IC regularization
term always improves performance, which justify the usefulness of our methods.
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As shown in Fig. 1, training curves of models trained with our methods are
usually serrated, which means that our models frequently escape from the regions
with low training loss. We think that this feature of our methods helps models
leave local minimum and achieve better generalization performance. The phenomena is potentially related to a recent observation [13] that zero training loss
is not the ﬁnal goal of the training process.
4.2

Comparison Experiment with Other Regularizaion Methods

In order to verify the compatibility between our method with other regularization
methods and compare our method with them, we train MLPs on MNIST using
various combinations of regularizers. All settings of hyperparameters are same
as the previous benchmark experiments. Other regularization methods used for
comparison include:
– Weight Decay: Add an extra loss to constrain the L2-norm of parameters of
the neural network. We set the regularization factor βL2 = 10−4 .

(a) No Extra Reg

(b) No Extra Reg

(c) With Weight Decay

(d) With Weight Decay

Fig. 1. Training curves of MLPs on MNIST. The top two ﬁgures show the training
curves of MLPs using only our regularization terms. The bottom two ﬁgures show the
training curves of MLPs using our regularization terms and weight decay.
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– Conﬁdence Penalty (CP): Penalize low entropy output distributions. We
search for the best regularization factor βCP from {0.05, 0.1, 0.2, 0.3, 0.4, 0.5}
as [20].
– Label Smoothing (LS): Minimize the KL divergence between uniform distribution and the network’s predicted distribution.We search for the best
regularization factor βLS from {0.1, 0.3, 0.5, 1.0, 2.0, 4.0, 8.0} as [20].
– Variational Information Bottleneck (VIB): Train neural networks using variational information bottleneck principle and minimize an upper bound of MI
between the input of the network and the corresponding representation. We
search for the best regularization factor βV IB from {10−2 , 10−3 , 10−4 , 10−5 },
which is a reasonable set according to [1].
Result. The test accuracy obtained by each method is summarized in Table 2.
Setup of using only MIC (average of accuracy is 98.87%, see Table 1) outperforms setups of combining other regularization terms (ﬁrst two column of results
from Table 2). Combining IC regularization terms further improves the performance and the model trained using CP and MIC achieves the best performance
(average of accuracy is 98.97%). This experiment shows that introducing an
information complexity term boosts the generalization performance of trained
neural networks and is compatible with other regularization methods.
Table 2. Experimental results on MNIST. The average and standard deviation of the
accuracy of each method over 3 trials. For each regularization method, we compare “No
other reg”, “+WD”, “+MIC” and “+EIC” and the best one is shown in boldface.
Method No other reg +WD
CP

5

+MIC

+EIC

98.65%(0.02) 98.86%(0.03) 98.97%(0.02) 98.95%(0.04)

LS

98.79%(0.07) 98.85%(0.05) 98.93%(0.05) 98.93%(0.01)

VIB

98.66%(0.04) 98.80%(0.05) 98.88%(0.01) 98.81%(0.01)

Conclusion

In this paper, we have deﬁned two kinds of new complexity measures for neural
networks by linking each neural network to a communication channel. We showed
a connection between the MIC of a single layer linear neural network and the
L2-norm of its weight matrix. We also designed two new regularization methods
using EIC and MIC. We conducted experiments on image classiﬁcation datasets
and showed the usefulness of our new regularization terms empirically.

References
1. Alemi, A.A., Fischer, I., Dillon, J.V., Murphy, K.: Deep variational information
bottleneck. arXiv preprint arXiv:1612.00410 (2016)

264

G. Ye and T. Lin

2. Amjad, R.A., Geiger, B.C.: Learning representations for neural network-based classiﬁcation using the information bottleneck principle. IEEE Trans. Pattern Anal.
Mach. Intell. 42(9), 2225–2239 (2019)
3. Belghazi, M.I., et al.: Mutual information neural estimation. In: International Conference on Machine Learning, pp. 531–540. PMLR (2018)
4. Bengio, Y., Boulanger-Lewandowski, N., Pascanu, R.: Advances in optimizing
recurrent networks. In: 2013 IEEE International Conference on Acoustics, Speech
and Signal Processing, pp. 8624–8628. IEEE (2013)
5. Cover, T.M.: Elements of Information Theory. John Wiley & Sons (1999)
6. El Gamal, A., Kim, Y.H.: Network Information Theory. Cambridge University
Press (2011)
7. Foggo, B., Yu, N.: On the maximum mutual information capacity of neural architectures. arXiv preprint arXiv:2006.06037 (2020)
8. Gao, S., Ver Steeg, G., Galstyan, A.: Eﬃcient estimation of mutual information for
strongly dependent variables. In: Artiﬁcial Intelligence and Statistics, pp. 277–286.
PMLR (2015)
9. Hafez-Kolahi, H., Kasaei, S.: Information bottleneck and its applications in deep
learning. arXiv preprint arXiv:1904.03743 (2019)
10. He, K., Zhang, X., Ren, S., Sun, J.: Identity mappings in deep residual networks. In:
Leibe, B., Matas, J., Sebe, N., Welling, M. (eds.) ECCV 2016. LNCS, vol. 9908, pp.
630–645. Springer, Cham (2016). https://doi.org/10.1007/978-3-319-46493-0 38
11. Henaﬀ, O.: Data-eﬃcient image recognition with contrastive predictive coding. In:
International Conference on Machine Learning, pp. 4182–4192. PMLR (2020)
12. Hinton, G.E., van Camp, D.: Keeping the neural networks simple by minimizing the
description length of the weights. In: Proceedings of the Sixth Annual Conference
on Computational Learning Theory, pp. 5–13 (1993)
13. Ishida, T., Yamane, I., Sakai, T., Niu, G., Sugiyama, M.: Do we need zero training
loss after achieving zero training error? arXiv preprint arXiv:2002.08709 (2020)
14. Kingma, D.P., Ba, J.: Adam: a method for stochastic optimization. In: International Conference on Learning Representations (2015)
15. Kolchinsky, A., Tracey, B.D., Wolpert, D.H.: Nonlinear information bottleneck.
Entropy 21(12), 1181 (2019)
16. Krogh, A., Hertz, J.A.: A simple weight decay can improve generalization. In:
Advances in Neural Information Processing Systems, pp. 950–957 (1992)
17. LeCun, Y., et al.: Backpropagation applied to handwritten zip code recognition.
Neural Comput. 1(4), 541–551 (1989)
18. Linsker, R.: Self-organization in a perceptual network. Computer 21(3), 105–117
(1988)
19. MacKay, D.J.: Information Theory, Inference and Learning Algorithms. Cambridge
University Press (2003)
20. Pereyra, G., Tucker, G., Chorowski, J., Kaiser, L
 ., Hinton, G.: Regularizing neural
networks by penalizing conﬁdent output distributions. In: International Conference
on Learning Representations Workshop (2017)
21. Saxe, A.M., et al.: On the information bottleneck theory of deep learning. J. Statist.
Mech. Theor. Exp. 2019(12), 124020 (2019)
22. Shwartz-Ziv, R., Tishby, N.: Opening the black box of deep neural networks via
information. arXiv preprint arXiv:1703.00810 (2017)
23. Szegedy, C., Vanhoucke, V., Ioﬀe, S., Shlens, J., Wojna, Z.: Rethinking the inception architecture for computer vision. In: Proceedings of the IEEE Conference on
Computer Vision and Pattern Recognition, pp. 2818–2826 (2016)

Channel Capacity of Neural Networks

265

24. Tian, Y., Krishnan, D., Isola, P.: Contrastive multiview coding. arXiv preprint
arXiv:1906.05849 (2019)
25. Tishby, N., Pereira, F.C., Bialek, W.: The information bottleneck method. In:
Proceedings of the 37-th Annual Allerton Conference on Communication, Control
and Computing, pp. 368–377 (1999)
26. Tishby, N., Zaslavsky, N.: Deep learning and the information bottleneck principle.
In: 2015 IEEE Information Theory Workshop (ITW), pp. 1–5. IEEE (2015)
27. Tschannen, M., Djolonga, J., Rubenstein, P.K., Gelly, S., Lucic, M.: On mutual
information maximization for representation learning. In: International Conference
on Learning Representations (2020)
28. Walters-Williams, J., Li, Y.: Estimation of mutual information: a survey. In: Wen,
P., Li, Y., Polkowski, L., Yao, Y., Tsumoto, S., Wang, G. (eds.) RSKT 2009. LNCS
(LNAI), vol. 5589, pp. 389–396. Springer, Heidelberg (2009). https://doi.org/10.
1007/978-3-642-02962-2 49
29. Yoshida, Y., Miyato, T.: Spectral norm regularization for improving the generalizability of deep learning. arXiv preprint arXiv:1705.10941 (2017)

RIAP: A Method for Eﬀective Receptive
Field Rectiﬁcation
Zhenzhen Li, Kin-Wang Poon, and Xuan Yang(B)
College of Computer Science and Software Engineering, Shenzhen University,
Shenzhen, China
yangxuan@szu.edu.cn

Abstract. Receptive ﬁeld (RF) plays a vital role in deep convolutional
networks. Padding schemes are related to the RF closely. In this paper,
we analyze the information attenuation caused by zero-padding during
the convolution operations in CNNs theoretically. Moreover, the weight
bias accumulated by zero-padding along the forward propagation is also
analyzed. We ﬁnd that in terms of each pixel’s contribution to its corresponding position in output, the boundary pixels contribute less information than the pixels closer to the central area in an image. To address
this issue, we propose a method for eﬀective RF rectiﬁcation (RIAP) to
transmit information of the boundary pixels via augmenting path. Experimental results of glomerular microscopic image segmentation show that
by using RIAP, information of all pixels can be eﬀectively propagated forward after convolutions are performed repeatedly, and RIAP outperforms
traditional padding schemes when objects locate near image boundaries.
Keywords: Convolutional neural network
Segmentation

1

· Padding scheme ·

Introduction

In CNNs, many studies focus on various aspects of CNNs, such as optimization
algorithms [12], initialization [4,7], normalization [9,18,19], shortcut connection
[6,8], and receptive ﬁeld [17]. The receptive ﬁeld (RF) plays an essential role
in network performance. Zeiler et al. [21] ﬁnd that the shallower network has
a smaller RF, and only local features can be learned. The network deeper, the
RF larger, and the global features become easier to learn. To extract more context information, the RF is required to be enlarged successively through the
convolution operations to eliminate ambiguity and improve the performance of
CNNs.
Generally, there are two basic ways to enlarge the RF of CNN, i.e., increasing the ﬁlter size and increasing the depth [11]. However, ﬁlters with large sizes
are not popularly used due to too many parameters. Since the RF is related to
the convolution operation ﬁrmly, many approaches increase the RF by dilated
Supported by the National Natural Science Foundation of China (61871269).
c Springer Nature Switzerland AG 2021
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convolution or stacking multi convolutions [20] to increase the RF. Zhou et al.
propose multi-receptive ﬁeld [23] to increase RF area by sub-networks. HAN
et al. [5] combine a 1-D convolutional layer with dilated convolutional to enlarge
the RF. Chao et al. [1] control the RF size with dilated temporal convolutions
to align each anchor’s RF with its temporal span for temporal object detection. Dadashzadeh et al. [2] propose the pyramid dilated convolution (PDC) to
combine diﬀerent scales of contextual information for semantic segmentation.
However, little attention has been paid to the analysis of the inﬂuence of
padding schemes in the RF. In this paper, we ﬁnd that the zero-padding results in
a non-uniform RF that boundary pixels of the image contribute less information
to the output feature maps than pixels located on the inner area of images. The
pixels near the boundaries of the image are always involved in fewer convolution
operations than those in the inner area, causing the attenuation of information.
In a stack of convolutional layers, this eﬀect is accumulated layer by layer and
results in that the central pixels propagated their information through layers
without attenuation, while information of the boundary pixels is weakened.
In this paper, we analyze the information attenuation caused by zero-padding
and its gradual accumulation eﬀect along with the forward propagation in theory.
Next, we point out two important phenomena: 1) In terms of each pixel’s contribution to corresponding positions in output, the boundary pixels contribute
less than the pixels close to the central area. 2) For a convolution operation
centered at a boundary pixel, the contribution center deviates to other positions
instead of the position of the boundary pixel, which is not consistent with the
idea of convolution. This phenomenon is called contribution deviation in this
paper. Through our method, all pixels’ information can be eﬀectively propagated forward instead of contributing non-uniformly as in traditional networks.
To address this issue, we propose a method to retransmit information of boundary pixels via augmenting path (RIAP). We evaluate our method on glomerular
microscopic segmentation datasets with U-Net [16] and U-Net SVC (adopting
shape variant context (SVC) [3] module into U-Net). Experimental results show
that the segmentation accuracy of network with RIAP is improved when objects
locate near image boundaries.
Our main contributions are: 1) Analyzing the inﬂuence of the zero-padding on
the RF. We ﬁnd the pixel near the image boundaries contributes less information
to the outputs at their corresponding positions than the pixel near the image
center. It results in information attenuation and contribution deviation of the
boundary pixels along with the forward propagation. 2) Proposing a method to
retransmit information of boundary pixels via augmenting path (RIAP), which
makes the impact of the RF uniform. Our method is conducive to extract features
from the area near the image boundaries without information biases. 3) Proving
the validity of RIAP in a mathematical way. We ﬁnd that the derivative of each
pixel in the output w.r.t. its location-corresponding pixel in the input is constant
using RIAP. It implies that all pixels in RF contribute equally to output feature
maps and the meanwhile, the extremum position of its output is the same as the
given pixel. Hence, the central pixel contributes the most to the output, which
is consistent with the idea of convolution.

268

2

Z. Li et al.

Related Work

U-Net is a kind of fully convolution network (FCN) [14]. U-Net is composed of
nine stages with diﬀerent spatial resolutions: in the ﬁrst/last 4 stages, the feature
maps are downsampled/upsampled with stride 2 and the feature channels are
doubled/halved. Each stage is composed of two 3×3 convolutions. Before each of
the last four stages, there is a concatenation from the size corresponding feature
maps from the ﬁrst four stages.
Receptive ﬁeld (RF) is ﬁrst introduced by Simonyan et al. [17]. It is a local
region on the output of the previous layer to that a neuron is connected. The
theoretical size of RF can be calculated in an arithmetical way [13]. Jacobsen
et al. [10] expressed RF in CNNs as a weighted sum over a ﬁxed basis. However,
Zhou et al. [22] pointed out that the actual size of the RF in a CNN is much
smaller than the theoretical size, especially on high-level layers.
Eﬀective Receptive ﬁeld (ERF). Luo et al. [15] studied RF in CNNs, point
out that not all pixels in RF contribute equally to output feature maps, and
deﬁne the notation of ERF. They denote the area of the image that inﬂuences
the response of a layer. However, Luo’s work is based on a non-padding way. As
we know, padding schemes are commonly used in CNNs that can preserve the
spatial size of the image. They aﬀect the RF signiﬁcantly, especially for small
images.

3

Analysis

In this section, we analyze the information attenuation and contribution deviation of boundary pixels along the forward propagation caused by the zeropadding. For simplicity, we analyze on 1-D convolution because a n-D convolution can be factorized into multiple 1-D convolutions and we remove all the
non-linear functions and the bias. The initial values of all convolutions are set
as one, to eliminate the inﬂuences of instability caused by random initialization.
3.1

Information Attenuation Eﬀect

In practice, convolution operation decreases the spatial size of the feature maps.
Hence, zero-padding is commonly used to make the input and output the same
size. An example is demonstrated in Fig. 1. Image information is transmitted
through 4 layers with a 3× 3 convolution. Note that the Mixed pixel is generated
by the convolution operation with Zero Pixel, which attenuates information of
input image compared with Pure Pixel. Especially, it is easier to generate Mixed
Pixel for the boundary pixels compared with inner pixels. That implies these
boundary pixels contribute less information to the outputs at their positions,
which results in information attenuation. Because of the zero-padding of each
layer, boundary pixels convey more meaningless information from zero-padding
pixels than the inner pixels. That means the convolution results at image boundaries lose more original image information than that at the inner image area.

RIAP: A Method for Eﬀective Receptive Field Rectiﬁcation

269

Fig. 1. Illustration of information attenuation and accumulation eﬀect in convolution
operations with zero-padding. The bottom layer denotes the input image. Points denote
pixels of the image. The Pure Pixel, the Mixed Pixel, and the Zero Pixel denote the
pixel not aﬀected by zero-padding, aﬀected by zero-padding, and zero-padding pixel,
respectively.

Moreover, more mixed pixels are produced as the depth of the network
increases, and more pure pixels are replaced by the mixed pixels. That is, in a
stack of convolutional layers, the information attenuation eﬀect is accumulated
and gradually inﬂuences the output at the inner area of images.
Denote x[l] (r) as the output of the lth layer at position r. The input layer is
the 0th layer, and x[0] (r) is the original input information of the pixel at r. r = 0
is the pixel located in the central area of an image. The larger r is, the far away
∂x[l] (r)
it is from the center of an image. The partial derivative ∂x
[0] (r) measures the
contribution of x[0] (r) to x[l] (r). It is needed to emphasize that the output and
[l]

(r)
the input are with the same position in above derivation. Furthermore, ∂x∂x
[0] (r−1)
measures the contribution from the adjacent pixel r−1, which is close to the inner
area of the image, to the output x[l] (r). An example of information attenuation
eﬀect in Fig. 1 is provided in Fig. 2(a), where r = 0 is the inner pixel and r = 4
is the boundary pixel. Here, x[0] (r) = 1 for all input pixels. Figure 2(a) shows

[4]
∂x[4] (r)
(r)
∂x[4] (r)
and ∂x∂x
[0] (r−1) with diﬀerent position r. Noted that ∂x[0] (r) |r=4 <
∂x[0] (r)
[4]
∂x[4] (r)
(r)
|
< ∂x
| , which implies that the boundary pixel contributes less
∂x[0] (r) r=3
∂x[0] (r) r=2

values of

information to the output at its corresponding position compared with that of
the inner pixel. The farther away from the central area the pixel is, the more
[4]
(r)
∂x[4] (r)
obvious the phenomenon is. Moreover, ∂x∂x
[0] (r−1) |r=4 > ∂x[0] (r) |r=4 , that means
the pixel r − 1 contributes more information to the output at r compared with
the pixel r. It demonstrates that the phenomenon of contribution deviation, that
is, the central pixel in a convolution operation contributes less information than
that of pixel away from the center.
Furthermore, the inﬂuence of diﬀerent network depths on RF is demonstrated
in Fig. 2(a). Four networks with depth 5, 10, 20, and 40 are employed. The
[l]

∂x (r)
derivation of outputs in RF for the four networks, ∂x
[0] (r) , are computed and
illustrated in Fig. 2(a). The brighter the pixel is, the larger the value is. Noted
the sizes of theoretical RF in the four networks are 11, 21, 41 and 81, which also
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(2, 2)

(1, 1)

(0, 0)
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(a)

(b)

Fig. 2. (a) Demonstration of the information attenuation eﬀect. (b) Contributions of
the given location (red rectangle) on the input to the RF on the output. Demonstration
of contribution deviation for pixels located at three locations.

are the image sizes, when a 3 × 3 convolutional kernel is used, respectively. They
are diﬀerent from each other due to diﬀerent network depth. It can be seen that
the pixels near the boundary of the RF contribute less information to the output
at their corresponding positions compared with pixels in the inner area of the
RF. As the network deepens, this phenomenon is more obvious. That implies
the pixels near the boundary of the RF produce an information attenuation
accumulation eﬀect. Moreover, the information attenuation accumulation eﬀect
is with a tendency to increase outward as the network deepens. However, the
ratio of the inﬂuence area of the information attenuation eﬀect to the size of
the theoretical RF is getting smaller and smaller as the network deepens, which
demonstrates one of the advantages of large RF.
3.2

Contribution Deviation

From Fig. 2(a), it can be seen that

∂x[4] (r)
|
∂x[0] (r) r=4

<

∂x[4] (r)
| .
∂x[0] (r−1) r=4
[4]

It implies the

pixel at r = 4 contributes less information to the output x (4) than the pixel at
r = 3. That means, for the boundary pixel r = 4, the center of its contribution
area deviates to the other location (r = 3). It is inconsistent with the idea of
CNNs, where the pixel located in the center of RF should contribute the most.
Similar to Fig. 2(a), we employ four networks of diﬀerent depths (5, 10, 20, 40)
to illustrate contribution deviation. Figure 2(b) shows the contribution from the
given location (red rectangle) on the input to the output. Here, the experiment
for three locations ((0,0), (1,1), (2,2)) are conducted with four networks of different depths (5, 10, 20, 40). The brightness of a pixel in Fig. 2(b) denotes its
contribution (brighter is larger). It can be seen that when the network depth is
given, the contribution of (0, 0) is shifted farther than that of (1, 1) and (2, 2).
Note that this shortage becomes serious when the network goes deeper, i.e., the
shift of contribution being larger.
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Method
Augmenting Path

In order to minimize information attenuation during the multi-layer convolution
process, we adjust the way of padding in each layer, so that information of the
boundary pixels is transmitted to the padding area of the next layer until it
reaches the output layer.
The key to our method is to propagate the boundary information through an
augmenting path. As shown in Fig. 3, the number of layers in a CNN is l + 1. In
(2n+1)×(2n+1) convolution, our RIAP pads zeros in the following way: 2n zeros
marked by grey circles are padded in one side of the input layer, the 0th layer, and
n augmented pixels, marked by the orange circles, are generated by convolution
in the 1st layer. Next, 2n zeros are padded and followed the augmented pixel
in the 1st layer. Corresponding, 2n augmented pixels are generated in the 2nd
layer. Next, 2n zeros are padded and followed the 2n augmented pixels in the
2nd layer. Then, 3n augmented pixels are generated in the 3rd layer. Next, 2n
zeros are padded and followed the 3n augmented pixels in the 3rd layer, and so
on, until  2l  × n augmented pixels are padded in the  2l th layer. Especially,
th

when l is even, 2l n augmented pixels are padded in the 2l layer. When l is
odd, ( 2l )n augmented pixels are padded in the  2l th layer and the  2l  +
th

1th layer, respectively. Since enough padding data is provided in the 2l layer,
in the following layers, traditional convolutions without padding new data are
performed to produce the ﬁnal output, which is same to the input in size. Noted
that input boundary information is propagated along a path marked by orange,
which is called an augmenting path.
Furthermore, for the pooling layers, the generated feature maps surrounded
by augmented pixels provide enough supplement data, the pooling operation is
performed in a usual way. Next, in the following convolutional layers, traditional
convolutions are performed using padded featured maps, and a similar padding
process is performed until the padding is adequate. To estimate an optimal
number of padding data, a greedy algorithm is performed to supply enough
padding data. For the dilated convolutions, a similar idea can be used.

Fig. 3. Information propagation using RIAP for networks with even (left) and odd
(right) layers respectively.
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Note that the augmented pixel is only a padding pixel, not a neuron, and no
additional neuron is needed in our approach. In fact, the augmented pixel is used
to propagate the information of pixels located on boundaries to the subsequent
layers, and no additional network architecture is needed.
4.2

Validity Proof

In this section, we provide the formal expression of the output for each layer in
a CNN. To simplify the analysis, we focus exclusively on the 1D convolution.
Here, a k layers CNN with 1-D feature map is considered, where the size of the
convolution kernel in each layer is (2n + 1) × (2n + 1).
 Deﬁne the weights of the convolution kernel is w(t), then w(t) =
1, t ∈ [−n, n]
Suppose I(r) is the input data, the input data in the 0th
0, t ∈
/ [−n, n].
layer is,

I(r), r ∈ [−kn, kn]
[0]
x (r) =
(1)
0,
r∈
/ [−kn, kn].
where [−kn, kn] is the range of a theoretical RF in the k th layer of the CNN. The
l

  
output of the l layer is x = x ∗ w ∗ · · · ∗ w . By introducing the augmenting
path, and letting the convolution results be 0 when they are outside the region
of augmented pixels, then
th

x[l] (r) =

[l]

kn+l


[0]

x[l−1] (r − t) · w(t) =

+∞


x[l−1] (r − t) · w(t).

(2)

t=−∞

t=−(kn+l)

The discrete Fourier transform (DFT) is employed to represent w(t) and x[0] (t)
in the frequency space as,
F(w(t)) = W (ω) =

+∞


w(t)e−jωt =

t=−∞
+∞


F(x[0] (t)) = X [0] (ω) =

x[0] (t)e−jωt =

t=−∞

n


e−jωt .

kn


I(t)e−jωt .

(4)

t=−kn

By using the convolution theorem, the DFT of x[k] is
 kn
 n


[k]
[0]
k
−jωt
F(x ) = X (ω) · W (ω) =
I(t)e
e−jωt
·
t=−kn

(3)

t=−n

k

.

(5)

t=−n

Next, x[k] (r) can be obtained by using inverse discrete Fourier transform (IDFT),
 kn
 n
k
π


1
[k]
−jωt
(6)
x (r) =
I(t)e
e−jωt ejωr dω.
·
2π −π
t=−n
t=−kn
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Fig. 4. Elimination of contribution deviation in the RF using RIAP.

∂x[k] (r)
1
=
2π
∂x[0] (r)



π
−π

−jωr

e

·

k

n


−jωt

e

t=−n

1
ejωr dω =
2π

π
−π



n


k
−jωt

e

dω.

t=−n

(7)
It can be seen that

∂x[k] (r)
∂x[0] (r)

is not related to r, which implies each input pixel

contribute equally to the output of the k th layer in CNNs by using our RIAP.
Furthermore, for a given r0 ,
∂x[k] (r0 )
1
=
[k]
2π
∂x (r)

π



−π

kn


[k]

∂r

=−

1
2π



∂x[k] (r0 )
,
∂x[k] (r)



π
−π

e

ejω(r0 −r) dω.

(8)

t=−kn

To estimate the extremum of
calculated as
(r0 )
∂ ∂x
∂x[k] (r)

k
−jωt

jω

kn


the derivation of

∂x[k] (r0 )
∂x[k] (r)

is

k
e−jωt

ejω(r0 −r) dω.

(9)

t=−kn

Considering the arbitrariness of k, only when the integrand is an odd function,
∂x[k] (r0 )
= 0. That is, r = r0 . It implies that the pixel contributing the most in
∂x[k] (r)
the RF is itself by using our RIAP, which solves the contribution deviation issue
in traditional CNNs.

5
5.1

Experiments
Eliminations of Information Attenuation and Contribution
Deviation

In this experiment, four CNNs with 5, 10, 20, and 40 layers are employed. In each
layer of a CNN, a single feature map is generated by using a 3 × 3 convolutional
with weights 1. All input values are random noise with a uniform distribution in
[0, 1], and the size of the input is equal to that of RF (2k + 1) × (2k + 1) in the
output layer, where k is the number of layers. Here, the pooling operation and
the activate function ReLu are not used to focus on comparing the performance
of RIAP in the elimination of information attenuation eﬀect.
∂x[l] (r)
By using RIAP, the derivation of output w.r.t. the original input, ∂x
[0] (r) ,
are calculated. Values

∂x[l] (r)
∂x[0] (r)

using our RIAP are same to each other by using
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RIAP. These experimental results validate the conclusion in Eq. (7), that is, each
pixel in the RF contributes equally to the output by using RIAP. That implies
the pixels near the boundary of the RF contribute equally to the output using
RIAP instead of unequally distribution using zero-padding.
[l]
(r0 )
is calculated for four networks respectively, which
Furthermore, ∂x
∂x[0] (r)
denotes the contribution of all inputs to the output at given a position r0 . Values of the derivation are illustrated in Fig. 4. It can be seen that the impact on
the RF is centered at r0 instead of being shifted to other positions as shown in
Fig. 2(b).

Fig. 5. Comparison of outputs of CNNs using zero-padding and using RIAP, respectively. The two sub-ﬁgures on the left show two outputs using zero-padding (left) and
using RIAP (right). The two sub-ﬁgures on the right show these outputs projected
onto the x-z plane.

5.2

Information Preservation

The characteristics of RIAP in preserving information of all inputs in the RF are
validated in this experiment. We design a model to validate it in an unsupervised
manner. We are considering a CNN with k layers all using 3× 3 convolution with
weights 1. Here, non-linear functions and biases are not used in the CNN. The
input images are the same as the ones in Sect. 5.1. We set the ground truth as an
image with all pixel intensities 0 except the central pixel intensity 1. Randomly
generated images are used to train the network, and the mean square error
(MSE) is used to be the loss function.
The reason why such a model is designed is explained as follows: it is supposed the mathematical operations of all convolutions on each pixel is fair; it
is impossible to generate an output with signiﬁcant value at the center of the
output image due to the uniformly distributed noise input. For a uniformly
distributed input, the network output is expected to be distributed uniformly
due to the fairness of the convolution operations. This characteristic is called
information preservation in this paper. Based on this assumption, the model
we designed is theoretically unlearnable; that is, the loss function cannot converge. However, by using the traditional zero padding, due to the approximate
Gaussian distributed EFRs, the information of boundary pixels is attenuated
generally, and the network is converged and generates an output similar to a
Gaussian function. Figure 5 shows outputs of networks with k = 5 layers using
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zero-padding and RIAP, respectively. It is noted that by using RIAP, the output
is more similar to the input, an uniformly distributed noise image, than the one
using zero-padding. Especially, the boundary parts of the output using RIAP
rise more quickly than using zero-padding. That implies the input information
is distorted by zero-padding, while it is preserved better by using RIAP.
5.3

Segmentation of Glomerular Microscopic Images

In this experiment, we compare the performance of CNNs using zero-padding
with using RIAP for the glomerulus segmentation task. Microscopic images of the
glomerulus are commonly used to diagnose kidney diseases. Histological staining
is commonly used in microscopic images of the glomerulus. Due to the variations
in staining methods, signiﬁcant glomeruli diﬀerences exist regarding color, shape,
and texture among diﬀerent whole slide images, making it challenging to segment glomerulus accurately. The whole slide images of glomeruli are generally
large in size. Correspondingly, these images are divided into small patches, and
each patch is segmented separately. During this process, it is inevitable that a
whole glomerulus is cut into fragments located on the boundaries of images. To
cope with this issue, the U-Net and U-Net SVC with RIAP are employed to
be a network to segment glomeruli, especially for these objects located on the
boundaries of images.
Table 1. The dice metric of segmentation results using the U-Net and the U-Net SVC
with zero-padding and with RIAP. “ Zero” and “ RIAP” represent zero-padding and
RIAP, respectively, with optimal results in bold.
Test image U-Net Zero U-Net RIAP U-Net SVC Zero U-Net SVC RIAP
1
2
3
4
5

87.2%
86.2%
89.4%
89.4%
89.2%

88.8%
88.9%
89.3%
89.4%
89.6%

88.3%

88.8%

86.73%

86.69%

88.87%

89.23%

Average

88.28%

89.20%

87.97%

88.24%

FLOPs

63G

70G

66G

72G

We conduct the experiment on the HuBMAP kidney dataset that includes 20
samples, each of which is composed of PAS kidney images and glomeruli FTU
annotation. The images are high-resolution. For example, the smallest one is
14844 × 31262. From the dataset, there are 15 samples shared with annotation
for training, and the annotation of the other ﬁve samples is inaccessible. We
randomly select 12 images from the training set to train the network, and the rest
three images are used as the validation set to choose the best-trained model. Each
image is evenly separated into small patches without the overlay. The resolution
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of each patch is 512 × 512. The dice is used as the measurement metric. Totally,
we using ﬁve-fold cross-validation to evaluate our method on the test set. We
use U-Net, U-Net SVC and employ zero-padding, RIAP to perform glomerulus
segmentation.
The CNN is evaluated using the dice metric, as listed in Table 1, which shows
the advantage of RIAP in glomerular microscopic image segmentation applications. It can be seen that the performances of U-Net and U-Net SVC with RIAP
have been improved compared with these with zero-padding. The improvement
indicates that more eﬀective feature maps can be obtained by transmitting original input information, and more accurate segmentation results can be achieved
in real applications. RIAP is eﬀective because the objects on our training dataset
and test dataset are possibly located on the boundary of images.

Fig. 6. Comparison of segmentation results using the U-Net with zero-padding (up)
and the U-Net with RIAP (down) on the HuBMAP test set.

Segmentation examples are shown in Fig. 6. Noted the U-Net with RIAP
predicts glomeruli located on the boundary of images more accurately than the
U-Net with zero-padding, which illustrates advantages of RIAP in the improvement of object segmentation on the boundary of images. Moreover, we randomly
select a patch from validation images and shift the selection region along the x
100

Dice (%)

95

90

85

RIAP

zero-padding
80
0

40

80

120

160

Shift (number of pixels)

Fig. 7. The average dice of patches with diﬀerent shifting oﬀset. Note that the shift
direction is horizontal.
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direction to obtain patches containing glomeruli located at various positions in
the image. These patches are input to the U-Net with zero-padding and the
U-Net with RIAP networks to predict glomeruli. This experiment is repeated
ten times to obtain the average dice of patches with the same shifting oﬀset.
Figure 7 shows the average dice of patches with diﬀerent shifting oﬀset. It can
be seen that the segmentation accuracy of the U-Net with RIAP is more robust
to object shifting compared with the U-Net with zero-padding.

6

Conclusion

In this paper, we propose a method, RIAP, to retransmit information of boundary pixels via augmenting path to make the impact of the RF uniform. Through
our method, all pixels’ information can be eﬀectively propagated instead of being
lost using zero-padding. We analyze the performance of RIAP in theory and
evaluate it in the glomerular microscopic image segmentation task. Experimental results show that our RIAP achieves better performance than traditional
padding schemes.
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Abstract. The technique of curriculum learning mimics cognitive
mechanisms observed in human learning, where simpler concepts are
presented prior to gradual introduction of more diﬃcult concepts. Until
now, the major obstacle for curriculum methods was the lack of a reliable method for estimating the diﬃculty of training instances. In this
paper we show that, instead of trying to assess the diﬃculty of learning
instances, a simple graph-based method of computing the typicality of
instances can be used in conjunction with curriculum methods. We design
new batch schedulers which organize ordered instances into batches of
varying size and learning diﬃculty. Our method does not require any
changes to the architecture of trained models, we improve the training
merely by manipulating the order and frequency of instance presentation
to the model.

Keywords: Curriculum learning

1

· Typicality · Batch training

Introduction

Although the analogy between biological neurons and their artiﬁcial counterparts
is superﬁcial, scientists still draw inspiration from human cognitive processes
to introduce new mechanisms into the learning process. Imitating concepts of
human cognition can be beneﬁcial. Still, we seem to reject some of the essential
approaches from psychology and cognition science when teaching models. Concepts that humans learn at particular stages of their lives are carefully arranged
by experts into a curriculum, where the order of learned concepts is crucial for
the entire process. The diﬃculty of tasks set for students is adapted to their
maturity, and it gradually increases with their age. On the contrary, a typical
assumption in machine learning is that diﬃculty is uniformly distributed across
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decision no. 2016/23/B/ST6/03962.
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all instances in the training set. Currently, the dominant approach in gradientbased optimization is stochastic gradient descent and mini-batch stochastic gradient descent [15]. As the name “stochastic” suggests, randomly chosen instances
are presented to the neural network. A common practice is also to randomly
shuﬄe instances between training epochs.
Several previous works proposed to use curriculum learning, i.e., to deliberately manipulate the order in which instances are presented to the neural network
to improve generalization capabilities of the model [7–9]. The rationale behind
this approach is to present “simpler” instances ﬁrst to allow the model to gain
general understanding of the relationship between input features and class labels,
and then gradually progress to more “complex” instances, where this relationship might be less straightforward. More “complex” instances might represent
outliers, instances close to the decision boundary, atypical examples, measurement or annotation errors, etc. The main problem of curriculum learning is the
assessment of the diﬃculty of each training instance. Several proposals have
been formulated in the past, including measuring prediction error rates across
diﬀerent classes, using errors of surrogate models, and many more. This work
introduces a diﬀerent approach to the curriculum learning. Rather than assessing the diﬃculty of an instance, we use the typicality of each instance as the
criterion for ordering instances in the training set. A typical instance is a genuine representative of its class and has typical features and feature interactions
for its class.
The original contribution of this paper is as follows:
– We introduce a simple graph-based algorithm for evaluating the typicality of
each instance in the training set.
– We design three criteria which can be used to compute the typicality of each
instance from the instance similarity graph.
– We develop four new scheduling strategies for curriculum learning and verify
them experimentally.

2

Related Work

The ﬁrst idea of learning a model with a curriculum comes from [3]. Elman
proposed an approach inspired by the human cognitive process, called “starting
small strategy”. The motivation behind this strategy was Elman’s failure with
teaching neural network grammar concepts by training on a dataset consisting of
compound sentences. To test his theory, Elman developed two methods of learning grammar rules: the incremental input method and the incremental memory method. The ﬁrst method varied the percentage of simple and compound
sentences used during training, while the second method constrained model’s
capacity in early phases of the training. Elman noticed that “result contrasts
strikingly with the earlier failure of the network to learn when the full corpus
was presented at the outset” [3].
After over 15 years, Bengio et al. decided to revisit Elman’s approach and
answer the question “when and why ’starting small’ strategy can beneﬁt machine
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learning algorithms” [1]. They formalized Elman’s approach of starting training
on easy examples ﬁrst and then gradually introducing more complex examples
during training, and named it curriculum learning. Bengio et al. showed the
general concept of using only easy examples towards better generalization using
two learners: a pair of Support Vector Machine models and a perceptron trained
on increasingly noisy data. The diﬃculty of examples has been estimated using
a Bayesian classiﬁer.
These results have been conﬁrmed by several followup studies [7,9,10],
proposing various modiﬁcations and applications of the curriculum learning approach. [9] presented the self-paced curriculum learning (SPCL), a combination
of self-paced learning (SPL) and curriculum learning (CL). The authors proved
that their method outperforms self-paced learning and curriculum learning used
separately, as measured by the root mean squared error (RMSE) and the mean
absolute error (MAE) metrics. The conclusion is that both the prior knowledge
and the learners capacity are important in the learning process, and together they
give better performance than SPL and CL used separately. Various curriculuminspired methods have been proposed for reinforcement learning [4] computer
vision [6,11], or multi-task learning [14].
The main diﬀerence between previous approaches to curriculum learning and
the approach advocated in this paper is the method of constructing the curriculum. Our sorting function is built on a graph-based instance weighting algorithm.
Nodes in this graph represent instances while edge weights represent similarities
between instances. For each node from the graph, a centrality metric is calculated
and used as the sorting criterion in curriculum creation.

3

Instance Typicality

Deﬁning the diﬃculty of a training instance is hard and it requires several additional assumptions on how to assess this measure. We propose to use instance
typicality instead of diﬃculty, since it can be easily deﬁned and does not require
any hyper-parameters to be set. Intuitively, an instance is typical if it is similar to many instances of the same class. In other words, a typical instance is a
good representative of its class. An instance is atypical if it is similar to many
instances of other classes, so features of an atypical instance do not provide reliable information about the properties of the class. If an instance is not similar to
other instances, irrespective of their class assignment, such instance is of limited
importance to the training process since it does not contribute to the generalization capabilities of the learned model. We refer to such instances as nonaligned.
Thus, our method tries to build a curriculum of training instances, starting from
the most typical instances, then proceeding to nonaligned instances, to ﬁnish
with atypical instances. The main idea is to focus most of the learning process
on typical instances and downplay the importance of atypical instances, either
by varying the number of repetitions of subsequent batches, or by manipulating
the learning rate for diﬀerent types of instances.
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Instance Similarity Graph

Our method works provided that there is a function sim(xi , xj ) which computes
the similarity between instances. The choice of a particular similarity function
is irrelevant from the point of view of the procedure. Let C = {c1 , c2 , . . . , ck } be
the set of classes, and X = {x1 , . . . , xn } be the set of instances. Let yi be the
label associated with the i-th instance. Let
n−1
n
 
2
sim =
sim(xi , xj )
n(n + 1) i=1 j=i+1

be the average instance similarity. Then the instance similarity graph is deﬁned
as a pair X, E, where X is a set of nodes (and each node represents a single
training instance), and E = {(xi , xj ) : xi , xj ∈ X ∧ sim(xi , xj ) ≥ sim} is the set
of edges. An edge exists if and only if the similarity between instances is greater
than the average instance similarity.
3.2

Instance Typicality Measures

To measure the typicality of each instance we use the topology of the instance
similarity graph. We compute three centrality indexes and treat them as proxies
for instance typicality. Below we present these centrality indexes and rationale
behind using them to represent instance typicality.
Degree Centrality. The degree centrality of an instance xi is the number of instances adjacent to xi in the instance similarity graph. Formally,
CD (xi ) = |{xj : (xi , xj ) ∈ E}|. Degree centrality captures the overall typicality of each instance by promoting in the curriculum instances that are similar
to many other instances. Thus, training the model on these instances allows to
generalize the model and cover many training instances with one selected prototype. The main drawback of degree centrality is the fact that it does not consider
class assignments at all. So, ranking built on degree centrality would include an
instance that is very similar to many instances belonging to other classes. We
will refer to a curriculum built using this instance typicality measure as a degree
curriculum.
Entropy Centrality. Next we introduce the entropy centrality. We use classical
Shannon’s information entropy [16] to measure the homogeneity of class assignments of a given instance nearest neighborhood. Let N (xi ) = {xj : (xi , xj ) ∈ E}
be the nearest neighborhood of xi . The probability of ﬁnding class cl in N (xi )
is given by:
p(cl , xi ) =

|{xj ∈ N (xi ) : yj = cl }|
|N (xi )|

The entropy centrality of an instance xi is simply the entropy of
the distribution of classes in the nearest neighborhood of x: CE (xi ) =
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− l p(cl , xi ) ln p(cl , xi ). Unfortunately, this formulation of the centrality index
does not safeguard against picking very atypical instances early in the curriculum, for the same reason as the degree centrality. An instance connected only to
instances of the opposite class will have zero entropy, despite being a very poor
representative of its class. To circumvent this problem we have to modify the
entropy centrality formula. Let c∗ (xi ) = arg maxkp(ck , xi ) be the majority class
in the nearest neighborhood of xi . We can deﬁne auxiliary function

+1 if c∗ (xi ) = yi
I(xi ) =
−1 otherwise
which indicates if the class of the instance x is the same as the majority class
in its nearest neighborhood. We deﬁne the class-adjusted entropy centrality as
i)
follows: CA (xi ) = CEI(x
(xi )+1 . According to this formulation, the class-adjusted
entropy of xi is minimized when all instances in the nearest neighborhood of
xi belong to the same class as xi , and maximized when they belong to the
opposite class. Still, this solution has a drawback: the formula does not consider
the cardinality of neighborhoods of instances. We will refer to a curriculum built
using this instance typicality measure as an entropy curriculum.
Degree-Adjusted Entropy Centrality. In order to solve the above problem
we also experiment with a simple heuristic which combines both degree centrality and entropy centrality. The degree-adjusted entropy centrality is given by:
CDE (xi ) = |{xj ∈ N (xi ) : yj = yi }| − CA (xi )|N (xi )|. This formula takes into
account both the homogeneity of the nearest neighborhood of an instance and
its size. We will refer to a curriculum built using this instance typicality measure
as an degree-adjusted entropy curriculum.

4

Batch Schedulers

The ordering of instances does not constitute an eﬀective learning method in
itself. Learning method must deﬁne the frequency of repetitions (how often
a given instance is presented to the model), the size of batches (how many
instances are presented during a single iteration of the learning process), and
the values of model hyperparameters used during learning. In this section we
present four scheduling algorithms which vary batch sizes, and batch repetition
strategies. The rationale behind all four scheduling algorithms is to consolidate
the knowledge acquired by the model in early stages of learning (when the model
is presented with typical instances), with the hope that it will eventually lead
to better generalization of the model and faster convergence.
Ordered Gradient Descent. In traditional stochastic gradient descent the
evaluation of the loss function and the updating of model parameters are performed for every single instance in the training set. Instances are randomly shufﬂed and read sequentially, and the true gradient of the loss function is approximated by a gradient at a single instance. The ordered gradient descent method
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(a) ordered gradient descent

(b) mini batch

(c) batch repetition

(d) repeat until remember

Fig. 1. Batch schedulers.

uses this mechanism, but instead of randomly shuﬄing the training set, it uses
the curriculum of instances computed by a selected instance typicality measure
(Sec. 3.2). Figure 1a depicts ordered gradient descent scheduler.
Mini-Batch. The approximation of the “true” gradient of the entire training
set by a single instance is, by deﬁnition, prone to noise and outliers, but using
the entire training set is usually computationally unfeasible. A reasonable compromise is to divide the training set into batches of ﬁxed size and approximate
the gradient of the loss function by the average gradient computed from the
batch. This method of optimization is commonly referred to as the mini-batch.
We slightly modify this procedure by ensuring that in each training epoch the
ordering of instances in the training set is preserved and reﬂects the selected
instance typicality measure. The size of each batch is the hyper-parameter of
the method. The mini-batch scheduler is presented in Fig. 1b.
Batch Repetition. During training subsequent iterations may, to some extent,
override prior knowledge encoded in parameters. Very speciﬁc, rare instances,
may skew gradient approximation and adversely aﬀect the generalization properties of the model. In order to prevent such inﬂuence, the model should master
the most typical instances in the ﬁrst place, and only then try to learn from more
atypical and diﬃcult instances. The batch repetition method tries to minimize
the negative impact of atypical examples by forcing the model to the area of
the parameter space deﬁned by the most typical instances. The training set is
divided into batches of a ﬁxed size exactly as in the mini-batch method, using a
selected instance typicality measure. The learning starts with repeating the ﬁrst
batch j times. After that, the next batch is repeated j times. The epoch ends
when all batches have been processed. The ordering of instances is preserved
between epochs. The method is illustrated in Fig. 1c.
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Table 1. Dataset statistics.
Dataset
Audiology
Breast cancer

Instances Attributes Types
200

69

Categorical

569

5

Numerical

1728

21

Categorical

Credit screening

690

15

Mixed

Diagnosis

120

6

Hepatitis

155

19

Cars

Mixed
Categorical

Horse colic

300

26

Mixed

House votes

435

16

Categorical

Parkinson

195

22

Numerical

Repeat Until Remember. The fourth scheduler is inspired by the studies of
Hermann Ebbinghaus, a German psychologist most famous due to his research
on human memory retention over time, which resulted in the discovery of the
forgetting curve [2] and the concept of spaced repetition. Spaced repetition is
a mnemonic technique which consists in periodically refreshing newly acquired
knowledge in order to retain information for a longer period of time. With each
repetition the interval is extended, and, eventually, the information is permanently remembered. We incorporate the concept of spaced repetitions into the
training process by introducing the repeat until remember (RuR) scheduler. The
training set is divided into batches of gradually increasing size, each batch consists of m most typical instances (selected from the curriculum deﬁned by the
selected instance typicality measurement), and a growing number of less typical
instances. Subsequent batches add r previously unseen instances from the curriculum, so that the ﬁrst batch contains m instances, the second batch contains
m + r instances, the third batch contains m + 2r instances, and so on. Final
batch contains all n instances. The ordering of instances is preserved between
epochs. The method is illustrated in Fig. 1d.

5

Experimental Setup

Experiments are conducted on a machine equipped with NVIDIA Tesla K80
GPU. Implementation of all learning methods is written in Python3 using Keras
library. Experiments were carried out on 9 popular data sets from the UCI
Machine Learning Repository (Table 1).
Hypotheses. Prior to conducting experiments we formulate the following
research hypotheses:
– H1: A model trained with a curriculum performs better than a model trained
without a curriculum.
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– H2: A model trained with the ordered gradient descent method performs
better than the baseline model
– H3: A model trained with the batch repetition method performs better than
the baseline model
– H4: A model trained with the repeat until remember method performs better
than the baseline model
These hypotheses surmise that a model trained using curriculum methods,
while the architecture of a neural network remains unchanged, achieves higher
accuracy than the baseline model and converges faster.
Hyper-Parameters. In order to avoid the presentation of over-optimistic
results we have decided to refrain from hyper-parameter tuning for each dataset,
but instead, to ﬁx hyper-parameters for all datasets. In all experiments the Adam
optimizer is applied to the same architecture of a feed-forward network. The ﬁrst
layer contains k inputs, where k is the number of features. The second layer is an
output layer. For binary classiﬁcation task the last layer contains only one node
with the sigmoid activation function. For multi-label classiﬁcation the ﬁnal layer
contains as many nodes as the number of classes and the label is determined by
a softmax function. Detailed hyper-parameter values are presented in Table 2.
The baseline is a neural network model with identical architecture as the
curriculum models, but trained with batches of random training instances. In
addition, shuﬄing of instances between training epochs is applied. The batch
size for the baseline method is set to 32, and training is performed for 50 epochs
with Adam optimizer and learning rate set to 0.001. The same parameters are
set for the curriculum methods, unless the algorithm requires parameters to be
changed. The batch size for the ordered gradient descent OGD method is set
to 1. The mini-batch method diﬀers from the baseline method only in the order
of training instances. For the batch repetition method each batch is repeated 4
times. The RuR method starts with 32-instance batch and with each iteration
4 consecutive instances are added. It is worth noticing that 32 most typical
instances are examined in every iteration, while the four least typical instances
are presented to the neural network only 50 times. In each run of the experiment
instances are randomly split into training and validation sets to avoid bias of
particularly unfavorable or favorable splits. The validation set contains 33% of
all instances in the dataset.

6

Results

The key metric used in the experiments is the validation set accuracy. When
validating hypotheses H1 through H4 we always create a similar set of groups
of experimental results for the Friedman [5] and Nemenyi [13] tests: the baseline,
the scheduler with degree curriculum, the scheduler with entropy curriculum, and
the scheduler with degree-adjusted entropy curriculum.
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Table 2. Hyper-parameters.
Method

Batch
size

Epochs Batch
Batch
Epoch
interval increase increase

Baseline

32

50

1

0

1

Ordered SGD 1

50

1

0

1

Mini-batch

32

50

1

0

1

Batch rep.

32

50

4

0

1

RuR

var

50

1

4

1

LR decay

8

20

1

0

2

Table 3. Mini-batch post hoc.
A

B

Table 4. Mini-batch ranks.
A

B

C

D

C

D

0.0010

0.0503

A −1 163 163 150

B 0.0010

−1.0000 0.9000

0.1586

B 95

−1 130 110

C 0.0010

0.9000

−1.0000 0.2980

C 98

130 −1 117

A −1.0000 0.0010

D 0.0503

0.1586

0.2980

−1.0000

D 110 148 138 −1

Mini-Batch Scheduling. Our ﬁrst experiment tests Hypothesis H1. We verify if curriculum learning alone, without dedicated batch schedulers, is able to
improve the training. To answer this question we compare the baseline method
to the mini-batch (MB) method, noting, that these two methods diﬀer only in
the order of training instances, with all other hyper-parameters being the same.
The null hypothesis states that there is no observable diﬀerence between the
groups. The signiﬁcance level of the Friedman test is set to α = 0.05, and the
test yields the p-value of 3.78e−6, which allows us to reject the null hypothesis.
Subsequently, we conduct the post-hoc analysis with the same signiﬁcance level.
Table 3 presents the results of the Nemenyi pairwise comparison: (A) baseline
method (B) MB with degree curriculum (C) MB with entropy curriculum (D)
MB with degree-adjusted entropy curriculum.
P-values in Table 3 indicate that there is a statistically signiﬁcant diﬀerence
between the baseline method and the mini-batch method with degree curriculum
or entropy curriculum. The test does not detect a statistically signiﬁcant diﬀerence between the baseline method and the mini-batch method with a degreeadjusted entropy curriculum. Pairwise comparisons only inform us of the diﬀerence, but not of the direction of diﬀerence, thus we follow with rank comparisons
between groups. Table 4 presents the results. The baseline method is better than
the mini-batch with degree curriculum in 163 comparisons (experiments), and
is inferior in 95 comparisons. Since the Friedman test has shown that baseline
and mini-batch with degree curriculum diﬀer signiﬁcantly, and the former outperforms the later more frequently, we can conclude that the baseline method
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Table 5. Baseline vs OGD. Table 6. Baseline vs BR.
A

B

A −1 89

C

D

112 112

A

B

A −1 99

C

D

102 94

Table 7. Baseline vs RuR.
B

C

D

A −1 66

A

86

82

B 173 −1 150 143

B 163 −1 130 113

B 196 −1 134 129

C 146 105 −1 122

C 161 128 −1 112

C 181 119 −1 126

D 148 103 131 −1

D 169 143 145 −1

D 179 128 133 −1

performs better than pure curriculum-based methods. Based on the results presented in Table 4 we reject Hypothesis H1.
Ordered Gradient Descent Scheduling. Our next experiment tries to verify
if combining curriculum learning with ordered gradient descent (OGD) is beneﬁcial for training performance. As always, the null hypothesis states that there is
no statistically signiﬁcant diﬀerence between the groups. The p-value yielded by
the Friedman test is 1.18e−6, so we conﬁdently reject the null hypothesis. Due
to space limitations from now on we will present only the results of rank comparisons, without p-values from pairwise comparisons. Table 5 shows the performance of curriculum learning supplemented with ordered gradient descent:
(A) baseline method (B) OGD with degree curriculum (C) OGD with entropy
curriculum (D) OGD with degree-adjusted entropy curriculum. Every method
using ordered gradient descent with curriculum learning performs better than
the baseline method. Again, in each experiment the baseline method shares all
hyperparameters with the OGD, with the exception of the ordering of training instances, so this ordering is the only factor inﬂuencing the performance of
the model. Based on the results presented in Table 5 we accept Hypothesis H2
that combining curriculum learning with ordered gradient descent improves the
performance of the trained model.
Batch Repetition Scheduling. Hypothesis H3 states that combining curriculum learning with batch repetition (BR) improves the performance of the
model. The null hypothesis states that batch repetition does not inﬂuence the
performance of the model. The Friedman test yields the p-value of 18e−6, which
allows us to safely reject the null hypothesis. The Nemenyi test yield p-values
below the signiﬁcance level for pairwise comparison of the baseline with all batch
repetition methods, and p-values above the signiﬁcance level for pairwise comparisons between batch repetition methods (so there is no observable diﬀerence
in performance between them). Thus, we conclude that the observed result is
due to the batch repetition method rather than a particular curriculum used
in the training process. Table 6 presents rank comparisons of evaluated methods: (A) baseline method (B) BR with degree curriculum (C) BR with entropy
curriculum (D) BR with degree-adjusted entropy curriculum. As in the previous section, every method using the batch repetition combined with curriculum
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learning outperforms the baseline method. Evaluated methods share all hyperparameters, the only diﬀerence is in the ordering of instances in the training set
and the fact that subsequent batches are presented to the model multiple times.
The results presented in Table 6 allow us to accept Hypothesis H3 which states
that the mini-batch method improves the performance of the model.
Repeat Until Remember Scheduling. According to Hypothesis H4, using
curriculum learning with the repeat until remember (RuR) scheduling improves
the ability of the model to generalize. The null hypothesis states that there is no
diﬀerence observable between the groups. The Friedman test yields the p-value
of 1e−17, so we conﬁdently reject the null hypothesis. The Nemenyi test yields
p-values below the signiﬁcance level for all pairwise comparisons of the baseline
method with the repeat until remember (RuR) methods, and the p-values above
the signiﬁcance level for all pairwise comparisons between RuR methods, so, similarly to the batch repetition case, we attribute the observed diﬀerences to the
RuR method rather than the particular curriculum. Table 7 presents the results
of pairwise comparisons: (A) baseline method (B) RuR with degree curriculum
(C) RuR with entropy curriculum (D) RuR with degree-adjusted entropy curriculum. The above results clearly show that the repeat until remember method
outperforms the baseline method, independent of the curriculum used during
training. The baseline method uses traditional mini-batches and the RuR method
uses batches of increasing sizes, so the comparison of two approaches is not as
straightforward as in the case of other methods. Nevertheless, based on presented
evidence we accept Hypothesis H4 that the repeat until remember mechanism
improves the performance of the model.

7

Conclusions

This paper introduces a novel approach to curriculum learning. We advocate the
use of instance typicality rather than instance diﬃculty when constructing the
curriculum. The following observations can be made with respect to proposed
curricula and cognitively-motivated training schedulers introduced in this paper:
– Changing only the order of training instances does not have a positive eﬀect
on model performance.
– The results of the ordered gradient descent method are better than the baseline method results. The reason for the OGD success is probably that the
batch is extremely small and the backpropagation procedure is more frequent
than in the mini-batch method.
– The batch repetition method outperforms the baseline method for all curricula. Confronting the results of batch repetition with the results of the
mini-batch method we ﬁnd that changing diﬃculty level too soon (keeping
the same level of diﬃculty only for one iteration) can lead to worse model generalization ability, while ﬁnding a ﬁne balance between the time that same
level of diﬃculty is kept and introducing new instances can lead to better
generalization.
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– Repeat until remember method turns out to be the best of the examined
methods. Constant repetition of the most typical instances throughout training seems to be an eﬃcacious practice to improve model performance.
We show that the order of instances is not the only aspect that matters when
constructing the curriculum. The arrangement of batches and epochs also has a
signiﬁcant impact on model performance. There are several avenues for future
work, including introducing diﬀerent centrality metrics and adopting them in
the schedulers, but extending the RuR method is probably the most promising
one. The RuR method can be extended to adapt to the learner and develop
more ﬂexible intervals between repetitions using a form of the student-teacher
learning paradigm [12,17].
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Person Re-identification

Interesting Receptive Region and Feature
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Abstract. Partial person ReID tasks have become a research focus recently for it
is challenging but significant in practical applications. The major difficulty within
partial person ReID is that only incomplete and even noisy person features are
available for extraction and matching, which puts forward higher requirement
to model robustness. To settle down this problem, our paper proposes a novel
IRRFE-ReID model, which includes two major innovations, the interesting receptive region selection module and the feature excitation module. The former module
can adaptively select the region of interest from original image while the latter one
is applied to distinguish representative person features and weight them during
matching. Proven by ablation analysis, these two modules are embeddable and
considerably conducive for partial person ReID tasks. Additionally, our IRRFEReID model achieves the state-of-the-art performance in two mainstream partial
person datasets, PartialReID and PartialiLids, with its Rank1 reaching 85.7% and
74.8% respectively.
Keywords: Partial person re-identification · Interesting receptive region ·
Feature excitation

1 Introduction
Person re-identification (ReID) aims to retrieve the person of interest across cameras
views at different locations and times [1]. This technology has attracted increasing attention recently due to its large potential in non-cooperative video surveillance, smart city
and so on [2]. According to the application scenarios of the ReID task, it can be typically classified into image based ReID and video based ReID [3]. In this paper, the
image based ReID will be mainly discussed.
Since image based ReID task can hardly apply adjacent frames’ information to assist
person retrieval [4], it requires a more accurate and robust person feature extraction network. Recently, lots of researches have focused on this area: Cai [5] applied body part
masks to guide the training of corresponding attention; Zhang [6] and Jin [7] worked
on using semantic information of person to assist ReID; He [8] adopted multiple training tricks for cross-domain ReID, which improve the model robustness. Though these
researches have made great progress in holistic person ReID datasets like Market1501,
DukeMTMC-ReID, the research of ReID tasks in partial person datasets, like PartialReID and PartialiLids, is still limited [9–12]. However, for real world ReID tasks, the
© Springer Nature Switzerland AG 2021
I. Farkaš et al. (Eds.): ICANN 2021, LNCS 12894, pp. 295–307, 2021.
https://doi.org/10.1007/978-3-030-86380-7_24
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partial or occluded persons commonly exist, and they tend to be fairly challenging to
existing feature extraction and ReID algorithms [11, 13].

(a) PartialReID

(b) PartialiLids

Fig. 1. Typical probe images in two partial datasets. In model test mode, we will use these partial
person images to match their corresponding holistic person images in gallery.

For partial person datasets (shown in Fig. 1), the key challenge lies in only incomplete or even noisy information of target persons is available [13]. This will potentially
render the matching results less satisfactory if the trained neural network is not robust
enough. In order to improve this situation, researchers have tried various methods: Adam
[14, 15] proposed the compositional convolutional neural networks to localize the occlusion and subsequently emphasize on the non-occluded parts for further network inference; Luo [13] designed a spatial transformer network (STN) to extract semantic features
from holistic person image, and then compared them with partial images; Wang [9] proposed a skeleton based higher-order feature extraction, fusion and matching model.
These methods can be typically classified into two categories: the first one is to localize
the occlusions and partial parts through deep convolutional neural network (DCNN)
[16] or other geometric methods [14, 15], then the ReID models can focus on the nonoccluded and holistic parts for feature extraction and matching. The other category is to
extract the semantic based, key-points based or skeleton based features from the partial
images, and subsequently those local features are used to compare with gallery images
[9, 13, 17, 18]. Instead of using global features for comparison, local features contain less
occlusion noise and can improve the model performance. The abovementioned methods
all can minimize the negative influences brought by occlusion and partial problems, thus
considerably improving the performance in partial datasets.
However, abovementioned methods all neglect to adaptively discriminate meaningful
regions and person features, resulting in their performances in partial datasets are still far
from satisfactory compared with them in holistic datasets. With the SOTA ReID models
can achieve 90% or higher Rank1 in mainstream holistic datasets [8, 19–22], while the
SOTA partial ReID models barely get around 80% Rank1 [9, 23, 24]. This dramatically
limits the wide applications of ReID in real-world scenarios.
In this paper, we innovatively propose two embeddable modules for discriminative feature extraction. The first module is interesting receptive region (IRR) selection
algorithm, which would adaptively reevaluate the person images and select the region
of interest (RoI) for further neural network inference. The second module is feature
excitation, which can help the network attach greater importance on the discriminative
local features. These two modules and their effects will be detailedly discussed in the
following paper.

Interesting Receptive Region and Feature Excitation
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The main contributions of our paper are summarized as follows:
1. We propose an IRR selection algorithm, which can be applied to preprocess the
person images to obtain the RoI. Using the RoI instead of the original image for
person feature extraction could significantly reduce the occlusion and partial caused
noise, thus improving model robustness. This module can also be embedded into
other ReID models to reduce image noise.
2. We propose a feature excitation algorithm, which can be used to weight the important
features during neural network inference, thus making the output person features
more discriminative. Additionally, this module is also embeddable.
3. We propose an interesting receptive region and feature excitation ReID model
(IRRFE-ReID). To the best of our knowledge, this model achieves the state-ofthe-art performance in two partial ReID datasets, with its Rank1 reaching 85.7% in
PartialReID and 74.8% in PartialiLids.

2 Related Works
2.1 Person Re-identification
Person re-identification [1, 3, 25, 26] has been studied extensively in recent years. Its
main function is to find all target persons across cameras views at different locations and
times [1], which would be fairly promising in non-cooperative video surveillance.
Typical person ReID can be classified into hand-crafted descriptor method [27–29]
and deep learning method [13, 19]. The first method uses descriptors to interpret person
images and match the same person, while the second method will mainly apply neural
network and metric learning to extract person features and compare them.
Although great progress has been made in person ReID recently, it is still under
development since there are lots of challenges restricting its applications in real world
scenarios, like different person poses, partial and occlusion problems and so on [9].
2.2 Partial/Occluded Person Re-identification
Partial and occluded person ReID [23] is one of the major obstacles of the wide applications of person ReID in real world scenarios. It uses partial or occluded person images
as probe, and finds the images of same person in gallery. Since there is noise and incomplete information within probe images, the traditional holistic ReID models achieve less
satisfactory results.
Recently, researchers started to extract more discriminative features from person
images to improve the robustness of ReID models under partial and occlusion scenarios. There are two typical methods to achieve this: the first method applies occlusion
detection to minimize the influence of noisy areas [14–16]; and the second method
extracts skeleton, key-points or semantic features of target person as local features
[9, 13, 17, 18], and then matches images based on local feature alignment. Both methods
could enhance the discriminability of extracted features, thereby improving the robustness and effectiveness of partial ReID models. However, the results in partial datasets are
still unsatisfactory and subtler and more distinguishable features from partial persons
need to be extracted.
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3 Methods
In this section, we will illustrate our proposed IRRFE-ReID model. Shown in Fig. 2,
our model mainly includes an interesting receptive region (IRR) selection algorithm to
adaptively choose the region of interest (RoI), a feature excitation model to distinguish
and weight the discriminative features, a skeleton model to extract semantic features
[9, 30, 31], and a graph matching model to robustly compare person features [32–34].

Fig. 2. The framework of IRRFE-ReID. Four major parts are included: an IRR selection
algorithm; a feature excitation model; a skeleton model and a graph matching model.

3.1 Interesting Receptive Region Selection Model
The purpose of applying IRR selection before deep-network feature extraction is to
aggregate meaningful information within original images. It can help deep convolutional
neural network (DCNN) focus on the informative regions, so the quality and effectiveness
of extracted features can be considerably improved. Besides, this module will only be
applied in training mode to guide the other modules, thus not negatively influencing the
speed of model inference during testing and application mode.

Fig. 3. The mechanism and implementation method of IRR (Color figure online).
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The mechanism and implementation method of IRR is shown in Fig. 3. Firstly, given
a person image, its shallow-network feature vector (C*H*W) is retrieved. Subsequently,
we will find the most interesting point (point with the largest feature value) in each
channel (Eq. (1)), and then obtain the point list of interesting region in all channels
(Eq. (2)). For each point, it stands for a significant feature in its corresponding channel,
so the point list demonstrates the informative feature distribution in the original image.


IRR(ci ) = hj , wk



∀FeatureV (ci , h, w)|h  = hj , w  = wk < FeatureV ci , hj , wk (1)

PointList = {IRR(ci )} for c in C

(2)

After obtaining the point list, we then divide the original image into three horizontal
regions (the purple, orange and yellow region in Fig. 3), and calculate the proportion
of interesting points in each region respectively. The region with largest proportion of
interesting points will be regarded as the IRR since it generally contains less noise and
more discriminative body features.

(a)

(b)

(c)

Fig. 4. Results of applying IRR. The RoI (red box) of these three images are top, middle and
bottom region, respectively (Color figure online).

The results of applying IRR selection is shown in Fig. 4. It is noticeable that this
algorithm could effectively remove the noise and locate the interesting and meaningful
regions in original image, which means the ReID model could be better trained to extract
discriminative features from images with less environmental and occlusion interference.
Therefore, it is reasonable to infer that the IRR selection algorithm could improve the
model performance in partial person ReID tasks.
3.2 Feature Excitation Model
The function of feature excitation module is to distinguish and weight the discriminative
person features, thereby improving the quality and representability of extracted features.
Note that this module will be applied in both training and testing periods.

Fig. 5. The mechanism and implementation method of feature excitation.
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The mechanism and implementation method of feature excitation model is shown in
Fig. 5. Given an input feature vector (C*H*W), a distillation module is firstly applied,
which contains n gathering modules (convolutional layers) to distill original feature
vector. After that, the distilled features are interpolated and activated with the fusion of
original feature vector to obtain the excited feature vector, which has the same shape
like the input feature vector.
In feature excitation model, the distillation and excitation modules can be regarded
as filters to wipe off the negative influences brought by environmental and occlusion
noise while highlight representative features. Specifically, for the feature vector of one
channel (H*W), simply apply convolutional layer or pooling layer for feature extraction
tend to be terribly influenced by outliers, like noises, misleading the network to focus
on the features of noise instead of the true informative features. To alleviate this problem, the distillation module applies independent convolutional layers to reduce outlier
influences, and then the distilled features are excited to attach greater importance on
the representative features. Therefore, the output excited feature vector is considered
to contain more meaningful and discriminative person features with less environmental
noises, so it is logical to infer the feature excitation module could considerably improve
the model performance in partial person ReID datasets.
After applying feature excitation, the more discriminative and representative features
from original image could be retrieved. Shown in Fig. 6, it is manifest that through
applying feature excitation to the output of Conv2, the feature vector could become
obviously smoother and more robust to environmental noise. Since the Fig. 6(c1) contains
more effective and less misleading information than Fig. 6(b1), more meaningful and
discriminative features from person images can be retrieved for ReID tasks.

(a)

(b1)

(b2)

(c1)

(c2)

Fig. 6. The results of feature excitation. Figure 6(a) is the original image; 6(b1) and 6(b2) are the
output of Resnet50 Conv2 (single channel) and its corresponding heat map; 6(c1) and 6(c2) are
the output and heat map after applying feature excitation model.

3.3 Skeleton Based Local Feature Extraction Model
For skeleton model, it is used to estimate the pose and skeleton of target person, and
combine them with its global features to obtain the skeleton based local features. The
reasons for extracting local features of person is that for partial person ReID tasks, applying global feature for comparison sometimes could be misleading and inaccurate due
to the existing of noise and incomplete information [35–37]. Therefore, using skeleton
based local features as supplementary information could, to a certain extent, assist the
partial ReID tasks [38]. An illustration of skeleton features extraction is shown in Fig. 7.
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Fig. 7. The implementation method of skeleton based local features extraction.

3.4 Graph Matching Model
The graph matching model aims to match two person images using higher-order humantopology information [9] instead of simple one-to-one aligned features comparison. It is
widely reported that though aligned skeleton features comparison could be straightforward and fast, it has unsatisfactory performance when noise and unsmooth information
contained in target images [39–41]. Therefore, for our partial person ReID tasks, the
higher-order graph matching method [32, 33] is considered to have better performance.
Additionally, the graph matching model will only be applied in training period to jointly
train the feature extraction and excitation models, so it will not lower the inference speed.
The structure of graph matching model is shown in Fig. 8.

Fig. 8. The structure of graph matching model.

3.5 Loss Calculation
In this section, an illustration of loss function design is demonstrated. Shown in Fig. 2
and Eq. (3), the total loss is composed of symmetrical feature loss, classification loss,
triplet loss and graph matching loss, where the α, β, γ , δ are weights of each loss.
LossTotal = αLosssym + βLosscla + γ Losstri + δLossgm

(3)

The symmetrical feature loss (Eq. (4)) is used to calibrate the skeleton features extraction.
It evaluates the feature difference of symmetrical skeleton parts, and calculates the loss
according to this difference and the confidence of skeleton segmentation.
num_pairs
1
∗
sum((fi1 − fi2 )2 ) ∗ (1 − abs(confi1 − confi2 )∗
i=0
num_pairs
(4)
(confi1 + confi2 ))

Losssym =

The classification loss (Eq. (6)) is used to calibrate the model parameters based on
the results of person ID matching. It basically applies CrossEntropy loss with label
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smoothing (Eq. (5)) to calculate the difference within inferenced results and the ground
truth.

 (i = correct)
 1−ε
(5)
targetp(i) =
ε/ numtagets − 1 (otherwise)
1 N
Losscla = −
(6)
(LogSoftmax(i)∗target_p(i))
i
N
The triplet loss (Eq. (7)) is used to evaluate the feature difference within positive and
negative sample pairs. For a well-performed model, it is expected to have small difference
within the most hard-mining positive sample pair and have big difference within the most
hard-mining negative sample pair.
1 N
(max(distance(posi ) − distance(negi ) + margin), 0)
(7)
Losstri =
i
N
The graph matching loss (Eq. (8)) is used as an indicator to calibrate the similarity
matrix extraction, which mainly works on the graph convolutional layer and jointly
improve the quality of extracted features.
1 N
Lossgm = −
(8)
(LogSoftmax(i)∗correct_p(i))
i
N

4 Results
In this section, we will illustrate the implementation details in training period and the
testing results of our model.
4.1 Training Setting
In the best version of our model, its settings in training period are shown as follows:
For the IRR algorithm, the α value is set to be 0.02. For the feature excitation model,
the excitation iterations for conv2, conv3, conv4, conv5 are 8, 4, 2, 2 respectively. For the
skeleton model, local features from 13 body parts, including head, shoulders, elbows,
are retrieved. For the loss calculation function, its α, β, γ , δ are 1, 1, 2, 1 respectively;
the ε used in classification loss is 0.1; the margin used in triplet loss is 0.3.
Additionally, since neither PartialReID [42] nor PartialiLids [43] dataset are big
enough, we train our model using Market1501 dataset and then test the model
performance using these two partial person datasets.
4.2 Results in PartialReID Dataset
Applying abovementioned IRRFE-ReID model structure and training settings, to the best
our knowledge, we reach the SOTA performance in PartialReID dataset. This dataset
contains 600 images from 60 persons, with 5 partial images of each person as probe
and the other holistic images as gallery. The PartialReID dataset is one of the most
challenging and important datasets in PartialReID research, and the performance of our
model is demonstrated in Table 1. It is manifest that our IRRFE-ReID model achieves the
SOTA performance with improving the Rank3 and mAP by 0.4% and 1% respectively.
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Table 1. Model performance in PartialReID dataset
Models

PartialReID dataset
Rank 1 Rank 3 mAP

CBDB-Net [44]

66.7% 78.3%

/

TSA [11]

72.7% 85.2%

/

SGAM [17]

74.3% 82.3%

/

PVPM [45]

78.3% /

72.3%

FastReID-DSR [8]

82.7% /

76.8%

HOReID [9]

85.3% 91.0%

/

MHSA-Net [46]

85.7% 91.3%

/

IRRFE-ReID (Ours) 85.7% 91.7% 77.8%

4.3 Results in PartialiLids Dataset
Similar to PartialReID dataset, PartialiLids is another challenging partial person dataset.
In this paper, we adopt the PartialiLids dataset containing 238 images of 119 persons,
and each person takes 1 image as probe and the other as gallery. Under the same training
condition, its performance is shown in Table 2. From this table, we could notice that our
IRRFE-ReID model reaches a better performance compared with other SOTA models,
improving the Rank1, Rank3 and mAP by 1.7%, 2.7% and 2.6% respectively.
Table 2. Model performance in PartialiLids dataset
Models

PartialiLids dataset
Rank 1 Rank 3 mAP

STNReID [13]

54.6% 71.3%

/

SFR [47]

65.6% 81.5%

/

FPR [48]

68.1% /

61.8%

PENet [49]

70.6% 81.3%

/

SGAM [17]

70.6% 82.4%

/

HOReID [9]

72.6% 86.4%

/

FastReID-DSR [8]

73.1% /

79.8%

IRRFE-ReID (Ours) 74.8% 89.1% 82.4%
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4.4 Results of Ablation Analysis
In this section, an ablation test is conducted to demonstrate the effectiveness of IRR and
feature excitation modules, which are two major innovations in our paper. Results are
shown in Table 3 and Table 4. It is obvious that for both PartialReID and PartialiLids
datasets, applying IRR algorithm and feature excitation could effectively improve the
model performance compared with the baseline (the first row in Table 3 and 4). Additionally, under the appropriate settings for IRR and feature excitation, these modules
can maximize their positive effects and significantly improve the model performance
in partial person ReID tasks. Therefore, the results of ablation analysis again verify
the effectiveness of IRR and feature excitation, and suggest their great potential in
discriminative feature extraction.
Table 3. Ablation analysis of IRRFE-ReID in PartialReID dataset
Methods

PartialReID dataset

IRR
Feature excitation iterations
Rank
(α value) Conv2 Conv3 Conv4 Conv5 1

Rank
3

mAP

0

0

0

0

0

82.0% 88.0% 76.4%

0

4

4

2

2

82.7% 87.7% 75.4%

0

8

4

2

2

84.0% 87.0% 77.3%

0

8

4

4

2

83.3% 87.7% 77.5%

0

8

8

4

2

83.3% 88.0% 75.9%

0

16

8

4

2

83.0% 87.3% 76.1%

0.01

8

4

2

2

84.0% 88.0% 77.0%

0.02

8

4

2

2

85.7% 91.7% 77.8%

0.05

8

4

2

2

84.7% 89.0% 78.0%

Table 4. Ablation analysis of IRRFE-ReID in PartialiLids dataset
Methods

PartialiLids dataset

IRR
Feature excitation iterations
Rank
(α value) Conv2 Conv3 Conv4 Conv5 1

Rank
3

mAP

0

0

0

0

0

71.4% 81.5% 78.4%

0

4

4

2

2

72.3% 79.8% 78.3%

0

8

4

2

2

73.1% 83.2% 79.0%

0

8

4

4

2

72.3% 81.5% 79.1%

0

8

8

4

2

69.7% 80.7% 77.7%

0

16

8

4

2

70.5% 82.3% 78.2%
(continued)
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Table 4. (continued)
Methods

PartialiLids dataset

IRR
Feature excitation iterations
Rank
(α value) Conv2 Conv3 Conv4 Conv5 1

Rank
3

mAP

0.01

8

4

2

2

73.1% 84.0% 79.8%

0.02

8

4

2

2

74.8% 89.1% 82.4%

0.05

8

4

2

2

74.8% 84.9% 80.6%

5 Conclusion
To summarize, our paper proposes a novel partial person re-identification model, IRRFEReID. This model includes two major innovations, interesting receptive region selection and feature excitation. Proven by ablation analysis, these modules can effectively
weight the discriminative person features and improve the model robustness to partial
and occlusion problems. Our proposed IRRFE-ReID achieves the SOTA performance in
two mainstream partial person ReID datasets, PartialReID and PartialiLids, suggesting
the strong potential of our work.
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Abstract. Pedestrians are often occluded by various obstacles in public
places, which is a big challenge for person re-identiﬁcation. To address
this issue, we propose an improved occluded person re-Identiﬁcation with
the feature fusion network. The new network integrates spatial attention
and pose estimation (SAPE) to learn representative, robust, and discriminative features. Speciﬁcally, the spatial attention mechanism anchors
the regions of interest to the unoccluded spatial semantic information.
It digs out the visual knowledge that is helpful for recognition from the
global structural pattern. Then, we explicitly partition the attentionaware global feature into parts and improve the recognition granularity
by matching local features. On this basis, we improve a pose estimation
model to extract the information of the key points and feature fusion
with the attention-aware feature to eliminate the inﬂuence of occlusion
on the re-identiﬁcation result. We test and verify the eﬀectiveness of
the SAPE on Occluded-REID, Occluded-DukeMTMC and Partial-REID.
The experiment results show that the proposed method has achieved
competitive performance to the state-of-the-art.

Keywords: Attention mechanism
Person re-identiﬁcation
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Introduction

Person re-identiﬁcation (Re-ID) [2,17] can be understood as retrieving and identifying the same pedestrian from non-overlapping cameras in diﬀerent times and
spaces. With the wide application of monitoring equipment, Re-ID has become
an important topic in computer vision. In practical application scenarios, Re-ID
can be combined with gait, face, attributes and other related technologies to
carry out suspect tracking and intelligent search in police systems.
The existing methods on Re-ID [21,22] usually perform well when pedestrians
are not covered. However, due to the complexity and diversity of the person’s
environment, many inﬂuencing factors can cause errors in the ﬁnal matching
c Springer Nature Switzerland AG 2021
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Re-ID Results

Probe

Gallery
Fig. 1. The ﬁgure shows the result of incorrect re-identiﬁcation by the traditional
partitioning method. The red box indicates failure in identiﬁcation. Under the condition
that the image to be inquired is blocked by buildings, the conventional identiﬁcation
results are not ideal.

results. As shown in Fig. 1, the target person taken under diﬀerent cameras is
occluded by natural scenes. As can be seen from the Re-ID results, the existing
model based on block recognition cannot eﬀectively identify the occluded person.
A very intuitive solution is to remove the occluded parts. Some existing works
[6,23] manually crop the occluded region and match the un-occluded part of the
images. These methods may introduce noise. Recently, the attention mechanism
has been widely used in diﬀerent computer vision tasks [4,10]. By focusing on
local areas, the attention mechanism can enhance the features and improve the
accuracy of recognition. Besides, some methods [1,22] use pose information to
accurately anchor the key points of the pedestrian’s skeleton, which can avoid
the alignment process of the matching process and ﬁlter the occluded regions.
Inspired by this above work, we propose a novel method that fuses the key
point information feature of pose estimation with the spatial attention feature
map. In summary, we make several signiﬁcant contributions in this paper:
– We propose an integrated Spatial Attention and Pose Estimation (SAPE)
feature fusion framework, which enriches the types of person Re-ID. It is the
ﬁrst time to apply spatial attention mechanism to the occluded person Re-ID.
– We improve the pose estimation model and construct a feature map with
more robust recognition by combining the pose-guided attention map and
spatial attention map, which guides the model to focus on the un-occluded
human body area and alleviates the occlusion problem.
– We construct a multi-task network. It combines global and local features to
achieve multi-granularity feature representation, thus enables the network to
obtain all potential salience features.
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Related Work
Attention-Based Person Re-ID

In the ﬁeld of computer vision, the attention mechanism is similar to how humans
focus on a small number of important areas when looking at an object. The
main application for Re-ID [3,4,19] is that it can usually reset the weight of
the convolution response map to highlight the important part of the image.
Chen et al. [3] propose the attentive but diverse network, which could learn
attention mask directly from data and context and redundant attention characteristics by combining attention module and diversity regularization as a mutual
supplement. Tay et al. [19] combine the attention mechanism with attribute
information, which uniﬁes the local characteristics of the image, as well as the
appearance attributes of pedestrians’ clothing colors, hair, and backpacks into a
single frame. Fu et al. [4] design the residual dual attention module aggregation
feature, which can mine diversiﬁed salient features and improve the network’s
capacity for salient features. These models have increased the model’s attention
to the human body area, but it is also prone to excessive attention to details
not related to the human body. We try to transform the original image features
into another space and retain the key information, which can irrelevant features
can be eﬀectively suppressed.
2.2

Pose-Drive Person Re-ID

Pose-drive person Re-ID can eﬀectively solve the inaccurate identiﬁcation caused
by excessive changes in pedestrian pose [1,7,13,22]. Therefore, Liu et al. [13]
propose a pose transfer framework, which uses Generative Adversarial Networks
and pose skeletons for joint learning to generate new pose variants to enhance
data samples. Artacho et al. [1] propose a uniﬁed pedestrian pose estimation
framework based on waterfall, and single-pose estimation combines with context
segmentation can eﬀectively locate the pedestrian pose at one stage. Sarfraz
et al. [16] construct the PSE model. The calculated perspective probability value
would be used as the weight of the corresponding unit to get the ﬁnal weighted
fusion feature. However, the eﬀect of these models is not good when they are used
in an occluded scene. Our model use pose estimation to guide feature matching.
The pose information of the un-occluded region guides the feature map to ignore
the inﬂuence of the occluded regions.

3

The Proposed Method

Fig. 2 shows our SAPE architecture, which consists of Spatial Attention subnetwork (SAN), Horizontally Partition subnetwork (HPN) and Pose Attention
subnetwork (PAN). Given an image of a person, the model ﬁrstly uses SAN to
weight regions with richer semantic information, then employs PAN to predict
un-occluded key points, ﬁnally fuses these features from the above two subnetworks. It is helpful to eliminate the inﬂuence of occlusion on the matching result.
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Fig. 2. A schematic overview of SAPE. It consists of Horizontally Partition subnetwork
(HPN), Spatial Attention subnetwork (SAN) and Pose Attention subnetwork (PAN),
where HPN is to generate features of horizontal partition, SAN is to generate spatial
attention map, and PAN is to predict un-occluded key points in person pose. The outputs of three subnetworks are combined by homotopic uncertainty learning to predict
the person identiﬁcation.

This section elaborates on the various modules of SAPE, and ﬁnally introduces
the loss function used in our work.
3.1

Spatial Attention Subnetwork

Details of spatial attention (SA) are shown in Fig. 3. The convolutional feature
map extracted by the backbone network A ∈ RC×H×W can be used as the input
of spatial attention, where C is the total number of channels and H × W is the
size of the feature map. The convolutional feature map can be reshaped to a
N × C 2-dim matrix M , where N = H ∗ W represent the number of pixels in
the convolutional feature map. Every feature vector of matrix M is expressed
as Ai , where i = 1, · · · , N . The attention map generated by the spatial attention
module as:
c
(W 2 S i ))]
(1)
F s = [g(δ(τ (W 1 A)))][δ(τ
where W 1 and W 2 are the parameters of the spatial convolution layer. τ represents the BN layer, δ represents the ReLU activation function. g(·) is global
c means the connection
average pooling operation along the channel dimension. 
operation. The global relationship feature S i ∈ R2N can be expressed as:
c
S i = M (i, :)M
(:, i)

(2)

where M (i, :) is the elem at the ith row of the incidence matrix M ∈ RN ×N
between pixels, and M (:, i) represent the ith column. The calculation formula
of the incidence matrix S between pixels is as follows:
T

M ij = [δ(τ (W 3 Ai ))] [δ(τ (W 4 Aj ))]

(3)
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Fig. 3. Diagram of Spatial Attention (SA). The input of the module is a feature map
from the backbone network, and its output is a spatial attention map. When computing
the attention at a feature position, in order to fusion the relevance global pixels and
local original information, we stack the pairwise relation items, and the feature of this
position, for learning the attention with convolutional operations.

where M ij is the ith row and j th column of the incidence matrix M and indicates
the eﬀect of the ith pixel on the j th pixel, where i, j ∈ [1, N ]. W 3 and W 4 are the
parameters of the 1 × 1 spatial convolution layer, and the size of the convolution
kernel is both C × (C/r) × 1 × 1.
The attention map obtained through the above stages is used as the input
of global average pooling. Then, a three-layer micro-network structure including
convolutional layer (V), BN layer (B) and ReLU layer (R), is used to reduce
the channel dimension to further increase the network depth and learn deeper
semantic features.
(4)
F out = δ[τ (W 5 (g(F s )))]
where W 5 is the parameter of the convolution layer. After getting the output
of SAN, softmax is used to predict the identity of each incoming image. The
training stage uses cross-entropy loss.
3.2

Horizontally Partition Subnetwork

In order to reﬁne the network structure and further improve the characterization
capability of the features, HPN is added in this paper, whose structure is shown
in the upper part of Fig. 2.
In the HPN, we extract the attention-aware feature map by taking the outer
product of the global feature map A output by the backbone network and the
attention map F s of the person images. Next, the attention feature map is
horizontally divided into p parts, and each part is represented as D p , where
p = 1, · · · , P . Then global average pooling is performed for each part.
During training, the feature vectors are respectively sent to the fully connection layer for classiﬁcation. After obtaining the classiﬁcation result of each
part, the labels that are the same as the global feature classiﬁcation of person
are used to calculate the cross-entropy loss. The cross-entropy loss function of
multiple tasks is shown as:
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(5)

k=1

where y represents the pedestrian identity, k is the total number of person
identities in the training set, and {W, b} denotes the weight and bias of the classiﬁcation layer respectively. The total loss of a partial characteristic subnetwork
with horizontal partitioning is denoted by Lh .
p

3.3

Pose-Guided Global Feature Subnetwork

The PAN aims to construct global features that contain pose information. The
pose estimation model can extract key points and obtains conﬁdence maps. Each
key point corresponding to the visible area has a Gaussian peak, and the key
points with occlusion have low conﬁdence. We use the AlphaPose model pretrained on the COCO [12] dataset as the pose estimator to generate key points
of the human body, which predicts a total of 18 key points. In order to reduce
the complexity of the pose estimation model and avoid the model paying too
much attention to some details of pedestrians, we improved the model. We fuse
the key points of the head area and ﬁnally obtains 14 key points, including head,
neck, shoulders, elbows, wrists, hips, knees, and ankles. We set a threshold λ to
ﬁlter out the key points with lower conﬁdence.

(Xq , Yq ) confq ≥ λ
(q = 1, . . . , Q)
(6)
LMq =
0
else
where LMq is the symbol of the q th key point, (Xq , Yq ) represents the corresponding coordinate, confq is the conﬁdence degree of the key point.
Then, we fuse the heatmaps and the spatial attention map. First, multiply
heatmaps by the spatial attention map to obtain a feature map containing pose
information. Then, connect the feature map containing the pose information
F pose with the spatial attention map F s
The convolutional neural network here uses deep convolution and point convolution, which can obtain more ﬁne-grained fusion features, and can eﬀectively
reduce the parameters of the neural network. The fused feature map is obtained
and classiﬁed after being fully connected. The whole fusion process can be
expressed as:
c s )]
(7)
F f use = W 7 [W 6 (F pose ⊗ F s )F
where W 6 and W 7 are implemented by deep convolution and point convolution.
⊗ is the outer product operation. During the training of the subnetwork, same
as the above network structure, softmax is used to predict the identity of each
input image, and cross entropy is used as the loss function.
3.4

Loss Function

The SAPE is a multi-task network, and each subtask has diﬀerent contributions
to the whole model, if the weight of each subtask loss is set to the same, the ﬁnal
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identiﬁcation accuracy will be aﬀected. Since the optimal weight of each subtask
depends not only on the measurement scale, but ultimately on the size of the
noise of each task. In our work, homotopic uncertainty learning [11] is used to
combine the loss of multiple subtasks.
We assume that the prediction error satisﬁes the Gaussian distribution. The
diﬀerent weights of multiple tasks can be optimized by using Bayesian modeling
for homotopic uncertainty. When the loss of one of the subtasks increases, the
weight parameter decreases, and vice versa. This paper assumes that the prediction error satisﬁes the Gaussian distribution, so the minimum total task loss of
this network structure is:
Ltotal ≈

1
1
1
Ls + 2 Lh + 2 Lp + logμ1 μ2 μ3
2
μ1
μ2
μ3

(8)

where Ls , Lh , Lp respectively for SAN, HPN and PAN loss of three tasks. μ1 ,
μ2 , μ3 are their noise factor, and they are determined by multi-task learning in
training.

4
4.1

Experiments
Implementation Details

In order to verify the model in this paper is eﬀective to occluded Re-ID, experiments are performed on the occluded datasets Occluded-DukeMTMC [14],
Occluded-REID [24] and the partial dataset Partial-REID [23]. The experiment
in this paper uses two evaluation indicators, the cumulative matching characteristic(CMC) and the mean average precision(mAP) to measure the performance
of the model.
We use ResNet50 [8] pre-trained on the ImageNet [5] as the backbone network. In the training stage, the size of all input images is resized to 384 × 128,
and the data is enhanced by random horizontal ﬂipping and random erasing.
The batch size is to set 32; the number of training epochs of the model is set as
120. In the SAN, the predeﬁned positive integer r controlling the dimensionality
reduction ratio is set to 8. In HPN, the feature map is horizontally divided into
p parts, here p is set to 3. In the PAN, the conﬁdence threshold λ is 0.2.
4.2

Comparison with SOTA

Comparison with attention methods [4,10,19] are illustrated in the ﬁrst group
of Table 1. Compared with the above attention methods, the model proposed
in this paper performs well on the three datasets. The accuracy of Rank-1 is
about 10% higher than the second-ranked attention method. This comparative
experiment shows that the attention mechanism that lacks occlusion processing
does not perform well in re-identifying occluded persons; it also shows that it is
necessary to design a special occlusion processing mechanism.
The second group of Table 1 are partial methods [3,9,18]. It can be seen
that compared to the existing partial-based person Re-ID methods, our model
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Table 1. Compared with attention method, attitude estimation method and block
method in three datasets. The 1/2 best result is red/blue.
Methods

Occluded-DukeMTMC

Occluded-REID

Partial-REID

Rank-1 Rank-5 Rank-10 mAP Rank-1 Rank-5 Rank-10 mAP Rank-1 Rank-5 Rank-10 mAP
ABD-Net [10] 44.7

60.5

67.8

34.9 54.8

60.2

73.5

50.3 60.2

78.6

87.5

55.4

AANet [19]

42.6

59.3

64.6

31.3 57.3

61.3

70.2

54.8 58.3

78.0

85.9

50.1

SCSN [4]

43.5

58.7

66.9

32.8 53.6

65.2

72.1

49.7 61.8

79.4

88.4

52.2

PCB [18]

41.8

56.9

62.5

32.8 55.8

74.4

81.2

51.3 57.5

76.9

86.8

50.7

DSR [9]

40.8

58.2

65.2

30.4 70.4

80.7

88.4

61.7 73.8

80.4

84.2

67.3

FPR [3]

–

–

–

–

79.4

87.2

60.8 79.2

82.3

89.4

70.4

PSE [15]

40.8

57.2

67.2

32.5 56.2

–

–

–

–

–

–

PGFA [14]

51.4

68.6

74.9

37.3 55.4

74.5

81.8

53.6 68.0

78.7

86.7

56.2

75.1

60.7

HOReID [20] 53.8

65.5

75.1

40.6 75.3

80.4

90.1

66.1 81.7

87.0

86.3

71.3

SAPE

70.0

74.5

42.3 76.4

82.3

89.2

68.0 82.5

89.2

90.1

72.8

55.1

shows better applicability to the occluded problem. Since the feature map of
attention perception is divided into blocks in this paper, the feature map after
integrating the attention mechanism enhances the attention to the unshaded
area. The unshaded area can be more accurately matched after partitioning.
The third group in Table 1 shows the performance of pose estimation methods [14,15,20]. Compared with the three methods shown in the table, the model
proposed in this paper achieves 55.1%, 76.4% and 82.5% of Rank-1 accuracy on
the three datasets. The existing accuracy is improved. The performance improvement achieved in this paper is mainly due to partial matching is more suitable
for occluded person Re-ID tasks than global feature learning.
4.3

Ablation Study

First, the eﬀect of three subnetworks on the discernibility is veriﬁed in the
Occluded-DukeMTMC dataset. The experiment results are shown in Table 2.
When these related subtasks are added to the network, the network’s overall
recognition accuracy will increase, verifying that each subtask has a speciﬁc
contribution to the model’s overall performance. Besides, compared with setting
the same weight for each subnetwork, the homotopic uncertainty learning we
use can eﬀectively optimize the learning objectives and eﬀectively improve the
performance.
Then, we analyze the impact of the spatial attention (SA) module at diﬀerent
layers of the backbone network ResNet-50. We add the proposed SA module
after all residual blocks. Table 3 shows the experiment results on the OccludedDukeMTMC and Partial-REID datasets. It can be seen from the data in the
table that mAP and Rank-1 are improved after adding the SA module after
diﬀerent residual blocks, and the performance of the SA module after conv5 x
can reach the best performance.
Figure 4 shows the eﬀect of diﬀerent of horizontal block p and threshold λ
settings on the accuracy of diﬀerent datasets. As shown in (a) of Fig. 4, when
p > 1, which just proves the necessity of blocking the features extracted by
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Table 2. Performance (%) comparison of diﬀerent task loss combinations on OccludedDukeMTMC dataset.
Task loss

Task loss weights

Rank-1 mAP

Ls
1
0
0
0.5 0.5 0
Ls + Lh
Ls + Lh + Lp 0.33 0.33 0.33

44.9
48.3
52.6

30.7
34.9
38.4

Ls + Lh + Lp Uncertainty learning 55.1

42.3

Methods

Occluded-DukeMTMC Partial-REID
Rank-1 mAP
Rank-1 mAP

ResNet50 (baseline)
conv2 x+SA
conv3 x+SA
conv4 x+SA

47.5
49.0
53.7
54.2

36.8
37.6
40.9
40.2

76.3
77.6
80.9
79.4

65.6
68.2
70.7
69.5

conv5 x+SA

55.1

42.3

82.5

72.8

75.0

85.0

75.0

80.0

70.0

80.0

70.0

75.0

65.0

75.0

60.0

Occ-Duke_Rank-1
Occ-REID_Rank-1
P-REID_Rank-1
Occ-Duke_mAP
Occ-REID_mAP
P-REID_mAP

65.0
60.0
55.0

55.0
50.0

60.0
55.0

50.0

40.0

50.0

45.0

35.0

45.0

2

3

4

p

5

(a)

6

7

8

60.0

Occ-Duke_Rank-1
Occ-REID_Rank-1
P-REID_Rank-1
Occ-Duke_mAP
Occ-REID_mAP
P-REID_mAP

65.0

45.0

1

65.0

70.0

55.0
50.0

mAP(%)

70.0

Rank-1(%)

85.0

mAP(%)

Rank-1(%)

Table 3. Experimental results (%) of placing the attention module (SA) in diﬀerent
positions.

45.0
40.0
35.0

0.0

0.1

0.2

0.3

λ

0.4

0.5

0.6

0.7

(b)

Fig. 4. The inﬂuence of setting horizontal block p and the conﬁdence threshold λ of
pose estimation on the accuracy of diﬀerent datasets.

the convolutional neural network. When it is increased to 3, the performance of
the model reaches the best. When it is greater than 3, the performance starts
to decline slowly. Because the number of parts is too large, some un-occluded
parts may not contain any key points. Otherwise, as shown in (b) of Fig. 4, when
the threshold λ is too small or too large, the performance is poor. When it is
too small (for example, 0), the model will select all detected markers, which
will not achieve the purpose of using key points to eliminate occlusion. When
the threshold is too high, many ﬂags are discarded. It can be seen from the
experimental results that when the threshold value is 0.2, the accuracy of the
three data sets reaches the optimal level.
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SAPE

Fig. 5. The visualization results of using the attention mechanism (SA) alone and the
overall model (SAPE).

4.4

Visualization

In order to feel the attention mechanism of this article more intuitively, Fig. 5
shows the visualization results of using the attention mechanism alone and the
overall model using gradient response in this paper. The gradient response can
identify regions that the network model considers relatively essential. In the
ﬁgure, “Baseline” uses the Resnet-50 network model, and “SA” indicates that we
use the spatial attention mechanism model alone. As can be seen from the Fig. 5,
the model proposed in this paper can pay more attention to the un-occluded
regions more accurately, showing better eﬀects than the baseline model.

