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   Abstract—In  this  paper,  a  novel  finite-time  distributed
identification  method  is  introduced  for  nonlinear  interconnected
systems.  A  distributed  concurrent  learning-based  discontinuous
gradient  descent  update  law  is  presented  to  learn  uncertain
interconnected  subsystems’ dynamics.  The  concurrent  learning
approach  continually  minimizes  the  identification  error  for  a
batch of previously recorded data collected from each subsystem
as  well  as  its  neighboring  subsystems.  The  state  information  of
neighboring interconnected subsystems is acquired through direct
communication. The overall update laws for all subsystems form
coupled continuous-time gradient flow dynamics for which finite-
time Lyapunov stability analysis is performed. As a byproduct of
this  Lyapunov  analysis,  easy-to-check  rank  conditions  on  data
stored  in  the  distributed  memories  of  subsystems  are  obtained,
under  which  finite-time  stability  of  the  distributed  identifier  is
guaranteed.  These  rank  conditions  replace  the  restrictive
persistence of excitation (PE) conditions which are hard and even
impossible  to  achieve  and  verify  for  interconnected  subsystems.
Finally, simulation results verify the effectiveness of the presented
distributed method in comparison with the other methods.
    Index Terms—Distributed  concurrent  learning,  finite-time  identifi-
cation, nonlinear interconnected systems, unknown dynamics.
  

I.  Introduction

INTERCONNECTED  systems  are  composed  of  several
(possibly  heterogeneous)  physically  connected  subsystems

influencing  each  other’s  behavior.  Numerous  engineering
systems  with  practical  relevance  belong  to  this  class  of
systems,  including  intelligent  buildings,  power  systems,
transportation  infrastructure  and  urban  traffic  systems.
Typically,  distributed  control  and  monitoring  methods  for
interconnected  systems  rely  on  high-fidelity  models  of  the
subsystems.  Designing  controllers  based  on  coarse  dynamic
models  and  without  generalization  guarantees  may  induce
closed-loop  systems  with  poor  performance  or  may  even
result  in  instability.  Moreover,  failure  in  accurate  and  timely

identification  of  the  dynamics  of  a  single  subsystem  may
snowball into an entire network instability due to the physical
interconnections among subsystems.

However,  identifying  the  dynamics  of  interconnected  sys-
tems  is  challenging  due  to  the  physical  interconnections
among the subsystems. This makes the existing system identi-
fication methods for single-agent systems not directly applic-
able to interconnected systems. Developing system identifiers
with  finite-time  guarantees  for  interconnected  systems  is  of
utmost  importance in practice,  since it  allows the designer to
preview  and  quantify  the  identification  errors.  The  preview
and qualification of the error bounds can in turn be leveraged
by  the  control  and/or  monitoring  systems  to  avoid  conserva-
tionism.  Otherwise,  the  conservationism  introduced  due  to
slow or asymptotic convergence can degrade the interconnec-
ted system performance. This motivates the goal of this paper,
which is to design an online distributed identifier for intercon-
nected systems with finite-time convergence properties.

Different types of multi-agent systems’ learning approaches,
classified  as  centralized,  decentralized,  and  distributed
identification methods, typically employed in control of multi-
agent  systems  [1]−[5],  can  be  adopted  to  identify  interconn-
ected  system  dynamics.  Centralized  identification  methods
rely  on  the  existence  of  a  learning  center  that  receives  data
from all  subsystems and identifies the dynamics of the entire
network. The centralized approach, however, comes at a high
computation  and  communication  cost  and  requires  access  to
the  global  knowledge  of  the  subsystems’ interconnection
network.  By  contrast,  in  the  decentralized  learning,  an
independent identifier is allocated for every subsystem which
only relies on the subsystem’s own information to identify its
dynamics.  Since  there  is  no  exchange  of  state  information
among the subsystems, decentralized identifiers are unable to
identify  the  interconnection  terms  in  the  dynamics  of
subsystems.  On  the  other  hand,  distributed  learning  methods
can accurately identify the interconnected system dynamics by
employing  a  local  identifier  for  every  subsystem  while
allowing  it  to  communicate  its  state  information  with  its
neighboring  interconnected  identifiers.  In  contrast  to  the
centralized method, in the distributed identification approach,
no  access  to  the  global  knowledge  of  the  interconnection
network is required.