5

Conclusion

In this paper, we propose a multi-task network to solve the occluded person
Re-ID. Spatial attention mechanism and pose estimation can mine recognizable
ﬁne-grained features from global features to eliminate occlusions. Moreover, local
feature alignment increases the granularity of the network. Through abundant
experimental analysis and veriﬁcation, our model has good recognition accuracy,
better robustness, and generalization ability than other advanced methods. In
the following work, the occluded person Re-ID model combined with pose estimation will be further studied. The accuracy of occluded person Re-ID will be
improved by suppressing background interference and using graph convolution
to mine deep semantic information.
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Feature-Separated Learning for Person
Re-identification
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Abstract. Although existing research has made considerable progress
in person re-identiﬁcation (re-id), it remains challenges due to intra-class
variations across diﬀerent cameras and the lack of cross-view paired training data. Recently, there are increasing studies focusing on using generative model to augment training samples. One of the main obstacles is how
to use generated unlabeled samples. To address this issue, we propose a
joint learning framework without label predictions, including re-id learning and data generation end-to-end. Each person encodes into a feature
code and a structure code. The generative module is able to generate
cross-id images by decoding structure code with switched feature code.
For generated unlabeled data, we average re-id model weights instead of
label predictions. Moreover, we expand the distance between inter-class
feature code. Our approach improves the accuracy of the re-id model
and the quality of the generated data. Experiments on several benchmark datasets shows that our method achieves competitive results with
most state-of-the-art methods.
Keywords: Person re-identiﬁcation
loss · GAN

1

· Data augmentation · Triplet

Introduction

Person re-identiﬁcation (re-id) aims to retrieve images of a speciﬁed pedestrian
across no-overlapping cameras, given a query person-of-interest, which is often
approached as metric learning problem. It is a challenging task due to images
captured by diﬀerent cameras often containing signiﬁcant intra-class variations in
person appearance, pose, background, etc. Besides, pedestrian under particular
view causing inapparent inter-class variations, two person may share similar
looks, as shown in Fig. 1. Thus, designing powerful representations that tackle
both inter-class similarity and intra-class variations has been one of the major
targets in person re-id.
With the prosperity of deep convolutional network, it’s discriminative representations for pedestrian images has been shown to boost the performance of
person re-id into a new level. Recently, some state-of-the-art re-id methods focus
c Springer Nature Switzerland AG 2021
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Fig. 1. Examples of intra-class variations and inter-class similarity on Market-1501.
The two images in (a), (c) have the same identity and the two in (b), (d) have diﬀerent
identities.

on designing a more discriminative representations or loss functions for pedestrian feature and many other formulate re-id as metric learning. Considering
inter-class similarity, [3] introduce variants of classic triplet loss and evaluate
these variants.
In order to minimize the impact of intra-class variations, a number of stateof-the-art methods focus their partition strategies on part-based matching by
leveraging external cues or partitioning embedding feature directly [16]. While
robust metric learning strategies could alleviate the problem of insuﬃcient data
to some extent, introducing more pedestrian samples can enhance the model
directly. Based on the recent development of the generative adversarial networks
(GANs), generative models are widely used to introduce extra samples. Some
challenging problems arises in these methods: 1) Generated samples do not contain enough discriminative information; 2) Due to the low pixel of pedestrian
images and complexity of human shape, traditional strategies failed to generate
identify samples with good quality.
There is a further problem with generative pipelines separating from the re-id
models, bring limited improvement from the generated samples. [18] propose a
joint learning framework, introducing a pretrained teacher re-id model to predict
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unlabeled samples generated by generative module. However, in many real-life
scenarios, there is no pretrained re-id model.
To explicitly address these issues, we propose a joint weights-averaged and
feature-separated learning framework which contains both discriminative and
generative learning in a uniﬁed network called WF-Net. Our work is partly
inspired by DG-Net [18], we decompose each image into a feature space and
a structure space. Both encoded by generative module, feature space encodes
id-related embedding and structure space encodes image structure information
consisting background, pose, face, etc. from corresponding grayed pedestrian
image. The feature encoder also act as re-id module. Generated images are taken
to reﬁne the feature encoder online. To avoid using pretrained re-id model, our
strategy introduce a weights-averaged module, average model weights instead
of label predictions. By switching feature codes or structure codes between two
images from same/diﬀerent identities, we generate intra/inter-class samples to
adds sample diversity from the existing identity portfolio. Besides, we introduce a
variant of the triplet loss, and it make the generated images more discriminative.
We conduct various experiments on several benchmark datasets. Analysis
of the experiments showed that our framework performs very favorably and it
achieves state-of-the-art results. The main contributions of this paper can be
summarized as follows:
– We propose a similar semi-supervised re-id learning framework that generated
unlabeled samples by itself.
– We introduce weights-averaged method to predict generated samples without additional auxiliary pretrained re-id model, and propose a variant of the
triplet loss.
The rest of this paper is organized as follows: Sect. 2 brieﬂy reviews existing related work and Sect. 3 describe the joint weights-averaged and featureseparated method. In Sect. 4, we present experimental evaluations and further
analysis it. Conclusion provided in Sect. 5 lastly.

2

Related Work

Person re-identification attracts great attention due to its important application values. Most of the existing works focus on supervised learning, approach
re-id as deep metric learning problems. Some exploit identiﬁcation loss with classiﬁcation, others introduce triplet loss with hard sample mining [3]. [14] utilize
part-based matching or parsing to reduce intra-class variations and facilitate
local feature learning. Similarly, [20] incorporate pose estimation into learning
local features.
Generative Adversarial Networks have been widely studied after Goodfellow et al. ﬁrst introduced the adversarial process to learn generative models.
For one thing, several works explore to ameliorate model structure and optimization strategy. These lead to a more realistic samples generation. For another,
many works focus on applications of GAN, [9] introduce a conditional version
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of GAN. Phillip Isola et al. focus on image style transfer. For person re-id, [19]
use unconditional GAN to generate images from random vectors. Additionally,
some recent methods utilize pose estimation to conduct pose-conditioned image
generation.
Semi-supervised learning based on training the model predictions to be
consistent to perturbation. [11] introduce DSS with a deep learning model for
classiﬁcation and [7] improves it through applying noise to the teacher predictions. The idea of training student by a teacher model is related to model
distillation. Model distillation performed with a trained model and transfer it
to a simpler model in teacher-student framework. [15] average model weights to
form a target-generating teacher model.

Fig. 2. The overview of WF-Net. The discriminative module share feature encoder Ef .
The red line shows the generated samples are online feedback to improve Ef . The black
line of dashes point to various loss terms. (Color ﬁgure online)

Our strategy diﬀers from the above mentioned methods in following ways:
1) It does not need any pretrained re-id model to predict unlabeled samples
as in [18] and does not require any pose estimation, which results in a tightly
coupled relationship between feature extractors and the overall framework; 2)
In contrast to [3], our approach does not require training strategies like hard
mining, we process it during sample generation and feature reconstruction.

3

Method

Our proposed Joint Weights-averaged and Feature-separated Network (WF-Net)
aims at learning identity-related representations through pedestrian image generation, in order to minimize the impact of intra-class variations and inter-class
similarity across images in person re-id.
The overall framework of our proposed method is shown in Fig. 2, WF-Net
combines the generative module and the discriminative module through feature
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embedding. Our generation module involves cross-identity generation and selfidentity generation, synthesized samples are online fed into re-id learning. The
discriminative module is co-designed with the generative module to leverage
the feature embedding of generated samples directly. For the generated crossidentity samples, a weights-averaged teacher model is utilized to evaluate consistency cost, and a variant of the triplet loss is designed to guarantee its feature
similarity/discrepancy with feature/structure encode source image.
3.1

Image Encoder and Image Generator
N

Formulation. We denote the real images and identity labels as X = {xi }i=1
N
and Y = {yi }i=1 , where N is the number of images, yi ∈ [1, K] and K is the
number of classes or identities in the dataset. During training, a new sample can
be generated by exchanging feature or structure codes between two images xi and
xj . As illustrated in Fig. 2, the generative module consists of a feature encoder
Ef : xi → fi , a teacher encoder Et : xi → ti , a structure encoder Es : xj → sj ,
a decoder G : (fi , sj ) → xij , an image discriminator D to distinguish between
real and generated images. Note: for synthesized images, we denote the image
providing feature codes in terms of superscript and the one giving structure
codes in terms of subscript; for real images, they only have subscript as image
index. Our re-id conducted using the feature codes.
Self-Identity Generation. As shown in Fig. 2, we reconstruct the given image
xi through two ways: ﬁrst, fi and si encoded both in image xi . We reconstruct
the image using 1 loss:
L1recon = E [ xi − G (fi , si ) 1 ] .

(1)

Second, we assume that the same person in diﬀerent images possess similar
feature, we utilize cross-image reconstruction between two images of the same
identity. Speciﬁcally, the generator reconstruct image xi through an image xk
with the same identity:
L2recon = E [ xi − G (fk , si ) 1 ] .

(2)

These two ways of reconstruction acts as main regularization role to the generator, the latter promote the aggregation of feature codes of the same identity
to reduce the intra-class feature variations. Besides, we introduce identiﬁcation
loss to force the feature codes of diﬀerent images stay apart:
Lsid = E [− log (p (yi |xi ))] ,

(3)

where p (yi |xi ) is consistency between the predicted probability of image xi and
the ground-truth class yi based on its feature code.
Cross-Identity Generation. This generation task focus on image generation
with diﬀerent identities so that there is no constraint of ground-truth images.
In this case, we utilize code reconstruction to control cross-identity generation.
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Randomly choose two images xi and xj with diﬀerent identity, the generated
images xij = G (fi , sj ) expected to possess similar feature/structure with image
xi /xj . Hence, we establish code reconstruction loss by encoding the generated
images xij :
Lfrecon = E [ fi − Ef (G (fi , sj )) 1 ] ,
(4)
Lsrecon = E [ sj − Es (G (fi , sj )) 1 ] .

(5)

Same as self-identity generation, we also apply identiﬁcation loss to the generated
image according its feature code:


 
,
(6)
Lcid = E − log p yi |xij

Fig. 3. The weights-averaged method. The output of encoder Ef is compared with
encoder Et using consistency cost. Both of them can be used for re-id and image
generation, but the Et performs better on image generation while the Ef performs
better on re-id.



where p yi |xij is consistency between the predicted probability of image xij
and the ground-truth class yi of the one providing feature code during crossidentity image generation. Furthermore, we utilize adversarial loss to control the
authenticity of the generated data:
Ladv = E [log D (xi ) + log (1 − D (G (fi , sj )))]
3.2

(7)

Weights-Averaged Teacher and Discriminative Module

Same as DG-Net, the discriminative module sharing the feature encoder as the
backbone for re-id learning. Existing work show that the generated images can
be used as training samples. However, we introduce weights-averaged teacher
model online updating with the discriminative module instead of assigning a
soft label to the generated image xij , as shown in Fig. 3.
Weights-Averaged Teacher Model. Averaging model weights during training incline to train a more accurate model than using the ﬁnal weights directly.
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Instead of sharing weights with student model, teacher model use Exponential
Moving Average to process student model. We apply weights averages to all layer
output, deﬁne θt at training iteration t as the processed result of θt :

θt = αθt−1
+ (1 − α) θt ,

(8)

where α is a smoothing coeﬃcient. Additional, the teacher model weights update
with student model rather than optimize by loss functions.
Feature Learning. We assume that teacher model is more accurate than student model. Noise was apply to Increase variability in predictions. In order to
make student model predictions consistent with teacher model. We deﬁne the
consistency loss to value the distance between the predictions using 2 loss:
  
  
(9)
Lcons = E  q xij − p xij 2 ,
 i
 i
where q xj is the probability distribution predicted by teacher model and p xj
is the probability distribution predicted by student model.

Fig. 4. The feature-separated method, depicts a variants of triplet loss.

3.3

Feature-Separated

Triplet loss is adopted extensively in retrieval tasks such as face and person
re-id. This loss means that, given an anchor object xa , the map of a positive
object xp in the same class ya is closer to the anchor’s map than a negative
object xn in another class yn at least a margin m. Because of the generated
image xij is expected to maintain the information of feature code from xi with
the structure code of xj . There is something similar to the feature code of xj
inevitably. Hence, we assume that the feature code of xij , xi and xj as a triple,
mapping is processed by the feature encoder, as illustrated in Fig. 4. The feature
triplet loss is deﬁned as follows:
  

  

Ltrip = D Ef xij , Ef (xi ) − D Ef xij , Ef (xj ) + m,
(10)
  i

where D Ef xj , Ef (xi ) referred as the distance function between xij and xi
in the feature code space.
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Optimization

We jointly train the shared feature and structure encoder, decoder, as well as
discriminator to optimize the total objective, which is a weighted sum of the
following loss terms:
Ltotal (Ef , Es , G, D) = λi Lirecon + Lcrecon + Lsid
+λid Lcid + Ladv + λcons Lcons + Ltrip ,

(11)

where Lirecon = L1recon + L2recon is the image reconstruction loss in self-identity
generation, Lcrecon = Lfrecon + Lsrecon is the code reconstruction loss in crossidentity generation, λi , λid , λcons are the weights to control the importance of
corresponding loss terms.
3.5

Comparison to DG-Net

There is an existing work, DG-Net [18] based on joint learning framework, which
ﬁrst propose a joint generative and discriminative learning for person re-id. It
also adopts an encoder-decoder structure.
There are three key diﬀerences between the proposed WF-Net and DG-Net,
which make our algorithm more general and superior. 1) We adopt a teacher student strategy and our teacher model online update by applying weights average
to student model, while DG-Net use a ﬁxed pretrained re-id model to predict
label of the cross-identity generation image. 2) We utilize a variant of triplet loss
to pull the feature code of image xij towards xi and push feature code of image
xj further away, while DG-Net does not have such loss term. 3) Our work devise
a feasible scheme and focuses on both the problem of intra-class variability and
inter-class similarity.

Fig. 5. Comparison of the generated and real images on Market-1501 across the diﬀerent methods including PG2 -Net [8], DeformGAN [12], DG-Net [18], and our method.
This ﬁgure is best viewed when zoom in.

4

Experiments

We evaluate the proposed framework WF-Net in PyTorch on two person Re-ID
benchmark datasets, Market-1501, and DukeMTMC-reID. We report comparisons to the state-of-the-art methods and provide in-depth analysis. The qualitative results of image generation are also presented. A variety of ablation studies
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demonstrate the contributions of each individual component in our approach.
Extensive experiments reveal that our method generate realistic images, and
more importantly, is competitive with existing state-of-the-art methods over two
benchmarks.
4.1

Implementation Details

Ef is modiﬁed from ResNet50 and pre-trained on ImageNet [1]. We use SGD to
train Ef and Adam [6] to optimize others. Following the practice in DG-Net, we
set a large weight λi = 5 for Lirecon . At the early stage of training, the quality of
cross-identity generation image is not great. Hence, we set weight λid = 0.5 for
Lcid . We ﬁrst warm up Ef , Et , Es and G for 30K, then we involves the teacher
consistent loss Lcons and the feature separated loss Ltrip , meanwhile, we linearly
increase λcons from 0 to 2 by 0.0005 per step. For feature separated learning, we
set margin as 0.2 and set α as 0.999. We follow the alternative updating policy
in training GANs to alternatively train Ef , Es and G.
4.2

Qualitative Evaluations

Comparison with the State-of-the-Art. We ﬁrst compare our generated
result with other representative image generative approaches, including PG2 Net [8], DeformGAN [12], DG-Net [18]. As compared in Fig. 5, PG2 -Net and
DeformGAN generate image based on pose, both of them have the ability to
generate images with good visual. The formal contains visible blurs and artifacts,
while the latter miss body parts and in a weird pose occasionally. DG-Net can
generate natural visual eﬀect of good images, but the feature of the generated
images also contains some blur.
Table 1. Comparison of FID (lower is better) and SSIM (higher is better) to evaluate
ﬁdelity and diversity of the generated and real images on Market-1501. Ours-Ef and
Ours-Et means use encoder Ef and Et , respectively.
Method

Fidelity (FID) Diversity (SSIM)

Real

7.22

0.350

PG2 -Net [8]
151.16
257.00
FD-GAN [2]
DeformGAN [12] 28.61
18.24
DG-Net [18]

–
0.247
0.290
0.360

Ours-Ef
Ours-Et

0.357
0.361

18.52
18.22
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Quantitative Evaluations

Generative Evaluations. Following [18], We adopt two metrics to measure
ﬁdelity and diversity of generated images: Fréchet Inception Distance (FID),
Structural SIMilarity (SSIM). FID measures the distance between the distribution of generated and real images. A lower FID means that the two distributions
are closer together, which means that the quality of the images produced is
higher. SSIM reﬂect the generation diversity, we apply it to compute the intraclass similarity. As shown in Table 1, Our approach performs better in ﬁdelity
and diversity than other approach. It is worth noting that our SSIM value is
higher than the real value, which means switching codes method enriches the
diversity of original training set, it is also proved in DG-Net. Generated examples
on Market-1501 and DukeMTMC-reID shown in the Fig. 6.

Fig. 6. Examples of the generated images on Market-1501 and DukeMTMC-reid, all
input images are sampled from the test sets.

Discriminative Evaluations. We evaluate WF-Net on benchmark datasets
and report it performance with other state-of-the-art results in Table 2. Our
method achieved a very competitive performance on each dataset. Compare to
DG-Net, similar results were obtained using a diﬀerent method that does not
require a pre-trained re-id model. Compare to others, our method joint image
generation and re-id learning in one training phase. Meanwhile, WF-Net also
achieve a better performance than other non-generative method.
4.4

Ablation Studies

Finally, we conduct some ablation studies to make certain the contributions of
weights average loss and feature triplet loss. We choose ResNet50 with identiﬁcation loss as our baseline. As shown in Table 3, our two loss are found to
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Table 2. Comparison with the state-of-the-art methods. The top half: the methods
not using generated samples. The bottom half: the methods using generated samples.
Method

Market-1501
DukeMTMC
Rank@1 mAP Rank@1 mAP

GLAD [16]
Part-aligned [13]
PCB [14]
CASN+PCB [17]
IANet [4]

89.9
91.7
93.8
94.4
94.4

73.9
79.6
81.6
82.8
83.1

–
84.4
83.3
87.7
87.1

–
69.3
69.2
73.7
73.4

DeformGAN [12]
Multi-pseudo [5]
PN-GAN [10]
FD-GAN [2]
DG-Net [18]

80.6
85.8
89.4
90.5
94.8

61.3
67.5
72.6
77.7
86.0

–
76.8
73.6
80.0
86.6

–
58.6
53.2
64.5
74.8

Ours-Ef
Ours-Et

94.9
94.6

86.0 86.8
85.7 86.3

74.5
73.9

Table 3. Comparison of baseline, weights average loss, feature triplet loss, and their
combination on the two datasets.
Method

Market-1501
DukeMTMC
Rank@1 mAP Rank@1 mAP

Baseline 89.6
93.8
Lcons
93.1
Ltrip

74.5
84.2
82.5

82.0
85.4
83.9

65.3
73.5
70.8

Ours-Ef 94.9

86.0 86.8

74.5

conspicuous improve over the baseline individually. By combining these two loss,
we can further improve the performance, which achieves clear gains of 5.3% for
Rank@1 and 11.5% for mAP on Market-1501, 4.8% and 9.2% on DukeMTMC.
This shows the merits of our method clearly.

5

Conclusion

In this paper, we have proposed an end-to-end framework that joint re-id learning and image generation without a pretrained re-id model. There exists a consistency cost between the output of the weights averaged teacher model and
the feature encoder, a variant of triplet loss to separate the features from the
structure. Both of them co-designed to better leverage the generated image.
Experiments on two benchmarks indicate that our strategy consistently brings
substantial performance gains to re-id using samples generation.
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Abstract. The classiﬁers for personal authentication needs to be robust
against spooﬁng attacks. In this paper, we propose semi-hard margin support vector machines (SH-SVMs) for personal authentication problems
with an aerial signature motion. To be robust against spooﬁng attacks,
SH-SVMs are trained so that false acceptance rate (FAR) of training
data is zero. There are three types of SH-SVMs as follows: (1) standard SHSVM based on L2-SVM, (2) semi-hard twin SVM (SH-TWSVM)
based on TWSVM, (3) semi-hard support vector data description (SHSVDD) based SVDD. In computer experiments, we compare our methods with the conventional methods, using the aerial signature dataset
and show eﬀectiveness of SH-SVMs.
Keywords: Personal authentication
vector machines

1

· Spooﬁng attacks · Support

Introduction

Lately, personal authentication is widely used such as face authentication
with mobile phone [5]. Especially, biometric authentication [2] is highly safe
method. However, some personal authentication systems are vulnerable to spoofing attacks [10]. Accordingly, personal authentication with an aerial signature
motion [6,7,11,12] has been proposed [4,19,20]. An aerial signature is one of the
behavioral features such as hand writing motion [16], keystroke [14], motion of
the portable device [9], etc. Since the motion does not leave a trail, it is robust
feature against spooﬁng attacks for personal authentication. In previous studies, the similarity measure is obtained by DP matching [8] and the threshold
value is set so that false rejected rate (FRR) and false acceptance rate are low
(FAR). In the results of computer experiments in [4,19,20], FAR was not enough
low for personal authentication. FAR is more important than FRR to prevent
spooﬁng attacks. To lower FAR, we try to use support vector machines (SVMs)
[1] instead of DP matching. Then, FAR and FRR were lower than results of
[4,19,20]. However, FAR was too high for personal authentication problem.
c Springer Nature Switzerland AG 2021
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In this paper, to overcome this problem, we propose semi-hard margin support vector machines (SH-SVMs) for personal authentication. In training SHSVMs, misclassiﬁcation of training data of positive class is not allowed. Namely,
in SH-SVMs, FAR of training data is zero. Then, there are three types of SHSVMs as follows: (1) standard SH-SVM, (2) semi-hard twin SVM (SH-TWSVM),
(3) semi-hard support vector data description (SH-SVDD). Standard SH-SVM is
based on L2-SVM. In the optimization problem of SH-SVM, since the slack variable corresponding to only negative class data is introduced unlike the standard
L2-SVM, the slack variable corresponding to positive class is zero. The data is
classiﬁed into a class by using sign of decision function. SH-TWSVM is based on
TWSVM [13]. SH-TWSVM calculates decision function for only negative class
data unlike TWSVM. Additionally, that decision function has margin to positive class data. SH-SVDD is based on L2-soft margin two class SVDD [18]. As
with SH-SVM, SH-SVDD introduces slack variable for only negative class data
to calculate the hypersphere which wrap only negative class data.
We propose three types of SH-SVMs at Sect. 2, and we show result of computer experiments at Sect. 3. Section 3.1 shows the aerial signature dataset and
Sect. 3.3 describe discussion of results. Finally, we conclude this paper at Sect. 4.

2
2.1

Semi-Hard Support Vector Machines
SH-SVM Based on L2 SVM

The decision function of SH-SVM is given by
D(x) = wT φ (x) + b,

(1)

where w, b, and φ(·) are the d-dimension weight vector, bias value, and the
mapping function into the high dimension feature space whose dimension is d.
Let the m-dimensional training data be {xi , yi }(i = 1, . . . , M ), where the number
of the training data is M . Then, yi = 1 or yi = −1 if xi belongs to negative or
positive class. In SH-SVM, the optimization problem is deﬁned as follows:
min

Q(w, b, ξ) =

M
λ 
1 T
w w+
ξ2,
2
2 i=1,y =1 i

(2)

i

s.t.



1 + yi
ξi
yi wT φ (xi ) + b ≥ 1 −
2
for i = 1, . . . , M,

(3)

where ξi (i = 1, . . . , M ) and λ are slack variable, which is a non-negative value
and margin parameter. From (2) and (3), the slack variables corresponding to
negative class data are not aﬀect this problem. Moreover, for negative class data,
the misclassiﬁcation is not allowed by (3). Next, by introducing the Lagrange
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multipliers αi (i = 1, . . . , M ) which is a non-negative value, we obtain the unconstrained optimization problem as follows:
M

λ 2
1
ξ
Q(w, b, ξ, α) = wT w +
2
2 i=1 i


M

 T

1 + yi
ξi .
−
αi yi w φ (xi ) + b − 1 +
2
i=1,y =1

(4)

i

Then, KKT conditions are given by
M


∂Q(w, b, ξ, α)
∂w

= w−

∂Q(w, b, ξ, α)
∂b

=

∂Q(w, b, ξ, α)
∂ξ

= λξi − αi

αi yi φ (xi ) = 0,

(5)

i=1
M


αi yi = 0,

(6)

i=1

1 + yi
= 0.
2

Moreover, KKT complementary conditions is deﬁned as follows:


 T

1 + yi
ξi = 0
αi yi w φ (xi ) + b − 1 +
2

(7)

(8)

for i = 1, . . . , M,
where αi ≥ 0 (i = 1, . . . , M ). Then, xi corresponding to αi > 0 is a support
vector. By using the support vectors, bias value b is given by




1 + yi
1 
δij
αi yi K(xi , xj ) +
yj −
b=
,
(9)
|S|
2λ
j∈S

i∈S

where S, K(·, ·), and δij are index set of the support vectors, kernel function,
and the Kronecker delta, deﬁned as 0 or 1 if i = j or i = j. The dual problem is
deﬁned as follows:


M
M


1 + yi
max Q(α) =
δij
αi −
αi αj yi yj K (xi , xj ) +
(10)
2λ
i=1
i,j=1
s.t.

αi ≥ 0 for i = 1, . . . , M,
M


αi yi = 0.

(11)
(12)

i=1

With αi and b obtained by solving above problem, the decision function is redeﬁned as follows:

αi yi K (xi , x) + b.
(13)
D(x) =
i∈S
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SH-TWSVM

Unlike the standard TWSVM which determine two nonparallel hyperplanes,
SH-TWSVM determine a hyperplane. Also, as with SH-SVM, misclassiﬁcation
of training data of positive class is not allowed. Hence, the optimization problem
of SH-TWSVM can be deﬁned as follows:
1
2
(14)
min Q(w, b) = K(A, C)w + e− b ,
2
s.t. K(B, C)w + e+ b ≤ −e+ .
(15)
Here, w, b, A, and B are the weight vector, the bias value, the data of negative
class, the data of positive class, where the number of A and B are M and
N . Additionally, C is the concatenated matrix of A and B: C = [A, B]T . e−
and e+ are the identity matrix. By introducing the Lagrange multiplier αi (i =
1, . . . , N ) which is a non-negative value, we obtain the following unconstrained
optimization problem:
1
2
K(A, C)w + e− b + α (K(B, C)w + e+ b + e+ ) .
2
Then, KKT conditions are given by
Q(w, b, α) =

∂Q(w, b, α)
= K(A, C) K(A, C)w + e− b + αT K(B, C) = 0,
∂w
∂Q(w, b, α)
T
= eT
− K(A, C)w + e− b + e+ α = 0.
∂b
Moreover, KKT complementary conditions is deﬁned as follows:
α (K(B, C)w + e+ b + e+ ) = 0
for i = 1, . . . , N,

(16)

(17)
(18)

(19)

where αi ≥ 0. Matrix of the KKT conditions is given by
∂Q(w ,b,α )
∂w
∂Q(w ,b,α )
∂b

= LT L

w
+ RT α = 0,
b

(20)

where L is the concatenated matrix of K(A, C) and e− : L = [K(A, C), e− ],
and R is the concatenated matrix of K(B, C) and e+ : R = [K(B, C), e+ ]. The
weight and bias are given by
w
= −(LT L)−1 RT α.
b

(21)

The dual problem is deﬁned as follows:
max
s.t.

1
T
−1 T
Q(α) = eT
R α
+ α − αR(L L)
2
αi ≥ 0 for i = 1, . . . , N.

(22)
(23)

With α, b and w obtained by solving (22) and (23), the decision function is
given by
D(x) = K(x, C)w + b.
(24)
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SH-SVDD

In SH-SVDD, the optimization problem is deﬁned as follows:
M

min
s.t.

λ 2
ξ
2 i=1 i


1 + yi
2
ξi
yi φ (xi ) − a ≤ yi R2 − yi +
2

Q(R, a, ξ) = R2 +

(25)
(26)

for i = 1, . . . , M.
Here, R and a are the square of radius and the origin of the hypersphere. ξ(i =
1, . . . , M ) and λ are the slack variable and the regularization coeﬃcient, which
is a hyperparameter. By introducing the Lagrange multipliers αi (i = 1, . . . , M )
which is a non-negative value, the unconstrained optimization problem is shown
as follows:
2

M

Q(R, a,ξ, α) = R2 +

λ 2
ξ
2 i=1 i



1 + yi
2
T
T
ξi − K (xi , xi ) + 2a φ (xi ) − a a .
−
αi yi R − yi +
2
i=1
M


(27)
Then, KKT conditions are given by
M


∂Q(R, a, ξ, α)
∂R2

=

∂Q(R, a, ξ, α)
∂a

=

∂Q(R, a, ξ, α)
∂ξ

= λξi − αi yi

1−

αi yi = 0,

(28)

i=1
M


αi yi φ (xi ) − a = 0,

(29)

i=1

1 + yi
= 0.
2

Moreover, KKT complementary conditions is deﬁned as follows:


1 + yi
2
T
T
ξi − K (xi , xi ) + 2a φ (xi ) − a a = 0
αi yi R − yi +
2

(30)

(31)

for i = 1, . . . , M,
where αi ≥ 0. Then, xi corresponding to αi > 0 is a support vector and also
satisfy φ(xi ) − a = R2 − yi . Hence, R2 is given by
⎛


1
⎝K (xi , xi ) − 2
αj yj K (xi , xj )
R2 =
S
i∈S
j∈S
⎞

1 + yi
+
αi yi ⎠ .
(32)
αj αk yj yk K (xj , xk ) −
2λ
j,k∈S
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The dual problem is deﬁned as follows:
max

Q(α) =

M


αi yi K (xi , xi )

i=1



1 + yi
δij
−
αi αj yi yj K (xi , xj ) +
4λ
i,j=1
M


s.t.

αi ≥ 0 for
M


i = 1, . . . , M,

αi yi = 1.

(33)
(34)
(35)

i=1

with α, R2 and a obtained by solving above problem, the decision function is
given by

αi yi K (x, xi )
D(x) =R2 − K (x, x) + 2
−



i∈S

αi αj yi yj K (xi , xj ) .

(36)

i,j∈S

3

Computer Experiment

In computer experiment, we conﬁrm robustness for spooﬁng attack using aerial
signature motion dataset. The classiﬁer must classify the other person class which
is not include training data and the person themselves class. We compare the
FAR and FRR of the proposed method with those of the conventional methods.
As the conventional methods, we adopted standard SVM and a classiﬁer based
on the mahalanobis distance (CM) [15]. We used the minimum value of the
mahalanobis distance whose class is positive in training as the threshold of CM.
3.1

Aerial Signature Motion Dataset

Figure 1 shows the appearance of collecting the aerial signature motion data.
In this study, the aerial signature trail is gotten by a Leap Motion which is
hand tracking contactless device. A subject signed vertically above this while
conﬁrming to motion trail. We get the time series data which is three dimensions
space coordinate values xi , yi , zi (i = 1, . . . , I) and velocity values vxi , vyi , vzi
(i = 1, . . . , I) while I/100 seconds. Then, The signature size and position are
diﬀerent from signature to signature even for same persons’. Hence, at ﬁrst, we
normalize coordinate values range from zero to one as follows:
fi =

fi − mini fi
maxi fi − mini fi

for i = 1, . . . , I,

(37)

where fi = (xi , yi , zi ) (i = 1, . . . , I). Next, we extract features by EﬃcientNet
[17] pre-trained by ImageNet [3]. To input to the model, we need to convert time
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Fig. 1. The appearance of collecting the aerial signature motion dataset.

series data to image. Let the all data lengths be uniform by linear interpolation
as follows:
 

iI

fi = fi + (fi+1 − fi )
−i
(38)
I
i I
for i <  < i + 1, i = 1, . . . , I  , i = 1, . . . , I.
I
Next, we plot the interpolated XY coordinate data to size 256 × 256 × 3. In
the computer experiment, we use the eight types of datasets. Table 1 shows the
image created from aerial signature motion data of time series data and used
features for color and width. In Table 1, ci is the ith value which been correspond
with color by colorbar. If color of line is black, Table 1 shows ci = BLACK. Also,
wi is the ith width.
Finally, we extract the feature by the pre-trained EﬃcientNet [15]. EﬃcientNet has eight types b0 to b7 by size of model. Each model has nine level by
channel dimension. We apply an average pooling to the feature map which is
gotten from each level.
The training data consists of ﬁve the person themselves data and 120 the
other person data. Moreover, the test data consists of 25 the person themselves
data and 150 the other person data. The other person data is written by diﬀerent
person in training data and test data. All aerial signature motion are same
japanese characters.
3.2

Parameter Setting

We need to select the feature from Table 1, model and level of the EﬃcientNet.
Additionally, the classiﬁers have some hyperparameter. Therefore, we selected
each parameter by a three-fold cross validation. We selected margin parameter
λ from {0.1, 0.5, 1, 5, 10, 50, 102 , 5 × 102 , 103 , 5 × 103 , 104 , 5 × 104 , 105 , 5 × 105 ,
106 , 5×106 , 107 , 5×107 , 108 , 5×108 , 109 , 5×109 , 1010 }. Futhermore, we selected
from three kernel functions: linear kernel (K(x, x ) = xT x ), polynomial kernel
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Table 1. The eight types of image created from aerial signature motion data and
deﬁnition of color and width for each dataset.
a

b
ci =

ci = BLACK
wi = 1

wi = 3

c

d
ci =

ci = BLACK
vx2i

wi =

+

vy2i

−4

× 10

e

vx2i + vy2i

vx2i

wi =

+ vy2i × 10−4

f
ci = z i

ci = zi

wi = 3

wi = vx2i + vy2i + vz2i × 10−4

g
ci =

vx2i + vy2i

h
vx2i + vy2i + vz2i

wi =

zi2

ci = BLACK
wi = zi2 × 10

× 10
colorbar

min ci
max ci
for i = 1, . . . , I .

 T 
d

(K(x,
+ 1 ), and radial basis function (RBF) kernel (K(x, x ) =

 x ) = x x
exp −γx − x 2 ). where d and γ, which are the kernel parameters, is selected
from γ ={10−10 , 5 × 10−10 , 10−9 , 5 × 10−9 , 10−8 , 5 × 10−8 , 10−7 , 5 × 10−7 , 10−6 ,
5 × 10−6 , 10−5 , 5 × 10−5 , 10−4 , 5 × 10−4 , 10−3 , 5 × 10−3 , 10−2 , 5 × 10−2 , 0.1,
0.5} and d ={2,3,4,5,6}. Additionally, we use I  = 104 for data lengths in linear
interpolation.
Table 2 shows the selected parameters, FAR[%], and FRR[%] in test. The
feature row shows determined features: dataset-model-level.
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Table 2. The determined parameters, FAR[%] and FRR[%] for personal authentication.

Class

1

2

3

4

5

6

7

8

9

10

Ave

3.3

Method
CM

SVM

SH-SVM

SH-TWSVM

SH-SVDD

Feature

g-b1-6

g-b6-5

g-b3-5

g-b3-2

g-b6-5

kernel

–

γ = 5 × 10−9

γ = 10−8

γ = 5 × 10−5

γ = 5 × 10−9

λ

–

5 × 106

5 × 106

–

5 × 107

FAR/FRR

0.67/24.00

2.67/8.00

3.33/8.00

4.67/80.00

5.33/8.00

Feature

d-b1-4

f-b1-5

f-b0-5

e-b0-4

f-b0-5

kernel

–

γ = 10−8

γ = 5 × 10−8

γ = 10−10

γ = 10−3

λ

–

5 × 107

5 × 106

–

5 × 106

FAR/FRR

0.00/96.00

2.67/40.00

1.33/60.00

0.00/100.00

1.33/56.00

Feature

c-b2-5

c-b5-4

c-b6-5

c-b7-3

c-b7-5

kernel

–

d=3

γ = 5 × 10−8

γ = 5 × 10−6

γ = 10−8

4

λ

–

5 × 10

–

5 × 107

FAR/FRR

6.67/48.00

27.33/32.00

31.33/36.00

9.33/92.00

27.33/40.00

Feature

c-b2-4

c-b3-3

f-b1-3

f-b1-3

f-b1-3

kernel

–

γ = 5 × 10−9

γ = 10−4

γ = 5 × 10−6

γ = 10−4

λ

–

5 × 106

104

–

5 × 103

10

7

FAR/FRR

0.00/100.00

20.00/8.00

5.33/64.00

1.33/92.00

5.33/64.00

Feature

f-b2-5

h-b1-2

h-b1-4

h-b2-4

h-b1-4

kernel

–

γ = 5 × 10−8

γ = 5 × 10−3

γ = 10−6

γ = 5 × 10−3

λ

–

106

106

–

5 × 105

FAR/FRR

0.00/88.00

34.00/52.00

0.00/56.00

0.67/72.00

0.00/56.00

Feature

c-b7-6

d-b5-5

d-b3-5

d-b2-3

d-b1-5

kernel

–

γ = 10−9

γ = 10−8

γ = 5 × 10−6

γ = 5 × 10−8

λ

–

107

5 × 106

–

5 × 105

FAR/FRR

0.00/92.00

6.67/80.00

1.33/56.00

0.00/88.00

1.33/60.00

Feature

h-b7-7

a-b1-2

a-b1-6

a-b0-2

a-b1-2

kernel

–

γ = 10−7

γ = 10−8

γ = 10−4

γ = 10−6

λ

–

5 × 106

5 × 108

–

5 × 106

FAR/FRR

4.67/64.00

7.33/20.00

2.00/32.00

1.33/60.00

6.00/20.00

Feature

d-b5-7

b-b5-6

b-b5-6

a-b1-2

b-b5-6

kernel

–

γ = 10−9

d=4

γ = 5 × 10−4

γ = 5 × 10−9

λ

–

107

5 × 105

–

5 × 108

FAR/FRR

1.33/88.00

30.67/24.00

8.00/76.00

0.00/96.00

8.00/84.00

Feature

g-b0-6

d-b2-7

d-b2-7

b-b7-3

g-b2-7

kernel

–

γ = 10−10

γ = 5 × 10−9

γ = 5 × 10−6

γ = 5 × 10−4

λ

–

107

107

–

5 × 105

FAR/FRR

0.00/96.00

22.67/28.00

2.00/32.00

0.00/100.00

3.33/28.00

Feature

f-b1-6

d-b1-6

d-b7-6

d-b4-3

f-b7-6

kernel

–

γ = 10−9

γ = 5 × 10−9

γ = 5 × 10−4

γ = 10−8

λ

–

5 × 106

5 × 106

–

5 × 107
4.67/48.00

FAR/FRR

0.00/76.00

2.00/80.00

0.67/92.00

10.00/96.00

FAR

1.33 ± 2.25

15.60 ± 12.00

5.53 ± 8.89

2.73 ± 3.72

6.27 ± 7.40

FRR

77.20 ± 23.53

37.20 ± 24.85

51.20 ± 23.24

87.60 ± 12.45

46.40 ± 21.56

Discussion

In Table 2, the average FAR of CM is the lowest among that of all methods.
However, in some classes, FRRs of CM and SH-TWSVM are 100%. In other
words, these classiﬁers classiﬁed all data into positive class. In seven classes,
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SH-SVM and SH-SVDD perform better than SVM from the standpoint of FAR.
In particular, in class 5, FARs of SH-SVM and SH-SVDD are 0% while FRRs of
them are only 4% higher than that of SVM. In this results, SH-SVM and SHSVDD can prevent spooﬁng attacks than SVM only slight increase of rejection
rate to the target person. In most classes, SH-SVM and SH-SVDD show about
the same FARs and FRRs, to apply a RBF kernel to SH-SVM, we get same
eﬀect of SH-SVDD. In this experiment, all dataset were selected from Table 2.
In other word, suitable dataset type is diﬀerent for each class and classiﬁer. The
EﬃcientNet-b1 was most selected. Because the aerial signature image is simpler
than the ImageNet which was used for pre-training of EﬃcientNet, small model
extracts the enough feature for classiﬁcation. For the same reason, the feature
extracted from around level 5 was most selected.

(a) SVM (γ = 0.1, λ = 107 )

(b) SH-SVM (γ = 0.1, λ = 109 )

(c) SH-TWSVM (γ = 0.1)

(d) SH-SVDD (γ = 0.1, λ = 104 )

Fig. 2. The hyperplanes of SVM and SH-SVMs for banana dataset in training.

Figure 2 shows the hyperplanes of banana dataset, which is one of the two
dimensional benchmark dataset, in training SVM and SH-SVMs. We selected
hyperparameters: RBF kernel, γ = 0.1 and λ by ﬁve fold cross validation at
each method. Black line in Fig. 2 shows is the hyperplane used for classiﬁcation.
The blue and the red correspond with negative and positive value of decision
function. Futhermore, the red rhombus and blue circle are negative and positive
class data. In SVM, few data of both class are misclassiﬁed. In contrast, SHSVMs do not misclassify positive class data. All the red rhombus are on the
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red area. In SH-TWSVM, the red area is larger than other semi-hard margin
methods. This reason is that SH-TWSVM considers only positive class data to
decide margin as shown by constraint equation (15). This reason causes high
FRRs of SH-TWSVM in Table 2.

4

Conclusion

In this paper, we have proposed three types of SH-SVMs to prevent prooﬁng
attack for personal authentication problems with an aerial signature motion. In
SH-SVM and SH-SVDD, the slack variable of positive class is equal to zero in
order to FAR = 0 in training.
According to the computer experiment, SH-TWSVM showed 100% FRR in a
particular class same of conventional method. However, SH-SVM and SH-SVDD
showed that FAR and FRR are low overall than other method. As a result of
this, one can see that SH-SVM and SH-SVDD are eﬀectiveness for classiﬁcation
of personal authentication with an aerial signature motion considering spooﬁng
attack.
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Abstract. The identiﬁcation of stop locations in GPS trajectories is an
essential preliminary step for obtaining trip information. We propose a
neural network approach, based on the theoretical framework of dynamic
neural ﬁelds (DNF), to identify automatically stop locations from GPS
trajectories using their spatial and temporal characteristics. Experiments
with real-world GPS trajectories were performed to show the feasibility of the proposed approach. The outcomes are compared with results
obtained from more conventional clustering algorithms (K-means, hierarchical clustering, and HDBSCAN) which usually limit the use of the
available temporal information to the deﬁnition of a threshold for the
duration of stay. The experimental results show that the DNF approach
not only robustly identiﬁes places visited for a longer time but also stop
locations that are visited for shorter periods but with higher frequency.
Moreover, the self-stabilized activation patterns that the network dynamics develop and continuously update in response to GPS input encode
simultaneously the spatial information and the time spent in each location. The impact of the obtained results on systems that automatically
detect drivers’ daily routines from GPS trajectories is discussed.
Keywords: Cluster · Stop location · Dynamic neural ﬁeld
Trajectory data mining · Temporal and spatial properties
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Introduction

Mobiles and GPS devices are used more and more to record people’s daily trajectories. For example, a driver’s daily routes can be recorded by the GPS car
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equipment, and useful information can be extracted from these trajectories to
beneﬁt the user’s daily routine [9]. Stop locations represent the most meaningful
part of the trajectories. They provide essential information for many locationbased services such as destination prediction systems [12,15] and recommendation systems [3].
Many data mining methods have been used to extract these locations. Typically, clustering algorithms are adopted to the dynamic process of stop extraction
from a trajectory. For example, in [28] the classical K-means clustering algorithm to identify locations of interest was used. The DBSCAN (density-based
spatial clustering of applications with noise) algorithm and diﬀerent derivative
algorithms of the DBSCAN have been adopted in many studies in order to identify stop locations [2,12,15,20]. These density-based clustering algorithms oﬀer
some advantages over the K-means approach including the capacity of identifying clusters of varying shapes [15]. Hierarchical clustering algorithms such as
agglomerative hierarchical clustering also have been used to identify diﬀerent visited locations [22]. Compared to DBSCAN, hierarchical clustering methods can
provide a more intuitive interpretation of clusters. More recently, a hierarchical
clustering algorithm named HDBSCAN has been applied to identify regions of
interest [6,9,17]. This clustering algorithm is based on DBSCAN and thus inherits the qualities of both the hierarchical clustering and DBSCAN. These methods have proven to obtain a desirable performance in many situations. However,
most of them take only the spatial information about GPS points within a given
distance into account, and the available temporal information is used in a very
limited way. In many studies [2,11,12], a pre-deﬁned time threshold representing
the minimal amount of time spent within a region is used to select GPS points
(called stop or stay points) before applying a clustering algorithm. However,
by ﬁxing a threshold value, potentially highly relevant information about stop
points that a user visits for shorter periods but with higher frequency is lost.
Here, we present a recurrent neural network model [26] that supports a continuous integration of spatial and temporal information provided by raw GPS
data. The model is based on the theoretical framework of Dynamic Neural Fields
(DNF) which has been applied in the past to implement brain-inspired processing mechanisms supporting working memory, prediction, and decision making in
cognitive systems (e.g., [7,23,24]). Recent work shows the beneﬁts of the DNF
approach for clustering analysis [18] and the encoding of temporal properties of
sensory events [10,27]. A direct comparison with the more conventional clustering algorithms reveals that the identiﬁed stop points with suﬃciently long stay
coincide to a large extent. However, the neural integrator network is also able to
automatically encode in its activation pattern the spatiotemporal properties of
points of interest that have been visited more frequently for shorter periods.
The rest of the paper is organized as follows. Basic concepts concerning GPS
trajectories are presented in Sect. 2. In Sect. 3, a stop point detection algorithm,
three clustering algorithms used in the experiments, and the novel DNF approach
are introduced. The results of the experiments with the diﬀerent approaches are
discussed in Sect. 4. Conclusions and future work are presented in Sect. 5.
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Basic Concepts

Following previous work [2,11,12,20], we present some deﬁnitions and concepts
which will be used throughout the paper.
Definition 1 GPS Trajectory: A GPS Trajectory is a list of n GPS data
points (xi , yi , ti ) with i ∈ {1, . . . , n} and ti < ti + 1, where xi , yi and ti represent
the longitude, latitude, and time-stamp, respectively.
Definition 2 Stop Point (also known as stay point): A stop point is a
significant point of a trajectory where a user has spent a minimal amount of
time.
In this paper, we consider three types of stop points. Type I: the end point of
each trajectory (or track) if the distance between this point and the start point
of the same trajectory or of the next trajectory is less than a predeﬁned distance.
This means that the user leaves and arrives at the same place or the user arrives
and leaves at the same place in two successive trajectories. Typically, a trajectory
starts from a place where a user leaves and ends in a place without changing
signal for a period of time. However, this might not be always true due to other
factors such as signal loss or low battery. Type II: a trajectory point which is
repeated for more than a predeﬁned amount of time. Type III: The centroid of
consecutive trajectory points in a region of predeﬁned radius visited for more
than a predeﬁned amount of time.
In previous work [2,11,12], a stop location is deﬁned as a map area that
contains at least two stop points and it is obtained by a stop clustering algorithm.
Here, we apply a more comprehensive stop location concept which includes the
map regions with isolated stop points and the places visited repetitively but for
a shorter period of time compared with the time spent in a stop point.

3
3.1

Methodology
Stop Point Detection

The algorithm proposed in [19] was used to identify the stop points. They are
detected from a user’s GPS trajectory based on two parameters: the distancethreshold and the time-threshold. First, the Haversine Distance (HD) formula,
presented in [20], is used to calculate the distance between two sets of points in
order to ﬁnd those that are below the distance-threshold. Next, it is being veriﬁed
whether the time the user spent in the region is longer than the time-threshold.
As the last step, the algorithm calculates the stop point centroid by determining
the mean of the coordinates of the set of points. In our experiments, we set
the parameters distance-threshold as 200 m and the time-threshold as 20 min as
suggested in [31] and used in recent work [2,12]. In other words, if a user spends
over 20 min within a region of 200 m, a stop point is detected.
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Clustering Algorithms

K-means clustering is a popular approach for segmenting a data set into K distinct non-overlapping clusters [16]. The objective of K-means is to minimize the
within-cluster variation. In our experiments, the within-cluster variation deﬁned
by the squared Euclidean distance (also commonly known as distortion) is used
to access the quality of the clustering. In K-means, the number of clusters is a
parameter that must be given explicitly. It is chosen manually based on prior
knowledge of the data set properties or with a cluster number determination
technique (e.g., Elbow method) [13].
Agglomerative hierarchical clustering is a clustering approach in which
the data points are grouped into a hierarchy, resulting in a tree-based representation called a dendrogram. The hierarchical clustering starts at the lowest level
and at each subsequent level a pair of clusters is merged into a single cluster,
where the pair of chosen clusters consists of the two most similar subsets [13,14].
To create the dendrogram, a measure of the distance between two clusters needs
to be deﬁned. In this work, the Ward method is applied due to its’s success in a
wide range of applications since its ﬁrst description in 1963 [25].
HDBSCAN is a hierarchical clustering method based on the DBSCAN
algorithm [4,5]. DBSCAN [8] is a classic density-based clustering method in
which the density of a point is measured by the number of points within a certain
distance from this point. By setting two parameters, the maximum distance
between two points (eps) and the minimum size of points (minP ts) that a given
cluster may contain, DBSCAN is widely used for clustering and eliminating
noise. A cluster is deﬁned as the set of points with dimension higher or equal than
minP ts and within the eps-neighborhood. Any point that is not part of a cluster
is categorized as noise. HDBSCAN performs DBSCAN over varying eps values
and integrates the result to ﬁnd a clustering that provides the best stability
over eps. This makes HDBSCAN identify clusters of varying densities which
is the major advantage over DBSCAN. To obtain clusters of varying density,
HDBSCAN builds a minimal spanning tree based on the mutual reachability
distance between the points. Based on that tree, a condensed cluster hierarchy
is constructed where the width of the branch represents the number of points
in the cluster. HDBSCAN requires a single parameter as input: the minimum
cluster size (minP ts), which in this work is set to 2. Using this parameter, the
algorithm removes connections from the tree by increasing the minimum weight
of connections λ, and veriﬁes at every juncture in the tree, whether the remaining
components are larger than the minP ts value. If they are, they are maintained
for consideration as a cluster, if they are not, they are declared noise. The parts
of the tree which are the most persistent to changes of λ are considered clusters
by HDBSCAN [21].
3.3

The DNF-Based Neural Integrator Model

Dynamic neural ﬁelds formalized by integro-diﬀerential equations represent a
speciﬁc type of recurrent neural network in the continuum limit. The connectivity
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pattern is typically of lateral-inhibition type, that is, excitation dominates at
shorter and inhibition at longer distances [1]. Since DNF models explain the
existence of input-speciﬁc neural activation patterns that persist after the input
is withdrawn, they are used as models of working memory. In applications, the
ﬁelds are spanned over continuous metric dimensions such as spatial position
or movement direction [7,23,24]. The evolution of a self-stabilized, bell-shaped
activation pattern (or bump) in response to a transient input represents the
memory of a speciﬁc parameter value. For the present study, a two-dimensional
ﬁeld representing the GPS coordinates latitude and longitude is used. Since
we also want to support the temporal integration of inputs, we apply a novel
model consisting of two coupled ﬁeld equations of classical Amari-type [26,27]. It
represents the accumulated input at a speciﬁc location in a continuum of bump
amplitudes.
The network dynamics of the two coupled neural populations, u and v, is
governed by the following equations:
 
∂u(r, t)
= −u(r, t) + v(r, t) + I(r, t) +
w(r − r )f (u(r , t) − θ)dr , (1)
∂t
Ω
 
∂v(r, t)
= −v(r, t) + u(r, t) −
w(r − r )f (u(r , t) − θ)dr ,
(2)
∂t
Ω
where u(r, t) and
 v(r, t) represent the activity at time t of neurons representing position r = x2 + y 2 in the spatial domain Ω, which in the present study
is a subset of R2 . The function f (u) represents the ﬁring rate function, here
chosen as the Heaviside step function with threshold θ and w is the distancedependent distribution of synaptic weights. We consider a connectivity function
of “Mexican-hat” shape given by the diﬀerence of two Gaussians
2
2
2
2
w(r) = Aex e(−r /2σ ) − Ain e(−r /2(γσ) ) ,

(3)

where Aex > Ain > 0 determine the lateral excitatory and inhibitory strength,
σ > 0 determines the lateral excitatory range, and γσ with γ > 1 determines
the range of lateral inhibition.
The term I(r, t) represents a time varying external input to population u, modeled by a Gaussian function
2
2
I(r) = AI e(−(r−rc ) /2σI ) ,

(4)

centered at position rc given by the GPS coordinates, with strength AI and
standard deviation σI > 0.
A localized input, I(r), with amplitude above threshold drives the evolution
of a bump with a growth rate controlled by AI . The input duration thus determines the bump height whereas the choice of the standard deviation σI aﬀects
the bump width. An excited region could be the result of a single input presented during a suﬃciently long time interval or could be generated by diﬀerent
(spatially overlapping) inputs in the same region:
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• a single input I(r, t) for t ∈ {t1 , . . . , tn } where t1 , . . . , tn are successive timestamps and the time interval tn − t1 is longer than the minimum interval
necessary to reach the threshold θ for bump creation; or
• m inputs Ii (ri , t) for t ∈ {ti,1 , . . . , ti,n } where r1 , . . . , rm are in the same
small area, ti,1 , . . . , ti,n are successive time-stamps for all i ∈ {1, . . . , m},
or temporally separated time-stamps and the
t1,n , . . . , tm,n are successive 
m
accumulated input duration, i=1 (ti,n − ti,1 ), is suﬃcient to reach threshold.
In the ﬁrst case, the excited region corresponds to a stop location that contains a stop point of Type II. In the second case, if t1,n , . . . , tm,n are successive
time-stamps, the excited region corresponds to a stop location that contains a
stop point of Type I or Type III. If t1,n , . . . , tm,n represent temporally separated
time-stamps, the excited region corresponds to a place visited more than once
at diﬀerent moments in time.
The neural integrator model is able to sustain multiple input-induced activation patterns. Their number and spatial extend depends on the kernel parameters, σ, γ, Aex , and Ain . A larger σ induces a larger range of excitation and
proximate bumps that co-exist for a smaller σ might merge in a single excited
region. On the other hand, increasing the parameter γ causes a stronger lateral
inhibition which may lead to a suppression below threshold of smaller bumps by
larger ones.
Numerical model simulations were done in MATLAB using a forward Euler
method with time step Δt = 0.1 and spatial step Δx = 0.001, on a ﬁnite domain
Ω = [minLong − 0.05, maxLong + 0.05] × [minLat − 0.05, maxLat + 0.05], where
minLong, maxLong, minLat and maxLat are the minimum and maximum
values of the longitude and latitude for a given set of GPS points, respectively.
To compute the spatial convolution of w and f we employ a two-dimensional fast
Fourier transform (FFT), using MATLAB’s in-built functions fft2 and ifft2
to perform the Fourier transform and the inverse Fourier transform, respectively.

4
4.1

Experiments and Discussion
Dataset

Real trajectory datasets selected from GeoLife GPS Trajectory Data [29–31]
were used to perform the experiments. The Geolife data contains trajectories
mostly in Beijing, China, of 182 users recorded in the period from April 2007 to
August 2012. A group of 73 users labeled their trajectories with transportation
modes such as walk, car, taxi, bus, subway, bike and others. A GPS trajectory of
this data set is represented by a sequence of time-stamped points, each of which
contains the information of latitude, longitude and altitude.
4.2

Pre-processing

Since trajectories have a variety of sampling rates, ﬁrst, sequences of GPS coordinates (latitude and longitude) were generated from the raw GPS trajectories
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with a ﬁxed sample rate (every 30 s). The points of Type I (end trajectory points
that are in the same area of the start point of the current trajectory or the next
one) are repeated for a period of 20 min. Table 1 summarizes the selected trajectory datasets used in this study.
Table 1. Main characteristics of the selected trajectory datasets
User Date

Transportation
mode

Number of
trajectories

Number of points
Raw

Sample

115

May 2007 (14 days) Car

24

1843 3715

153

July 2008 (27 days) Walk, Bus, Car,
Taxi, Subway

60

40162 7179

128

11 February 2009

4.3

Walk, Car,
Subway

5

2336

554

Stop Points

Figure 1 (a) and (d) show the scatter plot of the raw GPS points (latitude and
longitude coordinates) corresponding to the trajectories recorded during a month
by users 115 and 153 described in Table 1. The respective sample GPS points
are presented in Fig. 1 (b) and (e). The stop points determined by the algorithm
proposed in [19] and described in Sect. 3.1 are illustrated on the real map of part
of Beijing city in Fig. 1 (c) and (f). The number of detected stop points was 7
and 51 for user 115 and user 153, respectively, concentrated in 3 and 7 separated
regions (locations).
4.4

Stop Locations Based on Stop Points

In the following, we employ the DNF approach as well as the clustering algorithms K-means, agglomerative hierarchical, and HDBSCAN based on the stop
points of user 153 found in Sect. 4.3, in order to identify the stop locations. For
each stop point, inputs given by (4) with AI = 1 and σI = 0.4, centered at the
stop point coordinates, were applied sequentially to the u-ﬁeld during a ﬁxed
period of time steps equal to 10. The value of θ was chosen equal to 0.5. The
parameters of w given by (3) were chosen as Aex = 4, Ain = 1.5, γ = 2 and two
diﬀerent σ values were considered, σ = 0.5 and σ = 1.
The DNF approach generated 7 clusters with σ = 0.5 (Fig. 2 (a)), and this
number was reduced to 6 with σ = 1 (Fig. 2 (b)). Choosing the number of cluster as k = 7 and k = 6, respectively, the stop points are grouped by all three
clustering algorithms (K-means, agglomerative hierarchical, and HDBSCAN) in
the same 7, respectively 6, clusters obtained by the DNF model (Fig. 2 (c), (d)).
For single inputs representing stop points with stay duration above threshold,
the DNF approach thus produces very similar results compared with the conventional clustering algorithms.
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Fig. 1. Raw GPS points collected during a month by user 115 (a) and by user 153 (d)
described in Table 1, the respective sample GPS points generated from the raw GPS
points ((b) and (e)) and the stop points (red points) found in the subset of sample
GPS points ((c) and (f )). (Color ﬁgure online)
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Fig. 2. Stop locations (clusters) obtained by the DNF approach with σ = 0.5 (a) and
σ = 1 (b), the K-means, agglomerative hierarchical and HDBSCAN algorithms with
k = 7 (c) and k = 6 (d) based on the stop points of user 153 given in Sect. 4.3.

4.5

Stop Locations Based on GPS Trajectories

Figure 3 presents the stop locations obtained by the proposed DNF approach
for two datasets: user 115 and user 153. The input is given by (4) centered at
position rc given by the sample GPS coordinates (3715 and 7179 points for users
115 and 153, respectively), with AI = 0.05 and σI = 0.4 and a sample rate of 30 s
(corresponding to one time step). To ensure that excitation in a region can be
driven by repetitive inputs with a total duration exceeding 20 min, the activation
threshold is chosen as θ = 0.16. The parameters of w are the same as in Sect. 4.4.
For σ = 0.5, 7 stop locations were codiﬁed for user 115 (Fig. 3 (a)) and also for
user 153 (Fig. 3 (c)). Increasing the value of σ to 1, the number of stop locations
decreases to six in both cases (Fig. 3 (b),(d)).
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Fig. 3. Stop locations identiﬁed by the DNF approach with σ = 0.5 ((a) and (c)) and
σ = 1 ((b) and (d)), for the users 115 and 153, respectively.

For user 153, all stop locations contain at least one stop point found in
Sect. 4.3 (Fig. 1 (f)) and the regions are similar to the ones identiﬁed in Sect. 4.4
(Fig. 2 (a),(b)). However, for user 115 stop locations were identiﬁed in regions
without stop points found in Sect. 4.3 (Fig. 1 (c)). This means that there are
some places that were visited more than one time but with an accumulated stay
period less than 20 min. To further analyze this situation, a new set of stop points
was obtained considering now 5 min as time-threshold. By decreasing the timethreshold to 5 min, the number of stop points increases from 7 to 47 as illustrated
in Fig. 4 (a). In fact, in the regions identiﬁed by the DNF approach (see Fig. 3
(a)), there exist at least 2 stop points with more than 5 min stay duration. In
this case, isolated stop points can be considered as noise. Contrary to the Kmeans and the agglomerative hierarchical algorithms, HDBSCAN is capable of
handling noise. We, therefore, run HDBSCAN on the set of stop points obtained
with a 5 min time-threshold. By comparing the results of the DNF approach with
σ = 0.5 (Fig. 3 (a)) and the HDBSCAN clustering result for k = 7 (Fig. 4 (b)), we
observe that the 3 points considered as noise by HDBSCAN (gray points) do not
belong to any excited region found by the DNF approach. However, some points
not classiﬁed as noise by HDBSCAN due to their proximity to other points do
not belong to any excited region in Fig. 3 (a). Assuming k = 6, the number of
points classiﬁed as noise by HDBSCAN appears to be reduced to 2 (Fig. 4 (c)).
In this case, if we were only interested in areas with a relatively high number of
stops, HDBSCAN would give us good results for a minP ts value large enough
to declare sparse regions as noise and dense regions as clusters. However, not all
stop points in sparse environments are necessarily noise. If we were interested at
the same time in areas with a higher number of stops and in areas with fewer
stops or even just one stop but with a longer stay, applying HDBSCAN to a set
of stop points is not suﬃcient. To represent the underlying data structure, the
DNF approach will be more suitable.
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Fig. 4. (a) Stop points found in the subset of sample GPS points for user 115 by
performing the method described in Sect. 3.1 with time-threshold of 5 min. The number
of points is shown in parentheses. (b) Clustering result obtained by the HDBSCAN
algorithm when choosing the number of cluster as k = 7 (b) or k = 6 (c) for the stop
points in (a).

4.6

Stop Locations and Time Spent in Each One

In the proposed DNF approach, the location and the time spent in each place are
encoded simultaneously. As an example, consider the daily trajectories (recorded
from 1:10 to 14:40 GMT) of user 128 (see Table 1). Applying the method
described in Sect. 3.1, 4 stop points are found (Fig. 5 (a)). Each of the stop
locations identiﬁed by the DNF approach based on the GPS trajectories contain
one of these 4 stop points (Fig. 5 (b),(c)), and the time spent in each location
correlates with the bump amplitude (Fig. 5 (d)).
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Fig. 5. (a) The stop points found in the subset of sample GPS points recorded during a day by user 128. (b), (c) and (d) Snapshot from three diﬀerent views of the
stop locations identiﬁed by the DNF approach. The duration spent in each location
is represented by the peak amplitude. The parameters for the nonlinearity f and the
interaction kernel w are the same used in Sect. 4.5 with σ = 0.5.

The stored information could be used for instance to make predictions about
the expected stay duration of a user in a speciﬁc place.
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Conclusion and Future Work

We have presented an approach based on Dynamic Neural Fields to identify stop
locations from raw GPS data. Stop location extraction occurs implicitly and it is
a continuous process, taking into account not only the number of inputs (representing GPS coordinates) and the distance between them but also their temporal
properties. Our approach is particularly useful when not only the duration but
also the frequency of location visits have to be taken into account. If the temporal integration of GPS inputs at a speciﬁc location exceeds the threshold for
bump formation, the location is memorized whereas places visited for shorter
periods and with low frequency are automatically ignored. The joint representation of spatial and temporal information about stop locations oﬀers a new
perspective for driver assistant systems that are able to make predictions about
the driver’s daily routines. In order to further verify the feasibility of the presented DNF approach, we are currently collecting a new data set in the scope of
the joint project with Bosch “Easy Ride: Experience is everything”, where
stop locations of car trajectories are recorded. With this information, we will be
able to directly compare model predictions with real driver routines.
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Abstract. We explore a neural network architecture that stacks a recurrent layer and a feedforward layer, both connected to the input. We
compare it to a standard recurrent neural network. When noise is introduced into the recurrent units activation function, the two networks display binary activation patterns that can be mapped into the discrete
states of a ﬁnite state machine. But, while the former is equivalent to
a Moore machine, the latter can be interpreted as a Mealy machine.
The additional feedforward layer reduces the computational load on the
recurrent layer, which is used to model the temporal dependencies only.
The resulting models are simpler and easier to interpret when the networks are trained on diﬀerent sample problems, including the recognition
of regular languages and the computation of additions in diﬀerent bases.

Keywords: Deep learning
Interpretability

1

· Recurrent neural network ·

Introduction

Machine learning techniques, and more speciﬁcally deep neural networks
(DNNs), have become essential for a wide range of applications, such as image
classiﬁcation [1,17], speech recognition [11], or natural language processing
[4,18,25]. Notwithstanding, these deep models are still not dominant in many
applications due to the common belief that more simplistic approaches, such as
linear models or decision trees, provide better interpretability. Hence techniques
for interpreting DNNs are becoming popular in many ﬁelds, like image classiﬁcation [19] and sequence modeling, including music composition and natural
language generation [16,24]. However, the interpretation and understanding of
DNNs is still an open question that deserves further research.
Recurrent Neural Networks (RNNs) are a kind of deep network aimed at
sequence modeling, where the depth comes from a recurrent loop in the network
architecture that forces a backpropagation through several time steps when the
gradients are computed [10]. RNNs are Turing equivalent [23], and many authors
have studied these networks’ ability to model diﬀerent kinds of formal languages
[8,22,28]. The interpretability of RNNs has been often addressed by quantization
c Springer Nature Switzerland AG 2021
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approaches that try to reduce the network to a set of rules (rule extraction)
[15,22,27], usually in the form of a deterministic automaton [3,5,9].
More recently, the picture has been completed with the introduction of Memory Augmented Neural Networks (MANNs) [6], where a standard and usually
recurrent neural network is enhanced with an external memory [2,12,13]. Results
of these new models on complex problems seem very promising. Additionally, as
much of the computational power of these networks relies on their memory, the
complexity of the neural component is reduced, hence also improving the overall model interpretability. The connection with general automata seems evident,
with the neural network implementing a kind of ﬁnite state neural processor
and diﬀerent memory schemes leading to diﬀerent types of abstract models,
from pushdown automata to complete Turing machines.
Following these ideas, in this article, we explore a neural network architecture that combines a feedforward processing layer with a recurrent layer that
implements a sort of memory. When we train this Dual network to process
temporal sequences, it uses its recurrent layer to keep track of only the essential information that must endure over time, without performing any additional
computation. The feedforward layer combines, in turn, the input and the memory content to provide the ﬁnal network’s output. This separation of roles seems
to be beneﬁcial for learning since the network discharges much of the computational load from the recurrent connection and, at the same time, improves
interpretability. From a more abstract point of view, we ﬁnd that the network
can be reduced to a Mealy machine, just as a simple recurrent network can be
reduced to a stable ﬁnite automaton in the form of a Moore machine [20,21].
Mealy machines are simpler than Moore machines (lower number of states), and
so the models trained using this architecture are also more understandable and
interpretable. We study the network’s capacity to solve several simple problems,
including regular language recognition and the computation of additions in different numerical bases. We show that the Dual architecture can obtain the same
prediction accuracy and at the same time generate more interpretable models.
The article is organized as follows. In Sect. 2, we introduce the network architecture. In Sect. 3, we describe the data and the experiments. Section 4 presents
and analyzes the results. Finally, in Sect. 5, we present the conclusions and discuss future lines of research.

2
2.1

Networks
Elman RNN with Noisy Recurrence

The Elman RNN [7] is the simplest neural network architecture where recurrence
is introduced. It adds a time dependence to the internal layer, making the activity
in this layer depend on its output for the previous time step. Here we use a
modiﬁed Elman RNN with a single hidden layer, where noise is introduced in
the activation function of the recurrent layer units [20]. The network behavior
is governed by the following equations:
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ht = tanh(Wxh xt + Whh ht−1 + Xν ◦ ht−1 + bh ),
yt = σ(Why ht + by ),

(1)
(2)

where ht and yt represent the activation of the hidden and output layers, respectively, at time t, and xt is the network input. The model depends on weight
matrices Wxh , Whh , and Why , and also bias vectors bh and by . In particular,
Whh represents the weights in the recurrent connection that create an explicit
dependence of ht on ht−1 . The recurrent connection also includes the noisy term
Xν ◦ ht−1 , where Xν is a random vector whose elements are drawn from a Normal distribution with mean 0 and standard deviation ν. The ◦ operator denotes
an element-wise product. The noise eﬀect on the overall network’s behavior is to
force the neurons into an almost binary regime that generates stable activation
clusters [21].

Fig. 1. Connection diagram of the Dual RNN

2.2

Dual RNN

The second network architecture that we explore combines the noisy recurrent
layer described in Sect. 2.1 with a feedforward layer that receives its input from
both the recurrent and the input layers. We include a ﬁnal sigmoid layer on top
to provide the network output (see Fig. 1). The network activity is controlled by
the following set of equations:
ht = tanh(Wxh xt + Whh ht−1 + Xν ◦ ht−1 + bh ),

(3)

ct = tanh(Wxc xt + Whc ht + bc ),
yt = σ(Wcy ct + by ),

(4)
(5)

where the symbols have the same interpretation as before. The idea behind this
implementation consists of allowing the recurrent units to focus on just processing the information that must be maintained along time, while the additional
feedforward layer performs all the rest of the processing. This way, we expect
that the recurrent layer acts as a memory that learns to deal with time dependencies, while the feedforward layer learns to combine the input and the memory
to provide an answer given the current input. We call this network a Dual RNN.
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Network Training

We train the networks to minimize a cross-entropy loss with L1-regularization
using a standard gradient descent optimizer. Regularization is applied only to
the weight matrices but not to the biases. In the Dual RNN, only the weights in
the recurrent layer (Wxh , Whh , and Whc ) are regularized.

3

Experiments and Data

We test our network on two diﬀerent problems: recognition of regular grammars
and addition on various numerical bases. In the following, we provide a detailed
description of the data and the experiments.
3.1

Recognition of Regular Languages

The ﬁrst test considers the ability of the networks to recognize the Tomita Grammars [26], seven Regular languages deﬁned on the alphabet {a, b} that are a
standard in rule extraction [27]. Table 1 provides a complete description of the
seven Tomita grammars. We use the experiments and results described in [20] as
a reference benchmark. We generate the training and test datasets as detailed
therein, including the $ symbol used as string separator. We evaluate the networks by measuring their recognition accuracy on the test set.
Table 1. Description of the 7 Tomita grammars
Name

Regular language

Tomita1 Strings with only a’s
Tomita2 Strings with only sequences of ab’s
Tomita3 Strings with no odd number of consecutive b’s after an odd
number of consecutive a’s
Tomita4 Strings with fewer than 3 consecutive b’s
Tomita5 Strings with even length with an even number of a’s
Tomita6 Strings where the diﬀerence between the number of a’s and
b’s is a multiple of 3
Tomita7 Strings matching the regular expression b∗ a∗ b∗ a∗

3.2

Addition

The next problem consists of predicting the result of a sum of two numbers
presented to the network digit by digit. We consider diﬀerent numerical bases.
In base B, the network inputs at a given time step are two numbers between 0
and B − 1. The network must return a single number in the same range, which is
the result (without the carry) of the two inputs addition plus the possible carry
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generated in the previous time step. We show one example of input and output
for B = 2 in Table 2, where the strings must be read from left to right, contrary to
the usual binary number representation. Note that we also include the separator
symbol $ in the input strings, which represents the end of a particular sum. The
$ symbol always appears in both input strings at the same position, and the
expected output is the last carry.
We consider two randomly generated datasets, each consisting of two input
strings of length 200000 and the corresponding output string of the same length.
We set the generation probability for the $ symbol to 0.1, and the rest of the
symbols are all equally probable. We use the ﬁrst dataset to train the networks,
and the second one for testing. As before, we evaluate the networks by measuring
their prediction accuracy on the test set.
Although the grammar associated with this problem is regular, as in the
previous case, the problem complexity increases with B, and the interpretation
of a standard RNN solution becomes nontrivial. As we show in the results section,
this kind of problem illustrates the beneﬁts of using a network that separates the
recurrent memory from the main processing path, such as the Dual RNN. Since
the only information that needs to be remembered is the carry, the discharge of
computing power in the recurrent layer represents an important advantage for
this problem.
Table 2. Example of input and output strings for the addition problem in base 2.
Input 1 $0101110101011010$01011101$010111010101101011$00111001$
Input 2 $1101010110101011$01011010$011100111000011001$01011010$
Output 0101001100000110010010100010001000100111101101011011110

4
4.1

Results
Tomita Grammars

For the recognition of Tomita grammars, we compare the noisy Elman and the
Dual networks. In both cases, it is not diﬃcult to ﬁnd network parameters that
allow for a perfect classiﬁcation with 100% accuracy in all tests. For the noisy
Elman network, we use 10 units in the recurrent layer, learning rate r = 0.01, L1
regularization λ = 0.1, a batch size of 10, and an unfold length of 25. The Dual
network uses the same parameters, with 10 additional units in the feedforward
layer. We train the networks for 1000 epochs, and we use an adaptive noise level
that starts at ν = 0.0 and linearly increases to reach a maximum value of ν = 1.0
at epoch 500. We do not use the shocking mechanism reported in [20].
After training, the recurrent layer is strongly regularized, with only a few
neurons participating in the generation of the network’s output. Additionally,
the active neurons operate in a binary regime, with their activity being always
very close to +1 or −1. We do not observe intermediate values in the activation
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of recurrent units (see Fig. 2). Hence the activation patterns in the recurrent
layer can be interpreted as a ﬁnite set of states, and state transitions in response
to input symbols deﬁne a deterministic ﬁnite automaton (DFA) that summarizes the network behavior. This observation is general for all the networks that
provide satisfactory test results, independently of their architecture.

Fig. 2. Activation of the recurrent layer neurons of a Dual RNN trained on the Tomita
6 problem in response to the 50000 symbols of a test string. Only neurons 3, 4, 5 and
8 get activated, and their output is always +1 or −1.

It is, however, interesting to compare the automata obtained for the Elman
and the Dual architectures. Figure 3 shows these automata for the Tomita 6
problem1 after the application of a DFA minimization algorithm [14]. In the
noisy Elman case, the network’s output depends only on the recurrent layer
state. This is represented by associating an output symbol to each automaton
state in the ﬁgure. This way, the noisy Elman network accepts an interpretation
as a Moore machine (Fig. 3, left). On the other hand, the Dual network’s output
depends on both the recurrent layer state and the input. We can incorporate
this information into the corresponding DFA by adding the output symbol to
the transition labels. In this case, the resulting automaton is a Mealy machine
(Fig. 3, right).
1

Experiments performed on the other Tomita grammars provide similar results. These
can be found in our GitHub repository: https://github.com/slyder095/DualRNN
ICANN21.
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Although the two automata seem, in principle, pretty similar, this observation
is just valid for this particular problem. Note that, for each state, all the incoming
transitions in the Mealy machine are labeled with the same output symbol. Hence
the Moore and Mealy machines have the same transitions graph. This panorama
changes as soon as we consider more complex problems where the separation
between input and memory represents a clear beneﬁt in terms of interpretability.
In those cases, a network that admits an interpretation as a Mealy machine will
be much simpler to understand. The addition problem considered next is one of
such.

Fig. 3. Minimum DFA extracted from an Elman RNN (left) and a Dual RNN (right),
both trained on the Tomita 6 problem. The ﬁrst has an interpretation as a Moore
machine, whereas the second can be interpreted as a Mealy machine.

4.2

Addition

The addition problem described in Sect. 3.2 has been approached using the noisy
Elman and the Dual networks. The Elman RNN uses 20 units in the recurrent
layer. The rest of the parameters are as in Sect. 4.1. As before, after proper
training, the network can correctly predict all the samples in the test set. Regularization and binarization are also observed, with only a few recurrent units
coding the solution in the form of a ﬁnite set of states. Figure 4 (left) shows the
internal state space of one of these networks trained on the addition problem for
B = 2. Only the three active units are shown (the rest are always silent). And
the three of them have a clear interpretation: the ﬁrst neuron (N0) is learning
the carry; the second (N2) keeps track of the carry in the previous time step;
and the last one (N5) is dealing with the non-linearity of the binary addition
problem, behaving (in conjunction with N0) as an XOR gate. We can extract
a DFA as before, and the network accepts, again, an interpretation as a Moore
machine (Fig. 4, right).
From a theoretical point of view, only the state represented by the ﬁrst two
neurons must be kept in memory to solve the addition problem since the current
input contains all the additional information needed to compute the state of
N5. However, as the network has one single recurrent layer concentrating all the
processing power, some recurrent units are forced to learn information that does
not explicitly depend on the past. For more complex problems, this could imply
an unnecessary waste of memory resources, also hindering interpretability.
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Fig. 4. Left ﬁgures represent the activation plot of the three non-regularized neurons
in an Elman RNN trained on the addition problem in base 2. For each neuron, the top
plot represents the activation when there is no carry, while the bottom plot represents
the activation when there is a carry from the previous step. Right ﬁgure is the minimum
DFA extracted from this Elman RNN.

This point is the case for the addition problem when we consider higher
bases. Figure 5 shows an example for B = 10. The network has 20 recurrent
units and we have trained it with the previous set of parameters. We observe no
errors on the test dataset after training. As expected, only a few units survive
the regularization, and their activation is binary. However, there is now only one
neuron with a straightforward interpretation. Neuron N1 is coding the carry.
The other active neurons need to be used to compute the network’s output and,
although their activation forms some characteristic patterns, their behavior is not
meaningful at all. Note, in particular, that some neurons are not symmetric with
respect to their two inputs. We do not show the extracted automaton because
of its high complexity.
We have also trained a Dual network with 10 neurons in the feedforward layer,
in the same conditions. After training, all the general observations extracted for
the Elman case are still valid, but now only two neurons are active in the recurrent layer (Fig. 6, left). These two neurons are necessary to deal with the carry,
and this is the main diﬀerence with respect to the Elman network: now, the
recurrent layer only memorizes what is strictly needed to cope with time dependencies. The carry’s information stored in the recurrent layer, together with the
network input, is suﬃcient for the additional feedforward layer to compute the
correct output. This observation is valid regardless of the numerical base2 .

2

We have tested with diﬀerent B values and, in all the cases, we obtain the same
solution.
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Fig. 5. Activation plot of the ten non-regularized neurons in an Elman RNN trained on
the addition problem in base 10. For each neuron, the top plot represents the activation
when there is no carry, while the bottom plot represents the activation when there is
a carry from the previous step.

We show the corresponding automaton in Fig. 6 (right). The result for B = 2
is used for the sake of clarity, but networks trained with diﬀerent bases provide
the same transition diagram (with additional labels for diﬀerent input/output
pairs). The automaton extracted from the Dual network is again a Mealy
machine. But the advantage over the Moore version, associated with the Elman
RNN, is more evident now (compare with the DFA shown in Fig. 4). As B
increases, the diﬀerence between the number of states needed by the recurrent
layer in the two network architectures becomes more dramatic. While the Elman
network needs more and more additional recurrent units to code the solution, the
Dual RNN always uses the same memory conﬁguration, leaving the main part of
the computation to the feedforward layer. In summary, by allowing some of the
processing to be carried out by the feedforward layer, the Dual RNN discharges
much of the computational load from the recurrent layer, letting it concentrate
on just the information that must be remembered for future time steps. This
observation is a pretty exciting result that could be of general application in
more complex problems.
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Fig. 6. Left ﬁgures represent the activation plot of the two non-regularized neurons in
a Dual RNN trained on the addition problem in base 10. For each neuron, the top plot
represents the activation when there is no carry, while the bottom plot represents the
activation when there is a carry from the previous step. Right ﬁgure is the minimum
DFA extracted from this Dual RNN.

5

Conclusions

In this article, we have explored a neural network architecture that combines
a recurrent layer connected to the network input and a feedforward layer that
processes both the input and the output of the recurrent layer. This way, two
diﬀerent processing paths may focus on distinct aspects of learning. The recurrent path concentrates its resources on remembering information that must be
preserved along time, working as a kind of memory. The feedforward path can
use this memory, together with the input, to provide the ﬁnal network output.
Networks using this architecture seem to make better use of their computational
resources. The results are equivalent in accuracy to a traditional Elman RNN,
but the networks are more interpretable.
The introduction of noise in the activation function of the recurrent units
forces these units to behave in a binary manner, with their output being always
either +1 or −1. Consequently, the network’s time evolution can be seen as a
transition through a ﬁnite set of discrete states when a given input sequence is
presented. It is then possible to extract a transition map and show that the networks internally behave as deterministic ﬁnite automata. Although this observation is also valid for the Elman RNNs [21], the automata extracted from networks
that use the Dual architecture are much simpler and implement a correct Mealy
machine in all the problems we considered.
Despite the simplicity of the considered languages, we expect that this behavior can be extended to more complex problems, with potential applications in
ﬁelds such as automatic music composition, natural language processing, or
machine translation. Even if the results in these areas do not achieve stateof-the-art performance, the gain in interpretability might be worth the price.
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Abstract. Landfall of a tropical cyclone is the event when it moves over
the land after crossing the coast of the ocean. It is important to know
the characteristics of the landfall, well advance in time to take preventive
measures timely. In this article, we develop a deep learning model based
on the combination of a Convolutional Neural network and a Long ShortTerm memory network to predict the landfall’s location and time of a
tropical cyclone in six ocean basins of the world with high accuracy. We
have used high-resolution spacial reanalysis data, ERA5, maintained by
European Center for Medium-Range Weather Forecasting (ECMWF).
The model takes any 9 h, 15 h, or 21 h of data, during the progress of a
tropical cyclone and predicts its landfall’s location in terms of latitude
and longitude and time in hours. For 21 h of data, we achieve mean
absolute error for landfall’s location prediction in the range of 66.18–
158.92 km and for landfall’s time prediction in the range of 4.71–8.20 h
across all six ocean basins. The model can be trained in just 30 to 45 min
(based on ocean basin) and can predict the landfall’s location and time
in a few seconds, which makes it suitable for real time prediction.

Keywords: Tropical cyclone
CNN
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Introduction

Predicting natural disasters is one of the diﬃcult prediction problems because
of the complex interplay between various cause factors, which vary with space
and time. One such natural disaster is a Tropical Cyclone (TC) that frequently
occurs in tropical and subtropical regions of the world. TCs are also called Hurricanes or Typhoons in diﬀerent parts of the world. TCs are characterized by
low-pressure areas with an atmospheric circulation that brings heavy rainfall,
c Springer Nature Switzerland AG 2021
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strong winds, thunderstorms, and ﬂash ﬂoods in the coastal regions, thereby
aﬀecting human lives, property, transportation, businesses, and society. Each
year TCs are responsible for the deaths of hundreds of people and billions of
economic losses [15,32].
The most important event during the progress of a TC is its landfall that
is when it reaches land after crossing the coast of the ocean. The economic and
human losses caused by a TC are centered around few kilometers (KM) of its
landfall location. Therefore, it is crucial to predict the location and time of the
landfall of a TC well advance in time with high accuracy. In this study, we have
used a deep learning model to predict the landfall’s location and time of a TC.
The model takes 9 hours (h), 15 h, or 21 h of continuous data, anytime during the
course of a TC, and predicts the landfall’s location and time at least 12 h before
the actual landfall time. The model performance is reported for six ocean basins
- North Indian (NI), South Indian (SI), West Paciﬁc (WP), East Paciﬁc (EP),
South Paciﬁc (SP), and North Atlantic (NA) oceans. As per our knowledge, this
is the ﬁrst work that directly focuses on predicting the characteristics of the
landfall of a TC using reanalysis data. Predicting landfall’s characteristics is a
challenging problem to deal with, as discussed in [26].
There are numerous existing TC track prediction models that can be classiﬁed into numerical (or dynamical) models, statistical models, and ensemble
models [29]. The numerical models rely on physical equations governing atmospheric circulations to capture the evolution of the atmospheric ﬁelds. These
methods are computationally involved and need large supercomputers. The few
major operational numerical models for track prediction are - European Center for Medium-Range Weather Forecasts (ECMWF), Global Forecast System
(GFS), and Hurricane Weather and Research Forecasting model (HWRF). The
statistical models [16] do not require high computational resources and rely on
ﬁnding a relationship between historical data and cyclone speciﬁc features. The
primary operational, statistical models for track prediction are - Climatology and
Persistence model (CLIPER5) and Trajectory-CLIPER. The ensemble models
combine numerical and statistical models for prediction. Generally, ensemble
models perform better than individual models [23]. Numerical methods and statistical methods have their own limitations, and we need to make a trade-oﬀ
between computational cost and capturing of the complex relationship between
various cause factors. Earlier operational forecasting models for intensity prediction rely on satellite based Dvorak technique [8,9], that involves human visual
inspection of temperatures infrared satellite images. This technique has inherent
limitations due to human subjectivity. Recently, with the increase in the data
related to tropical cyclones, various studies have appeared that have successfully applied machine learning-based models to predict various characteristics
of a tropical cyclone [26,27] which we discuss in detail in the next section. The
article is organized as follows: Sect. 2 describes the related work, Sect. 3 describes
the data used in this study, Sect. 4 describes the proposed deep learning model,
Sect. 5, describes the results and analysis of our model. Finally, in Sect. 6, we
conclude and provide future directions.
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Related Work

Initial studies regarding tropical cyclones track and intensity forecasts used Artiﬁcial Neural Networks (ANNs) [4,22]. Since the prediction problems related to
atmospheric conditions involve both spatial and temporal components, deep
learning models like Recurrent Neural Networks (RNNs), Long Short-Term
Memory (LSTM) networks, Convolutional Neural Networks (CNNs), and combinations of these have been successfully deployed to capture the complex nonlinear interplay between various atmospheric components both of spatial and
temporal nature. In [27], sparse RNN with ﬂexible topology is used for the prediction of hurricane trajectory in the Atlantic ocean. In [19], ConvLSTM is used
to predict the hurricane trajectory from the past density maps of hurricane trajectories. In [1], authors have presented a fully connected RNN model to predict
cyclone trajectories from historical cyclone data in the Atlantic ocean. In [11], a
nowcasting model is presented based on an LSTM network to predict typhoon
trajectory.
Recently, few studies have dealt with TC formation, track, and intensity
prediction problems using reanalysis data [3,5,14]. In [5], reanalysis dataset has
been used to forecast typhoon formation forecasting in NA, EP, and WP oceans.
In [14], authors have used historical data of a TC along with reanalysis data
from ERA-Interim [2] to predict the track of TC with a lead time of 24 h in
six ocean basins. They propose a fusion network in which the output of CNN
trained on wind ﬁelds and pressure ﬁelds from reanalysis data and output of an
ANN trained on historical TC data are fed into another ANN network. Their
model does not take the temporal aspect into account as they have stacked input
from two-time steps t and t − 6 to feed into a CNN. In [3], TC intensity and
track prediction task is achieved with a lead time of 24h, using reanalysis data
ERA5 [10], historical TC data, and output from operational forecast models for
NA and EP ocean basins. They have proposed framework Hurricast (HURR)
consisting of seven diﬀerent models that used diﬀerent combinations of CNN,
GRU, Transformers, and XGBoost models. They used data between t to t − 21
hours and capture the spatial and temporal aspects of data, thereby addressing
the shortcoming of [14]. As there is no existing work that predicts the landfall
characteristics from reanalysis data, we will try to compare our model with the
models presented in [3,14].

3

Data

In this study, we have used two open-source datasets - historical cyclones data
and reanalysis data. The historical track data is taken from NOAA database
IBTrACS version 4 [18,21]. The dataset contains information about ocean basin,
latitude, longitude, Estimated Central Pressure (ECP), Maximum Sustained
surface Wind Speed(MSWS), distance to land, distance and direction of TC
movement, etc. at an interval of three hours. From these features, we choose
latitude, longitude, and distance to land for our study and exclude features like
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Fig. 1. Trajectory of all cyclones till landfall in six ocean basins

MSSW, ECP, distance, and direction of TC movement, which are used by two
related works [3,14]. As we are predicting the landfall’s location and time of
a TC, our dataset consists of all those cyclones which hit the coastal region,
and for all such cyclones, only data corresponding to the time points when a
TC was moving over the ocean is taken into account. If a cyclone moves from
ocean to land and then from land to ocean and continues like this during its
course, then the data corresponding to its presence over land is not considered.
Also, if a cyclone moves from ocean to land and land to ocean multiple times,
then each such movement is treated as a separate cyclone while preparing the
dataset. Because of this process, our dataset size is shortened. We are not using
features like MSSW, ECP, distance, and direction of TC movement, which have
lots of missing values to avoid further shortening of our dataset. We extracted
data from 1981 to 2020 provided at an interval of three hours. The trajectory of
all TCs till their landfall considered in this study are shown in Fig. 1.
The large scale atmospheric circulation of wind at diﬀerent pressure levels
plays a crucial role in determining the track of a TC. To capture this information,
we have used ERA5 [10] reanalysis data produced by ECMWF in near to realtime. ERA5 is a ﬁfth-generation reanalysis data covering global climate and
weather since 1950. From 1979 onwards, the high-resolution data ERA5 replaces
the ERA-interim. Reanalysis is a scientiﬁc way of producing globally complete
and consistent data by gathering the information from various resources and
validating them using the laws of physics. We extracted the u, v components of
wind and z geopotential ﬁelds at three atmospheric pressure levels (225 hPa, 500
hPa, 700 hPa) for a spatial extension of 4 × 4◦ and spatial resolution of 0.25 ×
0.25◦ (resulting in a grid of size 33 × 33), centered at the current TC location.
The choice of these variables is inspired by [3,14] where authors have used values
of these three variables at mentioned three pressure levels for a spatial extension
of 25 × 25◦ and spatial resolution of 1 × 1◦ (resulting in a grid of size 25 ×
25). On the world map, one degree approximately equals 110 KM. This way, we
are utilizing the mentioned variables values for a spatial spread of around 440
KM (in comparison of 1320 KM by earlier two studies) with a spatial resolution
of around 27.5 KM (in comparison of 110 KM by earlier two studies) around
the TC center. Apart from these three variables, we extracted the sea surface
temperature (SST) for the 33 × 33 grid centered at the TC location for each
time point.
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Table 1. Dataset size and landfall time (hours)
Ocean basin No. of TCs Size of dataset Average time Min time Max time
NI

205

5920

95.61

21

270

SI

282

10600

121.74

21

516

EP

116

4000

112.44

21

315

SP

189

5674

99.06

21

513

WP

1064

39166

119.43

21

606

NA

401

11386

94.18

21

531

As we are using CNN, to feed the current location information, we have
created two more 33 × 33 matrices lats and longs for each time point of a TC.
The each row of lats is equal to vector (lat +0.25 ∗ k| − 16 ≤ k ≤ 16) and
each column of longs is equal to vector (long +0.25 ∗ k| − 16 ≤ k ≤ 16) where
(lat, long) denotes the latitude and longitude of TC’s current location. Feeding
this information in CNN will enable it to generate distance and direction like
features between two successive time points of a TC. In Table 1, the dataset size
along with average landfall time after the initiation of a TC in six ocean basins
are shown for all TCs with the minimum time diﬀerence between TC formation
and its landfall as 21h.
3.1

Training Dataset Preparation

Let T be the number of continuous data points (that is 3(T − 1) hours of data)
taken in the model to predict the target. For a ﬁxed cyclone, let TL be the
number of data points between cyclone formation and its landfall. For this TC,
we created TL − (T − 1) − 3 = TL − T − 2 inputs, where a single input is a
sequence of T vectors of the form:
(lats(t), longs(t), u225(t), v225(t), z225(t), u500(t)
v500(t), z500(t), u700(t), v700(t), z700(t), SST(t))
where k ≤ t ≤ T + k − 1 and k varies from 1 to TL − T − 2. The target
variables for each input are latitude and longitude at landfall or time (in hours)
remaining to landfall of the cyclone from the current time t. One must note that
by following the above process, we are predicting our target at least 12 h before
the landfall. For example, BELNA cyclone formed at 00 h on 05 December 2019
in EP ocean, and the landfall happened at 15 h on 09 December 2019, that is
TL = 37. Suppose T = 8, then this TC will generate 37 − 8 − 2 = 27 training
data points. The collection of all such inputs across all TCs for a particular ocean
basin will form the training dataset.
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Fig. 2. Model representation for latitude/longitude prediction for T = 8

4

Model Implementation and Training

As we are dealing with a dataset with both spatial and temporal dimensions, we
have used a combination of CNN [24,25] and LSTM [12,13,17] models to capture
the spatial and temporal aspects of our prediction problem. We come up with
a model that works well for each ocean basin. The structure of the model for
location prediction in terms of latitude and longitude is described in the Fig. 2
for T = 8. The model for time prediction is the same except that the last dense
layer’s output size is one. The model is implemented in Keras API [6] which
uses underlying low-level language TensorFlow. For T = 8, one training point
consists of eight sequential inputs of shape 12 × 33 × 33, where 12 represents
the number of channels (nine channels of wind and geopotential ﬁelds, one of
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SST, two of latitudes and longitudes). We extracted the features corresponding
to each time point of the input using the TimeDistributed layer of Keras, which
are further fed into LSTM layers as shown in Fig. 2.
For training purposes, the dataset is divided into three parts training, validation, and test set in the ratio of 60:20:20. We tried diﬀerent conﬁgurations and
hyperparameters for our model and choose the one that gives the best result on
validation data after taking the issue of overﬁtting into account. Finally, we have
reported the 5-fold accuracy of our model. We trained the model for T equals
to 4, 6, and 8; increasing T further does not lead to improved accuracy. The
input features are scaled using Standard Scaler of Scikit learn library [30], which
is given by f (x) = x−μ
σ , where μ is the mean and σ is the standard deviation.
The target variables are also scaled in case of landfall’s latitude and longitude
prediction but not for time prediction. The model uses the mean square error
(MSE) as the loss function. We have reported the model performance in terms
of root mean square error (RMSE) and mean absolute error (MAE). The model
uses the Adam [20] optimizer with a default learning rate 0.001 to minimize the
loss function. Convolution layers and LSTM layers uses the activation function
ReLU [28]. The model uses a total of 100 epochs. We run our experiments on
Nvidia Tesla V100 GPU with 16 GB RAM. The model takes approximately 30
to 45 min (depending on the ocean basin) to complete 100 epochs.