The distributed identification of interconnected systems can
be  performed  either  online  or  offline.  Generally,  in  offline
(batch) distributed identification [6], a rich batch of data must
be  collected  from  each  subsystem  and  its  neighboring
subsystems to provide high confidence generalization guaran-
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tees across the entire operating regimes of subsystems [7]−[11].
In  the  batch  learning,  finite-time  or  non-asymptotic  converg-
ence  refers  to  generalized  guarantees  provided  by  finite
number  of  samples  satisfying  the  condition  of  independent
and  identically  distributed  (i.i.d)  which  is  difficult  to  obtain
and hard to verify in closed-loop interconnected systems.  On
the  other  hand,  online  distributed  identification,  which  is  the
problem of  interest  in  this  paper,  uses  online  data  from each
subsystem  and  its  neighboring  subsystems  to  learn  the
dynamics of interconnected system in real time. Nevertheless,
standard  approaches  for  online  identification  require  the
restrictive  persistence  of  excitation  (PE)  condition  [12],  [13]
to  ensure  generalization  and  exact  parameter  convergence.
This  includes  online  identification  of  interconnected  systems
using  both  decentralized  [14],  [15]  and  distributed  [16],  [17]
learning  approaches.  The  PE  condition,  however,  is  hard  to
achieve and to verify online and its satisfaction is much more
challenging  for  interconnected  subsystems  compared  to
single-agent  systems.  This  is  because  the  regressor’s  PE
condition for a subsystem not only depends on the richness of
its  own  data  but  also  the  interactive  data  collected  from  its
interaction with its neighboring subsystems.

To  satisfy  the  regressor’s  PE  condition  in  interconnected
systems,  all  subsystems  must  synchronously  inject  probing
noises into their control systems to excite their dynamics and
consequently  to  produce  rich  data  for  the  entire  network  of
subsystems.  Designing  such  a  probing  noise  for  every
subsystem to collectively satisfy the regressors’ PE conditions
for  all  subsystems  while  not  jeopardizing  the  overall  system
stability  is  a  daunting  challenge  due  to  the  subsystems’
interconnectivity: the probing noise can snowball in the entire
network  and  lead  to  the  system  instability.  Therefore,
designing an identification method for interconnected systems
without  requiring  restrictive  PE  conditions,  for  which  their
satisfaction  can  deteriorate  the  system’s  stability  and
performance, is of vital importance.

To  relax  the  restrictive  PE  condition,  the  concurrent
learning (CL) technique has been widely leveraged [18]−[31].
However,  existing  CL  results  are  limited  to  control  and
identification  of  single-agent  systems.  In  CL  methods,  past
recorded  data  are  replayed  along  with  the  current  stream  of
data in the update law to not only minimize the identification
error  for  the  current  data  but  also  for  the  batch  of  recorded
data.  CL  methods  [18]−[27]  typically  guarantee  the  asymp-
totic convergence of the estimated parameters. Recently, a few
CL-based  methods  [28]−[31]  provided  the  finite-time
convergence  for  the  estimated  parameters.  However,  all  the
aforementioned  finite-time  approaches  are  dealing  with
identification of a single dynamic system. For interconnected
systems, the identification error dynamics are only guaranteed
to be locally uniformly ultimately bounded [14]−[17].