5

Results and Comparison

Our model, at any time t during the progress of a TC, takes T number ((T −
1) * 3 h) of data and predicts the landfall’s latitude, longitude, and time. For
example, if T = 8 and a particular TC is at the t = 42 h during its progression,
then using the data between the time t = 42 − 21 = 21 and t. the model
predicts the landfall’s characteristics. To avoid any bias when time t is very
close to landfall’s time, the model predicts only for t ≤ L − 12, where L is the
landfall’s time, which means we are remaining at least 12 h away from landfall
while predicting. For each ocean basin and for diﬀerent values of T = 4, 6, 8
(9 h, 15 h, 21 h). We have reported the size of the dataset and the 5-fold accuracy
in terms of RMSE and MAE along with standard deviation in Table 2. From
the predicted latitude and longitude, the distance error between actual landfall
location and predicted location is also reported in Table 2.
From Table 2, we can see that we can predict the landfall’s location in ocean
basins NI, SI, EP, SP, WP, and NA with a distance error of 66.18 KM, 119.96
KM, 110.48 KM, 144.80 KM, 108.0 KM, and 158.92 KM respectively for T = 8
(21 h) with a low standard deviation (std). If we look at the landfall’s time
prediction results, they are quite impressive. The model predicts the landfall’s
time in six ocean basins NI, SI, EP, SP, WP, and NA with an MAE of 4.71 h,
6.04 h, 8.20 h, 6.74 h, 5.89 h, and 7.42 h respectively with low standard deviation.
To further demonstrate the working of our model, in Fig. 3, we have shown
landfall’s latitude-longitude prediction results for cyclone BUD (2018) in EP
ocean basin. In Fig. 4, the landfall’s time prediction results for cyclone FANI
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(2019) in NI ocean basin is shown. One can note that the model start predicting
at time t = 21 and uses data of 21 h between t − 21 and t to predict at time t.
All these named cyclones are not part of training data.
5.1

Comparison

As per our knowledge, there does not exist any earlier work that predicts the
landfall’s location and time using reanalysis data. In the absence of directly
related work, we will compare our results with closely related works [3,14]. In
Table 3, the compassion between Fusion model [14] and our proposed model is
shown. In [14] authors used TC data for 12 h at a temporal resolution of 6 h
for track prediction with a lead time of 24 h. A comparison with our model with
T = 8 is provided in Table 3. One can see that we have achieved better results for
a much harder problem with arbitrary lead time depending on the time between
Table 2. 5-fold accuracy of landfall’s location and time prediction for diﬀerent T
Ocean basin

North Indian

South Indian

East Pacific

South Pacific

West Pacific

North Atlantic

T (hours)

Dataset RMSE (std)
size

MAE (std)

Lati
degree

Long
degree

Time
hours

Lati
degree

Long
degree

Time
hours

Distance
KM

4 (9)

5060

0.58
(0.05)

1.03
(0.09)

10.46
(1.40)

0.38
(0.02)

0.70
(0.05)

7.33
(1.50)

93.78
(6.71)

6 (15)

4660

0.53
(0.13)

0.90
(0.13)

8.98
(3.47)

0.36
(0.12)

0.59
(0.10)

6.05
(2.38)

81.92
(18.62)

8 (21)

4284

0.40
(0.04)

0.76
(0.06)

6.72
(0.58)

0.26
(0.02)

0.50
(0.03)

4.71
(0.54)

66.18
(2.87)

4 (9)

9441

0.53
(0.03)

1.78
(0.22)

13.17
(0.59)

0.36
(0.02)

1.31
(0.15)

8.32
(0.31)

150.78
(15.55)

6 (15)

8886

0.46
(0.03)

1.44
(0.06)

11.34
(0.84)

0.30
(0.03)

1.06
(0.04)

7.24
(0.42)

123.32
(5.24)

8 (21)

8353

0.42
(0.02)

1.42
(0.18)

9.63
(0.96)

0.27
(0.03)

1.05
(0.10)

6.04
(0.45)

119.96
(12.22)

4 (9)

3505

0.70
(0.23)

1.49
(0.33)

10.40
(1.03)

0.52
(0.18)

1.08
(0.24)

7.17
(0.80)

133.43
(33.42)

6 (15)

3276

0.62
(0.04)

1.33
(0.24)

9.89
(2.17)

0.46
(0.03)

0.95
(0.10)

6.99
(1.74)

117.8
(9.76)

8 (21)

3056

0.52
(0.03)

1.26
(0.16)

11.28
(3.69)

0.37
(0.02)

0.93
(0.03)

8.20
(2.96)

110.48
(2.86)

4 (9)

4885

0.89
(0.09)

2.12
(0.14)

17.44
(2.70)

0.55
(0.05)

1.50
(0.14)

11.30
(2.19)

179.03
(17.26)

6 (15)

4520

0.89
(0.19)

2.30
(0.57)

13.24
(1.60)

0.57
(0.14)

1.57
(0.33)

7.69
(0.65)

188.81
(37.51)

8 (21)

4182

0.72
(0.10)

1.67
(0.23)

10.07
(1.77)

0.44
(0.07)

1.23
(0.20)

6.74
(1.04)

144.80
(22.44)

4 (9)

34874

1.34
(0.34)

1.72
(0.37)

10.84
(0.30)

0.88
(0.24)

1.15
(0.26)

7.44
(0.41)

164.17
(40.08)

6 (15)

32777

1.04
(0.16)

1.40
(0.22)

10.10
(2.14)

0.72
(0.13)

0.97
(0.16)

7.22
(1.62)

137.86
(24.28)

8 (21)

30791

0.79
(0.10)

1.09
(0.10)

8.12
(0.93)

0.56
(0.08)

0.76
(0.06)

5.89
(0.72)

108.0
(11.61)

4 (9)

9782

1.28
(0.12)

2.42
(0.24)

15.10
(4.20)

0.84
(0.04)

1.47
(0.11)

10.47
(3.40)

174.51
(10.68)

6 (15)

8999

1.17
(0.15)

2.13
(0.32)

10.30
(1.26)

0.79
(0.08)

1.32
(0.14)

6.58
(0.96)

161.74
(15.36)

8 (21)

8276

1.05
(0.04)

2.10
(0.34)

10.69
(1.14)

0.71
(0.03)

1.38
(0.13)

7.42
(0.98)

158.92
(12.62)
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Fig. 3. Latitude and Longitude prediction for hurricane BUD (2018) in EP ocean for
T=8

Fig. 4. Time to landfall prediction for Fani (2019) cyclone in NI ocean for T = 8

TC’s initiation and its landfall. The authors of [14] have also reported the error
range (std) 71 KM for a subset of cyclones in the Atlantic ocean, while our model
achieves an error range (std) 2.87 KM–22.44 KM across all ocean basins. All this
makes our model more robust and reliable to use for practical purposes.
In [3] authors use a combination of historical TC data, reanalysis data, and
output from operational models and propose eight models for track prediction of
TCs in NA and EP ocean basins for years 2017 to 2019. The model which close
to our proposed model is HURR-(viz, CNN/GRU) which uses CNN-encoder and
GRU-decoder [7]. The authors consider only those hurricanes in their study for
which MSWS reaches 34 knots at some time t0 and contains at least 60 h of
data after t0 . Our model does not have any such restrictions. In Table 4, we have
shown the results for HURR-(viz, CNN/GRU) and the operational CLIPER5
model for EP and NA ocean basin. One can see that our results are not as good
as that of HURR-(viz, CNN/GRU) but quite comparable with the operational
model CLIPER5. One can notice that the standard deviation of our model is
quite low in comparison to these two models. Here, we would again point out that
we are not making a direct comparison here as our target prediction problem
is diﬀerent from the above-mentioned works but, at the same time, much more
challenging and important.
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Table 3. Comparison in terms of distance MAE (KM)
Model/ocean NI (KM) SI (KM) EP (KM) SP (KM) WP (KM) NA (KM) No. of
basin
parameters
(∗106 )
Fusion
(Track) [14]
Proposed
model
(Landfall)

Training time Lead time

138.9

136.1

106.9

161.7

136.1

130.2

≥ 2.27

8h

24 h

66.1

119.9

110.4

144.8

108.0

158.9

0.157

≤ 0.75 h

TC
dependent
(>= 12h)

Table 4. Track prediction MAE (std) in KM for HURR model and operational
CLIPER5 model for 24 h lead time
Model/year

2017 (10 TCs)

2018 (15 TCs) 2019 (12 TCs)

EP HURR-(viz, cnn/gru) 74 (40)
CLIPER5
114 (59)

69 (42)
109 (61)

73 (45)
133 (74)

NA HURR-(viz, cnn/gru) 94 (61)
CLIPER5
189 (135)

113 (77)
199 (118)

123 (89)
207 (171)

Table 5. 4/5 year (2015–2019) MAE reported by IMD for cyclones in NI ocean basin
Lead time (hours) 36

48

60

72

Landfall time

4.96

5.53

6.8

9.6

Landfall distance

42.84 78.08 92.6 112.5

We do not ﬁnd any meteorological department across the world which
reported the landfall prediction accuracy except the Indian Meteorological
Department (IMD) on its website [31]. IMD has reported landfall’s location
error and time for a certain number of lead hours. In Table 5, we have reported
the last 4/5 years (as per data availability) MAE achieved by IMD for landfall’s
location and time prediction. From Table 1, we can see that in the NI ocean
basin, the landfall occurs on average at 95.61 h. Therefore, it is reasonable to
compare our results with that of IMD for 72 lead hours. Clearly, here also, our
model performs better than that of models used by IMD for both landfall’s location and time. We have not included the results reported by IMD for earlier
years, as errors are much higher.

6

Conclusion

We propose a model that can predict the landfall’s location and time of a TC
with high accuracy by observing a TC for 9 h, 15 h, or 21 h at any time of its
progression in the world’s six ocean basins. The model took only 30 to 45 min for
training and can predict the landfall characteristics within few seconds, which
makes it suitable for practical usage where the disaster managers can know the
landfall location and time well in advance and can take preventive life saving
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and property saving measures. Our model supports the case that deep learning
models like CNN and LSTM can be utilized to predict challenging and complex prediction problems like the landfall of a TC. One can further work in the
direction of utilizing CNN with Attention and Transformers models for further
improvement or developing Consensus models to solve the proposed prediction
problem. As we are able to solve a complex landfall prediction problem using
data over a small spatial extent with high resolution, it will be interesting to see
to use the same kind of data for track or intensity prediction problems.
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3. Boussioux, L., Zeng, C., Guénais, T., Bertsimas, D.: Hurricane forecasting: a
novel multimodal machine learning framework (2020). https://arxiv.org/pdf/2011.
06125.pdf
4. Chaudhuri, S., Basu, D., Das, D., Goswami, S., Varshney, S.: Swarm intelligence
and neural nets in forecasting the maximum sustained wind speed along the track
of tropical cyclones over Bay of Bengal. Nat. Hazards, p. 87, July 2017. https://
doi.org/10.1007/s11069-017-2824-4
5. Chen, R., Wang, X., Zhang, W., Zhu, X., Li, A., Yang, C.: A hybrid CNN-LSTM
model for typhoon formation forecasting 23(3), 375–396 (2019). https://doi.org/
10.1007/s10707-019-00355-0
6. Chollet, F.: Keras (2015). https://github.com/fchollet/keras
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72070 Tübingen, Germany
4
University of Hohenheim – Institute for Physics and Meteorology, Garbenstraße 30,
70599 Stuttgart, Germany

Abstract. Knowledge about the hidden factors that determine particular system dynamics is crucial for both explaining them and pursuing goal-directed interventions. Inferring these factors from time series
data without supervision remains an open challenge. Here, we focus
on spatiotemporal processes, including wave propagation and weather
dynamics, for which we assume that universal causes (e.g. physics) apply
throughout space and time. A recently introduced DIstributed SpatioTemporal graph Artiﬁcial Neural network Architecture (DISTANA)
is used and enhanced to learn such processes, requiring fewer parameters and achieving signiﬁcantly more accurate predictions compared to
temporal convolutional neural networks and other related approaches.
We show that DISTANA, when combined with a retrospective latent
state inference principle called active tuning, can reliably derive locationrespective hidden causal factors. In a current weather prediction benchmark, DISTANA infers our planet’s land-sea mask solely by observing
temperature dynamics and, meanwhile, uses the self inferred information
to improve its own future temperature predictions.

Keywords: Recurrent neural networks
Latent inference · Weather prediction

· Graph neural networks ·

Funded by the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation) under Germany’s Excellence Strategy - EXC number 2064/1 – Project number
390727645. Moreover, we thank the International Max Planck Research School for
Intelligent Systems (IMPRS-IS) for supporting Matthias Karlbauer.
c Springer Nature Switzerland AG 2021
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Introduction

When considering our planet’s weather, centuries of past research have identiﬁed
a large number of factors that aﬀect its highly nonlinear and partially chaotic
dynamics. Yet, can we ever be sure of having identiﬁed all hidden causal factors?
Moreover, do we have (suﬃcient) data about them? These are fundamental questions in any prediction or forecasting task, including spatiotemporal processes
such as soil property dynamics, traﬃc forecasting, energy-ﬂow prediction (e.g. in
brains or supply networks), or recommender systems. Here, we investigate how
unobservable hidden factors may be inferred from spatiotemporal data streams.
When regularities in hidden causes are detectable, they may be encoded in the
latent activities of recurrent neural networks [18,20], such as a long short-term
memory (LSTM) [10]. The involved and conventional forward-directed inference
of recurrent neural networks, however, has two main disadvantages: First, the
encodings of the hidden causes form while streaming data, meaning they are
not available from the beginning of a sequence. Second, learning, detecting and
shaping the encodings is relatively hard, because the error signal only decreases
once the unfolding data stream is suitably compressed.
To overcome these limitations, we combine and extend the recently introduced DIstributed SpatioTemporal graph Artiﬁcial Neural network Architecture
(DISTANA) [13] with active tuning (AT) [7,8,17], which facilitates the determination of hidden causal states via retrospective inference over time. Projected
onto stable neural states, akin to parametric bias neurons [23,24], AT searches
for constant input biases, assuming that the observed dynamics are inﬂuenced
by particular constant and only indirectly observable factors.
Following the idea of relational inductive biases [3], DISTANA is designed
to model the hidden causal processes that generate spatiotemporal dynamics.
Hence, DISTANA assumes that the sensed dynamics are generated by universal
causal principles (e.g. physics). Moreover, we endow DISTANA with the expectation that constant, hidden factors modify the spatiotemporal processes locally.
For example, weather dynamics follow the universal principles of thermodynamics from physics and are locally dependent on the topology.
The contributions we make are as follows: (A) the combination of DISTANA
with active tuning (AT) to infer constant, hidden factors locally, even when these
factors are never made available to the network – neither as input nor as (target)
output. (B) we show that reasonable latent neural activities are inferred during
training and testing via retrospective spatiotemporal analysis. (C) after having
learned a distributed, generative model of the globally unfolding dynamics, we
demonstrate that our planet’s land-sea mask as well as other causal factors
can be inferred via the retrospective analysis of unfolding weather dynamics –
partially again even when the algorithm was never informed about these factors
– to increase the model’s prediction abilities.
We conclude that the retrospective inference of latent states via AT oﬀers
a promising method to identify hidden factors in data streams, and that graph
neural networks (GNN) like DISTANA bear great potential at modeling realworld spatiotemporal processes.
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Fig. 1. 3 × 3 sensor mesh grid showing the connection scheme of Prediction Kernels
(PKs) that model the local dynamical process while communicating laterally. Figure
modiﬁed from [14].

2

DISTANA

As introduced in [13] and following the naming convention of [27], DISTANA
(the DIstributed SpatioTemporal graph Artiﬁcial Neural network Architecture)
can be described as a spatiotemporal graph neural network (ST-GNN). While
GNNs give the designer a large amount of freedom in controlling the ﬂow of
information within the model (referred to as relational inductive biases) [3], they
are reported to model physical systems with very high precision and accuracy
for up to several hundreds of time steps even during closed loop prediction [2,
16,21,22,25]. Thorough surveys about GNNs and the numerous ways of creating
the graph and setting up the connection schemes are written by [3,6,27].
The GNN used in this work, DISTANA, consists of prediction kernels (PKs),
which are arranged in a lattice structure. PKs model local dynamics concurrently.
In every time step t, each PK receives (i) local dynamic data, and (ii) lateral
output activities from the neighboring PKs from t − 1 to exchange information
between PKs. Here, we extend the PKs to (iii) additionally receive location
speciﬁc static inputs. The time recurrent PKs process this information, combine
it with their previous latent state, and generate (i) predictions of the next local
dynamic data input at t+1, as well as (ii) outputs to the laterally connected PKs
(cf. Fig. 1). PKs are akin to a spatiotemporal convolutional kernel, since all PKs
share identical weights, that is, a single set of weights is applied and optimized in
every grid cell. As a result, the likelihood of overﬁtting local data irregularities
is reduced and the emergence of a highly generalizing and universally applicable
set of weights is fostered. Because of the reduction of trainable weights, less data
is needed for training.
2.1

Alternative State-of-the-Art Architectures

We compared DISTANA with two well-suited deep learning approaches. First,
we tested convolutional long short-term memory models (ConvLSTMs) [28] to
predict circular wave dynamics (see Fig. 2). The used ConvLSTM model has
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Fig. 2. Left: two-dimensional wave propagating through a 16 × 16 grid with obstacles.
Darker dots in the grid nodes correspond to stronger blocking eﬀect on the wave. Right:
wave activity for two exemplary positions in the grid, with fast and slow propagation
speeds.

2 952 free parameters to project the 16 × 16 × 1 input (ignoring batch and time
dimensions) via the ﬁrst layer on eight feature maps (resulting in dimensionality
16×16×8) and subsequently via the second layer back to one output feature map.
All kernels have a ﬁlter size of k = 3, apply zero-padding and are implemented
with a stride of one. The code was taken and adapted from1 . Second, we tested
Temporal Convolution Networks (TCN) [1,9,12]. The TCN used in this work is
a three-layer network with 2 306 parameters, where the input layer projects to
eight feature maps, which project their values back to one output value. A kernel
ﬁlter size of k = 3 is used for the two spatial dimensions in combination with
the standard dilation rate of d = 1, 2, 4 for the temporal dimension, resulting in
a temporal horizon of 28 time steps, cf. [1]. Various experiments with other sizes
and deeper network structures have not yielded any better performance than
the one reported. Code was taken and adapted from [1].
2.2

Static Input Inference via Active Tuning

Essentially, active tuning (AT) [7,8,17] can be seen as a diﬀerent paradigm
for handling RNNs: instead of the usual input → compute → output scheme,
a subset of the RNN’s neurons is decoupled from the direct input signal. The
activation of this subset of neurons is computed from the RNN’s prediction-based
gradients, both during training and testing. Gradient information is obtained
from backpropagating the discrepancy between the RNN’s predicted output ŷ
and the desired output y. Thus, the neuron dynamics of the subset is solely
inﬂuenced by the target indirectly, by means of temporal gradient information
induced by the prediction error.
In this work, as mentioned before, DISTANA receives dynamic and lateral
input, while the static input s is withheld and must be inferred via AT to reasonably model the unfolding dynamics. Technically, s is fed to the model initially as
a zero vector and optimized iteratively through the AT method. AT is applied
to reduce local prediction errors, while the PK weights are updated as usual to
reduce global prediction errors and model universal dynamics.
The active tuning algorithm, please refer to [17] for more information, can
be applied in combination with any desired gradient optimization strategy, e.g.
Adam [15]. Furthermore, an arbitrary number of optimization cycles c, here
1

https://github.com/ndrplz/ConvLSTM pytorch.
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c = 1, and history length H, here H = 10, can be chosen, where the latter
indicates up to what time in the local past the latent context vector s, which is
assumed to be constant, is optimized. The AT optimization procedure is realized
every ten time steps retrospectively on the predicted dynamic input, starting
from time step τ to ﬁnd a converging s.
We have modiﬁed (AT) for application on two-dimensional data in order to
infer an individual, slowly changing local latent variable, denoted as si , for each
vertex of the two-dimensional grid. AT so far has been applied to one-dimensional
time series prediction for the inference of rarely changing contextual [7,8] or
dynamically changing latent states [17]. In contrast to previous applications
of AT, the inferred local static input s is not reset between sequences during
training here, assuming a constant static context.
In our initial experiments, the inferred static input frequently drifted or
potentially exploded, comparable to an Intern Covariate Drift [11]. We solve this
problem, similarly to [11], by normalizing the inferred latent variable (in our case
the static input s), via the mean μs and standard deviation σs with respect to
all inferred static inputs {sti }ki=1 , where k is the number of cells or pixels in the
two-dimensional ﬁeld. Additionally, to remove noise from the inference process
caused by inconsistent gradient signals before and after the normalization, the
weights W and the bias neuron b of the static input preprocessing layer are modiﬁed such that the activation of the static input preprocessing layer remains the
same before and after the normalization:
b ← b + W · μs ;

W ← W · σs

(1)

While the activation of the network is preserved, the gradients backpropagated
through the static input preprocessing layer are aﬀected asymmetrically by the
modiﬁed weights and bias. In our experiments, this has been shown to substantially improve both the inference during training and the convergence of the
inference process during testing.

3

Experiments and Results

The experiments are based on two classes of spatiotemporal time series. Both are
representatives of universal, but locally and temporally modiﬁable, spatiotemporal, causal processes that propagate dynamics over local topologies throughout
a homogeneously connected graph.
3.1

2D Circular Wave

Following [13], a spatiotemporal wave propagation dataset was created to validate our approach. In comparison to [13], however, the data generation was
enhanced such that the wave propagation velocity could be contextually modiﬁed locally, which intuitively resembles obstacles in the water, which aﬀect the
wave’s propagation behavior (cf. Fig. 2).
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This benchmark was used to (a) demonstrate and compare DISTANA’s principal capability to model locally parameterized spatiotemporal dynamics and (b)
determine whether DISTANA can be used in combination with AT to infer an
underlying and hidden static (causal) factor, which modiﬁes the observed dynamics locally. Adam [15] is used for training with a learning rate of 10−3 along with
Scheduled Sampling [4] with a linear slope of 270 epochs, transitioning from a
probability of 0.0 → 0.9 of feeding the network with its own output in the next
iteration instead of the teacher signal. During each sequence, 30 teacher forcing
steps are conducted to induce reasonable network activities before switching to
closed loop. Network inputs x and the according targets y are exactly the same
sequences shifted by one time step to train four diﬀerent model types (ConvLSTM, TCN, DISTANA and DISTANA + AT) to iteratively predict the next
two-dimensional dynamic wave ﬁeld state (one step ahead prediction). For the
static input inference, DISTANA is augmented with a parametric bias neuron,
whose activity is inferred during training and testing, aiming at the identiﬁcation
of an unknown location-speciﬁc wave velocity-inﬂuencing factor (static context).
Training was realized over 300 epochs consisting of 100 training sequences of
length 120 each. The target static context vector s ∈ R16×16 was initialized
by drawing values from {0.2, 0.3, 0.5, 0.6, 0.8, 0.9}, where small values cause the
waves to propagate slower at the according pixel. An exemplary ground truth
context map sGT is visualized in Fig. 2 (left, brownish dots). Note that sGT was
used for the data generation but has never been provided to any model. The
preprocessing layer size of DISTANA was set to eight neurons and the subsequent LSTM layer consisted of twelve cells, yielding 1 236 parameters. For the
DISTANA + AT model, an additional static preprocessing layer with ﬁve neurons was used, resulting in 1 486 weights overall, compared to 2 952 and 2 306
weights for ConvLSTM and TCN, respectively.
To test the models’ generalization capabilities, 16 new static context vectors
s have been generated by drawing from {0.2, 0.3, . . . , 1.0} (e.g. see Fig. 3, top
right-most). All models were evaluated on 50 sequences – made up of 120 time
steps each – per s . Reasonable activity was induced into the models by applying
30 steps of teacher forcing, followed by 90 steps of closed loop prediction for which
an average MSE over all test examples and spatial locations was computed. For
DISTANA + AT, the static context has been inferred before the testing on 50
separate sequences, using a history length of H = 30, one optimization cycle
(c = 1), and an inference learning rate of η = 0.1 for the ﬁrst three epochs, and
η = 0.01 for the remaining seven epochs.
3.2

2D Circular Wave Results

The prediction accuracy of ConvLSTM, TCN, DISTANA and DISTANA + AT
diﬀers considerably. TCN without scheduled sampling tends to start oscillating
increasingly after few steps of closed loop prediction, resulting in a mediocre
MSE score of (2.94 ± 238) × 10−2 , while ConvLSTM (8.69 ± 0.87) × 10−4 and
DISTANA (8.69 ± 0.87) × 10−4 , both trained with scheduled sampling, tend to
vanish after few steps of closed loop prediction. Solely DISTANA + AT trained
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Fig. 3. Top left: ground truth and model outputs at time step 80, which is 30 time steps
after the start of closed loop prediction (from left to right: ground truth, ConvLSTM,
TCN, DISTANA, DISTANA + AT). Bottom left: ground truth and model outputs
over time at position x = 2, y = 6 in the two-dimensional grid. Top right: inferred
static context during testing with values in the range [−0.6, 2.6] after 1, 2, 10, 500
iterations and ground truth with values in [0.0, 1.0]. For the ground truth, darker color
corresponds to a stronger blocking eﬀect on the wave, which was learned and inferred
inversely by the network. Bottom right: average inferred contexts over time during
testing (x-axis log scaled).

with scheduled sampling is able to preserver a stable activation pattern with an
MSE of (3.87 ± 2.48) × 10−4 .
Furthermore, as shown in Fig. 3 (bottom right), DISTANA + AT preserves a
linear ordering when inferring context values that were never encountered during
training as indicated by the static context values 0.4 and 0.7, which are properly
mapped to roughly −0.1 and −1.1, respectively, without violating the propagation speed order with respect to other static context values. Thus, looking at
the estimated static context ŝ, it turns out that the latent state inferred by AT
correctly reproduced the monotonicity of the here known underlying structure.
The static context map at test time, which is diﬀerent to the map on which the
model was trained on, is inferred correctly (see image sequence of Fig. 3, top
right). When comparing the prediction accuracy of DISTANA and DISTANA +
AT in Fig. 3 (top and bottom left), the self-inferred static context clearly helps
DISTANA + AT to model the two-dimensional wave.
3.3

WeatherBench

Recently, [19] introduced a benchmark for comparing mid-range (that is three to
ﬁve days) weather forecast qualities of data driven and physics-based approaches.
While globally regularly aggregated data are provided in three spatial resolutions
(5.625◦ , 2.8125◦ and 1.40525◦ resulting in 32 × 64, 64 × 128 and 128 × 256 grid
points, respectively), evaluated baselines are reported for the coarsest resolution
only, which in consequence we chose too for elaborating and comparing DISTANA. Baselines are generated by means of persistence (tomorrow’s weather
is today’s weather), climatology, linear regression, and physics-based numerical
weather prediction models. Moreover, convolutional neural networks (CNNs) are
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either applied iteratively or directly. Baselines are computed solely on three or
ﬁve day predictions of the geopotential at an atmospheric pressure level of 500
hPa (roughly at 5.5 km height, called Z500) and the temperature at 850 hPa
(∼1.5 km height, referred to as T850). Beyond Z500 and T850, weatherBench
consists of numerous additional dynamic variables (humidity, precipitation, wind
direction and speed, solar radiation, etc.), partially reported on multiple vertical
layers, and static variables (land-sea mask, soil type, orography, latitude and
longitude).
We use weatherBench (a) to explore DISTANA’s abilities to approximate
real-world phenomena by comparing it to [19]’s iterative CNN approach and
(b) to investigate how to apply gradient-based inference techniques in order to
infer local static context (e.g. the land-sea mask) that aﬀect Z500 and T850.
The experiments we conducted on weatherBench focused on the prediction of
the Z500 (geopotential) and T850 (temperature) variables. DISTANA and DISTANA + AT were trained for 2 000 epochs on weather data from 1979, using
a learning rate of 10−4 , validated on 2016, and tested on 2017. Each year was
partitioned into sequences of 96 hourly steps, yielding 91 sequences per year.
Increasing the set sizes or changing the training, validation, or testing years did
not seem to alter the results or model performances. DISTANA’s preprocessing
and LSTM layers were set to 50 neurons and cells, respectively. Furthermore, the
implementation of DISTANA was enhanced to support a varying lateral communication vector size, which then was increased from one to ﬁve neurons, to enable
neighboring PKs to exchange information of higher complexity, yielding ∼25 000
parameters, slightly varying with the number of input variables. Moreover, the
lateral connection scheme of DISTANA was speciﬁed such that information exiting the horizontal boundaries would enter at the other end of the ﬁeld to match
weatherBench’s horizontally connected spherical data composition.
Selected static information provided by weatherBench was adapted and
extended to facilitate the learning process. Changes were made to the latitude
and longitude variables: latitude was transformed to be zero at the equator and
non-linearly rising to one towards the poles, based on cos(lat). The longitude
variable was split into its sine and cosine component, creating a circular encoding to match the spherical shape of the Earth from which the data origins.
Additionally, one-dimensional north- and south-ﬂags were provided to account
for the missing neighbors in the north- and south-most rows in the grid. As has
been done in [26], we also provide the top of atmosphere total incident solar radiation (tisr). All variables were normalized to the range of [−1.0, 1.0]. When using
AT to infer a latent static context s̃, the values were clamped to [−1.0, 1.0] to
prevent them from drifting or exploding. If not speciﬁed diﬀerently, we provide
the models with the dynamic variable Z500 or T850 (being subject for prediction), along with nine static inputs: orography, land-sea mask (LSM), soil type,
longitude (two-dimensional), latitude, tisr, and the north- and south-end ﬂags.
3.4

WeatherBench Results

The evaluation of DISTANA being trained to predict the Z500 variable for a
lead time of 72 h yielded an RSME of 816, which is better than the current best

392

M. Karlbauer et al.

Fig. 4. Predicted temperature (T850) in degree Kelvin for 24, 48 and 72 h (corresponding to time steps) into the future (closed-loop). The ﬁrst row shows the ground truth
and the second row the network output.

comparable iterative approach reported on the benchmark (RMSE = 1114).
However, seeing that the best numerical operational weather prediction model
produces an RMSE of 154 and other machine learning approaches achieve an
RMSE of 268, there is certainly room for improvement. Nonetheless, DISTANA
oﬀers the best learned generative, iterative processing model on the benchmark
without applying techniques that reduce the distortion resulting from transforming the spherical Earth data to a regular two-dimensional grid.
A second experiment was conducted to (a) investigate whether DISTANA +
AT is able to predict the T850 variable, see Fig. 4, and (b) simultaneously infer
missing land-sea mask (LSM) values only from the observed T850 dynamics.
The model thus received the same static input as in the previous experiment
along with the T850 variable during training. However, only two thirds of the
LSM values were provided. The other third, considered missing values, which
covered America and the Atlantic ocean, were to be inferred. After training,
the entire LSM vector ŝLSM , initialized with zeros, was retrospectively tuned
via AT such that it would best explain the observed dynamics. As visualized in
Fig. 5 (top center) the missing LSM is inferred reasonably, including the American continent, which the network has never seen during training or inference.
These ﬁndings suggest that the model learned a generalizable, globally applicable
encoding of the LSM’s inﬂuence on the T850 dynamics.
In a third experiment, we used an additional latent neuron – a parametric
bias neuron – that is locally tuned during training via AT. This latent neuron
is supposed to be tuned freely by the model to develop any code that helps
the model to predict the observed dynamics. We were particularly interested in
evaluating whether DISTANA would develop latent states s̃ that distinctively
encode prediction-relevant, hidden causal factors that correspond to observable
values. For example, we wanted to see whether DISTANA would develop a latent
code that resembles any land-coding quantity. Thus, in this experiment, we try
to answer the question what latent states are inferred depending on the predicted
variable and how the presence of land-relevant input does aﬀect the generation
of this latent code.
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Fig. 5. Top left: original land-sea mask (LSM). Top center: global LSM inferred during
testing after being trained on two thirds of the globe (the model has never seen America’s LSM). Top right: a latent vector which developed during training and encodes
LSM information as well as a decent latitude coding. Bottom: three latent variable
codes that freely emerged during training of the Z500 (left, center) and T850 (right)
variables.

Our results indicate that the nature of the developed latent states depends
considerably on both the variable that is subject for prediction (Z500 or T850)
and the additional static data provided. Figure 5 (top right) shows a clear tendency to encode land-sea information, augmenting it with a latitude code, when
all previously mentioned static inputs (including LSM) were provided. When
training a model to predict Z500, the emerging latent variables rather seem to
encode latitude, albedo, monsoon [5], or humidity-distribution patterns (Fig. 5
bottom left and center). Excitingly, nuances of LSM and orography become visible when training to predict T850 without receiving any land-coding inputs
(see Fig. 5 bottom right). Nevertheless, further studies are necessary to verify to
which extent the inferred variables correlate with observations in detail.

4

Final Discussion

The presented results indicate that the combination of the DIstributed, SpatioTemporal graph Artiﬁcial Neural network Architecture, DISTANA, with the
retrospective inference mechanism called active tuning (AT), bears large potential at predicting spatiotemporal real-world phenomena (e.g. weather). It outperforms competing deep learning algorithms by generating more accurate closedloop predictions into the future. In addition, it can infer hidden causes by mere
observation of a dynamic process. In particular, AT in DISTANA is well-suited
for inferring (i) contrastive hidden causes during learning and (ii) hidden static
activities while minimizing loss online. While we believe that these hidden factors tend to identify causal inﬂuences – because they form for improving the
accuracy of the predicted dynamics – future research will need to investigate the
robustness of this tendency.
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During learning, cumulative error signals in latent parametric bias neurons at
the individual prediction kernels tend to develop encodings of hidden, dynamicinﬂuencing factors. To a certain extent, these neuronal encodings resemble physical properties, such as albedo or the land-sea mask, depending on the type of
dynamics that is to be predicted (e.g. temperature or geopotential). That is, the
projection of the gradient onto static neural activities identiﬁes local parametric
bias activities that best characterize local, hidden causal factors.
Overall, the results suggest that our approach of assuming and inferring hidden causes with constrained properties – such as being locally distinct, constant,
but universally present – oﬀers strong potential in fostering the development of
process-explaining structures.
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P., Wermter, S. (eds.) ICANN 2020. LNCS, vol. 12396, pp. 566–577. Springer,
Cham (2020). https://doi.org/10.1007/978-3-030-61609-0 45
15. Kingma, D., Ba, J.: Adam: a method for stochastic optimization. In: International
Conference on Learning Representations, December 2014
16. Kipf, T., Fetaya, E., Wang, K.C., Welling, M., Zemel, R.: Neural relational inference for interacting systems. arXiv:1802.04687 (2018)
17. Otte, S., Karlbauer, M., Butz, M.V.: Active tuning. arXiv:2010.03958 (2020)
18. Rabinowitz, N., Perbet, F., Song, F., Zhang, C., Eslami, S.M.A., Botvinick, M.:
Machine theory of mind. In: Dy, J., Krause, A. (eds.) Proceedings of the 35th
International Conference on Machine Learning. Proceedings of Machine Learning
Research, Stockholm, Sweden, 10–15 July 2018, vol. 80, pp. 4218–4227. PMLR
(2018)
19. Rasp, S., Dueben, P.D., Scher, S., Weyn, J.A., Mouatadid, S., Thuerey,
N.: WeatherBench: a benchmark dataset for data-driven weather forecasting.
arXiv:2002.00469 (2020)
20. Rodriguez, R.C., Alaniz, S., Akata, Z.: Modeling conceptual understanding in
image reference games. In: Advances in Neural Information Processing Systems,
pp. 13155–13165 (2019)
21. Sanchez-Gonzalez, A., et al.: Graph networks as learnable physics engines for inference and control. arXiv:1806.01242 (2018)
22. Santoro, A., et al.: A simple neural network module for relational reasoning. In:
Advances in Neural Information Processing Systems, pp. 4967–4976 (2017)
23. Sugita, Y., Tani, J., Butz, M.V.: Simultaneously emerging Braitenberg codes and
compositionality. Adapt. Behav. 19, 295–316 (2011)
24. Tani, J., Ito, M., Sugita, Y.: Self-organization of distributedly represented multiple
behavior schemata in a mirror system: reviews of robot experiments using RNNPB.
Neural Netw. 17, 1273–1289 (2004)
25. Van Steenkiste, S., Chang, M., Greﬀ, K., Schmidhuber, J.: Relational neural expectation maximization: unsupervised discovery of objects and their interactions.
arXiv:1802.10353 (2018)
26. Weyn, J.A., Durran, D.R., Caruana, R.: Improving data-driven global weather
prediction using deep convolutional neural networks on a cubed sphere.
arXiv:2003.11927 (2020)
27. Wu, Z., Pan, S., Chen, F., Long, G., Zhang, C., Yu, P.S.: A comprehensive survey
on graph neural networks. arXiv:1901.00596 (2019)
28. Xingjian, S., Chen, Z., Wang, H., Yeung, D.Y., Wong, W.K., Woo, W.C.: Convolutional LSTM network: a machine learning approach for precipitation nowcasting.
In: Advances in Neural Information Processing Systems, pp. 802–810 (2015)

Deep Learning Models and Interpretations
for Multivariate Discrete-Valued Event
Sequence Prediction
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Abstract. We propose an embedding-based deep learning model architecture for
raw clickstream event sequences, which has special characteristics, such as being
multivariate discrete-valued. We evaluate the proposed architecture on a Stanford
University MOOC dataset, which consists of clickstream-level raw log event data
collected during student sessions in the MOOC. We introduce empirical results
achieved by various configurations of the architecture on the student final grade
regression task. Apart from the regression experiments, we also propose three
visual interpretation techniques for explaining the black-box Temporal Convolutional Neural Network and Recurrent Neural Networks models. The goal is to
provide easily applicable interpretations which can be used by domain experts
without any Machine Learning technical expertise. Based on the visual interpretations, we were able to identify student behavior patterns from raw data, in line
with educational research literature.
Keywords: Event log processing · Discrete-valued sequence prediction ·
TCNN · RNN · Interpretations

1 Introduction
User modelling based on users’ online behavior has numerous important applications,
including recommender systems and educational data mining [1, 3, 4, 12]. In this work,
we analyze the online behavior of Massive Online Open Course (MOOC) students.
We introduce a deep learning architecture to predict the outcome score of the students at a MOOC. We analyzed a clickstream-level raw dataset which was recorded
during a Stanford University MOOC with 142,395 students. A recorded click event
of the clickstream-level MOOC usage data consists of four categorical/discrete-valued
attributes: action type, description of events, visited link, and the students’ success on
the subtask in question.
Recently, Neural Networks have been widely used as sequence predictors and time
series forecasters, as they can capture complex nonlinear patterns. [9] The most commonly used model is the Recurrent Neural Network (RNN) which has outperformed statistical models, e.g., autoregressive and moving-average models. [13] Besides the dominance of RNN models, there have been Convolutional Networks (CNN) proposed for
© Springer Nature Switzerland AG 2021
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time-series forecasting and sequence classification, namely Temporal CNNs (TCNN).
Whereas the majority of the time series deep learning models have been applied to numerical data, event logs, such as clickstream-level MOOC data used in this instance, consists
of multivariate discrete-valued sequences. Hence, time series deep learning techniques
cannot be directly applied. On the other hand, most of the discrete-valued sequence prediction solutions have been published for Natural Language Processing. The raw event
logs are significantly longer than natural language sentences, with their varying length,
thus NLP techniques cannot be applied directly. To handle these special characteristics
of the given clickstream-level MOOC dataset, we propose an embedding-based deep
learning model architecture. In this study, we trained state-of-art RNN and CNN models
to predict the outcome score of the students at the MOOC. We conducted experiments
using various embedding layers to represent the multivariate discrete-valued data.
Recurrent and Temporal Convolutional Neural Networks provide accurate forecasts
without having any access to explicit knowledge about the investigated system. Yet, deep
learning methods are typically considered as ‘black boxes’ where it is almost impossible
to fully understand what, why, and how RNN and CNN make forecasting decisions.
[13] Our research aims to open the black box of RNNs and CNNs trained for time series
regression. We propose three visualization techniques, which support domain-expert
users in interpreting discrete-valued multivariate time series regression, neural models.
The contributions of this paper are two-fold: 1) we present experimental results on
various deep learning architectures and embedding strategies, evaluated on a MOOC
clickstream event, discrete-valued time-series regression task, and 2) we propose
application-oriented, i.e., user-friendly visualizations for explaining the behavior of the
machine-learned RNN and CNN, regression models.

2 Related Work
Analyzing student behaviour in MOOCs directly on the clickstream-level is a new field
of study. Li et al. [13] and Baker et al. [3] sought to understand student behavior using log
sequence from different MOOC courses. They investigated and visualized behavioral
patterns of student groups by employing statistics and classic machine learning methods
over hand-crafted features. To the best of our knowledge, the study by Kőrösi and Farkas
[11] is the only work to date utilizing deep learning techniques to exploit raw clickstream
data which have been recorded during MOOC courses. They reported that they were able
to outperform hand-crafted feature-based classic machine learning approaches. In our
research, we employ deep learning techniques to solve the same goal as Li et al. [13] and
Baker et al. [3], i.e., to analyze student behavior. We can draw educational conclusions
similar to those presented in Li et al. [13] and Baker et al. [3], but since we used raw
sequences directly, our approach did not require any feature engineering of pedagogical
expertise.
Recent advances in neural architectures and their application to raw time-series and
sequences offer an end-to-end learning framework that is often more flexible than classic
feature engineering-based approaches. [12] For example, Koehn et al. [10] showed that
an RNN-based method could outperform common machine learning while using mixed
continuous and discrete-valued time series to predict the order value. Guo et al. [6]
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proposed the feed forward neural network and embedding layer-based DeepFM for
multivariate partially raw discrete-valued clickstream data. Apart from the recurrent
approaches, convolutional models capable of considering the temporal dimension have
recently been proposed. Sadouk [14] proposed an exhaustive study of Convolutional
Neural Networks where convolutions were applied in the sequence recognition tasks.
Our work was motivated by these studies, thus we experimentally compared CNN and
RNN models on discrete-valued sequences.
The embedding of discrete-valued sequences was successfully applied in user behavior analysis[10]. An et al. [2], for instance, presented their neural user embedding approach which was capable of learning informative user embeddings by using the unlabeled
browsing-behavior. Cheng et al. [4] introduced the Wide and Deep feature representation method. In our work, we embed our discrete-valued attributes for enhancing the
generalization capability of our neural networks.
Karpathy et al. [7] analyzed the interpretability of RNNs for language modeling,
demonstrating the existence of interpretable neurons which were able to focus on specific
language structures. Siddiqui et al. [15] explored the visualization techniques including
input saliency by means of occlusion and derivatives, class mode visualization, and
temporal outputs. In Sect. 5, we applied an approach to interpret our multivariate discretevalued sequence forecasting model.

3 Dataset
The time-series dataset is made up of raw loglines which have been recorded during the
Computer Science 101 online course at Stanford Lagunita University in the summer of
2014. It contains video lectures, optional homework assignments, discussion forums,
and quizzes.
Table 1. The Stanford Lagunita’s Science 101 dataset
Feature

Examples

No. unique value

Links

‘courseware/z187/z172/’, ‘courseware/z187/z184/’

243

Events

‘load_video’, ‘login’, ‘problem_check’

34

Resource

‘Q1’, ‘Week 2 Course Survey’

35

Success

0,1,-1* (* missing value)

2

The raw data sequence includes 39.6 million loglines created by 142,395 students.
Of these, only 13,574 students completed the course, so we only used the data of these
students in our work. On the filtered data each logline is made up of five attributes
describing a clickstream level event: event type (categorical variable), visited URL (categorical variable), resource name (categorical variable), and quiz success (binary variable). Table 1 lists some of these examples.
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Table 2. Number of logged events in the different progress sections of the course
Event
type/progress

20%

Video

Load

34999

67411

97070

127552

Play

61003

123338

182821

238408

Seek

18862

41574

61490

80236

Speed
change

3442

5668

7600

9516

Quiz 1

20283

42655

73102

110348

Quiz 2

14581

33294

61091

96684

Quiz 3

8281

21760

48636

81614

Quiz 4

46

648

5365

9261

Quiz

40%

60%

80%

The aim of this research is to predict the student’s final scores (from 0 to 100)
achieved in the four quizzes based on the raw log sequence. The user could take the
quizzes multiple times, but the final score is the sum of the first attempts. To gain a better
understanding regarding the users’ learning behavior and the predictive power of raw
log data, we split the time series into progress sections, namely 20%, 40%, 60%, 80%
of the course progress. Table 2 displays the counts of a few event types.

4 Embedding-Based Multivariate Sequence Regression
The focus of this study is on multivariate discrete-valued sequence neural regression.
We propose a deep learning architecture in our MOOC scenario, which is depicted in
Fig. 1, 2.

Fig. 1. A unified deep learning framework for discrete sequence forecasting. A DL architecture,
where the Embedding layers are designed to encode each categorical attribute separately. Then
the TCNN and RNN networks learn the hierarchical representations of the sequenced data.

Embedding layers are designed to encode each categorical attribute separately. Then
the TCNN and RNN networks learn the hierarchical representations of the sequenced
data. Recurrent and Temporal Convolutional Neural Networks proved their ability to
discover patterns in multivariate time-series, giving forecasts without explicit knowledge
of the inspected system [12].
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Fig. 2. Overview of the configurations for multivariate sequence prediction. TCNN architecture
is seen on the left, RNN (GRU and LSTM) on the right. The numbers in boxes refers to layer
sizes, i.e. number of hidden units.

Our research aims to create an accurate way to use the same methodology on discretevalued sequences in RNN and TCNN. Our framework for discrete-valued sequence prediction is depicted in Fig. 2. We propose a representation of discrete sequence in the
form of a vector embedding. Instead of any data preparations, we insert the label encoded
univariate sequences themself into the embedding layer which could autonomously transform the categorical labels into a continuous space. This has the following advantages: it
does not contain any artificial “human-based” parameters which could affect the behavior
of the model; while the embedding layer learns without human intervention, it does not
strongly depend on how many data points are available; it is suitable for the time-based
discrete sequence from high-dimensional attractors.

5 Regression Results
We randomly split our student dataset into training- (9502 sequences) and evaluation
(4072 sequences) datasets. The mean absolute error (MAE) of final student scores is
taken as an evaluation metric.
We calibrated the size of our neural networks on a development set (random subset
of the training dataset).

Fig. 3. Mean Absolute Errors achieved by various models at different progress state of the course

We use embedding layers of length 30 (the sizes of other layers are shown in Fig. 2).
We employ tangent activation function in the GRU and LSTM experiments, while ReLU
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in the CNN ones. As the optimizer we used Adam with the default 0.0001 learning rate
and early stopping criteria. Sequences were post padded to lengths varied in function of
student progress datasets (lengths: 20%: 220, 40%: 520, 60%: 720, 80%: 920).
In our baseline model, the user’s behavior in the course is encoded as a 28dimensional feature vector. These cumulated features consist of the number of video
interactions (play, stop, pause), quiz success (quiz 1, 2, 3, 4), etc. We conduct LightGMB regression [8] on the cumulated features as a baseline. Figure 3 shows that there
is no significant difference among the models at 20% progress. The CNN architecture
yields either the best, or the second-best performance in most of the data sets.
Table 3. Real (x axis) vs predicted (y axis) final student scores results from LightGMB, CNN,
GRU, and LSTM models in different progress point of the course.

20% progress

40% progress
60% progress
CNN - 4 features with embedding

80% progress

MAE 11.24

MAE 9.47
MAE 8.70
CNN - 4 features without embedding

MAE 7.40

MAE 13.13

MAE 12.84
MAE 12.92
GRU - 4 features with embedding

MAE 12.92

MAE 11.42

MAE 9.81
MAE 8.33
GRU – 4 features without embedding

MAE 6.89

MAE 13.04

MAE 12.96
MAE 13.00
LightGMB – 27 (cumulated) feature

MAE 12.99

MAE 11.34

MAE 10.50

MAE 9.62

MAE 8.82

Table 3 shows that GRU and CNN with embedding has ‘captured’ the patterns in data
better and provided a much better forecast than other implementations. We tested the
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LSTM with embedding but it generated unmeasurable results. This could be explained
by the amount of data because LSTM is sensitive to long sequences, and we have an
average of 720 time-steps.

6 Interpretations
Recurrent and Convolutional neural network models have recently obtained state-of-theart sequence prediction accuracy. However, for data analysis, it remains unclear what the
models learned, how these approaches identify patterns and meaningful segments from
time-series. This section aims to explore this black box to gain better understanding of
the behavior of categorical time series prediction DNN models.

Fig. 4. T-Distributed Stochastic Neighbor Embedding (t-SNE) results for EVENT feature
embedding layer. Arrows of different colors represent general groups of different event types.

6.1 Embedding Spaces
The MOOC dataset contains four attributes, including three discrete-valued variables.
We transfer those three attributes to three parallel embedding layers (See Fig. 1) to learn
and transform discrete-valued values into an nth dimension continuous space.
To understand the trained embedding layers behavior, we used the output of trained
embedding layers which was trained on the event attributes, further, we employed tDistributed Stochastic Neighbor Embedding (t-SNE) so as to map the 30-dimensional
embedding space to 2D. Embedding with the t-SNE method is useful because embeddings are learned, thus events, links, or resources that are more similar in the context
of our problem are closer to one another in the embedding. The general idea is to
group each event type according to its “location” of the curriculum. For example, play,
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stop, pause would be in the group of video interactions, problem_check, problem_reset,
save_problem_succ-es in the quiz group. However, the embedding layer processes this
differently. Figure 4 highlights that both video and forum-based events are coming closer
to each other, yet more peculiar is the fact that the save and play video events seem to be
similar. The trained embedding layer was able to significantly improve our forecasting
results (GRU-based model average increase ~8%, CNN-based model average increase
~10%), proving to be an effective aid in preprocessing discrete-sequence.
6.2 Temporal Saliency
The temporal activity of students during the MOOC is a fascinating pedagogical area to
explore. The visualization below indicates how strongly the different temporal segments
relate with the deep learning prediction. We also aim to detect whether students with
various outcome scores display different temporal behavior.
The RNN and CNN methodology uses the output of embedding layers and one
binary attribute to train the models (see Fig. 2). As a result of the training process, we
use the output of CNN and RNN layers with the absolute value of the derivative of
the loss function with respect to each dimension of all sequence inputs. Each row in
Fig. 5 corresponds to the predicted student outcome group. Since very few users made
up the first group (0–10 final student scores) and the last group (80–90 final student
scores), this interpretation was omitted. The columns in the figure represent the output
of CNN and GRU layers as the mean of the loss values. By visual inspection of the
mean of the loss function values, we can see from the heat map (Fig. 5) that CNNs
tend to focus on short contiguous subsequences (“windows/boxes”) when predicting the
outcomes, whereas GRU uses the whole sequence for the same task. In other words,
CNN’s model finds “motifs” that are important for prediction, by comparison, GRU
apparently gives a different gradient for each time step. The results are almost the same
as seen in Lanchantin et. Al. (2017), in their research about using CNN and RNN to
understand DNA sequence. They found that the recurrent neural network tends to be
spread out more across the entire sequence, indicating that they focus on all sequences
together, and infer relationships among them. They also mentioned that, when using
convolutional and recurrent networks for sequence forecast, those tended to have strong
heat points around motifs, where one could see that there were other steps further away
from the motifs that were significant for the model results. Both CNN and GRU have
a considerably wide range of steps, moreover, for the low outcome final student scores
(0–40) the RNN model uses the entire sequence, while for high final student scores it
uses only the first part of the dataset. CNN uses windows of almost the same size as all
outcome classes, and although the distribution of weights is different, it learns from the
middle of sequences which is completely different from RNN.
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Fig. 5. Representations over time from CNNs and GRUs layers. Each row corresponds to the
predicted student result group from CNN and GRU at each time-step. Each grid from the column
corresponds to each dimension of the current sequence step representation. We observed only that
part of the heatmap, where the data is not constant, or not too uniformly distributed. The brighter
color means high activation at the output of the layer of our neural network, even the dark means
weak activation.

6.3 User Behavior Clustering
In order to identify the different learning strategies and examine whether they appear
in the data sequence, we conducted further studies. We investigated the best and worst
20% of student groups. We conducted a cluster analysis (Kmeans, n_clusters = 2,
algorithm = Elkan), utilizing the hidden vector representation learned by our CNN
and GRU models. The clustering is based on the cosine similarity of the output 50dimensional vectors of the CNN and the GRU layers. As an interpretation of the clusters, the features introduced in Sect. 3 were accumulated from the cluster members.
Figure 6 shows the boxplots of the key features by clusters. The results of the best
and worst 20% clustering show that there are two different clusters among both top
and worst-performing students. The first group (marked in blue) watch significantly
fewer videos (rdn/Video) than the others do while achieving the same result. The feature values describing the interaction between the users and videos (numoplay_video,
numostop_video, numopause_video, numoseek_vi deo) also underpin this observation.
Our click-stream level raw data-driven results are in line with educational/pedagogical
results. For example, Galine et al. [5] sought to understand the behavior patterns of
learners in MOOC courses and they found that at the very base level, there were “Allrounders” and “Viewers”, the terminology being similar to the results of our unsupervised clustering analysis: users marked blue seem to be “All-rounders”.
The blue cluster members complete most assignments, watch all video lectures, and
have numerous interactions with video, while “Viewers” (brown cluster) watch almost
all video lectures but hardly ever make more effort than absolutely necessary to complete
the course. This data-driven interpretation of MOOC log data is a promising direction
for educational data mining, as we were able to show sociological-pedagogical results
using only raw logline data, which has not been seen before.
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Fig. 6. Cluster analysis of the group of 20% -20% students who achieved best (left) and worst
(right) final student scores during the course. The blue and orange colors are show the different
clusters in the observed group. (Color figure online)

7 Conclusion
Our literature review established that the existing deep learning-based time-series prediction models could handle both continuous and discrete-valued sequences. In this
work we proposed RNN and CNN based methods with embedding-based deep learning
model architecture which is able to make a prediction from multivariate discrete-valued,
variable-length sequences. The models were tested on a Stanford University MOOC
dataset, which consisted of clickstream-level raw log event data collected during student
sessions in the MOOC. Our results confirmed that RNNs and CNNs provided a better
forecast than conventional methods. The interpretation section outlined that the embedding method was able to significantly improve our forecasting results and provide an
effective aid in unsupervised pre-processing of discrete-valued sequence.Besides creating accurate methods, we also proposed three useful visualization of the learnt deep
neural networks.
Acknowledgement. This work was supported through the Artificial Intelligence National Excellence Program (grant no.: 2018-1.2.1-NKP-2018-00008). This work was supported by the
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Abstract. Much research has been done to leverage recent advances in
deep learning for multi-object tracking, focusing mostly on data obtained
from cameras and high-cost lidar sensors. Less attention has been paid to
sensor types that provide low-ﬁdelity point clouds. Such sensors provide
more challenging input data, being sparser and more noisy, but may help
to make the system more aﬀordable.
In this work we present an on-line multi-object tracking system
that combines and improves state-of-the-art deep learning approaches
to achieve competitive performance using low-ﬁdelity point cloud data
alone. It consists of a single, end-to-end trainable recurrent convolutional
neural network that simultaneously solves all tasks required to decode
trajectories of bounding boxes for all cars in the scene.
Keywords: Multi-object tracking
Convolutional · Recurrent

1

· Sparse · Point clouds ·

Introduction

Robust estimation of the trajectories of surrounding objects, including the tracking through partial or even full occlusion, is a vitally important task for driver
assistance systems or autonomous driving scenarios. Deep learning techniques,
especially recurrent and/or convolutional neural networks, have enabled much
progress on detection and tracking problems in the domain of vision. Benchmarks
like MOT16 [22] have shown the abilities of such systems for tracking pedestrians in camera images. More recent work has demonstrated similar results for the
tracking of cars in bird’s eye view maps generated from high-quality lidar point
clouds [11,21,27].
Research has focused less on applying such deep networks on point clouds
obtained from less expensive sensors. Such sensors often have lower resolution
or other physical limitations, and thus the point clouds they produce are signiﬁcantly sparser. They are also often prone to a lot more noise. In fact, there
is usually a trade-oﬀ between sparsity and noisiness of the data. Successfully
c Springer Nature Switzerland AG 2021
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detecting and tracking vehicles under such conditions is signiﬁcantly more challenging, to the point where even human annotators would struggle (as can be
seen from Fig. 1). Convolutional neural networks (CNNs), unquestionably the
star of recent breakthroughs in machine learning, were primarily designed for
camera images, which provide spatially dense features. With the right representation, CNNs can function equally well on high-quality point cloud data, though
it is signiﬁcantly sparser. The data we are interested in is sparser still and subject to a lot more noise than either those previous two types. It can, however,
be generated by sensors that are much less expensive or have other desirable
properties. Decreasing the overall cost of perception platforms is an important
step in broadening the appeal of intelligent vehicles.

Fig. 1. Top-down view maps generated using low-ﬁdelity point cloud data from a cheap
sensor (left) and using high-ﬁdelity point cloud data from an expensive sensor (right)
for the same frame. Colour indicates point density. Even from this single high-ﬁdelity
scan, the silhouettes of cars are identiﬁable by eye; in the low-ﬁdelity data substantially
less so, presenting a greater challenge.

In this paper, we tackle detection and tracking based on sparse point cloud
data using state-of-the-art techniques. Our proposed system is a deep learning
based, end-to-end trainable on-line multi-object tracker. It operates on bird’s
eye view maps created from sparse and noisy point clouds and produces twodimensional object trajectories. We demonstrate that our system can reach
respectable performance in realistic driving scenarios while being fast enough
to be deployed real-time.

2

Related Work

In the literature, the term “tracking” may refer inconsistently to one or a combination of either reidentiﬁcation (the recognition of a previously seen target and
its association with any prior information such as an active object track) or forecasting (completion of present information and prediction of future information
from past information). Systems diﬀer further in whether they consider detection as a separate, often already solved task (tracking-by-detection framework)
or address tracking and detection jointly.
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In the following, we will provide a brief overview over existing deep learning
techniques for the various interpretations of multi-object tracking. Due to the
breadth of research on this topic, that overview is superﬁcial by necessity, and we
therefore also refer the reader to [10] for a survey of deep learning multi-object
tracking methods.
Reidentification: A popular technique for performing cross-frame association,
especially in the vision domain, is via a learned appearance embedding or associative metric [8,13,33]. Such an embedding is usually trained using a contrastive
[14], triplet [16] or quadruplet loss [30], which diﬀer in the number of examples considered during their calculation. A related method is explored in [17],
which uses a Siamese network that runs simultaneously on patches extracted
for two detections and outputs a score representing the probability they show
the same target. In [4], association is considered in its natural interpretation as
a graph ﬂow problem and solved by performing deep learning directly in that
domain using novel Message Passing Networks. A number of systems go beyond
the tracking-by-detection framework by learning the detection and appearance
embedding tasks jointly within the same network [24,34,37], hoping to share
computation and increase performance. MOTS [32] goes one step further still
by learning detection, reidentiﬁcation, and semantic segmentation in the same
network.
Forecasting: An example for a forecasting system that operates on data- rather
than target-level is given in the series of papers entitled DeepTracking [11,12,25],
in which occupancy grid maps are completed and forward-predicted based on
partial observations (generated from lidar scans) using stacks of convolutional
gated recurrent units [9]. A similar approach is explored by the authors of [26],
who perform long-term prediction of occupancy grid maps by inserting convolutional LSTM layers [36] into the lateral connections of a pyramidal architecture.
Another notable example of a forecasting system is MultiPath [6], which predicts target-level trajectories. It captures uncertainty about its predictions by
representing trajectories as a mixture of Gaussians using a Mixture Density
Network [3]. IntentNet [5] expands upon the motion forecasting idea by also
classifying driver intention, learning to output high level action labels alongside
the target’s future trajectory based on lidar point clouds and semantic street
maps. The DESIRE system [18] combines recurrent networks with conditional
variational autoencoders [29] to sample trajectories predicted into the distant
future.
Full Tracking: One approach that technically falls under the tracking-bydetection umbrella but also incorporates elements of limited forecasting is a
deep recurrent emulation of a Kalman ﬁlter presented in [23]. Similarly, DeepSORT [35] uses deep appearance embeddings to power the association step in
a tracking system based on a classical Kalman ﬁlter. The system proposed in
[27] extends the Complex-YOLO [28] detection pipeline using a Labelled MultiBernoulli Random Finite Set ﬁlter to achieve tracking in 3D lidar point clouds.
The Fast & Furious tracker [21] performs detection and motion forecasting
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simultaneously and decodes object tracks based on the temporal and spatial
overlap of partial trajectories. The authors of [1] extend a standard two-stage
detection pipeline to perform tracking by performing the RoI pooling operation
on data from the current frame using previous coordinate information.

3

Method

Our system melds recent approaches from lidar and vision into a recurrent fullyconvolutional one-stage neural network that performs classiﬁcation, localisation,
and motion forecasting simultaneously and densely on sparse point cloud data.
The main inspirations are DeepTracking [11], Fast & Furious [21], and Feature
Pyramid Networks [19]. New contributions include a novel architecture that
combines the strengths of and improves upon the aforementioned work, as well
as adjustment of network and training details to increase performance in domains
where one has to deal with sparse and noisy data. Figure 2 shows an overview
diagram of the base variant of our architecture. The following sections describe
the components and concepts of the system in greater detail.

Fig. 2. A diagram overview of the basic tracker network architecture. Blue boxes denote
single, regular convolutional layers and red boxes denote residual subnetworks. (Color
ﬁgure online)

3.1

Temporal Aggregation

In our base architecture, the ﬁrst part of the neural network consists of a stack of
recurrent convolutional layers used for the temporal aggregation of information.
Unlike many other recurrent systems, these layers are not used to compress a
time-series of features into a single tensor (encoder architecture), but rather
as a continuously updated memory. Therefore, during training useful output is
expected after every update of the recurrent loop and during inference only a
single frame of information is fed into the system at a time. This is a more diﬃcult
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task to learn, but decreases the memory footprint and theoretically allows the
network to use information from any past point in time. Reliable aggregation of
temporal information is signiﬁcantly more important in low-ﬁdelity domains, as
single scans often do not provide the necessary cues for the detection of vehicles,
much less their tracking.
The basic setup of the recurrent layers follows that of [11]. However, dilated
convolutions are foregone in favour of increasing the kernel size to achieve the
same overall receptive ﬁeld size, which is preferable when dealing with sparse
data. Furthermore, we do not rely on the recurrence itself to produce predictions about the future as in [11]. Doing so would not easily allow for future
predictions at every frame, since it corrupts the hidden states that form the
network’s memory of past information.
3.2

Classification and Localisation

The second part of the network is a single-shot detector that predicts object classscores and bounding boxes for each position in the feature maps of a Feature
Pyramid Network (FPN) [19]. Speciﬁcally, the bottom-up path of the network (or
backbone) successively downsamples the input map using strided convolutions
in a residual conﬁguration [15]. The top-down path (or pyramid) successively
upsamples the resulting map and combines it at each stage with the corresponding map from the bottom-up path via element-wise addition, forming lateral
connections.
Two network heads are applied to each scale of pyramid features, providing
the class-scores and bounding boxes of potential objects, respectively. Bounding
boxes are predicted as oﬀsets to a ﬁxed set of reference bounding boxes (anchors).
For training, each anchor is assigned to the ground truth object with which it
has the highest intersection-over-union (IoU), provided that IoU is 0.4 or greater.
Otherwise, the anchor is assigned to the background. We use anchors with a
length to width ratio of 2.5 at four rotations and two scales, resulting in a total
of eight anchors per position. We deﬁne bounding box regression targets as the
centre position oﬀset and relative log-size as done in [21]. However, we modify
the orientation targets to include anchor rotation, giving
sin
= sin(2(θGT − θA )),
θT
cos
θT = cos(2(θGT − θA )),

(1)
(2)

where θGT and θA are the ground truth and anchor rotation, respectively. Note
that we also multiply the rotation oﬀset by two so as to achieve 180◦ periodicity,
which matches the rotational symmetry of rectangles. Using anchors at multiple
rotations essentially amounts to performing a two-step rotation estimation consisting of a coarse initial estimate and a subsequent reﬁnement, which we found
improves stability.
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Fused Architecture

Beside the basic architecture (Fig. 2), we also consider an alternative formulation
in which the temporal aggregation is fused with the backbone of the feature
pyramid network. Speciﬁcally, this means omitting the temporal aggregation
block in front of the FPN and instead replacing the standard residual blocks
in the backbone network with custom recurrent residual blocks. This allows the
network to retain information at diﬀerent levels of resolution and semantics.
Similar to the original ResNet [15], we propose two variants of our recurrent
residual blocks with diﬀerent complexities (Fig. 3). The ﬁrst variant mirrors the
standard two-layer residual block, simply replacing the ﬁrst convolution with a
convolutional recurrent layer. The second variant modiﬁes the three-layer bottleneck design to use a convolutional recurrent layer in place of the middle 3×3 convolution. The latter design is especially attractive since the high cost of popular
gated recurrent layer designs is amortised by applying them to lower-dimensional
embeddings.
3.4

Motion Forecasting and Tracking

The system produces motion forecasts several time-steps into the future for each
detected object in the vein of Fast & Furious [21]. This is done by modifying the
localisation head of the single-shot detector to directly output the appropriate
number of additional bounding boxes.

Fig. 3. A diagram showing the two variants of recurrent residual block (standard variant on the left, bottleneck variant on the right), which comprise the backbone network
in the fused tracker architecture. N denotes the number of channels in the input map.

The purpose of the motion forecasting is manifold. For one, it has a regularising eﬀect on the recurrent layers by forcing them to learn a motion model for
the detected objects. It acts also as a secondary mechanism for tracking through
occlusion, should the network’s memory be insuﬃcient. Lastly, it provides the
necessary cues for assembling individual object detections into trajectories and

Multi-object Tracking on Sparse Point Clouds

413

allows for temporal smoothing, as each trajectory has access to multiple predicted bounding boxes per time-step.
Association of object detections across time-steps can easily be handled via
the motion forecasts, since each detection already constitutes a mini-trajectory
or “tracklet” (association-by-forecast as in [21]). The system therefore does not
require any sophisticated recursive ﬁltering techniques and can perform tracking instead via a greedy association pass over the temporal and spatial overlap
between predictions for diﬀerent time-steps. We couple this with a simple tentative track initialisation based on cumulative score: A track is considered mature
when the sum of the scores accrued by all associated tracklets reaches a certain
threshold.

4

Experiments

In the following, we aim to validate our tracker system on data obtained during
real traﬃc situations. For this purpose, we have conducted recordings from a car
equipped with six low-resolution short-range sensors providing point cloud data
with 360◦ coverage. We compile these recordings into a dataset of 84 sequences
containing a total of 66,245 frames recorded at 20 Hz. We use 59 sequences for
training and the remaining 25 for validation.
4.1

Training

We use 128×128 bird’s eye view grids with bins of size 31.25 cm×31.25 cm. Each
bin contains as features the number of points assigned to it as well as the average
of any additional features the sensor provides. The network is trained using the
ADAM optimiser with an initial learning rate of 3 · 10−4 . The learning rate
remains constant for the ﬁrst half of total epochs and is then linearly decayed
to zero. We train for a maximum of 280,000 iterations.
Each full sequence in the dataset is divided into overlapping mini-sequences of
equal length and each mini-sequence is in turn divided into batches. The order of
mini-sequences within the dataset is randomised, but the order of batches within
a mini-sequence is retained. During optimisation, we keep the hidden states of
the recurrent layers from batch to batch and only reset them at the end of a
mini-sequence. This is meant to counteract the small number of frames per batch
caused by memory constraints and help the network learn dependencies between
more distant points in time. We use mini-sequences with a length of 80 frames
and batches with a length of 20.
The regression head is trained using a standard smooth L1 loss. The classiﬁcation head is trained using a modiﬁed variant of the focal loss introduced in [20].
The original formulation normalises the loss by the total number of foreground
anchors. We found this variant to grow unstable when faced with examples that
contain few or no positives but many hard negatives (which is common in noisy
point cloud data). We therefore normalise the loss instead using the sum of the
focal weights. This has the added advantage that loss values naturally have the
same scale as regular binary cross-entropy.
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Metrics

The most popular choice of metric in literature is Multi-Object Tracking Accuracy (MOTA), which is part of the CLEAR MOT suite of metrics [2]. MOTA
distinguishes three types of errors a tracking system can make: false positives,
false negatives, and identity switches. However, in our experiments, MOTA has
proven a rather unintuitive measure due to way it normalises and combines these
error rates, causing its range of values to be unbounded of one side. Therefore,
we will mainly employ a modiﬁed version of Multi-Camera Tracking Accuracy
(MCTA) deﬁned in [7]. We simply omit the handover term, which is not relevant to our application. MOTA will still be provided but is not used to rank the
relative performance of models.
We generally follow the CLEAR MOT protocol for the calculation of the
frame-wise error counts, with one notable exception. Our system predicts rotated
rectangles, which naturally tend to have lower overlap, and operates on lowﬁdelity point cloud data, which due to its sparsity limits the localisation accuracy
that reasonably can be expected. Therefore, we use a lower IoU threshold of 0.4
for ground truth to prediction matching. We report identity switches (IDSW)
as a fraction of true positives. Finally, we also list displacement errors for the
raw motion forecasts, which measure the mean L2 distance (in meters) between
ground truth and forecasted object centres, using the average (ADE) or ﬁnal
(FDE) such distance.
4.3

Results

We report our results for a number of variants on our tracker architecture, including feature ablation. See Table 1 for an overview of the variants considered.
Quantitative Results: Table 2 shows a selection of performance metrics for
several variants of the tracker architecture. Note that, in a bird’s eye view,
object bounding boxes do not pass over one another as they do in vision, and
therefore identity switches are rare. Most trajectory fragmentation occurs due
to false negatives, which is by far the most common type of error our tracker
makes. Note here also that ground truth annotators had access to the data from
auxiliary sensors for labelling, which have diﬀerent mounting positions from the
main sensors. Therefore, some objects included in the ground truth might not be
visible in the input data, negatively aﬀecting the reported recall values. The ablation experiments show that the method of temporal aggregation has the largest
inﬂuence on the performance of the model, conﬁrming our earlier statement on
the importance of time information in low-ﬁdelity domains. The model that runs
on singe frames (model “no temporal”) performs poorly, especially in terms of
recall. The model aggregating ﬁve frames via 3D convolution (model “conv3d”),
which replicates the best performing fusion method from Fast & Furious, is a
signiﬁcant improvement, and yet the recurrent networks outperform it by a large
margin. The feature pyramid mostly provides a boost to precision. Presumably,
the addition of scene context makes distinguishing noise from signal easier, allowing the suppression of false positives. Lastly, the advanced architectures using
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Table 1. Overview over variants of the tracker architecture considered during our
experiments. Fames per second (FPS) are based on the execution time on an NVIDIA
GeForce RTX 2080 Ti.
Model

Architecture

# Param. FPS

Basic
no fpn
no temporal
conv3d

Base architecture (Fig. 2)
No feature pyramid
No temporal aggregation
Temporal aggregation by 3D
convolution (“late fusion” [21])
Fused backbone, standard
recurrent residual block
Fused backbone, bottleneck
recurrent residual block, 2 per level

9.0M
8.7M
6.4M
6.5M

42
43
86
54

9.8M

52

6.7M

48

fused std
fused 2btln

Table 2. Performance of the tracker models in the aspects of detection (precision
(P), recall (R)), tracking (MOTA, MCTA, MOTP, IDSW, MT, ML [2, 7]), and motion
forecasting (ADE, FDE). Best performance for each metric in bold. “↑”/“↓” mark
metrics for which larger/smaller values are better.
Model

P ↑

R ↑

MOTA ↑

MCTA ↑

MOTP ↑

IDSW ↓

MT ↑

ML ↓

ADE ↓

FDE ↓

basic

0.882

0.591

0.512

0.708

0.761

0.00007

0.314

0.408

0.336

0.409

no fpn

0.793

0.602

0.445

0.684

0.768

0.00007

0.301

0.402

0.292

0.322

no temporal

0.825

0.436

0.343

0.569

0.712

0.00226

0.189

0.513

0.403

0.493

conv3d

0.857

0.526

0.438

0.651

0.764

0.00026

0.275

0.439

0.304

0.337

fused std

0.886

0.609

0.531

0.722

0.764

0.00015

0.348

0.395

0.306

0.349

fused 2btln

0.874

0.623

0.534

0.728

0.745

0.00007

0.370

0.398

0.323

0.361

recurrent residual blocks manage to increase performance by a last few percentage points, while simultaneously running faster than model “basic”, which
demonstrates the eﬀectiveness of performing temporal aggregation at multiple
scales.
Qualitative Results: As might be expected of this type of data, relative movement enhances the discriminative power of the system. In scenes where both
the ego-car and surrounding vehicles are stopped, performance degrades substantially. Moving vehicles, on the other hand, are recognised almost unfailingly.
Another scenario the tracker surprisingly seems to ﬁnd diﬃcult is turning of the
ego-car, leading to a sudden increase in false positives. Figure 4 shows a few speciﬁc examples of such failure cases (as produced by the best performing model
“fused 2btln”). The top-most example shows a scene in which the ego-car is
currently turning, causing transient false positives and some distortion of object
orientations. In the middle example, the ego-car itself and surrounding vehicles
are stopped. This is a particularly hard example for the tracker, and it only manages to recognise a single object. Generally, it is diﬃcult to distinguish stationary
objects from the background given the low spatial resolution, unless the ego-car
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Fig. 4. A collection of failed examples of the best performing tracker model, each
example consisting of a sequence of ﬁve frames taken at ﬁve frame intervals displayed
from left to right. Ground truth bounding boxes are drawn in blue. Predicted bounding
boxes are drawn in red and annotated with a number indicating their identity across
frames. The grayscale background visualises the point cloud. (Color ﬁgure online)

is itself moving, which can help to mitigate sparsity by providing multiple scans
from diﬀerent perspectives. The bottom-most example shows a scene where even
the ego-car’s movement was not suﬃcient to track the parked cars. Presumably,
their close proximity to each other makes it diﬃcult to segment instances. A set
of successful examples is shown in Fig. 5. In contrast to the previous failed example with a large number of parked cars, the top-most example in Fig. 5 shows a
similar scene where the tracker performs quite well, thanks to the arrangement
of the cars making their shapes more recognisable. Furthermore, the orientations
of the cars are estimated correctly despite the challenging situation. The middle
example shows the system successfully tracking a trailer truck. Even though the
tracker can only see a single side of the truck for a majority of the sequence,
it is able to estimate its size and even the point of division between the two
segments with surprising accuracy. Lastly, the bottom-most example shows a
scene where the ego-car is driving along a multi-lane road together with other
cars at similar speeds. Moving targets are recognised with high conﬁdence and
accuracy, since the feature signatures of points that belong to moving targets
are easily distinguishable from the background.
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Fig. 5. A collection of successful examples from the best performing tracker model, each
example consisting of a sequence of ﬁve frames taken at ﬁve frame intervals displayed
from left to right. Ground truth bounding boxes are drawn in blue. Predicted bounding
boxes are drawn in red and annotated with a number indicating their identity across
frames. The grayscale background visualises the point cloud. (Color ﬁgure online)

5

Conclusion

In this paper, we presented a tracking system running on sparse point cloud data
that consists of a single-stage neural network. It combines the strengths of convolutional recurrent layers and feature pyramid networks to perform detection
and short-term motion forecasting jointly, which allows for robust estimation
of two-dimensional object trajectories. We furthermore showed the eﬀectiveness
of our system in experiments on real data and demonstrated the importance of
each individual component. Our ﬁnal tracker variant reaches an MCTA of nearly
0.73 on sparse point cloud data alone, outperforming methods designed for other
domains.
Future work might revise and extend the technique used to produce motion
forecasts. The current method produces only a ﬁxed number of future predictions and does not make the time-dependency explicit. Another avenue may be
incorporating recent developments in object detection such as EﬃcientDet [31]
and others to improve the tracker’s recall. Finally, uncertainty quantisation is a
promising prospect in the context of a forecasting and tracking systems.
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17. Leal-Taixé, L., Canton-Ferrer, C., Schindler, K.: Learning by tracking: siamese
CNN for robust target association. In: Proceedings of the IEEE Conference on
Computer Vision and Pattern Recognition Workshops, pp. 33–40 (2016)
18. Lee, N., Choi, W., Vernaza, P., Choy, C.B., Torr, P.H., Chandraker, M.: Desire:
distant future prediction in dynamic scenes with interacting agents. In: Proceedings
of the IEEE Conference on Computer Vision and Pattern Recognition, pp. 336–345
(2017)
19. Lin, T.Y., Dollár, P., Girshick, R., He, K., Hariharan, B., Belongie, S.: Feature
pyramid networks for object detection. In: Proceedings of the IEEE Conference on
Computer Vision and Pattern Recognition, pp. 2117–2125 (2017)

Multi-object Tracking on Sparse Point Clouds

419

20. Lin, T.Y., Goyal, P., Girshick, R., He, K., Dollár, P.: Focal loss for dense object
detection. In: Proceedings of the IEEE International Conference on Computer
Vision, pp. 2980–2988 (2017)
21. Luo, W., Yang, B., Urtasun, R.: Fast and furious: real time end-to-end 3D detection, tracking and motion forecasting with a single convolutional net. In: Proceedings of the IEEE Conference on Computer Vision and Pattern Recognition, pp.
3569–3577 (2018)
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Abstract. In this paper, we examine Hopﬁeld network composed of
multi-state neurons for storing sequence data as limit cycles of the
network. Earlier, we had presented uni-modal data - particularly text,
speech and audio data storage and retrieval in bipolar Hopﬁeld based
associative memory architecture. We extended this to multi-modal data
and we demonstrated that Hopﬁeld can indeed work as content addressable memory for multi-modal data. This paper is a step towards realising
a more wider deﬁnition of multi-modality. We present a M-ary Hopﬁeld
associative memory model for storing limit cycle data. The proposed system uses a dual weight learning mechanism to exhibit limit cycle behavior in which sequence data can be stored and retrieved. We particularly
deal with a) sequence of images and b) movie clip data as instances of
limit cycle data. We also propose and use a two stage ﬁring mechanism
to retrieve the stored sequence data from the limit cycles. We present
a trade-oﬀ behavior between the number of cycles and length of cycles
the network can store and we demonstrate that the network capacity
is still of the order of network size i.e., O(N) for limit cycle data. This
represents a ﬁrst of its kind attempt for sequence storage and retrieval in
Hopﬁeld network as limit-cycles, particularly with image-sequence and
movie-content data of real-world scales.
Keywords: Hopﬁeld network · Limit cycle
Two stage ﬁring · Multi-state neurons
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· Dual weight learning ·

Introduction

We demonstrate Hopﬁeld based associative framework for storage and retrieval
of sequence data modelled as a limit cycle. A limit cycle is a closed trajectory
composed of sequence of states. Limit cycles can be used to model cyclic activities such as natural phenomenon like respiration, beating of heart, real world
data like movie clips, sequence of events, audio, speech or music clips, spoken dialog etc. [1]. The original Hopﬁeld framework was used for storing static
c Springer Nature Switzerland AG 2021
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binary patterns [2]. Hopﬁeld also extended the original model to a graded neuron model [3]. Hopﬁeld network behaves as content addressable memory - i.e.,
given a corrupted partial state, the network can retrieve the complete stored
pattern [4]. This important ‘content addressable’ property of Hopﬁeld network
has not been explored for scalable storage/retrieval of real world data. Hopﬁeld
network has been used only for storing/retrieving toy patterns and for solving
optimization problems.
Our recent work focused on adapting bipolar Hopﬁeld network for setting up
content addressable retrieval system for real world uni-modal data text [5], audio
[6], speech [7] and multi-modal data such as captioned images [8]. The success of
the experiments on static unimodal and multimodal data unveils Hopﬁeld network coupled with high capacity learning rules as a potential scalable associative
memory architecture.
In this paper, we demonstrate M-ary Hopﬁeld network based architecture for
storage/retrieval of ‘Long Sequence Data’ as ‘Limit Cycles’ of the network under
specially constructed weight learning and retrieval mechanisms. We consider
two variations of such sequence data - image sequences and movie clips of long
duration (e.g., 6.3 min) as limit cycle data for our experiments. Such weightlearning and retrieval mechanisms combined with large scale adoption to real
world data is a ﬁrst of its kind attempt. We also demonstrate the trade-oﬀ
between number of limit cycles and length of limit cycle the network can support.
The general form of the proposed system is shown in Fig. 1 - given ‘any’ state
as start state (trigger state), the system is able to retrieve the complete limit
cycle (sequence). Hopﬁeld based network consisting of multistate neurons is used
to construct content addressable memory for real world sequence data. Network
can be trained to store single/multiple sequences.

Fig. 1. M-ary Hopﬁeld associative memory for limit cycle storage and retrieval

1.1

Associative Memory Formulation

Brain consists of massively interconnected neurons. Information is stored in brain
by modifying the strength of the synaptic connections to constitute various kinds
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of memory mechanisms [9]. Such memory mechanisms store static information
such as images, faces, scenes and pattern sequences such as movie clips, song
clips, spoken sentences etc. Given a cue, e.g., a particular scene from a movie or
a word from a song, the memory mechanism in the brain recalls a complete video
clip or a complete song that contains the cue. This is termed as auto-association
for sequence retrieval.
Auto-associative memory is a biologically plausible model for storage and
content based retrieval of stored information [10]. Denizdurduran proposes
attractor Neural Network Approaches in the Memory Modeling [11]. In this
paper, We present Hopﬁeld based associative memory for storing multi-valued
pattern sequences.
1.2

Related Work

In this section, we focus on approaches for storage and retrieval of limit cycle
based on ‘Associative Memory Formulations’. Miyoshi et al. proposed Recurrent Neural Network with Delay elements for storage and retrieval of limit cycle
data [12]. They demonstrated with experimental results superior performance of
DRNN over RNN, bringing out the important property that delay is important
for correct retrieval of limit cycle data. In another work, Miyoshi et al. proposed
a DRNN based associative memory which has close resemblance to the Hopﬁeld based model for static patterns [13]. Their proposed model uses bipolar
neurons and synchronous ﬁring (single ﬁring rule). Maurer, Hersch and Billard
presented interesting results for storage, recognition and generation of Human
Gesture data [14]. They use a two layered architecture, where the ﬁrst layer consists of multiple Hopﬁeld networks each of which stores trajectory information
at a particular angle and the second layer is used for classifying the gesture to
a speciﬁc category; this is similar to hetero-associative models. Their architecture supports storage and retrieval of multiple sequences of varying duration.
Zhang et al. proposed continuous Hopﬁeld network coupled with high capacity
learning rule for storage and retrieval of pattern and pattern sequences. They
presented impact of model parameters on the convergence of retrieved orbit to
the memorized cycle [15].
1.3

Proposed Work

We aim to develop a biologically plausible model for content addressable retrieval
of uni-modal and multi-modal static/sequence data. Our recent work on unimodal and multi-modal data exhibits a successful auto-associative formulation
for static data storage/retrieval. In this paper, our contribution is towards developing a scalable system for sequence storage and retrieval. Given any state, i.e.,
a ‘start state/intermediate state’ as trigger state, the system retrieves the complete limit cycle. We particularly focus on
1. Modeling real world data as limit cycle
2. M-ary Hopﬁeld network for real world data
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3. Dual weight learning to store cyclic patterns in M-ary Hopﬁeld network
4. Two stage ﬁring procedure for sequence retrieval
5. Network size as an upper bound on length and number of cycles the network
can store.
We present results of two main experiments - the ﬁrst experiment deals with
adapting M-ary hopﬁeld network for storing and retrieving a long limit cycle; for
this we consider a movie clip of duration (6.3 min). The second experiment deals
with ﬁnding relationship between the number of limit cycles and length of limit
cycles that a network of ﬁxed size can store and retrieve with ‘zero’ tolerance;
for this, we constructed sequences of varying lengths from ‘Flickr30K’ data-set
images (highly uncorrelated states) [16]. We show that with high capacity learning rules, the proposed architecture supports O(N) number of state transitions
in all for the various sequences, which is in line with the performance of Hopﬁeld
network for static patterns.

2

Basics of M-ary Hopfield Network

M -ary hopﬁeld network is an extension of the basic bipolar Hopﬁeld model.
Bijjani and Das used it to store images as static patterns [17]. M -ary hopﬁeld
network as shown in Fig. 2 is a fully connected network in which each neuron
can assume any of M values at a particular time instance as opposed to two
values in case of binary or bipolar model. A state of the network at any point
is represented by the vector ξi = (ξi1 , ξi2 , ξi3 , . . ., ξiN ), where each of ξij can take
any of M values. Due to the M -ary nature of neurons, information to be stored
in the network can be encoded using a large range of values which prevents
loss of information that results when the data is clipped to two set of values
as in case of binary neurons. This correlates well with the way human brain
models information - human brain has a continuum of values while memorizing
or retrieving the memorized information [18].

Fig. 2. Structure of M -ary hopﬁeld neural network: network is fully connected with
multi-state neurons (each can take any value from the set of permissible values) and the
couplings between neurons are dual weights as they store static and transition weights
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M -ary Hopfield Neural Network for Limit Cycle Data

Neural Network based associative memory architecture stores information by
modifying the coupling strength between the neurons. The original binary Hopﬁeld model which was used for storing static patterns uses Hebbian learning rule
which is given as
1  U U
Wij =
ξi ξj
(1)
N
U

where, U is the no of patterns stored in the network. Hebbian learning rule
is inspired by the way human brain stores information [9]. Upper bound on
the capacity, this network supports is 0.14N (Where N is the network size)
which is achievable only when patterns are ‘uncorrelated’ [2]. To address this
issue Personnaz et al. proposed the pseudo-inverse learning rule (high capacity
learning rule) which enables network to achieve O(N ) capacity [19]. We could
achieve the same for our experiments on static data. In the present work, we use
the pseudo-inverse rule based dual weight learning which helps to store static
and transition information in the network and thus can be used to store sequence
data. Zhang et al. also used the pseudo-inverse learning rule [15]. In their work,
they use single weight matrix to capture both static and transition information.
Whereas in our work we maintain two set of weights and use them separately
during the two stage retrieval procedure as opposed to the single stage retrieval
presented in Zhang’s work. Also, in contrast to the short synthetic constructs of
data of Zhang’s work, we report results of scaling our proposed model to ‘very
long’ limit cycles which model real world data.
3.1

Dual Weight Learning

Dual weight learning helps to store ‘Limit cycles’ in Hopﬁeld based associative
memory network. Limit cycles can be used to model (store and retrieve) real
world sequences like image sequences, movie clips, speech utterances, spoken
dialogues, rhythmic signals, paired sequence data, multi-modal sequences etc.
Static Weight Leaning. Static weight Learning helps the network to memorize
individual states of various limit cycles to be stored in the network. Static weight
matrix is determined using the following rule.
Sij =

1 
ξki C −1 ξlj
N

(2)

k,l

Where C, is the covariance of the training vectors ξi1 , ξi2 , ξi3 , . . .. Static weight
matrix helps to stabilize the current state of the system to the closest memorized
state.
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Transition Weight Learning. A sequence is a state of states. In order to
memorize such a sequence, the system needs to capture transition information in
addition to the static pattern information, e.g., the brain remembers a movie clip
by memorizing individual scenes and scene to scene transitions. The transition
weight matrix is determined by adapting the pseudo-inverse learning rule to
capture projection of every predecessor state to its successor state in each cycle.
Tij =

1
N



Ξ1 Ξ +

(3)

no of cycles

where, Ξ1 is the rotated version of Ξ and Ξ + is the Pseudo Inverse of Ξ which
represents a matrix of state vectors ξi1 , ξi2 , ξi3 , . . .,ξil . Where l, is the length of limit
cycle. The transition matrix holds information regarding the next state system
should transit into. Thus T models a ‘Markov process of order 1’. Using the above
‘dual weight’ learning, the network encodes information of cyclic sequences in
the ‘energy landscape’. It is this energy landscape which enables the system to
behave as a content addressable memory for storage and retrieval of sequences
also. Figure 3 depicts Energy landscape memorized by the system using the ‘Dual
Weight Learning’ for two Limit Cycles.

Fig. 3. Energy landscape for two limit cycles stored in M -ary hopﬁeld network

3.2

Retrieval of Stored Limit Cycle: Two Stage Firing Procedure

Retrieval is an iterative procedure. Given a start state (also referred here
as ‘trigger’ state) which can be the ﬁrst state or any intermediate state
(clean/corrupted/partial/corrupted and partial) of the stored cycle, the system
switches from one state to another to retrieve the complete cycle. The network modeled for temporal processing should be capable of retaining the component of the sequence for sometime - this has a close resemblance to ‘short term
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memory’ in human brain [10]. This inspired us to come up with a two stage ﬁring procedure. Retrieval dynamics of the proposed system is controlled by a two
stage ﬁring procedure - a) Synchronous ﬁring which controls switching from one
state to another and b) Asynchronous ﬁring which enables system to stay in a
particular state till it is stabilized. The energy landscape learnt by the system
during the learning phase consists of multiple distinct regions, each corresponds
to a speciﬁc limit cycle. Each region consists of multiple wells which are separated by saddle regions; each well corresponds to an attractor basin, where the
bottom of the well corresponds to the attractor state of the limit cycle at a speciﬁc instance. The total energy of the region represents the energy of the stored
cycle. Diﬀerent cycles have diﬀerent energy values associated with them. More
the diﬀerence, better the retrieval.
Asynchronous Firing. Asynchronous ﬁring uses static weight matrix to stabilize the network in the current state. As shown in Fig. 4, it is an iterative
procedure which drives any state in the current basin of attraction to the minimal energy state ‘within’ the basin. State change during the ‘asynchronous’ ﬁring
is governed by the rule
hi (t) =

N


Sij xj (t);

xi (t + 1) = f (hi (t))

(4)

j=1

where,
hi (t) represents input potential to the ith neuron
f () is a staircase activation function
xi (t + 1) is the updated state of ith neuron.

Fig. 4. Asynchronous ﬁring: system dynamics during asynchronous ﬁring. Circles represent state of the network at a particular instance, rolling down on the energy surface
drives the system to the bottom of the basin which represents an attractor state
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Synchronous Firing. Synchronous Firing helps the system to switch from one
state to another state. It uses a transition weight matrix to drive the system
from a valley region to the saddle region which initiates transition to the next
state as demonstrated in Fig. 5. Synchronous switching is governed by the rule
hi (t) =

N


Tij xj (t);

xi (t + 1) = f (hi (t))

(5)

j=1

Fig. 5. Synchronous ﬁring: movement of the circles shows transition of the current
state

Fig. 6. System dynamics for retrieval of limit cycle of length 3, rolling of states over
energy surface from one well to the another
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This is again followed by asynchronous ﬁring which rolls down the state of
the system to the bottom of the adjacent well. Thus, repetition of two stage ﬁring
mechanism drives the system from one state to another and retrieves the complete cycle. Figure 6 shows rolling of states over the energy surface for retrieval
of a complete limit cycle.
Advantage of Two Stage Firing Procedure. The two stage ﬁring procedure
introduces a delay in the transition from one state to another and helps network
to stabilize in the current state before moving to next; this prevents mixing of
states which results when we ﬁre the network using ‘only’ synchronous ﬁring. We
could observe this experimentally - results had close resemblance to ‘persistence
of vision’ phenomenon where if the brain is subjected to a fast changing sequence
of states, intermixed states get perceived, and such a failure of experiment with
‘only’ synchronous ﬁring motivated us to come up with the proposed ‘Two Stage
Firing’ procedure above.

4

Experiments

Storage and Retrieval of a Movie Clip from MHNN
We used the proposed M -ary Hopﬁeld neural network (MHNN) with 10000 M ary neurons for storing and retrieving a very long limit cycle. We speciﬁcally used
movie clip consisting of 9500 frames (6.3 min). Frames were extracted from the
movie clip at a standard rate of 25 frames/s, RGB frames were converted to gray
(8 bit encoding) and set to resolution 100 × 100 using nearest neighbor interpolation to construct a limit cycle; each rasterized frame represents a particular
state in the limit cycle. We consider here Hopﬁeld network with M = 256; i.e.,
each neuron can assume any of 256 values at a particular instance. We repeated
the experiment with clips from two diﬀerent movies ‘LOR’ (Lord of the Rings),
‘Finding Nemo’ [20] and a clip from a rhyme video. The network was trained
using the Dual-Weight learning mentioned in Sect. 3.1 separately for each video
clip. The network was triggered multiple times with the start/intermediate frame
of the stored clip. The network could retrieve the complete cycle with ‘0’ error.
Figure 7(a) shows retrieval of all 9500 frames by giving ﬁrst frame as the trigger
state. Figure 7(b) demonstrates retrieval dynamics in terms of energy transition
from one iteration to the next. This represents a ﬁrst of its kind demonstration
of the Hopﬁeld network with limit-cycle behavior, where the system is able to
retrieve a complete cycle with minimal cue using associative recall on real world
data such as a long movie clip (long gray-scaled image sequence).
Trade Oﬀ Analysis Between Length of Cycles and Number of Cycles.
We carried out a second experiment to understand the trade oﬀ between the
number and the length of the cycles which can be stored in and retrieved from
the network. For this experiment, we used ‘Flickr 30K’ data set to construct
cycles of varying length starting from 100, 200 up to 2200. Limit cycles were
constructed in the similar manner as in previous experiment. The network was
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Fig. 7. Retrieval of long limit cycle (a) Limit cycle of duration 6.3 min retrieved when
network is triggered with ﬁrst frame (b) Energy transitions during the retrieval process

trained using the dual weight learning to store ‘multiple cycles’ with each cycle
being of a speciﬁc length. The network was triggered with start/intermediate
state from each of the cycles, and the retrieved sequence was monitored. This
experiment was repeated for cycles of varying length to determine the upper
bound on the number of cycles the system supports for a speciﬁc length. Figure 8
illustrates storage capacity of network for limit cycles of speciﬁc lengths. All
retrievals are subjected to ‘0’ error tolerance. For example, the ‘blue’ line in the
ﬁgure indicates network can store 100 cycles each of length 100 in a network of
10000 neurons and retrieve all 100 cycles with ‘0’ error. Figure 9 shows storage

Fig. 8. Trade oﬀ between number of cycles and length of cycle supported by M -ary
Hopﬁeld associative model: storage capacity for ﬁxed length cycles (Color ﬁgure online)
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Fig. 9. Trade oﬀ between number of cycles and length of cycle supported by M-ary
Hopﬁeld associative model: storage capacity as a function of cycle length (Color ﬁgure
online)

capacity of network as a function of length of the limit cycle. Example ‘blue’
line here shows network can store and retrieve 5 limit cycles (with 0 tolerance)
for cyclelength = 100, 200, 400, . . . , 2000.

5

Conclusion and Future Work

We have examined the performance of Hopﬁeld based network to store and
retrieve very long limit cycles using a novel dual weight learning mechanism and
a two stage ﬁring procedure. We have shown experimentally that the proposed
Hopﬁeld based associative framework can indeed store and retrieve multiple
cycles from the same network with O(N ) bound on number of state transitions
which is in line with O(N ) performance for static patterns using the pseudoinverse learning rule. We have considered M -ary extension of the Hopﬁeld network in our system which makes it easily adaptable for patterns with continuum
of values, as observed in the real world applications. Our future works aims
at i) modeling sequences in real world applications such as movie clips, spoken
dialog, text, song clip (uni-modal), captioned image sequences, movie clip with
synchronized audio, subtitles (multi-modal) as limit cycles ii) using the proposed
system for storage and decoding of limit cycle sequences using auto-associative
recall (and not the conventional hetero associative formalism) under various
noisy environment which we believe is achievable due to interesting property of
‘content addressable retrieval’ of associative memories and its close relationship
to the way biological systems behave.
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Training Many-to-Many Recurrent
Neural Networks with Target Propagation
Peilun Dai(B) and Sang Chin
Department of Computer Science, Boston University, Boston, MA 02215, USA
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Abstract. Deep neural networks trained with back-propagation have
been the driving force for the progress in ﬁelds such as computer vision,
natural language processing. However, back-propagation has often been
criticized for its biological implausibility. More biologically plausible
alternatives to backpropagation such as target propagation and feedback
alignment have been proposed. But most of these learning algorithms are
originally designed and tested for feedforward networks, and their ability
for training recurrent networks and arbitrary computation graphs is not
fully studied nor understood. In this paper, we propose a learning procedure based on target propagation for training multi-output recurrent
networks. It opens doors to extending such biologically plausible models
as general learning algorithms for arbitrary graphs.
Keywords: Artiﬁcial neural networks · Recurrent neural networks ·
Biologically plausible learning · Target propagation · Backpropagation

1

Introduction

Our brain has the amazing ability to use past information to set up our expectations for the future and use the actual perceived information to update synaptic
weights to build a better model of the world around us. This type of sequential
modelling also has been an important tasks for artiﬁcial neural networks. An
important sequence model is the Simple Recurrent Model (SRN) proposed by
[6,9] which has been the basis for many of today’s successful sequence models.
Usually recurrent neural network (RNN) models are trained by backpropagation through time (BPTT) [15,17]. However, there are two major challenges for
training recurrent networks with BPTT: First, there is the well known vanishing/exploding gradient problem that the error signal received by earlier steps are
either too small or to large due to the long paths of applying chain rules under
certain conditions [14]. Second, it is usually considered biologically implausible [5] because it requires symmetric weights for the forward and backward
passes, which has not been observed biologically. Other more biologically learning algorithms have been proposed, such as target propagation that utilizes autoencoders for credit assignment [2,10].
c Springer Nature Switzerland AG 2021
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Target propagation was originally proposed for feedforward neural networks,
and there has been work to extend it to training RNNs. In [12], a step-wise
inverse function is used to propagate the target activations backward in time,
which is termed Target Propagation Through Time (TPTT). The authors have
shown that target propagation is able to back propagate targets instead of error
derivatives over longer ranges than backpropagation can, partially addressing
the exploding/vanishing gradient problem. However, It is not straightforward to
extend TPTT to RNNs with multiple outputs. For models with multiple loss
terms, each loss term would have its own credit assignment path. The error back
propagation in backpropagation algorithm is a linear operation, thus, we can
add the error derivatives from multiple credit assignment paths and propagate
the resulting accumulated derivatives only. However, due to the non-linearity in
target propagation’s backward pass, we cannot add up the targets from diﬀerent
paths directly. In this paper, we propose a method that could merge the targets
from multiple loss terms, and as a result, only the merged targets need to be
further propagated. This method is able to generalize target propagation to
training RNNs with multiple outputs and potentially to arbitrary computation
graphs with multiple credit assignment paths.
In the following section, we will give a brief introduction to backpropagation
and target propagation.

2
2.1

Background
Backpropagation Through Time (BPTT)

With the help of backpropagation, recurrent neural network (RNN) models have
been widely applied to solve many sequence modeling tasks in domains such as
audio signal processing, natural language processing and more. The simplest
recurrent network model is the Simple Recurrent Network (SRN) [6], and it is
considered a precursor to many of today’s state-of-the-art RNN models such as
Long Short-Term Memory (LSTM) [8] and Gated Recurrent Unit (GRU) [4].
A single layer of the simple recurrent network is deﬁned by three sets of
weights {Wxh }, {Wh , bh } and {Why , bhy } and an activation function for the
hidden layer, such as ReLU (·) and tanh(·). Depending on the tasks, an RNN
may need to produce an output at each step (many-to-many) for tasks such as
language modeling and part-of-speech (POS) tagging, or may only produce one
output at the last step (many-to-one) for tasks such as customer review sentiment
classiﬁcation. For a typical many-to-many task, the inference step is deﬁned by
a forward pass in time through the following equations for t = 1, 2, . . . , T ,
ht = σh (Wh ht−1 + Wxh xt + bt )
yt = σy (Why ht + bhy )

(1)
(2)

where σh (·) is the hidden activation function and σy is the output activation
function, such as sof tmax(·) for outputting a categorical distribution for multiclass classiﬁcation tasks.
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When such a model is trained by backpropagation (more accurately, gradient
descent, but hereafter, we will refer to the training process simply as backpropagation), it needs to be “unrolled” in time with shared weights across time steps,
and then normal backpropagation can be applied to obtain the gradients of the
loss with respect to all trainable weights. This way of back-propagating errors
back in time is usually called backpropagation through time (BPTT).
BPTT works well for modeling short sequences. However, when it is applied
directly to long sequences, due to the long range dependencies between inputs
and outputs, it usually fails to propagate gradients across long distances due to
the so-called exploding/vanishing gradient problem [1,14].
In order to solve this problem, more complex model architectures, such as
LSTM [8] and GRU [4], and variants of BPTT, such as Truncated BPTT, gradient clipping and regularization [14] have been proposed. All these methods still
use backpropagation at its core, but utilize diﬀerent ad hoc tricks to make the
long range credit assignment work.
Another problem with BPTT is its biological-implausibility. There is little evidence from brain research that supports backpropagation as the learning
algorithm for biological learning. The main incompatibilities between backpropagation and our current understanding of biological learning include:
• Backpropagation requires precise knowledge of the non-linearity in the corresponding forward pass. But in biological learning, the feedback paths (if
exist) usually consist of a diﬀerent population of neurons, which makes it
hard to match the feedforward counterpart.
• In the backward pass, backpropagation uses the exact symmetric weights of
the forward pass (the weight transport problem [11]).
• Current mainstream neural network models use real-valued activations to
convey information while most biological neurons use spikes to communicate.
• Backpropagation requires alternating between forward and backward passes.
Other more biologically plausible alternatives have been proposed mainly
for feedforward networks. These models include feedback alignment (FA) and
its variants [11,13], energy-based models such as equilibrium propagation [7,16]
and free energy models [3]. Below, we will give a short introduction to such an
algorithm, target propagation [2,10] which uses auto-encoders for credit assignment. In a later section, we will introduce our proposed method to extend target
propagation to training multiple-output RNNs.
2.2

Target Propagation

Target propagation is a learning algorithm that uses learned inverse functions
between layers to back-propagate activations instead of error derivatives [2,10].
For a multi-layer supervised feed-forward network being trained input x and
label t, we denote the hidden value at the i-th layer as hi , the feedforward pass
sets the activations hi for i = 1, 2, . . . , M where M is the depth of the network
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and hM is the output of the network. The relationships between the activations
are deﬁned by
hi = fi (hi−1 ) = si (Wi hi−1 + bi ) ,

i = 1, . . . , M

(3)

where si is a non-linear activation function such as sigmoid(·), ReLU (·), Wi
and bi are the parameters for fi (·), the forward function at layer i, and h0
and hM are the input x and output of the network respectively. Let’s denote
the parameters between the i-th layer and j-th layer (0 ≤ i < j ≤ M ) as
θi,j = {(Wk , bk ), k = i + 1, . . . , j}. Since hj is a function of hi , their relationship
can be written as hj = hj (hi ; θi,j ). Then a loss function L(hM (x; θ0,M ), t) is
deﬁned for the output of the network hM with respect to the given label t.
Instead of back-propagating error derivatives, if for each hidden value hi , we
have a nearby target ĥi that would make the loss smaller, that is


L(hM (ĥi ; θi,M ), t) < L hM (hi (x; θ0,i ); θi,M ), t ,
(4)
then during training, we can simply update the parameters such that the hidden
values get closer to the layer-wise local targets, thus decreasing the prediction
loss. The local optimization problem can be set up by deﬁning a loss function
for each layer i = 1, 2, . . . , M ,
Li (hi , ĥi ) = Li (hi (x; θ0,i ), ĥi ).

(5)

We can update the weights at each layer with
Wi ← Wi − ηi
bi ← bi − ηi

∂Li (hi , ĥi ) ∂hi
∂hi
Wi

∂Li (hi , ĥi ) ∂hi
∂hi
bi

(6)
(7)

where ηi is a layer-speciﬁc learning rate.
We then needs to deﬁne the target at the output layer.
ĥM = hM − η̂

∂L(hM , t)
∂hM

(8)

where η̂ is the learning rate to control how close the target is to the output. Note
that although we need the derivative to deﬁne the last target, we don’t need to
use the chain rule as in backpropagation. To deﬁne the targets for intermediate
layers, we need to use an approximate inverse functions gi (·) at each layer which
satisﬁes
fi (gi (hi )) ≈ hi
gi (fi (hi−1 )) ≈ hi−1 .

or

(9)
(10)

These inverse functions could be obtained by training auto-encoders between
adjacent layers. Once gi (·) is deﬁned for each layer, the target for earlier layers
ĥi , i = M − 1, M − 2, . . . , 1) can be obtained using
ĥi = gi+1 (ĥi+1 ).

(11)
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or a linearly corrected version of it,
ĥi = hi + gi+1 (ĥi+1 ) − gi+1 (hi+1 ).

(12)

This linearly corrected version of target propagation is called Diﬀerence Target
Propagation [10]. In this paper, we always use the linearly corrected version if
not stated otherwise.
In the next section, we will introduce a generalization of target propagation
through time for RNNs with multiple outputs and multiple credit assignment
paths.

3

Generalizing Target Propagation for RNNs with
Multiple Outputs
L(y1 , t1 )

L(y2 , t2 )

y1

y2

t1

L(yT , tT )
yT

t2

ĥ1
h0

Wh

tT

Why
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ĥ1
Wxh
x1
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h2
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ĥ2

DTP

ĥt

ĥT

ĥ2
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ht

hT

et
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ĥT

DTP

ĥt
DT P (ĥt+1 )

Wxh
xT

x2

(a)

(b)

Fig. 1. (a) Propagation of merged targets back in time. For step t, ht is the forward
activation ĥst is the step target set with respect to the step loss L(yt , tt ) and ĥt is the
updated step target used for training obtained by merging the step target and backpropagated target from future time steps. (b) Merging step target and back propagating
target linearly. This merging step ensures that only one target is propagated back in
time, similar to backpropagation in which the step gradients are accumulated when
being back propagated.

We ﬁrst need to deﬁne a simple RNN model by specifying its forward path,
ht = F (xt , ht−1 )

(13)

= σ (Wxh · xt + Wh · ht−1 + bh )
yt = softmax(Why · ht + by )

(14)
(15)

where Wxh , Wh , bh , Why and by are the model parameters. Similar to TPTT
[12], we also deﬁne a step-wise approximate inverse function,
ht−1 ≈ G (xt , ht )
= σ(Vh · ht + Wxh · xt + ch ).

(16)
(17)
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This approximate inverse function can be trained as the decoder of an autoencoder, i.e. trained to reconstruct ht−1 from ht . In order for the proposed
method to work well, and more generally for target propagation to work well,
the inverse functions need to be good enough with the linear correction. It can be
trained as a denoising auto-encoder [10] so that it works well in the neighborhood
of the forward activations. In addition, we can also use a more complex function
such as a two-layer neural network to approximate the inverse function, but in
training, this requires the use of chain rule. In our derivation above, we choose
the inverse function to be in the same form as the forward step function.
If the target at step t is ĥt , then we can use diﬀerence target propagation
(DTP) and the approximate inverse function G(·) to deﬁne the target at step
t − 1 as
ĥt−1 = DTP(ĥt )

(18)

= G(xt , ĥt ) + (ht−1 − G (xt , ht ))

(19)

This linear correction is used to stabilize the training [10]. We have deﬁned how
the targets could be back propagated in time. Next, we will deﬁne the local step
targets generated by local step-wise losses. Let the loss at step t be Et = L(yt , tt )
where yt is the output and tt the correct label. Then the local step target could
be deﬁned as
ĥst = ht − αi ·

∂Et
∂ht

(20)

where αi is deﬁned as the initial step size, controlling how far the local target
is from the corresponding activation (Fig. 1(a)). This step cannot be to large
because the inverse functions can only work well in the neighborhood of the
forward activations. Once the local step-wise targets have been deﬁned, we then
need a way to merge these local targets while the targets are being back propagated, i.e., deﬁning the relationship between ĥt and ĥst .
Unlike backpropagation, in target propagation, the backward pass, like the
forward pass, are non-linear, so it is hard to deﬁne a merging strategy that
would make target propagation approximate backpropagation exactly. Thus, we
simplify this target merging process by making it linear (Fig. 1(b)),
et = ĥst − ht

(21)

ĥt = DTP(ĥt+1 ) + et

(22)

The above target merging rule has an intuitive interpretation: as the back propagating target passes through the backward path, it accumulates local errors
similar to how backpropagation accumulates gradients during backward pass,
but in a non-linear way. Once the merged step targets ĥt are deﬁned for each
step after the backward target propagation pass, we can deﬁne a local loss term
(e.g., using MSE(·)) for updating the weights Wxh , Wh and bh respectively,
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Wh ← Wh − αf



T ∂ MSE F (x , h

t
t−1 ) , ĥt
t=1

bh ← bh − αf

∂Whh



T ∂ MSE F (x , h

t
t−1 ) , ĥt
t=1

∂bh

.
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(23)

(24)

Since the weights are shared across time steps, the updates applied to the weights
are the sum of the updates cross all time steps. Note that this optimization
problem is local and doesn’t require chain rule as in backpropagation.

4
4.1

Experiments
Tasks

Copy Memory Task. In order to test the capability of the proposed method
in training recurrent neural networks and understand its limitations, we ﬁrst
used the copy memory task commonly used to test the models’ ability to retain
information over long ranges. The ﬁrst 10 elements in the input sequence are
drawn uniformly randomly from k symbols, and it is then followed by T − 1
blank symbol. A special symbol is followed to indicate that the model should
start to recall the ﬁrst 10 elements in the input, which is followed by another
10 blank symbols. For the correct output, the ﬁrst (T + 10) elements should
be blank symbols. When it receives the start recall symbol from input at the
(T + 10)-th position, it will output the ﬁrst 10 elements of the input as its last
10 elements. If, instead of 10 elements, we only consider memorizing the ﬁrst
3 elements as an example, with a delay T = 3, the input and corresponding
correct output will be {a, c, b, , , ∗, , , } and { , , , , , , a, c, b} where “ ∗ ” is
the start recalling signal symbol and “ ” is the blank symbol. In this task, the
information of the ﬁrst 10 elements of the input should be kept in the model for
at least T steps. Thus, as we increase the delay T , it is harder and harder for
the network to recall the ﬁrst 10 elements.
The model we use is a simple recurrent neural network model with 128 hidden
units and tanh(·) activation function. We use k = 8 symbols for the 10 elements
to be memorized and use another two special symbols as the start recalling signal
symbol and blank symbol. All symbols are one-hot encoded.
In this task, a memory-less baseline method is to output blank spaces until
receiving the start recalling symbol, and then output 10 random symbols. For
ln(8)
, which
this strategy, the expected cross-entropy loss can be calculated as 10T +20
will be used as a baseline when comparing the training losses by diﬀerent optimization methods. Performance at this baseline means that the recalled sequence
is random and information of the ﬁrst 10 elements in the input sequence has been
lost.
At each delay T , we perform a hyper-parameter search to ﬁnd the best learning rates for backpropagation and the proposed target propagation respectively.
With a mini-batch size of 20, we generate training batches on the ﬂy for a total
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of 25000 batches in total, and use the same validation set of 500 batches for validation. After training for 25000 batches in total, we report the best validation
loss and accuracy.
Table 1. Results for the copy memory task using proposed target propagation method
ln(8)
. The accuracy is the
and backpropagation. The baseline is calculated using 1020+T
percentage of correctly predicted sequences. For example, with a delay of 5 (total
sequence length = 25), a baseline model that outputs random symbols in the last 10
steps and blank elsewhere will have an accuracy of 8110 ≈ 9.31×10−10 in expectation. It
can be shown that our proposed target propagation managed to get a much lower loss
than baseline with high recovery accuracy up to a delay of 25 steps. Backpropagation
can only get loss close to the baseline, not able to propagate information for long
ranges. These two methods use the same weight initialization method.
Delay (T ) Target prop
Backprop
Baseline
Loss
Accuracy Loss
Accuracy Baseline loss
3.59 × 10−3 100%

5

−3

0.6899 0%

0.8318

10

1.30 × 10

0.5809 0%

0.6931

15

1.34 × 10−4 99.99%

0.5182 0%

0.5941

20

5.70 × 10−3 98.32%

0.5205 0%

0.5199

25

1.36 × 10−2 92.88%

0.4625 0%

0.4621

100%

Table 2. Results for the sequence expansion task using proposed target propagation
method and backpropagation.
Sequence length (T ) Target prop
Backprop
Loss
Accuracy Loss
Accuracy
10

0.0005 100.00%

0.0001 100%

20

0.0018 99.34%

0.0005 100%

30

0.3233 3.62%

0.0007 100%

40

1.0771 0%

0.0012 99.49%

The result is shown in Table 1. The accuracy is the percentage of correct
sequence predictions in the validation set. As we can see, our proposed target
propagation method managed to beat the baseline and achieve a high prediction
accuracy until a delay of at least 25 steps. Backpropagation can only achieve a
loss at a similar level as the memory-less baseline, and with an accuracy of 0%,
it cannot output a single correct sequence out of the 10000 validation samples.
This results shows that target propagation is able to propagate error information over long range while backpropagation cannot. In order to see if this is due
to the exploding/vanishing gradient problem, we computed the spectral radius
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Fig. 2. The training loss of backpropagation and the proposed target propagation
method for the copy memory task with a delay of 15 steps. Each step is a single weight
update with a mini-batch of training examples. The baseline loss is from a memoryless strategy: outputting blanks until receiving the start-recall symbol, followed by a
random sequence of 10 symbols. In target propagation, the ﬁrst 1000 steps are used to
train inverse function only, thus the loss doesn’t change.

Fig. 3. The spectral radius of the transition weight matrix Wh during learning for
proposed target propagation method and backpropagation.

of the hidden-to-hidden transition weight matrix Wh deﬁned as the magnitude
of the largest eigenvalue. From Fig.3, we can see that the spectral radius of the
transition weight matrix Wh stays relatively stable around value 1.0 for target
propagation. However, the spectral radius of the matrix during backpropagation
is not stable and deviates signiﬁcantly from 1.0. Although this ﬁgure only shows
the spectral radius for one trial, this applies to other trials as well. In addition,
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we observed that a stable spectral radius around 1.0 during training is correlated
with better training results.
Sequence Expansion Task. The copy memory task tests the ability of the
learning algorithm to propagate information across long ranges. One drawback of
the copy memory task is that regardless of the learning algorithm we use, it will
converge quickly to the memory-less baseline solution, and the only challenge
remaining is to propagate the error information from the end to the beginning
of the sequence without much interference from intermediate positions along the
sequence, similar to training a many-to-one RNN model. Thus, we designed a
second synthetic task, sequence expansion task, in which each step will generate
useful error information during the training process.
In the second task, sequence expansion task, the input is a sequence of length
T . The ﬁrst T /2 elements are drawn uniformly randomly from a set of k symbols,
and the second half are all blanks represented by a special blank symbol. The
task is to duplicate each element of the ﬁrst half exactly once. For example,
the correct output of the input sequence {a, c, b, ∗, ∗, ∗} will be {a, a, c, c, b, b}.
The output will have the same length as the input but without blanks. As the
sequence length T increases, in order to make correct prediction, the model
needs to memorize the (T /2)-th element in the input for at least (T /2 − 1) steps.
In contrast to the copy memory task, there is no simple memory-less baseline
method and the error information at each step will be useful in training.
As the results shown in Table 2, backpropagation can solve this task easily,
while target propagation could not when sequence length grows to greater than
30. The likely explanation is that backpropagation is better at combining error
gradients when they are being back propagated in time since the operation is
linear. While for target propagation, when there is useful error information at
each step, it has diﬃculty merging them due to the non-linearity in the target
back propagation process.
When comparing these two tasks, we can see that backpropagation usually
suﬀers from vanishing/exploding gradient problem when the credit assignment
path is too long. Target propagation is better at propagating error information
across long ranges as long as there are not many merging targets along the credit
assignment paths.

5

Conclusions

In this paper, we generalized target propagation to training recurrent neural
networks with multiple outputs and showed that it is better at propagating
long range error information compared to backpropagation, which usually suﬀers
from the exploding/vanishing gradient problem. However, when the tasks involve
many credit assignment paths that needs to be merged, such as the case in
the sequence expansion task, backpropagation generally performs better. This
might be due to the linear nature of backpropagation when the derivatives could
be simply added along the backward pass. A potential future improvement for
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target propagation for RNN could be truncating the propagating targets at every
a few steps, similar to truncated BPTT. The linear merging operation in the
proposed method could potentially be replaced by a single many-to-one inverse
function that only produce one output without the need for merging the targets
explicitly. In principle, the proposed method could potentially be applied to
learning in arbitrary computation graphs when there might be intersecting credit
assignment paths.
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Abstract. Motor disturbances can aﬀect the interaction with dynamic
objects, such as catching a ball. A classiﬁcation of clinical catching trials might give insight into the existence of pathological alterations in
the relation of arm and ball movements. Accurate, but also early decisions are required to classify a catching attempt before the catcher’s ﬁrst
ball contact. To obtain clinically valuable results, a signiﬁcant decision
conﬁdence of at least 75% is required. Hence, three competing objectives have to be optimized at the same time: accuracy, earliness and
decision-making conﬁdence. Here we propose a coupled classiﬁcation and
prediction approach for early time series classiﬁcation: a predictive, generative recurrent neural network (RNN) forecasts the next data points of
ball trajectories based on already available observations; a discriminative
RNN continuously generates classiﬁcation guesses based on the available
data points and the unrolled sequence predictions. We compare our approach, which we refer to as predictive sequential classification (PSC), to
state-of-the-art sequence learners, including various RNN and temporal convolutional network (TCN) architectures. On this hard real-world
task we can consistently demonstrate the superiority of PSC over all
other models in terms of accuracy and conﬁdence with respect to earliness of recognition. Speciﬁcally, PSC is able to conﬁdently classify the
success of catching trials as early as 123 ms before the ﬁrst ball contact. We conclude that PSC is a promising approach for early time series
classiﬁcation, when accurate and conﬁdent decisions are required.
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Introduction

Patients suﬀering from neurodegenerative or neurodevelopmental disorders,
including Spinocerebellar Ataxia and Autism Spectrum Disorder, are often
impaired in the interaction with dynamic objects, for instance when catching
a ball. Ball catching requires an intact perception-action coupling and the ability to anticipate the trajectory of an oncoming ball [16]. It is suggested that
dysfunctions of predictive control which result in alterations of preparatory arm
movements are the leading cause of catching impairments in these diseases [5].
In this paper, we aim to recognize changes in the relation of arm and ball movements that are predictive for the success of catching trials before the ﬁrst ball
contact of the catcher. To ensure clinically valuable results, we choose a conﬁdence threshold of 75% which is commonly used for two-alternative forced choice
tasks in psychophysical studies [14].
Hence, the problem at hand can be formulated as an early time series classification task with increased conﬁdence requirements. Early time series classiﬁcation is referred to as making classiﬁcations as early as possible, while maintaining
a high classiﬁcation accuracy [13]. It naturally evokes a trade-oﬀ between earliness and accuracy of classiﬁcations. Diﬀerent approaches have been applied
to the problem of early time series classiﬁcation, including convolutional neural
networks and reinforcement learning [9,15]. Surprisingly, despite the widespread
application of recurrent neural network (RNN) models to sequential problems,
they have rarely been used for the early classiﬁcation of time series. Recent
work, however, suggests that gated recurrent units can handle missing values in
multivariate time series [3]. Moreover, ﬁrst promising results have been achieved
applying long short-term memory (LSTM) models for early classiﬁcation in agricultural monitoring [12]. These approaches leave aside the conﬁdence of decisionmaking, which is an important factor in various applications.
Recently, it has been shown that predictive RNNs can be employed to eﬃciently generate goal-directed, anticipatory behavior to support decision-making
[11]. Therefore, we present a novel RNN-based approach that simultaneously
optimizes accuracy, conﬁdence and earliness in time series classiﬁcation. Our
approach, which we refer to as predictive sequential classification (PSC), incorporates two diﬀerent specialized RNN models into one coupled arrangement. The
ﬁrst model, a predictive, generative RNN, forecasts the next data points of a time
series based on already available observations. The second model, a discriminative RNN, continuously generates classiﬁcation guesses based on the available
data points and the unrolled sequence predictions of the ﬁrst model. We compare our approach to several state-of-the-art sequence learners, including various
RNN and temporal convolutional network (TCN) architectures using a motion
dataset containing two-dimensional trajectories of healthy and pathological ball
catching attempts. At test time, all models are confronted with incomplete catching trials of diﬀerent lengths. We evaluate all architectures with regard to the
accuracy of the ﬁnal decision, the level of decision conﬁdence, and the earliness
of decision-making.
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Predictive Sequential Classification

Time series classification describes the task of assigning one of two (binary
classiﬁcation) or one of multiple (multi-class classiﬁcation) labels to a time series
S, where S is deﬁned as an ordered, uniformly spaced temporal sequence of T
vectors [4]:
(1)
S = (x1 , x2 , . . . , xT )
The here considered time series are multivariate, i.e. they contain more than
one feature for each time step. When processing time series, two diﬀerent types of
processing modes can generally be distinguished. The ﬁrst mode, called many-toone (MTO) processing, takes an input sequence and outputs a single class label
after consuming the entire input sequence. Many-to-many (MTM) processing, on
the other hand, produces a class label for multiple steps (typically for every time
step) of the input sequence, i.e. both input and output are sequences. In contrast to other types of neural networks, sequence learners, such as the recurrent
neural network (RNN), expect the data to be temporally highly correlated and
in sequential order [6]. By introducing circular connections (recurrences), RNNs
allow past inputs to inﬂuence future time steps. However, in practical applications, vanilla RNNs are largely replaced by long short-term memory (LSTM)
networks. This extension of RNNs overcomes the vanishing gradient problem
and makes the learning of long-term dependencies possible [7].
Early time series classification is targeted at making accurate classiﬁcations
based on incomplete, instead of full-length time series. To compensate for the
missing time interval we propose a novel RNN-based approach to early time
series classiﬁcation that equips a sequence classiﬁer with predictive power. The
predictive sequential classification (PSC) approach entails both a predictive, generative LSTM that forecasts the next data points of a time series based on
already available observations, as well as a discriminative LSTM, which continuously generates classiﬁcation guesses based on the available data points and
the unrolled sequence predictions. Both models are trained separately on their
respective tasks. At test time the models come together to make a predictive
classiﬁcation guess.
With every incoming observation xt , the amount of available observations
increases. Based on these data points, the predictor sequentially forecasts the
remaining T − t data points of the time series. Each predicted observation x̃t
is used to make a predictive classiﬁcation. Finally, the classiﬁcation output ytc
is updated with the last predictive classiﬁcation yTc (Algorithm 1). For every
history size, the classiﬁer aggregates already available observations and predicted
observations to make a predictive classiﬁcation guess. When all data points of
the time series are available, PSC defaults to a vanilla sequence classiﬁer (Fig. 1).
In the following experiments, we show that PSC is superior to state-of-the-art
sequence classiﬁers for the task of early and conﬁdent time series classiﬁcation.
In an additional study, we investigate the importance of the two-model design
for PSC, revealing that directly including a predictive objective into a single
model even harms the classiﬁcation performance.
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Algorithm 1: Predictive Sequential Classiﬁcation
/* Initialize hidden states */
h0c ← 0, h0p ← 0 /* Loop over incoming observations */

for t ← 1 to T do

/* Update classifier and predictor with current input */

ytc , htc ← fc (xt , ht−1
c )
x̃t+1 , htp ← fp (xt , ht−1
p )

/* Unroll sequence prediction and predictive classification */

for t ← t + 1 to T do




ytc , htc ← fc (x̃t , htc −1 )




x̃t +1 , htp ← fp (x̃t , htp −1 )
end for

/* Use predictive classification as current classifier output */

ytc ← yTc
end for
Variables:
t : current time step
t : time step within prediction loop
T : sequence length
xt : observation at time t
x̃t : predicted observation for time t

htc
htp
fc
fp
ytc

:
:
:
:
:

the classifier’s hidden state
the predictor’s hidden state
the classifier’s forward pass function
the predictor’s forward pass function
classification output for time t

Fig. 1. Predictive sequential classiﬁcation. A predictive RNN forecasts the remaining
trajectories based on past observations. The classiﬁer combines both to make informed
classiﬁcation guesses. Grayed out boxes indicate previously computed states.
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Experimental Setup
Data

We recorded 63 videos of one-handed ball catching attempts by 11 healthy
subjects, 13 children with Autism Spectrum Disorder and 10 patients with
Spinocerebellar Ataxia at the Outpatient Clinic of Neurology and the Child
and Adolescent Psychiatry in Tübingen. All experiments were admitted by the
ethical committee of the University Clinic of Tübingen. Of the 1975 recorded
catching trials, 1082 attempts were successful, and 893 attempts were unsuccessful. 965 trials were caught with the right hand and 1010 trials with the left
hand. Videos were recorded at a frame rate of 100 frames per second. The twodimensional position of the catcher’s arm and hand joints and the trajectory
of the ball were captured with two deep learning frameworks for pose estimation [2,10]. We extracted 18 hand and arm features describing the motion of the
shoulder, the elbow, the wrist, the ball of the hand, each ﬁngertip on the relevant
body side, and two features specifying the ball center for each video frame.
3.2

Preprocessing

A Savitzky-Golay ﬁlter was applied to the arm and hand marker trajectories
between the start and the end of each trial to smooth ﬂickering noise. All catching trials were provided with a binary label specifying the success of the attempt
(1: catch, 0: drop). An attempt was only counted as successful if the ball was
caught at the ﬁrst try. Two types of dropping behavior were observed, where the
ball either jumped oﬀ the catcher’s hand or the catcher completely missed the
ball. Learning absolute coordinates can lead to overﬁtting, since a slightly shifted
starting position already leads to diﬀerent absolute coordinates, while the relative diﬀerence can remain the same. Therefore, absolute positional coordinates
were converted to relative positions by taking the diﬀerence between coordinates of two subsequent frames. Since every recorded catching attempt varied in
length, we truncated all sequences to the shortest sequence length, taking into
account the trade-oﬀ between comparability of models, accuracy and suﬃciently
long sequence lengths. Hence, the ﬁrst f frames of all sequences were removed
to obtain the length of the shortest sequence, which equals 60 frames, i.e. 600
ms (ms), with f being the diﬀerence between the individual sequence lengths
and the shortest sequence length. The full dataset was then randomly split into
subsets for training (60%), validation (20%) and testing (20%). All subsets were
normalized using mean and standard deviation of the training subset.
3.3

Models

We compare PSC to other LSTM models and temporal convolutional networks
(TCN) [1,7]. All models are trained using the Adam optimizer with standard
parameters (η = 0.001 (learning rate), β1 = 0.9 and β2 = 0.999,  = 10−7 ) and
the binary cross-entropy (BCE) loss. Dropout rates are determined heuristically,

Early Recognition of Clinical Catching Trials

449

taking into account the complexity of the corresponding model architecture and
the structure of the model input.
LSTM Models: All LSTM models contain two LSTM layers with 64 hidden
units, one dropout layer after each LSTM layer, recurrent dropout of 20% and
a fully-connected output layer with sigmoid activation. They are trained on
full batches. The weights of LSTM layers are initialized according to Xavier
uniform initialization. Recurrent weights are initialized in an orthogonal manner. The many-to-one model (MTO-LSTM) maps the input sequence to a single binary classiﬁcation. A dropout of 50% is applied. It is trained for 250
epochs. The many-to-many model (MTM-LSTM) produces classiﬁcation guesses
for each time step of the input sequence. A dropout of 40% is applied. MTOLSTM and MTM-LSTM have 54,849 trainable parameters each. The hybrid
model (HYB-LSTM) extends the fully-connected layer of MTM-LSTM by an
additional branch for trajectory prediction with linear activation. At each time
step t, HYB-LSTM simultaneously produces a classiﬁcation guess for step t and
a prediction for arm, hand and ball trajectories at t + 1. It is trained on an
equally-weighted additive loss, consisting of the BCE for classiﬁcation outputs
and the mean squared error for regression outputs. HYB-LSTM includes 56,149
parameters. Finally, PSC-LSTM realizes our predictive sequential classification
approach. For classiﬁcation, we use the above described MTM-LSTM model.
For prediction, we train a separate LSTM on trajectory prediction which resembles the prediction branch of HYB-LSTM. MTM-LSTM, HYB-LSTM and the
ancillary prediction network of PSC-LSTM are trained for 200 epochs.
TCN Models: Three TCN models are implemented, each of which covers a
diﬀerent receptive ﬁeld size (10, 30 or 60 steps). The size of the receptive ﬁeld
determines the number of residual stacks, the size of the kernels and the dilation
factors used (receptive field size = number of stacks * kernel size * last dilation
factor ). We examined diﬀerent combinations of these factors for each receptive
ﬁeld size and selected the architecture that yielded the highest validation accuracy. TCN-10 is composed of one residual block, 32 ﬁlters of size 2, dilations of
1 and 5 and a dropout rate of 0.2. It is trained on batches of 32 samples and
has 8,257 trainable parameters. TCN-30 holds 3 residual blocks, 20 ﬁlters of size
2, dilations of 1 and 5 and a dropout rate of 0.3 and is trained on batches of
64 samples. It contains 9,861 trainable parameters. Finally, TCN-60 contains 2
residual blocks, 20 ﬁlters of size 2, dilations of 1, 5, 10 and 15 and a dropout
rate of 0.3 and is trained on batches of 64 samples. It comprises 13,141 trainable
parameters. All TCN models are trained for 500 epochs and contain one ﬁnal
fully-connected layer with sigmoid activation to produce class probabilities for
each time step. A He normal initializer is used for TCN kernels.
3.4

Evaluation Metrics

All models were tested on an unseen subset of the original data containing
395 randomly selected catching attempts. The models are rated according to
the degree of correctness of a classiﬁcation, as well as the earliness of decisionmaking.
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Accuracy: We evaluate the models based on the percentage of correctly classiﬁed test trials (the percent accuracy) given diﬀerent sizes of past history. We
apply two diﬀerent thresholds to measure the conﬁdence of a prediction. The
50% conﬁdence threshold rounds the ﬁnal model output to 1 or 0, symbolizing a
catch or a drop, respectively and compares it to the target label. When applying
a 75% conﬁdence threshold, however, trials are only considered if the ﬁnal model
output either exceeds 0.75 or undershoots 0.25. In the ﬁrst case, the binary output is set to 1, in the latter case to 0. Trials with model outputs between 0.25
and 0.75 are disregarded. The binary output is again compared to the target
label.
Ball-Hand Distance: The distance between the catcher’s hand and the ball
can be a ﬁrst indicator to determine whether the ball will be caught or not. The
metric is used to qualitatively evaluate the performance of a model by visually
comparing trends in the prediction curve with the ball-hand distance over time.
It is deﬁned as the Euclidian distance between the absolute two-dimensional
positions of the marker at the base of the relevant hand and at the center of
the ball at a given time step t. The ball-hand distance increases when ball and
hand move farther apart, while it decreases when the markers are moving closer
together. However, since the ball-hand distance only considers the base of the
hand, it does not necessarily give insight into the ball being grasped or not.
Mean Time to (Correct) Decision: We introduce a novel metric to quantitatively evaluate the earliness of decision-making. The time to decision (T T Di )
for a given input sequence (sample) i is deﬁned as the time step when the model
makes a ﬁnal decision without switching decisions afterwards. A ﬁnal decision is
deﬁned as a model prediction of larger than 0.75 or smaller than 0.25, regardless
of the correctness. Values between 0.25 and 0.75 are treated as indecisive and
excluded in further calculations.
∀yi : yiT ≥ θhi ∨ yiT ≤ θlo



T T D(Y ) = max 1 ≤ t ≤ T | y t−1 < θhi ∧ y t ≥ θhi
(2)


∨ y t−1 > θlo ∧ y t ≤ θlo
The time to correct decision (T T cDi ) for a given sample i equals the time to
decision if the ﬁnal decision is correct, i.e. if the binary model output ybini after
applying a 75% conﬁdence threshold equals the target label zi . Otherwise, the
T T cDi is undeﬁned:

T T D(Y ),
ybini = zi
(3)
T T cD(Y ) =
undef ined,
ybini = zi
The mean time to decision (M T T D) and the mean time to correct decision
(M T T cD) are deﬁned as the arithmetic mean of all deﬁned T T Di and T T cDi ,
respectively, for i in the number of data samples N . A low MTTcD indicates
that a model can make the correct decision early in the time sequence, i.e. based
on a small size of available past history, whereas a low MTTD only implies that
a model tends to make decisions early, but not necessarily correctly.

Early Recognition of Clinical Catching Trials

4

451

Results and Discussion

All models are confronted with incomplete trajectories of catching trials. Therefore, the ready-trained models are used to make a classiﬁcation based on increasing sizes of known past history. The presented results are average values based on
ten repetitions with random data splits. To evaluate the correctness of the ﬁnal
classiﬁcation, two diﬀerent conﬁdence thresholds are applied. Figure 2 depicts the
percentage of correctly classiﬁed test samples for all models assuming a decision
conﬁdence threshold of 50%. This ﬁgure shows that all models start with an
accuracy above chance level. MTO-LSTM is the only model that falls below
chance level for history sizes between 34 and 47 time steps. However, it reaches
the highest accuracy of 81.27% when the entire history is known, i.e. after 60
time steps of accumulated history. PSC-LSTM only starts to make predictions
after a warm-up phase of ten time steps where history is accumulated. When the
entire past history is available, it defaults to MTM-LSTM. Hence, both models
reach the same ﬁnal accuracy of 67.08% after 60 time steps. However, MTMLSTM performs slightly better over time applying a 50% conﬁdence threshold.
HYB-LSTM demonstrates constant accuracies around 60% with an increase to
65.06% for the complete sequence. When applying a 50% conﬁdence threshold,
the TCN models outperform the LSTM models, especially with larger history
sizes, without dropping below chance.
However, when considering a 75% conﬁdence threshold, the picture changes
signiﬁcantly. Figure 3 depicts selected steps of a sample trial where the subject
was able to catch the ball. In Fig. 4 the corresponding model predictions and the
ball-hand distance for this trial are displayed. The latter shows a clear decrease
until step 40, the point of time when the ball is ﬁrst touched. Since the ball is
successfully caught, the ball-hand distance stays minimal after the catcher’s ﬁrst
ball contact. The two upper sub-ﬁgures depict the process of decision-making
along the course of the trial. The point at which a model reaches the gray-shaded

Fig. 2. Model accuracy applying a 50% decision conﬁdence threshold. The ﬁgure illustrates the percentage of correctly classiﬁed test trials for increasing sizes of past history
for all models. The vertical red line denotes the point of the catcher’s ﬁrst ball contact.
(Color ﬁgure online)
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Fig. 3. Animated two-dimensional trajectories of the catcher’s arm (red) and hand
(blue) and the ball (green) for a successful sample trial over time. The ﬁgure illustrates
the trajectories every ten time steps, starting with step 0. The ﬁfth pose denotes the
point of the catcher’s ﬁrst ball contact. (Color ﬁgure online)

Fig. 4. Predictions of all models for a successful sample trial (cf. Fig. 3). The uppermost sub-ﬁgure illustrates the model classiﬁcations of all LSTM models for increasing
history sizes. The sub-ﬁgure in the middle shows the predictions of TCN models. In
both ﬁgures, the light green cross denotes the correct label for the selected sample trial.
Colored crosses below the sub-ﬁgures mark the TTcD for the model of the corresponding color. Note that the HYB-LSTM does not reach a ﬁnal decision. The vertical red
line at step 40 shows the point of the catcher’s ﬁrst ball contact. The bottom ﬁgure
shows the ball-hand distance over time for the selected trial. (Color ﬁgure online)

decision area between 0.75 and 1.0 without decision-switching afterwards, is
denoted as the TTcD of the corresponding model. PSC-LSTM already commits
to the ﬁnal correct decision at the ﬁrst prediction attempt after ten steps. MTMLSTM expresses a continuously increasing conﬁdence with a TTcD of 41, while
HYB-LSTM does not reach a ﬁnal conﬁdent decision and stays below 0.75. MTOLSTM exhibits decision-switching and only comes to a ﬁnal conﬁdent decision
at step 49. Compared to the LSTM models, all TCN models demonstrate a more
noisy prediction curve and high TTcDs (TCN-10: 45, TCN-30: 48, TCN-60: 49).
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Fig. 5. Model accuracy applying a 75% decision conﬁdence threshold. The ﬁgure illustrates the percentage of correctly classiﬁed test trials for increasing sizes of past history
for all models. The vertical red line denotes the point of the catcher’s ﬁrst ball contact.
(Color ﬁgure online)
Table 1. Comparison of the mean times to (correct) decision. Numbers in brackets
denote the temporal distance to the catcher’s ﬁrst ball contact at frame 40 (after 400
ms). Negative distances represent classiﬁcations before the initial ball contact, and
positive distances indicate classiﬁcations after the catcher’s ﬁrst ball contact.

Model

No. Decisions MTTD [ms]

No. correct MTTcD [ms]
decisions

MTO-LSTM 327

475.5 (+75.5)

290

475.9 (+75.9)

MTM-LSTM 258

316.1 (–83.9)

187

313.3 (–86.7)

HYB-LSTM

348.4 (–51.6)

142

334.4 (–65.6)

191

PSC-LSTM 257

277.7 (–122.3) 186

276.9 (–123.1)

TCN-10

242

524.5 (+124.5) 211

516.2 (+116.2)

TCN-30

234

482.1 (+82.1)

210

476.0 (+76.0)

TCN-60

60

495.3 (+95.3)

52

481.3 (+81.3)

PSC-LSTM is the only model which can predict the success of the trial before
the ball-hand distance reaches 0.
Figure 5 illustrates the resulting percentage of correctly classiﬁed trials across
all test samples for diﬀerent history sizes. First, it can be observed that PSCLSTM is the only model which is capable of correctly classifying more than half
of the test samples with history sizes smaller than 47 steps. For all other models, there is a vast discrepancy between Fig. 2 and Fig. 5 which implies that most
model classiﬁcations fall between 0.25 and 0.75, especially for smaller history
sizes. When comparing the LSTM models, MTO-LSTM model again performs
best when the entire history is available. This indicates that MTO-LSTM does
not learn to make decisions early, but rather waits for the ﬁnal frames. For
smaller history sizes before the ﬁrst ball contact, PSC-LSTM is the dominant

454

J. Lang et al.

model. Ultimately, the accuracy slightly drops, since it converges to the accuracy
of MTM-LSTM. Furthermore, there is an imbalance in the data set, containing
a large percentage of jump-oﬀ trials where the success of a trial can only be
assessed in the last frames, potentially hindering the prediction. HYB-LSTM
which incorporates classiﬁcation and prediction capabilities in one model is outpaced by MTM-LSTM. TCN-60 sticks with uncertain decisions between 0.25
and 0.75 for most of the trials, while TCN-10 and TCN-30 start to make more
conﬁdent decisions at the moment of the catcher’s ﬁrst ball contact after 40
time steps (400 ms). This increase in accuracy can potentially be attributed to
overﬁtting to the ﬁnal frames, which is further supported by diverging training
and test accuracies.
This observation is conﬁrmed by the low percentage (15%) of conﬁdently
classiﬁed catching trials made by TCN-60 (Table 1). The highest percentage of
correct decisions is made by TCN-30 and MTO-LSTM. However, both models rely on late information, while PSC-LSTM achieves the highest accuracy
before the ﬁrst ball contact. Considering that the ﬁrst ball contact occurs at
time step 40, neither the TCN models (MTTcD for TCN-10: 516.2, TCN-30:
476.0, TCN-60: 481.3), nor MTO-LSTM (MTTcD: 475.9) are capable of correctly and conﬁdently classifying catching trials before the outcome is visually
observable. The prevailing models are the recurrent networks trained on manyto-many classiﬁcation. The best performance by far is achieved by PSC-LSTM
which can conﬁdently classify trials already 123 ms before the ﬁrst ball contact.
HYB-LSTM performs slightly worse than MTM-LSTM, but can still make
a classiﬁcation 65.6 ms before the ball is ﬁrst touched. In contrast to Hüsken
and Stagge who argue that incorporating an additional prediction task into a
classiﬁcation RNN improves the learning process, we show that it does not have
a positive eﬀect on the earliness of decision-making [8]. However, the outsourced
prediction approach of PSC-LSTM is superior to both the embedded prediction
approach of HYB-LSTM, as well as the pure classiﬁcation approach of MTMLSTM. Hence, the inclusion of prediction capabilities into a classiﬁcation model
seems to harm classiﬁcation performance. This ﬁnding can be a ﬁrst indicator
for the existence of diﬀerent, possibly antagonistic internal representations and
learning strategies of RNNs trained on classiﬁcation versus regression tasks.

5

Conclusion

In this paper we introduced a novel RNN-based approach for early and conﬁdent
time series classiﬁcation: the predictive sequential classification (PSC). We evaluated our approach in comparison to state-of-the-art sequence learners on the
early recognition of clinical ball catching trials. We consistently demonstrate the
superiority of PSC over all other LSTM and TCN models in terms of the earliness and accuracy of decisions under a high conﬁdence threshold. Speciﬁcally,
PSC can on average make a ﬁnal decision as early as 123 ms before the catcher’s
ﬁrst ball contact. Hence, we show that ancillary prediction models clearly beneﬁt
classiﬁcation performance. However, incorporated prediction capabilities seem to
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interfere with classiﬁcation skills and ultimately hurt classiﬁcation performance.
Our ﬁndings show that PSC with its two-model design can simultaneously optimize accuracy, earliness and conﬁdence of decision-making, thus constituting a
promising approach for early and conﬁdent time series classiﬁcation in manifold
applications.
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Abstract. Event-Related Potentials (ERP) detection is a latent problem in the clinical, neuroscience, and engineering ﬁelds. It is an open challenge that contributes to achieving more accurate and adaptable BrainComputer Interfaces (BCI). The state-of-the-art typically uses simple
classiﬁers based on Discriminant Analysis due to their little computational demand. Some more recent approaches have started using Deep
Learning techniques, but these do not provide any temporal information and rarely focus on detecting the P300 at sample level in electroencephalography (EEG) signals, which would improve the Information Transfer Rate in BCIs. In other research areas, recurrent neural
networks have shown high performance in those tasks that require online
responses. We propose a new methodology, based on Long-Short Term
Memory networks, in a sample level forecast to predict the P300 signal continuously. We get a slight improvement concerning the standard
procedure, typically Bayesian Linear Discriminant Analysis, and we also
show that the model predicts the occurrence of the P300 ERP at sample level in EEG signals. This brings us the possibility of evaluating the
inherent variation between subjects. Our approach contributes to more
agile and adaptable BCIs development, going further in the real-life usage
of BCIs.
Keywords: Recurrent neural networks · Inter- and intra-subject
variability · Detection of P300 at sample level · Event-related
potential · P300 latency variability · Oddball paradigm · Bayesian LDA

1

Introduction

Brain-computer interface (BCI) technology allows converting the neural activity into external commands. These commands enable us to interact with the
outside world, replacing the brain’s normal exit pathways with this computerized interface. In recent years, this research has grown, spanning research and
c Springer Nature Switzerland AG 2021
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applications from clinical to entertainment [5,28]. One of the ways to implement
BCIs is through event-related potential (ERP) detection. An ERP is the stereotyped brain response, as a direct result, of a speciﬁc sensory, cognitive, or motor
event. The detection of these ERPs can be carried out non-invasively in electroencephalography (EEG) signals, presenting these as characteristic positive
or negative voltage deﬂections. These deﬂections appear with a certain latency
after the stimulus has been presented. One of the most widely used ERPs in
BCI is the P300, which stands out for its outstanding positive deﬂection that
occurs with a latency of around 300 ms after the stimulus presentation [26]. This
latency value can vary over a remarkable range and depends on several factors,
as intrinsic properties of the subject (for example, age), the stimulus modality,
etc. [11,22].
Its temporal-spatial structure is variable, spatial patterns appear in the posterior region of the brain, but they are also present in the central and frontal
regions [4,15,18,26]. Its temporal structure changes from one trial to another,
aﬀecting its amplitude and latency [24]. This variability is recognized at the individual level (intra-subject variability), as well as between subjects (inter-subject
variability) [19]. Although this variability was considered an obstacle, now it is
recognized as an essential feature of brain functionality that can facilitate BCI
customization. Therefore, identifying the variability can improve the precision
and speed of communication of BCIs.
A common way of generating P300, in the context of BCIs, is through the
well-known oddball paradigm [12,29]. In this paradigm, a set of stimuli corresponding to two categories, target and non-target, are presented to a subject.
Stimuli belonging to the target category are presented with a lower frequency
than stimuli from the non-target category. Hence, the subject’s task is to classify
each event in one of the two classes, generating a P300 signal when the least frequent category (target) is presented. Generally, the analysis of the EEG signal
to locate the P300 events is carried out by trials. In a trial, all possible stimuli
are presented, and only one of them is the target generating a P300 event. Thus,
in the standard approach, signal analysis is carried out by trial groups and not
continuously, at sample level in EEG signal, as we propose in this work. There
are diﬀerent techniques to detect P300s trial by trial. The most common are
classiﬁers based on discriminant analysis (Fisher’s Linear Discriminant Analysis, Bayesian Linear Discriminant Analysis, etc.), classiﬁers based on support
vector machines, Artiﬁcial Neural Network, etc. (see [25] for a complete review
of the diﬀerent methods to detect visual P300-ERPs, and [20] for classiﬁcation
algorithms in general EEG-based BCIs).
In this work, we show how an ad-hoc design of a long short-term memory
(LSTM) network manages to extract the appropriate information in a continuous
mode from the input signals that contain P300-ERPs. Although there is little
evidence of the use of LSTM networks in the P300-based BCI prediction [10,31]
and the few works that exist on LSTM perform a combination with CNN to
retrieve spatial information [1,2,17], its validity for the temporal information
retrieval is already highlighted. Our results get a slight improvement concerning
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the standard procedures, and we also show that our new approach predicts with
temporal precision (at sample level in EEG signal) when a P300 occurs. It brings
us the possibility of evaluating the inherent variation between subjects.
The remaining of the article is organized as follows. First, in Sect. 2, we
describe the dataset and our preprocessing to test recurrent neural networks,
the machine learning approaches we use, and the experiment. In Sect. 3, we
present our results, and, ﬁnally, in Sect. 4, we discuss and analyze the results
and give the conclusions and further lines of research.

2
2.1

Materials and Methods
Data Description and Our Preprocessing

We base our work on a six-choice P300 paradigm dataset deﬁned by Hoﬀman et
al. [15]. It contains eight diﬀerent users’ EEG, corresponding to their answers to
random image sequences with an Inter-Stimulus Interval (ISI) of 400 ms. There
are only six distinct images to be shown. Each ﬂash of an image lasted for 100 ms,
and in the last 300 ms, users wait for the next one. The EEG signals were recorded
at 2048 Hz sampling rate from 32 electrodes at the standard positions of the 10–
20 international system. The main goal is to predict which one of these six
images is the target stimulus. The state-of-the-art usually transform the P300based BCI prediction into a trial-level prediction problem, where those images
are always shown in packs of 6 (trial). However, we propose a new methodology,
where Machine Learning models must solve a sample-level prediction problem. It
implies the model returns its current prediction in real-time, sample by sample.
Standard Preprocessing. We ﬁlter the data with a sixth-order forwardbackward Butterworth bandpass ﬁlter, and cut-oﬀ frequencies were set to 1.0 Hz
and 12.0 Hz. Each run was standardized to a mean of 0 and a standard deviation
of 1. Following the work in [15], we also downsample the signal from 2048 Hz to
32 Hz, and we extract single windows of duration 1000 ms, starting at stimulus
onset. This extraction makes the last 600 ms of each single capture overlap with
the beginning of the next one. We show in Fig. 1 an explanatory diagram of this
standard preprocessing, where the overlap is manifest. In this ﬁgure, we present
a single trial that begins at time 0 ms and ﬁnishes at 3000 ms. Diﬀerent boxes
represent the six possible image stimulation, where only one, plotted in yellow, is
the target. These boxes have a duration of 1000 ms. Note that we have remarked
the ﬁrst 100 ms from each window, which represents the stimulus presentation.
Our Preprocessing. Our goal is to make an available methodology to train
a Recurrent Neural Network, typically an LSTM network, continuously, in a
sample-level way. We expect the network to return its prediction at each sample, so we directly preprocess the original continuous signal. We follow the same
preprocessing as the standard (ﬁltering, standarization and downsampling), but
we do not split the signal into 1000 ms windows, avoiding the overlapping. We
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Fig. 1. Diagram of the standard preprocessing, where the overlap occurs. It represents
a single trial that begins at time 0 ms and ﬁnishes at 3000 ms. Diﬀerent boxes represent
the six possible images, and each of them has a duration of 1000 ms. Only one window
has been plotted in yellow, which means that this one is the target window. Note that
we have remarked the ﬁrst 100 ms from each window, which represents the stimulus
presentation. (Color ﬁgure online)

show in Fig. 2-top an example to illustrate the procedure, wherein each color
represents the signal since one of the six possible stimuli is presented. We represent the target stimulus in magenta (image 2). The output variable is set to
true when the target image appears, being false for the rest of the images.
Once we generate the input dataset, one could ask how to well-deﬁne the
ﬁnal output dataset. To deﬁne the positive and negative classes (target versus
non-target stimulus), we must consider that we do not know accurately where
the P300 wave occurs. There is an inherent latency variation in this P300 component between the diﬀerent subjects, as we have commented in the introduction.
Therefore, we have deﬁned two additional hyperparameters in the dataset generation to deﬁne a region after the target stimulus presentation: the start time of
P300, measured from the image presentation (oﬀset, see Fig. 2-middle), and the
event duration (window size, see Fig. 2-bottom). We will study and adjust these
hyperparameters in the learning process, where the model must learn where is
the most valid information to recognize the P300 wave and then validate them in
the test stage. We can not preset these two hyperparameters in the build-model
phase due to the P300 latency variability.
2.2

Machine Learning Approaches

In this section, we detail the two machine learning approaches used in this work.
Bayesian Linear Discriminant Analysis (BLDA) is the ML model implemented
by Hoﬀman et al. [15] in the P300 detection problem, which makes a standard
trial-level analysis, and Long-Short Term Memory (LSTM) [14] networks, which
are the standard and most frequently used recurrent neural networks in the
state-of-the-art. We will train these LSTM networks to make our sample-level
analysis.
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Fig. 2. Example of a continuous signal generated from the original dataset. Diﬀerent
colors represent diﬀerent stimuli. The top signal represents the input data. The middle
and bottom ﬁgures are two examples of modifying, on the one hand, the start time of
the P300 wave with the oﬀset hyperparameter set to 250 ms, and on the other hand,
the event duration with the window size hyperparameter set to 375 ms. Note that the
target stimulus presentation (the blue plot in middle and bottom ﬁgures) is always at
the beginning of the magenta image, and it is always beginning at a multiple of 400 ms.
(Color ﬁgure online)

Bayesian Linear Discriminant Analysis. As we discussed in the introduction, target signal recognition can be thought of as a binary classiﬁcation problem: P300 vs non-P300 signals. Bayesian Linear Discriminant Analysis (BLDA)
was proposed by Hoﬀman et al. [15] for such problems in P300-based BCI. BLDA
is an extension of Fisher’s Linear Discriminant Analysis (FLDA) [3] but runs
the regression in a Bayesian framework, allowing it to automatically estimate
the degree of regularization. In this way, BLDA prevents overﬁtting in noisy and
high-dimensional datasets. BLDA considers class labels t can be expressed as
a weighted sum of the features in the corresponding feature vector x, and it is
assumed that this linear dependence is corrupted by a certain amount of Gaussian noise n: t = wT x + n. The class probability can be obtained by calculating
the probability of the target value during the training process. Class labels indicate the target (P300) and non-target (non-P300) as a number y ∈ {1, −1}. The
EEG signal of each stimulus is a feature vector which is represented as x ∈ RD ,
where D indicates the number of features. The weight vectors w ∈ RD are
obtained by solving the parameter selection problem using maximum-likelihood
estimates [15]. Once the w parameters are adjusted to diﬀerent classes, this
Bayesian formalism allows us to calculate the probability that a new feature
vector x has class label y = 1 or y = −1. The probabilistic model used is
expressed in terms of a predictive distribution, for simplicity, with a Gaussian
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form that can be characterized by its mean and its variance. Here only the mean
value of the predictive distribution was assessed to make decisions.
Long-Short Term Memory. For our approach of continuous data EEG from
Hoﬀman’s dataset [15] (see Sect. 2.1), we consider LSTM networks [14], one of
the most commonly used recurrent neural network models and a usual benchmark in many sequence modeling applications. They introduce memory cells and
gate units to build an architecture that keeps an almost constant error signal
along time, avoiding the vanishing and exploding gradient problems. Here we
use the standard Keras implementation [8]. The ﬁnal network model includes an
additional fully connected dense layer with sigmoid activation that determines
the ﬁnal output as a probability of recognizing the P300-ERPs.
The network has 200 units in the recurrent layer, and it is trained to minimize
the cross-entropy loss with a learning rate of 0.0004 using the Nadam optimizer
[13] with a decay rate of 0.001. We use gradient norm clipping with a value of 1.0.
We also add input and output dropout with a probability of 0.1. We train the
networks with a batch size of 32, and we set the unfold length of the network to
100. Note that, because of the nature of the continuous signal, and also because
we want the network to return its prediction at each sample, it has a many-tomany architecture, giving the corresponding answer for each time step. We show
in Fig. 3 an example of a prediction of the network in a continuous mode for users
4 and 7. The blue plot represents the target (after applying the adequate oﬀset
and window size), the orange curve is the LSTM prediction along time, and
the dotted red plot represents the target stimulus presentation. These examples
have been extracted from LSTMs trained with diﬀerent hyperparameters. Note
the latency variability between the users: User 4 has an oﬀset of 625 ms and a
window size of 187.5 ms, and User 7 has an oﬀset of 312.5 ms and a window size
of 125 ms.
2.3

Experiments and Evaluation Criteria

Instead of calculating the accumulative accuracy as in [15], we propose to use
the balanced accuracy (BA) metric: BA = (recall + specif icity)/2. We must
take into account metrics that consider unbalanced classes because the problem
has intrinsic imbalance: there are ﬁve negative stimuli against only one positive
stimulus. We evaluate the two models introduced in Sect. 2.2 by using the BA
metric, and we compare them. We train the BLDA model with the standard
preprocessing (see Sect. 2.1), and the LSTM networks with our new approach.
For the BLDA model, the training phase consists of correctly classifying the
P300 when the target stimulus appears (or not) in the ﬁrst 100 ms of the current
window of 1000 ms. For the LSTM, the training phase consists of predicting the
target stimulus sample by sample in real-time. Here we perform a grid search of
the best oﬀset and window size hyperparameters for each user.
The dataset given in [15] has 8 users and four diﬀerent sessions for each of
them. This way, we test the models using K-Fold cross-validation (K = 4) with
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Fig. 3. LSTM output with a continuous signal along time when trained with User 4
(left ﬁgure) and with User 7 (right ﬁgure). The blue line represents the expected target,
the orange one represents the LSTM output, and the dotted red curve is the target
stimulus presentation. Note that, for each user, the oﬀset hyperparameter is diﬀerent
(625 ms for User 4 and 312.5 ms for User 7). (Color ﬁgure online)

the four available sessions for each user, which means that we average the results
obtained after using three of these sessions for training and the last one for the
test. However, the two diﬀerent training methods could make anyone argue that
we can not compare the models. Despite this diﬀerence, we emphasize that the
test is the same for both models. For BLDA, given a 1000 ms window, the model
returns the prediction probability for being or not a P300 wave. For LSTM,
the test uses the standard preprocessing, receiving as input the same 1000 ms
windows. In this case, the network returns 32 predictions, corresponding to the
32 samples of the 1000 ms input signal, and we discard those which are not
included in the appropriate training oﬀset and window size. In summary, we get
the maximum value in this window as the prediction probability.
We also compare the results between the usage of all the electrodes (32)
against only use the eight most relevant electrodes, which is a standard selection [15,18]. We show in the next section that, for some users, the information
given by the rest of the electrodes is also helpful for the LSTM to obtain better
performance.

3

Results

In this section, we present the results. First, we show in Fig. 4 the grid BA matrix
for each user when training the LSTM networks with the continuous mode, where
we use a heat color map to identify the best conﬁguration in the test dataset. The
ﬁgures have been generated with the cross-validation balanced accuracy average
of a set oﬀset and window size. The best hyperparameter settings are usually
close to the top of the ﬁgures, which indicates a window size always smaller than
250 ms and an oﬀset greater than 300 ms. We want to highlight that a greater
oﬀset does not mean that the only valid information is at this point, but also
the model uses all the previous signal samples to complement the ﬁnal decision
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at this point. Also, note that, as we have mentioned in previous sections, there
exists some variability between users.

Fig. 4. Grid BA matrix for each user when training the LSTM networks with the
continuous dataset. Note the diﬀerent color bar scales for each ﬁgure. The ﬁgures have
been generated with the cross-validation balanced accuracy average of each oﬀset and
window size. (Color ﬁgure online)

We have also observed that even with the same user, diﬀerent sessions have
also focus on diﬀerent settings. We show an example in Fig. 5 for User 1 and the
four cross-validation settings. In these ﬁgures, we can observe that test sessions
1, 2, and 4 can behave similarly, around 300 ms with some variability. However,
test session 3 completely diﬀers from the others, focusing on 600 ms and larger
window size. This signiﬁcant diﬀerence has led us to add the LSTM + Best
Session Settings (BSS) model to compare with the others, choosing the proper
settings for each cross-validation test. The average of the four grids in Fig. 5
results in the User 1 grid in Fig. 4. We do not plot all our results because of the
paper extension limitation.

Fig. 5. Grid BA matrix for User 1 and the four cross-validation tests when training the
LSTM networks with the continuous dataset. Note the diﬀerence between the white
squares (Best Session Settings, BSS in Table 1). These white squares are used to deﬁne
the LSTM + BSS.

We present in Table 1 the obtained results with the eight most relevant electrodes and all the electrodes. In both cases, we compare the balanced accuracy
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(BA) computed with the models described in Sect. 3. We also add the results
obtained with the Best Session Settings mentioned above. We include in the
penultimate column the average result.
Table 1. Balanced Accuracy obtained in the cross-validation test when training with
the standard 8 electrodes and all the 32 electrodes.
Model

U1

BLDA

0.628 0.703 0.803 0.715 0.777 0.707 0.772 0.625 0.716

U2

U3

U4

U5

U6

U7

U8

Avg.

#Elec.

LSTM

0.663 0.699 0.766 0.760 0.782 0.680 0.808 0.692 0.731 8

LSTM + BSS 0.676 0.711 0.774 0.771 0.789 0.687 0.817 0.703 0.741
BLDA

0.670 0.681 0.803 0.751 0.784 0.733 0.791 0.670 0.735

LSTM

0.718 0.700 0.765 0.782 0.801 0.701 0.835 0.725 0.753 32

LSTM + BSS 0.723 0.706 0.779 0.794 0.810 0.711 0.840 0.738 0.763

We observe a slight improvement in the overall result when using an LSTM
network. However, the usage of all electrodes allows all the models to reach
the best accuracy. LSTM, in its best conﬁguration, gets a score of 0.763 versus
the score of 0.735 obtained by BLDA. We also notice that BLDA improves the
accuracy for users 3 and 6 compared to our methodology.
We have also observed a substantial diﬀerence in the ﬁrst user when trained
with eight or all the electrodes. It is not only about the accuracy but also the
focus of the trained networks. We show in Fig. 6 the grid BA matrix for User
1 when trained on eight electrodes (left) versus User 1 when trained on all the
electrodes (right). Of course, we can observe that the left ﬁgure is darker because
of the accuracy. However, when we train a network with all the electrodes (rightﬁgure), it better recognizes the signal when focusing on an oﬀset of 550 ms and
larger window size. This observation diﬀers from the 8-electrodes situation, where
the model was focusing on 300 ms.

Fig. 6. Comparison between User 1 when trained on 8 electrodes (left-ﬁgure) versus
User 1 when trained on 32 electrodes (right-ﬁgure). Note that the scale is not the same.

In summary, we want to highlight that, even if our results are similar to those
obtained with the BLDA, our new methodology has two signiﬁcant diﬀerences:
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ﬁrst, now the model gives a real-time evaluation sample by sample when a P300
occurs, as we show in Fig. 3. In other words, this approach provides us precise
(at sample level) temporal information where the P300 event occurs. Second, our
approach brings us the possibility of evaluating the well-known latency variability of P300 at the individual level (intra-subject variability), as well as between
subjects (inter-subject variability) [19].

4

Conclusion and Discussion

In this work, we have presented a new methodology in P300-based BCI prediction
by using Deep Learning. This method consists of making a recurrent neural
network, typically a Long-short Term Memory (LSTM) network, analyze the
input signal continuously, in a sample-level prediction, instead of the standard
trial-level predictions. We based our work on the dataset presented by Hoﬀman
et al. [15], with some detailed modiﬁcations and we compare our results with
theirs. Besides, we show that our new methodology has a good performance in
terms of accuracy, compared with the actual work for trial-level detection for
this type of evoked potentials. Our results demonstrate that the LSTM network,
either with 8 or 32 electrodes, extracts the appropriate information from the
input signals in a continuous mode by learning the temporal dependencies to
give the best prediction in real-time. We also show how the LSTM network can
ﬁnd, on its own, that some variability exists among diﬀerent sessions in the
same user and also how it preserves the previous information to give the correct
prediction with a concrete oﬀset.
This new methodology opens the way to a thorough study of the EEG signal
in ERP-based BCIs that will substantially improve the information transfer rate
(ITR), as has been done with other control signals in BCI [16,30].Optimizing
the ITR metric is a pending challenge for BCIs [27]. Sample-level prediction
methodology allows real-time monitoring of the EEG signal generation related to
ERPs, which is useful since abundant scientiﬁc evidence highlights the presence
of several ERPs such as N200 or P100 in P300-based BCIs that contribute to
its accuracy [4,7,15,18]. Therefore, this type of methodology can help to locate
that temporal information related to a target stimulus.
Comparing the results of Table 1 we can see an increase in accuracy with
32 electrodes. This allows us to hypothesize that this methodology can recover
more information from other electrodes, which is consistent with the evidence
that proper electrode selection improves the accuracy of BCIs [6,7,9,21]. An
electrode exploration together with an interpretability analysis [23] can lead to
a spatial location of the information related to the target stimulus. Consider
that LSTM is currently used in combination with a CNN to retrieve spatial
information to improve accuracy in P300-based BCIs. Retrieving spatial information increases the capabilities of LSTM that have been used only to retrieve
temporal information in the study of the EEG signal for diﬀerent purposes such
as sleep study, emotion recognition, motor imagery, or mental workload [10,31].
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Abstract. Noise and stochasticity can be beneﬁcial to the performance
of neural networks. Recent studies show that optimized-magnitude,
noise-enhanced digital recurrent neural networks are consistent with
super-Turing operation. This occurred regardless of whether true random or suﬃciently long pseudo-random number time series implementing the noise were used. This paper extends prior work by providing
additional insight into the degrading eﬀect of shortened and repeating
pseudo-noise sequences on super-Turing operation. Shortening the repeat
length in the noise resulted in fewer chaotic time series. This was measured by autocorrelation detected repetitions in the output. Similar rates
of chaos inhibition by the shortening of the noise repeat lengths hint
to an unknown, underlying commonality in noise-induced chaos among
diﬀerent maps, noise magnitudes, and pseudo-noise functions. Repeat
lengths in the chaos-failed outputs were predominately integer multiples
of the noise repeat lengths. Noise repeat lengths only marginally shorter
than output sequences cause the noise-enhanced digital recurrent neural networks to repeat and, thereby, fail in being consistent with chaos
and super-Turing computation. This implies that noise sequences used
to improve neural network operation should be at least as long as any
sequence it produces.

Keywords: Super-turing
Pseudo-random noise

1

· Recurrent neural networks · Chaos ·

Introduction

It has been shown that noise injection is beneﬁcial to the training performance of
neural networks (NNs) regardless of the type of network ([3,9,12,13,20]). Varied NN applications (such as feedforward, recurrent, convolutional, etc.) have
demonstrated some level of success in incorporating synthesized noise in their
training model [4,5,7,9,12]. The study by Jim et al.[7] introduced and analyzed
various methods of injecting synaptic noise into dynamically driven recurrent
networks during training. Lim et al.[11] applied a Stochastic Diﬀerential Equation (SDE) framework to analyze recurrent NNs (RNNs) trained by injecting
c Springer Nature Switzerland AG 2021

I. Farkaš et al. (Eds.): ICANN 2021, LNCS 12894, pp. 469–478, 2021.
https://doi.org/10.1007/978-3-030-86380-7_38

470

E. Redd and T. Obafemi-Ajayi

noise into the hidden states. They focused on the impact of regularizing eﬀects
of general noise injection schemes. RNNs are important when analyzing time
series data because they are designed to adaptively look backward over varying
lengths of time [2]. The noise beneﬁt experienced in NN systems could be viewed
as a type of stochastic resonance (SR) eﬀect. This is apparent, as discussed in
[16,17], since in SR beneﬁting systems, a small amount of noise improves the performance of a nonlinear system while too much noise harms the performance [1].
The question remains, how do you determine the appropriate quality of noise
beneﬁcial for a given network?
In prior work [16], we demonstrated that optimized-magnitude, noiseenhanced digital RNNs showed consistency with super-Turing operation. This
occurred regardless of whether true random or suﬃciently long pseudo-random
number time series were utilized to implement the noise. It showed a connection between SR and a mathematical proof of the computational complexity
of an analog RNN obtained by Siegelmann [19]. Since a Turing machine (and
digital computers) operate in a discrete space and their precision is too low,
even pseudo-random noise will not help them access the continuous phase space
of chaotic systems [19]. The simulations discussed in [16] revealed the optimum
magnitude of added noise that made the varied time series consistent with chaos.
(Note that noise is injected during operation of the NN model, in contrast to
the noise commonly used in training.) Although both the pseudo- and truerandom number noise gave chaos consistent results, the shortness of the pseudorandom sequences allowed them to pass any randomness test. Therefore, the
results failed to illustrate the computational complexity limits of pseudo-noiseenhanced digital RNNs as expected. This was attributed to the pseudo-random
number sequences being too short for their character to manifest itself.
This paper gives insight into the degrading eﬀect of shortened and repeating
pseudo noise on super-Turing operation and chaos consistency in noise-enhanced
digital RNNs. The input data for training the NN models were generated using
algebraic functions of logistic and Hénon maps. We pass the output sequences of
varied time series through an autocorrelation function. Distances between peaks
in its results give the lengths of repetitions in those sequences. This current work
demonstrates that pseudo-noise with repeat lengths marginally shorter than a
limited-precision digital RNN output sequence is detectable in that it fails to be
consistent with chaos. The repeat lengths of the failed chaotic time series mainly
follow the repeat lengths of the noise. When otherwise, the failing repeat lengths
do not match any of the other repeat lengths involved in the simulations.
We discuss the details of SR and super-Turing complexity classes in Sect. 2.
Section 3 provides an overview of the analysis framework for exploring the chaos
consistency of the time series data. The results obtained as well as the related
open ended problems are discussed in Sect. 4, while we conclude in Sect. 5.

2

Background

In this section, we review key concepts of stochastic resonance and super-Turing
complexity classes as well as prior work on noise optimization in digital RNNs
to provide a context for current work. These are all fully explored in [16].
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Fig. 1. The logistic (a) and Hénon (b) map RNNs used in this study. The output vector
is pre-allocated to have the seed values. Other than the ﬁrst one (or two) entries, the
rest are overwritten as the noise-enhanced, limited-precision time series are calculated.

SR systems can be modeled using a double well potential which uses a
rate equation approach to solve the temporal evolution of movement of system
between two wells. A periodic forcing function and noise are required additions
to the model to obtain the transitions [6,13,14]. Siegelmann [19] studied the
eﬀect of stochasticity on rational numbered RNNs. The computational complexity proof [19] models a RNN with rational neurons using the stochastic ﬂipping of
real probability unfair coins. The proof demonstrates that adding this stochasticity to these networks resulted in an improved complexity class beyond a Turing
machine, the super-Turing BPP/log* class. Although Siegelmann argued against
stochasticity being the same as noise, we [16] showed that noise in a SR modeled
coin ﬂip matched the stochasticity used in [19].
Given that the complexity proofs in [19] did not address whether digital
RNNs could be super-Turing, we [16] proved the existence of an inﬁnite hierarchy where these RNNs could also compute at a super-Turing level. We also
demonstrated that noise-enhanced digital RNNs made calculations that were
chaos-consistent, an indication of super-Turing operation. This aﬃrmed that
noise-enhanced digital RNNs exhibit some super-Turing computational power,
even while not reaching the full power of the analog RNNs computing at a
BPP/log* computational level.
The limited-precision digital RNNs analyzed in this paper, as shown in Fig. 1,
are same as in prior work [16]. Lyapunov exponents [18] were used to quantify
the consistency with chaos. Ten 10,000-long random number sequences of each
noise type have magnitudes relative to the least signiﬁcant bit (LSB) of each
limited-precision digital RNN. They did not mimic chaos until pseudo- and truerandom noise of the proper magnitude were added to their recurrent signals. As
shown in Fig. 2, very small and larger magnitudes produced inconsistent and
small Lyapunov exponents. Noise magnitudes of eight times LSB for the logistic
map and four times LSB for the Hénon map digital RNNs best matched their
accepted Lyapunov exponents. We utilized these noise magnitudes as well in this
study, since they had been established as in best agreement with chaos mimicry
and super-Turing consistency.
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Fig. 2. Largest Lyapunov Exponent of a digital recurrent neural networks trained
with a Logistic (left) and Hénon (right) map series for various noise magnitudes. The
x coordinates are integers, but the plotted points and error bars are oﬀset by ±0.05 for
the true random noise [15] (red ×) and for the pseudo random noise from MATLAB’s
rand() function (blue o), respectively. In both maps, the largest Lyapunov exponents
are at four and eight times the least signiﬁcant bits of the limited-precision digital
RNNs. The dotted lines (black) represent the accepted value for the maps [18]. For
more details, see Figs. 5 and 6 in [16].

3

Exploration of Repeating Noise Sequences

To investigate chaos consistency (implying super-Turing operation) of identiﬁable pseudo-random number time series, we utilize repeating sequences since
they are readily observed to be non-random. The sequences are obtained using
two pseudo-random generators: truncations of the MATLAB rand() sequences
and an n-bit linear feedback shift register (LFSR) [10]. The LFSR sequences
of comparable repeat lengths provide an alternative source of pseudo-random
number sequences for a more robust comparison. We compare noise of length
10K sequences to 100K long sequences.
For the 10K experiments, diﬀerent length portions of pseudo-random numbers (ranging from 64 to 8192) from the MATLAB rand() function are repeated
to generate ten separate input sequences each of total length of 10,000. Likewise,
LFSR random sequences of varying length portions (from 63 to 8191) are also
generated and repeated to obtain ten diﬀerent input 10K length sequences. For
the 100K experiments, there are eleven sequences for each pseudo-random type.
The length portions are varied from 4096 to 65536 for MATLAB generated
sequences, and from 4095 to 65535 for the LFSR sequences. For both experiments, the LFSR sequences are seeded as near as possible to the initial numbers
in the repeated MATLAB pseudo-number sequences. All experiments use four
times and eight times noise magnitudes that have the highest Lyapunov exponent values from Fig. 2.
For each experiment, we observe the number of noise sequences which have
no repeats in the digital RNNs output. This is detected by passing the output
time series through the autocorrelation function which results in peaks if the
sequences repeat [8] and shows a failure to mimic chaos. The distance between
those peaks is the repeat length. While there can be multiple repeat lengths in
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Fig. 3. Outcome of the 10K experiments. Short repeated-noise number sequences added
to the recurrent digital RNN signals and, then precision limited reduces the number
of output sequences which are consistent with chaos. For comparison to least square
ﬁtting parameters (green line), they are (1.39, −7.36) (1.43, −8.04) for the logistic and
Hénon maps respectively.

the resulting power spectrum, the experiments only detect the shortest one in
the output sequences.
Figures 3 and 4 show the number of output sequences which remain consistent with chaos (y-axis) vs. log2 of the repeat length of the noise (x-axis) for
the logistic and Hénon maps digital RNNs for both optimum and near-optimum
noise magnitudes and the two noise types (MATLAB vs. LFSR). As mentioned
in Sec. 2, noise magnitudes of four times LSB is regarded as optimum for the
Hénon map, and eight times LSB for the logistic map. This results in eight
experimental combinations of these three pairs (Figs. 3 and 4). These are coded
in the legends of the ﬁgures: ‘LM’ denotes logistic map, ‘HM’: Hénon map; ‘4x’
implies four times LSB, ‘8x’: eight times LSB; ‘MAT’ denotes MATLAB generated sequences, and ‘LFSR’: linear feedback shift register generated sequences.
Thus, the notation ”LM4xMAT” implies a repeated pseudo-number sequence
generated using MATLAB rand() function with magnitude four times relative
to the least signiﬁcant bit of the logistic map RNN.
For Figs. 3 and 4, all sequences converge at the right-most data point which
correspond to no repeating noise sequences added to the recurrent signals.
Note that all the pseudo-number experiments shown at values of log2 (noise
span/LSB) = (2, 3) in Fig. 2 are contained in the converged data point in
Fig. 3. We can observe that for the 10K experiment results (Fig. 3), all ten output sequences are consistent with chaos at log2 (RepeatLength) = 13. But, at
log2 (RepeatLength) = 12, only three output sequences remain consistent. Interestingly, for the 100K experiment results (Fig. 4), at log2 (RepeatLength) = 16,
only two output sequences remain consistent with chaos. This seems to suggest
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Fig. 4. Outcome of the 100K experiments. Short repeated-noise number sequences
added to the recurrent digital RNN signals and, then precision limited reduces the
number of output sequences which are consistent with chaos. For comparison to least
square ﬁtting parameters (green line), they are (2.80, −35.53) (3.01, −38.40) for logistic
and Hénon maps respectively.

that a noise source needs to be at least as long as the digital RNN provisional
chaotic sequence to maintain chaotic and super-Turing consistency.
The least square ﬁt (mx + b) model for the experimental results are denoted
by the green line in both ﬁgures. Combining logistic and Hénon map data in
making the ﬁt initially seemed without justiﬁcation, but the separate ﬁts for
the individual maps are given in the ﬁgure captions and are very similar to
the legend values. (See Figs. 3 and 4 captions.) This may suggest unknown,
fundamental mechanisms underlying the relationship between noise repetition
and chaos consistency.

4

Repeat Lengths and Open Questions

Tables 1 and 2 list the details of the 10K long experimental results, which
were used to obtain Fig. 3. The non-zero entries indicate repeating, non-chaotic
results while the number of zeroes in each column are the number of chaotic
consistent sequences plotted in Fig. 3. Eighty-nine percent of the non-chaotic
outputs have integer multiples of the noise repeat lengths. This indicates that
lack of noise quality dominates. Seeking a contribution of the noiseless, limitedprecision repeat length (83) in the non-integer multiples was unsuccessful. The
100K Tables 3 and 4 list similar data for Fig. 4. In this case, seventy-two percent of the non-chaotic sequences’ repeat lengths are integer multiples of the
noise repeat lengths. Similar to the 10K results, no contribution of the noiseless,
limited-precision repeat length (581) could be found. The noiseless repeat lengths
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Table 1. Four and eight times LSB for the logistic map RNN: ten 10K long sequences.
LM4xMAT

LM4xLFSR

LM8xMAT

LM8xLFSR

27 28 29 210

211 212

213 28 29 210 211

212 26

30 6

4

0

0

0

0

3

0

0

0

0

36 0

0

0

1

0

0

3

0

0

0

0

0

8

0

0

2

0

0

0

6

0

0

14 2

0

3.77 0

0

0

0

6

0

0

22 0

0

3

0

1

0

3

1

0

1.89 0

2

0

2

2

0

0

0

0

0

0

0

14 0

0

0

0

0

0

3

9

0

0

0

30

0

0

0

0

0

0

0

19 2

0

0

32 0

5

4.77 0

0

0

3

0

0

0

0

56

0

13

1

0

0

0

0

0

2

0

0

33 4

0

0

0

0

3

6

0

0

0

68.27 24 0

0

0

0

0

0

0

1

1

0

0

27 28

29

210 211 212 213 28 29 210

211

4

21 6

0

0

0

0

0

19 2

0

0

27

0

0

4

0

0

0

0

18 0

0

0

0

6

9

0

3.53 4

0

0

0

18 0

4.78 0

0

51.27 11 14.07 9.53 0

0

0

0

14 0

0

0

73

34 0

0

0

0

1

0

0

0

0

0

18

28 4

0

0

0

0

0

0

2

4.78 0

0

1 6 6 0
0
0.44 0
0 9 0
0
0
31
38 7
0
0
0
0
0
18 0 0
0
LM4xMAT: Non-integer multiple 3.77 comes from a repeat length of 3857; 4.77 from 4881; 0.44 from 1809.
LM4xLFSR: Non-integer multiple 1.89 comes from a repeat length of 3860. Lengths beyond 212 contain
all zeros.
LM8xMAT: Non-integer multiple 51.27 comes from a repeat length of 3281; 68.27 from 4369; 14.066 from
3601; 3.533 from 1809; 9.533 from 4881.
LM8xLFSR: Non-integer multiple 4.78 comes from a repeat length of 4887. Lengths beyond 211 contain
all zeros.

Table 2. Four and eight times LSB for the Hénon map RNN: ten 10K long sequences.
HM4xMAT

HM4xLFSR

HM8xMAT

HM8xLFSR

27 28 29 210 29 210 211 212 213 27

28

29

210 211 212 213 28 29 210

211 212 213

6

8

0

0

0

0

0

0

0

24

19

0

0

0

0

0

2

4

0

0

0

0

1

12 6

0

0

0

1

0

0

35.14 0

0

0

0

0

0

1

4

0

0

0

0

11 17 0

0

0

0

0

0

0

16

0

6

0

0

0

0

18 4

0

0

0

0

9

14 1

0

0

0

2

0

0

16

14

2

0

0

1

0

18 4

2

0

1

0

0

7

0

0

0

0

1

0

0

1

3

1

0

0

0

0

7

0

0

0

1

0

28 0

2

0

0

0

1

1

0

3

12

7.54 0

0

0

0

0

0

2

0

0

0

23 13 7

0

0

0

0

0

0

0

0

1

0

2

0

0

0

4

2

0

0

0

16 0

0

0

0

0

1

0

27

16.07 0

3

0

0

0

2

4

0

0

0

0

0

0

0

0

0

0

0

0

0

0

36

6

0

0

0

0

0

0

0

4.78 0

0

0

12 4

0

0

0

0

0

0

0

5

8

8.54 4

0

0

0

2

0

0

0

0

0

HM4xMAT: Lengths beyond 210 contain all zeros.
HM8xMAT: Non-integer multiple 35.14 comes from a repeat length of 4498; 16.07 from 4114; 7.54
from 3858; 8.54 from 4730.
HM8xLFSR: Non-integer multiple 4.78 comes from a repeat length of 4887.

(83, 581) did not manifest themselves in these noise quality experiments, since
the noise magnitude is likely too high. At zero magnitude, where noise quality
is moot, they do appear [16].
To further understand the connections among the digital RNN repeat lengths
that are not integer multiples of the noise repeat lengths, we summarize all
instances in Table 5 . Closer analysis reveals that the Hénon noiseless repeat
length is seven times that of the logistic map. However, that does not necessarily
explain the three entries in Table 5 where the two maps have similar output
repeat lengths since none of them share that common factor (83). All entries in
Table 5 have both LSB multiplying factors. This is not surprising since the noise
is optimum or near optimum in giving chaos consistency. We also observe in
Fig. 2 that the Lyapunov values are nearly identical. The three entries that have
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Table 3. Four and eight times LSB for the logistic map: eleven 100K long noise
sequences.
LM4xMAT
214 215

216

LM4xLFSR

LM8xMAT

214

215 216

213 214

215

216

LM8xLFSR
214

215

216

1

1.052 0

1

0

0

5

1

0

0.526 0

2

0

0

0

0

0

1

0

0

0

1.104 0

0.526

2

0

0

2.104 0

0

1

1.104 0

0

0

1

0

1

0

0

1

1

0

3

1

1

0

0.451 1

0

1

1.052 0

0

0

0

1

1

1.052 0

1.104 0

0.526

3

0

0

1

1

0

3

1

0

0

1.104 0

0

0

0

0

2.104 0

0.526 5

0

0

0

0

1

0

0

0

1

0.742 4

3

0

0

1.104 0

0

0

0

0.526 1

0

0

2

1

1

0

0

0

2

0

0

1

0

0

3

1

0

1.104 1

0

0
0
0
1
0
0
1
1
1
LM4xMAT: Non-integer multiples 1.052 and 0.526
34465.
LM4xLFSR: Non-integer multiple 2.104 comes from
from 34466; 0.742 from 48643.
LM8xMAT: Non-integer multiple 1.104 comes from
1.052 and 0.526 from 34465.
LM8xLFSR: Non-integer multiple 1.104 comes from
from 7391; 1.052 from 34467; 0.526 from 34466.

1.052 0

1.052 0
0

0.526

0
0
0
0
come from a repeat length of
a repeat length of 34469; 0.526
a repeat length of 18081; both
a repeat length of 18066; 0.451

Table 4. Four and eight times LSB for the Hénon map: eleven 100K long noise
sequences.
LM4xMAT

LM4xLFSR

LM8xMAT

LM8xLFSR

213

214 215

216 214 215

216 213

214

215 216

214

215

1

1

0

0

1

0

0

3

1

0

0

2.104 1.502 0

4

1

0

0

1

0

0

1

0

0

0

2.104 0

0

5.207 1

1

0

0

1.052 0

2

1

1

0

2.104 0

0

1

1

0

0

1

0

0

1

3

1

0

3

0

1

3

0

0

1

0

0

1

2

1

0

2.104 0

4

2

0

0

1

0

0

3

2.104 0

3

0

1.052 0

1

1.052 0

5.207 0

3

0

0

0

1

0

0

0

1

0

0

0

1

0

0

3

1

0

0

0

0

0

0

216

0.526

0.526 2.104 0

0

1

0

3

0

0

1

0

0

0

0

0.526

3

1

1

0

0

0

0

4

1

1

0

2.104 0

0

2
1
1.052 0
1
0
0
1
1
1
0
0
0
0
HM4xMAT: Non-integer multiple 5.207 comes from a repeat length of 42658; 1.052 from
34466.
HM4xLFSR: Non-integer multiple 1.052 comes from a repeat length of 34468.
HM8xMAT: Non-integer multiple 5.207 comes from a repeat length of 42658; both 2.104
and 0.526 from 34466.
HM8xLFSR: Non-integer multiple 2.104 comes from a repeat length of 34470; 1.052 from
34468; 0.526 from 34467.
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Table 5. Summary of non-integer-multiple repeat lengths.
# Of Systems Range

Map

Times LSB Noise source Output
length

2

1809

Logistic

Four, Eight MAT

3

3857–3860

Logistic, Hénon Four, Eight MAT, LFSR 10K

4

4881–4887

Logistic, Hénon Four, Eight MAT, LFSR 10K

11

34465–34470 Logistic, Hénon Four, Eight MAT, LFSR 100K

2

42658

Hénon

Four, Eight MAT

10K

100K

both types of noise function are reasonable since their repeat lengths result in
similar quality. It is diﬃcult to draw a conclusion about the diﬀerent non-integermultiple output lengths except the pattern that short output repeat lengths
seem to occur in the short 10K experiments. Further investigation needs to
be conducted to determine the underlying systematics for these non-integermultiple results.

5

Conclusion

This work demonstrates that pseudo-noise with repeat lengths marginally
shorter than a limited-precision digital RNN output sequence is detectable in
that it fails to be consistent with chaos. This provides further insight beyond
prior work that appeared to aﬃrm the statement “there is no diﬀerence between
pseudo- and true-random noise enhanced digital RNNs attaining consistency
with chaos”. It was assumed that this was probably due to pseudo-random
number sequences being long enough to be indistinguishable from true-random
sequences. However, as shown in this paper, repeat lengths of failed chaotic
sequences mainly follow repeat lengths of the noise. When they don’t, the failing repeat lengths do not seem to match the limited-precision digital RNN repeat
lengths that occur without noise enhancement. The noise repeat lengths inhibiting chaos appear independent of the two chaotic functions studied (logistic and
Hénon) and similar noise magnitudes. This suggests that if this independence
could be extended to other chaotic-system-trained, noise-enhanced digital RNNs,
a fundamental relationship between noise-enhancement and chaos mimicry could
exist.
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Abstract. We propose a new approach to increase inference performance in environments that require a specific sequence of actions in
order to be solved. This is for example the case for maze environments
where ideally an optimal path is determined. Instead of learning a policy
for a single step, we want to learn a policy that can predict n actions in
advance. Our proposed method called policy horizon regression (PHR)
uses knowledge of the environment sampled by A2C to learn an n dimensional policy vector in a policy distillation setup which yields n sequential
actions per observation. We test our method on the MiniGrid and Pong
environments and show drastic speedup during inference time by successfully predicting sequences of actions on a single observation.
Keywords: Deep learning · Planning · Hierarchical reinforcement
learning · Policy distillation · Model inference

1

Introduction

In recent years, reinforcement learning has seen growing success due to the use
of deep learning as in [12]. The reinforcement learning ﬁeld has been mostly
split between two major subﬁelds: model-free and model-based reinforcement
learning. In the ﬁrst case we have a reactionary agent which learns directly
from sampled experience, while in the latter case a model of the environment
is learned from which the agent samples trajectories. Especially in model-based
reinforcement learning the term of planning has come to fruition. Either prior
or during agent training a model of the environment is learned. The agent then
plans by simulating trajectories by using some form of tree search and thus is
able to select the best actions while using fewer samples.
Recently, there have been investigations about how to plan with a model-free
based approach. Guez et al. [7] trained an agent with a regular neural network
with an architecture that has not been modiﬁed to enable any special planning
behavior. The authors achieve state of the art performance for combinatorial
problems such as Sokoban. However, after 109 steps the authors experiments
show that a simpler CNN seems to be suﬃcient in order to learn several possible
c Springer Nature Switzerland AG 2021

I. Farkaš et al. (Eds.): ICANN 2021, LNCS 12894, pp. 481–492, 2021.
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variations of Sokoban. Another area that deals with planning in reinforcement
learning is hierachical reinfocerment learning (HRL) as in [1]. The main idea
of HRL is not only to predict primitive actions for every time step, but macroactions called options. An option represents a policy that contains a sequence of
primitive actions that are executed until a termination point. Then the agent may
choose another option. HRL can be adapted to regular reinforcement learning via
semi-markov decision processes (SMDPs). Policy distillation is a straightforward
way of learning multiple tasks within a single policy. Policy distillation deﬁnes a
teacher policy T and a student policy S where the teacher policy T is usually ﬁrst
trained in advance and then the student policy S is trained to match the teacher
policy via supervised learning. We combine model-free reinforcement learning,
HRL and policy distillation to create a new method to speed up model inference.
We take the recent advances in model-free reinforcement learning by Guez
et al. [7] and take inspiration from HRL to create a method that leverages the
inherent planning capability and simplicity of model-free learning, while applying
the notion of options that stems from HRL to predict n actions for a single state
in order to speed up model inference. That is, for a single state we want to
predict the following n actions without changing the function approximator’s
architecture much. While the general outline in HRL is to deﬁne options over
an SMDP, we learn an MDP and settle for a speciﬁc scenario, where the agent
predicts a ﬁxed number of actions for a given state. We do this by ﬁrst training
the environment with an extended A2C architecture that ﬁrst learns a base policy
via regular A2C [11] which will serve as teacher policy T . In a second training
stage, in order to learn n actions for a single input, we take successful trajectories
of the trained agent and regress these teacher policies on to the extended A2C
architecture, so that it learns to predict n actions given a single observation.
Our method can be seen as part of intra-option learning as in [17] where options
are learned oﬀ-policy from experience. In this way, we can reduce the number
of evaluations needed to solve the environment during inference time. We thus
formulate our main contributions with this work:
Contributions
– We achieve model inference speedup in a reinforcement learning setting by
leveraging the general framework of policy distillation, adding to the many
use cases such as neural network compression and multi-task learning.
– We achieve a substantial inference speedup, as the prediction of the n dimensional action vector is much more eﬃcient than evaluating the model n times.
– We show empirically that the inference speedup is due to the agent completing
the environments faster than its non-PHR counterpart. Thus increasing the
productivity of the agent.
– With our ﬂexible and simple approach, we especially see a beneﬁt in problems
where the agent has limited resources during inference time or where the
agents productivity should be boosted.
We propose our method as a viable option for optimal path finding. Popular
path-ﬁnding algorithms such as A* in [8] are able to ﬁnd optimal paths given
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a start-point and an endpoint. However it can be challenging to ﬁnd a good
heuristic that works for a given environment. Deep learning circumvents the
need for a heuristic by learning directly from data.
We demonstrate this by training PHR on two MiniGrid environments. In the
ﬁrst set of experiments the agent has to ﬁnd the goal in a multi room grid and
a stochastic grid that changes after every episode with the only reward being
the end goal. We also train PHR on the Pong-Deterministic-v4 environment,
showing that reactive environments which do not follow a grid structure can be
enhanced with PHR as well. Overall, we achieve twice the inference performance
while learning an optimal path i.e. sequences of actions while retaining policy
quality.

2

Related Work

Sequencing actions to leverage diﬀerent time scales has been used in reinforcement learning to improve learning speed. Schoknecht et al. [16] improve learning
speed by deﬁning multi-step actions on diﬀerent time scales. The authors argue
that between important actions (decisions) there may exist more superﬂuous
actions that have to be executed repeatedly and should therefore only be learned
as a single decision. This approach has also been extended to deep learning by
Lakshminarayanan et al. [9] and been formalized by Lee et al. [10]. Our approach focuses on sequencing actions as an abstraction over actions rather than
for diﬀerent time scales. By sequencing n actions for a single state we reduce the
number of model evaluations, thus speeding up inference time.
Efroni et al. [6] look at the problem of policy improvement with multi-step
actions. The algorithm h-PI tries to ﬁnd the choice of actions that maximizes the
joint cumulative expected reward given a sequence of actions within a deﬁned
horizon h starting from a given state. De Asis et al. [5] deﬁne a hyperparameter
σ to perform policy evaluation seamlessly over multiple steps.
Panov et al. [14] used a CNN for path ﬁnding in conjunction with a custom
reward function in settings that are challenging for A* with moderate results.
Contrary to the work mentioned above, our approach focuses on speeding up
model inference in real word applications while maintaining policy quality. Our
approach is inspired by policy distillation as in [15] and more generally speciﬁed
in [4]. Generally, the focus in knowledge distillation is to transfer knowledge
to smaller networks. We seek to achieve inference speedup in a reinforcement
learning setting by leveraging the general framework of policy distillation. In this
way the architecture is only aﬀected minimally and eﬃciency can be improved
by either accelerating workﬂow or reducing the power target. Policy distillation
deﬁnes a teacher policy T and a student policy S where the teacher policy T
is usually ﬁrst trained in advance and then the student policy S is trained to
match the teacher policy via supervised learning. We learn a good policy via
regular policy gradient ascent which serves as the teacher policy and then map a
horizon of n actions from the teacher policy to the student policy, which in this
case is the function approximator which predicts n actions for a single state.
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Improving inference performance for a CNN has been previously investigated
by Ning et al. [13]. The authors use a collection of clustering techniques and
similarity measures to compress the network and thus improve inference time.
Our algorithm does not modify the network functionality, but leverages the
reinforcement learning setting on an environment level.

3

Methods

In this section we describe our neural network architecture and our extension to
the policy gradient called policy horizon regression (PHR) which allows for an
n dimensional policy vector to be learned.
3.1

PHR Architecture

PHR can be understood as an extension to any function approximator that
requires planning its steps ahead of time. In this particular case we use A2C as
the foundation for our training algorithm which includes the baseline loss and
entropy regularization. We then extend the policy gradient in order to predict
n additional agent moves where H = {1, 2, . . . , n} is the policy horizon. We say
our extended architecture predicts an n dimensional policy vector.
Policy Vector. A policy π represents a probability distribution
that assigns
probabilities π(a|s) for each state s ∈ S over actions a ∈ A, i.e., a π(a|s) = 1
for all s ∈ S. We also write π(·|s) to denote the probability distribution over
states for a ﬁxed state s ∈ S. Moreover, we denote π θ as a policy determined by
the network parameters θ. Let π1θ , . . . , πnθ be a sequence of such policies, then
we call the vector of these policies
π θ = [π1θ , . . . , πnθ ]T

(1)

a policy vector. Note that for a given state s ∈ S the policy vector π θ deﬁnes
n probability distributions π1θ , . . . , πnθ over the action space that are determined
by the network parameters θ.

Fig. 1. Instead of predicting a single policy we predict a policy vector π θ by mapping
n actions or policies from π1θ to the policy vector.
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Figure 1 depicts the PHR architecture: for a single state s ∈ S we seek to
predict a vector of n policies. We use π1θ as the target policy to sample n actions
from it, then PHR maps these n actions to the policy vector π θ . Alternatively,
the same can be done between n probability distributions of π1θ and of the
policy vector. Note that the policy vector is computed only at the last layer
(FC512), while the rest of the network is not any diﬀerent from the usual setup
to learn a single policy. Essentially, the network learns to predict the correct
sequence of actions for a given input. Extension of the convolutional layers are
not necessary as the learned representations are already powerful enough to learn
the proposed environments with PHR successfully. Overall, extending only the
last layer creates minimal overhead.
3.2

Policy Horizon Regression (PHR)

T
S
] and q S = [q1S , . . . , qm
]
Distances Between Q-Values. Let q T = [q1T , . . . , qm
be two vectors describing the q-values corresponding to each possible action
for the agent. In this case the former is the teacher policy and the latter the
student policy. Then the distance between the two vectors can be measured
with the squared loss d2 or the KL-divergence dKL (which is strictly speaking
not a distance since not symmetric),

d2 (q S , q T ) =



|qiS − qiT |2

dKL (q S , q T ) =

i



σ(qiS ) log

i

σ(qiS )
σ(qiT )

(2)

where σ is the softmax function. These two distance measures are considered in
our experiments, however, others are possible too.
Mapping actions directly to policy vector π θ . Let a∗ = arg maxq T be the
index of the maximum value over the discrete values of q T , i.e., the best action.
Then the cross entropy loss between q S and the best action a∗ reads as follows,
LCE (q S , a∗ ) = log qaS∗ .

(3)

Compared to the distance measures, this approach seeks to map the teacher
policy onto the student policy directly. Overall, d2 and dKL should yield a softer
regression of the teachers actions, while LCE is a logistic regression. We consider
all three approaches as methods to map our base policy π1θ onto the policy vector
π θ . In the following, we also refer to the teacher policy as the base policy π1θ = q T
and to the student policy as the policy vector π θ = q S .
Learning Policy Vector π θ Oﬀ-Policy. We learn the policy vector oﬀ-policy
in two stages as in Fig. 2: (i) First the environment is learned fully with A2C via
regular policy gradient ascent deﬁned as


JPG (θ) = Eπ1 log π1θ (s, a) Qθ (s, a)
(4)
with corresponding gradient


∇θ JPG (θ) = Eπ1 ∇θ log π1θ (s, a) Qθ (s, a) .

(5)
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Stage 2 (PHR):

Stage 1 (A2C):

Train student with successful teacher trajectories

Train teacher
A2C-Loss

A2C
Teacher Policy

Trajectory

Student Policies
(untrained)

with reward > 0

A2C

PHR-Loss

S tate Input

Regression

Fig. 2. Diagram depicting PHR training process. (i) First, we train the teacher policy
with regular A2C. (ii) In the second stage we evaluate successful trajectories from the
teacher with reward rm−1 > 0 and regress the base policy π1θ onto the policy vector π θ .

Note that the policy vector in our extended A2C architecture predicts n policies.
At this stage we have only learned the ﬁrst policy π1θ which will serve as our
teacher policy to learn the rest of the policy vector.
(ii) In the second stage we sample successful trajectories from our teacher
policy π1θ (the so-called experience),
D = {(s1 , π1 (·, s1 ), . . . , sm , π1 (·, sm )), . . .}

(6)

which will be regressed onto the policy vector, where sm is a terminal state with
reward rm−1 > 0. We then take out sub-sequences Bn of length n from D
Bn = {(st , π1 (·, st ), . . . , st+n−1 , π1 (·, st+n−1 )), . . .} with 1 ≤ t ≤ m − n + 1.
(7)


We minimize the squared distance between the teacher policies π1θ (·|si ) and the
set of student policies πiθ (·|st ) of the sub-sequence
n 


2

πiθ (·|st ) − π1θ (·|si ) .

(8)

i=2

Here, we use the squared distance, but any regression function can be used.