Based  on  the  concept  of  finite-time  stability  [32],  several
finite-time  control  methods  have  been  developed  for  output
feedback control [33] and multi-agent system consensus [34],
[35]. In finite-time control design methods, the controllers are
designed to guarantee finite-time stability of the system dyna-
mics  or  tracking  error  dynamics  where  either  no  learning  is
accomplished  or  some  observers  are  used  along  with  identi-

fiers whose identification precision is  not  taken into account;
therefore, there is no requirement on the data richness.

Moreover,  several  distributed  asymptotic-convergent
estimators  have  been  designed  in  [36],  [37]  to  estimate  the
system states  or  a  specific  parameter  for  multi-agent  systems
with  known  dynamics  for  which  the  learning  objectives  and
therefore  the  rich  data  recording  do  not  exist.  In  contrast,  in
the  multi-agent  system  identification,  a  precise  model  of  the
system is not available and the richness of the employed data
affects  the  identification  results.  For  the  multi-agent  system
identification,  specifically  interconnected systems,  finite-time
approaches  are  essential  to  assure  collecting  rich  data  to
identify  the  system dynamics  in  finite  time.  However,  finite-
time identification of interconnected systems is unsettled.

This  paper  aims  to  identify  the  interconnected  system
dynamics  in  finite  time  by  proposing  a  novel  distributed
discontinuous  CL-based estimation law without  requiring the
standard  regressors’ PE  condition.  To  this  end,  a  distributed
finite-time  identifier  is  allocated  to  every  subsystem  that
leverages  local  communication  to  not  only  learn  the  subsy-
stem’s  own  dynamics  but  also  the  interconnected  dynamics
based on its own state and input data, and its neighbors’ state
information.  Moreover,  in  order  to  relax  the  regressors’ PE
condition and guarantee finite-time convergence,  a discontin-
uous  distributed  CL-based  gradient  descent  update  law  is
presented.  Using  the  presented  update  law,  every  local
identifier minimizes the identification error at the current time
based on the current stream of data from its own state and that
of  its  neighbors  as  well  as  the  identification  error  for  data
collected  in  a  rich  distributed  memory.  Since  finite-time
convergence  is  possible  only  with  discontinuous  or  non-
lipschitz dynamics [38], the discontinuous gradient flow of the
identification  errors  for  the  stored  samples  is  leveraged.  The
dynamics of the gradient flows are analyzed using finite-time
stability and it  is  shown that for every subsystem an easy-to-
verify  rank  condition  on  the  matrix  containing  the  recorded
filtered  regressor  data  (that  is  used  to  avoid  state  derivative
measurements) is sufficient to ensure finite-time convergence.
Furthermore,  joint  optimization  over  data  sampling  and
modeling  error  is  possible  in  this  framework:  data  optimiz-
ation can be  performed to  optimize  the  spectral  properties  of
the  recorded  interactive  data  by  replacing  old  data  with  new
rich  data  to  improve  the  convergence  speed  of  the  modeling
error.  In  sharp  contrast,  there  is  no  mechanism  in  standard
identification  methods  to  optimize  over  data  or  check  if  the
regressor’s PE condition is satisfied.

Two  different  cases  are  considered  in  this  paper:  1)
Realizable  system  identification  for  which  there  is  a  set  of
model parameters that  can make the identification error zero.
That is, the minimum functional approximation error (MFAE)
is  zero  and  is  realized  by  an  optimal  set  of  unknown system
parameters;  and  2)  Non-realizable  system  identification  for
which  there  are  no  model  parameters  that  result  in  zero
identification  error.  For  Case  2,  the  subsystems  have
mismatch identification errors  and their  MFAEs are nonzero.
In both cases, linearly parameterized universal approximators
such  as  radial  basis  function  neural  networks  are  used  to
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model the uncertain system functions. It is shown that under a
verifiable  rank  condition,  the  proposed  approach  results  in
finite-time  zero  identification  error  for  Case  1  (which  is  a
special  form  of  Case  2)  and  finite-time  attractiveness  to  a
bound near zero for Case 2.