Further note that θ is the parameter of the full policy vector π θ . For π1θ the
parameter is held ﬁxed (denoted by θ ). So PHR implicitly deﬁnes a semigradient update method. Note, that PHR uses the rewards only to train the
teacher policy π1θ via the A2C loss , but not for learning π2θ , . . . , πnθ . In the
second stage, the reward is only used to determine the best teacher trajectories.
Finally, we have the PHR loss which is the expectation of Eq. 8 wrt. to all
sub-sequences, i.e.,
 n
2



πiθ (·|st ) − π1θ (·|si )
JPHR (θ, θ ) = ED
(9)
i=2
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where (s1 , . . . , sn ) are the random variables that are averaged out. The gradient
for the PHR loss with respect to the parameters θ is:
 n





∇θ JPHR (θ, θ ) = ED
∇θ πiθ (·|st ) πiθ (·|st ) − π1θ (·|si ) .
(10)
i=2

In other words, the policy vector π θ should learn to perform the same set of
actions a2 , . . . , an just by looking at st as π1θ would choose by looking at the full
state sequence. Finally, this yields the following update rule,
∇θ J(θ) = λ∇θ JPHR (θ, θ )

(11)

where λ is a hyperparameter that adjusts the sensitivity of PHR and must be
set depending on the chosen distance measure. Overall, during the two stage
process we combine the A2C gradient from Eq. 5 with the PHR gradient which
yields the full gradient for the parameter θ of the policy vector π θ :
∇θ J(θ) = ∇θ JPG (θ) + λ∇θ JPHR (θ, θ )

(12)

The complete learning procedure is summarized in Algorithm 1.
Implementation Details. (i) Depending on the environment regressing every
sub-sequence from Eq. 9 may lead to bad performance. Therefore, we deﬁne
a hyperparameter α ∈ N such that only every α-th sub-sequence is used for
regression. (ii) For LCE we sample the index of the best actions from the teacher
policies as in Eq. 3 and calculate the cross entropy loss between these actions
and the student policies, i.e., a∗ = arg maxπ1 (·|st ) and LCE = log πi (a∗ |st ).

4

Results

In the following experiments we investigate two contributions of PHR: (i) Is
PHR able to increase inference speed in a meaningful way? (ii) Does the raw
performance of the trained agent scale according to the inference speedup? For
this purpose we test PHR agents with horizons n ∈ {1, 4, 8, 16} on two sets of
environments, gym-minigrid and Pong from the ALE emulator [2]. To test (i)
we measure the wall-clock time every agent needs to complete 100,000 steps. For
(ii) we measure the amount of reward the agent can collect in one second.
4.1

Experiments

The Python package gym-minigrid [3] is a collection of gridworld environments.
We chose the environments depicted in Fig. 3 where the goal is to reach the green
square. Only here the agent receives a reward making both environments very
sparse. Changing direction and moving forward are two separate sets of actions.
In addition, we chose the Pong-Deterministic-v4 environment from ALE [2]. The
environment has 6 diﬀerent actions to interact with the players paddle. A reward
signal of 1 or −1 is given depending on which player scores a point. The episode
ends when one player reaches the score of 21.
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Algorithm 1: Policy Horizon Regression Algorithm
Select horizon n, hyperparameter α ∈ N and randomly initialize network with
T

π1θ and policy vector π θ = π1θ , . . . , πnθ .
Train A2C agent fully as teacher with the A2C gradient to update πiθ
∇θ JPG (θ) = ∇θ log π1θ (st , at ) Qθ (st , at )
for episode = 1, . . . , K do
Sample experience (s1 , π1 (·|s1 ), . . . , sm , π1 (·|sm )) from teacher policy π1θ
where reward rm−1 > 0
for t = 1, . . . , m − n + 1 do
if t mod α == 0 then
Take out sub-sequence of n states (st , . . . , st+n−1 ) from experience
Calculate PHR gradient to update policy vector π θ
∇θ JPHR (θ, θ ) =

A
n 





∇θ πiθ (aj |st ) πiθ (aj |st ) − π1θ (aj |st+i−1 )

i=2 j=1

Update model with PHR gradient
∇θ J(θ) = λ∇θ JPHR (θ, θ )
end
end
end

MultiRoom. We adapted the MultiRoom environment to be the same as the
environment in [18], also used by [16]. It is a 13 × 13 grid and has 4 crossings.
This environment requires the agent to learn a long path from start to ﬁnish,
thus we test how precisely PHR can map a set of actions to the policy vector.
Crossing. The SimpleCrossingS9N1 environments changes the position of the
crossing after every episode with uniform probability to any position on the grid
except the start and goal state. It is a 9 × 9 grid with 1 crossing. We test whether
PHR is able to learn multiple paths in an environment that changes frequently.
Pong. Finally, we test PHR on a reactionary environment where the agent
needs to react to an opponents actions. For this we use the Pong-Deterministicv4 environment. We analyze whether PHR is able to learn where an agent must
perform precisely timed actions and react to an opposing agents behavior.
4.2

Setup

To test PHR, we deﬁne agents that evaluate the environment every n steps.
In other words, these agents perform n actions from a single state evaluation
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Fig. 3. Environments used in this work. First we test on a deterministic grid environment (left) MultiRoom with 4 rooms. The second environment (middle) Crossing is
stochastic in the sense that the crossing changes position after every episode. Finally
(right), we test on the Pong environment.

before evaluating the state again. For example: an agent that evaluates every
state to generate a policy is denoted with n = 1. An agent that evaluates every
fourth state to generate a policy is denoted with n = 4. Moreover, once an agent
completes an episode it is allowed to evaluate the model, regardless of the current
action in the policy vector. We test every environment for n ∈ {1, 4, 8, 16} and
perform 5 runs for every conﬁguration. For the Crossing environment the seed
for the randomization of the environment is diﬀerent across all 5 runs.
Performance Metrics. We deﬁne two performance metrics for our experiments. We measure wall-clock time and score per second between diﬀerent horizons n for PHR. With wall-clock time we measure the overall inference speedup
provided by evaluating the policy vector instead of the complete model. The
score per second measures the reward the agents can gather in one second. This
allows us to measure whether the agents raw performance also scales with inference speedup. In this way we can visualize the trade-oﬀ between faster model
evaluation and the agents quicker task completion due to the sequencing of
actions.
Baseline. We deﬁne n = 1 as the baseline. This is the agent that evaluates
the model at every step, i.e., regular model inference with A2C. Ideally, the
PHR agents n ∈ {4, 8, 16} should be more eﬃcient to evaluate and complete the
environments faster while maintaining or increasing raw performance.
4.3

Performance

Figure 4 shows the wall-clock time of the diﬀerent agents and their throughput
in score per second for 100k steps of inference averaged over 5 runs. We generally
see that PHR is able to provide at least double the inference speedup in all 3
environments, eﬀectively only needing at least half the time to complete 100k
steps, while scaling logarithmically through the diﬀerent agents (lower part of
Fig. 4). Moreover, as policy quality is maintained, the agent is able to increase
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Fig. 4. Score per second and total inference time (100k steps, 5 runs) for all 3 environments. The top 3 plots show the achieved score per second (higher is better), while
the lower 3 plots show the time needed to complete 100k steps (lower is better). PHR
is generally able to reduce the wall-clock time at least by half, thus doubling inference speed. Moreover, PHR is able to maintain policy quality thus achieving a higher
throughput.

its throughput by the same factor (upper part of Fig. 4). This means that not
only is evaluating the policy vector more eﬃcient, but predicting n actions for a
single observation also eﬀectively increases the throughput i.e. the productivity
of the agent. Due to the low tolerance of error in Crossing, cross entropy leads
to vastly better performance as it maps actions directly compared to the distance measures. Pong on the other hand beneﬁts from a softer regression as this
produces less jittery behavior which is counterproductive in reactive settings.
4.4

Learned Path

We analyzed the paths that are actually learned by the agent. Figure 5 shows
the learned path of an agent evaluating n = 4, i.e., evaluating a state every
4 actions. We see that the agent is able to learn the most important decisions
such as turning towards the crossing in actions 4, 8 and turning towards the goal
in action 13. Moreover, these actions are determined from intermediate policies
that have been learned by PHR.
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Fig. 5. Learned path for one configuration of the Crossing environment with two rooms.
Crucial actions are taken at intermediate policies, thus showing that PHR has learned a
path. Numbers 1 to 16 represent actions performed to land in each state. Red (Bold)
numbers represent a state evaluation, which happens every 4 actions. (Color figure
online)

5

Discussion

Limitations. A drawback to our method is that we require the tasks to be
sequenceable and not highly stochastic. As the agent is committed to n steps
when it evaluates the policy vector, all stochastic behavior must be observable
to the agent during the ﬁrst stage of training the teacher policy. However, we
show with the Crossing and Pong environments that PHR is well able to handle
stochasticity and reactive settings. Thus, once the teacher policy is successfully
learned, learning the policy vector is straightforward and remains performant.
Conclusion. Overall, we succeeded in training an agent to predict n actions
given only a single state. We showed on one hand that an optimal path can be
learned with PHR in the minigrid environments. On the other hand we showed
that PHR is well capable of being used in a reactive environment that is not
sequenced as an optimal path in a grid, but as an optimal set of actions that
have to be executed precisely. With PHR we drastically reduce the computational
cost at inference time as it takes less time to evaluate the policy head with n
actions than to evaluate the model n times. Furthermore, PHR sequences actions
reliably such that it is able to complete the environments faster, providing an
even greater inference speedup. This opens PHR up to easy implementation in
real-world applications where limited computing resources are of concern.
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Abstract. The cooperation among AI systems, and between AI systems and humans is becoming increasingly important. In various realworld tasks, an agent needs to cooperate with unknown partner agent
types. This requires the agent to assess the behaviour of the partner
agent during a cooperative task and to adjust its own policy to support
the cooperation. Deep reinforcement learning models can be trained to
deliver the required functionality but are known to suﬀer from sample ineﬃciency and slow learning. However, adapting to a partner agent
behaviour during the ongoing task requires ability to assess the partner
agent type quickly. We suggest a method, where we synthetically produce populations of agents with diﬀerent behavioural patterns together
with ground truth data of their behaviour, and use this data for training
a meta-learner. We additionally suggest an agent architecture, which can
eﬃciently use the generated data and gain the meta-learning capability.
When an agent is equipped with such a meta-learner, it is capable of
quickly adapting to cooperation with unknown partner agent types in
new situations. This method can be used to automatically form a task
distribution for meta-training from emerging behaviours that arise, for
example, through self-play.
Keywords: Agent behaviour
learning

1

· Cooperative AI · Deep reinforcement

Introduction

In many real-world applications, the ability of AI agents to cooperate with each
other and humans is of crucial importance. It is especially important to have the
capability to cooperate with diﬀerent types of agents with diﬀerent characteristics and behavioural patterns. In practice, this calls for functionalities to infer
the behaviour of the partner agent and then adapting to the inferred agent type
c Springer Nature Switzerland AG 2021
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for common good. Furthermore, it is useful to infer the behaviour of an unknown
partner agent as fast as possible during the ongoing task. Such situations arise,
for example, when self-driving cars try to adapt to the various driving styles of
the surrounding (human) drivers, or when an AI teacher tries to adapt to the
skill level of the human student.
Human cognition studies suggest that predictions on other peoples’ behaviour
are based on high-level models, such as mental states and abstractions [1,3,14].
Such high-level abstractions may be, for example, intentions, goals, desires or
some other factors describing the mental state. Taking inspiration from human
cognition, our goal is to enable an agent to infer the latent variable that explains
the behaviour of the partner agent, and then make use of the inferred information during the ongoing task. In practice, the latent variable needs to be
low-dimensional since it needs to be inferred from short-term behaviour. For
example, it might be known that the behaviour of the partner agent depends
heavily on the skill level of the partner agent, which may be unknown and therefore needs to be inferred.
In our method, we synthetically produce partner agent populations that are
used for training a meta-learner, which can be integrated as part of the agent
policy. As a result, an agent gains the capability of “learning to learn” and
can quickly adapt to unknown agent types in new situations. Self-play has been
shown to create an automatic curriculum for learning and to produce emerging
behaviours [27,28], thus it is a good candidate to synthetically produce populations with diﬀerent behavioural patterns. Since the agents are synthetically
generated, the process also produces appropriate ground truth data of the partner agent behaviour that can be used for training the meta-learner.
We frame this setting as a deep meta-reinforcement learning problem
[8,12,26], where the partner agent behaviour is embedded in the transition
dynamics of the Markov Decision Process (MDP). During the training phase
of the meta-learning process, an agent is partnered with diﬀerent partner agent
types in diﬀerent instances of the environment. A detailed description of the
meta-learning approach is described in Sect. 3.
Our method is also based on the assumption that the two tasks, of inferring
the partner agent behaviour, and of conducting the actual task, have diﬀerent requirements and hence need diﬀerent solutions. In particular, the former
requires observing the agent for some time period and hence requires memory in its policy. A common way for introducing memory in neural networks
is by allowing recurrent connections, which brings challenges such as vanishing
and exploding gradients and credit assignment [4]. On the other hand, many
cooperative tasks can be executed without memory, once the policy network is
conditioned on the partner agent behaviour. As an example, if the partner agent
is closer to a speciﬁc item to be collected in a gridworld, it is useful to let the
partner agent collect the item, if it is known to have the skills to do it.
In our approach, which we call the behaviour-conditioned policy, we suggest a
separate dedicated network with memory that infers the agent behaviour quickly
during the ﬁrst steps of the task execution and a separate policy network without
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memory, which is conditioned on the inferred behaviour. As a result, the actual
policy is easier to train as it can be implemented by a simpler feedforward
network without recurrent connections. Both networks can be trained separately
by using the synthetically produced agent populations together with the ground
truth data of their behaviour. During the execution, the ground truth data is
replaced by the predictions of the partner agent behaviour, resulting in a policy
that is not dependent on the ground truth information that is used for training.
The contributions of this paper can be summarized as:
– A method to automatically generate a task distribution and associated ground
truth data from scratch by self-play for training a meta-learner.
– An architecture and training method that can eﬃciently use the generated
task distribution and the ground truth data.
We demonstrate the capabilities of our approach in two diﬀerent types of
experiments. In the ﬁrst experiment, we compare the performance against the
RL2 meta-reinforcement learning architecture [8] in a simple matrix game. In
the second, more complex environment, an agent solves a travelling salesman
gridworld (TSG) task in cooperation with a partner agent of an unknown type,
and we show higher performance when compared to an end-to-end solution with
an LSTM architecture.

2

Related Work

There is a long history of research in opponent modelling [22]. For example, [25]
present an idea, where one agent predicts the behaviour of the other agent by
putting itself in a similar situation and [30] present a method of breaking the
symmetries in the underlying task and thus improving cooperation. The former
is an example where the partner agent is considered to be similar to oneself, and
the latter assumes that the partner agent is optimal but might have converged
to a diﬀerent convention than oneself. In our case, we make weaker assumptions
as the partner agent is not assumed to be optimal. In [16] and [24], methods to
shape the learning of the other agent are presented. In our work, we do not try
to aﬀect the learning of the partner agent, but rather adapt to the behaviour of
the agent, which is embedded in the transition dynamics.
Applying centralized training with decentralized execution (CTDE) [6,9] is
an active research area and it is an open problem how to best beneﬁt from the
centralized training when private information is not available during execution.
For example, MADPPG [19] uses a centralized critic with decentralized actors
and [23] suggests a method based on using a centralised critic and a speciﬁc
version of the baseline in an actor-critic algorithm to tackle the multi-agent
credit assignment challenge. Since centralized critics appear to be beneﬁcial, we
make use of this concept in our baselines and thus reduce variance in the policy
gradient estimates. Our method suggests a natural extension of CTDE to the
transition dynamics of the MDP.
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Self-play has been shown to be a successful method for producing an automated curriculum for learning in multi-agent reinforcement learning settings
[11,27,28]. When training is conducted with a copy of itself, the cooperability
with other agent types with diﬀerent behaviour might be limited. One possible
solution to improve generalization and robustness in self-play is to interleave old
versions of the policy in the training procedure. In [11], a method to sample old
opponents, which were stored during the self-play training, was used to prevent
overﬁtting to the latest policy and for stabilizing the self-play training procedure. Also, [15] show that sampling opponents from a pool of past versions of
the policy improves the performance and robustness of training agents in adversarial settings. Our method also beneﬁts from the sampling of old opponents,
but instead of adversarial training we use self-play to produce a suitable task
distribution for meta-learning.
One typical way to encourage neural networks to learn more useful representations for a particular task, is to add auxiliary tasks to the learning process [2].
For example, auxiliary tasks can be used to improve representations in classiﬁcation tasks [7,13], or in the context of deep reinforcement learning [10,18,29]. Our
mechanism diﬀers from the typical way of using auxiliary heads, as instead of
adding an extra auxiliary head to the common representation, we train a distinct
prediction network with a supervised loss, and condition the policy network with
this prediction.

3

Setting

We formalize our problem as a meta-reinforcement learning setting [8,12,26].
We synthetically construct a set of MDPs by training populations of agents
with self-play to obtain a distribution of agents with diﬀerent behaviours. We
sample MDPs from a family M according to a meta learning distribution Mi ∼
p(M ). From the point of view of one agent, every MDP has a diﬀerent transition
dynamics dictated by the behaviour of the partnering agent. To be more speciﬁc,
we deﬁne the MDP by the tuple M = S, A, P, R, γ, ρ0 , H, where S is the state
space and A is the action space, γ is the discount factor, ρ0 : S → [0, 1] is
the initial state distribution and H is the horizon. The transition function P is
deﬁned as a function of the action space and the state space as P : S × A × S →
[0, 1] and R : S × A → IR is the reward function experienced by the agent.
Under this setting, the objective is to maximize the
Hexpected sum of discounted rewards over the episodes J(πθ ) = Eτ ∼pπ (τ ) [ t=0 γ t R(st , at )], where
τ = (s0 , a0 , ...) is the trajectory of states st and actions at of the agent at
time step t for an episode of length H. The initial state is sampled from
the distribution ρ0 and the agent samples the action at from its policy function π(at |st ). The next state is sampled from the transition dynamics function
st+1 ∼ P(st+1 |st , at ). The meta-MDP objective is to ﬁnd the policy that maximizes the expected returns over the task distribution: arg max Ep(M ) [J(πθ )].
θ
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The two distinct structures of the task can be eﬃciently exploited by constructing separate networks for both task structures, which we name the task prediction and the policy. We synthetically produce populations of agents together
with ground truth information about their behaviour. Under the meta-learning
framework, each sampled MDP embeds the behaviour of the partner agent, and
the task prediction refers to predicting the behaviour of the partner agent. Following the centralised training and decentralised execution (CTDE) paradigm,
we use this ground truth information during training, but not during decentralised execution. The architectures for the training and execution phases are
shown in Fig. 1.
The task prediction network is stateful and thus able to preserve the representation of the trajectories τi = {st }lt=0 , where i is the task index and l is
the length of the episode. The task prediction is performed by a neural network
fφ as T̂i = fφ (τi ), where T̂i is the estimation of the task i. More speciﬁcally,
the task prediction network uses a standard LSTM architecture [5]. The task
prediction network is trained by minimizing the loss under the task distribution
L = Ep(M ) [LM (fφ )] by using the ground truth task labels Ti .
During the training, the policy network is a feedforward network π =
gθ (si , Ti ). During the execution, the ground truth task label Ti is replaced by
the prediction T̂i , produced by the task prediction network.

Fig. 1. Illustration of the training and execution architectures. Two separate networks
are trained with ground truth data to predict the task and to run the policy. The
execution is run by using the task prediction to allow decentralised execution

5

Experiments

In this section, we present the experiments and their results. In these experiments one agent (the main agent) is equipped with the behaviour-conditioned
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policy, and adapts to the behaviour of the other agent (the partner agent). The
ﬁrst experiment is a simple matrix game, where the task is to adapt to the
partner policy. The purpose of this experiment is to investigate how well the
suggested architecture can beneﬁt from a synthetically generated task distribution compared to a strong meta-learning baseline. In the second experiment, we
combine the behaviour conditioned policy architecture with the creation of a
meta-learning task distribution with self-play. In essence, the task is a travelling
salesman-type problem for which self-play produces a distribution of agents of
diﬀerent skill levels.
5.1

Matrix Game Experimental Setup

In this matrix game two agents perform actions sampled from their action distributions. For each time step, the shared reward of their joint action is deﬁned
by the payoﬀ matrix, shown in Table 1.
For the partner agent, the action distributions are generated by drawing them
from a symmetric Dirichlet distribution Dir(α) with concentration parameter α.
The main agent is equipped with the behaviour-conditioned policy and it is thus
able to learn during the episode the behaviour of the unknown partner agent,
and adjust its own policy accordingly.
One episode is ﬁxed to ten steps, and the partner agent uses the same sampled
action distribution throughout the episode, and for each episode a new action
distribution is sampled. In one training iteration, 50 partner action distributions
are drawn and thus one iteration consists of 50 diﬀerent tasks in the metatraining scheme. During the training, the task prediction network of the main
agent learns to predict the task (the action distribution of the partner agent)
by using ground truth information, and the policy network learns to conduct
the task by using ground truth information of the action distribution. During
execution, the ground truth information is replaced by the predictions from the
task prediction network.
The diﬃculty of the task can be adjusted by altering the concentration
parameter α. Small values of α create a high probability of one single action
and make the prediction of the partner agent behaviour easy. Higher values of
α create action distributions that are more even, in which case predicting the
partner agent action distribution is more diﬃcult.
The payoﬀ matrix is designed in such a way, that the better the interpretation
of the other agent behaviour, the higher the payoﬀ. As an example, predicting
the partnering agent to take an action p0 results in high reward if predicted
correctly, and a high negative reward if predicted wrongly. If the prediction of
the partner agent behaviour is uncertain, the main agent is tempted to select
the action m4 , a low risk but low reward option, to avoid high negative rewards.
The prediction network uses the MSE loss function L = Ep(M ) T − T̂ 22 and
the policy network is trained using PPO loss [21], with separate networks for
policy and value predictions. In this experiment the input is augmented by the
time step index, in order to allow the network to perform value prediction. More
details of the network implementation is available in the appendix.
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Table 1. The payoﬀ matrix for the matrix game. The partnering agent actions represent the rows p0 − p4 , and the main agent selects the columns m0 − m4 .
m0
p0

m1

m2

m3

m4

1.0 –0.7 –0.4 –0.1 0.0

p1 –1.0

0.8 –0.4 –0.1 0.0

p2 –1.0 –0.7

0.6 –0.1 0.0

p3 –1.0 –0.7 –0.4

0.4 0.0

p4 –1.0 –0.7 –0.4 –0.1 0.2

Fig. 2. Results of the matrix game experiment. The behaviour-conditioned policy is
able to learn to predict the partner agent behaviour during an episode, and use that
information in its policy function eﬃciently. The results show that the baseline RL2
method does not reach as high mean reward, and the variance across the seeds is considerably higher. Lines are mean values over ﬁve random seeds and error bars indicate
the standard deviation. The rewards are measured at the last time step of the episodes.

5.2

Matrix Game Results

We compare our algorithm against the RL2 meta-reinforcement learning algorithm [8], which is capable of performing end-to-end training in the matrix game
task. The expressive capacity of the behaviour conditioned policy was designed
to be similar to the baseline RL2 implementation, see details about the speciﬁc
architectures in the appendix. Both methods receive the ground truth information of the partner agent behaviour during training by the use of a centralized
critic, in order to reduce the variance of the policy gradient estimates.
In order to compare the performance for various levels of task diﬃculty,
the experiment is run with six diﬀerent values of the concentration parameter α.
When α = 0.01 or α = 0.03, the task is easy and can be solved by both methods,
but as the task is made more diﬃcult by increasing the value of α, the behaviourconditioned policy outperforms the end-to-end alternative (Fig. 2). The results
show that if the factor that explains the behaviour is known, a separate network
can infer the partner agent behaviour fast enough with suﬃcient accuracy during
an episode, and that conditioning a simple feedforward policy with the inferred
behaviour reaches higher mean reward and more stable training compared to
the baseline, as is shown in Fig. 2.
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Fig. 3. Illustration of the 11 × 11 gridworld. Red and blue squares are the two agents,
black circle is the ﬁnal goal, green circles are the subgoals. (Color ﬁgure online)

5.3

Travelling Salesman Gridworld (TSG) Experimental Setup

The TSG experiment is designed to encourage cooperation and quick task inference during the execution. In this task, two agents collect subgoals together in
a gridworld (Fig. 3), and once all subgoals have been collected, either one of the
agents needs to collect the ﬁnal goal.
Both agents have four possible actions: move up, down, left or right. The
actions of both agents are fed to the environment simultaneously at each time
step. Each step causes a small negative reward (–0.01), and collecting goals
results in a positive reward (0.05). An episode ends when the ﬁnal goal is collected
or if the maximum amount of steps have been taken. As our setting is fully
cooperative, both agents share the same reward.
For this task, several populations of agents with various skill levels are trained
using self-play and by collecting agents from diﬀerent phases of the training. Our
solution tackles the non-stationarity problem [17,31] by running the training in
two phases. During the ﬁrst phase (clone training) the self-play training is conducted with the most recent versions of the policy. During the second phase, the
partner is sampled from the older versions of the policy, but only the parameters
of the latest version of the policy are updated. Thus, during the second phase,
which we call co-op training, only one agent keeps on learning, thus avoiding
the non-stationarity problem. We produce populations with three diﬀerent skill
levels: fully trained (skilled ), untrained (novice) and a skill level that reaches a
speciﬁed intermediate performance (intermediate).
The state st from the environment consist of the gridworld coordinates of all
objects and ﬂags indicating whether certain subgoals are already collected. We
use a modiﬁed relation network [20] to produce improved representations of the
states in all networks during the training and execution. In this experiment, the
diﬀerent tasks refer to cooperating with partner agents with various skill levels.
The skill prediction network uses a standard LSTM implementation. We
minimize the negative log likelihood under the task distribution LXE =
Ep(M ) [−log(T̂i )], where T̂i is the prediction of the correct task. The policy network is a feedforward network with PPO loss and with separate policy and value
networks. More details of the implementation is available in the appendix.
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Travelling Salesman Gridworld (TSG) Results

In the TSG experiment, we compare the behaviour-conditioned policy against
a baseline LSTM policy with a similar capacity which can learn the required
functionality in an end-to-end manner, see the appendix for details. As with
the matrix game experiment, the baseline LSTM policy and the behaviour conditioned policy receive the ground truth information about the partner agent
behaviour and use it in the form of a centralized critic. All populations that are
trained with ﬁve random seeds, are partnered during evaluation with agents from
an additional reference population that is not seen during the training in order
to penalize overﬁtting to the behaviours present within the training population.
The results in Table 2 show that both the behaviour conditioned policy and
baseline reach strong absolute performance with all partner types when comparing to the optimal policy. Furthermore, the performance of both methods consistently improves as the partner agent becomes more skilled. This shows that the
meta-learning distribution generated through self-play not only produces strong
co-operative agents, but also allows for gaining the ability to quickly adapt based
on the behaviour of the partner agent in novel situations. The results also show
that the behaviour conditioned policy outperforms the baseline for all partner
types. This indicates that the inductive bias present for exploiting the two-fold
structure of the task is useful for fast adaptation, and that the labels produced
during self-play can be used as an additional training signal in parallel to their
typical use for a centralized critic.
Table 2. Main results for simulations in 11 × 11 gridworld, two agents, four subgoals
and one ﬁnal goal. The results show mean values and standard deviations over ﬁve
random seeds. *This is optimal when one agent collects everything. In our simulations,
the other novice agent can accidentally pick up subgoals or the ﬁnal goal, meaning that
the simulation can exceed this value.
Method

Partner type Mean episode length Mean return

Behaviour-conditioned policy Skilled

15.9 ± 0.1

Behaviour-conditioned policy Intermediate 22.9 ± 0.1

6

0.080 ± 0.001
0.011 ± 0.001

Behaviour-conditioned policy Novice

28.0 ± 0.4

−0.040 ± 0.004

LSTM policy

Skilled

17.8 ± 0.2

0.062 ± 0.002

LSTM policy

Intermediate 25.4 ± 0.8

LSTM policy

Novice

31.8 ± 0.6

−0.084 ± 0.007

Optimal

Skilled

12.9

0.121

Optimal

Novice

26.2∗

−0.012∗

−0.015 ± 0.009

Discussion

In this paper, we introduced ways to improve cooperation with an unknown
partner agent type by synthetically generating population of agents and training a meta-learner by using these populations. Furthermore, we suggested an
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architecture that exploits eﬃciently the two-fold structure that is common in
many real world scenarios.
The results showed that self-play can be used to construct useful task distributions for meta-learning the ability to quickly adapt to diﬀerent partner
types in novel cooperative situations. The results additionally indicate that utilizing data produced by self-play together with suitable inductive biases further
improves the performance.
Our experiments covered cases where the latent variable that explained the
behaviour of the partner agent was the skill level of the partner agent. Depending on the tasks, many other latent variables could be identiﬁed. An interesting
research direction would be to explore methods for incorporating the identiﬁcation of important factors as a part of the autocurriculum.
Acknowledgements. This work was supported by the Academy of Finland (Flagship
programme: Finnish Center for Artiﬁcial Intelligence FCAI, grants 319264, 292334).

8
8.1

Appendix: Details of the Neural Network
Implementations
Matrix Game Experiment

The baseline RL2 implementation has an LSTM layer with 32 units, followed by
a MLP layer with 16 units and a linear layer with softmax. The value network
does not share any weights with the policy network, and it has an LSTM layer
with 16 units, followed by a MLP layer of 16 units and a linear layer.
The behaviour-conditioned policy network has two MLP layers with 6 and
16 units followed by a linear layer with softmax. The value network does not
share any weights with the policy network, and it has similar structure as the
policy network, except there is no softmax.
The task prediction network has an LSTM layer with 32 units, followed by
one MLP layer with 16 units and a linear layer with softmax.
8.2

Travelling Salesman Gridworld Experiment

All networks use modiﬁed version of relation net [20], where the pairwise relations
are processed only between the agents and other objects, instead of relations
between all possible objects. The relation nets have 7 MLP layers with the
hidden size of 128 before the summation operation, and 2 MLP layers of 64
hidden units after the summation. All LSTM layers have 64 hidden units.
The LSTM policy network (baseline) implementation has an LSTM layer on
top of the relation net and a softmax layer to produce action distribution. The
value network is a separate network with 2 MLP layers on top of the relation
net. The baseline was trained 3000 iterations of clone training, and another 1000
of co-op training, with a dataset batch size of 4000 time steps.
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The skill prediction network has an LSTM layer on top of the relation net
and 2 MLP layers with softmax layer. It was trained with 5000 training iteration
with a batch size of 4000 time steps.
The behaviour-conditioned policy network has 2 MLP layers and a softmax
on top of the relation net. It was trained 3000 iterations of clone training, and
another 1000 of co-op training, with a dataset batch size of 4000 time steps.
The optimizer is Adam with initial learning rate 5e–4 and scheduled learning
rate decrease.
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Abstract. We propose a new deep deterministic actor-critic algorithm
with an integrated network architecture and an integrated objective function. We address stabilization of the learning procedure via a novel adaptive objective that roughly ensures keeping the actor unchanged while
the critic makes large errors. We reduce the number of network parameters and propose an improved exploration strategy over bounded action
spaces. Moreover, we incorporate some recent advances in deep learning to our algorithm. Experiments illustrate that our algorithm speeds
up the learning process and reduces the sample complexity considerably
over the state-of-the-art algorithms including TD3, SAC, PPO, and A2C
in continuous control tasks.

Keywords: Deep reinforcement learning
Adaptive objective · Sample complexity

1

· Integrated actor-critic ·

Introduction

Reinforcement learning (RL) is eﬀective to learn and control over complex and
uncertain environments [25]. Especially with the combination of deep learning,
RL has been to shown to perform well in many ﬁelds such as robotics, games,
automatic control and cybersecurity [2,3,12]. In RL, an agent interacts with
an environment with the goal of learning the reward-maximizing policy. Policybased RL directly optimizes the policy towards higher rewards. Value-based
RL learns the value (i.e., expected future reward) of each environment state or
state-action pair, and the optimal policy is implicitly determined as the rewardmaximizing action at each state. Actor-critic RL is at the intersection of the
policy-based and the value-based RL such that the policy (actor) is optimized
in the direction suggested by the value function (critic).
In deep RL, actor and critic strongly interact while they are trained simultaneously towards the same objective (i.e., learning the reward-maximizing policy).
We aim to use the interdependency between them more explicitly and propose an
integrated actor-critic algorithm. In this framework, actor and critic share more
c Springer Nature Switzerland AG 2021

I. Farkaš et al. (Eds.): ICANN 2021, LNCS 12894, pp. 505–518, 2021.
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knowledge, which leads to saving lots of parameters. However, shared parameters also bring an additional challenge on stabilizing the training procedure. The
integrated actor-critic can be motivated from animal brains such that although
diﬀerent regions in a brain are assigned to diﬀerent tasks, all regions are still
interconnected, and a brain can act both as actor (i.e., select an action) and
critic (i.e., evaluate an action).
Deep RL algorithms suﬀer from slow learning and high sample complexity.
We propose a new model-free oﬀ-policy deep deterministic integrated actor-critic
algorithm (IAC)1 . Our algorithm speeds up learning, and equivalently reduces
sample complexity of the training procedure, compared to the state-of-the-art
deep RL algorithms including the twin delayed deep deterministic policy gradient algorithm (TD3) [4], soft actor-critic algorithm (SAC) [6], proximal policy
optimization algorithm (PPO) [21], and advantage actor-critic algorithm (A2C)
[15] in continuous control tasks. We ﬁrst design a novel integrated actor-critic
network architecture. Next, we propose a novel adaptive objective function to
stabilize the training procedure of the integrated network. Finally, we propose an
improved exploration strategy over bounded action spaces and use a set of recent
advances in deep learning to further improve the performance and stability of
our algorithm.

2

Background

We consider a standard RL problem where an agent interacts with a stochastic environment in order to maximize its expected total reward. We model the
problem as a Markov decision process where at each discrete time t, the environment is in a particular state st ∈ S. Assuming a fully observable environment,
the agent observes the state st , takes an action at ∈ A, and receives a reward
r(st , at ) ∈ R in return of its action. At the same time, the environment makes a
transition to the next state st+1 with the probability p(st+1 |st , at ). This process
is repeated until a terminal state is reached. We assume that state and action
spaces are continuous and real-valued. In addition, since the feasible action space
is usually bounded, we assume at,k ∈ [amin , amax ] where at,k denotes the kth element of at .
Return
∞ from a state is deﬁned as the total discounted future reward,
Gt = i=t γ i−t r(si , ai ), where γ ∈ [0, 1] denotes the discount factor. In RL, the
agent’s goal is to learn an optimal policy π : S → P(A) to maximize its expected
return from the start, written by J π = Esi ∼pπ ,ai ∼π [G1 ], where pπ denotes the
state visitation distribution under the policy π. The agent’s policy can either be
stochastic or deterministic. In case the policy is stochastic, π(at |st ) denotes a
probability density function over the action space given the state st .
The expected return from a state and action pair is called the Q value. If
policy π is followed after taking action a in state s, the Q value is written by
Qπ (s, a) = Esi>t ∼pπ ,ai>t ∼π [Gt |st = s, at = a]. The Bellman equation provides a
recursive relationship between the current and the next Q values:
Qπ (st , at ) = r(st , at ) + γ Est+1 ∼pπ ,at+1 ∼π [Qπ (st+1 , at+1 )].
1

IAC codes are available at https://github.com/IAC-deepRL/IAC.
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If the policy is deterministic, it is denoted by μ : S → A and the Bellman
equation is written by
Qμ (st , at ) = r(st , at ) + γ Est+1 ∼pμ [Qμ (st+1 , μ(st+1 ))].
2.1

Deterministic Policy Gradient

Policy gradient algorithms are useful to solve the RL problems, especially over
continuous action domains, in which the policy is parameterized and updated
with the policy gradient. Let a deterministic policy μθ (s) be parameterized with
θ and the expected return be written by
J(θ) = Es∼pμ [Qμ (s, μθ (s))].

(1)

In the deterministic policy gradient algorithm (DPG) [22], the parameters θ are
moved towards maximizing J(θ) via the deterministic policy gradient, given by


∇θ J(θ) = Es∼pμ ∇θ μθ (s) ∇a Qμ (s, a)|a=μθ (s) .
2.2

Deep Deterministic Policy Gradient

The deep deterministic policy gradient algorithm (DDPG) [13] is a model-free oﬀpolicy actor-critic algorithm that combines DPG [22] with the deep Q network
algorithm (DQN) [16]. In DDPG, actor and critic are both neural networks. The
critic estimates the Q values Qw (s, a) parameterized by w and the actor learns a
deterministic policy μθ (s). Moreover, separate target actor and target critic networks are kept with parameters θ and w , respectively, that are slowly updated.
These networks provide stable targets to the critic through the Bellman equation:
yt = r(st , at ) + γQw (st+1 , μθ (st+1 )). The critic then updates its parameters w
to minimize the diﬀerence between its Q value estimates and the given targets.
Let δi = yi − Qw (si , ai ). The critic minimizes the following loss function over a
mini-batch of samples chosen uniformly from an experience replay buﬀer D:
 
(2)
L(w) = E(si ,ai ,r(si ,ai ),si+1 )∼D δi2 ,
where the replay buﬀer stores the tuples (si , ai , r(si , ai ), si+1 ) collected during
exploration. Moreover, the policy parameters are updated via the sample deterministic policy gradients, given by


∇θ J(θ) = ED ∇θ μθ (s)|s=si ∇a Qw (s, a)|s=si ,a=μθ (si ) .
In DDPG, actor and critic network parameters, θ and w, are disjoint
and updated simultaneously in turn. For exploration, actor follows a stochastic behavior policy via additive random noise N on the deterministic policy:
μ (s) = μθ (s) + N .

508

3
3.1

J. Zheng et al.

Integrated Actor-Critic
Network Architecture

The proposed integrated network (see Fig. 1) consists of ﬁve main building blocks:
state encoder, action encoder, action decoder, Q value decoder, and an internal
network connected to all encoders and decoders. The integrated network acts as
actor when the green area is activated, and critic when the pink area is activated.
The actor and critic share the state encoder and the internal network. The whole
network is kept active during training procedure and only the green area (i.e.,
actor) is activated after training is done.
In the integrated network, each building block is a multilayer neural network
(see Fig. 2). The encoder outputs can either be concatenated or added to obtain
the internal network’s input. According to our experiments, the addition operation works better to reduce the network size and speed up learning without
performance loss. In this case, the encoder outputs have the same width, say m.

Fig. 1. Integrated actor-critic network. (Color ﬁgure online)

We design the internal network by modifying the Dense Convolutional Network (DenseNet) [9] such that all convolutional layers in the DenseNet are
replaced with dense (i.e., fully connected) layers. Shortcut connections in the
DenseNet architecture enable us training with fewer parameters and improve the
learning performance. The internal network takes an input tensor with width m
and outputs a tensor of width 4m, which is input to both decoders.
Thanks to the shared internal network and the state encoder, the integrated
network has fewer parameters compared to overall parameters of separate actor
and critic networks, especially in high-dimensional tasks (e.g., when video frames
form the state input). This can speed up learning. However, the shared parameters also bring an additional challenge on the training stability. The next section
addresses this challenge via an adaptive objective function designed for the integrated network.
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Adaptive Objective Function

Let φ denote parameters of the integrated network, which is the union of actor
and critic parameters: φ = θ ∪ w. In our algorithm, similar to DDPG, we also
keep a separate target network with parameters φ to provide stable targets to
the critic during training. For convenience, let the policy and the value function
be written in terms of φ by μφ (s) and Qφ (s, a), respectively. Moreover, let the
expected return and the critic’s loss be written by J(φ) (see Eq. (1)) and L(φ)
(see Eq. (2)), respectively, additionally with the following 1 smoothing [10] on
the critic’s loss: L(φ) = ED [f (δi )] , where

0.5 x2 ,
if |x| < 1,
f (x) =
|x| − 0.5, if |x| ≥ 1.
The 1 smoothing enables a more stable training, as it provides steady gradients
for large δi and hence helps to avoid exploding gradients.
We aim to design an objective function to train the parameter-sharing integrated network in a stable manner. In the policy gradient algorithms, the policy
cannot be improved if the value function estimation is wrong [4]. Hence, we
introduce an adaptive variable λ ∈ [0, 1] that reﬂects the critic’s reliability level.
After an initialization, we propose to update λ depending on the critic’s loss
2
(over a batch of samples) such that λ ← τ e−L(φ) + (1 − τ )λ, where τ ∈ (0, 1) is
a hyperparameter. Notice that as the critic’s loss L(φ) gets larger, λ gets closer
to 0, and as the critic’s loss gets smaller, λ gets closer to 1. A larger λ implies a
more reliable critic.
Using the adaptive variable λ, we integrate J(φ) and L(φ) as well as an
additional regularization term G(φ) on the policy into the following objective
function:
Z(φ) = L(φ) − λJ(φ) + (1 − λ)G(φ),
(3)

Tensor (m)

Tensor (m)

Hard-swish
Dense Layer
Hard-swish
Dropout

Dense Layer
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Dense Layer
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Fig. 2. Building blocks of the integrated network.
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where G(φ) = ED [f (μφ (si ) − μφ (si ))] is a measure of how diﬀerent the policy
is from the target policy.
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The integrated network parameters are updated towards minimizing Z(φ)
via the stochastic gradient descent as follows:
φ ← φ − α∇φ Z(φ) = φ −

N
α 
∇φ Zi (φ),
N i=1

where α is the learning rate, N is the batch size, and
Zi (φ) = f (yi − Qφ (si , ai )) − λ Qφ (si , μφ (si )) + (1 − λ) f (μφ (si ) − μφ (si )).
We use the deterministic policy gradient theorem [22] to compute sample policy
gradients as in [13].
According to the adaptive objective in Eq. (3), when the critic is less reliable
(i.e., smaller λ), the actor gets a smaller learning rate. Speciﬁcally, as λ → 0, the
objective function approximates to
Z(φ) ≈ L(φ) + (1 − λ)G(φ),
including only the critic’s loss and the regularization term on the actor that
roughly ensures keeping the policy unchanged (near the target policy) while
the critic makes large errors. In this case, eﬀectively only the critic is updated
towards minimizing its loss. On the other hand, when the critic is more reliable (i.e., larger λ), actor gets a larger learning rate such that as λ → 1, the
objective function approximates to Z(φ) ≈ L(φ) − λJ(φ) without including the
regularization term G(φ). In this case, actor and critic are updated together.
The two-time-scale update rule (TTUR) [7,11] was shown to be useful for
the convergence of the actor-critic algorithms. The TTUR suggests updating the
policy with a smaller learning rate and less frequently than the value function.
Notice that with the proposed objective function Z(φ), we update the policy less
frequently than the value function, and moreover, we update the policy with a
smaller learning rate as λ ≤ 1. Hence, the proposed objective enables an adaptive
version of the TTUR.
Finally, depending on the critic’s reliability level, we perform adaptive periodic updates on the target network. In particular, we perform hard target
updates φ ← φ at certain periods p > 1 only if the critic is suﬃciently reliable: λ > β, where β ∈ (0, 1) is a predetermined threshold. This provides an
adaptive version of the delayed target updates in TD3 [4].

4

Further Techniques on Improving Performance
and Stability

In this section, we ﬁrst propose an improved exploration strategy and then a
modiﬁed version of the target policy smoothing technique in TD3. Next, we
discuss utility of a set of recent deep learning techniques that have not been
commonly used in deep RL.
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Exploration over Bounded Action Spaces

In deep RL, improving exploration is critical to increase data diversity, mitigate
overﬁtting, and speed up learning. Moreover, in oﬀ-policy deterministic policy
gradient algorithms, exploration can be treated independently from the learning problem [13]. Existing algorithms such as DDPG [13] use random exploration noise N1 such that μ (s) = μθ (s) + N1 is the behavior policy. However, since feasible actions are usually bounded to a certain interval such that
a ∈ [amin , amax ], a clipping operation needs to be employed after noise addition:
μ (s) = min{max{amin , μθ (s) + N1 }, amax }. We argue that the clipping degrades
the exploration eﬃciency since all actions exceeding the limits are set to the
boundary actions, which may then be repeatedly explored by the RL agent.
We address this issue via an easy modiﬁcation: whenever action exceeds
the limits, choose a uniformly random action from the feasible space: μ (s) =
g(μφ (s) + N1 ), where
g(a) = a 11{a ∈ [amin , amax ]} + U[amin , amax ] 11{a ∈
/ [amin , amax ]},

(4)

11{·} is an indicator function, and U[amin , amax ] is a uniform random variable. If
the action space is multidimensional, g(·) performs the same elementwise operation at each dimension. We choose the exploration noise N1 as an independent
and identically distributed (iid) zero-mean Gaussian process with variance σ12 at
each dimension.
4.2

Target Policy Smoothing

In TD3 [4], target policy smoothing regularization forces similar actions to have
similar values and for this purpose, a small random noise is clipped and added
on the target policy when computing the target Q values. We ﬁnd it useful to
apply a modiﬁed target policy smoothing technique by computing the target yi
for Qφ (si , ai ) as follows:
yi = r(si , ai ) +


γ
Qφ (si+1 , μφ (si+1 )) + Qφ (si+1 , g(μφ (si+1 ) + N2 )) ,
2

where g(·) is as given in Eq. (4) and the smoothing noise N2 is chosen as an iid
zero-mean Gaussian process with variance σ22 at each action dimension.
4.3

Spectral Normalization

Since the generative adversarial networks (GANs) [5] and the actor-critic RL
[11] are both bi-level optimization problems, where one model is optimized with
respect to the optimum of another model, and there are many similarities in their
information structures [17], techniques for improving the stability of GANs are
potentially useful to stabilize the actor-critic algorithms as well. In GANs, the
spectral normalization, that normalizes the spectral norm of the weight matrices
of the discriminator network, is shown to improve the stability of training the
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discriminator [14]. Since the discriminator in GANs corresponds to the critic in
actor-critic RL [17], we employ the spectral normalization on the critic network,
particularly on the Q value decoder (see Fig. 2), with the goal of improving the
stability of our algorithm.
4.4

Hard-Swish

In neural networks, nonlinear activation functions enable learning complex mappings from inputs to outputs, which is useful to deal with complex and highdimensional data. Hard-swish [8] is a computationally simpliﬁed version of the
swish nonlinearity [18] and it achieves a good performance especially in deep neural networks [8]. In our network design, we use the hard-swish as the activation
function in the internal network and the decoders (see Fig. 2). Moreover, we use
the rectiﬁed linear unit (ReLU) activation in the encoders and the hyperbolic
tangent (Tanh) activation at the output layer of the action decoder.
4.5

Dropout

Dropout [24] is randomly zeroing out a certain fraction of neurons at a layer, that
reduces the network capacity and forces the network to learn the most important
patterns in the data. It is a widely used technique to mitigate overﬁtting in deep
learning. We use the dropout at the last layer of the internal network (see Fig. 2)
with the purpose of reducing the overﬁtting and improving the generalization
ability of the network.
4.6

Adjusting Batch Size and Number of Iterations During Training

In [23], it is shown that increasing the batch size enables training a model with
fewer parameter updates compared to reducing the learning rate in the stochastic
gradient descent optimization. Based on this principle, we increase the batch size
and the number of iterations during training as new samples are collected and
stored in the experience replay buﬀer, until the buﬀer is full.
In our algorithm (see Algorithm 1), at each training episode, ﬁrst the actor
interacts with the environment, collects new samples, and saves them into the
buﬀer. Next, the network parameters are updated via the stochastic gradient
descent with a mini-batch of samples chosen uniformly from the buﬀer. In this
process, let the parameters be updated over K iterations and the batch size
be N . Moreover, let K0 ≥ 1 and N0 ≥ 1 be the initial number of iterations
and the initial batch size, respectively. Furthermore, let the buﬀer capacity be
M
1 and the current size of the buﬀer be 0 ≤ R ≤ M . We keep and update
a parameter ρ while the buﬀer size gradually increases as more samples are
collected: ρ = 1 + R/M . We then update the number of iterations and the batch
size as K = ρK0 and N = ρN0 , respectively.
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Algorithm 1. Integrated Actor-Critic (IAC)
1: Initialize the integrated network with random parameters φ and the target network
with φ ← φ
2: Initialize the replay buﬀer D with size R ← 0 and the adaptive variable with
λ ← 0.5
3: for episode = 1 : E do
4:
I. Interact with environment
5:
Observe the initial state s1
6:
for t = 1 : T do
7:
Select action at ← g(μφ (st ) + N1 ), receive reward r(st , at ), and observe the
next state st+1
8:
Save the tuple (st , at , r(st , at ), st+1 ) into D and update the buﬀer size: R ←
min{R + 1, M }
9:
II. Update network parameters
10:
Update the number of iterations and the batch size: ρ ← 1 + R/M , K ← ρK0 ,
N ← ρN0
11:
Initialize the total loss of critic: L ← 0
12:
for k = 1 : K do
13:
Sample uniformly a mini-batch of N tuples (si , ai , r(si , ai ), si+1 ) from D
14:
yi ← r(si , ai ) + γ2 (Qφ (si+1 , μφ (si+1 )) + Qφ (si+1 , g(μφ (si+1 ) + N2 )))
N
α
∇φ Zi (φ)
15:
Update the integrated network: φ ← φ − N
N i=1
16:
Update the total loss of critic: L ← L + i=1 f (yi − Qφ (si , ai ))
17:
if k mod p then
18:
Compute the average loss of critic: L̄ ← L/pN and reset the total loss:
L←0
2
19:
Update the adaptive variable: λ ← τ e−L̄ + (1 − τ )λ
20:
if λ > β then
21:
Update the target network: φ ← φ

5
5.1

Experiments
Comparisons with Benchmark Algorithms

We evaluate IAC (see Algorithm 1) over ﬁve continuous control tasks in the
OpenAI Gym [1]. In all the tasks, feasible actions are limited to [−1, 1]. For
comparisons, we use TD3 [4], SAC [6], A2C [15] (both with separate and shared
actor-critic networks), and PPO [21] algorithms. Figure 3 illustrates the learning curves of all algorithms. We measure the sample complexity (equivalently,
learning speed) of each algorithm until reaching the default target reward set at
each environment. Figure 4 illustrates the average training steps until achieving
the target rewards. Note that in Fig. 4, we do not present the bar charts for
algorithms that could not reach the target rewards within a reasonable training
period. We obtain both the learning curves and the bar charts by averaging the
results over 50 random seeds. The experiments show that IAC outperforms all
the benchmark algorithms in terms of learning speed.
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Self-comparisons

We evaluate contributions of various IAC components on the overall algorithm
performance. We specify four algorithm levels such that new components are
added at each level and the level 4 corresponds to the full algorithm (see Table 1).
Figure 5 illustrates the average training steps until achieving the target rewards
(over 50 random seeds) for all IAC levels and TD3 as a benchmark. Figure 5
shows that the learning speed progressively improves from level 1 to level 4,
which implies that all IAC components are useful. Note that in the level 1,
conventional clipping operation is performed for the exploration, diﬀerent from
the level 2. Furthermore, the ReLU activation is used instead of hard-swish at all
levels except for the level 4. Notice that the level 1 and level 2 include the novel
components of IAC whereas the level 3 and level 4 incorporates some existing

Fig. 3. Learning curves: expected return vs. number of training steps.
Table 1. Levels of IAC for self-comparisons
Level Description
L1

Integrated network + Adaptive objective

L2

L1 + Modiﬁed exploration strategy

L3

L2 + Target policy smoothing + Spectral normalization

L4

L3 + Hard-swish + Dropout + Adjusting batch size and iteration number
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Fig. 4. Comparisons with benchmark algorithms. The bar charts illustrate the mean
and standard deviation of the number of training steps until achieving the target
rewards.

Fig. 5. Self-comparisons. The bar charts illustrate the mean and standard deviation of
the number of training steps until achieving the target rewards.

deep learning techniques. Figure 5 shows that only with the novel components,
IAC still signiﬁcantly outperforms TD3.

6

Related Work

Parameter sharing is used for multi-task learning in neural networks [19]. In
deep RL, sharing parameters between actor and critic have been discussed for
A3C/A2C [15] and PPO [21] (although the PPO implementation does not share
parameters) such that the network is shared except for the output layers and
the objective function directly adds the actor’s and critic’s objectives, possibly
with an additional entropy term to enable suﬃcient exploration. In the shared
versions of both A3C/A2C and PPO, actor and critic have the same state input.
In IAC, we propose a new shared network architecture where actor and critic

516

J. Zheng et al.

have diﬀerent inputs. Moreover, the adaptive objective of IAC is speciﬁcally
designed for stable training of the integrated actor-critic network.
Policy gradient algorithms have high sample complexity [6,13]. Deterministic
policy gradient algorithms scale better over high-dimensional action spaces since
the deterministic policy gradient integrates only over the state space whereas the
stochastic policy gradient integrates over both state and action spaces [22]. Moreover, oﬀ-policy learning with experience replay enables reusing the past experience and reduces the sample complexity [13]. IAC further reduces the sample
complexity via reducing the number of parameters, improving the exploration
strategy, and using some recent advances in deep learning, namely the dropout
[24], DenseNet [9], and increasing the batch size during training [23].
TD3 [4] addresses the overestimation of the value function via the clipped double Q learning, delayed updates on the policy and target networks, and the target
policy smoothing regularization. Our objective function enables an adaptive version of the delayed policy updates in addition to TTUR [7,11] (see Sect. 3.2).
Moreover, we delay updates on the target network adaptively depending on the
critic’s loss (see Algorithm 1). Further, we use a modiﬁed target policy smoothing
technique for performance improvement (see Sect. 4.2).
In RL, reward-maximizing actions can be learned more quickly with a better
exploration strategy. SAC [6], PPO [21], and the trust region policy optimization
algorithm (TRPO) [20] use entropy regularization to encourage more exploration.
In A3C/A2C [15], multiple actors explore environment in parallel, each with a
possibly diﬀerent behavior policy for better exploration. In deterministic policy
gradient algorithms, a stochastic behavior policy is used to ensure suﬃcient
exploration [4,13]. In IAC, we improve exploration over bounded action spaces
(see Sect. 4.1).
Strong connections between the actor-critic RL and the GANs have been
discussed in [17]. The implication is that techniques used to stabilize and improve
one of them can be useful for the other. In IAC, we use the spectral normalization
that was shown to stabilize the training of GANs [14].

7

Conclusions

We have proposed an oﬀ-policy deep deterministic integrated actor-critic algorithm (IAC) based on a shared network architecture and an adaptive objective function. Sharing the network between actor and critic reduces the overall
number of parameters but brings an additional challenge on the training stability. The adaptive objective enables a stable training via keeping the policy
unchanged while the value estimation is wrong. We have presented an improved
exploration strategy over bounded action spaces. Moreover, we have incorporated
some recent advances in deep learning, namely the DenseNet, spectral normalization, target policy smoothing, dropout, hard-swish activation, and adjustment of
the batch size and iteration number during training, to further improve our algorithm. The experiments have shown that IAC speeds up learning and reduces
the sample complexity signiﬁcantly over the state-of-the-art deep RL algorithms.
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Abstract. The ability of an AI agent to assist other agents, such as
humans, is an important and challenging goal, which requires the assisting agent to reason about the behavior and infer the goals of the assisted
agent. Training such an ability by using reinforcement learning usually
requires large amounts of online training, which is diﬃcult and costly. On
the other hand, oﬄine data about the behavior of the assisted agent might
be available, but is non-trivial to take advantage of by methods such as
oﬄine reinforcement learning. We introduce methods where the capability to create a representation of the behavior is ﬁrst pre-trained with oﬄine
data, after which only a small amount of interaction data is needed to learn
an assisting policy. We test the setting in a gridworld where the helper
agent has the capability to manipulate the environment of the assisted
artiﬁcial agents, and introduce three diﬀerent scenarios where the assistance considerably improves the performance of the assisted agents.
Keywords: Deep reinforcement learning · Cooperative AI
agent · Meta-learning · Modelling other agents

1

· Helper

Introduction

The ability to build an AI system that can assist other AI agents and humans
to reach their goals is an obviously important and ambitious goal. There are
numerous possible applications that would beneﬁt directly of such a capability.
For example, helper agents could be harnessed to guide self-driving cars to allow
smoother traﬃc ﬂow. An example of cooperation with humans could be a helper
agent, which is able to infer the goals of a human navigating a web site, and
manipulate the website structure dynamically to help the human users reach
their goals faster.
In this paper, we consider building such helper agents. We construct settings, where an artiﬁcial agent (a helper agent) observes the behavior of an
c Springer Nature Switzerland AG 2021
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assisted agent (goal-driven agent), and learns to perform useful assisting actions
by manipulating the environment dynamics.
We formulate the challenge as a meta-reinforcement learning problem. We
ﬁrst train a small population of goal-driven agents to reach their goals as fast as
possible. The helper agent observes the goal-driven agents in many instances of
the environments, and is trained by meta-reinforcement learning to perform useful assisting actions by receiving a positive reward when the goal-driven agents
succeed in their tasks.
As a contribution of our work, we show that similar capabilities to inverse
reinforcement learning arise spontaneously as a result of meta-learning. We
demonstrate this eﬀect and its usefulness for producing helping actions in three
diﬀerent scenarios:
1. By learning representations of the behavior of the goal-driven agent from the
past partial trajectories in an unsupervised way.
2. By learning representations of the behavior of the goal-driven agent from the
past partial trajectories in a self-supervised way, by predicting the actions of
the goal-driven agent.
3. By learning representations of the behavior of the goal-driven agent from the
past partial trajectories in a supervised way, by predicting the goal of the
goal-driven agent.

2

Related Work

There is a rich literature on reasoning about the behavior and inferring the goals
of other agents [1], which is closely related to our work. Unlike most of the work
related to modelling other agents, our speciﬁc goal was to build agents which
can do assisting actions, based on the inferred representations of the behavior of
the other agent.
Similar settings have been studied in multi-agent scenarios. As an example, in
[5] a two-agent helper-AI scenario is presented, where both agents have the same
reward function, but disagree on the transition dynamics of the Markov decision
process (MDP). In our setting, in contrast, the action spaces of the agents are
diﬀerent, and the assisted agent is unaware of the assisting agent. The authors in
[8] consider learning representations of agent behaviors in multi-agent scenarios.
Our approach is similar in that we also learn to represent agents’ behaviors, but
rather than communicating cooperatively, the helper agent attempts to change
the environment in a beneﬁcial manner.
An individual is considered to have a Theory of Mind (ToM), if they impute
a mental state to themselves or others [12,19]. An inferred mental state can be
used to infer goals and make predictions of behavior of other agents. Our work
is inspired by Theory of Mind, as we are training behavioral embeddings of the
goal-driven agents by only observing them. Examples of previous work implementing Theory of Mind in a machine learning context include [3], a Bayesian
Theory of Mind model, and [20], which is based on deep learning. In our approach, a separate helper agent infers the goal-driven agent behavior and produces
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behavior embeddings as in [20], which are used for manipulating the environment
in a beneﬁcial way.
The problem of learning fast from limited amounts of data can be tackled
with meta-learning methods, where the goal is to train a system in such a way
that it is capable of performing fast adaptation to new situations [11,22]. We
train the helper agent to be able to do few-shot learning of a new goal-driven
agent in a new sampled environment by creating a behavior embedding of the
agent based on small amounts of observations. Commonly used meta-learning
methods include gradient based methods [7] and memory-based methods
[6,21,24]. Our meta-learning solution resembles mostly attention-based metalearning [14], since in our case the behavior embeddings are generated by averaging the state representations over the time steps without recurrent connections.
Our third scenario is partly inspired by the centralized training and decentralized execution (CTDE) concept [10,16], where additional information can
be used during the training but not during the execution. Instead of using private information of the goal-driven agent, we use information of the goal-driven
agent’s goal for pre-training the helper agent policy.
Similar challenges could be solved by transfer learning or by using auxiliary
tasks. In transfer learning, the goal is to transfer what has been learned in one
task to some other ﬁnal task, possibly by partially sharing parameters between
the models [18,25]. Numerous success cases have demonstrated beneﬁts of transfer learning in the areas of computer vision [17] and natural language processing
[2,4]. Our solution is one type of transfer learning, where the goal is speciﬁcally
to pre-train one speciﬁc part of the policy function to allow faster learning for
producing assisting actions. When using auxiliary tasks, the common representation among the original task and auxiliary tasks can be improved by adding
extra auxiliary heads to the representation [9,13,26]. In our solution, instead of
adding an extra auxiliary head to the common representation, the helper agent
is pre-trained on the task of making predictions of the goal-driven agents’ actions
in self-supervised manner or goals in a supervised manner. After completing the
pre-training task, the ﬁnal task training beneﬁts from this ability.
Inverse Reinforcement Learning (IRL) [15] has similar goals, but does so by
recovering the unknown reward function of the expert user or any agent it tries
to model. The diﬀerence in our method is that we do not attempt to recover
the reward function but rather model the agent behavior directly by observing
the agent actions, and then build the helper policy, which uses the behavior
embeddings. This approach is useful when moving to behavior where reward
functions are complex or intractable, as often is the case when attempting to
model human-like complex behavior.

3

Setting

We use a meta-reinforcement learning formulation for training both the goaldriven agents and the helper agent. The MDP is deﬁned by a tuple M =
S, A, P, R, γ, ρ0 , H, where S is the state space and A is the action space,
γ is the discount factor, ρ0 : S → [0, 1] is the initial state distribution,
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P : S × A × S → [0, 1] is the transition function, R : S × A → IR is the
reward function and H is the horizon.
The agents maximize 
the expected sum of discounted rewards over the
H
episodes J(πθ ) = Eτ ∼pπ (τ ) [ t=0 γ t R(st , at )], where τ = (s0 , a0 , ...) is the trajectory of states st and actions at of the agent at time step t for an episode of length
H. The initial state is sampled from the distribution ρ0 and the agent j samples
the action at from its policy function πj (at |st ). The next state is sampled from
the transition dynamics function st+1 ∼ P(st+1 |st , at ). The agents learn through
many episodes. For each episode, a new MDP Mi is sampled from a family M of
MDPs. The MDPs for the helper agent and the goal-driven agents share the same
state space S but have diﬀerent actions spaces and reward functions denoted as
. From the helper agent
Ahelper and Agoal−driven , and Rhelper and Rgoal−driven
j
point of view, the behavior of the goal-driven agent is embedded in the transition dynamics of the sampled MDP, and each sampled MDP refers to diﬀerent
task in the meta-reinforcement learning framework. The meta-learning goal is
to maximize the expected returns over the task distribution.

4
4.1

Methods
The Gridworld

We test our architectures in various gridworld scenarios. Every new sampled
MDP has a 7 × 7 gridworld environment, which includes four possible goals in
random locations, an L-shaped wall in a random location and a goal-driven agent
starting in a random position. Each goal-driven agent is trained to navigate to
one of the goals with the shortest route. The wall has always the same basic
shape, and its location is sampled but restricted so that the long edge of the
wall needs to be at least two steps from the border of the gridworld. The left
side of Fig. 1 illustrates a sampled gridworld environment.
The environment delivers a set of tensors as a state representation, one tensor
per one time step. The state representation is a collection of 7 × 7 × 6 tensors,
where the diﬀerent channels in one tensor represent goal-driven agent location
(1 channel), wall elements (1 channel) and goals (4 channels).
The episodes are divided in two distinct stages. In the ﬁrst stage, the helper
agent observes several partial trajectories of the unassisted goal-driven agent
navigating to its goal in diﬀerent sampled environments. In the second stage, a
new environment is sampled and the same goal-driven agent is set in a random
location. In the beginning of the second stage, the helper agent observes the
state (a single tensor) and will decide on an action based on this observation.
The right side of Fig. 1 illustrates a situation where the helper agent has acted
and opened a shortcut for the goal-driven agent.
4.2

The Goal-Driven Agents

The goal-driven agents, which are part of the environment of the helper agent,
are trained with the Proximal Policy Optimization (PPO) algorithm [23].
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Fig. 1. Illustration of the 7 × 7 gridworld. An agent trajectory is illustrated with a
dotted line, when the goal-driven agent is walking towards the red goal. Left: the helper
agent has not opened a shortcut. Right: The helper agent has opened a shortcut (Color
ﬁgure online)

We train four diﬀerent agent types which have diﬀerent target goals. The action
space Agoal−driven consists of ﬁve possible actions (move up, down, left, right
and stay). The episode ends with a positive reward when the agent reaches the
correct goal from four possible goals. Each step has a small negative reward.
During the training of the goal-driven agent, there is a shortcut in the wall with
the probability 0.5.
When the goal-driven agent j follows its policy, it will produce a trajectory
consisting of a list of state-action pairs

H
τj = st , at
t=0

where H is the length of the episode.
4.3

The Helper Agent

Once a population of goal-driven agents exists, the helper agent is trained with
the PPO algorithm to infer the agent types by observing them, and to conduct
an assisting action by manipulating the transition dynamics (creating a shortcut
in a speciﬁed location). The action space Ahelper of the helper agent consists of
two actions, either to act or not to act, and the action is performed once at
a speciﬁed time point depending on the scenario in question, thus the horizon
H for the helper agent is a single time step. The reward function Rhelper , is
the same as with the goal-driven agent but augmented with a negative reward
for making an action to assist the goal-driven agent. In other words, the helper
agent gets a reward when the goal-driven agent succeeds in its task. The helper
agent has access only to the partial trajectories of τj of the goal-driven agents
and thus not to their reward function Rjgoal−driven or policy πjgoal−driven .

5
5.1

Experiments and Results
End-to-End Training Without Agent-Specific Inference

We ﬁrst evaluate the performance of the helper agent in a simpliﬁed situation
where it does not have access to the past observations of unassisted behavior of
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Fig. 2. The average learning curves of simulations with 8 random seeds with various helper agent architectures. The green line represents the learning curve without
behavior embeddings and serves as a lower bound for the helper agent performance.
The orange line shows the performance when the policy network uses ground truth
information about the agent behavior, and serves as the upper bound for the helper
agent performance. The blue line represents end-to-end training with embeddings (scenario 1), the purple line with action prediction pre-training (scenario 2) and the red
line with goal prediction pre-training (scenario 3). The shaded region illustrates the
standard deviation over 8 seeds. (Color ﬁgure online)

the goal-driven agents. The results of this experiment serve as a lower bound
for the helper agent performance. The helper agent does not observe the ﬁrst
stage of each episode and needs to decide on its actions only based on the initial
state of the second stage. Thus, in this case the helper agent does not have the
capability of inferring the behavior of the goal-driven agents.
In this scenario, the helper agent is a neural network with two convolutional
layers and one fully-connected layer (see Fig. 3, left). More details of the neural
network implementation is available in the appendix.
The green line in Fig. 2 illustrates the training result in this setting. The
helper agent learns to improve its policy slightly despite not being able to infer
the agent behavior. In this case, the helper agent tries to ﬁnd the optimal performance by observing the general behavior of all agent types and by ﬁnding a more
general policy that does not depend on a single agent’s goal. As an example, if
all goals are on the other side of the wall, it would be beneﬁcial to open the wall.
Likewise, if all goals are on the same side of the wall as the goal-driven agent,
it is not useful to open the wall and take the penalty. These two scenarios are
illustrated in Fig. 3.
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Fig. 3. Left: A simpliﬁed version of the helper agent that is not capable of inferring the
goal-driven agent behavior. Middle: The helper agent has not opened the wall because
all the goals are on the same side as the agent. Right: The helper has opened the wall
because all the goals are on the other side. The colored squares indicate the goals, black
lines represent the wall and the black circle is the location of the goal-driven agent.
(Color ﬁgure online)

5.2

Scenario 1: End-to-End Training with Agent-Specific Inference

In the ﬁrst scenario, the helper agent is exposed to the past observations of
unassisted behavior of the goal-driven agents. In the ﬁrst stage, it now observes
four ﬁrst steps from four diﬀerent episodes of the same agent but with diﬀerent
sampled layout of the gridworld. By observing these partial trajectories before
conducting the assisting action, the helper agent has a chance to learn about the
goal-driven agents’ goals based on the agents’ unassisted behavior. The helper
agent architecture is illustrated in Fig. 5. During the ﬁrst stage, the helper agent
uses the behavior inference part of the policy. The embeddings of partial episodes
are formed by using a convolutional network, followed by mean pooling and a
fully connected layer. The behavior embeddings are formed in a similar manner from the episode embeddings but without convolutional layers. During the
training, the behavior inference part learns to construct 2-dimensional behavior
embeddings by clustering the agents based on their goals, where each cluster
contains agents with the same goal (Fig. 4).

Fig. 4. Visualization of the 2-dimensional behavior embedding in scenario 1. The
behavior inference part of the policy has spontaneously clustered the goal-driven agents
based on their goals.
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Fig. 5. Scenario 1. The helper agent architecture. The behavior inference part infers
the goal driven agent behavior by observing partial unassisted behavior. The policy
head produces the action distribution from a query state and the behavior embedding.

The policy head part of the helper agent has the same structure as the simpler
case shown in the left side of Fig. 3. The task of the policy head is to produce
the action distribution but now it additionally receives the behavior embedding
from the behavior inference part. The training of this scenario is conducted
end-to-end.
The result of this experiment is illustrated by the blue line in Fig. 2. The
helper agent is capable to use the information produced by the behavior inference
part and as a result the performance is improved considerably. Since there is
signiﬁcant variance present in simulations with diﬀerent seeds, we can assume
that the end-to-end training is more sensitive to the initialization than the other
scenarios.
5.3

Scenario 2: Self-supervised Pre-training with Agent-Specific
Inference

In this scenario the helper agent has an initial pre-training phase where it
observes multiple partial episodes where the goal-driven agents behave without assistance, simulating a situation where previously collected oﬄine data
of the assisted agent behavior is available. The pre-training is conducted in a
self-supervised fashion by predicting the action distributions of the goal-driven
agents. After the partial rollouts of episodes the distribution over the next action
is predicted by using a linear classiﬁcation layer on top of the 2-dimensional
behavior embedding. The cross-entropy loss is calculated between the observed
one-hot action and the predicted action distribution. Once the pre-training is
complete, the linear classiﬁcation layer is discarded and the setting is converted
to a similar one as in scenario 1.
Pre-training of the behavior inference part with action predictions clearly
helps the policy function to learn assisting actions as the learning is faster and
there is less variation across diﬀerent seeds, as is visible by the purple line in
Fig. 2.
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Scenario 3: Supervised Pre-training with Agent-Specific
Inference

In our ﬁnal scenario the helper agent has again an initial pre-training phase where
it observes multiple partial episodes where goal-driven agents behave without
assistance. Inspired by the centralized training decentralized execution (CTDE)
method [10,16], the helper agent is now provided with the information about
the agent’s goal in each episode during the pre-training phase, but not during
the execution after the pre-training. The pre-training is conducted in a similar
manner as in scenario 2 by using the linear classiﬁer on top of the 2-dimensional
behavior embedding, and by calculating the cross-entropy loss between the onehot goal label and the predicted goal distribution. In this case, the pre-training
has strong supervision, and the helper agent is able to cluster the goal-driven
agents based on their goals already during the pre-training phase. This allows
faster learning as is visible with the red line in Fig. 2.
5.5

Summary of Results

In order to evaluate the performance of the helper agent in various scenarios, we
made additional measurements that are useful for gaining insight of the helper
agent performance. We measured the mean return over episodes when the wall
was permanently closed, when it was permanently open and the optimal policy
by making rollouts from the query state. For each query state, we made a rollout
both with wall open and wall closed scenarios. By selecting higher return from
these rollouts, we measured the optimal policy. All key results are summarized
in Table 1. The results show, that even when the helper agent does not have
the possibility to observe the behavior of the goal-driven agent, the performance
is improved. The performance is further increased when the helper agent can
observe partial episodes of the goal driven agent (scenario 1). The self-supervised
pre-training (scenario 2) and supervised pre-training (scenario 3) achieve highest
overall performance as they are closest to the optimal performance. Interestingly,
the self-supervised scenario reach a similar performance as the supervised pretraining, which suggests that self-supervised method is a potential alternative
for assessing behavior when labels are not available for the pre-training.

6

Discussion

In this paper, we introduced several scenarios, where a helper agent can assist
goal-driven agents by manipulating the transition dynamics of the environment.
We showed that by using meta-learning, similar capabilities to inverse reinforcement learning arise spontaneously. Our method is also an example how previously collected data can be used to enhance the performance of a helper agent
when oﬄine learning methods are not possible. This kind of situation arises if
the previously collected data is from the assisted agent behavior, not from a
helper agent behavior.
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Table 1. Helper agents with progressively more capabilities are able to help the goaldriven agents more.
Model

Mean return

Baseline: wall always open (with penalty for opening the wall) −5.19
Baseline: wall always closed

−5.85

Baseline: helper agent with ground truth goal

−4.48 ± 0.03

(Oracle) optimal policy

−4.47

Baseline: end-to-end without agent speciﬁc inference

−4.82 ± 0.03

Scenario 1: end-to-end with agent-speciﬁc inference

−4.66 ± 0.08

Scenario 2: self-supervised pre-training with action predictions −4.59 ± 0.04
Scenario 3: supervised pre-training with goal predictions

−4.59 ± 0.03

The results indicated that by learning to infer the agent’s behavior, the helper
agent’s policy can be signiﬁcantly improved. Furthermore, the training can be
made faster and more robust by a separate pre-training phase. The pre-training
can be done either in self-supervised manner by predicting the actions of the
assisted agent, or by using additional information about the agents’ goals that
is available during the training but not during the execution. This kind of scenario is valid when it is of interest to predict a known feature that explains the
behavior, such as the goal, skill level, level of stochasticity, level of visibility, or
level of memory. An interesting continuation to this work could be extending
to modeling more complex human-like behaviors in scenarios that are closer to
real-world human-computer interactions (for example, web-site navigation).
Acknowledgement. This work was supported by the Academy of Finland (Flagship programme: Finnish Center for Artiﬁcial Intelligence FCAI, and grants 319264,
292334).

A
A.1

Neural Network details
Helper Agent

The helper agent behavior inference part has two convolutional layers, batch normalization layers, and two fully connected layers. Convolutional layers 1 and 2: 8
ﬁlters, 3 × 3 kernels, stride 1, zero padding to maintain the dimensions. Followed
by ReLU activations and batch normalization. The output of the convolutional
layers of each episode is averaged across the time dimension to produce the representations of the partial episodes. The representations are fed through a linear
layer, averaged across the episodes of the agent and fed through another fully
connected layer to produce the 2-dimensional behavior embeddings.
The policy head part of the helper agent has a shared policy and value head
backbone with 2 convolutional layers with 16 ﬁlters, 3 × 3 kernels, stride 1 and
zero padding. The output of the convolution is followed by a policy head with
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Softmax to produce action probabilities and a separate value head to produce
value estimates.
The helper agent is trained using the Adam optimizer with a learning rate
of 1e–4. Reward for opening the wall: –1. Reward of every step: –1. Reward of
reaching the goal +1.
Using a batch size of 256 simulations were run for 60 000 PPO training steps
and pre-training was done using 10 000 classiﬁcation steps. The baseline results
where the wall is always closed, the wall is always open and the optimal policy
were calculated as the mean return over 512 000 rollouts. The helper agent results
were calculated as the mean of the last 51 200 rollouts during training.
A.2

Goal-Driven Agents

The goal-driven agent policy network has two convolutional layers and a fully
connected layer.
Convolutional layer 1: 16 ﬁlters, 3 × 3 kernels, stride 1, ReLU activations,
zero padding to maintain the dimensions. Convolutional layer 2: 32 ﬁlters, 3 ×
3 kernels, stride 1, ReLU activations, zero padding. Fully connected layer with
32 hidden units: ReLU activation followed by a policy head with Softmax to
produce action probabilities and a value head to produce value estimates.
Reward of every step: −1. Reward of reaching the goal +1.
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Abstract. Target-oriented Opinion Word Extraction (TOWE) is a subtask of Aspect Based Sentiment Analysis (ABSA), which aims to extract
ﬁne-grained opinion terms for a given aspect term from a sentence. In
TOWE task, syntactic dependency tree is useful as it provides explanation to identify opinion terms to the given aspect term. It is necessary to
mine relationships between aspect and opinion terms for a better performance. Previous works introduced syntactic dependency tree into TOWE
task but lacked of explicit explanation. In this paper, we propose a novel
model named MM-TOWE, which leverages Monte-Carlo tree search
to enhance Markov decision process (MDP) model for Target-oriented
Opinion Word Extraction task. We formulate TOWE task as an MDP
of reasoning over the syntactic dependency tree. By learning the dependency relationships between aspect terms and opinion terms, our model
can reason a path for an explicit explanation. Extensive experimental
results illustrate that our proposed model outperforms the state-of-theart methods.
Keywords: Target-oriented opinion word extraction
learning · Syntactic dependency tree

1

· Reinforcement

Introduction

Target-oriented Opinion Word Extraction (TOWE) is a subtask of Aspect Based
Sentiment Analysis (ABSA). The main goal of TOWE is to extract the corresponding opinion terms from a sentence for a given aspect term (also called
target). For an example sentence “The sashimi is always fresh and the rolls are
innovative and delicious.”, if the given aspect term is “rolls”, the goal is to
extract “innovative” and “delicious”. Therefore, TOWE can be used in many
applications such as sentiment analysis [7] and review summarizing [4,23].
Recently, some deep learning methods [2,21] formulate TOWE task as a
sequence labeling problem. Although they have good performance, they mainly
learn the relationships between aspect terms and opinion terms in sequential
structure. Pouran Ben Veyseh et al. [14] show that syntactic structure is useful
in TOWE task, and learn the relationships implicitly. In fact, a dependency
c Springer Nature Switzerland AG 2021
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path can provide an explicit explanation to identify opinion terms to the given
nusbj −1

aspect term. As shown in Fig. 1, we can ﬁnd a dependency path “rolls −−−−−→
conj −1

innovative −−−−→ delicious” to explain the relationship between aspect term
and opinion terms of the example.

Fig. 1. The syntactic dependency tree of the example sentence - “The sashimi is always
fresh and the rolls are innovative and delicious”.

These years, reinforcement learning (RL) has been used widely in reasoning over
large knowledge graph [17,22] for learning the relationships between two nodes.
Therefore, RL seems to be a promising approach due to its great reasoning ability. However, many RL methods suﬀer from the challenges of large state space
and sparse reward. AlphaGo Zero [19] uses Monte-Carlo Tree Search (MCTS)
to enhance RL model for solving these two challenges during playing the game
of Go. Inspired by these, we formulate TOWE task as a Markov decision process (MDP) of reasoning over the syntactic dependency tree. By learning the
dependency relationships between aspect terms and opinion terms, our model
can reason a path for an explicit explanation. Meanwhile, we also leverage MCTS
to enhance our model.
In this paper, we propose a novel model named MM-TOWE to address
TOWE task. We treat the syntactic dependency tree of a sentence as a graph
and formulate TOWE task as an MDP. The agent starts moving from the ﬁrst
word of the given aspect term and reasons over this graph for opinion extraction.
The reasoning path should be short and cover all opinion terms. To this end,
we design a reward function to consider both of them in order to better guide
the agent for reasoning path. We also leverage MCTS to enhance the model
for solving the challenges of large state space and sparse reward. To evaluate
the proposed model, we conduct extensive experiments on three datasets by
comparing it with several competitive baselines. Experimental results show that
our model can signiﬁcantly outperform all the baselines in the TOWE task.
In summary, the contributions of our work are as follows:
– We formulate the TOWE task into an MDP of reasoning over syntactic dependency tree with MCTS for enhancing it.
– We design a reward function to consider both accuracy and eﬃciency.
– Experimental results on three real-world datasets show that our model can
consistently outperform state-of-the-art baselines under diﬀerent evaluation
metrics and can ﬁnd the dependency relationships between aspect terms and
opinion terms.

Reinforcement Syntactic Dependency Tree Reasoning for TOWE

2
2.1

533

Related Work
Target-Oriented Opinion Words Extraction

Target-oriented Opinion Words Extraction (TOWE) is a subtask of Aspect
Based Sentiment Analysis (ABSA). The main goal of TOWE is to extract the
opinion terms for a given aspect term from a sentence.
Early works which are related to TOWE mainly focus on doing sentiment
analysis and review summarizing. There are rule-based methods which use distance rules [4] or mine high frequency rules on dependency tree [23] to extract
opinion words for a given aspect word. However, these simple and eﬀective rulebased methods can only deal with high frequency and common cases. As deep
learning becomes more popular, TOWE task is formulated as a sequence labeling
problem [2]. Wu et al. [21] transfer opinion knowledge from resource-rich sentiment classiﬁcation task into TOWE task via an auxiliary learning signal. And
Pouran Ben Veyseh et al. [14] use Graph Convolutional Networks (GCN) [6] to
learn distance information from syntactic dependency tree for TOWE task.
2.2

Reinforcement Learning

Reinforcement learning (RL) is a ﬁeld of machine learning and has been paid
more attention by researchers. Meanwhile, reasoning over the knowledge graph
with RL method also has been used widely in many areas such as recommendation [22], question and answer [1], and conversation system [9]. RL has great
reasoning ability and can learn the relation rules from the start node to the
target node. However, lots of works suﬀer from the problem of sparse reward
or large state space when using RL method. Inspired by Alpha Go [18], some
works [3,17] utilize Monte-Carlo Tree Search (MCTS) to enhance their models
and solve these problems.

3

Methodology

In this section, we introduce our proposed MM-TOWE model. Let’s denote the
parameters of the model as θ.
3.1

Graph Definition

We formulate TOWE task as an MDP of walking on the syntactic dependency
tree. As we show in Fig. 1, the syntactic dependency tree is a directed graph
because the dependency relation edge has direction. Due to this, we add an
inverse edge for each dependency relation edge, and then the agent can walk
from a given word to any word in the sentence.
Speciﬁcally, for a given sentence W = {w1 , w2 , · · · , wn } where wi represents the i-th word in the sentence and n is the number of words of the sentence. We use Stanza [15] to generate the syntactic dependency tree for sentence
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W and convert the tree into a dependency tree graph G. Let’s denote graph
G = {(wi , eij , wj )|wi , wj ∈ W, eij ∈ E}, where wi and wj are two words in the
given sentence W while E is an edge set of dependency relations. The words wi
and wj are connected by a dependency relation edge eij according to the syntactic dependency tree of the sentence W. Meanwhile if (wi , eij , wj ) ∈ G and the
dependency relation between word wi and wj is eij = dep, there is an inverse
edge eji = dep−1 and (wj , eji , wi ) ∈ G (Fig. 2).

Fig. 2. The goal is to reason an explainable path from aspect term to opinion terms
and predict correct label for every word to distinguish if it is an opinion word. The
right part of the ﬁgure shows that the agent has chosen an action when t = 0 and
move to word wφ(1) . After that, the agent will perform the next action by moving to a
neighbor word through an edge and predicting the opinion label for the neighbor word.

3.2

An MDP Formulation of TOWE

We formulate the TOWE task as an MDP and let the agent reason over the
dependency tree graph. The goal of TOWE task is to extract correct opinion
terms from a sentence for a given aspect term. In the real cases, an aspect or
opinion term may contain several words, while there may be more than one
opinion term corresponding to one aspect term. Thus, the agent will learn relationships between these words on the graph, reason an explainable path to cover
all opinion words and label them correctly. The model should know the position of the given aspect term in the sentence during reasoning. To this end,
let’s denote the information via an aspect label sequence La = {l1a , l2a , · · · , lna }
by using BIO schema [16] (L={B:beginning, I:inside, O:other}) to label every
word wi with an aspect label lia and point out the positions of the aspect words
in the sentence. An opinion label sequence Lo which also contains opinion label
lio of every word is obtained in a similar way as the ground-truth.
With the information of the given sentence W, its graph G and given aspect
label sequence La , the agent starts moving from the ﬁrst word of aspect term.
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For each time step, the agent chooses a neighbor word and move to it through an
edge, then predicts its opinion label. When the agent chooses STOP action or
the maximum time steps Tmax has been reached, the agent stops moving over the
graph and we can get the extraction result from the path with the opinion labels
predicted by the agent. The states, actions, transition function, value function,
and policy function of the MDP are deﬁned as:
State S: Let st ∈ S denote the state at time step t, where S is the state space.
For each time step, the agent makes a decision based on all the information it can
know, including the sentence W, the graph G, the given aspect label sequence La
and history path Pt . Therefore, we design the state as a tuple st = (W, G, La , Pt ),
o
)|i ∈ [0, t]} records all action information in the
where Pt = {(ei , wφ(i) , ˆlφ(i)
past (chosen edge ei , chosen neighbor word wφ(i) , the predicted opinion label
ˆlo of wφ(i) ) for each time step i. At time step t, the agent has reached word
φ(i)
wφ(t) , where the φ(t) is the index of word wφ(t) in the sentence W. The agent
starts from the ﬁrst word of aspect term, thus the aspect label of wφ(0) according
to La must be B. And s0 = (W, G, La , P0 ) where P0 = {(∅, wφ(0) , ∅)}, because
the agent hasn’t taken any action. When the agent stops at time step T , we get
the terminal state sT with the whole path PT .
Action A: At each time step t, At = {(e, w, ˆlo )|e ∈ E, w ∈
/ {wφ(0) , wφ(1) , · · · ,
o
ˆ
wφ(t) }, l ∈ L, (wφ(t) , e, w) ∈ G} ∪ {STOP} is a set of possible actions according
to st , while the whole action space is A = ∪At . The agent isn’t allowed to go
back to the word which already in the history path. If the agent performs action
o
) ∈ At , it will move through an edge et+1 from current
at = (et+1 , wφ(t+1) , ˆlφ(t+1)
o
word wφ(t) to its neighbor word wφ(t+1) , and predict the opinion label ˆlφ(t+1)
for
wφ(t+1) . When the agent thinks all opinion words are in the path, it will choose
the STOP action to stop reasoning.
Reward R: We employ the delayed reward strategy and design a reward function to consider both accuracy and eﬃciency to evaluate the whole path. Thus,
the reward Rt is 0 during the reasoning process and there is a nonzero terminal
reward RT to evaluate the whole path when the agent stops at time step T . A
high-quality path PT should cover all opinion words with all correct predicted
labels (i.e. accuracy) based on a few actions (i.e. eﬃciency). To this end, we
deﬁne the reward function as follows:
n̂o nc
· ,
no T
T
Ref f = −
,
Tmax
RT = Racc + Ref f ,
Racc =

(1)
(2)
(3)

where no is the number of opinion words according to the ground-truth Lo , n̂o is
the number of hit opinion words in path PT , nc is the count of correct predicted
labels in PT . Please note that T = 0 means the agent refuses to explore on the
graph, therefore we deﬁne RT = −1 for this special case.
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Transition function T : The transition function T : S × A → S is deﬁned that:
o
)}), where means state
st+1 = T (st , at ) = (W, G, La , Pt ∪ {(et+1 , wφ(t+1) , ˆlφ(t+1)
o
records the information of action at = (et+1 , wφ(t+1) , ˆl
).
φ(t+1)

Value Function Vθ : The value function Vθ : S → R is a scalar evaluation.
It learns to estimate the terminal reward RT for evaluating the quality of the
whole path (an episode) based on the input state st . The same word in diﬀerent
sentences may represent diﬀerent meanings. Thus, we input the sentence into a
Bi-directional Gated Recurrent Unit (BiGRU) for encoding:
wi = BiGRU(wi−1 , wpre
i ; θcontext ),

(4)

where wpre
is the pretrained word embedding of word wi , and wi is the new word
i
embedding of word wi which contains the context information, θcontext denotes
all the related parameters of the BiGRU network. We leverage a Multi-Layer
Perceptrons (MLPs) to compress the information of every time step i in history
o
a
)|i ∈ [0, t]} and the aspect label lφ(i)
of word wφ(i) .
path Pt = {(ei , wφ(i) , ˆlφ(i)
Then, put them into a BiGRU to calculate the current state representation st
and the value Vθ (st ) is calculated by st .
xt = MLP(et ⊕ wφ(t) ⊕ loφ(t) ⊕ laφ(t) ; θstep ),
st = BiGRU(st−1 , xt ; θpath ),
Vθ (st ) = MLP(st ; θv ),

(5)
(6)
(7)

where et is the embedding of edge, wφ(t) is the new embedding of word wφ(t) ,
loφ(t) is the embedding of predicted opinion label of wφ(t) , laφ(t) is the embedding
of aspect label of wφ(t) , ⊕ denotes the concatenation operator, θpath denotes all
the related parameters of the BiGRU network, and θstep and θv are parameters
of two MLPs.
Policy πθ : The policy πθ calculates the probability distribution of all actions
a ∈ At based on the state st . To this end, we calculate the representation xa for
every action. As we mentioned above the agent will select STOP action when it
thinks the history path Pt covers all opinion words based on the state st . Thus,
we leverage st to calculate xa of the STOP action:
xa = MLP(st ; θstop ),

(8)

where θstop represents the parameters of MLP. The representation xa of action
a = (e, w, ˆlo ) with the new word embedding can be written as:
xa = MLP(e ⊕ w ⊕ lo ⊕ la ; θstep ),

(9)

where e, w, lo are the corresponding embeddings of the each element e, w, ˆlo
of action a, la is the embedding of aspect label of word w and we also share
the same parameters θstep which is used in it formula (5). The probability of an

Reinforcement Syntactic Dependency Tree Reasoning for TOWE

537

action should consider both the state representation st and action representation
xa , for any action a ∈ At , we calculate its probability by a softmax function:
exp{MLP(st ⊕ xa ; θπ )}
,
a ∈At exp{MLP(st ⊕ xa ; θπ )}

πθ (a|st ) = 

(10)

where θπ denotes as the parameters in the MLP.
3.3

Enhancing Policy by MCTS

Due to the sparse reward and large space, it is hard to sample good path at the
beginning of training. Following AlpahGo Zero [19], we leverage MCTS to make
a heuristic search in the whole space by using our value function Vθ and policy
πθ to get a better policy πe . There are four steps in MCTS:
Selection: Starting from the root node sR each time, MCTS recursively selects
the child nodes by using the following function until reaches a leaf node:


a ∈At N (st , a )
at = argmaxa (Q(st , a) + cpuct P (a|st )
),
(11)
1 + N (st , a)
where Q(st , a) is an action value, cpuct is a hyper parameter to control the level
of exploration of MCTS, P (a|st ) is a prior probability, and N (st , a) is the visit
count of the node. MCTS prefers choosing the node with small N (st , a) at ﬁrst.
After simulating several times, it prefers choosing the node with higher Q(st , a).
Evaluation: When reaching a leaf node st , we will estimate the value of this
node. If st is a terminal node (i.e., the agent stops reasoning), we use the terminal
reward RT calculated by formula (1)-(3), else we use our value function Vθ (st )
for estimating.
Expansion: If st is not a terminal leaf node, we will expand the tree by adding
all child nodes (corresponding to every action a ∈ At ) for node st . Initializing the
elements of each new child node as P (a|st ) = πθ (a|st ), Q(st , a) = 0, N (st , a) = 0.
Backup: We recursively backup the elements Q(s, a), N (s, a) of all nodes from
the leaf node st to the root node sR according to the path Pt ∈ st by:
V (s) + Q(s, a) × N (s, a)
,
N (s, a) + 1
N (s, a) ← N (s, a) + 1.
Q(s, a) ←

(12)
(13)

After reaching the maximum simulation time, we randomly choose the action
according to the probabilities evaluated by searching policy πe . A softmax function with temperature τ is used to get the probability of every action in policy
πe by using the visit count N (s, a).
exp{N (st , at )1/τ }
.
 1/τ }
a ∈At exp{N (st , a )

πe (at |st ) = 

(14)
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Training and Test

We use a mean square error for value function Vθ to mimic the terminal reward
RT and a cross entropy loss for policy πθ to mimic the searching policy πe . The
loss function Lθ can be written as:
Lθ = (RT − Vθ (st ))2 − πe (st ) logπθ (st ) + ρ θ ,
2

(15)

where ρ is a parameter controlling the level of l2 weight regularization.
After training, we also use MCTS to search a policy π by using Vθ and πθ
for testing and there are several diﬀerences. We use our value function Vθ (st )
for estimating the value of leaf node st all the time because we don’t know the
ground-truth to calculate terminal reward RT during test time. And we select
action at = argmaxa∈At π(a|st ) for each step.
When reaching a terminal state sT , we generate a predicted opinion label
o
), i ∈ [0, T ]}. For
sequence L̂o = {ˆl1o , ˆl2o , · · · , ˆlno } based on PT = {(ei , wφ(i) , ˆlφ(i)
the words in sentence W which not exists in the path PT , we assign the label O
to these words. Then we use L̂o to extract opinion terms from sentence W.

4
4.1

Experiment
Datasets and Metrics

We use three widely used datasets generated by Fan et al. [2] to evaluate our
model. The 14lap is derived from the SemEval challenge 2014 Task4 [11], 15res
is from SemEval challenge 2015 Task12 [13] and 16res is from SemEval challenge
2016 Task5 [12]. The suﬃxes “res” and “lap” mean that the reviews are from
restaurant domain and laptop domain, respectively. We randomly sample 20%
of the training data for validation.
We use the metrics precision, recall, and F1 score to measure the performance of baselines and our model. An opinion term is considered to be a correct
prediction when the position (i.e., the beginning and the ending oﬀset) of the
term as well as the labels of the term are both predicted correctly.
4.2

Settings

in formula (4)) with 300 dimenWe initialize word embedding vectors (i.e. wpre
i
sion Glove [10] vectors which are pretrained on 840 billion words and ﬁx them
during training. The dimension of edge embedding vectors is 50 and the dimension of label embedding vectors is 10. We randomly initialize the edge and label
embedding vectors. The dimension of hidden states in context encoding BiGRU
is set as 150 and the dimension of hidden states in BiGRU which calculates state
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representation is set as 50. We use Adam [5] as the optimizer and set learning
rate 5e−4 . The l2 weight regularization ρ is 1e−5 , hyper parameter cpuct in MCTS
is 5.
4.3

Baselines

We compare our model with the following baselines:
Distance-rule [4]: it uses POS tags and distances by choosing the nearest adjective to the aspect term as the opinion term.
Dependency-rule [23]: it learns the dependency paths with POS tags from
aspect word to opinion word, then uses the high frequency dependency templates
to extract from the test data.
LSTM/BiLSTM [8]: this approach employs word embeddings to represent
words, put them into a LSTM or BiLSTM, and makes a 3-class classiﬁcation for
every hidden state. It’s a sentence-level opinion words extraction.
Pipeline [2]: it combines BiLSTM and distance rule. After getting the result of
BiLSTM, choose the nearest opinion term to the aspect term as the ﬁnal result.
TC-BiLSTM: this method follows the design of the work for target-oriented
sentiment classiﬁcation [20]. It uses the average embedding of the aspect term as
the aspect vector, and concatenates it to every word embedding of the sentence.
Then put them into BiLSTM to do sequence labeling.
IOG [2]: the authors use six diﬀerent positional and directional LSTMs to
extract opinion terms of the aspect term.
LOTN [21]: it transfers sentiment classiﬁcation task into TOWE task to gather
more opinion knowledge via an auxiliary learning signal.
ONG [14]: this method introduces distance information of syntactic structure
into extraction. It employs BERT to get word embeddings in the paper. We
reproduce the model by using Glove as word embeddings and stanza to generate
syntactic dependency tree for a fair comparison.
4.4

Results

Table 1 shows the performance of our model and baselines. We can observe that
our model performs best among all baselines on three datasets.
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Table 1. Main experiment results(%). Best results are in bold (for P, R, and F1 score,
the larger is the better).
Model

14lap

15res

16res

P

R

F1

P

R

F1

P

R

F1

Distance-rule

50.13

33.86

40.42

54.12

39.96

45.97

61.90

44.57

51.83

Dependency-rule

45.09

31.57

37.14

65.49

48.88

55.98

76.03

56.19

64.62

LSTM

55.71

57.53

56.52

57.27

60.69

58.93

62.46

68.72

65.33

BiLSTM

64.52

61.45

62.71

60.46

63.65

62.00

68.68

70.51

69.57

Pipeline

72.58

56.97

63.83

74.75

60.65

66.97

81.46

67.81

74.01

TC-BiLSTM

62.45

60.14

61.21

66.06

60.16

62.94

73.46

72.88

73.10

IOG

73.24

69.63

71.35

76.06

70.71

73.25

82.25

78.51

81.69

LOTN

77.08

67.62

72.02

76.61

70.29

73.29

86.57

80.89

83.62

ONG(Glove)

78.55

68.17

72.75

79.30

73.02

76.03

88.09

81.71

84.78

MM-TOWE(Our) 81.24 69.49 74.90 81.00 75.25 78.02 89.02 83.43 86.14

The unsupervised rule-based methods perform poorly on all datasets.
Although the Dependency-rule is better than Distance-rule, it is still limited
by its quality of the rules and worse than the deep-learning methods. LSTM and
BiLSTM perform not well in the task because they will extract the same opinion
terms for diﬀerent aspect terms in the sentence. They can’t extract for a special
aspect term. The Pipeline combines BiLSTM and distance rule. It extracts the
nearest opinion term of the aspect term and obtains a high performance as compared with LSTM/BiLSTM. TC-LSTM performs worse than Pipeline because it
ignores the position of the aspect term. IOG is better than other baselines, but
it suﬀers from the high model complexity and no supplementary information.
LOTN transfers opinion knowledge from sentiment classiﬁcation into TOWE
and get better results, but it needs external information. ONG leverages the
distance information of the dependency tree and it performs better than other
baselines. However, ONG ignores the dependency relations in the syntactic structure, which results in a sub-optimal performance. Our MM-TOWE model gets
great improvement and better than all baselines. The results verify the eﬀectiveness of leveraging RL method to reason over the syntactic dependency tree and
learn the dependency relationships.
4.5

Ablation Study

In order to learn the eﬀects of diﬀerent parts of our model. We compare MMTOWE with the following variations: (i) no context information: we remove
the BiGRU used in formula (4) from our model. We only use the pretrained word
embeddings and not to aggregate the context information. (ii) test without
MCTS: we use MCTS during training but don’t use MCTS during test. We
only use our policy πθ and choose action with the maximal probability at each
time when testing.
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Table 2. Experiment results(%) of ablation study.
Model

14lap
P

15res

16res

R

F1

P

R

F1

P

R

No context information 74.85

65.61

69.92

76.00

69.37

72.53

83.74

78.48

F1
81.02

Test without MCTS

80.17

69.35

74.37

80.57

74.85

77.60

88.37

82.48

85.32

MM-TOWE(Our)

81.24 69.49 74.90 81.00 75.25 78.02 89.02 83.43 86.14

From Table 2, we can know that context information and testing with MCTS
are all signiﬁcant for opinion extraction. The performance will drop apparently
when we remove any part of the model.
4.6

Case Study and Path Analysis

Table 3 shows the results of our method MM-TOWE and the best performing
baseline ONG on some cases and we analyze the strengths and weaknesses of
them. The ﬁrst case shows that ONG only extracts the opinion word “easy”
while neglect the opinion word “intuitive”. However, in the second cases, ONG
predicts a wrong opinion word “fast” which is not the opinion term of the aspect
“graphics”. In the third case, ONG extracts “not” and “enjoy” but the boundary
of the opinion term is wrong. In contrast, our model correctly extracts all opinion
terms for the three cases. In Table 4, we show the reasoning paths generated by
our model for every sentence in Table 3.
Table 3. Cases of the extracted results of our method and the best performing baseline
method (ONG). The aspect terms are red and the corresponding opinion words are
blue.
SENTENCE

ONG

MM-TOWE

Everything is so easy and intuitive to
setup or configure.

easy

easy, intuitive

It is super fast and has outstanding
graphics.

fast & outstanding outstanding

Did not enjoy the new Windows 8 and
touchscreen functions.

not & enjoy

not enjoy

Table 4. The reasoning paths generated by our model for each sentence in Table 3.
The relation types of chosen edge are shown above the arrows and the opinion labels
predicted by the agent are shown in the parentheses behind the word.
conj −1

ccomp−1

conj −1

configure −−−−−→ setup(O) −
−−−−−−
→ easy(B) −−−−−→ intuitive(B) −
−−−
→ STOP
amod

graphics −−−−→ outstanding(B) −
−−−
→ STOP
obj −1

advmod

Windows −−−−→ enjoy(I) −
−−−−−
→ not(B) −
−−−
→ STOP
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Conclusion and Future Work

In this paper, we propose a novel deep reinforcement learning model for the
TOWE task. To the end, we formulate the extraction task into a Markov Decision Process (MDP) of reasoning over the syntactic dependency tree. The model
learns the relationships between aspect terms and opinion terms, and reasons
a path to explain the result of the extraction. To better guide the reasoning
process, we design a reward function to consider both accuracy and eﬃciency.
Experimental results on three widely used datasets show that our model consistently outperforms all baselines. As transformer and BERT become more popular, future studies could fruitfully explore TOWE task further by using these
structures to improve our model.
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Abstract. Value decomposition has been a promising paradigm
for cooperative multi-agent reinforcement learning. Many diﬀerent
approaches have been proposed, but few of them consider the heterogeneous settings. Agents with tremendously diﬀerent behaviours bring
great challenges for centralized training with decentralized execution. In
this paper, we provide a formulation for the heterogeneous multi-agent
reinforcement learning with some theoretical analysis. On top of that, we
propose an eﬃcient two-stage heterogeneous learning method. The ﬁrst
stage refers to a transfer technique by tuning existed homogeneous models to heterogeneous ones, which can accelerate the convergent speed.
In the second stage, an iterative learning with centralized training is
designed to improve the overall performance. We make experiments on
heterogeneous unit micromanagement tasks in StarCraft II. The results
show that our method could improve the win rate by around 20% for
the most diﬃcult scenario, compared with state-of-the-art methods, i.e.,
QMIX and Weighted QMIX.
Keywords: Multi-agent reinforcement learning
Transfer learning.

1

· Heterogeneity ·

Introduction

Cooperative multi-agent reinforcement learning (MARL) has found wide applications in various areas, such as traﬃc light control [7], real-time strategy games
[1], recommendation systems [2]. Single-agent learning methods cannot be used
to train each agent independently in multi-agent settings, i.e., each agent is associated with a single-agent method. The reason is that simultaneous learning of
all agents will result in a non-stationary environment from the perspective of
any individual agent [6].
A natural way is to solve the multi-agent problem in a centralized manner, that
is, learning an optimal joint action of agents with respect to the joint observation.
However, the solution space grows exponentially with the number of agents, such
that it is hard to get a good policy in a ﬁnite time [4]. To cope with this situation,
c Springer Nature Switzerland AG 2021
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the paradigm of centralized training with decentralized execution [10] is proposed.
The main idea is that each agent learns its policy based on its observation while a
centralized mechanism is designed to guide the training of all agents. [3] proposes
a multi-agent actor-critic method called counterfactual multi-agent(COMA) policy gradients, which learns a centralized critic with decentralized actor for each
agent. The problem is that the global Q value is normally hard to learn for multiagent settings with the joint state-action input. Later, value decomposition based
methods (VDBMs) have gained great attention. The main idea is to decompose
the global Q-value Qtot to the individual Q-value for each agent. The most representative one is VDN [16], which represents Qtot as a sum of individual Q-values
Qi for each agent. Each Qi depends only on the observation of each agent, and Qtot
is used to compute the loss to update all neural networks. During execution, the
action of each agent is selected greedily based on Qi . VDN supposes a linear combination between Qtot and Qi , which ignores any extra state information available
during the training. Then QMIX [13] is proposed by introducing a mixing neural
network, which expresses Qtot as a non-linear combination of Qi . After that, many
other eﬀorts have been done to ﬁnd better representations between Qtot and Qi ,
such as QTRAN [15], QPLEX [19], Weight Qmix [12] and so on.
The VDBMs have shown state-of-the-art performance on some challenging
tasks in unit micromanagement in StarCraft II [22]. However, previous methods
do not consider the heterogeneity among agents, which is in fact an important
factor for MARL. In heterogeneous tasks, the strategies of heterogeneous agents
vary greatly, which are hard to learn for updating simultaneously with centralized training. Moreover, parameter sharing, a technique widely used in VDBMs
[20], cannot be used anymore. In parameter sharing, a neural network is shared
by all agents and it is trained with experiences collected by all agents. For heterogeneous agents, it is hard to express distinct strategies with one neural network
for all agents.
In this paper we ﬁrstly formulate VDBMs for multi-agent learning as an optimization problem. We classify agents to diﬀerent groups based on their properties, such that each group contains only homogeneous agents. Based on the
formulation, we introduce an alternating maximization technique for solving the
optimization problem, and give some theoretical analysis for the properties of
convergence and optimum. Then we propose a two-stage learning method for
heterogeneous multi-agent reinforcement learning problems. In the ﬁrst stage,
we design an eﬃcient technique to transfer existed neural networks of homogeneous agents to heterogeneous agents. We notice that existing neural networks
of homogeneous agents obtained before can not be directly used for heterogeneous agents due to the change of the observation space, the action space and
the environment. Although many transfer learning techniques have been studied
in the area of image recognition [11], it is still a challenge for designing eﬃcient
transferring techniques for MARL. Diﬀerent from previous transferring methods used in MARL, we adopt a tune method to revise existing neural networks
to make them adapted to heterogeneous agents. In the second stage, we iteratively train diﬀerent groups of agents until it is converged. The training process
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includes several iterations. In each iteration, only one group of agents is trained
(named as active group) while agents in other groups (named as freezed groups)
act without training. The two techniques work complementarily to improve both
the convergent speed and the ﬁnal performance.
We make extensive experiments in diﬀerent challenging combat tasks of StarCraftII. We compare our method with popular VDBMs, i.e., Qmix and Weighted
Qmix. Results show that our method signiﬁcantly pushes forward state-of-theart MARL algorithms for heterogeneous tasks. It is interesting to see that the gap
between our method and traditional VDBMs increases with the increasing number of heterogeneous groups. This study reveals a new dimension, i.e., heterogeneity, for MARL, which provides a new perspective in understanding and promoting
the emergence of cooperation among agents. Our main contributions are summarized as follows: (1) We provide formulations for VDBMs with heterogeneity and
theoretical analyses for the solution approach; (2) We propose a novel two-stage
learning method for heterogeneous multi-agent learning, including a novel transfer technique and an alternating maximization method. (3)The proposed method
signiﬁcantly outperforms state-of-the-art MARL method, i.e., Weighted QMIX,
on hard heterogeneous tasks. (4) Our study shows that the heterogeneity is an
important factor for multi-agent learning, which should be paid more attention.

2
2.1

Background
Multi-agent Markov Decision Process

In this paper we consider a cooperative multi-agent task which can be modelled by
a decentralized partially observable Markov decision process(Dec-POMDP) [9].
The Dec-POMDP is characterized by the tuple < N , S, A, P, O, R, λ > for
N agents , where N = {1, 2, ..., N } represents a set of agents for all ally units.
S = {S t }Tt=0 is a set of game states where S t is the state at time t. The terminal
state S T represents the ﬁnal state of the task when the winning condition is
satisﬁed or T is reached. At each time step, each agent i ∈ N chooses an action
ai ∈ Ai and Ai represents all possible actions of agent i. It results in a joint
reward r ∈ R and a state transition following the transition function P(S  |S, A).
The joint action of all agents is denoted by A = {A1 , A2 , ..., AN }. We consider
a partially observable setting, where each agent receives a partial observation
oi ∈ Oi and O = {O1 , O2 , ..., ON }. We deﬁne πi : Oit × Ati → [0, 1] as the policy
for each agent. At time step t of a game, each agent observes a partial state
oti and selects an action ati based on its policy. To compute the optimal policy,
the state value function V π (S) is introduced, which is calculated by cumulated
rewards with the discount factor λ ∈ [0, 1), see (1).
∞
(1)
V π (S) = E{ t=0 λt rt |S0 = S}
where E is the expectation. Based on V π (S), the state-action value Qπ (S, A)
is deﬁned as (2).
(2)
Qπ (S t , At ) = E{rt+1 + λV π (S t+1 )}
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Value Function Decomposition

MARL problems could be solved with VDBMs, which decompose the global
state-action value Qtot into the individual value Qi for each agent. Diﬀerent
approaches have been proposed to study the 
relation between Qtot and Qi . VDN
expresses Qtot as a sum of Qi , i.e., Qtot = i Qi where QMIX uses a continuous monotonic function in form of a mixing network to express this relation,
i.e., Qtot = f (Q1 , Q2 , ..., Qn ). In QMIX, each agent corresponds an independent
neural network. It is used to compute Qi based on its own local observation,
which is used as the input for the mixing network. During the training, all neural networks for agents and the mixing network are trained together. The loss is
computed by equation (3), where yktot = r + maxa Qtot (o, a; θ− ). Here we use the
mechanism of double networks which is used in DQN [8]. θ represents parameters
of eval networks while θ− represents that of target networks. b is the number of
samples used to train the neural network.
b
L(θ) = k=1 [(yktot − Qtot (o, a; θ))2 ]
(3)
Note that for VDBMs, a general principle Individual-Global-Max (IGM) [15]
should be satisﬁed, which is shown as equation (4). It guarantees that a global
argmax performed on Qtot yields the same result as a set of individual argmax
operations performed on each Qi .
⎛
⎞
argmaxa1 Q1 (o, a1 )
⎜ argmax Q (o, a ) ⎟
a2 2
2
⎜
⎟
argmaxa Qtot (o, a) = ⎜
(4)
⎟
⎝
⎠
......
argmaxaN QN (o, aN )

3

Problem Formulation

Let function f and gi represent the mixing network and the individual network for agent i, which are parametered by θ̇ and θ¨i respectively. Then we
have Qtot (o, a; θ̇) = f (Q1 (o1 , a1 ; θ¨1 ), ...QN (oN , aN ; θ̈N ); θ̇) and Qi (oi , ai ; θ¨i ) =
gi (oi , ai ; θ˙i ). In the following, we use Qtot and Qi to represent Qtot (o, a; θ̇) and
Qi (oi , ai ; θ¨i ) respectively. The optimization problem for multi-agent learning
based on VDBMs can be formulated by (5), where (oi , ai ) belongs to the set
of samples D.
Optimization Formulation for VDBM:
maxmize Qtot = f (Q1 , Q2 , ...QN ; θ̇)
subject to: Qi = gi (oi , ai ; θ¨i ), (oi , ai ) ∈ D, i ∈ N
Qi , θ̇, θ¨i ∈ R, i ∈ N

(5a)
(5b)
(5c)
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For heterogenous tasks, we divide N into diﬀerent homogeneous groups
N1 , N2 , ..., NK . K is the number of groups and K = {1, 2, ..., K}. The number of agents in a homogeneous group is |Nk |, k = 1, 2, ..K, and we have
|N | = |N1 | + |N2 | + ... + |NK |. We introduce δ(i) ∈ K to denote the type of
the ith agent, and (k) to denote the set of agents belongs to type k, i.e., if
δ(i) = k, then i ∈ (k), i ∈ N , k ∈ K. Note that agents in a homogeneous group
belongs to the same type and parameter sharing could be used for homogeneous
agents. The formulation of (5) could be reformulated as (6a).
Heterogenous Optimization Formulation:
maxmize Qtot = f (Qδ(1) , Qδ(2) , ...Qδ(N ) ; θ̇)
subject to: Qδ(i) = gδ(i) (oi , ai ; θ̈i ), (oi , ai ) ∈ D, i ∈ N
Qi , θ̇, θ¨i ∈ R, i ∈ N

(6a)
(6b)
(6c)

VDBMs solve this problem through the training with amounts of samples
directly. Here we consider a non-convex optimization approach, namely the alternating maximization technique [5]. The main idea is to optimize variables for
each group iteratively, which is equivalent to solve a marginal optimization problem formulated as (6a). At the beginning, {θ̇, θ̈} are randomly initialized. In
each iteration, keeping {θ̇, θ̈l } as variables while other variables {θ̈k } are ﬁxed
as θ̂k , k ∈ K \ {l}. Note that Qk can be computed by θ̈k .
Heterogenous Marginal Optimization Formulation:
maxmize Qtot = f (Q̂δ(1) , ..., Ql , ...Q̂δ(N ) ; θ̇)
subject to: Q̂δ(i) = ĝδ(i) (oi , ai ; θ̂δ(i) )

4

(7a)

Ql = gl (oi , ai ; θ̈l ), (oi , ai ) ∈ D, i ∈ N \ (l)

(7b)

Ql , θ̇, θ̈l ∈ R

(7c)

Two-Stage Heterogeneous Learning

In this section we introduce a two-stage learning method for heterogeneous tasks.
Firstly, to accelerate the convergent speed, we design a transfer learning technique to make homogenous models adapt to heterogeneous ones. Secondly, we
adopt an alternating maximization technique to training heterogeneous groups
iteratively. The framework of the proposed method is illustrated in Fig. 1.
4.1

Stage 1: Transfer Learning

In fact, we do not have to learn from the scratch for heterogenous tasks
as we could reuse homogeneous models obtained before. However, it is not
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Fig. 1. The framework of the two-stage learning method. In the ﬁrst stage, model
parameter by θ̈0 is transferred to θ̈. In the second stage, the ﬁrst group is active group
while others are freezed groups.

straightforward to load homogeneous models directly for heterogenous cases.
The observation space and the action space are all changed when transferring
existed models to heterogenous ones.
Diﬀerent from previous transfer techniques used in reinforcement learning
[18], we consider to reﬁne the structure of the neural network to make them
adapt to heterogeneous scenarios. This technique has been studied in the area
of image recognition, which is called “ﬁnetune”[21]. The main research ﬁnding
is that the ﬁrst three layers of a neural network mainly include general features
while the last layer mainly include features speciﬁed for certain task. Based on
this intuition, we design a simple but eﬃcient transfer method.
Suppose we have a trained model, which is a neural network consisting of an
input layer, hidden layers and an output layer. The weights of the input layer is
represented by θ̈input while that of the output layer is θ̈output . To cope with the
variation happened in the observation space, we consider to extend the input
layer of the existed model. We use θ̈new to represent the extended weights for
adding new neurons in the input layer. Then the weights of the input layer for the

= [θ̈input , θ̈new ]. We keep the weights
transferred model is represented by θ̈input
θ̈input as it reﬂect general features, and then θinput is initialized randomly.
When transferring a homogeneous model to the heterogeneous case, the
action space may also change. Diﬀerent from the way of dealing with the input
layer, we tune the output layer of the exited model in another way. Since the
output layer is closely related to speciﬁc task, and the homogeneous environment always diﬀers with the heterogeneous environment greatly, we consider to
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redeﬁne the output layer during the transfer. Speciﬁcally, We erase the values
of parameters θ̈output and give them random initializations, which is represented

by θ̈output
.
In Sect. 5, we will show that the proposed transfer technique could signiﬁcantly accelerate the converging speed.
4.2

Stage 2: Alternating Maximization Method

Based on the theoretical analysis in Sect. 3, we could solve the heterogenous optimization problem by iteratively solving the marginal optimization model (7a),
which is called the alternating maximization method. In each iteration, optimizing the marginal problem is equivalent to that training a group of homogeneous
agents (active group) while keeping other groups freezed. The training process
follows the manner of Q-learning [17]. A replay buﬀer is introduced to store
the samples obtained through interactions of agents in the active group with
). The training is executed
environment. A sample is deﬁned as (oti , ati , rt , ot+1
i
many times, and each time a batch of samples is randomly selected to update
parameters of neural networks.
The two-stage heterogeneous learning is described in Algorithm 1. The input
parameter θk0 comes from existing models while the output is the optimized
parameter. In Stage 1, rand() represents randomly generating values. In Stage 2,
k and l represent the iteration number and the index of active group respectively.
The process of an iteration is described in Step 6–17. An episode corresponds
to Step 9–15. The parameters of the neural network for the active group θl is
updated based on VDBM every one episode.

5

Experiments

In this section we make experiments to answer the following questions: (1) Can
the VDBMs perform well in heterogeneous tasks by removing the parameter
sharing? (2) Can our method improve the performance of VDBMs? (3) What is
the impact of transfer learning and alternating maximization on the performance
of VDBMs respectively?
Our experiments are carried out on StarCraft Multi-Agent Challenge(SMAC)
environment [14]. We compare our methods with two baselines: QMIX and
Weighted QMIX. QMIX is a standard VDBM, which is used as the baseline
for many other VDBMs. Weighted QMIX is the state-of-the-art VDBM, which
has shown good performance on SMAC tasks. We use the following notations to
denote diﬀerent methods: (1) QMIX; (2) QMIX-THL: QMIX with two-stage heterogeneous learning; (3) QMIX-NPS: QMIX without parameter sharing; (4) OWQMIX: Optimistically weighted QMIX, see [12]; (5) OW-QMIX-THL: Optimistically weighted QMIX with two-stage heterogeneous learning; (6) OW-QMIXNPS: Optimistically weighted QMIX without parameter sharing.
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Algorithm 1: Two-stage Heterogeneous Learning
Input: Existed parameters of models θ̈i0 for agent i ∈ N
Output: Optimized policies gk∗ (θ̈k∗ ), k ∈ K

= rand()
Stage 1: Set θ̈∗ = θ̈0 , θ̇ = rand(), θ̈new
∗
θ̈output = rand();
∗
0

= θ̈input
∪ θ̈new
;
θ̈input
Stage 2: k = 1
while Non-convergent do
l = k%K
Fix the polices of groups with homogeneous agents as ĝk (θ̂∗ ), k ∈ K \ {l}
for ep = 1, 2, . . . , L do
Initialize the task;
for t = 1, 2, . . . , T do
Obtain observations oti for all agents;
; θ̂i ), i ∈ N \ (l),
Compute individual Q values: Qi = ĝδ(i) (oti , at−1
i
;
θ̈
),
j
∈
(l);
Ql = gl (oj , at−1
l
j
Compute actions following ε-greedy policy
Get reward rt and next observation oti ;
Store samples (oti , ati , rt , ot+1
), i ∈ (l) in the replay buﬀer D;
i
Updating θl∗ through VDBM
k =k+1

For all experiments, we set the discount factor γ = 0.99. The optimization
is conducted using RMSprop with a learning rate of 5 × 10−4 , α of 0.99, and
with no momentum or weight decay. For exploration, we use ε-greedy with ε
annealed linearly from 1.0 to 0.05 over 50k time steps and kept constant for the
rest of the training. Batches of 50 episodes are sampled from the replay buﬀer,
and the whole framework is trained end-to-end on fully unrolled episodes. The
percentage of these episodes in which the method defeats all enemy units within
the time limit is referred to as the test win rate. All experiments use the default
reward and observation settings of the SMAC benchmark.
5.1

Main Results

The comparison results of our method with two baselines, i.e., QMIX and OWQMIX, are shown in Fig. 2. We consider three diﬀerent scenarios in SMAC environments, i.e., 3s5z,1c3s5z and 1c2m3s5z, which diﬀers in the degree of heterogeneity. c,s,z,m represent diﬀerent types of units, i.e., Colossus, Stalker Zealots
and Medivacs respectively. Take 1c3s5z for example, there are three diﬀerent
groups and nine agents in total, i.e., K = 3 and |N1 | = 1, |N2 | = 3 and |N3 | = 5.
All agents have two basic actions: move and stop. The ﬁrst three types of agent
have the ability of attacking. The attacking range of Colossus is the biggest
while the attacking frequency of Stalker is the highest. The most diﬀerent unit
is Medivacs which can not attack but can heal other agents.
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(a) Q-3s5z.

(b) WQ-3s5z.

(c) Q-1c3s5z.

(d) WQ-1c3s5z.

(e) Q-1c2m3s5z.

(f) WQ-1c2m3s5z.

Fig. 2. Comparisons of the proposed method with QMIX and Weighted QMIX.

The ﬁrst observation is that both QMIX and OW-QMIX could not get better
performance by removing the parameter sharing for heterogeneous tasks. Without parameter sharing, each group of agents corresponds to a separate network,
which assures that networks for heterogeneous groups update independently.
However, the results show that it gets even smaller win rates than the two baselines. Secondly, THL greatly improves the performance of the two baselines.
QMIX-THL increases the win rate by around 8%,10% and 20% compared to
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QMIX for the three tasks while OW-QMIX-THL increases by around 5%,8%
and 16% compared to OW-QMIX. Further, it is interesting to see that the increment of the win rate brought by THL becomes greater with the increase of
the number of types. Especially with the emergence of Medivacs in 1c2m3s5z,
the baselines are improved greatly with THL. Further, the convergent speed for
VDBMs with THL is also faster that that without THL. The results show that
the heterogeneity is an important factor for VDBMs.
5.2

Ablation Results

We carry out ablation studies to analyze the eﬀectiveness of transfer learning
and alternating maximization respectively. The experiments are conducted on
the task 1c2m3s5z with QMIX as the baseline. The result is shown in Fig. 3. In
QMIX-TL, we load a previous neural network model for each type of units and
then continue training with QMIX. In QMIX-AM, we train all agents from the
scratch through alternating maximization.

Fig. 3. Ablation Results.

As we can see, the curve for QMIX-TL and that for QMIX-THL overlap at the
beginning, which are much higher than QMIX-AM and QMIX. It means that the
improvements for QMIX-THL at the beginning mainly come from TL. The ﬁnal
win rate of QMIX-AM is similar to that of QMIX-THL, which is much bigger
than that of QMIX-TL and QMIX. This shows that AM mainly contributes
the ﬁnal performance. Overall, the transfer learning makes contributions for
accelerating the converge speed while the alternating maximization for improving
the win rate. The two technologies make up the proposed eﬀective two-stage
method.

554

6

K. Wan et al.

Conclusion

In this paper we study the heterogeneous MARL problem, for which optimization
formulations are presented. Based on the formulations, we give some theoretical
analysis about the convergence and the optimum of the alternating maximization technique. Then we propose an eﬃcient two-stage heterogenous learning
method, including a transferring technique based on tuning the network and
an alternating maximization technique to dispose heterogeneous agents. The
two techniques work complementarily, which not only accelerate the convergent
speed but also improve the ﬁnal performance. The experiments on heterogeneous
combat tasks in StarCraft II show that our method signiﬁcantly pushes forward
state-of-the-art of MARL algorithms based on VDBMs. This study points that
the heterogeneity is an important factor for MARL problems. It would be also
interesting to investigate more heterogeneous tasks with other VDBMs in the
future research.
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MAT-DQN: Toward Interpretable
Multi-agent Deep Reinforcement
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Abstract. We propose an interpretable neural network architecture for
multi-agent deep reinforcement learning to understand the rationale for
learned cooperative behavior of the agents. Although the deep learning technology has contributed signiﬁcantly to multi-agent systems to
build coordination among agents, it is still unclear what information
the agents depend on to behave cooperatively. Removing this ambiguity may further improve the eﬃciency and productivity of multi-agent
systems. The main idea of our proposal is to adopt the transformer to
deep Q-network for addressing the above-mentioned issue. By extracting
multi-head attention weights from the transformer encoder, we propose
a multi-agent transformer deep Q-network (MAT-DQN) and show that
agents using attention mechanisms possess better coordination capability with other agents despite being trained individually for a cooperative patrolling task problem; thus, they can exhibit better performance
results compared with the agents with vanilla DQN (which is a baseline method). Furthermore, we indicate that it is possible to visualize
heatmaps of attentions, which indicate the inﬂuential input-information
in agents’ decision-making process for their cooperative behaviors.
Keywords: Distributed autonomous system · Multi-agent deep
reinforcement learning · Attention mechanism

1

Introduction

Recently, multi-agent systems (MASs) have gained popularity in various realworld applications. For example, thanks to the advancements made in computational technology and abundant supply of high-quality data, a swarm of drones
are being increasingly used to eﬀectively spray pesticide in agricultural ﬁelds
[1,10] and sophisticated agents are being used for maintaining high levels of
security in intelligent surveillance systems [6,12]. Furthermore, multiple robots
(agents) equipped with sensors have been able to execute various complex tasks
in a highly cooperative and coordinated manner [4]. In addition, MASs have
beneﬁted from the advent of deep learning; by approximating high-dimensional
action-value functions with the neural networks, agents possess the capability of
c Springer Nature Switzerland AG 2021
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taking appropriate actions in complicated environments and behaving cooperatively with other agents. Therefore, MASs, using deep learning methods, can be
expected to further increase the productivity for real-world applications.
However, although multi-agent deep reinforcement learning (MADRL) has
achieved the state-of-the-art performance in broad problem domains, it suﬀers
from a crucial limitation, namely, the so-called black box problem [2]. The lack of
transparency and algorithmic accountability is fatal, especially in critical applications, such as self-driving vehicle agents that cannot fail. Because these agents
are always required to execute tasks appropriately with reasonable judgment and
guarantee both robustness and safety, it is important to clarify the rationales of
actions leading to such cooperation/coordination; indeed, it is almost impossible
to interpret the rationales and reasons of these behaviors using the existing deep
learning technology.
Thus, we introduce a novel approach to the MADRL for improving the interpretability of the multi-agent cooperation. The proposed method, the multiagent transformer deep Q-network (MAT-DQN), is derived by incorporating the
transformer encoder into the deep Q-network (DQN) architecture. The transformer encoder was originally proposed for natural language processing to add
the (self-)attention mechanism [13], which can learn the relevance between tokenized vocabularies. In our approach, we extended the multi-head attention of
vision transformer [5], which handles image classiﬁcation problems in computer
vision, for the MADRL in order to interpret what information is inﬂuential
for the agent’s decision-making process behind their coordinated behaviors.
Then, the ﬁnal output of the Q-values of each agent is calculated by fully connected network with the attention mechanism and the encoded environmental
information.
We conducted experiments to investigate the performance and advantages of
the agents using the MAT-DQN in the patrolling task, which is a coordinated
object collection problem on a grid environment. To evaluate the performance,
we compared these results with those of agents using vanilla DQNs as a baseline. Our experiments indicate that the MAT-DQN agents, which are the agents
with their own MAT-DQNs, outperform the baseline agents. We then generated
attentional heatmaps using the weights from the multi-head attention module
in the transformer encoder, so as to understand where individual agents paid
attention in their local visible areas for coordinated and cooperative behaviors
with other nearby agents. The analysis shows that, for example, an agent is likely
to focus on the closest object because it is easier to pick up the object, whereas
if there are other agents in the local area, it actually locks on their movements
and moves on to another nearby object that, although not the closest, is safer to
pick, with relatively lesser chance of collision. We believe that clarifying inﬂuential features and attributes of information contribute to the interpretability as
well as the eﬃciency of the proposed system.

558

2

Y. Motokawa and T. Sugawara

Related Work

There are a few studies on the interpretability of the behaviors by MADRL [3,7,
8]. For example, Jiang et al. [8] proposed an attentional communication (ATOC)
model, which comprises both attention and bidirectional long short-term memory units. After training, these agents can dynamically create a communication
network with other agents to make cooperative decisions. Yet, there is still a
diﬃculty of comprehending which information besides the information involved
in communication is inﬂuential in the decision-making process of the agents.
The multi-actor-attention-critic (MAAC) is an algorithm to train decentralized
agents with their center critic network [7]. The agents selectively pay attention to
relevant information from other agents after training. It also improves scalability
because the decentralized critic network evaluates individual agents. Nevertheless, only the embedded information from agents is available in this approach,
and thus, it is still unclear which locations/tasks are signiﬁcant for decisions.
Chen et al. [3] proposed the graph attention multi-agent reinforcement learning
algorithm (GAMA) by using both a graph network and an attention mechanism to improve the scalability of the algorithm in a dynamic environment. The
agents are capable of communicating with other agents selected based on the
output from the attention mechanism. Although their success in the MADRL is
remarkable, similar to ATOC, it is unknown what kinds of attributes of tasks
are inﬂuential for the behavior decisions.
Although previous research mainly focuses on the intra-network among
agents by adopting the attention mechanism, our goal in the MAT-DQN is to
make the agents capable of paying attention on all agents, taking all objects into
account, and executing all relevant tasks, so that we can interpret the behavior
of agents based on their attentional heatmaps.

3
3.1

Background and Problem Description
Partially Observable Markov Decision Process

We introduce a discrete time step t (≥0). Markov decision process (MDP) is
a type of stochastic process wherein the conditional probability distribution of
the next step depends on only the current state [11]. The decentralized partially
observable Markov decision process (dec-POMDP) of n agents, I = {1, . . . , n},
is stated by tuple I, S, {Ai }, pT , {ri }, {Ωi }, O, H, where S is a ﬁnite set of
available states, and Ai is the set of actions for agent i ∈ I with A = A1 ×· · ·×An
being the set of joint actions. Function pT (s |s, a) denotes transition probability
for a ∈ A and s, s ∈ S and ri (s, a) (∈ R) for s ∈ S and a ∈ A is the reward
of i. Ω = Ω1 × · · · × Ωn is the set of joint observations, where Ωi is the set of
i’s observations, and O(o|s, a) is the observation probability P (o|s, a) for o ∈ Ω.
Positive integer H is the horizon of the process and is also the maximum episode
length of the patrolling task.
HThen, i learns the policy πi to maximize discounted
cumulative reward Ri = t=0 γ t ri (s, a) where γ is a discount factor 0 ≤ γ < 1.
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Note that our patrolling task is the deterministic, and thus, the probabilities in
this deﬁnition is 0 or 1.
In the patrolling task we use in this study, agents try to collect scattered
objects in the Gx × Gy grid environment, as shown in Fig. 2. Suppose that the
size of the visible area of each agent is a Rx × Ry rectangle whose center is itself.
At each time step, i ∈ I observes its local area by oi and its result is expressed
by a number of (Rx , Ry ) matrices, which describe the relative position of other
agents, events, and other components such as walls/obstacles in the visible area.
Then, in every unit time, on the basis of the local observation, i takes one of the
actions ai ∈ Ai = {up, down, right, left}, whose elements correspond to going
upward, downward, right, or left. Then, i may earn reward as follows: Once i
picks up an object, meaning i is on the same coordinate as the object, it receives
reward re > 0; if i collides with other agents or walls, it receives a negative
reward rc < 0; otherwise, no reward is given. Agents individually learn their
own policies πi to collect as many objects as possible with fewer collisions to
maximize discounted cumulative reward Ri .
3.2

Self-attention

The input fed to the self-attention network can be classiﬁed into three groups of
matrices describing the query, key, and value. Furthermore, by multiplying the
query and key matrices, the network obtains the compatibility of each sequence
in the query and other components in the key matrix. We then apply the softmax
function to each row of the result to normalize the weights. Subsequently, the value
is multiplied by the logits, which helps us to understand which information is relevant to the decision-making process of agents. The attention is calculated as
Attention(Query, Key, Value) = softmax(

Query · Key T
√
)Value,
dk

(1)

where Query, Key, and Value are matrices corresponding to the query, key, and
value, respectively, and dk is the dimension of key matrix. Please see [13] for
more details on this.
Furthermore, by extending the single self-attention function in parallel, the
multi-head attention is derived by:
MultiHead(Query, Key, V alue) = Concat(head 1 , . . . , head h )W O
head l = Attention(Query · WlQ , Key · WlK , Value · WlV ),

(2)

where WlQ , WlK , WlV , WlO are projected parameter matrices, head l (1 ≤ l ≤ h)
of each attention, and h is the number of heads. Because each head encodes
diﬀerent information, it is expected to be able to learn the environment ﬂexibly
by increasing the number of attention heads [13].
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Proposed Method

In our proposed method, each agent has its own transformer encoder that contains the multi-head attention network. Figure 1 depicts the structure of the
MAT-DQN. The state encoder in each agent encodes three (Rx , Ry ) matrices
expressing the agents, objects and obstacles in the local area from its observation. Then, the these matrices are embedded in the C (>0) dimensional vector
space and ﬂattened by the state embedder; the query, key, and value matrices
R
whose size is ( RPx · Py + 1, C) are generated where P is the patched size for
the attention mechanism. Note that the dimension is extended by one in the
embedder to be used as a learnable parameter called class token [13]. Again, by
multiplying the query and key matrices, compatibility of each element in local
observation, including the class token, is obtained. We then explain how the class
token is associated with the decision-making process.
Then, the input to the transformer
encoder is characterized L times. Finally,
only the class token, which is the ﬁrst row
of the matrices (which is shown as the gray
part of the left box Fig. 1 (b)) from the transformer encoder, is passed to a fully connected network, which is the middle block
in Fig. 1 (b). Because only the class token
is used as the representation of the output
from the transformer encoder, analyzing its
compatibility with elements in local observation by using the attention mechanism will
help us to see where agents learned with
(a) MAT-DQN and
the MADRL paid attention to in agents’
transformer encoder
decision-making processes.
es
tric
The MAT-DQN agents can beneﬁt from
Ma
FCN
the transformer encoder in two aspects.
First, agents can identify which parts of
information are necessary to induce better
policies, including coordination. This means
(b) DQN head
that agents can limit the information that
should be taken into account, resulting in
Fig. 1. MAT-DQN structure.
faster learning and eﬃcient behaviors without collisions. Second, we can visualize such selections of information by extracting the attentional weights from the multi-head attention network. In terms of
analytical studies, we can comprehend what type of information (e.g., the distance from what the agent detects in the local area, its movement direction, and
its types, etc.) is inﬂuential. These extracted ﬁndings can be useful to interpret
the reasons of learned behaviors and to understand the robustness and weakness
of the agents to the environmental changes.

MAT-DQN: Toward Interpretable Multi-agent Deep Reinforcement Learning

5
5.1

561

Experiments and Results
Experimental Setup

We conducted experiments based on the
patrolling task to investigate the performance
of MAT-DQN agents and to understand what
individual MAT-DQN agents focus on for
their learned behaviors using the attentional Fig. 2. Environment. (Color ﬁgure
mechanisms. We compared the performance online)
results of the MAT-DQN agents with those of
the vanilla DQN agents. The structure of the MAT-DQN in these experiments,
as shown in Fig. 1, has four attention heads (h = 4). The vanilla DQN consists
of two convolutional layers, two max-pooling layers, and a fully connected network. The experimental environment is a 40 × 24 grid (so Gx = 40 and Gy = 24)
consisting of four rooms and a hallway running horizontally, as shown in Fig. 2.
At the beginning of every episode, eight agents are initialized at blue cells and
start exploration until the time step t reaches H = 200 or all objects are found.
We then iterated 20,000 episodes for the training. The main purpose of agents is
to collect as many objects as possible with avoiding collision with other agents
and walls that are expressed by black cells. We set rc = −1 and re = 1. The 40
objects are randomly scattered initially in the beige region, and when an agent
collects an object, another object is placed somewhere in the same region.
We also examined how the attentions of MAT-DQN agents are aﬀected by the
input methods, using two types of observation methods: local view and relative
view [9]. The local view is identical to the (Rx , Ry ) matrices generated naively
from the local observation, whereas the relative view is encoded into (Gx , Gy )
matrices generated by embedding the observed area into the entire environment
and ﬁlling the outside of the observable area with a null code; this means that
agents can know their absolute position. Note that any objects behind the walls
are not observable. We set the patched size to P = 1 for local views so that all
elements in the observation are associated with the attention mechanism, and
set P = 4 for relative views to reduce the computational complexity of attention
due to the larger input. We also set the embedding dimension, which is the
dimension of the class token, to C = 64.
5.2

Performance Comparison

Figures 3 and 4 plot the averaged values of the total number of collected objects
and the earned rewards per episode by eight agents of ﬁve experimental runs
when using local and relative views. Figure 3a and 4b indicate that when the
input fed to the network was local views, agents with the vanilla DQNs collected
276.76 objects and earned a reward of 269.66 per episode, whereas the MATDQN agents could collect 310.44 events and earn 305.34 of reward per episode.
Thus, the MAT-DQN agent achieved a performance improvement of approximately 12.2% in the number of collected objects and approximately 13.2% in
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(a) Local view

(b) Relative view

Fig. 3. Number of collected events per episode.

(a) Local view

(b) Relative view

Fig. 4. Total reward per episode.

the reward earned, compared with the baseline method. Furthermore, by comparing the graphs in Figs. 3 and 4, we can see that the MAT-DQN agents performed approximately 15.4% better with the relative view than those of the
local view, although the performance of the baseline agents with the relative
view decreased approximately −2.3% . These results suggest that the MAT-DQN
agents could utilize the additional information in the relative view, whereas the
baseline agents could not, but rather were confused and could not learn suﬃciently due to the greater amount of data in the relative view. We will discuss
this in more detail in Sect. 6.
5.3

Attentional Heatmaps

We generated the heatmaps based on the output from attention heads of certain
agents and analyzed which objects/cells/agents each agent focused on. Such an
analysis helps us understand the agents’ decision-making process after suﬃcient
learning. We show the attentional heatmaps of agents only with the local views
due to the limited number of pages, but similar patterns can be observed when
they used the relative views. Figure 5a illustrates the local observation of the
agent (labeled A in this ﬁgure) in a certain situation (Sit. 1) in which blue
cells are agents (so the blue cell is at the center) and yellow cells are objects in
the local area. Figure 5b depicts the heatmaps of the mean attention from all
attentional heads indicating where the agent A paid more attention (it focuses
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(a) A’s view

(b) A’s attention

(c) A’s attention from heads

(d) B’s view
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(e) B’s attention

(f) B’s attention from heads

Fig. 5. Local observation and attentional heatmaps of agents A and B. (Color ﬁgure
online)

on the brighter cells). Note that the attentional heatmaps from individual heads
in Fig. 5c are diﬀerent, which indicates that they ﬂexibly learn actions from the
observed states.
In Sit. 1, agent A pays attention to the three objects as well as agent B, as
shown in Fig. 5b. In particular, the highest attention is paid to the neighboring object because A can earn reward re by moving to the right and there is
less possibility of an immediate collision with B. Furthermore, A paid almost
no attention to the walls located at the lower right, and thus, we can verify
that information about walls at the further location has less signiﬁcance in the
decision-making process.
Figures 5 d–f, which are the maps of agent B in another situation (Sit. 2),
show the diﬀerent and interesting pattern of attentions of B. Figure 5d indicates
that B pays more attentions to other agent A and less attentions to the nearby
objects. This is because agent B’s path to the close objects is aﬀected by the
movement of A, but this could not be predicted. Because if agent A pick up
its local objects, B should explore other areas; this is supported by the ﬁrst
(leftmost) attention head in Fig. 5f. Moreover, A may move to the right to pick
up the closest object; this means that A will subsequently move toward the
object located at the upper right corner; thus, the ﬁrst attention head in Fig. 5f
focused on the object directly above B. Therefore, we can interpret that agents
do not always put higher attention on objects, but selectively put attention to
objects after considering other agents’ locations and movements.

6
6.1

Discussion
Performance Comparison

Our experimental results clearly indicate that the MAT-DQN agents outperformed the agents with the vanilla DQN probably due to the use of the attention
mechanism. During the training phase, agents successfully build tactics to identify what is the relevant information in their local areas for decision-making,
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Fig. 6. Attentional heatmaps and cooperative behavior.

and we believe that these tactics might be provided by the attention mechanism. The experimental results when agents used the relative views also suggest
another advantage of the MAT-DQN. The relative views include the map of the
environment and agent’s location on this map. We believe that these data are
beneﬁcial for learning. In contrast, the relative view increases the dimension of
input fed to the DQNs. This is the reason for the degradation in performance of
the agents that use the baseline method, and thus, the use of the relative view
should be avoided.
In contrast, the MAT-DQN agents have attention mechanisms that can
appropriately identify which information in their observation is necessary without getting confused because of high-dimensional data; they instead take advantage of the relative view to achieve higher eﬃciency compared with using the
local views.
6.2

Analysis of Interpretability

We investigated how the visualized attentional heatmaps are associated with
cooperative behavior. As discussed in Sect. 5.3, the heatmaps clearly indicate
where agents focused. These attentions then suggested the agents’ next actions.
Furthermore, in Sit. 2, one of the attention heads suggested a potential action
that could be triggered by the movements of another agent. We also attempt
to analyze the situations where cooperative behaviors are required. The observation in the third situation (Sit. 3) and the associated heatmaps of the mean
attention from the multi-heads are shown in Fig. 6a and Fig. 6b, respectively.
The observations and heatmaps on the right in these ﬁgures are the state at
the next time of those on the left. We also annotated the heatmap with the
attentional weights. In Sit. 3, agent A saw two objects located on opposite sides;
thus, it moves to the right to approach the closest object. We can recognize A’s

MAT-DQN: Toward Interpretable Multi-agent Deep Reinforcement Learning

565

Fig. 7. Heatmaps of object collections of individual agents.

action from Fig. 6b as well; i.e., it pays attention to two objects with 0.189 (on
the closest) and 0.112 (on the second closest). After moving to the right, the
attentional values changed to 0.220 and 0.109, respectively.
We can observe the coordinated behavior in the fourth situation (Sit. 4),
whose observations and the associated heatmaps are shown in Fig. 6c and Fig. 6d,
respectively. From the left map of Fig. 6c, there were two objects located on
opposite sides, as in Sit. 3, and another agent B was located near the closest
object; then, A moved downward so as to approach the further object. This
behavior seems rational in the sense that after leaving the collection of the
closest objects for another agent, agent A headed for the object in a diﬀerent
direction. This action also reduced the possibility of a collision. The heatmap of
the attentional weights in the left of Fig. 6d explained this situation, i.e., A put
the highest attention on the closest objects, and at the same time, A focused on
B. Because we can expect that the attentions on other agents work in a repulsive
way, the attention mechanism directed agent A to the object below. Note that
all heatmaps in Fig. 6 indicate some weak attention on the cells at the top of A.
we believe that this was to avoid the collision to the wall on the lower side.
This discussion indicates that we could succeed in visualizing the sources of
information in the decision-making processes of the learned agents by using the
proposed MAT-DQN method.
6.3

Analysis of Coordination

Finally, we investigated the cooperative and collaborative behaviors with the
learned policies from a macro perspective. For this purpose, we conducted 1, 000
episodes of the same experiment after training and generated the heatmaps indicating where each agent collected objects. The result maps of eight agents are
illustrated in Fig. 7. This ﬁgure shows that a pair of agents were equally distributed in each room, and the room was divided horizontally. Thus, we can say
that agents individually trained without any communication and succeeded in
taking charge of their respective divided region in a bottom-up manner.
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A more detailed analysis reveals that the eﬃciencies of the agents are different for each room. For instance, agent 2 and agent 3 had dense (so darker)
heatmaps. This means that they had a more advanced division of labor through
compartmentalization and had to collect all objects by time 500. In contrast,
agents 6 and 7 were responsible for some overlapping area, which led to the
collection of fewer number of objects and risk of collisions, resulting in drop in
performance.
We also generated the heatmaps of agents with relative views; however we
did not discuss this here due to word count limitations. Compared with those
of the agents with local views, the pairs of agents clearly divide each room
horizontally to promote sharing and avoid potential conﬂicts. This is because
they know their positions in the environment and have successfully learned the
strategies to collect as many objects as possible by taking charge of only one
half the sub-areas of the room with less moving load for patrolling.
These results indicate that the agents with the MAT-DQNs had the capability
of selectively considering relevant information from the large input of the relative
views, which leads to greater coordination eﬃciency; in contrast, agents with the
vanilla DQN agents failed to adapt to the environment with the relative view
due their larger input size.

7

Conclusion

Although deep reinforcement learning has dramatically improved the ability to
learn cooperative behavior in a multi-agent system, it is still not completely clear
why agents can learn policies and what parts of the input information contribute
to their sophisticated decision-making.
We proposed to use the attention mechanism of the transformer architecture
for MADRL, which allows us to more clearly interpret the policies and behaviors
learned by the agents, as well as to identify the information that is important to
them during the decision-making processes. It also enables agents to learn more
eﬃciently and act more eﬀectively by eliminating unnecessary information.
We experimentally substantiated the fact that MAT-DQN agents were successfully trained and adapted to the environment, resulting in better performance
compared with agents with the vanilla DQN as a baseline. We also extracted the
attentional weights from the transformer encoder and subsequently visualized
their heatmaps. We conﬁrmed that agents were paying attention to both objects
and other agents in their local areas and selected appropriate actions depending
on their situation. We found that closer objects usually had greater inﬂuences
on the agents’ decision-making when there were no other agents. However, when
any other agents were in the visible area, agents behave diﬀerently depending on
the other agents’ locations and movement directions, mainly to avoid collisions
or to approach an object that other agents are not likely to target.
We believe that more investigations are necessary to extend the insight drawn
from this study. For instance, this research can be further extended to a more
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complicated and dynamic environment with a greater number of agents. In addition, we believe that incorporating our method into diﬀerent types of reinforcement algorithms such as DDPG might become an important area for future
work.
Acknowledgements. This work was partly supported by JSPS KAKENHI Grant
Numbers 17KT0044 and 20H04245.
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Abstract. Reinforcement learning agents need a reward signal to learn
successful policies. When this signal is sparse or the corresponding gradient is deceptive, such agents need a dedicated mechanism to eﬃciently
explore their search space without relying on the reward. Looking for a
large diversity of behaviors or using Motion Planning (MP) algorithms
are two options in this context. In this paper, we build on the common roots between these two options to investigate the properties of two
diversity search algorithms, the Novelty Search and the Goal Exploration
Process algorithms. These algorithms look for diversity in an outcome
space or behavioral space which is generally hand-designed to represent
what matters for a given task. The relation to MP algorithms reveals that
the smoothness, or lack of smoothness of the mapping between the policy
parameter space and the outcome space plays a key role in the search eﬃciency. In particular, we show empirically that, if the mapping is smooth
enough, i.e. if two close policies in the parameter space lead to similar
outcomes, then diversity algorithms tend to inherit exploration properties of MP algorithms. By contrast, if it is not, diversity algorithms lose
the properties of their MP counterparts and their performance strongly
depends on heuristics like ﬁltering mechanisms.

1

Introduction

Deep Reinforcement learning (RL) and Deep Neuro-Evolution (NE) methods
have recently undergone outstanding progress, obtaining more and more impressive performance in games and robotics applications [1,16–18]. However, despite
these successes, some fundamental diﬃculties remain in ”hard exploration problems”. First, when the reward signal is sparse or when the corresponding gradient is deceptive, RL agents cannot rely on the reward signal to steer their
learning process, resulting in complete failure or poor performance [14]. Besides,
RL agents struggle when only complex trajectories can reach the target region,
as for example in a complicated maze, and when such target-reaching agents
correspond to a very small domain of the policy parameter space [7,15]. In such
contexts, decoupling exploration from exploitation by combining Deep RL with
c Springer Nature Switzerland AG 2021
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algorithms explicitly designed to look for diversity in a relevant search space
has several attractive properties. More precisely, it has been hypothesized in [6]
that deﬁning an outcome space1 as the space that matters to determine whether
a policy is successful and looking for diversity in that space might be the best
option to tackle the sparse reward exploration problem.
We can distinguish two classes of algorithms to implement this diversity
search approach and focus on exploration only: Goal Exploration Process (GEP)
[8] and Novelty Search (NS) [13]. The former has been combined with RL in [3]
whereas the latter is used in the same way in [2].
This paper investigates the properties of these two classes of algorithms. In
a ﬁrst part, based on a very general selection-expansion framework, we reveal
a similarity between these algorithms and Motion Planning (MP) algorithms
like Expansive Spaces Trees (EST) [9] and Rapidly-exploring Random Trees
(RRT) [11]. In a second part, we make proﬁt of this common framework to
empirically compare both algorithms in two environments where a smoothness
assumption on which MP algorithms implicitly rely either holds or not. We show
that diversity algorithms are highly dependent on the design of the outcome
space where the search for diversity is performed, and that the smoothness of
the mapping between the policy parameter space and the outcome space plays a
key role in their search dynamics. In particular, we show that if the mapping is
smooth enough, GEP and NS inherit the exploration properties of RRT and EST
and GEP outperforms NS. By contrast, if it is not, which is the usual case, NS
and GEP perform diﬀerently depending on heuristics like ﬁltering mechanisms
that discard some of the explored policies.2 .

2

Methods

In this section we highlight that NS and GEP share properties with two wellknown MP algorithms, EST and RRT. To establish the similarity between both
families of algorithms, we start from a more general framework that we call
selection-expansion algorithms which later guides our comparison of NS and
GEP in Sect. 3.
2.1

Selection-Expansion Algorithms

Imagine an agent searching in some space and looking for an area it knows nothing about. What should it do? The most classical approach is to keep a memory of
what has already been explored, and to progress locally, i.e. by reconsidering previous trajectories or behaviors, and by expanding or slightly modifying them to
ﬁnd new areas of the space to explore. This is the basis of virtually all samplingbased motion planning algorithms, and the core mechanism of Go-Explore [7].
We call this kind of algorithms selection-expansion algorithms because they share
1
2

Also called behavioral space in the literature.
Additional details are available in https://arxiv.org/pdf/2104.04768.pdf.
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the common structure of maintaining an archive of previous samples and iterating over a sequence of two operators: the selection operator that chooses in
the archive a sample from which to expand and the expansion operator that
adds one or several new samples built from the selected sample.
Usually, selection and expansion operators are designed to eﬃciently expand
the frontier of explored areas towards unexplored regions of the space. To do so,
there are two popular selection strategies. One can either:
Strategy 1. rank all elements in the archive in terms of distance to their neighbors, and preferentially select those far away from their neighbors, which suggests
that they lie in a region with a low density of exploration; or
Strategy 2. randomly draw a sample anywhere in the search space and select
the closest sample in the archive. This way, samples which are close to large
unexplored regions have a higher chance of being selected.
In the next section, we describe applications of the above selection-expansion
algorithms in two domains, namely Motion Planning and Diversity Search algorithms. This reveals a striking similarity between both families of algorithms.
2.2

Application to Motion Planning

In Motion Planning (MP), the goal is to ﬁnd a trajectory for a system navigating
from a starting conﬁguration to a goal conﬁguration or region.
Some MP algorithms use selection-expansion algorithms to build an exploring
tree eventually containing a path from the starting conﬁguration to the goal.
Nodes of the graph are conﬁgurations, and edges represent the fact that the
system can navigate between two nodes. Thus, in the MP context, the need for
a local expansion operator comes from the fact that the system must navigate
locally from its current conﬁguration to the next.
When the model of the system is known, ﬁnding controls to navigate between
two nodes can be easy, and two successive nodes can potentially be far away from
each other. We do not consider this case here. Instead, we focus on the case where
the model of the system is unknown, and assume that the eﬀects of the dynamics
are not easily predictable or controllable. In that case, one must call upon random
actions for a few time steps and rely on the fact that, if many random actions
are tried, interesting motions may occur. Thus, the expansion operator of such
“model-free” MP algorithms typically performs a random action from the selected
conﬁguration to reach a new conﬁguration then added to the exploration tree.
For the selection operator, there exist MP algorithms corresponding to both
strategies described above.
Expansive Spaces Trees. Expansive Spaces Trees (EST) corresponds to a family of algorithms where the selection operator uses Strategy 1. These algorithms
select the most isolated nodes based on an estimate of the local density of nodes.
Various approximations of the local density can be used. For instance, a node can
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be selected based on its number of neighbors within a certain range. The nodes
are selected with a probability distribution such that the nodes with fewer neighbors tend to be selected with higher frequency than others. Other estimates of the
local density of nodes based on nearest neighbors can also be used. In this paper,
we consider the mean distance to the K-nearest nodes as an estimation of the local
density. Besides, in the general case without speciﬁc knowledge on the system, a
random control input is used during one or few steps to expand the selected node.
If no collision occurs, the expanded node is added to the tree.
Rapidly-Exploring Random Trees. Like EST, Rapidly-exploring Random
Trees (RRT) is a sampling-based path-planning algorithm. But, in contrast to
EST, RRT performs selection according to Strategy 2. That is, it draws a random goal conﬁguration ssamp and selects the closest node in the set of already visited nodes. Note that sampling a random conﬁguration requires to determine the
boundaries of the space where to sample from, a stronger prerequisite than in EST.
Given a set of points {ni }i∈{1,...,N } in a space, one can deﬁne the Voronoi
diagram of these points as a set of Voronoi cells with one Voronoi cell per point,
where the Voronoi cell of each point ni is the subspace of all points that are closer
to ni than to any other point of the set. When selecting randomly, the probability
for an already visited node to be selected is proportional to the volume of its
Voronoi cell. After selection, without knowledge on the system, expansion is also
performed by applying a random control.
Comparative Search Properties of EST and RRT. We empirically compare the exploration properties of the selection operators of EST and RRT in
the “SimpleMaze” environment which is further described in Sect. 3.1.

(a) EST Search tree.

(b) RRT Search tree.

(c) Expansion score

Fig. 1. Empirical comparison of EST and RRT. The SimpleMaze environment is
divided into a 4×4 grid to compute expansion scores of the MP algorithms. Search trees
are shown after 1000 iterations. The means and standard deviations of the expansion
scores are computed over 30 runs.

To assess expansion, we divide the maze into a 4×4 expansion grid, see Fig. 1.
The expansion score corresponds to the number of zones containing at least one
node over the total number of zones, i.e. 16. Both algorithms start with a single
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initial node in the middle of the left side (coordinates (−1, 0)). Figures 1a and 1b
display exploration trees for both EST and RRT after 1000 iterations.
The evolution of expansion presented in Fig. 1c shows that RRT explores the
maze faster than EST.
2.3

Application to Diversity Search Algorithms

We now turn to the policy search context. In policy search, we consider a parametric policy πθ where θ is a vector of parameters in a policy parameter space Θ.
Diversity algorithms, also called divergent search (DS) algorithms, are policy
search algorithms dedicated to covering a space of solutions as widely as possible.
In particular, they can be used to ﬁnd a target area in the absence of a reward
signal. A common feature of these algorithms is that they deﬁne an outcome
space O as a generally low-dimensional space that can characterize important
properties of policy runs. The target area in such policy search problems is
generally deﬁned in O. Thus it is natural to consider that DS algorithms are
performing search in that space and to deﬁne the selection operator in that
space.
But a key issue in the policy search context is that one cannot directly sample
in O, as the application from outcomes to policy parameters reaching these
outcomes is generally unknown. As a consequence, search in these DS algorithms
considers the mapping between Θ and O, which we call the f : Θ → O mapping
hereafter.
The necessity to consider these two spaces results in key diﬀerences between
MP and DS algorithms. In particular, while MP algorithms need to use a local
expansion operator because they build a path to control a system from one
conﬁguration to another, DS algorithms rely on local expansions for diﬀerent
reasons.
Importantly, as it is not possible to sample directly in O, the expansion
operator must sample in Θ. Since selection operates in O and expansion in Θ
but from the selected sample, one must determine the θ ∈ Θ corresponding to
the selected o ∈ O. This problem is easily solved by storing in the archive a pair
consisting of a θ and the resulting outcome o for each sample. For a selected
o, a common approach for expansion is to simply apply a random mutation to
the corresponding θ. For the selection operator, the NS and GEP algorithms
respectively implement the two strategies described in Sect. 2.1.
Selection in NS. Novelty Search considers two sets of points in O: the population and the archive. Only the policies contained in the population may be
selected. We explain later how these sets of points are constructed. Selection in
NS can be performed using various selection operators. The uniform selection
operator, the score proportionate selection operator, and the tournament-based
operators are the most common ones [4]. In this paper we focus on the score
proportionate selection operator biased toward more novel policies.
The idea behind score proportionate selection is to construct a probability
distribution according to the novelty score of a policy. The novelty score of a
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point o ∈ O is deﬁned as the average distance to the k-nearest neighbors in the
archive, k being a hyper-parameter. Given an archive containing N policies, the
probability for a policy to be selected is proportional to its novelty score.
This is an instance of Strategy 1 described in Sect. 2.1 where the distance to
neighbors is computed through the novelty score.
Selection in GEP. The selection operator in GEP works as follows. First, the
agent draws a random target outcome ogoal . The agent would like to ﬁnd a set
of policy parameters θgoal producing ogoal . For that, it looks in the archive for
the closest outcome osel to ogoal , and it selects the policy parameters θsel which
generated osel . This is clearly an instance of Strategy 2.
Since the GEP selection operator draws a random outcome and selects a
policy corresponding to the closest outcome in the archive, the probability for
a policy contained in the archive to be selected is proportional to the area of
the Voronoi cell of its outcome in O, as explained for RRT in Sect. 2.2. One can
immediately see that the selection operator is exactly the same as in RRT, but
acting in a diﬀerent space.
Filtering in NS. In addition to their selection operators, NS also diﬀers from
GEP by using a ﬁltering mechanism.
The notion of population diﬀers in GEP and NS. In GEP, the population
gathers all policies since the ﬁrst generation. At each iteration, all expanded
policies are added to the population. In NS, the population is composed of a
ﬁxed size set of policies updated at each generation. As in GEP, it is initialized
with random policies. However, after expanding the policies contained in the
population, only the most novel policies contained in the set { population +
expanded policies } are selected to construct the new population.
Beyond the population, NS uses another set called the archive to keep track
of the policies evolved in past generations. At each generation, after expanding
the population, the expanded policies (or a randomly sampled subset of it) are
added to the archive.
The archive in NS is only used to compute the novelty score of the policies
contained in the {population + expanded policies} set. Policies from the archive
are not added to the new population. If a policy contained in the set { population
+ expanded policies } is not selected for expansion, it is discarded and cannot
be selected in future generations.
2.4

Similarities Between MP and DS Algorithms

It should now be obvious that, if we consider their most local expansion operators, NS shares similarities with EST and GEP with RRT. Indeed, the selection
and expansion operators of the DS algorithms are closely related to the same
operators of their MP counterparts.
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Selection. From the side of NS and EST, their selection operators measure how
isolated a sample is by attributing a weight to each sample proportional to the
inverse of the density of the archive in its neighborhood.
The variants of EST and NS that we consider in this paper use the same
weight computation based on the mean distance of outcomes/nodes to their knearest neighbor in the population/exploration tree. Similarly, GEP and RRT
also use a similar selection operator based on the area of the Voronoi cells of the
nodes/outcomes.
Expansion. In the unknown system case, a standard expansion strategy consists in applying a single random control. In order to ensure probabilistic completeness, the dynamical system is assumed to be Lipschitz-continuous [10]. This
assumption means that with enough expansions from the same node, a node
should ﬁnally expand in the right direction.
In DS algorithms, the standard expansion operator applies a random perturbation to the selected policy parameters, which has similarities with the use of
random actions for local expansions in the MP context.
However, reasons for using a local expansion operator are diﬀerent in the MP
and DS contexts. In the MP context, one needs to locally control the system
along a path from the current conﬁguration to the target conﬁguration. In GEP,
a local random perturbation is applied to the selected policy hoping that, the
corresponding outcome being close to the sampled goal, the perturbed policy
will produce an outcome that is also close (and possibly closer) to this goal.
One can see that the application of this selection-expansion strategy relies on
the assumption of a smoothness property in the f : Θ → O mapping, i.e. that
similar parameters yield similar outcomes. In the case of NS, the reason for using
a local expansion operator relies on the assumption that, if a policy resulted in
an outcome in a low density region, a perturbed version of the policy should also
result in an outcome in a low density region, and thus be potentially helpful in
the search of new outcomes. Again, this is equivalent to assuming a smoothness
property in the f mapping.
2.5

Expansion in DS Is Often Non-local

Even though DS have good reasons to use local expansions just like MP, expansions in DS are often non-local. Indeed, there are diﬀerent sources of non-locality
that can be identiﬁed by dissecting the f : Θ → O mapping.
In general, the ﬁrst source of non-locality originates from the use of
strongly non-linear neural-network policies. Even though Multi-Layers Perceptrons (MLPs) are continuous functions, if the magnitude of the perturbation is
too large, the expanded version of a policy may yield a very diﬀerent policy.
The second source of non-locality lies in the nature of outcomes, which
depend on policy runs, and therefore on trajectories. After selecting a pair
(θsel , osel ) ∈ Θ × O, the expansion operator in DS perturbs the parameters of
the selected policy πθsel to obtain a new policy with parameters θnew = θsel + δθ
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with δθ sampled from a spherical Gaussian distribution [17] or a more complex
distributions [5]. Even if the magnitude of the mutation is kept low enough for
the expanded policies to be very close to the selected one, the numerous time
steps of control may result in a large deviation between the trajectories obtained
by the two policies as errors accumulate over time steps. These errors may be
aggravated by discontinuous dynamical systems or environments and result in
a non-smooth mapping from policies to trajectories, and therefore from policies
to outcomes. For instance, in maze environments, two close policies may yield
very diﬀerent trajectories if one trajectory gets blocked by a wall.
Preliminary Conclusion: Performance Assumptions. The similarities
outlined above suggest that, if the expansion operators have similar properties, NS and GEP should share exploration abilities that are similar to those of
EST and RRT respectively. However, for common f : Θ → O mappings, small
perturbations in Θ may result in large changes in O, and this lack of smoothness
results in a very diﬀerent situation.
If the lack of smoothness of the f : Θ → O mapping is too serious, one could
hypothesize that the use of local expansions in DS should bring no advantage
compared to a random sampling of policy parameters. Or, the f : Θ → O
mapping could be smooth enough to let NS and GEP both outperform random
sampling, but not smooth enough to inherit the search properties of EST and
RRT. Below, we investigate these two possibilities experimentally.

3

Experimental Study

In this section, we experimentally study NS, GEP and a random search baseline
using two environments with diﬀerent locality properties to assess whether NS
and GEP inherit from the properties of EST and RRT.
3.1

Experimental Setup

The experimental comparison is based on two environments: a ballistic task using
a 4-DOF simulated robot arm and a maze environment called SimpleMaze, see
Fig. 2. In both environments, the state space is continuous and time is discrete.
3D Ballistic Throw. The planar robot arm ballistic throw environment simulates
the trajectory of a projectile thrown by a 3D 4-joint robot arm. The velocities
(θ˙i )i∈[0,3] ∈ [−1rad.s−1 , 1rad.s−1 ] of the joints of the robot arm are controlled by
a MLP. The throw is divided into acceleration-release phases. The acceleration
phase is a single time step of control of the robot joints. After the acceleration
phase, the end-eﬀector of the robot releases the projectile which then follows a
ballistic trajectory. The outcome is the (x, y) coordinates of impact. As there are
no obstacles and no accumulation of diﬀerences via integration, the expansion
operator of DS algorithms truly achieves local expansions in this environment:
small perturbations in Θ yield small changes in O.
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(a) 3D ballistic throw.

(b) SimpleMaze.

Fig. 2. Studied environments. In 3D ballistic throw, an agent controls the angular
speed (θ˙i )i∈[0,3] of a 4-joint 3D robot arm in order to throw a projectile. The outcome
of the policy is ﬁnal position of the projectile. In SimpleMaze, the agents start from a
ﬁxed position on the left and must reach the upper right corner.

SimpleMaze. We chose a Maze environment as it facilitates visualization of the
exploration properties of the algorithms. A rollout lasts 50 time steps. The outcome corresponds to the ﬁnal position of the agent at the end of the rollout.
The agent starts from (−1, 0) and receives at each time step the position of
(x, y) ∈ [xmin , xmax ] × [ymin , ymax ] at the current time step as input and outputs the next displacement (dx, dy) ∈ [dxmin , dxmax ]×[dymin , dymax ]. Let’s note
that the agent has no perception of the walls. The magnitude of the polynomial
mutations (η = 15), the duration of a rollout as well as the discontinuities caused
by the walls result in non-local expansions, with similar policy parameters leading possibly to very diﬀerent outcomes.

(a)

(b)

(c)

Fig. 3. (a) Visualisation of the concave hull of the exploration trees of NS (blue) and
GEP (pink) in 3D ballistic throw. (b) Expansion scores of GEP and NS in 3D ballistic
throw. As the expansion operator is local, GEP inherits exploration properties from
RRT and expands faster than NS. (c) Expansion scores of GEP, NS and a random
search (RS) baseline in SimpleMaze. The non-local expansions result in NS exploring
slightly faster than GEP. Both NS and GEP outperform RS.

Metrics, Hyper-parameters and Technical Details. In order to assess the
expansion of a DS algorithm, we use the previously deﬁned domain expansion
metric. We split O into a Gexpansion × Gexpansion expansion grid. The expansion

Selection-Expansion

577

score corresponds to the number of expansion cells ﬁlled with at least by one
policy over the total number of expansion cells.
3.2

Results

Results on 3D Ballistic Throw. In this section, we evaluate NS and GEP
in the robot arm ballistic throw. We previously explained why this environment
conserves the locality of the expansion operators between the parameter space
and O. In this section, we verify that in this environment GEP and NS inherit
the search properties of RRT and EST, and that, as expected, GEP explores O
faster than NS.
Figure 3b presents the expansion score obtained by GEP and NS after 1000
generations. It conﬁrms that GEP expands faster across O and converges quickly
towards a maximum3 that NS struggles to reach. Figure 3a presents the concave
hulls obtained by the exploration trees of GEP and NS after 500 generations in
one run. We observe that NS spends numerous generation paving the center of
the reachable outcome space whereas GEP expands in all directions and quickly
ﬁnds the limits of the reachable search space. These results are analogous to
the performance of RRT and EST described above. The similarities between the
selection operator of both DS algorithms and their MP counterparts enables similar exploration performance in the ballistic task, an environment that preserves
the locality of expansions.
Results in SimpleMaze. We previously showed that the Θ → O mapping is
non-local in SimpleMaze. In this section, we assess the consequences of non-local
expansions.
Figure 3c presents the expansion and density scores obtained by NS, GEP and
RS in Simple Maze. It shows that both NS and GEP outperform RS. Therefore,
mapping f : Θ → O is local enough for NS and GEP to beneﬁt from their
selection operator.
However, the performances of NS and GEP in SimpleMaze diﬀer from their
performance in the ballistic throw. NS and GEP perform similarly during the
ﬁrst 500 generations. Then, the expansion of NS accelerates and outperforms the
expansion of GEP by achieving a full exploration of the maze after about 2500
generations while GEP fails to reach the end of the maze most of the runs and
only reaches an expansion score of 0.9 after the same number of generations.
The diﬀerence in expansion rates after 500 generations arises from a progressive degradation of the locality of the expansion operator. As explained in
Sect. 2.5, expanding a policy which yields an outcome in the second corridor or
beyond often results in a policy blocked by the ﬁrst wall. Coping with this increasingly non-local expansion operator requires numerous expansions of the most
advanced policies. That is exactly what NS does using its ﬁltering mechanisms.
3

The non-rectangular shape of O in the 3D ballistic throw environment makes some
cells of the expansion grid unreachable, which explains why GEP eventually covers
only about ∼ 60% of O.
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On the contrary, GEP does not integrate any ﬁltering mechanisms. Therefore,
GEP keeps sampling policies blocked in the already well explored areas of the
maze. Thus, GEP requires more generations to get past the exploration bottleneck which results in a slower increase of the expansion score.
These results show that, in an environment where the f : Θ → O mapping lacks smoothness, the properties inherited from RRT and EST are lost,
which means that the selection-expansion mechanisms do not behave as originally intended. Even though both NS and GEP outperform random sampling of
policies, additional heuristics such as ﬁltering mechanisms must be exploited to
overcome diﬃcult expansions with degraded expansion operators.

4

Discussion and Conclusion

In this article, we presented a comparison between two divergent search algorithms: GEP and NS. We started by presenting a unifying framework called
selection-expansion algorithms which draws a parallel between both algorithms
and two Motion Planning algorithms, EST and RRT.
We made proﬁt of this common framework to conduct an experimental study
showing that in an environment like the 3D ballistic throw where the Θ → O
mapping is smooth, GEP and NS inherit the exploration properties from their
Motion Planning counterparts. In that case, GEP explores faster the environment than NS.
By contrast, maze results show that, even though GEP and NS share common
selection-expansion properties with RRT and EST, they do not share the same
exploration abilities if the expansion operator is not local. In such situations, the
experimental study showed that NS outperforms GEP by using eﬃcient ﬁltering
mechanisms.
This work opens up the question of restoring locality in complex environments
where the expansion operator is non-local. Safe mutations partially restore locality [12]. However, they only tackle one source of non-localities coming from the
non-linear nature of neural network policies. Discontinuities like the walls in SimpleMaze are still an important source of non-locality in the expansion operators.
Based on this observation, the main research direction for future work should be
to search for a generic way to restore a form of locality in environments where
the expansion operator is not local.
Acknowledgements. This work was partially supported by the French National
Research Agency (ANR), Project ANR-18-CE33-0005 HUSKI.
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Abstract. Hand gesture recognition (HGR) based on electromyography
(EMG) has been a research topic of great interest in recent years. Designing an HGR to be robust enough to the variation of EMGs is a challenging
problem and most of the existing studies have explored supervised learning to design HGRs methods. However, reinforcement learning, which
allows an agent to learn online while taking EMG samples, has barely
been investigated. In this work, we propose a HGR system composed of
the following stages: pre-processing, feature extraction, classiﬁcation and
post-processing. For the classiﬁcation stage, we use Q-learning to train
an agent that learns to classify and recognize EMGs from ﬁve gestures
of interest. At each step of training, the agent interacts with a deﬁned
environment, obtaining thus a reward for the action taken in the current
state and observing the next state. We performed experiments using a
public EMGs dataset, and the results were evaluated for user-speciﬁc
HGR models by using a method that is robust to the rotations of the
EMG bracelet device. The results showed that the classiﬁcation accuracy
reach up to 90.78% and the recognition up to 87.51% for two diﬀerent
test-sets for 612 users in total. The results obtained in this work show
that reinforcement learning methods such as Q-learning can learn a policy from online experiences to solve both the hand gesture classiﬁcation
and the recognition problem based on EMGs.
Keywords: Hand gesture recognition · Electromyography
Reinforcement learning · Q-learning · Experience replay
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Introduction

Nowadays, the development of hand gesture recognition systems (HGR) that
allow humans to better interact and communicate with computers and machines
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is a challenging research topic [3,7]. The use of HGR models aims to determine
which hand gesture was performed, and when it was realized. Currently, the HGR
systems are used for the development of intelligent prostheses, sign language
recognition, rehabilitation, among others [3,7].
The EMG signals based on surface sensors can be modeled as a stochastic process that depends on two types of contractions: i) static –the muscle is
contracted but there is no motion, and ii) dynamic – the muscle ﬁbers and
the joints are in motion [10,14]. However, mathematical approaches to model
EMG signals are not used in HGR applications since the parameter estimation
in non-stationary processes is diﬃcult. Therefore, machine learning (ML) and
deep learning (DL) techniques are typically used to classify EMG signals [4,7].
In particular, supervised methods such as support vector machine (SVM), knearest neighbors (K-NN), Artiﬁcial neural networks (ANN), Long short-term
memory networks (LSTMs), and Convolutional neural networks (CNN) have
demonstrated promising results as classiﬁers for HGR systems, which were able
to infer hand gesture classes in real time (less than 300 ms) [6,7].
Supervised methods can achieve high classiﬁcation performances for HGR
applications, other methods such as reinforcement learning (RL) approaches
can provide diﬀerent beneﬁts to help to improve HGR systems. In supervised
learning, all the samples must be labeled in order to train a model. Meanwhile,
reinforcement learning approaches ﬁnd the optimal policy that allows an agent to
take actions in an environment, so the cumulative reward can be maximized from
online experience. Thus, this algorithm can learn from experience while using
the system, which opens a wide range of new possibilities for HGR applications.
We have found in the literature a few works that have used reinforcement
learning for hand gesture and arm movement recognition. Most of them use
diﬀerent approaches of RL for a particular experiment conﬁguration for a hand
or arm recognition application. Moreover, only a few of those approaches try
to solve the HGR problem by using EMG signals. For example, in [12] the
Myo armband sensor is used to obtain only raw accelerometer data from arm
movement. The experiment consists of 3 arm movement, and each class has 30
samples for training and 20 for testing. The authors used Q-learning based on
CNN and LSTM, and they deﬁned the rewards of the experiments considering
the human feedback. A reinforcement learning classiﬁer for elbow, ﬁnger, and
hand movement was presented in [9]. In this work, a PowerLabb 26TSystem was
used to obtain EMG signals with 3 electrodes, and statistical features (variance,
waveform-length, mean, and zero crossing) were extracted. Then, a Q-learning
based on a neural network classiﬁer was used to infer six elbow positions and
4 ﬁnger movement classes. For this purpose, the authors used 10 subjects, and
144 samples were taken for training and 95 for testing. Furthermore, in [13], a
CNN was used to extract EMG signal features, and a dueling deep Q-learning
technique was applied to learn a classiﬁcation policy. Firstly, this approach was
trained to learn 6 diﬀerent hand gestures based on a dataset of 2700 EMG signal
samples. Then, data augmentation was used to enlarge the dataset by adding
Gaussian noise to the data. A gesture recognition and trajectory calculation
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system was developed [16]. This work proposes an interactive learning system
that uses EMG and inertial information to teach a robot manipulator. The
learning process is composed for a gesture recognition stage –EMG and inertial
signals processed and trained oﬀ-line–; a statistical encoding stage –Gaussian
mixture model–; and a reproduction and reinforcement learning stage –Gaussian
Q learning model to correct the grab attitude and position of the robot–.
The current literature has some limitations and issues such us i) the small
amount of data (few users and few samples per user), ii) the use of a single reward
parameter to evaluate a single evaluation metric (classiﬁcation accuracy), and iii)
the lack of use of experience replay which can improves Q-learning performance.
Considering these issues, the main contributions of this work are presented below:
– We use a public large dataset EMG-EPN-612 composed of 612 users. We used
306 users to train, validate, and test a user-speciﬁc model to ﬁnd the best
hyper-parameters. Then, we use them to train and test user-speciﬁc models
for the other 306 users to test our model with diﬀerent data and evaluate
over-ﬁtting.
– We successfully combine the EMG signals with a reinforcement learning
method –Q-learning– considering two diﬀerent rewards: the ﬁrst reward to
classify, and the second to recognize the hand gestures.
– We propose the use of experience replay that helps the Q-learning method to
improve the model performance.
This work is organized as follows. In Sect. 2, the proposed architecture for an
HGR system based on EMG and Q-learning is presented. Moreover, each stage of
such architecture is reviewed in detail. The classiﬁcation and recognition results
are presented in Sect. 3. Finally, the conclusions are presented in Sect. 4.

2

Hand Gesture Recognition Architecture

In this section, we propose an architecture to solve the HGR problem based on
EMG signals and Q-leaning, which is illustrated in Fig. 1. As can be observed,
such architecture is conformed by a data acquisition, pre-processing, feature
extraction, classiﬁcation based on Q-learning, and post-processing. Following,
each stage is explained in detail.
2.1

Data Acquisition

In this work, we used the public dataset EMG-EPN-612 collected by using the
Myo armband device –8 channels 200 Hz– to obtain the EMG signals from 5
diﬀerent gestures –wave in, wave out, ﬁst, open, and pinch– [5]. If the gesture
is not one of the above mentioned, then is considered as the no gesture (relax
gesture). Such dataset is composed of 612 users, where 306 of them –training
set A– are used to train, validate and test models to obtain the best possible
hyper-parameter conﬁgurations, and the other 306 users –training set B– are
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Fig. 1. Hand gesture recognition architecture based on Q-learning to learn to classify
and recognize EMG signals.

used to perform an over-ﬁtting evaluation. Each user of the training set A and
B have 300 hand gesture repetitions. However, only the ﬁrst 150 repetitions of
training set B have the class gesture labeled and the muscular activity segmented
–ground-truth–, which is key to run our tests and give rewards at each step. To
access the full labeling information of the training set B it is necessary to test
our model in our online web page as stated in [1]. Further details related to
the dataset information, acquisition protocol, and the web page information for
testing the ﬁnal model can be found in [1,5]. The dataset distribution for both
training set A and B that we used in this work can be observed in Table 1. It
is worth mentioning that during training, samples with the no gesture (relax
gesture) were not considered since most of the other signals have already several
samples of such gesture. However, no gesture signal samples were considered for
the ﬁnal test results.
Table 1. Data set distribution to evaluate user-speciﬁc models [5].
User-speciﬁc model (one model for each of the 306 users)
Number of models
Training
Validation
Test
Training set A 306 models trained
(to ﬁnd the best
hyper-parameters)

100 samples 13 samples
per user
per user

Training set B 306 models trained
150 samples –
(to use the best founded per user
hyper-parameters)

12 samples
per user
150 samples
per user

584
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2.2

Pre-processing

The EMG signals need to be split into multiple windows to be analyzed, which
is known as the segmentation procedure. Thus, each gesture sample was processed through the use of sequential sliding windows that slide over the entire
EMG signal [4,7]. In this work, each window was tested for several points of
separation –stride– and windows size during the validation process, but only the
conﬁgurations that obtained the highest performance were selected for the testing process –stride = 40 and window size =300 –. As part of the pre-processing
stage, the EMG energy criterion was used to identify if a current analyzed window is able to be classiﬁed or not. For this purpose, each EMG window has to
surpass an energy threshold –17%– to be computed for the next stage, which is
feature extraction. It is worth mentioning that our method is robust against the
rotations of the bracelet device, as is explained in detail in [2].
2.3

Feature Extraction

Feature extraction methods are used to convert the EMG signal into a set of relevant features by extracting them in diﬀerent domains, such as time, frequency, or
time-frequency. In this work, ﬁve feature extraction methods in the time domain
were used over every sliding window only when it surpassed the threshold of
energy. The feature extraction methods that were used are: Standard deviation
(SD), Absolute envelope (AE), Mean absolute value (MAV), Energy (E), and
Root mean square (RMS) [2].
2.4

Classification Using Q-Learning

Q-learning is an oﬀ-policy algorithm of reinforcement learning. For any ﬁnite
Markov Decision Process (MDP), Q-learning ﬁnds an optimal policy by maximizing the expected value of the total reward (i.e., return function) given both an
initial state and an action [15]. For this work, we assume we have access only to
observations instead of the full state of the environment. This occurs because it
is not guaranteed a one-to-one mapping between the set of EMG window observations and the set of feature vectors used in this work. Therefore, it is possible a
feature vector characterizes two diﬀerent window observations of a EMG. Thus,
this problem can be treated as a Partially Observable Markov Decision Process
(POMDP), in which we apply Q-learning to the set of observations instead of
the set of states. The Q-learning function is presented in the following equation:
(new)

Q

(old)

(Ot , At ) ← Q

(Ot , At ) + α





(old)
Rt+1 + γ · max[Q Ot+1 , a ] − Q
(Ot , At )
a

(1)

where Q(new) (Ot , At ) and Q(old) (Ot , At ) are the updated and the old Q
value, respectively, for the observation Ot and the action At , α is the learning
rate, γ is the discount factor, max
[Q (Ot+1 , a )] is the estimated optimal future

a
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Q value, and Rt+1 is the reward received when moving from the observation Ot
to the observation Ot+1 when taking the action At in Ot .
Q-learning can be implemented using lookup tables to store the Q values
for each state and action of a given environment [15]. However, this approach
is not suitable for environments with a large state-action spaces. For this case,
Q-learning can be combined with function approximation to facilitate its application for large ﬁnite or inﬁnite state-action spaces. In this work, we approximated the Q function using a feed-forward artiﬁcial neural network (ANNs)
[9,15], which will be referred as QNN. To update the QNN weights, we used the
following equation:
W ←W +α






Rt+1 + γ · max[Q Ot+1 , a , W ] − Q (Ot , At , W ) · ∇Q (Ot , At , W )
a

(2)

where ∇Q (Ot , At , W ) denotes the gradient of the outputs of the QNN with
respect to W , which is a vector with the weights and biases of the QNN.
To accelerate the training of the QNN, we used experience replay [8,11].
For this purpose, we stored in a dataset D = {E1 , E2 , · · · , ET } the tuple
Et = (Ot , At , Rt , St+1 ), which contains the agent’s experience at time t. During learning, we updated the parameters of the QNN using Eq. 2 computed on
mini-batches of experience drawn uniformly at random from D [8,11].
Finally, the proposed POMDP solves the sequential decision-making problem
that represents the EMG sliding window classiﬁcation. The scheme of interaction
between the QNN agent and the environment is shown in Fig. 2.

Fig. 2. Scheme of the interaction between the QNN agent and the environment. The
EMG classiﬁcation problem is modeled as a partially observable markov decision process (POMDP).

Below we deﬁne the elements of the proposed classiﬁcation stage modeled as
a Q-Learning problem:
Agent: The agent is the decision-maker entity, based on the QNN network,
whose objective is to take actions, at any state of the environment, to maximize
the total reward. In this work, the goal of the agent is to predict correctly as
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many labels as possible in the sequence of labels obtained by classifying each
window observation of a given EMG. Here, the interaction between the agent
and the environment is episodic.
Observable: An observable contains some information of the actual state of
the environment with which the agent is interacting. In this work, we deﬁne
the observable Ot for the unknown state St as the result of applying the feature
extraction functions (SD,AE, MAV, E, and RMS) to each EMG channel observed
through a window, with t = 1, 2, · · · , N . In this case, N denotes the number of
window observations that we can extract from an EMG using a given window
length and stride. The end of an episode of interaction between the agent and
the environment occurs when the last observable ON is reached. It is worth
mentioning that there is not necessarily a bijection between the set of observables
and the set of states of the environment.
Action: An action is the choice or behavior At that the agent makes in the
current observable Ot . In this work, the set of actions that the agent can take
in each observable includes the classes: wave in, wave out, ﬁst, open, pinch, and
no gesture.
Environment: The environment is deﬁned in code as the sliding window information –feature vectors and labels– extracted from each EMG signal.
Reward : The reward is the feedback information that the agent receives from
its interaction with the environment. In this work, we deﬁne two rewards: one
for classiﬁcation and the other for recognition. If the agent predicts correctly
the label for an EMG window observation, then it receives a reward Rt = +1;
otherwise, the reward the agent gets is Rt = −1. Once an episode is over, the
ground truth (vector of known labels) is compared with the vector of labels
predicted by the agent, and if the overlapping factor of the predicted gestures
diﬀerent from the no-gesture is more than 70%, then the recognition is considered
successful and the agent receives an additional reward of Rt = +10; otherwise
Rt = −10. A key condition for the recognition procedure is that if one or more
predicted labels are diﬀerent from the ground truth labels, then the recognition
is considered to be wrong. A detailed illustration of the reward the agent gets
for classiﬁcation and recognition is presented in Fig. 3.
2.5

Post-processing

To improve the accuracy of the proposed HGR system, the post-processing stage
adapts the output of the classiﬁcation to the ﬁnal application. Most of the works
found in the literature use the majority voting technique, elimination of consecutive repetitions, threshold method, the gesture mode, and velocity ramps [2,7].
In this work, we calculate the mode on the predicted vector of classes that are
diﬀerent from the label no-gesture. Then, all the labels in such vectors that are
diﬀerent from the mode gesture are replaced with such gesture for that EMG
sample.
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Fig. 3. Reward the agent gets for classiﬁcation and recognition illustration. The classiﬁcation is considered successful if each predicted window label matches the ground
truth label for that point. On the other hand, each recognition reward is assigned if
the recognition procedure that considers the overlapping factor between the vector of
predicted labels per sample and the ground truth if higher than a threshold –70%–.

3

Results

In this section, we ﬁrst present the results of training and validating the HGR
user-speciﬁc proposed models on the training set A to ﬁnd the best possible
hyper-parameters. We illustrate in Fig. 4 a Q-learning training sample where
the Average of wins vs the number of epochs can be observed. It is to be noticed
that the average of wins per episode converge to their optimal value after 1000
epochs. To obtain this results, we repeat the experiences of the 100 training
samples of each user 10 times through the neural network that represents the
agent. The procedure of using 10 times the 100 training samples was necessary
since the learning procedure is online and its performance depends on the number
of experiences that the agent can use to learn.
The hyper-parameter conﬁgurations for our experiments is summarized in
Table 2. It is worth mentioning that we tested 72 diﬀerent hyper-parameter
conﬁgurations (diﬀerent number of neurons, learning rate α, momentum, and
mini-batch size) to ﬁnd the best ﬁt for our models. Moreover, we tested diﬀerent
window sizes –150, 200, 300, and 400 points– for each of those 72 conﬁgurations during the validation process. However, only the best hyper-parameters
conﬁgurations and window size are presented in Table 2.
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Fig. 4. Q-learning training results. Average of wins vs. number of epochs during training. The agent try to ﬁnd a policy that maximize the total reward, which means to
correctly predict as many gesture categories as possible for the sliding windows in
the EMGs. If the agent is able to recognize an EMG signal correctly, that episode is
considered as won.

In addition, by using the hyper-parameters from Table 2, we tested 160 users
(since this procedure is heavily time-consuming) of the validation set from training set A. For this procedure, we changed the learning rate α as well as the window stride, and the results are presented in Fig. 5. This procedure helps us to
ﬁnd the best possible learning rate and stride conﬁguration for our experiments.
It can be observed that α = 0.03 and stride = 40 achieve the best accuracy
results with high classiﬁcation and recognition as well as low variance.
Table 2. Best hyper-parameters found during tuning procedure on Training set A.
Best hyper-parameters
Number of neurons

40, 50, 50 and 6 for the input layer,
hidden layer 1, hidden layer 2,
and output layer respectively

Sliding window size

300 points

Initial momentum

0.3

Mini batch size

25

-greedy value

0.2

Discount factor γ

1

Training set replay per user

10 times

Learning rate (α) decay factor α*exp(-5*CurrentEpoch/NumEpochs)
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Fig. 5. User-speciﬁc HGR model classiﬁcation and recognition accuracy results for 160
users for validation of training set A with diﬀerent values of learning rate α and stride.
It can be observed that α = 0.03 and stride = 40 achieve the best results.

Based on the best hyper-parameters described in Table 2, and the values
of α = 0.03, and stride = 40, we used the test-set of the training set A to
evaluate such models. The test accuracy results for 306 users of the training
set A were 90.78% ± 20% and 84.43% ± 21% for classiﬁcation and recognition
respectively. Then, we use the best hyper-parameters that we found to train
the 306 users of the training set B, which will help us to evaluate our models
with diﬀerent data and analyze over-ﬁtting. The test results for 306 users of
the training set B were 90.47% ± 20% and 87.51% ± 21% for classiﬁcation and
recognition respectively. We summarized the test results for 306 users for both
training set A and B with the best found hyper-parameters in Table 3. Since
there is barely a diﬀerence between the test results of training set A and B, we
can infer that our model is robust against over-ﬁtting. It can be seen that the
standard deviation is moderate, which could be due to the variability of the data
set, as the model works well for most samples and fails for a few. Finally, we
also present the confusion matrix that represents the classiﬁcation results on the
test set of training set B in Fig. 6, which allow us to observe in detail the results
for each hand gesture. It is worth mentioning that the processing time of each
window observation is in average 19 ms.
Table 3. User-speciﬁc test accuracy results of the HGR best model for training set A
and B (306 users for training set A and B respectively - 612 users in total).
Test results - Training set A
Classiﬁcation Recognition

Test results - Training set B
Classiﬁcation
Recognition

90.78% ± 20% 84.43% ± 21% 90.47% ± 14.24% 87.51% ± 14.1%
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Fig. 6. User-speciﬁc HGR model confusion matrix for 306 users of test set B with the
best hyper-parameter conﬁguration. Each hand gesture class results can be observed
in detail.

4

Conclusions

In this work, we proposed a HGR system based on Q-learning to classify and
recognize ﬁve gestures using EMGs from a public dataset. The results were evaluated for user-speciﬁc HGR models. The system was tested for two diﬀerent test
sets for 612 users, where the classiﬁcation accuracy reached up to 90.78% and the
recognition accuracy reached up to 87.51%. The results obtained are encouraging, and they show that Q-learning can learn a policy from online experience to
classify and recognize gestures based on EMGs. It is worth mentioning that using
Q-learning for HGR allows an agent to learn from online experience. Therefore,
the model can be improved at each iteration if the ground truth is deﬁned or if
we use an automatic labeling procedure. Future work includes testing other RL
algorithms to create a state estimator from observations to evaluate the proposed
POMDP model with belief states, as well as testing on more data-sets.
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Abstract. In this paper, we present an approach based on reinforcement
learning for eye tracking data manipulation. It is based on two opposing agents, where one tries to classify the data correctly and the second
agent looks for patterns in the data, which get manipulated to hide speciﬁc information. We show that our approach is successfully applicable
to preserve the privacy of a subject. For this purpose, we evaluate our
approach iterative to showcase the behavior of the reinforcement learning
based approach. In addition, we evaluate the importance of temporal, as
well as spatial, information of eye tracking data for speciﬁc classiﬁcation
goals. In the last part of our evaluation we apply the procedure to further
public data sets without re-training the autoencoder nor the data manipulator. The results show that the learned manipulation is generalized and
applicable to other data too.
Keywords: Reinforcement learning · Eye tracking · Privacy · Scan path

1

Introduction

Due to the spread of the eye tracking technology over many ﬁelds and its use in
everyday life, the speciﬁc information content in the eye tracking signal becomes
more and more important [21]. This is mainly due to the fact that the gaze signal
is very rich in information and on the other hand that it cannot be turned oﬀ or
easily controlled by a human [29]. Many applications use this signal, however,
still little value is placed on the anonymization of the signal. This is partly due
to the fact that the topic of diﬀerential privacy has come into the focus of eye
tracking research last year [18,27,28], but also to the challenge of ﬁnding speciﬁc
patterns in the signal itself that make a person identiﬁable.
Initially in 2014 the problem of personal information in the eye tracking signal was mentioned for the ﬁrst time as well as the person speciﬁc patterns contained in the signal [17]. They mentioned critical attributes that are contained
in the eye tracking data like age, gender, personal preference or health [17]. This
information poses a new challenge to modern eye tracking systems, which must
now learn to hide this information. The basic approach of diﬀerential privacy is
c Springer Nature Switzerland AG 2021
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based on adding random noise to the signal: to cover up people speciﬁc data. However, this only works in the case of prefabricated features, since modern machine
learning techniques such as convolutional neuronal networks are able to adapt their
feature extractors. Furthermore, it would be more interesting to ﬁnd speciﬁc patterns either in the stimulus itself or, as in this paper, in the scan path, which we
can remove from the signal. On the one hand, this oﬀers an insight into important
characteristics which are interesting for science. On the other hand, it can be used
in many other areas such as gaze guidance [16] or expertise evaluation [15].
However, the high and unique information content in the eye tracking signal
only becomes clear when biometrics applications are considered. Here, it is possible to unambiguously identify the person by means of the eye behavior. First,
approaches required a moving point stimulus which was followed by the user [13]
or static images [20]. Later, users were distinguished using eye movements with
a task independent way [1]. In addition, model based approaches using gaze
behavior with oculomotor models were proposed [14]. Furthermore, distinguishing users while performing diﬀerent tasks [8] and a user authentication approach
in virtual reality headsets [30] were studied using eye movements.
These works show the potential threat to a human by revealing the gaze data.
It also means that raw eye tracking data should be handled carefully, especially for
storage and transmission purposes. However, there are not many works focusing
on privacy-preserving eye tracking. An approach for head mounted eye trackers to
detect privacy sensitive situations and to disable eye tracker ﬁrst person camera
using a mechanical shutter was proposed in [28]. Privacy-preserving gaze estimation using a randomized encoding based framework and replacing the iris textures
of the eye images using rubber sheet model were studied in [3], respectively. However, when the personal information protection is taken into account, diﬀerential
privacy [7] provides privacy with theoretical guarantees by adding randomly generated noise. While diﬀerential privacy guarantees that adversaries cannot infer
whether an individual participated in a database, it also decreases the data utility
due to the added noise. The privacy-utility trade-oﬀ is usually tailored around a
speciﬁc use case [24], which can be understood as a classiﬁcation target in the eye
tracking world. Recently, diﬀerential privacy was applied to static statistical eye
movement features [27] and heatmaps [18] to protect privacy.
In this paper, we present an approach that is able to learn an image manipulation to hide speciﬁc information while preserving other information. Our
approach uses reinforcement learning on the sparse representation learned by
an autoencoder. This combination allows to manipulate general patterns in an
image, since the autoencoder has to reconstruct it based on a reduced set of
values. Contribution of this work:
1 An approach to remove patterns from eye tracking data.
2 No static features due to the usage of CNNs.
3 Identiﬁcation of general patterns in the data instead of adding random noise
as it is done in diﬀerential privacy.
4 With our method it is possible to specify the information type which has do
be hidden in the data.
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Fig. 1. The workﬂow used for our approach. Classiﬁcation Agent holds and uses the
classiﬁers and Manipulation Agent the manipulator. Both agents are retrained after a
ﬁxed set of steps and have a buﬀer to hold old and new examples. (Color ﬁgure online)

2

Method

Figure 1 shows the general workﬂow of our approach. The autoencoder is trained
preliminary to reconstruct the image. In its central part, it holds values that correspond to general patterns for the reconstruction of the image (Bottleneck in
Fig. 1). The idea behind using the autoencoder is that it reduces the input data
(64 ∗ 64 ∗ 3 = 12.228 to 4 ∗ 4 ∗ 256 = 4096) and thus also the possible action
combinations of Manipulation Agent. Furthermore, it ensures that in the end,
an image is still generated that is similar to the input image or consists of general patterns compared to a direct manipulation of the image by Manipulation
Agent. Manipulation Agent is the reinforcement part of our approach. It learns
a manipulation of the bottleneck from the autoencoder based on previous seen
input images and the classiﬁcation result from Classiﬁcation Agent. This classiﬁcation result is only the diﬀerence between the good (Green classiﬁers in Fig. 1)
and bad (Red classiﬁers in Fig. 1) information revealed by the classiﬁers. This
diﬀerence is used as reward in Manipulation Agent for the performed manipulation, whereas the image itself is the state. The diﬀerent classiﬁcation objectives
(Document type, expertise, subject, gender) in Fig. 1 are intended to indicate
that our approach supports any number of classiﬁers. Manipulation Agent tries
to worsen the accuracy of the red classiﬁers and to keep the accuracy of the
green classiﬁers high. In contrast to this, Classiﬁcation Agent tries to adapt the
classiﬁers to the new image manipulation by retraining them. In the following
each part is described in detail.
Table 1 ﬁrst row shows the architecture of the used autoencoder. Each convolution block is followed by a rectiﬁer linear unit (ReLu) and max pooling for
size reduction. For the decoder of the autoencoder, we used transposed convolutions instead of pooling. The input to the network is an image with size
64 × 64 × 3. The bottleneck in the autoencoder is the block with size 4 × 4 × 256.
For the training, we used stochastic gradient decent with an initial learning rate
of 10−2 , decreasing each 200 epochs by a factor of 10−1 . The training stops at
a learning rate of 10−7 . Weight decay was set to 5 ∗ 10−4 and momentum to
9 ∗ 10−1 . During training, we used a batch size of 40 and the L2 loss formulation.
This autoencoder is trained only once before starting our reinforcement learning
approch.
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Table 1. The conﬁguration of all used models in our work. I stands for input, C for
convolution, TC for transposed convolution, MP for max pooling, and #C for the
number of classes.
Autoencoder Classiﬁer A Classiﬁer B DQL
I 64,64,3

I 64,64,3

I 64,64,3

I 64,64,3

C 7,7,32

C 7,7,32

C 7,7,32

C 7,7,32

ReLu, MP

ReLu, MP

ReLu, MP

ReLu, MP

C 7,7,64

C 7,7,64

C 7,7,64

C 7,7,64

ReLu, MP

ReLu, MP

ReLu, MP

ReLu, MP

C 5,5,128

C 5,5,128

C 5,5,128

C 5,5,128

ReLu, MP

ReLu, MP

ReLu, MP

ReLu, MP

C 5,5,256

C 5,5,256

C 5,5,256

C 5,5,256

ReLu

ReLu, MP

ReLu, MP

ReLu

TC 5,5,128

Fully 512

Fully 512

Fully 4096

ReLu

ReLu

ReLu

–

TC 5,5,64

Fully #C

Fully #C

–

ReLu

–

–

–

TC 7,7,32

–

–

–

ReLu

–

–

–

C 7,7,3

–

–

–

The classiﬁers used in the Classiﬁcation Agent (Table 1 second and third row)
use a similar structure as the autoencoder. A detailed view of the classiﬁers can
be seen in Table 1. Each convolution block uses a ReLu together with a max
pooling operation. Before the ﬁrst fully connected layer, we used a dropout,
which deactivates 50% randomly. A and B in Table 1 have the same structure
except for the last fully connected layer, which has either eight (Subject) or four
(Stimulus image) output neurons. For the training, we used stochastic gradient
decent with an initial learning rate of 10−4 decreasing each 500 epochs by a
factor of 10−1 . The training stops at a learning rate of 10−7 . Weight decay was
set to 5 ∗ 10−4 and momentum to 9 ∗ 10−1 . During training, we used a batch size
of 50 and the log multi class loss with softmax.
Since these classiﬁers are subject to the cyclic training of Classiﬁcation Agent,
they are always re-trained once the reinforcement learning has stabilized. This
new training is done with a random initialization. The idea behind this is that
the convolutions, which learn new feature extractors, adapt to the new image
manipulation and thus improve the classiﬁcation result. The training itself is
done using the not manipulated and all the manipulated images seen so far
(only from the training set).
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Fig. 2. Used setup of classiﬁcation agent with a memory for manipulated data seen in
the past.