The main contributions of this paper are as follows.
i)  A  novel  finite-time  distributed  CL  identification  method

is  presented  for  nonlinear  interconnected  systems.  The
proposed discontinuous distributed CL estimation law ensures
the  finite-time  convergence  of  the  approximated  parameters
without requiring the regressors’ PE condition.

ii)  In  the  proposed  distributed  CL,  every  distributed
identifier leverages a local state communication with its neigh-
boring  subsystems  to  collect  and  employ  a  rich  distributed
memory to relax the regressor’s PE condition and identify its
own interconnected subsystem dynamics in finite time.

iii)  Based  on  finite-time  Lyapunov  analysis,  when  there  is
zero  MFAE,  the  finite-time  convergence  of  interconnected
system parameters is ensured through rigorous proofs. For the
case  with  non-zero  MFAE,  finite-time  attractiveness  of  the
interconnected  system  parameters’ estimation  error  is  gua-
ranteed.

iv)  Finally,  the  upper  bounds  of  the  settling-time functions
for  the  finite  convergence  time are  provided as  a  function  of
distributed memory data richness.

G(V,Σ)
V = {1,2, . . . ,N}

Σ ⊂V×V (i, j) ∈ Σ

Ni = { j : ( j, i) ∈ Σ}
|Ni| Ni i = 1, . . . ,N

stack(x,y)
∥x∥

x ∈ Rn ∥A∥
λmin(A) λmax(A)

Notation: The  network  of  subsystems  in  an  interconnected
system  is  shown  by  a  bidirectional  graph ,  where

 is  the  set  of  vertices  representing N
subsystems and  is the set of graph edges. 
indicates that there exists an edge from node i to node j which
indicates the interconnection between subsystems i and j. The
set  of  neighbors of  node i is  shown by  and

 is  the  cardinality  measure  of  the  set , .
Throughout  the  paper, I is  the  identity  matrix  of  appropriate
dimension.  is an operator which stacks the columns
of x and y vectors  on  top  of  one  another.  denotes  the
vector norm for ,  shows the induced 2-norm of the
matrix A.  and  denote  the  minimum  and
maximum eigenvalues of the matrix A, respectively.  

II.  Preliminaries and Problem Formulation
  

A.  Preliminaries
Consider  the  following  nonlinear  system  with  the

equilibrium point in the origin:
 

ẏ(t) = F(t,y), y(0) = y0 (1)
y ∈ Dy F : R+×Dy 7→ Dy Dy ⊂ Rnwhere ,  and  is  an  open

neighborhood of the origin.
y(t)

η1 η2
T ∈ R+ y(t)

∀t ∈ R+

Definition 1 (Persistence of excitation [12]): A signal  is
persistently  exciting  if  there  are  positive  scalars ,  and

,  such  that  the  following  condition  on  (PE
condition) is satisfied for :
 

η1I ≤
w t+T

t
y(τ)yT (τ)dτ ≤ η2I.

Definition  2  (Finite-time  stability  [32]): The  system  (1)  is
said to be

1)  Finite-time  stable,  if  it  is  asymptotically  stable  and  any

y(t,y0)
y(t,y0) = 0,∀t ≥ T (y0) T :Dy 7→ R+∪{0}

solution  of  (1)  reaches  the  equilibrium  point  in  finite
time,  i.e., ,  where  is
the settling-time function.

y(t,y0)
∀t ≥ T (y0) T :Dy 7→ R+∪{0}

2) Finite-time attractive to an ultimate bounded set Y around
origin,  if  any  solution  of  (1)  reaches Y in  finite-time
and  stays  there  where  is  the
settling-time function.