Figure 2 shows the workﬂow for Classiﬁcation Agent with the memory. In
comparison to Fig. 1, which is a general overview, it can be seen that we now
have only two classes. Those two classes are also used in our experiment for the
evaluation section which is why we decided to insert them in the detailed view
of the Classiﬁcation Agent. In the memory (Fig. 2) are all the seen manipulated
images from the training set together with their labels. Images from the validation set are discarded and therefore, not stored in the memory of Classiﬁcation
Agent. For the training and test set, we made a 50% to 50% split. We seperated
the data to produce equal amounts of stimulus and subject classes. As can be
seen in this description, Classiﬁcation Agent does not use reinforcement learning. This agent can be understood as a supervised learner, which retrains its
classiﬁers.
In contrast to the Classiﬁcation Agent, the Manipulation Agent uses reinforcement learning for training. The used DQL model can be seen in Table 1
fourth row. It consists of three convolution blocks and a fully connected output
layer. The input of this model is the current image, which is called the state
and the output of this model (4096 fully connected neurons) are the actions.
Between each convolution block, we used ReLu and max pooling as in the models before. The output of the last layer was set 1 if it was greater or equal to 0.5,
otherwise it was set to 0. Meaning, our model could either deactivate a feature
in the bottleneck of the autoencoder or let it unchanged. For the training we
used stochastic gradient decent with a ﬁxed learning rate of 10−4 . The training
stops after ten epochs of training on the entire memory of Manipulation Agent.
Weight decay was set to 1 ∗ 10−5 and momentum to 9 ∗ 10−1 . During training,
we used a batch size of 100 and the L2 loss formulation for reinforcement learning (predicted − actual)2 . The parameter predicted in this context means the
result of DQL1 from the current input image. Since there is no ground truth
in reinforcement learning, the parameter actual is computed based on a second
network (DQL2) and the reward R. Therefore, the ground truth is formulated
as actual = R + y ∗ DQL2. As mentioned before, R is the reward (Result of
Classiﬁcation Agent), DQL2 is the output of a second network and y is the discount factor, which is adjusted through training so that the net explores more
in the beginning. This usage of two neuronal networks is called ﬁxed target Qnetwork [19]. Therefore, after ten training runs of DQL1, we set DQL2 = DQL1
since DQL1 has stabilized.
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Fig. 3. Memory and setup of manipulation agent.

In addition to the ﬁxed target network, we use the experience replay mechanism [19] as can be seen in Fig. 3. As mentioned in the related work, this concept
describes the memory which holds all examples (Stimulus, actions, and classiﬁcation result). In this memory, we only store examples from the training set, since
we want to evaluate our approach especially for unseen data. This memory is initialized before starting the entire approach and the networks DQL1 and DQL2 are
trained on it. For this initialization, we compute the change of each value in the
bottleneck on the classiﬁcation and store it in the memory of Manipulation Agent.
In addition, we compute one hundred random changes of 2–100 values in the bottleneck. This means that for the change of two values, we compute one hundred
random changes and the same for three values, four values, and so on.
For data augmentation of all models, we used random noise which was in the
range of 0–20%, cropping and shifting the scanpath. Cropping in this context
means that we extracted randomly 60–100% of the scanpath and draw it on the
input image. With shifting, we mean a randomly selected constant shift of the
entire scanpath. This shift was selected in the range of 0–30% of the stimulus size.
In order to be able to show a comparison to the state-of-the-art, we have evaluated an approach to diﬀerential privacy. Therefore, Laplacian-distributed noise
based on the sensitivity (δf ) of the signal is added to the raw eye tracking data
(DP Raw) or to the generated image (DP Image) [5,6,26]. As sensitivity (δf ) for
the raw eye tracking date we used the average Manhattan distance between all
gaze point recordings [25]. Since those do not have equal length we cut oﬀ the
last part of the larger recording. Therefore, the scale parameter of the Laplaciandistribution is δf
 [26]. For our evaluation we apllied the Laplacian Noise one hundred times to an image and computed the class using the networks. Afterwards,
we selected the maximum vote as detected class. In case of the images as data
we used the average maximum pixel distance (Manhatten distance between the
red, green, and blue channel) between all image pairs [9]. The same formula was
used to compute the scale parameter Laplacian-distribution. For a fair comparison we evaluated diﬀerent values of  in 0.01 steps and present the results of the
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best found  based on the adapted classiﬁers. The search range of the optimal 
was [0.01−15.0] for the images and for the noise injection into the raw gaze data
the search range was [10.00−500.0]. For the images the  value has to be multiplied
by the image resolution (64 × 64) due to the sequential composition theorem and
the independecy of the image pixels [23]. Therefore, the search range for the  was
[40.96−61440] but the 0.01 search steps are made based on the single pixel search
range ([0.01−15.0]). It also has to be mentioned that we skipped  values for the
raw eye tracking data if there were less than three gaze points remaining on the
image. The optimal epsilon was selected based on the maximal distance between
the stimulus and subject classiﬁcation, where the subject classiﬁcation had to be
at chance level. For the DOVES [2] dataset we selected the best epsilon based on
the minimal subject classiﬁcation but the stimulus classiﬁcation had to be over
chance level. This was done for the DOVES [2] data set, because all algorithms
did not work as desired for this data set.
In addition, we have also evaluated a supervised trained approach to justify the
use of reinforcement learning for the manipulation. The same models as shown in
Table 1 were used and trained as a Generative Adversarial Network (GAN). The
autoencoder is the generator and the classiﬁers A and B are used as discriminators. Before we trained the GAN we initially trained the Autoencoder, Classiﬁer
A, and Classiﬁer B for one hundred epochs with the training parameters already
provided. This was done to stabilize the training of the GAN afterwards. To adapt
the initial training to the training of a GAN we added the logarithmic loss from the
generated image as it was done in the original GAN paper [11] with the diﬀerence,
that the classiﬁers still had to predict the correct class.
For the generator (G) we used also the formulation of the original paper
(log(1 − D(G(I)))) [11] but in our case the discriminator (D) consists of two
networks. Therefore, Classiﬁer A and Classiﬁer B can only contribute 0.5 each
but in inverse directions. This means if Classiﬁer A is correct it contributes 0.5
and if Classiﬁer B is wrong it additionally contributes 0.5 since we want the
GAN to learn to perserve the information classiﬁed by Classiﬁer A and hide
the information important for Classiﬁer B. Based on the softmax output we can
simply compute the probability for the correct class for Classiﬁer A and Classiﬁer
B and weight both with 0.5.

3

Evaluation

For the image generation out of the raw gaze data ﬁles, we used the approach
from [10]. This means that the raw gaze data is in the red channel as dots, the
green channel holds the time by adjusting the intensity of the dot, and the blue
channel holds the relation ship of the gaze points by connecting them as lines.
ETRA [22]: This data is from the ETRA 2019 challenge. In this data, 8 subjects
with 120 trials per subject are recorded. Therefore, it consists of 960 trials with
a length of 45 s per trial. They recorded diﬀerent tasks namely visual ﬁxation,
visual search, and visual exploration. Additionally, four diﬀerent stimuli were
presented; Which are blank, natural, where is waldo, and picture puzzle.
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Gaze [4]: Is a huge data set with eye tracking data on dynamic scenes. The
data was recorded using an SR Research EyeLink II eye tracker 250 Hz. For our
experiment we only used the data provided for static images where each static
image of a video was considered the same image. In addition, we had to exclude
subject V01 since there was only one recording for it available. Therefore, we
used the eye tracking data of 10 subjects on 9 images for our experiment with
an average recording length of 2 s.
WherePeopleLook [12] (WPL): Is a eye tracking data set and published
under the intention to integrate top down features into saliency map generation.
It consists of 1003 static images with eye tracking data of 15 subjects per image
with an average recording length of 3 s.
DOVES [2]: Contains eye tracking data of 29 subjects on 101 natural images
with an average recording length of 5 s. The recordings were performed with
200 Hz high-precision dual-Purkinje eye tracker.
The ﬁrst experiment shows the results of our approach for diﬀerent iterations, as well as before and after the adaption of the classiﬁers (Classiﬁcation
Agent) on the ETRA data set. This experiment shows that our approach is
capable of removing unwanted information in the scanpath. In this scenario, it
is the information of the subject. This experiment shows the advantage of our
approach to other diﬀerential privacy methods since the feature extractors (Neuronal networks in Classiﬁcation Agent) adapt to the new image manipulation as
well as our image manipulation technique. For all experiments, we used a 50%
Table 2. Accuracy of the classiﬁers after each iteration and before as well as after
the adaption of the Classiﬁcation Agent on the ETRA data set. RL is the proposed
approach, GAN the same models trained supervised, DP Raw is the Diﬀerential Privacy
applied to the raw gaze data, and DP Image is the diﬀerential Privacy applied to the
image. The best results are in bold.
Iteration

No adaption Adaption
Stim Sub
Stim Sub

RL
RL
RL
RL
RL
RL
RL

–
95%
95%
91%
88%
78%
81%

Initial
1
2
5
10
15
20

–
13%
11%
12%
14%
12%
13%

96%
96%
95%
93%
91%
86%
83%

93%
93%
91%
52%
31%
22%
15%

GAN

75% 13%

81% 15%

DP Raw  = 223.21

27% 15%

30% 15%

DP Image  = 10485.76 41% 11%

59% 15%

Chance level

25% 12%

25% 12%
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split of the data where the test and validation set contain always equal amounts
of subjects and stimuli samples.
Table 2 shows the classiﬁcation results per iteration. With iteration we mean
that the reinforcement learning (Manipulation Agent) has stabilized, which are
approximately one thousand training runs. After each iteration, Classiﬁcation
Agent starts to retrain the classiﬁers, which is indicated by the adaption rows.
The ﬁrst line in Table 2 shows the initial results of the pretrained classiﬁers. At
the bottom of Table 2, the chance level is shown. As can be seen Manipulation
Agent always succeeds in dropping the classiﬁcation accuracy for the subject
close to the chance level. Afterwards, Classiﬁcation Agent adapts the classiﬁers,
but with less success for the subject classiﬁcation if the process over all iterations is considered. In the last iteration (20), the training of the subject classiﬁer
fails and is close to the chance level. This is also true for DP RAW (Diﬀerential
privacy applied to the raw eye tracking data), DP Image (Diﬀerential privacy
applied to the image), and the GAN (generative adversarial network) approach.
When comparing the results of the diﬀerent approaches, it is clear that our reinforcement learning approach is much better than diﬀerential privacy in terms of
receiving the stimulus information. Compared to the GAN approach our approach gives slightly better results.
In the next experiment we will use the data manipulation (learned with
reinforcement learning) and the autoencoder on other public data sets without
further training to show the generalization. The classiﬁers, however, will be retrained on the output of the autoencoder and additionally adapted to the data
manipulation in a further step.
For the classiﬁcation on the data sets Gaze [4], WherePeopleLook [12], and
DOVES [2] we used the same model as in Experiment 1 (Table 1). For training,
we set the initial learning rate to 10−2 and reduced it by a factor of 10−1 every
100 epochs until we reached 10−7 . The optimizer used was stochstic gradient
decent with weight decay of 5 ∗ 10−4 and momentum of 0.9. For the data set
Gaze [4] we used a batch size of twice the number of classes and made sure that
there were always 2 examples of each class in a batch. For WherePeopleLook [12]
we also used double the number of classes for the subject classiﬁcation. For the
Stimulus Classiﬁcation we used only the single class number as batch size. For
the last data set DOVES [2] we used twice the number of classes as batch size
for both classiﬁers as for Gaze [4] and also made sure that there were always two
examples of each class per batch.
In the ﬁrst column of Table 3 the results without data manipulation on the
data sets Gaze, WherePeopleLook, and DOVES can be seen. Comparing these
with the results on the Challenge data set in Table 2 it can be seen that the results
are signiﬁcantly lower. One reason for this is that there are many more classes
which increases the challenge for the classiﬁcation, but the main reason is the
signiﬁcantly lower recording time. For the Challenge data set the average recording time is 45 s. In comparison, Gaze has an average of 2 s, WherePeopleLook an
average of 3 s, and DOVES an average of 5 s. This shows that the Challenge data
set provides a multiple of the information for the neural networks. This means

604

W. Fuhl et al.

Table 3. Accuracy on new unseen data sets with retrained classiﬁers but the same
data manipulation learned from experiment 1 and 2 as well as the same weights for the
autoencoder. RL is the proposed approach, GAN the same models trained supervised,
DP Raw is the Diﬀerential Privacy applied to the raw gaze data, and DP Image is the
diﬀerential Privacy applied to the image. The best results are in bold.
Data set Method
Gaze

WPL

DOVES

No manipulation Manipulation

Adapted

Stim

Sub

Stim

Sub

Stim

RL

75%

31.66%

40%

8.88%

71.11% 13.33%

GAN

75%

31.66%

37.24% 14.32% 61.64%

19.53%

DP Raw  = 31.28

75%

31.66%

15.44% 12.54% 16.25%

13.96%

DP Image  = 34938.88 75%

31.66%

21.22% 11.81% 59.83%

13.61%

Sub

Chance

11.11% 10%

11.11% 10%

11.11%

10%

RL

31.23% 30.06%

21.54% 6.39%

30.48

8.28%

GAN

31.23% 30.06%

18.47% 14.76% 26.74%

20.37%

DP Raw  = 68.20

31.23% 30.06%

0.19%

7.09%

0.4%

8.93%

DP Image  = 16547.84 31.23% 30.06%

7.15%

6.72%

8.41%

8.91%

Chance

0.099% 6.66%

0.099% 6.66%

0.099%

6.66%

RL

10.86% 44.90%

4.3%

6.69%

9.15%

13.66%

GAN

10.86% 44.90%

5.68%

6.73%

8.26%

19.55%

DP Raw  = 425.39

10.86% 44.90%

1.81%

3.95%

1.42%

12.45%

DP Image  = 13762.56 10.86% 44.90%

1.14%

5.01%

1.5%

22.11%

Chance

0.99%

3.44%

0.99%

3.44%

0.99%

3.44%

that the data from the Challenge data set contains signiﬁcantly more personal
information as well as more information about the structure of the stimuli. It
is also interesting how little eye tracking data is suﬃcient to classify a subject.
If for example the data set DOVES is compared with Gaze and WherePeopleLook (Table 3 ﬁrst column) it can be seen that DOVES has a higher accuracy
for the subject classiﬁcation although DOVES has a lower chance level but a
2–3 s longer recording time. In contrast to this the detection rate for the stimuli
classiﬁcation is signiﬁcantly lower compared to the other data sets.
The second column in Table 3 shows the results after the data manipulation
by Manipulation Agent. Manipulation Agent has not been retrained and neither
has the autoencoder. As you can see, this data manipulation has a signiﬁcant
impact on the accuracy of the classiﬁers. This is true for the stimulus as well as
for the subjects, although the subject classiﬁcation is more inﬂuenced (except
for the DOVES data set, everything is reduced below the chance level). Since
this can also be purely due to data augmentation, we have also adapted the
classiﬁers to the data manipulation via training. For this purpose, the training
examples were manipulated with Manipulation Agent and both the unaltered
and the manipulated data were used for the training. The results can be senn in
the third column of Table 3. While the subject classiﬁcation in the DOVES data
set is still signiﬁcantly above the chance level (13.66%), the personal information
was mainly removed in the other two data sets. What can also be seen is that the
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Table 4. Accuracy for the stimulus
information suppression. RL is the proposed approach and GAN the same models trained supervised. DP Raw and DP
Image cannot be used to suppress the
stimulus information since the results
would be the same as in Table 3 and
Table 2. The best results are in bold.
Data set Method

Stim

ETRA

RL

26.55% 79.15%

GAN

26.75%

Gaze

WPL

Sub
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Table 5. Accuracy for diﬀerent and multiple information suppression targets on all
data sets combined. Fields with black background represent the information to be suppressed. Fields with a white background
are the information that should remain in
the data. RL is the proposed approach and
GAN the same models trained supervised.
As in Table 4, DP Raw and DP Image can
only be used for subject information suppression. The best results are in bold.

78.95%

No manipulation 96%

93%

Method

Stim

Sub

Chance

12%

RL

2.62%

32.74% 89.05%
29.81% 88.07%

25%

Data set

RL

13.32% 17.76%

GAN

2.98%

GAN

13.48%

12.25%

RL

27.56% 0.11%

87.56%

No manipulation 75%

31.66%

GAN

26.94%

86.01%

Chance

10%

RL

19.82% 29.91% 26.05%

11.11%

0.19%

RL

0.20%

21.98%

GAN

16.79%

26.77%

27.09%

GAN

0.81%

14.49%

RL

2.40%

0.15%

75.98%
71.50%

No manipulation 31.23%

30.06%

GAN

2.81%

0.21%

Chance

6.66%

RL

2.37%

29.56% 26.67%
25.99%

DOVES RL
GAN

0.099%
1.33%

32.47%

GAN

2.31%

3.33%

27.91%

RL

17.79% 0.19%

26.17%

16.07%

26.48%

No manipulation 10.86%

44.90%

GAN

Chance

3.44%

No Manipulation 39.39%

0.99%

Chance

1.61%

0.22%

26.91%

42.73% 92.57%
0.08%

25.0%

stimulus information was mainly retained for all data sets. This shows, at least
empirically, that our approach has found generalized patterns to hide speciﬁc
information.
Table 4 shows the results for the GAN and RL approach to hiding the stimulus information. As in the previous experiment, the Auroencoder and the Manipulation Agent as well as the GAN was trained only on the ETRA data to evaluate
the generalization across the data set. Compared to Table 3, the reverse case also
works for the DOVES data set. This is because there is generally little stimulus
information in this data set. It can also be seen that the RL and GAN approaches
perform equally well on the ETRA data set. However, the RL approach is significantly better when it comes to cross-data set evaluation (data sets: Gaze, WPL,
DOVES in Table 4).
For the last experiment we merged the data sets ETRA, Gaze, WPL, and
DOVES. This allows us to classify the stimulus, the subject, and the data set,
which allows us to suppress the information from multiple classiﬁcation targets.
As in the previous experiments, we performed a 50% to 50% split on training
and validation data. For this experiment, the GAN as well as the autoencoder
and manipulation agent were trained on all training data. Table 5 shows the
results for the GAN and RL approach for hiding single and multiple classiﬁcation
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targets. The black ﬁelds in Table 5 represent the information that should be
suppressed and the white ﬁelds represent the information that should remain in
the data. Thus, for all black ﬁelds, a low result is better and for white ﬁelds, a
higher result is better. All in all the GAN and the RL approach are similarly
good, whereas the RL approach is in most cases slightly better. This is especially
true when suppressing multiple classiﬁcation targets in the data.

4

Conclusion

In this work, we showed the applicability of reinforcement learning for removing
personal information from eye tracking data. In addition, it can be used to hide
speciﬁc information and is able to adapt to an adaptive attacker (Classiﬁcation
Agent in Fig. 1). Our approach is theoretically also capable of removing as well as
preserving the information of multiple classiﬁcation targets (Table 5). In Table 3
we empirically showed that our approach has generalized and is also applicable
to unseen data sets.
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Abstract. Complex problem solving involves representing structured
knowledge, reasoning and learning, all at once. In this prospective study,
we make explicit how a reinforcement learning paradigm can be applied
to a symbolic representation of a concrete problem-solving task, modeled
here by an ontology. This preliminary paper is only a set of ideas while
feasibility verification is still a perspective of this work.
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Introduction

Understanding how humans solve problems and learn is a key issue in education,
and one of the transversal competencies sometimes referred to as “21st-century
skills”. At the cognitive level, we need to consider both exploration and exploitation strategies directed either by a stimulus-driven behavior or toward diﬀerent
concurrent goals in a goal-driven behavior [1]. At a computational level, the typical paradigm is reinforcement learning (RL) with a ﬁnal reward (success of the
task) and some intermediate rewards (discoveries of aﬀordances, partial result
regarding the goal), more precisely intrinsically motivated reinforcement learning [9]. The latter family of models is extensively used in cognitive neurosciences
to model high-level executive control functions (e.g., [2,8]).
In a recent development, we have introduced the operationalization of a creative problem-solving task, via the construction of an ontology1 [6]. The state
is deﬁned by the conﬁguration of the objects manipulated during the task and

1

Concretely the ontology role is to help specifying the representation of the world as
conceived by the learner, i.e., what is observed and what is to be inferred during the
learning activity, to solve the task. This also helps to verify the specification coherence of the model, which allows us to infer some assumptions about non observable
elements of the learning process, as detailed in the supplementary material accessible
here https://gitlab.inria.fr/line/aide-group/creacog
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some other observables regarding the learner2 . The key point is that, in our case,
the internal state of the subject and the external state of the task material constitute a complex structure, modeled here by a set of “statements”; that is to
say, in the ontological vocabulary, entities typed by classes and linked together
through relationships labeled by properties. Unlike usual mechanisms based on
Markov chains, the state space to consider in our RL setup is thus not reduced
to an unordered ﬁnite enumeration. We would like to study here to what extent
reinforcement learning could be designed on such state spaces.
In “symbolic reinforcement learning” (e.g. [3]), deep neural networks transform raw perceptual data into a symbolic representation which is then fed to
a symbolic module that might perform, for instance, action selection. Other
approaches such as [4] propose architectures where a numerical reinforcement
algorithm communicates with a reasoner. Here we would like to explore another
track and make the reinforcement algorithm work directly on the symbolic data
space itself in a more integrative way, which we propose to call “reinforcement
symbolic learning”.

2

Symbolic State Space Specification

General Framework: An agent interacts with its environment. At a given discrete
time, it perceives a part of the environment, i.e., a stimulus, including a reward.
It infers elements (e.g., causes) from this input cue, including the computation
of the next action. In our case, we consider a potentially hypermnesic agent for
which any previous input, including rewards, might be part of the internal state.
This choice is directly linked to the notion of episodic memory, an episode here
being represented by an event sequence (a list of times of occurrence of atomic
events). This frees us from the “Markovian” constraint taking into account not
just one step in the past, at the cost of a multiplicative increase of the state
space. This is going to be manageable thanks to the hierarchical structure of
our state space, which encompasses a lot of information without the need for an
exhaustive enumeration. Furthermore, the state space no more reduces to a ﬂat
enumeration of state values, while the number of possible ontology construction
of size S on a vocabulary if size V is an order of magnitude higher (i.e. roughly
in O(V 3 S)).
Input Structure: The input is a hierarchical data structure time sequence, with
information regarding the task and the learner. Syntactically this corresponds to
tuples of named values {· · · , name : value, · · · }; each value has a”type” (determined by a predeﬁned schema3 making explicit the value set), and may be either
another tuple or a literal or the meta-value undefined (i.e., expected by the
schema, but not present in the given context). Literal values are taken among a
ﬁnite enumeration of qualitative values (e.g., a color set) or quantitative values
(i.e., ﬁnite precision bounded values).
2
3

See here for a video illustration.
In the sense of https://json-schema.org.
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Comparing Two Inputs: An input s is thus a tree data structure, equipped4 with
a a partial semi-order compatible with an extended semi-distance. This means
that two values may be equal, indistinguishable (i.e., too close to be ordered, thus
equal or not), comparable or incomparable (i.e., too diﬀerent to be compared).
This mechanism not only allows to deﬁne a distance between two inputs (as
the minimal cost of editing sequences transforming one input into another), but
also to make explicit which node has been added, deleted, or changed. Thus, it
oﬀers a “geodesic”, i.e., a path of transformation from one structure to another,
allowing us to interpolate intermediate input structure between both of them.
Inferring other Elements from Input: Each data structure is translated in terms
of RDF statements as follows. Each tuple is a “subject” and each named value
corresponds to a relationship labeled by a “property”, the value being the
”object” targeted by the relationship. This transformation allows us to generate
an ontology5 , oﬀering the possibility to perform inferences, thus implementing
the learner behavior at a pure symbolic level. Conversely, each RDF ontology
graph may be mapped back onto the data structure, with tuples having the value
undefined if the corresponding statement is absent from the ontology after reasoning, and deﬁned as the property object·s otherwise—hence the need for a
pre-deﬁned schema.

3

Reinforcement Learning on Symbolic State Space

Let us consider a concrete example on the most common algorithm setup, i.e., Qlearning with -greedy exploration, namely an action-state value function Q : S ×
A → R. At each step this function is updated, using the weighted average of the
old value and the new information, while the action is chosen to either maximize
the reward value, given the state, or with a small probability randomly explore
new actions. This algorithm is known as “model-free”, however, we are using it
in a non-conventional way with inferences we generate from prior information
on symbolic states, bringing it somewhat closer to model-based algorithms.
The key point is that, given the largeness of the state space, each state value
is very likely diﬀerent from another, so that one state value is very likely visited
once, making it impossible to use the usual update rule on tabulated values
Q[st , at ]. However, given a new state value st and reward rt+1 , we can easily
update all preceding Q-values in a neighborhood.
4

5

We consider edit operations given an input (l+) adding, (l-) deleting or (l#) changing
a value in a list, (t+) defining, (t-) undefining or (t#) changing a value in a tuple,
each of these operations having a user-defined positive cost, related to the literal
extended semi-distances. The key point is that we consider restricted edit distances
preserving the tree filiation, computable in polynomial time [7], which would not have
been the case otherwise, or if considering the tree as a general graph or ontology
portion.
In the sense of RDF and OWL2.
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Considering an exponential weighting of radius ρ, for a learning factor α, a
discount factor γ, this writes, for all Q-values:
Q[s, at ]+= α e−d(s,st )/ρ (rt+1 + γ maxa Q(st+1 , a) − Q[s, at ])
where d(s, st ) stands for the predeﬁned edit distance between both states. During
an epoch of T steps, it means that we have to compute O(T 2 ) edit distances,
and Q-value updates, but this complexity depends only on the trajectory length,
rather than on the state space itself.
The computation of the maximum reward prediction maxa Q(st+1 , a),
requires to both (i) interpolate the Q-value given available tabulated values
and (ii) enumerate action candidates, including unprecedented actions. For (ii)
consider a set of potential actions ak including previous actions, predeﬁned prototypical actions, and putative actions generated by an external process. For (i)
we can use an exponential interpolation


e−(d(s,st )+d(ak ,at ))/ρ Q[st , at ]/
e−(d(s,st )+d(ak +,at ))/ρ .
Q(s, ak ) =
st ,at

st ,at

in coherence with the previous design choice.

4

Conclusion

We have here all ingredients to apply well-established Q-learning mechanisms
not only on an enumeration of indexed states, but on a rich semantic structure,
which was the goal of this preliminary work. Meanwhile, in a companion study,
we explore ways to map such a semantic structure onto a neuronal vector space
[5]. We are making a prospective presentation here to share the scientiﬁc idea,
it goes without saying that this is only an open issue to be developed.
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6. Mercier, C., Roux, L., Romero, M., Alexandre, F., Viéville, T.: Formalizing problemsolving in computational thinking : an ontology approach. In: ICDL 2021: IEEE
International Conference on Development and Learning, Beijing, China (2021)

612

C. Mercier et al.

7. Ouangraoua, A., Ferraro, P.: A constrained edit distance algorithm between semiordered trees. Theor. Comput. Sci. 410(8–10), 837–846. Elsevier (2009)
8. Rmus, M., McDougle, S.D., Collins, A.G.: The role of executive function in shaping
reinforcement learning. Curr. Opin. Behav. Sci. 38, 66–73 (2021)
9. Singh, S., Lewis, R.L., Barto, A.G., Sorg, J.: Intrinsically motivated reinforcement
learning: an evolutionary perspective. IEEE Trans. Auton. Mental Dev. 2(2), 70–82
(2010)

Deep Reinforcement Learning for Job
Scheduling on Cluster
Zhenjie Yao1,2,3(B) , Lan Chen1,2 , and He Zhang1,2
1

2

Institute of Microelectronics, Chinese Academy of Sciences, Beijing, China
{yaozhenjie,chenlan,zhanghe}@ime.ac.cn
Beijing Key Laboratory of Three-dimensional and Nanometer Integrated Circuit
Design Automation Technology, Beijing, China
3
Purple Mountain Laboratory: Networking, Communications and Security,
Nanjing, China

Abstract. Job scheduling is a key function of cluster computing. Eﬃcient job scheduling can improve hardware resource utilization and promote the execution eﬃciency of jobs. Conventional scheduling work
is dominated by heuristic algorithms. The scheduling eﬃciency of the
heuristic algorithm is not optimal. In this paper, we improved the deep
reinforcement learning algorithm for the cluster scheduling, which named
DeepCM. Test results on the simulation data shows that the DeepCM is
capable of improving the performance for job scheduling on the cluster.
The slowdown could be improved from 2.248 to 2.235 in a environment
of 3 machines. The fusion of internal baseline and external baseline could
reduce the variations of the performance on diﬀerent jobsets. The experimental results demonstrate that the deep reinforcement learning get
improved scheduling eﬃciency in cluster computing. The performance
advantage is more obvious when the load gets heavier.
Keywords: Deep reinforcement learning
gradient · Fusion baseline
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· Schedule · Cluster · Policy

Introduction

In computing clusters, we can access the CPU, memory, storage, software and
other resources of diﬀerent physical machines through the network. Computing
tasks could be completed more eﬃciently by eﬃcient utilization of the resources
in the clusters. The establishment, lease, and even maintenance of computing
clusters are expensive. Therefore, eﬃcient utilization of computing clusters is
essential. For large clusters, a small increment in utilization eﬃciency can save
millions of investment [2].
Task scheduling is to establish the mapping relationship between tasks and
computing resources. Tasks and computing resources can have a one-to-many or
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many-to-one relationship. The essence of scheduling is a combinatorial optimization problem. The mapping relationship between tasks and resources is extremely
complex, and ﬁnding the optimal task scheduling strategy is complex and difﬁcult. The existing scheduling method is dominated by heuristic algorithms.
Common heuristic algorithms include Shortest Job First (SJF), fairness-based
algorithms [3,5], and resource matching-based algorithms (such as Tetris [4]).
Park et al. suggested to take the runtime uncertainty into consideration, and
gave an end-to-end strategy for job scheduling with uncertainty [10]. Heuristic algorithms have the advantages of easy understanding, easy implementation,
and strong generalization, and are widely used in various distributed systems.
However, due to the lack of in-depth analysis of tasks and resources, heuristic algorithms are not optimal. In some scenarios, the scheduling eﬃciency is
low. Task scheduling in a distributed environment still has a lot of room for
improvement, especially for some speciﬁc scenarios.
Reinforcement learning has been widely used for sequential decision making in an unknown environment, where the agent learns a policy to optimize
a cumulative reward by trial-and-error interactions with the environment [14].
In the last decade, the introduction of deep learning technology has promoted
the rapid development of reinforcement learning, and has achieved success in
games [9,13] and other scenarios. Reinforcement learning can learn the experience during the interaction with the environment and make better decisions.
Task scheduling itself is also a sequential decision-making process. A natural idea
is whether reinforcement learning can be used to optimize task scheduling in a
distributed environment. Mao et al. implemented a task scheduling algorithm
using reinforcement learning, the entire cluster was simpliﬁed into a resource
pool, and tasks were allocated to the resource pool [8]. Since the whole cluster
is one resource pool, the key factor is to determine the order of the tasks. In the
follow-up work, Mao et al. described task dependencies through Directed Acyclic
Graph (DAG), and modeled it using graph convolutional neural networks. Then
reinforcement learning was adopted to schedule the tasks [7]. Compared with the
heuristic scheduling algorithms, reinforcement learning algorithm has achieved
signiﬁcant eﬃciency improvements on both simulated and real data sets, which
veriﬁes the eﬀectiveness of reinforcement learning in task scheduling. Neither of
the above two algorithms restricts the task ﬂow and they are general scheduling algorithms. Another research direction is the scheduling of dedicated task
streams, such as machine learning clusters. By modeling the convergence curve
of the machine learning algorithms, Peng et al. can estimate the end time of
various deep learning tasks accurately. Heuristic greedy strategy is used to allocate resources, the eﬃciency improved more than 60% [11]. In another algorithm
DL2, Peng et al. used reinforcement learning, combined with oﬀ-line initialization training and on-line learning for training, and the performance was improved
by 17.5% [12]. Bao et al. tested the degree of interference between diﬀerent
machine learning tasks, used reinforcement learning for task scheduling, which
tried to put tasks with low mutual interference in one computing unit (one or
several machines). Experimental results show that compared with the traditional
heuristic scheduling algorithm, the performance of this algorithm is improved by
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more than 25% [1]. The results showed that reinforcement learning algorithms
improve the performance of machine learning clusters. Wang et al. applied a
deep-Q-network model in a multi-agent reinforcement learning setting to guide
the scheduling of multi-workﬂows over infrastructure-as-a-service clouds, which
shows better performance than traditional scheduling method [16].
In Mao’s works [7,8], the entire cluster is abstracted into a resource pool
without considering the boundaries of physical machines. In this paper, we follow
their method, the main contributions of this paper are summarized as follows:
– Applying reinforcement learning-based scheduling algorithms to more practical clusters, which taking resource boundaries of physical machines into consideration, aiming to improve resource utilization of the computing cluster.
– We propose a fusion baseline strategy, which adopt a fusion of internal baseline and external baseline as the ﬁnal baseline in policy gradient algorithm,
to reduce the variations of the reinforcement learning model.
The remainder of this paper is organized as follows. Section 2 presents our deep
reinforcement learning model for job scheduling on cluster, Deep Cluster Management (DeepCM), in detail. Section 3 covers the experimental results on a simulation environment. Finally, Sect. 4 gives conclusions and discusses future work.

2

Deep Reinforcement Learning for Job Scheduling on
Cluster

As other Reinforcement Learning (RL) system, the Deep Reinforcement Learning system for Cluster management include 3 important parts: environment(represented by state), agent and reward, which are illustrated in Fig. 1(a).

(a) Overall architecture of DeepCM

(b) Architecture of the neural network

Fig. 1. System architecture of DeepCM and the architecture of the policy network.

2.1

RL Formulation for Schedule

In the application for job scheduling on cluster, the environment is the information about the jobs and the cluster. The state of the environment including
the state of all the jobs that needed to schedule, and all the available resources
on the nodes in the cluster. Suppose the cluster is composed of N nodes, each
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node contains D types of limited resources (CPU, memory, IO and disk etc.).
As for the task, we suppose the resource and time requirement are known. The
scheduling task is to allocate required resources of appropriate node to the jobs.
State. The state of the system is represented by a big image composed of subimages. The subimages represent the state of candidate jobs, and nodes, and some
extra information about job arriving time, and number of jobs out of the candidate queue. The image presentation of the system state is illustrated in Fig. 2. As
show in the ﬁgure, the whole state image is composed by three kinds of subimages: subimage of machines, subimage of jobs and subimage of extra information.
The state matrix representation is explained as follows.
1. Machine state image. Each machine image contains D images of diﬀerent
resources. In Fig. 2, one machine image of one resource was given for example.
The size of subimage is T × K, indicating the occupancy state of K units
of resource in T timesteps. Each column of the image represents one unit
of the resource, and each row represents a time step. The image contains
the information about resource occupancy of the machine. The colored grid
indicates that the resource has been occupied, which is represented by 1. The
grids of the same color indicate that they are occupied by the same task. The
white grids represent spare resources, represented by 0. The machine image
is capable of representing the resource utilization of the machines. The size
of one machine image is T × (D × K)
2. Job state image. A job stage image contains D subimages of diﬀerent
resources. The size of each subimage is T × K, too. The colored grid indicates the resource and time the job required. For example, the job subimage
in Fig. 2, the red square containing 2 × 2 grids, indicating executing this job
require 2 units of this resource, and it will last for 2 timesteps. It should be
pointed out that the amount of various resources required for the same job
is diﬀerent. For example, one job may need 3 units of CPU, and 1 units of
memory. However, the duration of source requirement is the same. The size
of one job image is T × (D × K)
3. Extra information state image. This state image of extra information contains
information about the jobs out of the candidate job queue. The size of extra
information image T × K. The ﬁrst K − 1 columns is about the number jobs
in the backlog queue, which is the job that has been submitted but not in the
candidate queue (Usually because the candidate queue is full). The number
of rows with a value of 1 is proportional to the number of jobs in the backlog.
The length of backlog is set to Lb , if Nb jobs in backlog, then the elements
b
of the ﬁrst  N
Lb × T  rows are set to 1. The blue part of the extra subimage
indicates about 60% of the whole back queue are full. The last column is the
number of timesteps past since last submitted job. The value of the whole
T
column is max( Twp , 1), where Tp is the number of timesteps past since last
submitted job, Tw is a parameter.
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Fig. 2. Image representation of the state

Reward. Our goal is to minimize the average job slowdown. The job slowdown
is deﬁned by
Cj
,
(1)
Sj =
Tj
where Cj is the completion time of the job, which last from job submission to
job completion, including four parts: the waiting time for entering the candidate
queue, time in the candidate queue, waiting time on the scheduled machine, and
time for execution. Tj is the ideal (minimum) duration of the job, including the
time for execution only. It is easy to ﬁnd that, Cj > Tj , so Sj > 1. The reward
of each timestep is a piece of the negative slowdown, which deﬁned as:
Rt =



−

j∈Jt

1
,
Tj

(2)

where Jt indicates all the jobs in the system at timestep t, including the job
waiting for entering the candidate queue, the job in the candidate queue, the
job scheduled on a machine (no matter it is waiting for execution or executing).
The ﬁnal cumulative reward is
Rc =

Ts

t=0

Rt =

Ts 

t=0 j∈Jt

−


 Cj
1
1
=
Cj × (− ) =
− ,
Tj
Tj
Tj
j∈J

(3)

j∈J

where Rc is the total cumulative reward of all the tasks in the Ts steps, J is
the jobset of all the jobs during the Ts timesteps. The average job slowdown is
deﬁned as
Rc
(4)
Ra = − ,
|J|
where |J| is the number of jobs in jobset J.
Agent. A reasonable schedule method should take multiple actions in one
timestep. For simplicity, multiple action selection was achieved in a manner of
repeat single action selections, only one action is selected at a time. Repeat the
selection until a void action was selected. Suppose there are M candidate jobs
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and N machines. For each single action selection, we select a job (M candidates)
and allocate a machine (N candidates), which leads to M × N selections and one
void selection. There are M × N + 1 selections in the action space for a single
action selection, which is also the output dimension of the policy neural network
shown in Fig. 1(a).
As shown in Fig. 1(a), the action policy is achieved by a neural network.
The input is the state of the system, and the output is a probability distribution
about potential actions. Figure 1(b) shows the architecture of the neural network,
including the input layer, 2 hidden layers and 1 output layer.
Suppose there are 3 machines with 2 types of resources, each machine contains
10 units of either resources. At time step t, we can schedule job to t+20 timesteps.
Under this setting, the number and size of the each layer are given in Fig. 1(b).
The input layer has one input only, whose size is 20 × 400. The output of the
convolution layer includes 32 feature maps with size of 1 × 400. The hidden layer
as 32 neurons, with a dropout rate of 0.2. The output layer has 31 neurons with
softmax activation, indicating the probability of 31 candidate actions.
2.2

Policy Gradient

We train the policy network with policy gradient descent algorithm [15]. As
the name suggests, policy gradient means gradient descent of policy network.
The policy neural network can be seen as a multi-class neural network. Its loss
function is categorical cross-entropy. The goal of reinforcement learning is to
maximize the expected cumulative reward, whose gradient is

 T

 T


t
π
γ rt = Eπθ
θ log πθ (s, a)Qθ (st , at ) ,
(5)
 Eπ θ
t=0

t=0

Qπθ (st , at )

is the expected reward of choosing action at in state st . Its
where
unbiased estimation obtained by Monte Carlo simulation [6] is denoted by vt =
(st , at ) and substitute vt in (5), we have
Qπθ
 T

 T



t
 Eπθ
(6)
γ rt = Eπθ
θ log πθ (st , at )vt ,
t=0

t=0

The gradient can be decomposed into two terms, θ log πθ (st , at ) is the gradient
of conventional classiﬁcation neural network, and vt is the weight. As mention
above, vt is the expected reward of each step, we can ﬁnd that the policy gradient
is the conventional gradient weighted by reward. This is the key idea of policy
gradient.
The policy gradient training algorithm was shown in Algorithm 1. There are
J jobsets for training, each jobset run K episodes, which leads to K trajectories.
Expected cumulative reward are estimated from the trajectories.
The cumulative reward has cumulative eﬀect, which leads to heavy dependency on its time step. In order to reduce the signiﬁcant diﬀerence caused by the
position, a common trick of policy gradient algorithm is to adjust the rewards
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Algorithm 1. Policy gradient training algorithm for cluster management
→ −→
−
1: Initialize be = 0.0
2: for each iteration do
3:
for each jobset j = 1 to J do
4:
5:
6:
7:

8:

for episode k = 1 to K do
k
{sk1 , ak1 , r1k , sk2 , ak2 , r2k , ...skLk , akLk , rL
} ∼ πθ
k

Lk
k
i−t k
Calculate returns: vt = i=t γ ri

Calculate internal jobset baseline
→j
K −
→
−
j
k=1 v
ba =
K
Calculate jobset baseline
→
−
−j
→
→
−
b = β bja + (1 − β) be

9:

11:

(8)

Calculate the gradient of all the samples.
θ = θ log πθ (s, a)(v − b)

10:

(7)

Calculate external jobset baseline
→
J −
j
→
−
i=1 ba
be =
J

(9)

(10)

θ ←θ+αθ

by subtracting the baseline, which is also used in [8]. The conventional baseline
calculation is shown in (7), which is the average of diﬀerent trajectories of the
same jobset. We name it internal jobset baseline. The trajectories subtract the
baseline as the reward. In the training process, we found that the diﬀerences
between jobsets are also very large, and internal baseline adjustments cannot
handle the diﬀerence.
We use the weighted average of the internal baselines of diﬀerent jobsets as
the external baseline between jobsets (10), and combine the external baseline
in the last iteration and the internal baseline through linear combination (8).
We use the combinational result as the ﬁnal baseline for reward adjustment,
expecting better learning performance. The introduction of an external baseline
is a major improvement for policy gradient, and subsequent experimental results
verify the eﬀectiveness of this mechanism.
Gradients were calculate by (9), which is a cumulative gradient of all the
samples in this iteration. The samples include all the trajectories of all the
jobsets.
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Experimental Results

This section contains the experimental results. First explain our test environment. Then compare the training procedure of the conventional and improved
policy gradient model. Compare the schedule eﬃciency of our model with referenced models under diﬀerent settings.
3.1

Environment Setting and Reference Models

In our setting, there are 1–3 machines in the cluster, each machine has 2 types
of resources, both are divided into 10 units. Tasks are randomly generated as
a batch, according to the same distribution, 20% tasks are long tasks, whose
duration is uniformly from 10 to 15 timesteps. 80% of the tasks are short tasks,
whose duration is from 1 to 3 timesteps. All the tasks have one dominant resource
that is randomly selected. The dominant resource requirement is uniformly from
4 to 6 units of resource, and the other resource requirement is uniformly from 1
to 2 units of resource. The tasks submitted to the cluster with a probability of
ps , which is used for workload control. In the following experiments, we suppose
one jobset contains 50 tasks for both training and testing.
The parameters involved in the training algorithm include: The discount
parameter during cumulative reward calculation is γ = 1.0. The fusion parameter
of internal baseline and external baseline β is set to 0.9. We train the network
for 1000 or 1500 iterations, if the reward did not improve from the 900th to the
1000th iteration, it will stop at the 1000th iteration; Otherwise, it will stop at
the 1500th iterations. Another important parameter is the learning rate, which
is set to lr = 0.003 at the beginning, and recalculated every 30 iterations by
lr = max(lr × 0.8, 0.001).
We adopt 4 scheduling models as reference. Shortest Job First (SJF) is one
of the best heuristic scheduling method. Take machines into consideration, there
are two strategies for allocation: compact strategy, which allocate the job to the
machine with highest resource utilization; and spread strategy, which allocate the
job to the machine with lowest resource utilization. Combine SJF with compact
and spread leads to SJF compact and SJF spread, together with Tetris [4] and
DeepRM [8], there are the 4 reference models. Here, DeepRM was modiﬁed for
cluster scheduling scenario.
Our DeepCM model has similar principle as DeepRM. However, the policy
gradient algorithm is improved by a mechanism of fusion baseline, as mentioned
in Algorithm 1.
3.2

Tests on Cluster with Diﬀerent Number of Machines

In this part, we test the same workload on cluster with diﬀerent number of
machines. We set the workload control parameter ps = 0.8. The number of
machines is set to 1,2 and 3. Since 3 machines leads to almost no slowdown, we
reduce each type of the resource on a machine from 10 units to 8 units.
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The average slowdown is shown in Table 1. From the table, we can ﬁnd that
no matter how many machines are in the cluster, DeepCM and DeepRM achieve
consistently better result than conventional heuristic methods. The performance
of DeepRM is close to DeepCM. DeepCM is slightly better than DeepRM.
When there is only one machine, we have no choice, the 3 heuristic schedule
models degrade to the SJF schedule. The average slowdown in the top 3 rows of
the ﬁrst column are the same.
Table 1. Average slowdown on cluster with diﬀerent number of machines

Scheduling model Average slowdown
1

2

3

SJF compact

2.833(±0.850)

1.260(±0.213)

1.147(±0.125)

SJF spread

2.833(±0.850)

1.263(±0.215)

1.149(±0.127)

Tetris

2.833(±0.850)

1.267(±0.201)

1.152(±0.130)

DeepRM

2.805(±0.846)

1.254(±0.206)

1.144(±0.128)

DeepCM

2.773(±0.839) 1.245(±0.178) 1.143(±0.125)

Compare the average slowdown on the same model with diﬀerent number
of machines, we ﬁnd that the slowdown decreases as the number of machines
increases. That is due to more resources are available as the number of machines
increases. However, the performance improvement of DeepCM decrease as the
machine number increase. When there is one machine, DeepCM outperforms
the best heuristic model by 0.06, outperforms DeepRM by 0.032. When there
are three machines, DeepCM outperforms the best heuristic model by 0.004,
outperforms DeepRM by 0.001. We infer that as more machines get involved,
resources are no longer tight, and the advantages of scheduling shrinks.
3.3

Tests Under Diﬀerent Workloads

In this part, we ﬁx the number of machines in cluster as 3, and test diﬀerent
workload on it. We set the workload control parameter ps as 0.7, 0.8, 0.9 and 1.0.
Each machine contains 8 units of each type of resources.
The average slowdown is shown in Table 2. From the table, we can ﬁnd that
no matter what value ps is, DeepCM and DeepRM achieve consistently better
result than conventional heuristic methods. The performance of DeepRM is close
to DeepCM. DeepCM is slightly better than DeepRM.
Compare the average slowdown on the same model with diﬀerent workload,
we ﬁnd that the slowdown increases as the workload increases. The performance
improvement of DeepCM did increase as the workload increase. When the control parameter is 0.7, DeepCM outperforms the best heuristic model by 0.002,
outperforms DeepRM by 0.001. When the control parameter is 1.0, DeepCM
outperforms the best heuristic model by 0.019, outperforms DeepRM by 0.006.
Combined with the previous experimental results in Table 1, we can conclude that DeepCM can achieve better performance than conventional models,
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especially when the workload is heavy. Moreover, the heavier the workload, the
greater performance gain can be achieved.
Table 2. Average slowdown of diﬀerent workload
Scheduling model Average slowdown
0.7

0.8

0.9

1.0

SJF compact

1.041(±0.042)

1.147(±0.125)

1.455(±0.265)

2.248(±0.133)

SJF spread

1.044(±0.050)

1.149(±0.127)

1.460(±0.264)

2.254(±0.139)

Tetris

1.045(±0.051)

1.152(±0.130)

1.459(±0.264)

2.254(±0.139)

DeepRM

1.040(±0.039)

1.144(±0.128)

1.450(±0.261)

2.241(±0.131)

DeepCM

1.039(±0.040) 1.143(±0.125) 1.448(±0.261) 2.235(±0.126)

Compared to scheduling on single resource pool, the scheduling on the cluster
is more diﬃcult, and we see that the improvement of DeepRM relative to the
heuristic methods is small. DeepCM has further improved DeepRM. Although
the numerical improvement is small, it is still important for cluster scheduling.
3.4

Beneﬁts of the Fusion Baseline

We have seen that DeepCM has achieved better performance than conventional
scheduling methods. In this section, we focus on the comparison between DeepCM
and DeepRM, to demonstrate why the fusion baseline policy gradient works better
than conventional policy gradient. We compared the training curve of the fusion
baseline policy gradient and conventional policy gradient. Training curves of both
algorithms are shown in Fig. 3. The red curve is the average slowdown of all the
jobsets, the yellow region is 3σ (σ is the standard deviation) around the average
curve, the blue curves are average slowdown of each jobset. The average slowdown
is smoothed by moving average with 50 as the moving window width.

(a) Training curves of conventional PG

(b) Training curves of FPG

Fig. 3. Training curves. The red curve is the average slowdown of all the jobsets, the
yellow region is 3σ (σ is the standard deviation) around the average curve, the blue curves
are average slowdown of diﬀerent jobset. The average slowdown is smoothed by moving
average. (Color ﬁgure online)
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Table 3. Statistics of the training curves

Max
PG

Min

Mean

Mean –2.369 –6.444 –2.812
Std
0.692 0.157 0.218

FPG mean –2.300 –6.067 –2.611
Std
0.646 0.093 0.156

Figure 3(a) is the training curves of conventional policy gradient (PG),
Fig. 3(b) is the training curves of the fusion baseline policy gradient (FPG).
Statistics of the training curves are listed in Table 3. By comparison, we can ﬁnd
that:
1. Compare the red curve in both ﬁgures. It is easy to ﬁnd that the mean of
rewards increase sharply at the beginning. As the training iterations increase,
the growth rate decreases. Quantitatively, the average reward of PG increases
from −6.444 to −2.369, while that of FPG increases from −6.067 to −2.300.
2. The curve of FPG increases more sharply than PG, PG reach −3 at 265th
iteration, while FPG reach the same value at 147th iteration. Which means
FPG can be trained more eﬃciently.
3. The standard deviation of PG is larger than that of FPG. The standard
deviation of PG are reduce from 0.692 to 0.157, with mean value of 0.218.
The standard deviation of FPG are reduced from 0.646 to 0.093, with mean
value of 0.156.
4. By observing the blue curves, we ﬁnd that the average reward on all jobsets
of PG has no signiﬁcant improvement after 700 iterations; while that of FPG
has three signiﬁcant improvements after 700 iterations, which leads to smaller
deviation.

4

Conclusion and Future Works

In this paper, we improved the reinforcement learning based scheduling algorithm, and applied it for the cluster resource management, which named
DeepCM. Test results on the simulation dataset shows that DeepCM is capable
of improving the performance for job scheduling on the cluster, especially when
the workload is heavy. Furthermore, the fusion of internal baseline and external
baseline could reduce the variation of the performance on diﬀerent jobsets, which
makes the trained model more steady.
However, it is worth noting that, as the number of candidate jobs or the
number of machines increases, both the state representation and the output
dimension would increase sharply, which leads to bad scalability of the DeepCM.
Poor scalability limits the application of deep reinforcement learning scheduling
algorithms to large-scale clusters. In our further work, we would try to enhance
the scalability of DeepCM and related algorithm.
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Future work will include improving the performance of the reinforcement
learning by incorporating more layers into the policy network, and considering
more complex application scenarios, such as the inter dependency of the jobs, the
actual resource occupation of the jobs, and the uncertainty of runtime estimation.
Another possible direction is multi-objective optimization, which optimize cost,
make-span and delay, etc. simultaneously.
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Abstract. In this paper, we study a fully decentralized multi-agent pursuit problem in a non-communication environment. Fully decentralized
(decentralized training and decentralized execution) has stronger robustness and scalability compared with centralized training and decentralized execution (CTDE), which is the current popular multi-agent reinforcement learning method. Both centralized training and communication mechanism require a large amount of information exchange between
agents, which are strong assumptions that are diﬃcult to meet in reality. However, traditional fully decentralized multi-agent reinforcement
learning methods (e.g., IQL) are diﬃcult to converge stably due to the
dynamic changes of other agents’ strategies. Therefore, we extend actorcritic to actor-critic-N framework, and propose Potential-Field-Guided
Deep Deterministic Policy Gradient (PGDDPG) method on this basis.
The agent uses the uniﬁed artiﬁcial potential ﬁeld to guide the agent’s
strategy updating, which reduces the uncertainty of multi-agent’s decision making in the complex and dynamic changing environment. Thus,
PGDDPG which we proposed can converge fast and stably. Finally,
through the pursuit experiments in MPE and CARLA, we prove that
our method achieves higher success rate and more stable performance
than DDPG and MADDPG.
Keywords: Reinforcement learning · Actor-critic
Planning and learning · Predator-prey
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Introduction

The goal of reinforcement learning (RL) is to maximize long-term returns, where
a reward reﬂects the goal of a problem [18]. Thus, the reward is one of the core
elements of RL. However, in the state-action space of many RL tasks, the reward
value at any intermediate step is zero. This situation is referred to as the reward
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sparsity problem and can cause an RL algorithm to converge slowly because an
agent needs to interact with the environment many times and learn from a large
number of samples to converge to the optimal solution.
Sparse rewards remain a great challenge in RL [5]. Recently, there is also
substantial work in this area. Pathak, Deepak and Agrawal [12] have proposed
an intrinsic curiosity mechanism to encourage agents to explore unknown states;
however, the performance can be aﬀected by randomness in the environment. In
particular, there is more uncertainty caused by agents in multi-agents system.
Prioritized replay buﬀer [15] and IGASIL [3] can replay important experiences
more frequently, which enables more eﬃcient learning. However, updating the
priorities of experiences requires iterating over the buﬀer, which consumes considerable computing resources. In addition, this method cannot be extended to
online algorithms. While the planning methods represented by artiﬁcial potential ﬁeld and A* [8] only rely on environment model not the reward, which have
been widely used in the traditional control ﬁeld and are characterized by good
stability and high sample utilization rate.
In multi-agent RL, some work make eﬀorts to learn a communication protocol among multiple agents, such as ATOC [7], BiCNet [13]. The agents can make
decisions dependent on delivering messages between each other. In reality, the
problem of communication delay and bandwidth limitation hinder the application of these methods in practice. In addition, centralized training and decentralized execution is a very common paradigm, e.g., multi-agent deep deterministic
policy gradient MADDPG [10]. While concentrated learning can be performed
oﬄine, the repeated process of collecting data is time consuming. Speciﬁcally, it
is diﬃcult to collect data oﬄine, and communication is unstable and costly in
practice. Therefore, these methods are more commonly used in simulators and
video games [5]. Thus, a fully decentralized (decentralized training and decentralized execution) model is considered in IGASIL [3]. This approach does not
require communication among the training and execution of agents, and has
strong scalability and adaptability to complex environments.
Inspired by IGASIL [3], we also choose the fully distributed reinforcement
learning model. At the same time, in order to solve the problem of multi-agent
convergence, we combine a uniﬁed artiﬁcial potential ﬁeld with deep deterministic policy gradient (DDPG) [9] through actor-critic-n framework, and propose
the potential-ﬁeld-guided DDPG (PGDDPG) and PGDDPG-EXP algorithm.
Compared with the DDPG, MADDPG [10] and other methods in the MPE and
CARLA environments, the PGDDPG performs better and is more stable. The
code for this work is open source on the website (https://github.com/renweiya/
PGddpg-conference).
The main contributions of this paper can be summarized as follows.
– We propose an Actor-Critic-N framework that can combine multiple critic
methods and can be used in any value-based or Actor-Critic algorithm.
– We propose PGDDPG and PGDDPG-EXP algorithms guided by a uniﬁed
artiﬁcial potential ﬁeld, which can distribute training and distribute execution, and there is no need for communication between agents.
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– Through MPE and CARLA experiments, it is proved that our method
achieves better performance and more stable eﬀect than DDPG and MADDPG.

2
2.1

Actor-Critic-N Framework
Actor-Critic-N

In order to combine the model
based planning method with RL,
ﬁrstly, we extend the actor-critic
architecture to the actor-critic-N
architecture, as shown in Fig. 1. We
deﬁne Critic 1 based on rewards
using deep function approximators. Fig. 1. Extension from the actor-critic framework to the actor-critic-N framework.
Critic 2, Critic 3, etc., can be
deﬁned using a model-based policy evaluation method. For simplicity, in this
paper, we deﬁne Critic 2 based on potential ﬁelds and omit any other critics.
We refer to it as actor-critic-2.
2.2

Classic Artiﬁcial Potential Field

The artiﬁcial potential ﬁeld is a classical planning method, which assumes that
the dynamic model of the environment is known. In this algorithm, the target
and obstacle are regarded as objects with attractive force and repulsive force
respectively, and the robot moves along resultant force of the attractive force
and repulsive force.
In the classic artiﬁcial potential ﬁeld method [14], the most commonly
employed attractive potential function is
Uatt (s) =

1 2
ξd (s, sgoal )
2

(1)

where ξ is an attractive scaling factor and d(s, sgoal ) is the distance between the
point s and the goal sgoal .
The repulsive potential function is given by
 
2
1
η d(s,s1obs ) − d10 , if d(s, sobs ) ≤ d0
2
Urep (s) =
(2)
0,
if d(s, sobs ) > d0
where η is a repulsive scaling factor and d0 is the maximum distance that can
be aﬀected by repulsion.
The overall potential function is given by
U (s) = Uatt (s) + Urep (s)

(3)

Then, the force of the artiﬁcial potential ﬁeld can be calculated by f = −∇U (s).
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Potential-Field-Based Critic

The potential-ﬁeld-based critic is to evaluate the current strategy of the agent
from the perspective of artiﬁcial potential ﬁeld. In other words, its function is
to evaluate the degree of correlation between the agent’s current actions (strategy) and the planned actions by the artiﬁcial potential ﬁeld. In this paper, we
consider that the larger the value of the artiﬁcial potential ﬁeld is (the farther
it is from the target or the closer it is to the obstacle), the more prior information it contains, and at this time, we should trust the planned actions of the
artiﬁcial potential ﬁeld more. Therefore, according to the deﬁnition of the state
action value function in reinforcement learning and combined with the artiﬁcial
potential ﬁeld in Eq. (3), we deﬁne a potential-field-based state-action function
as
qP F (s, a)  −U (s)[1 − cos(X )].

(4)

where X is the angle between the overall force f = −∇U (s) and the actual
action generated by the action policy in state s, as shown in Fig. 2.
It can be seen that as U (s) → +∞, qP F (s, a) ∈ [0, +∞), while as U (s) → 0,
qP F (s, a) → 0.
Accordingly, qP F (s, a) will have
a more important role when the
potential value is larger, and vice
versa. The overall force f =
−∇U (s) is the basis for the
simplest possible single-step planning method based on the (artiﬁcial) potential ﬁeld approach. More Fig. 2. A description of parameters in the
potential-ﬁeld-based state-action function. X
complex planning methods can be
is the angle between the overall force f and
considered, but they are not the the actual action a.
focus of this paper.
Via the potential-ﬁeld-based state-action function that we previously deﬁned,
we can obtain the potential-ﬁeld-based critic as
∞


μ
k−1
γ2 qP F (sk , ak )|s1 = s, a1 = a ,
(5)
QP F (s, a)  E
k=1

which is named critic 2 in this paper.
Because the force calculation is the same for all agents in the artiﬁcial potential ﬁeld based critic 2, we also refer to it as a uniﬁed artiﬁcial potential ﬁeld
based guidance in this paper. Each agent uses the uniﬁed artiﬁcial potential
ﬁeld to guide the agent’s strategy update. This uniﬁed artiﬁcial potential ﬁeld
is known to all agents. Through the calculation of the uniﬁed artiﬁcial potential
ﬁeld, the agent can get the actions of other agents under the uniﬁed artiﬁcial
potential ﬁeld (in this paper, we call it the planned actions). That is to say,
when the planned actions of agents guides its strategy update, they can also
be obtained by other agents through calculation (not communication), which
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reduces the uncertainty of multi-agents in making decisions in the complex and
dynamic changing environment and enables faster and more stable convergence
of the algorithm.

3

Potential-Field-Guided Deep Deterministic
PolicyGradient(PGDDPG) Approach

The actor-critic-2 framework which we designed in Sect. 2 is a combination of
model-based and model-free gradients for policy improvement. A state with a
large potential ﬁeld often contains strong prior information, such as information
pointing toward the target from a long distance or information for avoiding
collision by bypassing an obstacle. In this situation, we should place more trust
in the policy evaluation of the potential-ﬁeld-based critic to accelerate policy
improvement by guiding the action policy. For example, in practical applications,
obstacle avoidance should be learned via guidance rather than by trial and error.
In contrast, states with small potential ﬁelds, for example, at a local minimum
point or near a moving target, often lack useful information [16]. In this case,
we should place more trust in the policy evaluation of the reward-based critic to
evaluate the long-term return, which will tend to encourage exploration of the
action policy space. Based on these considerations, we combine the DDPG with
the uniﬁed artiﬁcial potential ﬁeld, which can be referred to as the PGDDPG.
Then we extend it to PGDDPG-EXP(explicit).
3.1

PGDDPG

First, we consider the deterministic policy μθ : S → A with the parameter
vector θ ∈ Rn . The reward function is denoted by r(s, a), and the density of
the initial state distribution is denoted by p1 (s). The density in state s after
transitioning for t time steps from state s is denoted by p(s → s , t, π). The
(improper) discounted state distribution is denoted by
ρμ (s , γ) =

 
∞
S t=1

γ t−1 p1 (s)p(s → s , t, π)ds,

(6)

where γ is the discount parameter.
Consider the actor-critic-2 framework and the following objective function

J(μθ ) = β
ρμ (s, γ1 )r(s, μθ (s))ds
S

(7)
+ (1 − β) ρμ (s, γ2 )qP F (s, μθ (s))
S

where β is a parameter. When β = 1, the algorithm becomes the classic DPG [17]
algorithm. The ﬁrst part of the formula is the reward-based critic, and the second
part of the formula is the potential-ﬁeld-based critic. Note that these two critics
have diﬀerent discount parameters.
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According to the DPG theorem and Eq. (5), we know that
∇θ J(μθ ) = βEs∼ρμ (s,γ1 ) [∇θ μθ (s)∇a QμR (s, a)|a=μθ (s) ]
+ (1 − β)Es∼ρμ (s,γ2 ) [∇θ μθ (s)∇a QμP F (s, a)|a=μθ (s) ]
where


QμR (s, a)

E

∞


(8)


γ1k−1 r(sk , ak )|s1

= s, a1 = a .

(9)

k=1

With the introduction of the function approximator Qw (s, a), the gradient
∇a QμR (s, a) can be replaced by ∇a Qw (s, a). Note that γ1 is usually set to a value
near 1, such as γ1 = 0.99, as the long-term reward is highly important. However,
we can simply set γ2 → 0 as the potential ﬁeld can work even without a longterm expectation. Then, ∇a QμP F (s, a) can be simply replaced by ∇a qP F (s, a) in
Eq. (8).
It is important to note that even if set γ2 → 0, ∇a qP F (s, a) does not participate in the update of the Qw (s, a), which is substantially diﬀerent from reward
shaping(RS). Experiments show that our method is superior to RS. Besides
qP F (s, a) can also be updated if we assign it a parameter. Diﬀerent values of the
parameter β yield diﬀerent results. In this paper, we preset it to a ﬁxed value
(β = 0.8), but it can also be learned dynamically or decrease with an increasing
number of training episodes.
3.2

PGDDPG-EXP (explicit)

In a non-communication environment, it is very important to simultaneously
predict the actions of teammates for cooperation, as the use of such joint actions
is also the main idea of Centralized Training Decentralized Execution (CTDE).
Decentralized RL means that the real-time actions of other agents cannot be
obtained even during the training phase.
In the PGDDPG, diﬀerent agents have the same artiﬁcial potential ﬁeld
module, and agents calculate the potential ﬁeld value in the same way, which
can be regarded as a kind of internal prior knowledge that connects all agents.
Based on this relationship, each agent can simultaneously calculate the planned
actions of other agents. Based on the uniﬁed artiﬁcial potential ﬁeld planning
among agents, each agent can calculate the planned actions of other agents by
its observation state. If we explicitly calculate the planned actions of teammates
and add them to the agent’s observation state, we can increase the amount of
cooperative information and promote the cooperation among teammates. This
method is referred to as PGDDPG-EXP.
Speciﬁcally, we deﬁne a extended states
st = (st , a1 , . . . , aj , . . . , an )

(10)

and replace the original st as the input to the neural network, extending the
agent’s observation. aj is a planned action of agent j, which can be calculated
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Algorithm 1: PGDDPG-EXP algorithm
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16

Randomly initialize policy network μ(s|θ) and critic 1 network Q(s, a|w) with
weight θ and w
Initialize target network Q and μ with weight w ← w, θ ← θ
Initialize replay buﬀer R
for episode = 1,M do
Initialize a random process N for action exploration
Receive initial observation state s1
for t=1,T do
Select action at = μ(st |θ) + Nt according to the current policy and
exploration noise
Execute action at and observe reward rt and new state st+1
Calculate st and st+1 according to Eq. (3, 10)
Store transition (st , at , rt , st+1 ) in R
Sample a random mini batch of N transitions (si , ai , ri , si+1 ) from R
Set yi = ri + γQ (si+1 , μ (si+1 |θ )|w )

2
Update critic 1 by minimizing the loss: L = N1
i (yi − Q(si , ai |w))
Calculate the value of critic 2 by Eq. (4, 5)
According to Eq. (8), update the actor policy by:
∇θ J(μθ ) =

17

18
19

1 
∇θ μ(si |θ)[β∇a Q(si , ai |w) + (1 − β)∇a Qμ
P F (si , ai )]
N i

Update the target networks by:
θ ← τ θ + (1 − τ )θ
w ← τ w + (1 − τ )w
end
end

by p(st ). In this paper, the function p() is based on the artiﬁcial potential ﬁeld,
which can be represented in Eq. (3). The value of st also depends on the original
states st . However, by explicitly representing the planned actions of other agents,
the artiﬁcial potential ﬁeld reduces the environmental uncertainty produced by
the strategies of other agents. In this way, the eﬀect of the artiﬁcial potential
ﬁeld can be better mined, and the algorithm can converge more quickly and
stably. The pseudo code of PGDDPG-EXP is elaborated in Algorithm 1.

4
4.1

Experimental Results
Predator-Prey Game with MPE

To evaluate the eﬀectiveness of the proposed approach, we introduce a predatorprey game based on OpenAI’s Multi-Agent Particle Environments (MPE) [10].
The goal of the predator is to catch prey simultaneously as quickly as possible,
while the goal of the prey is to survive as long as possible. The game ends
when the predator catches the prey or reaches the maximum number of steps.

632

S. Zhou et al.

A predator’s maximum speed is 0.5, while the prey’s maximum speed is 0.7. To
highlight a larger map, the areas of the predators and prey are relatively small.
The environmental rewards are sparse (a reward of +10 is earned for success)
and depend only on the terminal state of each episode.
Environment and Baselines. We consider that N predators (3 predators in
this paper) chase one prey in a randomly generated environment. Each predator
independently learns to capture the prey, without knowing the others’ policies
or actions, in both training and testing. When all predators capture the prey
simultaneously, each predator will receive a reward of +10. As long as any
predator fails to catch the prey, no reward will be given to all predators. Because
of the large search space and intelligence of the prey, this situation is a diﬃcult
learning problem that requires excellent tacit cooperation. Both the pure DDPG
algorithm and the pure MADDPG algorithm completely fail (success rates =
0.0). In accordance with [4,11,19], by experimental comparison, we choose the
best reward-shaping method, as shown in Eq. (11), which includes the change in
distance and the angle between the velocity vector and the vector that points to
the prey. We have also tested many other methods, including methods based on
the minimum distance to the prey, in an attempt to design an eﬀective rewardshaping function, which has been utilized in the original MPE environment.
However, none can perform better than Eq. (11):
rrs = (dlast − dnow ) ∗ α ∗ cosθ

(11)

where rrs represents the shaped reward and dlast and dnow represent the distance
to the prey in the last episode and the distance to the prey in the current episode,
respectively. θ is the angle between the velocity vector and the vector that points
to the prey. α is a hyperparameter.
Diﬀerent hyperparameter values yield diﬀerent performances. Via experiments, we selected the hyperparameters with the best performance for each
algorithm: α = 1 for DDPG, α = 5 for MADDPG and β = 0.8 for PGDDPG.
Due to page limitations, analysis of the diﬀerences in performance with diﬀerent
hyperparameters are moved to additional material1 .
Train with Diﬀerent Seeds and Preys. In this experiment, we consider ten
pretrained smart prey named prey-00 to prey-09, which are pretrained models
from previous battles. We consider the DDPG algorithm and MADDPG algorithm as baselines for comparison with the proposed PGDDPG algorithm. In
DDPG and PGDDPG, both the predators and prey have independent observations only and do not know the actions of the other agents (except in the
MADDPG algorithm, which requires observations and actions of other agents).
First, we trained DDPG (reward shaping), MADDPG (reward shaping) and
PGDDPG with ten pretrained prey using the previously mentioned parameters.
Each model was trained for 40,000 rounds. In Fig. 3(left), we plot the success rate
1

https://github.com/zhoushiyang12/pgddpg.git.
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(rate of successful capture based on the latest 100 episodes) for all algorithms on
one graph, from which we can easily compare the convergence rate of each algorithm. (Note that to make the curves smoother, we have smoothed the values across
ﬁve adjacent points; which is also valid in subsequent ﬁgures.) After training, we
applied the ﬁnal trained model to run 1,000 rounds of confrontation with each prey,
and the average number of steps and the success rate are recorded in Table 1. From
these results, we determine that only the PGDDPG achieves a success rate of 1.0
for all ten prey, and it requires the lowest average number of steps to successfully
catch the prey. The PGDDPG achieves satisfactory performance for all ten prey
in terms of both the convergence rate and the ﬁnal performance.
Diﬀerent random seeds can have diﬀerent performances. Therefore, we randomly selected ten seeds from the range of 0–1,000 to re-train each algorithm
(versus prey-00). Diﬀerent algorithms behave diﬀerently with diﬀerent seeds,
but the results are relatively concentrated. The rates of successful capture are
shown in Fig. 3(right). We determine that even if we train each algorithm multiple times with diﬀerent seeds, the performance gaps between two algorithms
are still signiﬁcant.
Table 1. Average number of steps taken to successfully capture prey and the rates of
successful capture for each algorithm when the ﬁnal trained model runs 1,000 rounds
of confrontation with each prey in the predator-prey game with MPE.
Algorithms

Metric

DDPG(RS)

Success rate
0.177
Average step cost 182.184

0.994
75.853

0.944
101.150

0.954
84.730

1.000
81.616

1.000
65.149

0.999
72.148

0.968
84.497

0.996
62.999

0.996
74.116

MADDPG(RS) Success rate
0.764
Average step cost 116.627

0.998
65.304

0.930
78.630

0.996
71.281

0.946
93.840

0.998
65.224

0.996
64.648

0.959
83.250

0.997
70.005

0.978
75.282

0.996 1.000
71.432 56.004

0.999
57.718

0.999 1.000 1.000
61.470 61.531 53.840

1.000
59.347

0.999 1.000 1.000
62.813 54.002 53.400

PGDDPG

Success rate
Average step cost

Prey-00 Prey-01 Prey-02 Prey-03 Prey-04 Prey-05 Prey-06 Prey-07 Prey-08 Prey-09

PGDDPG EXP Success rate
0.999
0.999
Average step cost 59.700 57.032

0.997 0.999
53.819 59.065

0.999
62.228

1.000
0.996
0.995
54.827 58.891 62.638

0.999
55.473

0.996
55.732

Fig. 3. left)The rates of successful capture for the PGDDPG (β = 0.8), DDPG
(α = 1), and MADDPG (α = 5) in the predator-prey game with MPE. Each algorithm was individually trained on all ten prey. To clearly show the diﬀerences between
diﬀerent algorithms, we use diﬀerent colours to represent diﬀerent algorithms. The solid
line represents the mean, while the shadow represents the variance. right)The rates
of successful capture for each algorithm when trained with 10 diﬀerent seeds in the
predator-prey game with MPE. The red curves correspond to the PGDDPG (β = 0.8),
the green curves correspond to MADDPG (α = 5), and the blue curves correspond to
DDPG (α = 1). (Color ﬁgure online)
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Fig. 4. a) The MPE environment with 3 obstacles. b) The number of successful capture
(cooperation) for algorithms over 2,000 steps. c) In the predator-prey game with MPE,
a personal reward of +1 is given even if only one agent catches the prey (an intermediate
event before the ﬁnal state). The dashed lines correspond to the average rewards for
the DDPG and MADDPG with personal rewards. The solid lines correspond to the
rates of successful capture for the DDPG and MADDPG with personal rewards.

Ablations. In this experiment, we randomly added 3 obstacles (size = 0.1) to
increase the complexity of the environment. In order to test the contribution
of reward shaping, artiﬁcial potential ﬁeld guidance and explicit representation
of planned actions to performance, we establish DDPG, DDPG(RS), PGDDPG
and PGDDPG-EXP for comparison.
We trained 40,000 rounds of each algorithm to obtain the respective model
and then utilized these models to separately hunt the prey. The prey is regenerated at a random location every time it is caught. We count the number of
successful captures (cooperation) for each algorithm over 2,000 steps, as shown
in Fig. 4b. With only ﬁnal reward, environmental rewards are very sparse. Pure
DDPG without RS completely fails. By comparing the experimental results of
diﬀerent algorithms, we can see that the guidance of artiﬁcial potential ﬁeld
plays an important role in improving the eﬀect.
Comparisons with Reward Shaping. In RL, rewards deﬁne the ﬁnal goal
[18] rather than helping to reach the goal. Therefore, instead of introducing
personal rewards, we deﬁned only one ﬁnal goal in this pursuit game; i.e., all
predators simultaneously capture one prey. We have found that when personal
rewards (similar to colliding rewards) are introduced, selﬁshness [6] rather than
cooperation occurs. The most obvious manifestation of this ﬁnding is repeated
collision with prey. As shown in Fig. 4c, as the personal reward of the predators
increases, the success rate declines.
By comparing DDPG, MADDPG, DDPG (reward shaping), MADDPG
(reward shaping), DDPG (personal reward), and MADDPG (personal reward),
we observe that the proposed PGDDPG algorithm performs the best among all
tested algorithms. That shows the beneﬁcial eﬀect of planning on learning.
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Predator-Prey Game with CARLA

We employed the Open Urban Driving Simulator (CARLA) [2] to build a multicar chase environment. This simulator uses the UE4 simulation engine to create
a more realistic environment with more uncertainty and more complex states.
First, we built an empty map with dimensions of 150 m * 150 m and placed four
walls around it. Second, we set the predators (blue) and prey (red), as shown in
Fig. 5a. Each car has a throttle action [0, 1], steering action [-1, 1] and braking
action [0, 1] for control and four RGB cameras that point in four diﬀerent directions. Similar to the reward settings in MPE, only if the three predators catch
the prey simultaneously can they obtain a reward of +10. In these experiments, we utilized a pretrained smart prey named prey-a and trained predators
with the PGDDPG, DDPG, MADDPG, and DDPG (reward shaping).
Compared to the predator-prey game with MPE, the input to the predatorprey game with CARLA is very large. Although we employed Xception [1] as
a preprocessing model, 2,048 dimensions were still required for the four RGB
images captured by each agent. For multiple agents, the input to MADDPG
increases linearly with the number of agents. Such a large input presents an enormous challenge for the updating and training of neural networks. The MADDPG
completely fails (success rate = 0.0) in this environment, and the pure DDPG
algorithm with very sparse rewards also fails. The learning curves of the DDPG
(reward shaping with Eq. (11)) and PGDDPG are displayed in Fig. 5b.
In this complex environment, the PGDDPG can still use the actor-critic-N
framework to correctly utilize planning information and successfully accomplish
tasks. This result is promising, as the real world is much more complicated than
even this environment.

(a) Local view.

(b) learning curves

Fig. 5. a) Illustrates 3-vs.-1 predator-prey game with CARLA. The blue agents are
predators, and the red agent is the prey. b) is the rates of successful capture for
PGDDPG (β = 0.8) and DDPG (α = 1) in the predator-prey game with CARLA.
PGDDPG (β = 0.8) converges faster and is more stable than DDPG (α = 1). (Color
ﬁgure online)
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Conclusion and Future Work

In this paper, we extend the actor-critic architecture to the actor-critic-N architecture by introducing model-based policy evaluation methods. We focus on the
actor-critic-2 framework and combine a reward-based critic with a potentialﬁeld-based critic for policy improvement. We place more trust in the potentialﬁeld-based critic to guide the action policy to accelerate learning when the potential ﬁeld value is relatively large, whereas we place more trust in the reward-based
critic to explore the action policy space and evaluate the long-term return when
the potential ﬁeld value is relatively small. With this approach, reward design can
focus more on the ﬁnal stage of the game rather than reward shaping or phased
rewards. The experiments show that the PGDDPG method based on single agent
RL reduces the search space with the advantages of two critics, which can not
only avoid the communication problem among agents but also eﬀectively accelerates the convergence of policy. Potential ﬁeld evaluation can also compensate
for a lack of communication in multiagent cooperation in both training and testing. More planning methods based on the potential ﬁeld approach will also be
investigated in the future. In addition, the design of the attractive and repulsive
potentials is important; for example, if we have multiple goals, we might consider
the minimal attractive potential generated by them.
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Abstract. Deep Reinforcement Learning is known to be brittle towards
selection of appropriate hyperparameters. In particular, the selection of
the structure of employed Deep Neural Networks has shown to be important and overﬁtting has become a common problem for DRL approaches.
This study, ﬁrst, analyzes how severe overﬁtting in DRL is in standard
continuous control problems. Secondly, we argue that this might be partially due to the centralized perspective in control in which a single holistic controller is used that has to learn from all possible sensory inputs. As
this is usually a high dimensional space, it appears natural that a Neural Network controller of high capacity starts to pick up non-meaningful
correlations when relying on limited data during training. As a consequence, large Neural Network controller start to base their decisions on
unimportant inputs. As a contrast, we oﬀer a decentralized perspective
in which control is distributed to local modules that act on local sensory inputs of much lower dimensionality. Such a prior of local inputs
is biological inspired and shows, on the one hand, much faster learning,
and, on the other hand, it is more robust against overﬁtting. Last, as
decentralization impacts input (and output) dimensionality, we evaluated diﬀerent common Neural Network initialization schemes and found
Glorot initialization providing the most robust results.

Keywords: Deep Reinforcement Learning
Hyperparameter selection

1

· Robustness ·

Introduction

While Deep Reinforcement Learning (DRL) has found wide application—from
game playing to robot control [2]—over the last years, it still is assumed as a brittle process: adapting approaches towards new application areas requires careful
and skillful tuning of hyperparameters or automated search for workable solutions [12]. Small deviations of parameters can impact results or break learning
completely. This drawback—together with long computation times until possible
convergence—has impacted reproducibility of DRL approaches and comparability of these approaches severely [4]. Recently, there have been multiple eﬀorts
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that aim for a better understanding on either small variations in implementation
[10] or systematic variation of hyperparameters [1] in standard DRL algorithms.
In particular, [1] showed in an extensive evaluation on Proximal Policy Optimization (PPO) which and how diﬀerent hyperparameters aﬀected learning for
some typical control benchmark tasks.
These ﬁndings all point out that overﬁtting is a central problem for standard
DRL, in particular when applied to more complex tasks. In general, overﬁtting
is a problem observed in learning of Neural Networks (NN). NNs try to uncover
possible correlations between input and output data. When the capacity of the
NN models is increased, they might start to pick up speciﬁc relations in single instances without learning general structure of the underlying task. This is
commonly referred to as overﬁtting. Overﬁtting is now seen as a problem in
DRL control approaches [21] which negatively impacts performance, and often
completely disrupts the control problem. There is still no principled approach
how to deal with overﬁtting in DRL, instead it is required to tune a large set of
hyperparameters in order to ﬁnd workable solutions.
In this paper, we focus on overﬁtting in DRL and, accordingly, on the deep
NN control models and their hyperparameters applied in DRL. While our ﬁrst
results will reproduce earlier results from [1], we will argue that the brittleness
with respect to NN hyperparameters is partly due to the common, centralized
view of current DRL approaches. In the current standard view, a single central
controller is trained relying on all global available information. A consequence
of this centralized approach are very high dimensional input and output spaces
which makes it prone to overﬁtting. When the capacity of NN models increases,
the models start to pick up speciﬁc relations in single instances without learning
general structure of the underlying task. We will oﬀer, as a contrast, a modularized view (Fig. 1) in which concurrent and decentralized controllers only operate
on local information and only control local degrees of freedom. Such an approach
is biologically inspired by the organization of animal control systems [6,16]. We
will show that—through this more natural scope of information—learning and
generalization becomes much more stable and overﬁtting is avoided. Last, we
will discuss initialization of NNs in DRL and will show how important a suitable
selection of the initialization scheme is.

2

Related Work on Robustness in DRL

Deep Reinforcement Learning (DRL) has been applied successfully in multiple
areas as, for example, in locomotion control of simulated agents [9]. Still, application is often hindered by fundamental problems or a lack of principled approaches
for how to apply DRL. Khadka et al. [12] summarized this as two main challenges: “the diﬃculty in achieving eﬀective exploration and brittle convergence
properties that require careful tuning of the hyperparameters by a designer”. Here,
we will focus on the second challenge—selection of hyperparameters which has
appeared for DRL as a diﬃcult problem: often, already small changes of hyperparameters not only aﬀect the results, but lead to a complete break down of
learning and hinder learning any successful behavior at all.
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Fig. 1. a) Simulated “Ant” agent. b) Standard centralized DRL approach. c) Our
decentralized approach: On the one hand, control is handled concurrently by one controller for each leg (only two are shown). This reduces the action space of each individual
controller (e.g., aHR,t ). On the other hand, only limited local input information is used
(gray arrows on the left, SHR,t ), stemming from that particular leg which reduces the
input state space. Control policies are trained using DRL which is driven by a reward
signal (Rt , as a simpliﬁcation this is shown as shared between all controllers).

Therefore, there is a growing interest in more robust DRL. In continuous control tasks, there have been multiple studies on parameter selection or algorithmic
variations [10] for PPO as the most prominent approach. In [1], a large set of
hyperparameters were systematically tuned in multiple tasks and results were
empirically evaluated through running a large number of training simulation
runs. This has established some guidelines and selection of general parameters
for training policy networks. Our work aims to complement this study with a—
diﬀering—focus on selection of the employed Neural Networks (NN) used for
representation of the policy (and value function estimator). In particular, we
analyze the selection of the size of hidden layers and how this aﬀects learning.
Our interest is understanding the fundamental problem of overﬁtting in the context of DRL and oﬀering a modular perspective that helps to alleviate overﬁtting
and, as a consequence, parameter selection. For selection of other hyperparameters (e.g. exploration rates), we stick to the recommendations in [1].
As a task, we are considering simulated locomotion (for recent overview see
[11]). In this area, an earlier study [14] considered crucial design decisions for
DRL applied to locomotion. They found that initialization of action distributions
towards narrow and zero-centered distributions is beneﬁcial for exploration and
learning. This has been conﬁrmed in [1] and they further considered diﬀerent
schemes for how to exactly initialize the NN weights [8]. Importantly, [1] did
not ﬁnd a diﬀerence between the diﬀerent schemes. We think this is due to
their speciﬁc experimental setup in which they did not focus on the employed
NNs and were just able to compare these schemes for one speciﬁc network size.
This makes their results misleading. Therefore, we also investigate the eﬀect of
diﬀerent initialization schemes when varying NN sizes.

3

Methods

In Reinforcement Learning [19] an agent is interacting with an environment with
the goal to directly learn from these interactions. When acting on the environ-
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ment (selecting one out of possible actions A), the agent is getting in response
an updated state S of the environment which is used as input to the controller.
Further, the agent receives a reward signal R that characterizes the task and
which should guide learning of the agent. The goal is to learn—from a series of
interactions—a policy π(S) for sequential decision making that maximizes the
long-term return which is understood as a Markov Decision Process.
In this article, we are considering a control problem in which the state space
is given through continuous sensory inputs of the agent and in which the control
policy should provide continuous control signals that actuate the joints of the
agent. During learning the agent has to explore the state space with the goal of
ﬁnding rewarding states and actions that lead towards these depending on its
current state. As the state space is continuous and high dimensional, it can not
be searched exhaustively. Therefore, in Deep Reinforcement Learning (DRL)
policies (and value functions) are represented as Neural Networks (NN) that
approximate and generalize over the state space. These NNs map observations
to actions or action probabilities [2]. Overall, the agent has to balance exploiting
already known information in order to reach known rewarding states and explore
unknown parts of the state space and consequences of decision that might provide
additional or higher rewards (for an introduction to DRL see [2,19]).
Simulation Environment and Control Problem Description
OpenAI is providing a set of continuous control environments which are used
as benchmark for learning approaches. We chose their four legged walker environment, the ‘Ant’, which is simulated in Mujoco (version 1.50.1.68; simulation
engine uses a step size of 10 ms, controller frequency of 20 Hz which equals a
frame skip of 5) [20]. The simulated agent consists of four legs that are constituted of three segments connected by two revolute joints. As the overall control
space is small with eight degrees of freedom, this is today considered an easy
task that still is interesting for comparing diﬀerent approaches and their learning
characteristics.
A structured reward is used for this agent in which velocities (in the ﬁxed
direction of the x-axis) are rewarded linearly and keeping the simulation alive
is rewarded with a constant value. Furthermore, additional costs are used that
favor more eﬃcient gaits through a control cost term and through a contact cost
term. The input space (observations) is high dimensional (111 dimensions) and
consists of information on body height, body orientation, and velocities of body;
joint angles and velocities; external contact forces acting on the body segments
(these have little impact on performance).
Control Architectures
We are comparing two diﬀerent types of architectures. On the one hand, we
are considering the standard paradigm as used in DRL in which one holistic
controller is trained for control of an agent (centralized approach). In this
centralized paradigm, the controller uses all available sensory information as
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inputs and provides control signals for all actuators as outputs which leads to
high dimensional input and output spaces.
In contrast (see Table 1), we compare this to a decentralized approach (for
details on the decentralized architecture, see [17]). A decentralized approach is
biologically inspired and control is distributed into multiple local control modules [5]. This is assumed to allow for faster response times in animals [6]. For
example, in insects such a decentralized control architecture has been shown
crucial for adaptivity of walking behavior [3]. A decentralized control module is
only responsible for controlling some of the degrees of freedom. In our approach,
we are following the ﬁndings from insects [15,16] which have been applied in
robotic control earlier [7]. We adapt this to the, in this case four legged, simulated agent and a DRL learning architecture: each leg is controlled by an individual controller and therefore each controller is only providing outputs for the two
degrees of freedom of that particular leg. Secondly, as input local information is
used for the decentralized controllers. Each control module accesses information
from the controlled leg, but not from the other legs. In addition, each controller
is provided some global information (current height of the body, velocity of body
movement, current orientation in space as required for goal-directed behavior).
Table 1. Description of the two diﬀerent control architectures: diﬀerentiation of action
space, observation space, and reward function for the centralized and fully decentralized
architecture.
Centralized Controller

Decentralized Controller

1

4

Number
of Controllers
Architecture

Centr

1 policy
for 8
joints

FL

FR

HL

HR

4 policies,
each 1 leg,
2 joints

Policy π
(Action space)

a = π(obsall ), 8-dim.

a = concat (πFR (obsFR ), πFL (obsFL ),
πHL (obsHL ), πHR (obsHR ))
each πx (obsx ), 2-dim., for one ctrl.

Observation
space obsx , dim.

global/all inf. (111)

only from controlled leg (45)

Reward fct.

R = xvel − 0.5 a2 − 0.0005 f ext 2

RFL = 0.25xvel − 0.5 πFL (obsFL )2
−0.0005 f ext FL 2

DRL Approach: Training using Proximal Policy Optimization
We are using Proximal Policy Optimization (PPO) for training of all policies
and architecture types [18]. In PPO, the policy is described as a function of the
state (Fig. 2 a)). This is optimized using gradient ascent based on the gradient
of expected return with respect to the policy parameters that has been derived
from trajectory samples when using the current policy. PPO ensures—during
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Fig. 2. a) A single leg controller in the fully decentralized approach using PPO consists of two networks: a policy network (top) and a value function network (bottom)
that are both realized as NNs consisting of two hidden layers. b) Learning curves for
the centralized (orange) and decentralized (blue) controller architectures over learning
time (NN of two hidden layers of 64 units each). Shown is mean return per episode—
calculated over 10 seeds—during learning, given in simulation steps (interactions with
the environment). Standard deviation between seeds is given as shaded area. (Color
ﬁgure online)

gradient steps—to change the current policy only in small and safe steps. It is
implemented as an Actor-Critic method in which the policy is represented as
a NN that stochastically selects actions depending on the current state, but in
which another value estimate—represented as a second NN—acts as a critic in
order to reduce variance of the gradients.
We used the RLlib framework [13] and Tensorﬂow 2 for representation and
training of the NNs. RLlib oﬀers an eﬃcient implementation of PPO and, which
is crucial for our decentralized architecture, is designed for distribution of control. As this is originally geared towards multi-agent systems, we implemented
the decentralized approach as four individual agents that control one single simulated robot. RLlib handles training these agents as individual actors in a single
environment eﬃciently. In our experiments, each control module is trained using
PPO. This is straight forward for the centralized approach as a single controller
is trained that has access to all information. For the decentralized case, there are
four individual controllers that each are learning independently. Each of these
decentralized leg controller only has access to a part of the observation space
(information from the controlled leg plus some global information).

4

Results

The goal of our study is to analyze how Deep Reinforcement Learning (DRL) is
aﬀected by hyperparameter selection and, in particular, is prone to overﬁtting.
The focus of our experiments is, therefore, on variation of the Neural Networks
(NN) inside the DRL controller. We will present two experiments. First, we systematically varied the size of the NN controllers in a centralized and decentralized
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Table 2. Comparison of variation of hidden layer size for the two architectures. Overall capacity is number of controllers multiplied by number of neurons/weights. Each
controller consists of two subnetworks (policy and value function NN) with two hidden
layers each. Inputs are the same for both subnetworks, 111 dimensions for the centralized case and 45 dimensions for the decentralized approach. Outputs are, on the
one hand, a single value estimate (+1). On the other hand, for each controlled leg
there are two joints for which two outputs are generated (mean and std. dev. of action
distribution). Last columns show mean performance over ten trained seeds.
Controller
architecture

Hidden layer
size

Centralized
approach

[2, 2]

Decentralized
approach

[2, 2]

[4, 4]
[8, 8]
[16, 16]
[32, 32]
[64, 64]
[128, 128]
[256, 256]
[512, 512]

[4, 4]
[8, 8]
[16, 16]
[32, 32]
[64, 64]
[128, 128]
[256, 256]

Overall
weights

Overall
neurons

Mean
return

Standard
deviation

511

8

2243.5

372.6

1021
2089
4417
9841
23761
63889
193297
648721

16
32
64
128
256
512
1024
2048

3040.5
3261.9
3986.3
2723.8
2168.6
911.8
60.7
−14.7

592.0
689.0
591.6
729.1
484.1
280.1
26.3
9.2

844

32

2429.3

338.7

1732
3700
8404
20884
58132
181870
625684

64
128
256
512
1024
2048
4096

2909.6
3780.8
4386.1
4329.4
3703.5
2932.8
2706.2

376.7
599.2
342.0
183.9
504.4
406.4
564.0

approach. As a consequence, we worked with NNs diﬀering in input dimensionality, hidden layer size, and output dimensionality. Secondly, Andrychowicz et
al. pointed out that DRL beneﬁts from speciﬁc initialization schemes for the
diﬀerent weight matrices [1], but they did not compare how diﬀerent schemes
deal when changing neuron numbers in diﬀerent layers. We, therefore, tested
how diﬀerent initialization schemes aﬀect convergence for such variations.
4.1

Experiment 1: Variation of Hidden Layer Size

In the ﬁrst experiment, we systematically varied the size of the hidden layers
of the controllers. First, we are interested in how small the NN size can be in
order to still deliver reasonable results. Secondly, we evaluate if larger NNs lead
to worse results and exhibit overﬁtting. One explanation for overﬁtting in DRL
might be the high dimensionality of input and output spaces that causes learning
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Fig. 3. Comparison of locomotion performance (after training) for diﬀerent sizes of NNs
when used in the centralized (orange) and decentralized (blue) architecture. Shown
is mean return (y-axis) over ten seeds for diﬀerent NN conﬁgurations at the end of
training (after 10 million simulation steps). Horizontal axis represents size of networks:
In a) given as the number of trainable weights/parameters of the NN controllers. In
b) shown for the overall number of neurons of the two architectures. In the case of
the decentralized architecture, it is important to note that there are always four local
controllers which increased these numbers by a factor of four. (Color ﬁgure online)

of unreasonable relationships in large models. Therefore, we compare this to our
decentralized DRL approach in which decentralized controllers (controlling only
a limited number of actions) were trained while relying on limited information.
We chose diﬀerent NN sizes around commonly applied sizes (standard
approaches use two hidden layers of 64 units for action and value function network). As a smallest size, we chose two units and scaled this up to 512 units per
hidden layer for the centralized approach, and 256 units for the decentralized
approach. For initialization, we used Glorot initialization (see exp. 2) which we
implemented for RLlib. We were considering learning to walk as fast as possible.
For each condition of diﬀerent hidden layer size, we trained 10 (random) seeds
for each control approach for 10 million environment simulation steps.
As a ﬁrst result, we replicated our ﬁndings from the hexapod walker case
[17]. When considering a typical sized hidden layer (64 neurons per hidden layer
as given as a default in RLlib) we found that a decentralized approach is able to
learn good walking behavior (Fig. 2 b)). As one diﬀerence to our earlier results,
in the decentralized approach we only relied on information of the controlled leg
and were not including information from neighboring legs. Still, a decentralized
controller with only limited input information and only in charge of two joints of
a single leg produced stable locomotion. In particular, the decentralized approach
showed much faster learning and ended up with a higher performance in the end.
Secondly, for variation of hidden layer size (see Table 2), we found that
already quite small hidden layer sizes lead to walking behavior and an acceptable
performance. Already with the minimal size of only two units per hidden layer,
stable walking emerged for both—centralized and decentralized—approaches.
This stresses that the ant environment on ﬂat terrain is an easy DRL task that
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only requires a couple of neurons for acceptable behavior. When slightly increasing the size of the hidden layer, we observed an increase in reward. For both
approaches, we found a maximum value for a hidden layer size of 16 neurons
per hidden layer (mean return of 3986.3 for centralized approach; 4386.1 for
decentralized approach). While commonly larger hidden layers are chosen, it
is important to note that in other experiments ﬂat walking is often only used
as a starting condition before more diﬃcult tasks are introduced (like climbing
stairs). Such more diﬃcult task would probably require more complex policies.
When considering larger hidden layer sizes there is a signiﬁcant diﬀerence
between the two approaches (see Fig. 3). We compared the two approaches with
respect to number of neurons and number of connection weights which is more
indicative of the learning capacity. While both approaches show a decline from
an optimum value, for the centralized approach we see a very quick drop basically
up to a point of zero return. This is in agreement with what is today assumed
about standard DRL: it is brittle with respect to hyperparameter selection. Our
results stress that a centralized approach—choosing a too large hidden layer
size—might end up not gaining any positive return at all anymore and no stable
behavior. Such behavior is considered as overﬁtting in DRL. In contrast, for the
decentralized control approach, stable locomotion behavior is learned in all cases
and performance staid on a reasonably high level (Fig. 3).
We already mentioned the diﬀerence in progression of learning for the two
approaches for an intermediate hidden layer size (Fig. 2 b)). Figure 4 shows learning over time for diﬀerent hidden layer sizes for both architectures. Again, we
observe that for the decentralized approach learning progresses much faster (blue
mean curves reach a high level quite early) and, overall—despite variation of
the hidden layer size through a large range—for the decentralized approach the
learning curves are quite close to each other.