V :Dy 7→ R+∪{0}
α > 0

0 < r1 < 1 V(y)

Lemma 1 [32]: Suppose that there exists a positive definite
continuous  function  in  an  open  neighbor-
hood  of  the  origin  and  there  exist  real  numbers  and

 such that  is positive definite and
 

V̇(y) ≤ −αVr1 (y).
Then,  the  system  (1)  is  finite-time  stable  with  a  finite

settling-time
 

T (y0) ≤ 1
α(1− r1)

V1−r1 (y0)

y0 ∈ Dyfor all .
x = [x1, x2, . . . , xn]T ∈ Rn

∥x∥p = (
∑n

i=1 |xi|p)
1
p

0 < r < s

Fact 1: In general, for a vector , the
p-norm  is  defined  as .  Moreover,  for
positive  constants r and s,  if ,  then  based  on  Hölder
inequality [39], one obtains
 

∥x∥s ≤ ∥x∥r ≤ n
1
r −

1
s ∥x∥s.

  

B.  Problem Formulation
Consider  the  following  nonlinear  interconnected  system

composed of N uncertain subsystems described by:
 

ẋi(t) = fi(xi(t))+gi(xi(t))ui(t)

+∆i(xi(t), x j(t)| j∈Ni ), i = 1, . . . ,N (2)
xi = [xi1, xi2, . . . , xin] ∈ Di ⊂ Rn

ui ∈ Du ⊂ Rm i, i = 1, . . . ,N
Di Du fi :Di 7→ Rn gi :Di 7→ Rn×m

∆i :DNi 7→ Rn

DNi ⊂ Rn(|Ni |+1)

where  is  the  state  and
 is  the  control  input  of  subsystem ;

 and  are compact sets. ,  and
 are  the  unknown  nonlinear  drift,  input  and

interconnection terms with , respectively.
This paper aims to present an identification method to learn

the unknown dynamics of the nonlinear interconnected system
(2) in finite time and in a distributed fashion.

fi(xi(t)) gi(xi(t))
xi(t) ∆i(xi(t), x j(t)| j∈Ni )

xNi (t) xNi (t) = stack (xi(t), x j(t))
∣∣∣
j∈Ni

Assumption  1:  and  are  both  locally
Lipschitz in  and  is locally Lipschitz in

 where .
In  order  to  learn  the  subsystems’ uncertain  dynamics  in  a

distributed  fashion,  first,  every  subsystem  dynamics  (2)  is
formulated  into  a  distributed  filtered  regressor  form.  The
distributed  filtered-regressor  form  presents  the  subsystems’
states  with  a  time-varying  regressor  for  which  the  dynamic
flow of regressors are known and depend on the subsystem’s
states  and  inputs,  as  well  as  its  neighbors’ states.  This  will
allow to present update laws without requiring to measure the
state derivatives of the subsystems and their neighbors [13].

fi(xi) gi(xi) ∆i(xi, x j(t)| j∈Ni )
i = 1, . . . ,N

To  develop  filtered  regressors,  linearly  parameterized
adaptive  approximation  models  are  first  used  to  respectively
represent ,  and  for  every  subsy-
stem i,  as follows:
 

fi(xi(t)) = f̂i(xi(t),Θ∗i )+ e fi (xi(t)) (3)
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gi(xi(t)) = ĝi(xi(t),Φ∗i )+ egi (xi(t)) (4)
 

∆i(xi(t), x j(t)| j∈Ni ) = ∆̂i(xi(t), x j(t)| j∈Ni ,Ψ
∗
i )

+ e∆i (xi(t), x j(t)| j∈Ni ) (5)
where
 

f̂i(xi(t),Θ∗i ) = Θ∗Ti φi(xi(t)) (6)
 

ĝi(xi(t),Φ∗i ) = Φ∗Ti χi(xi(t)) (7)
 

∆̂i(xi(t), x j(t)| j∈Ni ,Ψ
∗
i ) = Ψ∗Ti υi(xi(t), x j(t)| j∈Ni ) (8)

 

e fi (xi) = sup
xi∈Di

∥∥∥ fi(xi)− f̂i(xi,Θi)
∥∥∥ (9)

 

egi (xi) = sup
xi∈Di

∥gi(xi)− ĝi(xi,Φi)∥ (10)

 

e∆i (xi, x j| j∈Ni ) =

sup
xi∈Di,x j∈D j

∥∥∥∆i(xi, x j| j∈Ni )− ∆̂i(xi, x j| j∈Ni ,Ψi)
∥∥∥ . (11)

Θ∗i ∈ D f ⊂ Rpi×n Φ∗i ∈ Dg ⊂ Rqi×n Ψ∗i ∈
D∆ ⊂ Rri×n

The  matrices , , 
 represent  the  unknown  optimal  adaptive  parame-

ters for the approximators given as follows:
 

Θ∗i = arg min
Θi∈D f

{
e fi (xi)

}
(12)

 

Φ∗i = arg min
Φi∈Dg

{
egi (xi)

}
(13)

 

Ψ∗i = arg min
Ψi∈D∆

{
e∆i (xi, x j| j∈Ni )

}
(14)

φi :Di 7→ Rpi χi :Di 7→ Rqi υi :DNi 7→ Rri

pi qi ri
fi(xi) gi(xi)

∆(xi, x j| j∈Ni) e fi (xi) egi (xi)
e∆i (xi, x j| j∈Ni )

fi(xi) gi(xi) ∆i(xi, x j| j∈Ni )

f̂i(xi,Θi) ĝi(xi,Φi) ∆̂i(xi, x j| j∈Ni ,Ψi)
fi(xi) gi(xi)

∆i(xi, x j| j∈Ni ) e fi = egi = e∆i = 0

and , ,  are  the  basis
functions,  such  that ,  and  are  the  number  of  linearly
independent  basis  functions  to  approximate ,  and

,  respectively.  The  quantities ,  and
,  defined  in  (9)−(11)  are,  respectively,  the

MFAEs  for ,  and ,  denoting  the
residual  approximation  errors  for  the  case  of  optimal
parameters.  As  a  special  case,  if  the  adaptive  approximation
models ,  and  can  exactly
approximate  the  unknown  functions ,  and

, respectively, then, .
Remark  1: Generally,  adaptive  approximators  can  be

classified  into  linearly  parameterized  and  nonlinearly
parameterized [13]. Linearly parameterized approximators are
more  common  in  the  literature  of  adaptive  control  because
they  provide  mechanism  to  derive  stronger  analytical  results
for  stability  and  convergence.  Linearly  parameterized
approximators  are  different  and  more  general  than  linear
models. In linear models, the entire structure of the system is
assumed to be linear. In linearly parameterized approximators,
the  unknown  nonlinearities  are  estimated  by  nonlinear
approximators,  where  the  weights  (parameter  estimates)
appear linearly with respect to nonlinear basis functions.

Θ∗i Φ
∗
i

Ψ∗i
φi(xi(t)) χi(xi(t)) υi(xi(t), x j(t)| j∈Ni )

Remark  2: The  linearly  parameterized  approximation
models  as  given  in  (6)–(8),  are  linear  in  parameters , ,
and ,  respectively,  and  their  corresponding  basis  functions

, , and , respectively, contain
some  nonlinear  functions.  We  consider  two  different  cases
[40]: 1) In the first case, the hypothesis class is assumed to be

e fi (xi(t)) egi (xi(t)) e∆i (xi(t), x j(t)| j∈Ni

realizable. That is, the identification is realizable as there is a
perfect  hypothesis  within  the  hypothesis  class  (i.e.,  basis
functions  and  their  corresponding  optimum  weights)  that
generates no error. 2) In the second case, the hypothesis class
is  assumed  to  be  not  realizable  (all  system  parameters  make
some  identification  error).  For  the  first  case,  the  nonlinear
basis  functions  completely  capture  the  subsystem  dynamics
(i.e., ,  , given  in  (9)−(11),
are zero) and only parametric uncertainty exists and therefore,
the  MFAE  is  zero.  For  the  second  case,  the  basis  functions
cannot  fully  capture  the  dynamics  of  the  subsystems  and
mismatch error exists and therefore, the MFAE is nonzero for
all hypotheses.