Fig. 4. Comparison of performance over the course of training for diﬀerent sizes of
NNs for the centralized (orange) and decentralized (blue) architecture. Shown is mean
return (vertical axis) over ten seeds for diﬀerent NN conﬁgurations (shown on the left
as y-axis, size of NN; on the right projected onto x-z-plane) and over training time
(x-axis, up to 10 million simulation steps). Size is given as the number of trainable
weights/parameters of the NN controllers. (Color ﬁgure online)
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Experiment 2: Impact of Initialization Schemes

Initialization of NNs has shown important for good training performance [8]
in general and Andrychowicz et al. [1] analyzed the eﬀect of initialization on
DRL. Their ﬁndings are in agreement with the general notion of using small,
random values for initialization and, in particular, they stressed that using very
small values in the last layer for producing a zero mean action distribution is
important. But, they found no diﬀerence for using diﬀerent initialization schemes
(Glorot/Xavier or using He initialization).
We think that their speciﬁc experiment is problematic for diﬀerentiating
diﬀerent initialization schemes as they were not varying the sizes of NNs. But
the diﬀerent initialization schemes mainly diﬀer in how they diﬀerentially treat
changes of layer sizes. While a simple (He like) normalization scheme is just
scaling weights with respect to number of units in the previous layer (called
fan-in), Glorot initialization is based on fan-in and fan-out (number of units in
the receiving layer) for setting the mean for the random weight values. As a
consequence, for typical DRL tasks—in which input spaces are high dimensional
(around 100) and hidden layer sizes are as well high dimensional—these schemes
should be expected to deliver quite similar initializations using small random
weights. But it remains unknown how this changes when we change layer sizes.
In the last experiment, we varied the dimensionality of input and hidden layer
space in order to compare the eﬀect of the initialization scheme (see results in
Table 3). We are applying the Glorot and the He scheme in the same way as
described in [1], i.e. weights for action outputs are further scaled down by 0.01.
First, we observed that for the decentralized case, results were only aﬀected
very little by selection of a speciﬁc initialization scheme. Secondly, for the centralized approach, we see some diﬀerence between initialization schemes when
keeping high dimensional inputs and varying the hidden layer size. The diﬀerence
favors Glorot initialization, but these results still are in the range reported by [1].
Last, we changed the input dimensionality to only 27 dimensions by removing
Table 3. Comparison of two common initialization schemes for deep NNs and how
they aﬀect DRL when changing hidden layer or input size.
Controller
architecture
Decentralized
approach

Centralized approach

Input size Hidden
layer size
45

111

27

Mean Return (std.
dev.) He init, norm.
distr.

16

4386.1 (342.0)

4208.2 (480.0)

64

3703.5 (504.4)

3986.0 (268.4)

256

2706.2 (564.0)

2480.7 (583.6)

16

3986.3 (591.6)

3062.9 (822.6)

64

2168.6 (484.1)

1720.1 (448.9)

256
Centralized approach
reduced obs.

Mean return (std.
dev.) Glorot init.,
unif. d.

60.7 (26.3)

66.4 (35.3)

16

4141.3 (673.5)

3554.3 (608.5)

64

3344.0 (401.2)

2069.4 (754.1)

256

2672.1 (462.5)

68.2 (31.0)
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all contact information. These inputs have shown to only have a negligible inﬂuence on locomotion performance (as conﬁrmed by our results). When reducing
the input dimensionality, we observed a large diﬀerence between the two initialization schemes. The simple He-like normalization is very sensitive to the hidden
layer size, while Glorot initialization appears more robust.

5

Discussion and Conclusion

In Deep Reinforcement Learning (DRL), selection of an appropriate size of the
Neural Network (NN) is crucial. Already small variations in network size—
choosing a too large network—can lead to diminished or even no returns. We
assume that this overﬁtting is a consequence of high dimensionality input and
output spaces. Larger NN models might learn non-meaningful relations in connecting input and output spaces which leads to bad results. Therefore, we
analyzed this for one typical control task and found that a standard central
DRL approach—in which one central control unit has access to all available
information—is heavily aﬀected by overﬁtting. We compared this to a decentralized approach in which—as a structural and biologically inspired prior—input
spaces are restricted to local information. These smaller concurrent controllers
showed more robust against overﬁtting and even with large network sizes provided reasonable behavior. Furthermore, the reduced input and output spaces
beneﬁtted exploration and training as decentralized controllers learned much
faster.
Secondly, we found that initialization of NNs is important. As proposed
by [1] using initially small weights—in particular for weights connected to the
action outputs—is important. But we further analyzed robustness of initialization schemes for dimensionality changes and found that Glorot/Xavier initialization should be preferred as it takes into account all layer sizes (fan-in and
fan-ought of the weight matrix) leading to more robust results.
Acknowledgements. This research was supported by the research training group
“Dataninja” (Trustworthy AI for Seamless Problem Solving: Next Generation Intelligence Joins Robust Data Analysis) funded by the German federal state of North
Rhine-Westphalia.
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Abstract. Hierarchical Reinforcement Learning (HRL) represents
a viable approach to learning complex tasks, especially those with an
inner hierarchical structure. The HRL methods decompose the problem into a typically two-layered hierarchy. At the lower level, individual
skills are created to solve speciﬁc non-trivial subtasks, such as locomotion
primitives. The high-level agent can then use these skills as its actions,
enabling it to tackle the overall task. The identiﬁcation of an appropriate
skill set, however, is a diﬃcult problem by itself. Most current approaches
solve it using a pre-training phase, in which skills are trained and ﬁxed,
before launching the training of the high-level agent. Having the skill set
ﬁxed prior to main training session can however impose ﬂaws on the HRL
system – especially if a useful skill was not successfully identiﬁed, and
hence is missing from the skill set. Our Adaptive Skill Acquisition framework (ASA) aims speciﬁcally for these situations. It can be plugged onto
existing HRL architectures and ﬁx the defects within the pre-trained skill
set. During the training of the high-level agent, ASA detects a missing
skill, trains it, and integrates it into the existing system. In this paper,
we present new improvements to the ASA framework, especially a new
skill-training reward function, and support for skill-stopping functions
enabling better integration. Furthermore, we extend our prior pilot tests
into extensive experiments evaluating the functionality of ASA, in comparison to its theoretical boundaries. The source code of ASA is also
available online (https://github.com/holasjuraj/asa).
Keywords: Hierarchical reinforcement learning
Adaptive model

1

· Skill acquisition ·

Introduction

The ﬁeld of Reinforcement Learning has been gaining signiﬁcant attention within
the past years, as being a viable pool of Machine Learning methods based on
biologically motivated concepts. Thanks to its advancements, RL methods can
easily surpass human-level performance in certain tasks. However, traditional
(‘ﬂat’) RL can still fall short if the problem at hand features several layers of
abstraction.
This research was supported by KEGA grant no. 042UK-4/2019.
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To remedy these problems, the Hierarchical Reinforcement Learning (HRL)
was introduced [24]. HRL approaches are designed to be able to abstract a hierarchical structure of the task, and reﬂect it within the architecture of the model.
The HRL models hence contain skills – actions that are temporally extended in
time, which are usually specialised to perform a speciﬁc subtask. A high-level
agent operates on top of them to solve the main task, using the low-level skills to
abstract the peculiarities of individual subtasks. This architecture hence creates
an implicit or explicit leveled hierarchy within the model.
The process of acquiring skills is typically crucial to the model, and makes
a core of individual HRL algorithms. Older methods like [20,24] specify and train
the skill behaviors manually, which, however, comes with high risk of engineered
bias. On the other hand, all modern approaches construct the skill set in automated or semi-automated way. The most used approach is to use a pre-training
phase, during which the skills are trained using a surrogate reward [6,7,10,14–
16]. After the pre-training phase has ﬁnished, the skills are ﬁxed and training of
the high-level agent starts.
However, this two-phased training of a HRL architecture comes with a problems stemming from the principle of optimality under given hierarchy [24]. If
the pre-training phase fails to produce the perfect set of skills, the high-level
agent will likely fail to ﬁnd an optimal overall solution, as it is bounded by
the suboptimal skill set. As an example, we can imagine a locomotion robot with
a task to solve a maze, which is only given skills to move forward/backward and
turn left, but no skill to turn right. The high-level agent, choosing from this
limited skill set, may still ﬁnd a solution how to navigate through the maze, but
it will clearly be suboptimal for cases it should have turned right. This principle
was also experimentally proven [12].
There has been a limited amount of research focused on training the whole
hierarchy jointly, with the option to adapt all skills even during the high-level
training [12,13,19]. However, most of them rely on using Universal-MDP which,
despite its name, is a subset of MDP class suitable mostly for spatial ‘reaching’
tasks.
Addressing the problem of a missing skill, we introduced our framework of
Adaptive Skill Acquisition (ASA) [8]. Its main purpose is to identify that a skill is
missing during the training of the high-level agent, formulate and train the missing skill, and integrate it to the faulty skill set. ASA is designed as a pluggable
component, which can be deployed onto almost any existing HRL architecture
or those yet to come. In this paper we present the improvements that have been
made to the model to make it even more robust, eﬃcient, and reusable.
Additionally, all skills generated by previous approaches can be categorized
into two disjoint types. The subgoal-based skill identiﬁcation works by selecting
a state with greater importance (subgoal), and then training a skill to reach
this state from its proximity [2,10,12,14,17,19]. A typical subgoal example is
a doorway in a grid-world environment. On the other hand, the behavioral skills
are crafted to execute a speciﬁc behavior which is useful in any part of statespace, not only near a subgoal – such as walking for a legged robot [6,13,15].
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To the best of our knowledge, there has not been an approach which could train
both subgoal-based and behavioral skills. In this work we experimentally conﬁrm
that ASA is able to train both types of skills, and it does so without the need
of parameter change, or specifying which skill type it should create.
As a key contribution of this paper, we also present extended results of
our method, compared to the previous pilot tests. We empirically demonstrate
the successful performance of ASA on two distinctive environments, analyze
the quality of the new skill, and compare our work to the HiPPO algorithm [13].

2

Preliminaries

We deﬁne a Markov Decision Process (MDP) as a tuple S, A, P, p0 , R, γ, where
S ⊆ Rdim(S) is a set of states, A is a set of actions, P : S × A × S → [0, 1]
is a probability distribution describing the state transitions, p0 : S → [0, 1]
is a probability distribution of the initial state, R : S ×A → R is a (possibly nondeterministic) reward function, γ ∈ (0, 1] is a reward discount factor. Traditional
(‘ﬂat’) RL aims to ﬁnd an optimal policy π : S × A → [0, 1] that optimizes
T
the expected overall discounted return G(π) = Eπ [ t=0 γ t R(st , at )], where Eπ
denotes the expected value if an agent follows a policy π.
In Hierarchical RL, we do not optimize a single policy π, but rather a set
of policies on two (or more) levels. We have a set of skills – low-level policies
π1L , . . . , πnL that act using the original actions: πiL (st ) = at . On top of them we
have a manager – driven by a high-level policy π H . Its purpose is to decide which
skill will be used in a given situation, and thus its high-level actions aH
t are in
L
L
∈
{π
,
.
.
.
,
π
}.
The
chosen
skill
fact invocations of skill policies: π H (st ) = aH
t
n
1
then selects actions until the termination criterion is met, e.g. its time limit is
reached. In our paper we study variable-length sequences of skill invocations,
H
which we denote by δ = [aH
t , . . . , at+m ].

3

Related Work

The problem of automated skill discovery is the most commonly addressed issue
within the ﬁeld of HRL. As the cornerstone, the Options framework [24] laid
a base for many subsequent approaches to build on. The research was originally
focused mostly on approaches for discrete state-space environments [2,4,7,14,
16,20,24], as being signiﬁcantly easier to tackle. Only the recent approaches,
supported by the improvements in deep neural networks, were able to solve
continuous domains [6,10,12,13,17,19], as we also do in our work.
The process of acquiring skills diﬀers widely among individual works, and
is often supported by a surrogate reward signal. In the simplest case, older
methods [20,24] specify and train the skill behaviors manually as a series of RL
agents. The frequency-based [7,14] and graph-based [16,17] approaches try to
identify subgoals, and then use a simple state-based reward to train a skill for
reaching them. Others employ more sophisticated rewards in order to train better
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specialised skills [6,13]. Analogously, we also construct a specialised reward signal
for each missing skill, so that each new skill ﬁlls in the speciﬁc gap in the skill set.
The vast majority of research operates strictly on two leveled hierarchies
[1,2,6,10,11,13–18,24], although there have been successful demonstrations of
learning a multi-leveled hierarchy [4,12]. Our ASA framework was also designed
for two levels. However, contrarily to [2,6,18], there is no fundamental constraint
preventing it from being deployed on multi-level hierarchies.
In terms of a new skill-training method, our approach is similar to the Skillchaining algorithm [10]. Both approaches train a skill to reach from given starting states to end states. However, their skill training is processed strictly in
the pre-training phase, and produces only a linearly aligned stream of skills.
Should their algorithm be deployed on a highly non-linear environment, it would
most probably fail to ﬁnd the suitable ‘skill-chain’. On the other hand, ASA can
produce versatile skills, and furthermore it can do so even after the pre-training
phase is ﬁnished.
A parallel to our work can be seen in the algorithm [23], which also enables
to enrich the hierarchy by new skills. However, their approach is strictly dependant on the hand-crafted curriculum of tasks supported by pre-deﬁned stochastic grammar from which the new skills are generated, which eﬀectively limits
the capabilities of new tasks. The key advantage of ASA compared to this approach is the ability to train even behaviors that have not been considered in
advance, as it is not bounded by the curriculum.
One of the latest contributions, which we consider to be the state-of-the-art
for the task we are solving, is the HiPPO algorithm [13]. It also trains skills
during the high-level training, as we do. It uses an approximate hierarchical policy gradient to directly train both skills and a high-level agent from the scratch
at the same time. The only engineering choice is the latent dimension, which
eﬀectively regulates the number of skills to be trained. In their work the authors
show that HiPPO consistently surpasses other similarly focused algorithms.

4

Our Approach

In this paper we present the improvements of our method Adaptive Skill Acquisition (ASA) [8]. The key function of ASA is to detect the ineﬃciencies within
a current skill set, and address them by adding a new skill in the midst of
training of the high-level agent. ASA is designed not as a closed, self-contained
architecture, but rather as a component that can be plugged into almost any
existing HRL architecture, or those yet to come.
As discussed in the previous section, the majority of current HRL architectures employ a pre-training phase, after which the skills are ﬁxed – which can
hurt the system if the skill set is not optimal. Some useful skills, especially in
spatial tasks, can be identiﬁed only after the high-level agent explores a suﬃcient
part of the state space, e.g. discovering a new section of a map which the original
skills did not reﬂect upon. By generating the skills with ASA even after the pretraining phase, the system can acquire new skills according to the real current
needs of the high-level agent.
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The process of ASA is composed of three key conceptual steps:
1) Identification of a missing skill is performed by self-observation of the
high-level agent. During the training we try to detect sequences of high-level
actions which occur signiﬁcantly more often than expected. Such behavior of
the agent hints at a regularity in the MDP, for which no skill was trained. Hence
the regularity is only modelled by reoccurring sequence of high-level actions,
which can result in a highly suboptimal solution. A frequently executed sequence
of skills hence serves as a candidate for a new skill.
2) Training of the new skill consists of standard RL training to solve an MDP
that represents the new skill. However, this MDP has to be constructed dynamically and automatically, so that ASA can operate autonomously. The most
important aspect of this step is constructing a robust reward function that will
lead the new skill-agent towards the desired behavior.
3) Integration of the new skill into the overall HRL architecture will ﬁnally
allow the high-level agent to use the new skill. If the agent is modelled using
a neural network, this essentially means adding a new output unit to the partially
trained network. Further speciﬁcation of a termination criterion for the new skill
will then allow it to be used more eﬃciently.
The described processes represent the core of Adaptive Skill Acquisition –
please refer to our previous paper [8] for comprehensive description of these components. In the following sections we cover the improvements that were implemented in order to make ASA more robust, eﬃcient, and reusable.
4.1

Normalization of Sequence Frequency

In the skill-identiﬁcation phase we track the sequences of high-level actions. For
H
each such sequence δ = [aH
t , . . . , at+m−1 ], which is of an arbitrary length m, we
gather the number of times it occurred C(δ). The most frequently used sequence,
which would serve as a candidate for new skill, could be naively picked as the one
with the highest C(δ).
However, the shorter sequences tend to naturally occur more often. The
counts thus need to be normalized in order to account for this disproportion. We
improve on our previous work by introducing a new null-count CH (δ), which can
now account for batch-training methods. We denote a batch by T = {τ1 , τ2 , . . . },
being a set of agent’s trajectories τj . The improved null-count for a sequence δ
of length m gathered during batch T is computed as:

 m


|τ | − (m − 1)|T |
p(δi )
CH (δ) =
τ ∈T
th

i=1

where δi denotes i step of δ, and p(δi ) is empirical probability of invoked skills.
The quantity CH (δ) describes how many times δ is expected to occur if a random ‘null’ policy was used instead of real π H . We can thus use it to normalize
the count of the sequence by computing f (δ) = C(δ)/CH (δ). This f -score quantity no longer favors shorter sequences, and can be used to determine the best
candidate for a new skill.
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Skill-Training Reward Definition

Moving on to the training of the new skill based on the selected sequence δ,
we aim it to perform the same state transition as δ did, but to perform it
more optimally. During the skill-identiﬁcation step, we collect the start-states
(1)
(C(δ))
} in which each occurrence of δ started, as well as
Sstart (δ) = {ss , . . . , ss
(1)
(C(δ))
end-states Send (δ) = {se , . . . , se
} in which each occurrence of δ ended up.
These two sets help us to specify the MDP for the new skill.
The training of the new agent is realised by spawning the agent in a randomly
(i)
picked ss ∈ Sstart (δ), and only rewarding it upon reaching the corresponding
(i)
se . Of course, reaching of a speciﬁc state is not achievable in continuous statespaces, and a generalization into an end-region is needed. This was originally
accomplished by setting a simple distance threshold, and rewarding the agent
(i)
if st − se 2 < . However, a careful tuning of  had to be done for each new
environment, since the relative distances of states can widely diﬀer.
We improve on this approach by constructing a new reward function, which
is agnostic to the choice of environment. First, we employ a technique of batch
normalization φ(s) [9] on the state space S, typically used in deep learning. It
is used to normalize each dimension of the input (i.e. state) to have zero mean
and unit variance. We use it to ﬂatten the diﬀerence between relative distances
within each dimension of the state space. After the normalization, we know that
the distance between any two normalized states φ(sx ) and φ(sy ) averages to ≈ 1
in each dimension.
Secondly, we deﬁne the end-region, which the agent aims to reach, as a hyper(i)
cube centered in a normalized version of the desired end-state φ(se ), with a side
of 2. This yields a formal deﬁnition of the reward function:





max φ(st )d − φ(se(i) )d  < 
R(st , at ) =
d=1..dim(S)

1

where dim(S) is the dimensionality of state space, subscript d represents the d-th
dimension of the given vector, and [ · ]1 is the indicator function. This formulation
in practice means that the agent is rewarded if each dimension of the current
state (after normalization) is not more than  away from the desired value.
The usage of batch normalization ensures that we can set  to a reasonable
value, while being agnostic to the choice of the environment. E.g. setting  = 0.1
means that roughly 90% match between the current and the desired state in
each dimension is needed for agent’s success. Moreover, using this hyper-cube
based reward ensures that a partial match is required in each dimension. This is
essential if some component of a state has a greater importance, since its error
cannot be ignored even if other components have a prefect match.
4.3

Skill-Stopping Criteria

Current HRL architectures usually choose to execute the skills for a ﬁxed amount
of steps [5,6,12,18,19]. Some, however, use a state-based function for skill termination [4,10,24], randomized length [13], or other criteria. In order to increase
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the compatibility of ASA even further and accommodate for all aforementioned
methods, we introduce the concept of skill-stopping functions to the framework:
fistop (st−c , at−c , . . . , st , at ) ∈ {true, f alse}
The skill-stopping function accepts the whole trajectory of skill since time
t−c, at which it started, until the current time t, which can be used to implement
any stopping criterion from the relevant research. Furthermore, if needed, each
skill πiL can have separate stopping function fistop .
The stopping-function of the new skill will directly follow what the skill was
trained for – reaching the end-regions Send (δ). This behavior is hence identical to
terminating the episodes during the new skill’s training phase, when the end of
an episode was determined by the surrogate reward function R(st , at ). We thus
alternate on R’s equation to create a stopping function for the new (n + 1)-th
skill:




stop
(..., st ) = ∃se(i) ∈ Send (δ) :
max φ(st )d − φ(se(i) )d  <  ∨ c > tmax
fn+1
d=1..dim(S)

We still included the condition c > tmax to limit the maximal execution time of
the skill, in case it fails to reach the desired end-region.

5

Results

We now present new experiments and results, which signiﬁcantly extended our
previous pilot tests. We tested our method on two distinctive environments, and
added a comparison to one of the latest HRL architectures – HiPPO [13]. Our
experiments were mainly focused on two aspects:
– What is the overall ASA performance and how does it compare to HiPPO?
– What is the quality of a newly trained skill?
5.1

Environments and Training Setup

For our experiments we chose two environments which on purpose diﬀer in
numerous aspects, such as continuity, observability, skill types, etc. Our goal
was to demonstrate that ASA can be used universally, not only in a single type
of tasks. We thoroughly focused on sparse-reward environments.
Coin-Gatherer: The agent in Coin-gatherer environment operates in a gridworld of size 68×46 tiles depicted in Fig. 1a. There are four possible actions
(N,S,W,E). Some rooms in the map contain coins which have to be delivered to
the drop-oﬀ area. The agent can only carry one coin at a time, and is rewarded
only upon delivering the coin. The agent knows its position and the position of
all remaining coins. The HRL architecture is realised by skills trained to reach
individual regions of the map, marked #1–#15 in Fig. 1a, plus four skills identical to the atomic actions. This resembles the earlier approaches [2,7,14,16,18].
Skills #14 and #15 are deliberately left out from the skill set, making a defect
in the pre-trained hierarchy. Coin-gatherer environment is hence discrete, fully
observable, using goal-based skills, and features a high number of 17 skills.
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Fig. 1. Environments: (a) Coin-gatherer map – yellow dots are coins, numbers represent 15 ideal skill regions; (b) Maze-bot – one of six possible mazes, the green sphere
represents the goal position. (Color ﬁgure online)

Maze-Bot: The agent represents a vacuum-cleaner-like robot in a continuous
environment. Its goal is to solve a given maze, using wheel torques as atomic
actions. There is a total of six diﬀerent mazes (one of them shown in Fig. 1b),
and a maze is chosen randomly at beginning of each episode. The agent uses only
a LIDAR-like sensor to detect its surroundings, with a range roughly 6 times
the robot’s size. However, it does not have an orientation sensor (compass),
or the knowledge which maze it has been placed in. A reward of 1 is given if
the agent reaches the maze’s goal point, and −0.05 penalty per step otherwise.
The HRL architecture is realised by locomotion skills to eﬃciently move a larger
distance forward/backward, or turn left, but not a skill to turn right. Maze-bot
environment, in contrast to Coin-gatherer, is continuous, partially observable,
randomized, and uses a small number of skills which are behavioral.
In both environments, all agents are trained using TRPO algorithm [22].
The policies, as well as the policy-baseline function, are modelled using neural
networks with two hidden layers. They are optimised after each training iteration
– batch of 5000 high-level steps (≈ 50 episodes for Coin-gatherer, ≈ 70 episodes
for Maze-bot). The metric for the evaluation of all models was the average disT
counted reward, i.e. G(π) = Eπ [ t=0 γ t R(st , at )], and the results were averaged
over 8 trials with diﬀerent random seeds. The implementation of ASA was made
possible by the Garage framework [3].
5.2

Overall Performance

Since the primary goal of ASA is to improve an existing architecture, in Experiment 1 we focused on the overall gain of ASA to the pre-trained HRL agent
(‘Base run’ without ASA). As seen in Fig. 2a and 3a, adding a new skill identiﬁed
by ASA consistently and signiﬁcantly increases the performance of the agent. In
case of Coin-gatherer, this means an increase from 4.4 to 5.6 delivered coins, out
of 6 possible. The Maze-bot’s increase by 0.81 translates to paths shorter by 16.2
high-level steps, on average. The shaded areas in these plots represent the 25–75
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percentile for Coin-gatherer, and 5–95 percentile for Maze-bot (since its training
was more stable).
As mentioned before, the two environments use fundamentally diﬀerent types
of skills. Since ASA was successful in both cases, it suggests that it is able to
train both goal-based and behavioral types of skills. To the best of our knowledge,
there has not yet been a published model that would be shown to demonstrate
such behavior.
To the best of our knowledge, there is no algorithm other than ASA that
would autonomously add new skills to existing architecture, which we could
use for direct comparison. Hence, we compare it with its ideologically closest
relative – HiPPO [13], which autonomously creates whole architecture, and is
one of few models capable of skill training even during high-level training, as

Fig. 2. Coin-gatherer environment – results after using ASA to add new skill. New
skill was added (a) according to ASA computation, or (b) at other times overriding
ASA’s decision. Comparison with HiPPO for reference.

Fig. 3. Maze-bot environment – results after using ASA to add new skill. New skill
was added (a) according to ASA computation, or (b) at other times overriding ASA’s
decision. Comparison with HiPPO for reference.
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we do in our approach. Its slower start can be explained by initially untrained
skills, compared to pre-trained (imperfect) skill set in the Base run. However, it
clearly did not manage to identify all useful skills, and hence scores signiﬁcantly
worse compared to the ASA-powered model. We also tried to increase the latent
dimension of HiPPO, which eﬀectively controls how many skills are trained, but
no further improvement was observed.
The plots in Fig. 2a and 3a show the results of a full-stack approach, i.e. all
key steps (decision, training, integration) were performed by ASA. On the other
hand, in Fig. 2b and 3b we depict the usage of ASA, but with deactivated component that decides when to add the new skill. We can see that even though
ASA was triggered manually, it was still able to identify and train a reasonably
useful skill.
5.3

Quality of The New Skill

Since the new skill is the key component of ASA method, in Experiment 2 we
aimed to evaluate its quality. To do so, we compared it with ideal and bad
skills, which serve as the upper and lower bounds for estimating the usefulness
of the new skill. The ideal skills were manually constructed to optimally enrich
the skill set: a policy for reaching regions #14 and #15 in Coin-gatherer environment, and a skill for turning right in Maze-bot environment. The bad skills
were uniform random policies for both environments.

Fig. 4. Integration of ASA-trained skill, an ideal skill that optimally enriches the skill
set, and an intentionally useless bad skill.

Figure 4 shows the comparison between the ideal, bad, and ASA-trained
skills, from which we can draw several conclusions. First and foremost, the ASA
skill identiﬁcation performs very well, falling short only slightly behind the ideal
skills. If we consider the ideal and bad skills as a range bounding the ﬁtness of
the skill, we can express that ASA-trained skill scored solid 73.2% of the possible performance in Coin-gatherer, and excellent 88.7% in Maze-bot. Second,
the unimproved performance of a bad skill proves that adding any skill is not
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suﬃcient for an increased success rate, and hence the success of ASA is not
only coincidental. Finally, we can see that adding a useless skill does not hurt
the model performance in the long-term view. Hence, even if ASA was used on
top of an optimal skill set, and would add a falsely identiﬁed missing skill, it
would not decrease the overall performance.

6

Conclusion and Future Work

In this paper we presented our Adaptive Skill Acquisition model for adding new
skills to (possibly suboptimal) HRL hierarchies, and the improvements that make
it more robust, eﬃcient, and reusable. Using two distinctive environments, both
discrete and continuous, we demonstrated that the new skill trained by ASA
can signiﬁcantly improve the performance of a HRL agent, if it started with
a suboptimal skill set. The new skills identiﬁed by ASA are only slightly inferior
to the optimal ones, proving high quality of the skill-identiﬁcation component.
We compared our method with the state-of-the-art HiPPO algorithm [13] which
trains the whole skill set, and showed that ASA skill identiﬁcation outperforms
the older approach by a signiﬁcant margin.
As a continuation of our work, we would like to adapt the ASA framework even for UMDP-based architectures, such as [12,19]. We will also consider
a pseudo-rehearsal technique [21] for the skill integration, which could help speed
up the adaptation of the new skill by the high-level agent.
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Abstract. Aspect-based sentiment analysis is a ﬁne-grained classiﬁcation task in natural language processing. In this paper, we propose a new
framework with reinforcement learning agent to assess the importance
of words in the sentence for sentiment analysis and mask out insignificant ones. Our method emphasizes on local linguistic understanding
and extracts aspect-agnostic background information as well as aspectrelevant information. Experiments on three common datasets show that
the proposed method is eﬀective and achieves substantial performance
improvements over comparison models.

Keywords: ABSA
understanding

1

· Reinforcement learning · Local linguistic

Introduction

Aspect-based sentiment analysis (ABSA, also known as aspect-level sentiment
analysis) is the task of assessing the sentiment polarity of a given context sentence toward an aspect (also called target) which could be contained in the
context or not. For example, “service is slow, but the dishes are good ”; in this
sentence sentiment polarities for the two aspects “service” and “dishes” are negative and positive, respectively.
Many works have done on this task and used diﬀerent attention mechanisms
to extract aspect-relevant information. For example, IAN [15] uses interactive
attentions to generate better representation for the aspect and the sentence.
TG-SAN [29] uses target-guided structured attention network to capture targetrelated contexts. Graph convolutional network is also utilized to ﬁnd tokens
that are more syntactically-proximal to the aspect, via exploiting syntactical
information and word dependencies [1,27,28].
In this article, we utilize a policy network as an agent to reﬁne the context
sentence. It assesses whether tokens in the context are important or not, and
masks (deletes) noisy ones. After the masking process, the context sentence is
more concise and easier for sentiment analysis, and the classiﬁer is less confused
c Springer Nature Switzerland AG 2021
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by distractive narratives. Since there is no label for the task of masking, the
agent cannot be trained supervisedly. We train the agent with policy gradient
[20,22] in reinforcement learning. Though attention mechanism can also be used
to assess importance or relevance of tokens in the sentence, it is still interesting
to investigate RL for this purpose.
When doing neural language understanding, it is also important to grasp local
linguistic and paralinguistic phenomena, such as idiom, negation, sarcasm, comparative, shifters, morphology and reducers, etc. [2]. For example, “service is not
exactly five star, but that’s not really a big deal ”; for this instance, understanding
the idioms and the negations is key to make right sentiment classiﬁcation.
It can be observed that the above mentioned phenomena are mainly phraselevel, hence designing a model better poised to capture local patterns may help
for sentiment analysis. So in this paper, we design a model emphasizing on local
linguistic understanding. It is well known that convolutional neural network
(CNN) is good at extracting local patterns [11], therefore it is promising to
make use of CNN for ABSA task. Though it is interesting to use other methods
to get better local linguistic understanding, we leave this kind of exploration for
future work.
In another perspective toward ABSA, it can been seen that besides aspectrelated snippets in the context, overall sentiment of the context is also helpful
for ABSA. For example, “it’s lovely to eat here; the service is good and the
food is delectable”. Two aspects can be detected in this sentence: “service” and
“food ”. The opinion terms are “good ” and “delectable” respectively. If an ABSA
model only extracts aspect-relevant information, then it probably cannot make
a correct classiﬁcation for the sentiment toward the aspect “food ” in case of that
it cannot understand the token “delectable”. If the opinion term is not a single
token but a rare idiom, the situation is even worse.
This problem can be solved by using better token embeddings for larger
vocabulary, or employing pretrained language model. Actually there have been
some works adopting BERT to get better context understanding [23,26]. In this
paper, we solve this problem with another approach. It can be observed that in
the above example sentence, the overall sentiment is positive. This is explicitly
expressed by “lovely to eat here”. An ABSA model can make a correct classiﬁcation with this fact and the conjunction “and ” which indicates that the sentiment
for the aspect “food ” is same with the overall sentiment. In this way, information
related to overall sentiment tendency of the sentence can help for aspect-based
sentiment analysis. We call this kind of information as “aspect-agnostic background information (BGI)”. We extract both aspect-related information and
aspect-agnostic background information from the context for ABSA task.
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In summary, our contributions in this paper are:
– A reinforcement learning framework is proposed to reﬁne the context sentence.
With the reinforcement learning agent, model can better catch important
tokens.
– A new model is designed to understand local linguisitic phenomena, and
extract both the aspect-related information and the aspect-agnostic background information.
– Experiments are conducted over 3 common datasets. The results show
that the proposed method is eﬀective and achieves substantial performance
improvements.

2

Related Work

Aspect-based sentiment analysis has drawn many attentions, and many models
have been proposed for this task. SVM [10] works with hand-crafted features.
AOA [8] treats the aspect and the context sentence in a joint way with an
attention-over-attention structure. IAN [15] generates representations for the
aspect and the context with interactive attentions. TNet-LF [13] puts forward a
structure calling Context-Preserving Transformation (CPT) to preserve contextual information. TG-SAN [29] captures target-related contexts for ABSA with
target-guided structured attention. MCRF-SA [24] uses multiple CRFs based
structured attention model to extract aspect-speciﬁc opinion spans.
ASGCN-DG [27] uses Graph Convolutional Network over directional dependency graph of the sentence to exploit syntactical information and word dependencies. ASGCN-DT [27] is same with ASGCN-DG except that undirectional
dependency graph is used. ASCNN [27] is same with ASGCN-DG except that
ordinary convolutional network takes the place of graph convolutional network.
In [16], dependency subtree attention network (DSAN) model is proposed to
extract dependency subtree and generate a more accurate aspect representation.
In [19], a simple TextCNN-like model is used to approach sentence-level sentiment analysis. In [7], by using parameterized ﬁlters and parameterized gates, the
authors try to incorporate aspect information into model.
Reinforcement learning deals with Markovian sequential decision process and
maximizes the total reward of the whole process. Reinforcement learning has
been actively explored in many NLP tasks, for example, in dependency parsing
[12], seq2seq models [9], and coreference resolution [6,25]. In [30], reinforcement
learning is used to learn structured representation for text classiﬁcation. In [21],
reinforcement learning is used to reﬁne the context in the task of aspect sentiment
classiﬁcation towards question-answering.
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3.1
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Methodology
Problem and Framework

Fig. 1. Overall structure of the framework.

The problem is deﬁned as follows: given a sentence S = {w1 , · · · , wn },
aspect-based sentiment analysis is to predict its sentiment polarity y ∈
{positive, negative, neutral} (in 3-class situation) in regard to a speciﬁed aspect
term A = {wa1 , · · · , wam }. In this paper, we just consider the situation that the
aspect term is contained in the sentence.
To approach this problem, we propose a framework that consists of three
modules: the encoder, the classiﬁer and the agent, as shown in Fig. 1. The encoder
is used to generate representations for the sentence and the aspect; the agent
aims to reﬁne the sentence representations (to mask token representations if
they are irrelated to the problem); the classiﬁer ﬁnally predicts the sentiment
polarity.
The encoder and the classiﬁer make up the backbone model (ASBL, Aspectbased Sentiment classiﬁcation with Background information and Local understanding). It can work alone for the ABSA task. In this situation, sentence
representation produced by the encoder is feed directly to the classiﬁer without
reﬁnement from the agent.
3.2

Dependency-Guided Encoder

The encoder produces an initial representation of the sentence: the sentence
S is ﬁrstly embedded and then forwarded to a BiLSTM layer. The output of
the forward and the backward LSTM layers are concatenated for the initial
 i }n :
representation {h
i=1
→
−
←
−
{ h i }, { h i } = BiLSTM(Embed({wi }))
→ ←
−
 i = [−
h
h i; h i]

(1)

where [· ; ·] means the concatenate operation. The size of LSTM unit is dhidden .
The aspect representation {vj }m
j=1 is obtained by slicing from the sentence
representation:
 j |j ∈ [a1 , am ]},
(2)
{vj |j ∈ [1, m]} = {h
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where a1 and am are respectively the start position and the end position of the
aspect term in the context sentence.
It is intuitive that if a token is more syntactically-related to the aspect term,
then it would be more informative for sentiment prediction. Hence we use multihop dependency linkage to adjust the initial sentence representation1 .
Speciﬁcally, (1) a dependency tree is ﬁrstly generated for the sentence; (2)
an adjacency matrix A for the dependency tree is then constructed, in which
Aij = 1 if the i-th token and the j-th token are linked by dependency relation,
otherwise Aij = 0; (3) the power of the adjacency matrix AN can be used to
represent the N -hop dependency linkage, in which AN
ij = 0 if the i-th token and
the j-th token are connected in the dependency tree within N hops, otherwise
AN
ij = 0. (4) We believe that if a token is connected to the aspect tokens by more
hops then it is less informative. Then the ﬁnal sentence representation {hi }ni=1
can be obtained by
 i · ηi
(3)
hi = h
where ηi is deﬁned by ηi = 1 − ηdep for AN
ij = 0, j ∈ [a1 , am ]; ηi = 1 otherwise.
Here ηdep is an constant. A larger ηdep means less importance of tokens not in
the N -hop neighborhood of the aspect.
3.3

Reinforcement Learning Agent

A policy network is used to work as a reinforcement learning agent. It takes the
aspect representation and the initial representation of the context sentence as
input and decides whether tokens in the context are important for aspect-speciﬁc
sentiment analysis, and masks out noisy ones. The structure of policy network
is shown in Fig. 2.
Firstly, the aspect representation {vj }m
j=1 is averaged to get a vector reprem
vj .
sentation: vaver = (1/m)Σj=1
The vector representation is then repeated multiple times to align with the
n



sentence representation (i.e., vaver is repeated as {vaver , · · · , vaver }), and then
it is added in the feature dimension with the sentence representation {hi }ni=1
to obtain an aspect-aware representation of the sentence: {ũi }ni=1 , with ũi =
hi + vaver .
Two self-attention layers follow:
{u̇i } = Attention({ũi }, {ũj }, {ũk }; Fdot ),
{ūi } = Attention({ũi }, {ũj }, {ũk }; Fbil ).
Here, the attention layer is deﬁned as a mapping from a query sequence {qi }, a
key sequence {kj } and a value sequence {vk }, to a resulting sequence {hi }, with
the help of an attention score function F :
{hi } = Attention({qi }, {kj }, {vk }; F ).
1

Dependency parsing tool: spaCy, https://spacy.io/.

(4)
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Fig. 2. Structure of the agent.

Concretely:
sij = F (qi , kj ),

aij = exp(sij )/
exp(sij ),
hi =



(5)
(6)

j

aij vj .

(7)

j

The two functions Fdot and Fbil are the dot-attention score function and the
bilinear-attention score function, respectively:
Fdot (qi , kj ) = qi · kj ,
Fbil (qi , kj ) =

qTi Wkj ,

(8)
(9)

where W is a trainable weight matrix.
A new representation {ui }ni=1 of the context sentence is generated by:
ui = ũi + u̇i + ūi .

(10)

This representation is used for following decoder to decide on tokens importance
for sentiment analysis.
A sequential decision procedure is utilized to decide whether each token in
the sentence is to be retained according to its importance for sentiment analysis.
The action space is {0, 1}, corresponding to “mask” and “retain” respectively.
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The sequential decision procedure is formulated as a recurrent decoding process,
and a GRU cell [3] of size dhidden is used as the recurrent unit:
πi+1 = Linear(ci+1 ),
ci+1 = GRU(ci , [cxi ; ei ; ui+1 ]),

(11)
(12)

with {cxi } = Attention({ci }, {uj }, {uk }; Fdot ), ei = Embed(ai ) and ai =
Sample(πi ). The policy πi+1 (a|s; θπ ) is a probability distribution on the action
space {0, 1}. Here a is an action and s is the state, θπ is the parameters of the
policy network. We sample action ai with regard to πi . ei is the size-dhidden
embedding vector of ai . cxi is the context vector by attention mechanism.
The binary action sequence {ai }ni=1 is used to reﬁne the sentence representation:
(13)
h̄i = hi ai .
When ai = 1, the token representation is kept. While ai = 0, the token representation is masked.
3.4

Classifier

The classiﬁer takes the aspect representation and the reﬁned sentence representation as input and predicts sentiment polarity. The structure is shown in Fig. 3.
The aspect representation {vj }m
j=1 is averaged to vaver and repeated to match
the sentence length n. The resulting sequence is concatenated with the reﬁned
sentence representation {h̄i }ni=1 in the feature dimension, to get an aspect-aware
sentence representation {h̃i }ni=1 , with h̃i = [h̄i ; vaver ].
This sentence representation {h̃i }ni=1 is then forwarded to two CNN layers.
The output is a new representation {gi }ni=1 of the context sentence with local
patterns emphasized. Each CNN layer uses ReLU activation.
This representation {gi }ni=1 is then aggregated via an attention-pooling layer
with the aspect vector representation vaver as the query:
{hpool } = Attention({vaver }, {gj }, {gk }; Fdot ).
In above, {vaver } is the query sequence to the attention layer with only one
element vaver . hpool can be viewed as aspect-related information retrieved from
the context.
In another branch, the reﬁned sentence representation {h̄i }ni=1 is summarized
with another attention-pooling layer with a trainable vector vtr as the query:
{gpool } = Attention({vtr }, {h̄j }, {h̄k }; Fdot ).
The resulting vector gpool can be viewed as aspect-agnostic background information (BGI) retrieved from the context sentence.
Then gpool and hpool are concatenated in the feature dimension to form the
ﬁnal feature vector rall , which is forwarded to a feed-forward block (FFW) to
get the sentiment polarity probabilities:
rall = [gpool ; hpool ],
p = FFW(rall ),

(14)
(15)
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Fig. 3. Structure of the classiﬁer.

where FFW(x) = Linear(ReLU(Linear(x))).
In the above equation, p is the predicted probability distribution (before
normalization) over sentiment polarities. Given the ground truth p̄, the cross
entropy loss used for training is calculated as:
Lsa = −p̄ · log(softmax(p)).

(16)

The classiﬁcation result is the polarity with highest probability. If the prediction is right, then the reward for the actions of the agent is 1. Otherwise, the
reward is 0.
The policy network parameters θπ are optimized through the policy gradient:
n

∇θπ J = Ea∼π { (R − b)∇θπ log(πi (ai ))}

(17)

i=1

where R is the reward for the actions. There is no intermediate reward for each
action in the sequential process. Only when all the actions are conducted and
the sentiment polarity is predicted, then a reward is returned for all the actions.
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b is the reward baseline to avoid large variance during training. It is calculated
as the average reward over the current training batch. The expectation Ea∼π is
usually estimated by Monte Carlo simulation.
3.5

Two-Stage Training Procedure and Alternate Training

A two-stage procedure is utilized to train the whole framework. In the ﬁrst stage,
the backbone model, i.e. the encoder and the classiﬁer, is trained with the loss
of sentiment analysis Lsa . At this stage the agent take no action on the sentence
representation, in other words, no token is masked.
In the second stage, the agent and the classiﬁer are trained for one epoch
alternately for many turns. When training the agent, the encoder and the classiﬁer are frozen. While training the classiﬁer, the encoder and the agent are frozen.
The agent is trained with policy gradient, and the classiﬁer is trained with the
loss Lsa .

4
4.1

Experiments
Datasets and Training Settings

We evaluate our method by conducting experiments on three common datasets:
LAP14, REST14, and TWITTER. The ﬁrst two are datasets from SemEval 2014
task 4 [18]. TWITTER contains twitter posts, it is built by [4]. Some statistics
of the datasets are listed in Table 1. For more information of the datasets, please
see previous works, such as [5,13,14,27].
Table 1. Numbers of examples in the datasets.
Dataset

Twitter
Train Test

Lap14
Train

#Positive

1561

173

994

341

2164

728

#Neutral

3127

346

464

169

637

196

#Negative 1560

173

870

128

807

196

Test

Rest14
Train Test

As a common practice, accuracy and macro F1-score are used as performance
metrics. 20% of the training set are randomly held out as the validation set for
tuning the hyper-parameters. The word embeddings are initialized with 300-d
pretrained GloVe vectors [17], and ﬁxed during training. Xavier normal initialization is used for trainable variables initialization. dhidden is set to 300. The number
of output channels of the CNN layers are dhidden ∗ 4. The kernel sizes are 3. The
padding scheme is to add “[pad]” tokens to make sequence length unchanged.
The range of dependency neighborhood Ndep is 5. The relative neighborhood
weight ηdep is 0.5. The optimizer used is Adam with learning rate 1e−3. The
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Table 2. Model results (%). The results of TG-SAN and MCRF-SA are retrieved from
the original papers. The results of other comparison models are retrieved from the work
[27]. The reported results of the proposed model are averaged from those of randomly
started 30 runnings with diﬀerent seeds. Performance improvements of the proposed
ASBL-RL model over comparison models are statistically signiﬁcant with p < 0.01.
Model

Lap14

Rest14

Twitter

Accuracy Macro-F1 Accuracy Macro-F1 Accuracy Macro-F1
Comparison models

SVM [10]

70.49

–

80.16

–

63.40

63.30

AOA [8]

72.62

67.52

79.97

70.42

72.30

70.20

IAN [15]

72.05

67.38

79.26

70.09

72.50

70.81

TNet-LF [13]

74.61

70.14

80.42

71.03

72.98

71.43

ASCNN [27]

72.62

66.72

81.73

73.10

71.05

69.43

ASGCN-DG [27] 75.55

71.05

80.77

72.02

72.15

70.40

TG-SAN [29]

75.27

71.18

81.66

72.59

74.71

73.65

MCRF-SA [24]

77.64

74.23

82.86

73.78

–

–

Proposed model

ASBL-RL

78.25

74.37

83.28

76.14

75.41

74.03

Ablated models

ASBL-S

77.43

73.39

82.84

75.20

74.51

73.05

ASBL

77.41

73.35

82.84

75.16

74.51

73.03

ASBL w/o DEP 76.52

72.53

82.68

74.70

74.37

72.93

ASBL w/o BGI

76.32

72.00

81.83

73.78

74.31

72.76

ASBL w/o LLU

76.03

71.80

82.23

73.98

74.15

72.48

L2-regularization coeﬃcient is 1e−4 and the dropout probability is 0.6. Batch
sizes are set to 16, 32, and 32 for datasets LAP14, REST14, and TWITTER,
respectively.
4.2

Results and Ablation Study

We report our experiment results in Table 2. One can see that the proposed
model ASBL-RL produces better results over all the 3 datasets than all the
comparison models.
To check the eﬀectiveness of diﬀerent parts in our model, we conducted ablation study. Table 2 shows that the backbone model ASBL without reinforcement
learning drops about 1.0 absolute percent in performance over all the 3 datasets.
This veriﬁes that the eﬀectiveness of reinforcement learning for ABSA.
Experiments are also conducted when the alternate training of the agent and
the classiﬁer is changed to a single-turn one to see the impact of the training
procedure. In the single-turn training, the agent is trained with policy gradient
only once after the ﬁrst training stage, and the resulting model is named ASBLS. It can be observed that ASBL-S is just marginally better than ASBL. This
shows that alternate training of the agent and the classiﬁer is important for the
application of RL. In the alternate training of the agent and the classiﬁer, the
agent explores to mask noisy tokens. The classiﬁer adjusts to exploration results
of the agent, and in turn, supports the agent to explore better policies. In an
iterative way, the model is boosted gradually and reaches a better status.
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The line “ASBL w/o DEP” lists the results of ASBL without dependency
information, i.e. setting ηi = 1 for all i. There is a small drop in performance
over all the 3 datasets.
The line “ASBL w/o BGI” lists the results of ASBL without aspect-agnostic
background information. Without background information, accuracy and f1score both drop about 0.4 ∼ 1.0 absolute percent over LAP14 and REST14
datasets; accuracy over TWITTER has a small drop while f1-score is nearly the
same. This veriﬁes that background information can contribute to aspect-based
sentiment analysis.
The line “ASBL w/o LLU” lists the results of ASBL without local linguistic
understanding. In this situation, the LLU module is replaced with a linear layer.
Accuracy and f1-score both drop about 0.6 ∼ 0.9 absolute percent over LAP14
and REST14 datasets; accuracy and f1-score over TWITTER are nearly same
with those of ASBL. One can see that local linguistic understanding is indeed
helpful for sentiment analysis.
4.3

Case Study and Error Analysis

We also made case study to check the quality of reﬁnement of the agent and
their inﬂuence on ABSA. Some examples are listed in Table 3.
For long texts, such as the example 1, the sentence after reﬁnement is more
concise and much easier for the classiﬁer to make prediction. In example 2, some
noisy words are deleted. In example 3, narratives of another aspect with opposite
sentiment polarity are deleted.
Table 3. Examples of reﬁnement of the agent.
No. Text reﬁnement

Aspect Predication Label

1

creative dishes like king crab salad with passion
fruit vinaigrette and fettuccine with grilled
seafood in a rosemary-orange sauce are
unexpected elements on an otherwise
predictable bistro menu .

dishes

positive ✓

positive

2

even for two very hungry people there is plenty
of food left to be taken home -lrb- it reheats
really well also -rrb- .

food

positive ✓

positive

3

the lack of ac and the fact that there are a
ac
million swarming bodies -lrb- although everyone
is polite and no one is pushing -rrb- is a slight
turn oﬀ .

negative ✓

negative

4

make more tables - perhaps a rooftop bar ?

tables

neutral ✗

negative

5

it took 100 years for parisi to get around to
making pizza -lrb- at least i do n’t think they
ever made it before this year -rrb- ... but it was
worth the wait .

pizza

neutral ✗

positive
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There are also some badcases. In example 4, although the RL agent makes
correct decisions on tokens relevance, the predicted sentiment polarity for the
aspect “tables” is incorrect. The comment “make more tables” implies “there
are not enough tables”, but the model fails to catch this implicit meaning.
In example 5, the most informative part “it was worth the wait” is deleted and
the sentiment is predicted incorrectly. To make the right prediction, coreference
resolution is required: the model should understand the pronoun “it” is actually
refering to the aspect term “pizza”. The resolution is diﬃcult, especially when
the refering part and the antecedent are separated by a long distance.

5

Conclusion

In this article, a reinforcement learning framework is proposed for the task
of aspect-level sentiment analysis. A policy network is used to reﬁne the context representation. A novel model is designed to extract both aspect-relevant
information and aspect-agnostic background information from the context sentence. It takes into account syntactic dependency information and local linguistic
understanding. Experiments on three benchmark datasets demonstrate that our
method is eﬀective and achieves large improvements over comparison models.
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Latent Dynamics for Artefact-Free
Character Animation via Data-Driven
Reinforcement Learning
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Abstract. In the ﬁeld of character animation, recent work has shown
that data-driven reinforcement learning (RL) methods can address issues
such as the diﬃculty of crafting reward functions, and train agents that
can portray generalisable social behaviours. However, particularly when
portraying subtle movements, these agents have shown a propensity for
noticeable artefacts, that may have an adverse perceptual eﬀect. Thus,
for these agents to be eﬀectively used in applications where they would
interact with humans, the likelihood of these artefacts need to be minimised. In this paper, we present a novel architecture for agents to learn
latent dynamics in a more eﬃcient manner, while maintaining modelling
ﬂexibility and performance, and reduce the occurrence of noticeable artefacts when generating animation. Furthermore, we introduce a meansampling technique when applying learned latent stochastic dynamics to
improve the stability of trained model-based RL agents.
Keywords: Reinforcement learning

1

· Latent dynamics · Animation

Introduction

An ideal data-driven virtual character animation agent would portray a reasonable variety of behaviours in a realistic manner. Work carried out examining
human perception has found that realistic characters lead to more engaging and
immersive virtual experiences [13,21]. However, the problem poses signiﬁcant
challenges when attempting to build optimal computational models for human
behaviour, due to its inherent complexities and nuances [2,3].
Early work in data-driven animation involved supervised learning approaches
that required a signiﬁcant amount of motion capture clips as training data; however, they oﬀer limited ﬂexibility to generalise and capture a wider variety of
behaviours [10,22]. Physics-based deep reinforcement learning approaches such
as DeepMimic attempt to utilise signals from physics simulations to train animation agents [19,20]. While these agents are able to successfully learn physicsbased skills, this approach cannot be applied to social behaviours, such as gestures, that do not instigate requisite feedback signals. To create neural networkbased agents to portray social and interactive behaviours, motion capture clips
c Springer Nature Switzerland AG 2021
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are mandatory to inform the agent being trained with what entails the ideal, realistic ways of portraying a behaviour. The results from supervised learning work
carried out have demonstrated that, while supervised networks can eﬀectively
learn from motion data, applying these methods to generate more dynamic and
ﬂexible animation sequences is challenging.
A novel approach to instead use reinforcement learning to create animation
agents was presented in the form of RLAnimate, which introduces data-driven
RL for animation control agents, learning dynamics models for animation portraying human-like behaviour, and a compact set of motion capture clips used
to inform the training algorithm [5]. RLAnimate agents learn a latent dynamics
model for the behaviour portrayed that is deterministic in nature, as well as
another model for character animation dynamics, universally applicable to any
behaviour portrayed, which consists of deterministic and stochastic components.
Agents are trained to output animation by generating a description for the next
ideal pose, after which learned dynamics are applied to obtain latent representations used to calculate the rotations for the most optimal pose. The results
from this intial work demonstrated that RLAnimate agents are able to generate animation portraying a variety of ﬂexible, generalisable waving and pointing
behaviours.
Trained using motion clip collection that totalled to 11482 frames (382.73 s),
agents were demonstrated to be able to portray animation clips for a wide range
of frame lengths, degree of exaggeration for waving, and target position and
frame for pointing. However, particularly in the more subtle components of
behaviours, noticeable artefacts were present. These artefacts are usually in the
form of occasional twitches and tics within the animation. While these artefacts
are due to the ﬁnest margins in outputs, numerically, for data-driven animation agents to be applied in applications, noticeable artefacts need to ideally be
eliminated completely.
In this paper, we present work carried out to examine the learning and application of latent dynamics in model-based RL agents and introduce a novel agent
architecture for RLAnimate that maintain the modelling eﬃciency and ﬂexibility while eliminating artefacts. The contributions from the work presented can
be summarised as follows:
– Latent self-description We introduce a mechanism for training modelbased agents that allows for the self-description to be carried out entirely
in a latent space. This leads to the agent being able to operate with a lower
throughput, while enhancing the expressiveness of the latent spaces.
– Novel agent architecture We present a novel architecture for RLAnimate
agents that learns dynamics models for a pair of parallel latent spaces, each
consisting of stochastic and deterministic components.
– Applying learnt stochastic dynamics We examine stochastic dynamics
learnt by model-based agents, and propose mean sampling for latent distributions learnt. This allows for agents to explore multiple scenarios during
training to ascertain the most ideal actions, but once trained, we assumed
the agents have formed a strong approximation of the dynamics involved.
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The mean sampling allows for a stable application of this correct version of
dynamics learnt.

2

Related Work

Early work on data-driven animation using neural networks relied heavily on
the training set [11,22]. An example is the work done by Holden et al. on PhaseFunctioned Neural Network, where a cyclic function was used to consider the
phase of a motion [11]. While a model trained using this approach allows for
eﬃcient generation of animation portraying locomotion, adapting to diﬀerent
terrains, they were unable to deal with complex interactions with the environment.
Recurrent neural networks were used by Klein et al. in a methodology for
data-driven gaze animation [12]. The motion clip collection of gaze behaviour,
in standing, seated, and lying down actions, with a total length of 46400 frames
(1546.66 s), were used, to train agents to control a subset of joints.
The authors reported that, due to only a subset of joints being controlled and
the kinematic linking, artefacts were present at times, that made the behaviour
portrayed appear less natural.
Supervised learning based approaches can be limited with regards to being
ﬂexible and generalisable over a wider range of behaviours. To address this,
methods such as DeepMimic use reinforcement learning (RL) and physics-based
simulation to portray behaviours via agents trained to learn physics-based skills
[19,20]. RL was also used eﬀectively by Liu and Hodgins to learn non-linear
arm control policies that allowed the learning of robust controls for portraying
behaviour involving basketball-dribbling skills [15]. However, these approaches
can only be applied to tasks that feature interactions with physical surfaces and
objects in the virtual environment.
Model-free RL approaches have been eﬀective in creating agents by exploring
environments eﬀectively [7]. Learning an eﬃcient policy is what allows these
agents to function without learning a model of the environment. Thus, an ideal
policy requires that the training process maximises the exploration. However,
given that the goal in data-driven animation is to portray human-like behaviour
and the domain provides a predictable structure, we believe model-based RL is
a more suitable approach.
Recent work in model-based RL has shown that learning dynamics models
for agent tasks and environments can be an eﬀective approach [6,8,14]. Our
approach to train agents to learn dynamics for animation is based on the work
done by Haﬀner et al. [8]. To learn dynamics, the authors used a model consisting
of deterministic and stochastic components. This allowed agents to make robust
predictions and choose actions via online planning in a compact latent space.

3

Data-Driven RL for Virtual Character Animation

A virtual character is a three-dimensional (3D) representation, that is usually
a polygon mesh with data on the material, position and textures of the points
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on this mesh. This mesh is attached to a skeleton, which is a hierarchically
connected series of joints, through a process known as rigging, which allows for
the 3D mesh to be animated through the rotation of these joints [17]. Joints
may be rotated in axes heading, pitch and roll. The range of rotation available
in each axes need to be constrained such that only feasible human movement is
portrayed.
When creating data-driven virtual character animation control agents that
can portray human-like behaviours, a recent approach has been the work done
on RLAnimate to portray social behaviours [5]. Figure 1 provides an overview
of RLAnimate agents and the dynamics learnt. At each timestep, the agent
received an objective signal ot from the task module in the environment. Using
the portrayal model, a corresponding ideal description dt for the next animation
pose was generated. This description in conjunction with the dynamics learnt
allowed an agent to obtain, from the behaviour model, latent states for task ht
and behaviour bt . These latent states were then used to generate the animation
action at . After applying at , the environment generated a real description signal
dt+1 , consisting of the position of all joints, and directional vectors for the ﬁnger
and eye joints, which was stored in the sample buﬀer along with the action,
objective and ideal animation per the relevant motion clip mt .
The deterministic task state ht was obtained via a recurrent neural network
(RNN) f (ht−1 , ot ), and the deterministic component of the behaviour state from
a second RNN f (ht , bt−1 , at−1 ), which was used to generate the behaviour state
posterior bt . The states ht and bt were computed as conditioned by dt , and were
used by the animation model to generate the next animation action at . RLAnimate agents thus far have been trained to portray generalisable human-like
behaviours for pointing and waving with varying levels of exaggeration, target
position and other parameters, with minimal noticeable artefacts in general. However, upon a closer review, a high number of artefacts occur in the more subtle
waving portrayals. The most noticeable artefacts are in the form of shakiness in
the neutral arm. Figure 2 demonstrates the variation in the output parameters

Fig. 1. Overview of initial RLAnimate agent, and latent dynamics [5].
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Fig. 2. Neutral arm joint rotations for waving with low and neutral exaggeration.

that lead to these, which per dimension are less than 0.05; ﬁne margins such
as these tend to be standard for RL agents, and most applications have much
less dimensionality in the output/action space, as is the case in animation. For
animation agents to be applied eﬀectively in applications however, the likelihood
of these artefacts need to be minimal, and preferably eliminated completely.
Figure 3 presents comparisons of the diﬀerence to the original clips across
diﬀerent degrees of exaggeration for neutral arm relative to the overall animation.
Comparing portrayals of waving for an exaggeration factor of 0.1 compared to 0.5,
throughout the episode, overall the diﬀerence per joint is higher for the 4 joints
of the neutral arm compared to the average diﬀerence for the overall animation.
The second plot demonstrates the diﬀerence to the original clip averaged for joint
count, comparing the average diﬀerence per episode for increasing exaggeration.
We posit that while eﬃcient latent dynamics are being constructed by the
current agents, further reﬁnements may reduce such eﬀects by instead modelling
the description in a latent space. As latent representations are a richer form of
Average distance per joint compared over exaggeration range

Excess error of neutral arm relative to overall over an episode
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Fig. 3. Diﬀerence of Euclidean distances (averaged over number of joints), between
joint positions from the motion clip and agent output, for neutral arm joints and overall
animation, when waving at exaggerations 0.1 and 0.5 (left), and Euclidean distance per
frame between joint positions of original clip and agent output averaged for the number
of joints, compared over degrees of exaggeration (right).
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expression for dynamics models, this might be more beneﬁcial than a humanunderstandable explicit description. The resulting architecture will allows agents
to learn dynamics through parallely constructed latent spaces. We also propose a
reﬁned technique for applying them, that is better suited for the high dimensional
output space, where variations of ﬁne margins need to be avoided.

4

Parallel Latent Dynamics for Portraying Behaviour

A key idea of the data-driven RL approach is learning the dynamics for human
behaviour and joint animation portraying these behaviours. The original RLAnimate agent architecture (A1 ) relies on the behaviour model to maintain a dual
latent space for dynamics, consisting of deterministic and stochastic components.
The portrayal model is used to generate an estimated description for the next
ideal pose, both of which are used to apply the dynamics learnt by the behaviour
model and generate latent variables. The self-description process provides situational context for the present frame, for the behaviour model to apply learned
dynamics. However, this might inhibit the agent overall, as an explicit medium
is likely relatively less expressive. Therefore, we explore constructing this selfdescription entirely within a latent space.
4.1

Latent Dynamics Spaces

The novel architecture (A2 ) is depicted in Fig. 4, where the role of the portrayal
model is to maintain a second latent space for portrayal dynamics. The portrayal
model learns the dynamics as consisting of deterministic and stochastic components, as displayed in Eq. 1. Learning these dynamics entails the agent learning

Fig. 4. Overview of novel RLAnimate agent architecture (A2). Upon receiving objective signal ot and current description dt , the agent uses the portrayal and behaviour
model to generate latent portrayal states hpt and pt , and behaviour states hbt and bt ,
which are used to generate the animation at . The environment generates the description after at is applied, which is stored in the sample buﬀer along with the action,
objective and ideal animation per the relevant motion clip.
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to represent, within a latent space, dynamics for ideal behaviour. The hidden
stochastic state is learned by applying the dynamics learnt for the current joint
rotations at−1 and objective for the next ot .
Deterministic Portrayal Component: hpt = f (hpt−1 , pt−1 , at−1 , ot )
Stochastic Portrayal Component: pt ∼ p(pt |hpt )

(1)

The behaviour model maintains a parallel latent space for behaviour dynamics, per Eq. 2. Also made up of deterministic and stochastic components, it
allows agents to gain an understanding of the dynamics concerning the animation required to actuate realistic behaviour portrayal. The behaviour model
applies dynamics learnt given the animation generated in the previous step and
the current description dt .
Deterministic Behaviour Component: hbt = f (hbt−1 , bt−1 , at−1 , dt )
Stochastic Behaviour Component: bt ∼
4.2

(2)

p(bt |hbt )

Latent Self-description and Animation Generation

During training, we also train a self-description model denoted by Eq. 3. This
model mandates that the agent be able to generate self-descriptions using the
latent states obtained via applying the dynamics learnt by the portrayal and
behaviour models.
f (hpt−1 , pt−1 , hbt−1 , bt−1 )

(3)

The animation model p(at |hpt , pt , hbt , bt ) is used to generate an animation
action at , which is the agent output at each step. Animation actions, at , are
rotations to be applied to the character skeleton. The animation model is trained
to minimise a loss function that compares output animation to motion capture
data. The component of the training objective relevant to the self-description
model on the other hand, minimises the error relative to the description recorded
by the environment.
Thus, training the self-description model results in the agent being able to
imagine the result of possible animation options using the latent variables, which
are then used to generate animation. And even though the self-description model
is not used when generating animation, the latent dynamics are imprinted upon
it to consider self-description in a latent space when operating. We use two Gated
Recurrent Unit (GRU) cells for the deterministic components of the dynamics
models [4]. For all other functions, we use fully connected layers with Rectiﬁed
Linear Unit (ReLU) activations [16].
4.3

Applying Stochastic Dynamics

Both portrayal and behaviour models learn the stochastic components of their
respective dynamics by parameterising them as normal distributions. By default,
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Algorithm 1. RLAnimate
1: Initialise episode buﬀer B.
2: Initialise models with random parameters θ.
3: while not converged do
4:
if training for waving and pointing then
5:
draw at random an example (mt )F
t=1 for each from motion dataset M
6:
else
7:
draw a single example (mt )F
t=1 from motion dataset M
8:
end if
9:
for step t = 1..F do
10:
Obtain latent portrayal states hpt , pt per equation 1
11:
Obtain latent behaviour states hpt , bt per equation 2
12:
Generate at and apply to character
13:
Collect real description dt+1
14:
end for 

15:
B → B ∪ (ot , at , dt+1 , mt )F
t=1
16:
for model update step s = 1..T do
C

∼ B at random from data
17:
Draw episode chunks (ot , at , dt+1 , mt )S+k
t=k
18:
19:
20:
21:

buﬀer
Compute loss L (θ) per (4)
Update model parameters θ ← θ − αθ L (θ)
end for
end while

i=1

given a mean μ, and variance σ 2 over the number of samples n, the state posteriors are calculated according to Eq. 4.

Stochastic component ∼ N

σ
μ, √
n


(4)

According to the central limit theorem, as the sample size increases, the density
of a random variable converges to a normal distribution. In the preliminary
investigations presented in the previous section, we observed that as the agent
approaches ﬁnal performance, the standard deviation values are small relative
to the mean, and samples drawn from the distribution approximate the mean.
However, we have also established that these relatively small ﬂuctuations can
lead to signiﬁcant artefacts in animation sequences.
Learning the stochastic components for dynamics models are important for
the model to capture multiple options for future states. This allows an agent
to explore varying animation sequences to determine which lead to the most
realistic behaviours. We posit that while this is required during training, after
training, we may assume that the agent has a correct understanding of which
behaviours are to be used for a given objective, and which animation sequences
represent the most realistic portrayals of these behaviours. Thus, when generating animation from trained agents, we use just the mean of the distribution
maintained by the dynamics models.
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Training Agents

Algorithm 1 describes the procedure followed when training agents: episode rollouts are generated of portrayals imitating the motion clips provided, and the
models are iteratively optimised. C batches of episode chunks of size S are
drawn from the sample buﬀer, and the training objective seeking to maximise
the ideality of animation consists of components L1, L2, and L3 to learn latent
dynamics, and L4 to inform agents regarding portraying human-like behaviour
per the motion data provided.

 n

It (a0 , ..., at , ot , dt )) = L1 (θ) + L2 (θ) + L3 (θ) + L4 (θ) (5)
L (θ) = E
t=0

L1 is used to train the agent to self-describe likely next states in a latent
space through the self-description model, with the loss generated as the mean
squared error between the output of Eq. 6 and real description after animation is
applied. L2 and L3, as denoted by Eqs. 7 and 8, are used to train the portrayal
and behaviour models via Kullback-Leibler (KL) regularisation [9].


L1 (θ) = M SE dt , f (hpt−1 , pt−1 , hbt−1 , bt−1 )
(6)


L2 (θ) = E q (pt |ot , at−1 ) − p pt |hpt−1 , pt−1 , at−1 )

(7)



L3 (θ) = E q (bt |dt , at−1 ) − p bt |hbt−1 , bt−1 , at−1 )

(8)

To minimise the diﬀerence between the animation model output and the animation from the motion clip, the previous architecture used a Huber loss function.
This made the training more robust, to account for the stochasticity as a result
of the direct sampling of the posterior distributions and avoid artefacts. However, the use of the mean of the distribution as the latent state during operation
allows for a MSE loss to be used for L4 as well, as denoted by Eq. 9.


L4 (θ) = M SE Mt , p(at |hpt , pt , hbt , bt )
(9)

5

Experiments

We conduct a set of experiments to evaluate the impact of the modiﬁcations we
introduce to the agent architecture. The motion clips used for training and evaluation were obtained from Adobe Mixamo, consisting of 50 motion clips each for
pointing and waving [1]. For all evaluations, we use a set of 5 waving and pointing clips that were withheld from the training set, that the agents recreate to
establish a basis for comparison. For access to our supplementary material, that
include the code and video clips demonstrating and comparing trained control
agents, please visit https://virtualcharacters.github.io/links/ICANN2021.
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Table 1. Performance of trained agents obtained via imitating test set motions. We
compare the similarity to motion clip (S), as well as minimum, average, and maximum
velocity error (V) for all control agents. The latter is not applicable for A2 NSD as
that version fails to learn to portray behaviours adequately.
Wave

Point

Combined

S

minV

avgV

maxV

S

minV

avgV

maxV

S

minV

avgV

maxV

A1

0.890

0.2

0.5

0.7

0.942

0.1

0.3

0.6

0.938

0.2

0.5

0.7

A2

0.995

0.1

0.2

0.3

0.998

0.0

0.1

0.2

0.990

0.1

0.2

0.3

A2 NSD

0.244

0.189

0.200

A2 ESD

0.922

0.2

0.6

0.7

0.911

0.2

0.5

0.8

0.876

0.3

0.5

0.7

A1 MDY

0.900

0.2

0.4

0.5

0.955

0.0

0.2

0.4

0.941

0.2

0.4

0.5

A2 RDY

0.862

0.2

0.6

0.9

0.745

0.3

0.5

0.8

0.664

0.2

0.7

0.9

The metrics we used were similarity to motion clip and velocity error between
agent output and motion clip. The similarity to motion clip acts as a measure
of accuracy for the animation generated, and is based on the cosine similarity
of joint positions between the agent output and motion clip. We use velocity
error as an indicator of the occurrence of artefacts; velocity is calculated as the
ﬁrst derivative of joint positions with respect to time, and high velocity error is
considered to be likely caused by twitches and similar artefacts [18]. Error values
over 0.4 are indicative of noticeable artefacts. All our experiments were carried
out using a workstation with an Intel Core i7-8750 H 2.2 GHz CPU and a Nvidia
GeForce GTX 1070 GPU.
We evaluated control agents based on the original agent architecture (A1 )
and the novel architecture we propose in this paper (A2 ). Based on the A1
architecture, we evaluated a control agent deployed in a mean dynamics model
sampling mode (A1 MDY ). Control agents based on the A2.0 architecture were
used to examine the impact of being trained with no self-description (A2 NSD)
and with an explicit-self description component (A2 ESD).
Comparison to Original Architecture: While the A1 architecture yields
animation sequences quite similar to the motion clips, there are a high degree
of artefacts that appear, when particularly the neutral arm requires more subtle
movement. The results show that the A2.0 agent addresses this issue, with no
noticeable artefacts occurring even in the degrees of exaggeration that lead to
the most subtle waving behaviours.
Latent Self-description: In Table 1, we also compare control agents to examine
the role of self-description. A control based on the novel architecture (A2 NSD)
without self-description was unable to perform as an agent cannot learn dynamics without it. The description loss is essential to inform training of what the
animation generated leads to; while it is possible in theory for an agent to learn
dynamics without the self-description model being trained, we observe that the
latent self-description plays a key role in training eﬃciency. Training an agent
where the portrayal model was used to generate an explicit description for the
next step using the objective signal and the current animation (A2 ESD), lead
to animation output marginally better relative to A1. Thus, we observe that
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the latent self-description helps the agent construct coherent and eﬀective latent
spaces, as dynamics can be learnt more naturally.
Sampling Latent Dynamics: We deployed the same trained control used for
A2, but with random sampling of the dynamics models enabled when operating
(A2 RDY ). While the animations generated are overall similar, the mean being
used to calculate the vectors concerning the stochastic dynamics leads to significantly smoother motions. A consistent eﬀect is observed when an agent based
on A1.0 architecture is deployed in a mean sampling mode (A1 MDY ).

6

Conclusion

We have presented a novel agent architecture in this paper for animation generation using data-driven reinforcement learning. Relative to the former architecture, this leads to more computationally eﬃcient agent function, as there is no
extra step to generate an explicit description during operation.
We also examine the application of learned stochastic dynamics. Typically,
model-based RL work involve the stochastic dynamics being modelled via a normal distribution, which is sampled randomly to generate the latent vector given
the model inputs [5,6,8]. As more sample episodes are generated and training is
carried out, the model is trained to maintain the distribution accurately. This
leads to the values being generated by the dynamics learnt being approximately
similar the mean. However, while the diﬀerences in the random sampled values
and mean sampled values of the distributions are minute, we note that animation
sequences carry a sensitivity to subtle twitches and other artefacts. Therefore, the
stability provided by the mean sampling for the stochastic dynamics distribution
is more suited to animation. During training, the agent operates using random
sampling for updating model parameters and generating sample episodes. This
allows for the exploration of multiple trajectories in the latent space to determine the most ideal options. We assume after training is complete, the agent
has a strong understanding of the most ideal, realistic portrayal of behaviour.
Mean sampling is merely a direct querying of this assumed best understanding
of the dynamics. We believe that our ﬁndings on this matter can be applicable
to model-based RL being used in complex domains where the state and action
dimension counts are high and operation is sensitive to variations that concern
similar ﬁne margins.
The evaluation and sample output demonstrations show that the novel RLAnimate architecture can maintain modelling ﬂexibility and performance, while
eliminating the occurrence of artefacts. Previously, artefacts appeared routinely
in parts of behaviour that involved subtle movement. In our future work, we
plan to explore how RLAnimate agents can be trained to portray more complex
behaviour such as conversational gestures, and applied to produce believable and
cohesive sequences portraying composite human-like behaviour.
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Bratislav, Slovak Republic
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Abstract. Intrinsic motivation (IM) research is a promising part of reinforcement learning which can push artiﬁcial agents to completely new
frontiers. Namely, from agents with a simple action repertoire, driven by
the human engineered reward, to more autonomous agents with their own
goals and skill development, able to act successfully in the environments
which are unknown to their human designers. In this paper, we introduce an IM model, which combines via gating two diﬀerent motivational
signals: a prediction error estimated by the forward model and a predictive surprise estimated by the meta-critic. This approach accelerates
the exploration of the environment and hence the agent is able to ﬁnd
sources of an external reward in a shorter time than the baseline agents,
especially in case of sparse reward. We test this prediction using two
environments with dense reward (HalfCheetah and Ant) and two with
sparse reward (MountainCar and AerisNavigate), and show the superior
performance of an agent with a gated reward in most cases as expected.
The models are also compared using reliability measures related to dispersion and risk, calculated during learning. The source code is available
at https://github.com/Iskandor/MotivationModels.
Keywords: Reinforcement learning · Intrinsic motivation
error · Predictive surprise · Active exploration

1

· Prediction

Introduction

The development of reinforcement learning (RL) methods has achieved much
success over the last decade, since together with advances in computer vision
[11,15], it became possible to teach agents to solve various tasks, play simple
computer games [20], even surpassing human players [19]. Nevertheless, these
are still concrete single tasks. A lot of computational time has to be spent,
and the agents are given a lot of resources to manage to learn the aforementioned challenges in a reasonable time. However, coping with a complex (continuous) environment such as our world is still a challenge. There are several
I. Farkaš—This research was supported by KEGA grant no. 042UK-4/2019.
c Springer Nature Switzerland AG 2021

I. Farkaš et al. (Eds.): ICANN 2021, LNCS 12894, pp. 688–699, 2021.
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pathways oﬀering research opportunities. One is the search for new optimization and learning methods that would shorten the learning time or reduce the
amount of resources needed. Another is hardware development, which attempts
to adapt to the requirements of neural networks that are currently being used
in the ﬁeld of reinforcement learning.
The most popular approach to make RL more eﬃcient is based on intrinsic
motivation (IM) [2]. IM has a strong psychological motivation [25], since children acquire skills and knowledge about the world using their own drive and
experience without obvious reward from the outer environment. If we want to
achieve an open-ended development with artiﬁcial agents, we have to master this
ﬁrst step and equip them with an ability to generate their own goals and acquire
new skills. Therefore, computational approaches concerned with IMs and openended development are thought to have the potential to lead to the construction
of more intelligent artiﬁcial systems, in particular systems that are capable of
improving their own skills and knowledge autonomously and indeﬁnitely [2].
In this paper, we introduce a new version of a IM-based agent that is shown
to eﬃciently learn the tasks at hand. It selects between two diﬀerent motivation
signals generated by the forward model and the meta-critic. The selection is
based on simple rule performed by the gating module and its output signal is
added to external reward from the environment and serves as input for critic
which in turn generates the learning signal for actor.
In particular, we provide two main contributions: First, inspired by the deﬁnition of the predictive surprise motivation [22], we propose modiﬁcations to the
original formula and explored its impact on the learning process of agents. Second, we explore a gating approach to exploit the prediction error and predictive
surprise motivation signals generated in the intrinsic module of the agent. The
learning models are statistically compared using the reliability measures.

2

Related Work

The concept of intrinsic (and extrinsic) motivation was ﬁrst studied in psychology [25], and later entered the RL literature where the ﬁrst taxonomy of computational models appeared in [22]. Following this taxonomy, we can divide the
concept of motivation into external and internal, depending on the mechanism
that generates motivation for the agent. If the source of motivation comes from
outside, we are talking about external motivation, and it is always associated
with a particular goal in the environment. If the motivation is generated within
the structures that make up the agent, it is an internal motivation.
Another dimension for the diﬀerentiation, extrinsic or intrinsic, is less obvious. Extrinsic motivations pertain to behaviors whenever an activity is done
in order to attain some separable outcome. Some variability exists in this context, since these behaviors can vary in the extent to which they represent selfdetermination (see the details in [25]). On the other hand, intrinsic motivation
is deﬁned as doing an activity for its inherent satisfactions rather than for some
separable consequence (or instrumental value). It has been operationally deﬁned
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in various ways, backed up by diﬀerent psychological theories, which point to
some uncertainty in what IM exactly means. Nevertheless, Baldassarre [1] oﬀers
a solution of an operational deﬁnition of IMs as processes that can drive the
acquisition of knowledge and skills in the absence of extrinsic motivations. Furthermore, he proposes (and explains why) a new term of epistemic motivations
as a suitable substitution for intrinsic motivations.
According to the prevailing view, the computational approaches to IM can
be divided into two main categories with adaptive motivations. Knowledge-based
approach is focused on acquisition of knowledge of the world and draws on the
theory of drives, theory of cognitive dissonance and optimal incongruity theory.
Competence-based approach focuses on acquisition of skills by motivating the
agent to achieve a higher level of performance in the environment, which means
to acquire desired actions to achieve self-generated goals. Its psychological basis
includes the theory of eﬀectance and the theory of ﬂow.
The knowledge-based category is commonly divided into prediction-based
and novelty-based approaches. Prediction-based approaches often use a forward
model (e.g. [3,23,28]) or a variational autoencoder [14] to compute the prediction error (for more details, see [5]). The novelty-based approaches monitor the
state novelty and the intrinsic signal is based on its value. The ﬁrst models were
based on count-based approach [31]. This method is impractical for large or
continuous state spaces and it was extended by introducing pseudo-count and
neural density models [17,18,21]. A similar method to pseudo-count was used
by a random network distillation model [6] with a lower complexity.
It is an empirical question what is the best IM signal for a given task [26]. The
diﬃculty increases if an agent is supposed to learn multiple skills in the shortest
time. For instance, in [26] it is shown that intrinsic reinforcements purely based
on the knowledge of the system are not appropriate to guide the acquisition of
multiple skills and that the stronger the link between the IM signal and the
competence of the system, the better the performance. Hence, the combination
of both types seems to be useful. In a recent work [24] it is shown that the
combination of knowledge-based and competence-based IM signals leads to more
eﬃcient exploration and task learning.
The concept of a meta-critic (MC), or a module that learns to predict the prediction error is not new in reinforcement learning; it was introduced in early1990 s
within the adaptive curiosity framework [27], and has been extended in various
forms since then. Also the concept of exploration has been studied intensively,
one of the ﬁrst being the idea of an exploration bonus [30], later analyzed in
alternative ways in [10,29]. Related work on surprise-based approaches includes
Bayesian bio-inspired approach where surprise measures how data aﬀects an
observer, in terms of diﬀerences between posterior and prior beliefs about the
world [12]. We use a MC module in a novel role of gating two diﬀerent motivational signals, based on a prediction error and predictive surprise.
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Preliminaries

The decision making problem in the environment using RL is formalized as
a Markov decision process which consists of a state space S, action space A,
transition function T (s, a, s ) = p(st+1 = s |st = s, at = a), reward function R
and a discount
γ. The main goal of the agent is to maximize the discounted
factor
∞
return Rt = k=0 γ k rt+k in each state. Stochastic policy is deﬁned as a state
dependent probability
 function π : S × A → [0, 1], such that πt (s, a) = p(at =
a|st = s) and
a∈A π(s, a) = 1 and the deterministic policy π : S → A is
deﬁned as π(s) = a.
An agent following the optimal policy π ∗ maximizes the expected return R.
The methods searching for the optimal policy can be divided into on-policy (family of actor–critic algorithms), and oﬀ-policy (family of Q-learning algorithms)
methods. Actor–critic algorithms are based on two separate modules: an actor
which approximates agent’s policy π and generates actions and a critic that
estimates the state value function V π deﬁned as:


V π (s) =
π(s, a)
T (s, a, s ) [R(s, a, s ) + γV π (s )]
(1)
a

s

or action-state value function Qπ deﬁned as:

Qπ (s, a) =
T (s, a, s ) [R(s, a, s ) + γV π (s )]

(2)

s

The actor then updates its policy to maximize return R based on critic’s value
function estimations.

4

Methods

In this section we describe the formal approach to the intrinsic modEnvironment
ule based on the prediction error
and predictive surprise as shown
st
st+1
ret at
in Fig. 1. The module provides for
a short time a larger amount of
Agent
intrinsic reward to the agent, especially in the ﬁrst phases of learning.
Forward
Actor
Critic
Meta-critic
model
These bursts of intrinsic reward can
be interpreted as predictive surrit
- e
t
êt
Π(st,at)
prise, because there is a large diﬀerence between an estimated and the
Intrinsic motivation system
actual error of the forward model.
We propose two hypotheses:
First, the gating mechanism can Fig. 1. Proposed intrinsic motivation model
take the best of both reward sig- with a meta-critic module.
nals and signiﬁcantly improve the

692
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learning process in environments with sparse reward, so the agent should reach
optimal policy in shorter time and accumulate more external reward during
the training. Second, we expect that performance in environments with dense
rewards will be also improved because of more rapid exploration performed
mainly in the ﬁrst period of learning process. Both hypotheses are tested in
experiments. Now we describe its individual components.
4.1

Meta-critic

Our motivational module is based on two prediction modules. The ﬁrst module
is the forward model Π(st , at ) with parameters θfm which predicts the next state
ŝt+1 from current state and action
Π(st , at ; θfm ) = ŝt+1

(3)

The prediction error et is deﬁned as the normalized squared Euclidean distance
between the predicted state ŝt+1 and the next observed state st+1
et =

1
2
st+1 − ŝt+1 2
n

(4)

where n is the dimensionality of the state space. The intrinsic reward based on
the prediction error is deﬁned as
rtifm = et

(5)

Such intrinsic reward decreases as the FM improves its predictions. That
ideally occurs the transition from state st using action at to the next state st+1
which are well-known to the agent’s FM, because they were experienced several
times, and hence they no longer serve as a source of intrinsic motivation.
The second module estimates predictive surprise motivation which rewards
the states that occur but were not expected, or do not occur but were expected.
To formalize the expectations, we introduce another predictor MetaΠ and refer
to it as a meta-critic.1 It aims to estimate the error et of the ﬁrst predictor Π
at time t
(6)
MetaΠ(st , at ; θmc ) = eˆt
where θmc are MC parameters. In this way, we obtain qualitatively new information about the state of the agent’s internal model about the environment,
which describes how conﬁdent the agent is about its predictions. Based on this
information we propose a new intrinsic reward function

et /êt + êt /et − 2, if |et − êt | > σ
imc
(7)
rt =
0,
otherwise
If the MC correctly estimates the prediction error, the reward is close to 0 due to
constant 2 which is subtracted from the term. To prevent cases where the error
1

There is no connection to a critic estimating the value functions.
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estimation and prediction error are very small, but still generate some reward,
we introduced a sensitivity threshold σ which has to be exceeded. The reward
function deﬁned in this way can stimulate an agent if the prediction error is low
and its estimate is high, or vice versa, when the prediction error is high and its
estimate is low. The training of the proposed intrinsic module is straightforward
and can be approached as an optimization problem, formulated as


1
2
2
st+1 − ŝt+1  + et − êt 
min
(8)
θfm ,θmc n
4.2

Intrinsic Reward Gating

The proposed motivation model has two prediction modules generating two different IM signals. We decided to introduce the gating of reward signals such that
in each step of an episode, only one of the two signals is passed through. This is
aimed to model situations when the rarely occurring, unexpected event overrides
the prediction error reward whose magnitude is much smaller. The ﬁnal intrinsic
reward added to an external reward is deﬁned as
rti = max(fm tanh(rtifm ), mc tanh(rtimc ))

(9)

where the reward signals from both modules are scaled to the interval (−1, 1) and
then independently scaled by a respective factor . This procedure was informed
by an observation that predictive surprise motivation often outperforms common
prediction error motivation and leads to an eﬀect of sudden surprise for the agent.
Without surprise the agent is driven by prediction error motivation.
The ﬁnal instantaneous reward rt provided to the critic is deﬁned as
rt =

rte

+

rti

(10)

where rte is the instantaneous external
reward and rti was deﬁned in Eq. 9. The
above mentioned types of reward were used
in four diﬀerent agents listed in Table 1.

5

Experiments

Table 1. Agents with their respective motivation signals.
Agent type
Motivation
Baseline
Forward model
(FM)
Meta-critic (MC)
Meta-critic gated
(gMC)

None
rifm (Eq. 5)
rimc (Eq. 7)
ri (Eq. 9)

To appreciate the behavior of the proposed models, we tested them in four
environments of diﬀerent complexity, namely MountainCar available in OpenAI Gym [4], AerisNavigate available in gym-aeris package, then HalfCheetah
and Ant from PyBullet Gym [8]. All environments have continuous state and
action spaces. MountainCar present a challenge for exploration, because the
agent receives a negative reward according to the magnitude of its action vector,
and if it does not ﬁnd a positive reward fast enough, the policy will converge into
the agent’s inactivity in the extreme case. AerisNavigate environment is the most
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diﬃcult due to a very sparse reward obtained only at the end of an episode. The
goal of MountainCar, and AerisNavigate agents is to reach a speciﬁc location
in the state space: the top of the hill and the target area that changes in each
episode, respectively. The next two environments (HalfCheetah, Ant) provide
a dense reward signal, as a mixture of positive and negative rewards per step.
Here the task of the agents is to reach the maximum distance from the starting
location until the step limit is over.
We divided our experiments in two parts. The ﬁrst consists of testing the
agent with the MC module in described environments to compare the results
with the baseline models. In the second part, we focus on a statistical analysis
of all models using the speciﬁc metrics, measuring model reliability, intrinsic
reward density and distribution.
5.1

Model Training Setup

All our agents are trained using DDPG algorithm [16] that has been shown to
work well in many tasks. The agent’s deterministic policy is approximated by
an actor and Q-value function is approximated by a critic. The actor and critic
are represented by three-layer neural networks and for parameter optimization
of both modules we used Adam algorithm [13]. The learning rates of actor and
critic in all environments were αact = 0.0001 and αcrit = 0.0002, respectively.
Exploration was performed by adding noise to the actor’s output, generated
by random variable with Gaussian distribution and monotonically decreasing
standard deviation. All environments had a discount factor set to γ = 0.99 and
in all our experiments, fm = mc = 1, except the experiments in AerisNavigate environment, where fm = mc = 0.01. More hyper-parameters and further
details of the learning process can be found in our source codes. To model a less
complex environment, with low state space dimension (MountainCar), we used
three-layer neural networks (for both FM and MC) and the models were trained
by Adam algorithm, in online manner adapting to actual samples experienced
by the agent. We chose the learning rate values αfm = 0.0001, αmc = 0.0002,
respectively, slightly increasing the learning speed of MC to improve the speed
of estimation of FM error which represents moving target in this case. Based on
preliminary tests we increased the depth of neural networks for more complex
environments (HalfCheetah and Ant) to increase their capacity and we decided
to use ﬁve-layer neural networks. We also employed an experience replay buﬀer,
Table 2. Average cumulative reward per step for all models and tasks.
Model/Env

MountainCar AerisNavigate HalfCheetah

Ant

Baseline

53.4 ± 58.4

0.35 ± 0.90

1021.8 ± 414.8

990.4 ± 450.8

Forward model

54.8 ± 59.3

0.44 ± 0.86

1060.1 ± 447.6

1287.9 ± 562.0

Meta-critic

60.2 ± 52.7

0.30 ± 0.89

1010.3 ± 401.6

1178.6 ± 540.1

Meta-critic gated 66.1 ± 55.6

0.48 ± 0.86

1073.7 ± 421.1 1246.6 ± 563.8
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Fig. 2. Simulation results of the four agent types trained in four environments. The
gMC agent was the most successful in MountainCar and AerisNavigate environments,
and also reached interesting performance in Ant environment. The learned policies of
IM-based agents in HalfCheetah environment do not diﬀer much from the baseline.

(a) AerisNavigate

(b) Ant

Fig. 3. Detailed analysis of the gated meta-critic for two chosen environments showing
measured quantities within a single run. The ﬁrst chart of 3a shows cumulative rewards
and the second chart reveals a distribution of magnitude of intrinsic reward within the
entire training. The same holds for 3b. All charts are smoothed by a moving average
with window size of 10,000 steps (for interpretation, see the text).

often used in oﬀ-policy learning algorithms to decorrelate the samples, e.g. [20],
generating batches of size 32 used for learning of FM as well as MC (each having
its own sample batch). Slightly diﬀerent modules were needed for AerisNavigate environment, where the input was represented as multi-channel tensor of
Lidar signals. To implement the FM we used four 1D-conv operators and then
one transposed 1D-conv followed by one 1D-conv operator to create prediction
about the next states. The MC module has the same structure with an additional
linear layer on the top, estimating the FM error.
5.2

Model Comparison

For all the environments we performed 15 training runs of each variant: the
baseline had no motivation, the FM used the prediction error motivation, MC
had only predictive surprise motivation and ﬁnally the gMC combined both predictive motivations. To evaluate performance of agents we ran basic analysis
in which we calculated mean and standard deviation of accumulated external
reward and the results can be found in Table 2 and Fig. 2. Each curve represents an average cumulative external reward for each step smoothed by running
average with window size of 105 steps (10 episodes). According to these met-
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Table 3. Relative proportion (prediction error / predictive surprise) of intrinsic reward
signals (averaged over runs) for the gated meta-critic agents across four quarters of the
training.
Environment

Q1

Q2

Q3

Q4

MountainCar 99.64/0.36 % 100.00/0.00% 100.00/0.00% 100.00/0.00%
AerisNavigate 97.96/2.04% 98.71/1.29% 98.64/1.36% 98.50/1.50%
HalfCheetah
Ant

91.15/8.85%
90.28/9.72%

93.73/6.27% 93.90/6.10%
90.78 / 9.22% 92.31/7.69%

94.38/5.62%
93.03/6.97%

rics, gMC agent reached the highest values in four environments (MountainCar,
AerisNavigate and HalfCheetah). In two cases (HalfCheetah, Ant) the results
were very similar to the other agents, hence not supporting our hypothesis. In
Fig. 3 we present single runs of two chosen environments. We can see the evolution of external and intrinsic rewards (left graph) and a distribution of the
prediction error and predictive surprise rewards (right graph).
To measure how often is predictive surprise the source of intrinsic reward
we divided each training run into 4 quarters (e.g. for run with 1M steps Q1: 0–
0.25M, Q2: 0.25–0.5M, etc.). We evaluated average density of predictive surprise
occurrence for each quarter. The results are provided in Table 3. For completeness
and comparison, we also added data for prediction error based reward. In most
cases, we can see a decreasing tendency of predictive surprise average density as
the learning proceeds to its ﬁnal phase (Q4).
5.3

Assessment of Model Reliability During Learning

To obtain a quantitative comparison of the RL models, we evaluated selected
measures of reliability, following [7]. They proposed three axes of variability,
of which the ﬁrst two capture reliability “during training”. Across Time measures the algorithm stability within each run, whereas Across Runs measures
consistently reproducible performances across multiple training runs.
For both axes of variability, two kinds of measures are evaluated: dispersion
and risk. Dispersion, as the width of the distribution, is taken as the Interquartile range (IQR) (i.e. the diﬀerence between the 75th and 25th percentiles),
which is suitable for nonnormal distributions. Risk is deﬁned as the heaviness
and extent of the lower tail of the distribution. To measure risk, Conditional
Value at Risk (CVaR) is used, measuring the expected loss in the worst-case
scenarios. For motivation for these measures and more detailed explanation, the
reader is referred to [7].
The RL algorithms are evaluated in Fig. 4, separately for sparse and dense
rewards, in terms of dispersion and risk across runs which were found most
informative. Dispersion proﬁles are consistent with variability of learning curves
in Fig. 2 and reveal the fact the IM-based agents, and in particular gMC agent,
outperform the baseline in most cases. Risk proﬁles provide a new information,
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since they focus on worst-case behaviors. Here, the evidence shows that gMC
excels in two cases (MountainCar and Ant) and is never inferior to other agents.

Fig. 4. Selected reliability measures (across runs) assessed for each environment and
four learning agent types. Better reliability is indicated by less positive values in case
of dispersion, and more positive values in case of risk.

6

Discussion

The process of learning with motivation based on gating the predictive surprise
and the prediction error introduces quite complex interactions among all modules
(actor, critic, forward model and meta-critic). Presented analyses suggest that it
is necessary to employ a suitable FM architecture with a suﬃcient capacity and
an appropriate training technique to take advantage of both signals. In case the
FM cannot adapt quickly and hence exhibits unstable behaviour, it introduces
much more noise into the model. It is also more diﬃcult for the MC to estimate
an error with higher variance, which leads to generating more surprise.
We consider the gMC agent successful in two sparse environments (MountainCar and AerisNavigate), where it outperformed the other agents. For the dense
environment HalfCheetah, the external reward is suﬃciently informative, and
hence adding another source of reward did not induce signiﬁcant improvement.
A diﬀerent situation occurred in Ant dense environment where the IM agents
converged to more successful policies. There is also an open question of scaling the intrinsic reward. We set the scaling parameter so that the accumulated
intrinsic reward had a magnitude similar to the accumulated external reward
but it would be beneﬁcial to try further experiments with diﬀerent scales. One
of the shortcomings of our approach is the forgetting in FM and MC despite
their being trained from the replay buﬀer. This is noticable particularly in case
of AerisNavigate (in Fig. 3). In the late phase of training, when the policy was
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quite stable and the agent was experiencing a smaller set of diﬀerent trajectories, its actor module became overtrained and the policy collapsed for a short
time. This caused large errors in FM predictions despite the fact, that this worse
policy had been experienced earlier (or similar, resulting in a similar accumulated external reward). A sudden change in the prediction error induced surprise
which increased the amount of intrinsic reward motivating the agent to further
explore this worsened policy, which obviously had an undesirable eﬀect. We consider the presented method and results of our experiments as a viable proof of
concept of a broader research focusing on combining diﬀerent motivation signals.
We proposed an intrinsic motivation model based on the prediction error and
the predictive surprise, by introducing another predictor – meta-critic – that
estimates the error of the forward model. Predictive surprise represents a qualitatively new information in the form of an intrinsic signal. We performed tests
of models with motivation based on predictive surprise and models combining
prediction error motivation and surprise by simple gating.
With the gating approach we obtained interesting results, which demonstrate
in three tasks the beneﬁt of adding the IM module and also provide insight
that combining two motivation signals is a viable approach with not yet fully
explored potential. Further improvements of the model will be sought, based on
ﬁne-tuning its parameters and modiﬁcation of its architecture.
We were able to construct intrinsic signals based on the outputs of our predictive modules which can refer to diﬀerent types of behavior. We plan to identify
some basic behaviours in psychology and create corresponding intrinsic signals
[9]. We believe that combination of these basic rewards could lead to more complex behaviours narrowing the gap between machines and humans.
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