By  using  (3)−(8),  each  subsystem  dynamics  (2)  can  be
rewritten as
 

ẋi(t) =W∗Ti zi(xi(t),ui(t), x j(t)| j∈Ni )

+εi(xi(t),ui(t), x j(t)| j∈Ni ) (15)
W∗i ∈ R(pi+qi+ri)×n zi(xi,ui, x j| j∈Ni ) ∈ R(pi+qi+ri),where , 

 

W∗i = [Θ∗Ti ,Φ
∗T
i ,Ψ

∗T
i ]T

 

zi(xi,ui, x j| j∈Ni ) = [φT
i (xi),uT

i χ
T
i (xi),υT

i (xi, x j| j∈Ni )]
T

 

εi(xi(t),ui(t), x j(t)| j∈Ni ) = e fi (xi(t))+ egi (xi(t))ui

+ e∆i (xi(t), x j(t)| j∈Ni ).

εi
Di Du DNi

supxi∈Di,x j∈D j,ui∈Du
∥εi(xi,ui, x j| j∈Ni )∥ ≤ bε bε ≥ 0

Assumption  2: The  approximation  error  are  bounded
inside  compact  sets ,  and .  That  is,

 with .  The
approximators’ basis  functions  are  also  bounded  in  the
mentioned compact sets.

ẋi(t)
A  distributed  filtered  regressor  is  now  formulated  to

circumvent  the  requirement  of  measuring ,  and  is
leveraged by the update law later.  For  regressor  filtering,  the
dynamics (15) is rewritten as
 

ẋi = −Cxi+W∗Ti zi(xi,ui, x j| j∈Ni )+Cxi+εi (16)
C = cI,c > 0 i = 1, . . . ,Nwhere  and .  The  state  space  solution

to state model (16) can be expressed as
 

xi = e−Ct xi(0)+
w t

0
e−C(t−τ)[W∗Ti zi(xi(τ),ui(τ), x j(τ)| j∈Ni )

+Cxi(τ)+εi(τ)]dτ. (17)
Now, one can rewrite (17) as follows:

 

xi =W∗Ti di(t)+ cli(xi)+ e−Ct xi(0)+εxi (t) (18)
 

ḋi(t) = −cdi(t)+ zi(xi,ui, x j| j∈Ni ), di(0) = 0

l̇i(t) = −Cli(xi)+ xi(t), li(0) = 0, i = 1, . . . ,N (19)
li(t) =

r t
0 e−C(t−τ)xi(τ)dτ

xi(t) di(t) =
r t

0 e−c(t−τ)zi(xi(τ),ui(τ), x j(τ)| j∈Ni )dτ
zi(xi(t),ui(t), x j(t)| j∈Ni )

εxi =
r t

0 e−C(t−τ)εi(τ)dτ xi(0)

where  is the filtered regressor version
of ,  is  the
distributed  filtered  regressor  of ,

 and  is the initial state of (16).
ni = 1+dT

i (t)di(t)+ lTi (t)li(t)Dividing  (18)  by  as  a  norma-
lizing signal, one has
 

x̄i(t) =W∗Ti d̄i(t)+ cl̄i(t)+ e−Ct x̄i(0)+ ε̄i(t) (20)

d̄i =
di
ni

l̄i =
li
ni

x̄i =
xi
ni

ε̄i =
εxi
ni

where , ,  and .  It  is  implied  by
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ε̄i(t)
supxi∈Di,x j∈D j,ui∈Du

∥ε̄i(xi,ui, x j| j∈Ni )∥ ≤ bε̄ bε̄ ≥ 0
∥d̄i(t)∥ < 1

Assumption  2  that  is  also  bounded,  i.e.,
 for some  and

.
fi(xi) gi(xi)

∆i(xi, x j| j∈Ni )

W̃i(t) := Ŵi(t)−W∗i

To  approximate  the  uncertainties ,  and
 in  a  distributed  finite-time  fashion  without  the

need for satisfaction of the PE condition on the regressor, the
paper  objective  is  to  propose  a  finite-time  distributed  CL
approach  that  guarantees  every  interconnected  subsystem i
parameter estimation error, , is:

1)  Finite-time stable for distributed adaptive approximators
with zero MFAE;

2)  Finite-time  attractive  to  a  bounded  set  around  zero  for
distributed adaptive approximators with non-zero MFAE;

Ŵi(t) = [Θ̂T
i (t), Φ̂T

i (t), Ψ̂T
i (t)]T ∈ R(pi+qi+ri)×n Θ̂i(t) Φ̂i(t)

Ψ̂i(t)
W∗i Θ

∗
i Φ

∗
i Ψ∗i

W̃i(t) := Ŵi(t)−W∗i := [Θ̃T
i (t), Φ̃T

i (t), Ψ̃T
i (t)]T Θ̃i(t) :=

Θ̂i(t)−Θ∗i Φ̃i(t) := Φ̂i(t)−Φ∗i Ψ̃i(t) := Ψ̂i(t)−Ψ∗i i = 1, . . . ,N

where , , 
and  are,  respectively,  the  estimated  parameter  matrices
of , ,  and  at  time t for  the  subsystem i and

 such that 
, , , .

  

III.  Finite-Time Distributed Concurrent Learning

In this section, a finite-time distributed parameter estimation
law  for  approximating  the  uncertainties  of  the  nonlinear
interconnected  system  (2)  is  presented.  The  convergence
analysis  of  the  proposed  method  is  presented  based  on  the
Lyapunov approach.

Consider the distributed approximator for subsystem i to be
of the form
 

ˆ̄xi(t) = ŴT
i (t)d̄i(t)+ cl̄i(t)+ e−Ct x̄i(0). (21)

The state estimation error of the subsystem i is obtained as
 

ei(t) = ˆ̄xi(t)− x̄i(t). (22)
ei(t)

ˆ̄xi(t)
x̄i(t)

ei(t)

The state  estimation  error ,  which  is  later  employed in
the  proposed  parameter  update  law,  is  accessible  online,
because  is computed online by the approximator (21) and

 is  the  normalized  measurable  state  of  the  system.
However,  for  the  sake  of  parameter  convergence  analysis,
using (20) and (21),  in (22) is rewritten as
 

ei(t) = W̃T
i (t)d̄i(t)− ε̄i(t). (23)

Mi ∈ R(pi+qi)×Pi Li ∈ Rn×Pi Xi ∈ Rn×Pi

i = 1, . . . ,N τ1, . . . , τPi

To  use  CL,  that  employs  experienced  data  along  with
current  data  in  the  update  law  of  the  distributed  identifier
parameters, the memory data is recorded in the memory stacks

,  and  for  each  intercon-
nected subsystem i,  at times  as
 

Mi = [d̄i(τ1), d̄i(τ2), . . . , d̄i(τPi )]

Li = [l̄i(τ1), l̄i(τ2), . . . , l̄i(τPi )]

Xi = [x̄i(τ1), x̄i(τ2), . . . , x̄i(τPi )] (24)
Pi

Mi

Pi i = 1, . . . ,N
Mi

di(t)
fi(xi) gi(xi)

where  denotes the number of data points recorded in each
stack  of  subsystem i.  The  memory  stack  captures  the
interactive  data  samples  for  which  their  richness  depends  on
collective richness of the subsystem’s state itself as well as its
neighbors.  The  number  of  data  points ,  for ,  is
chosen  such  that  is  full-row  rank  and  contains  as  many
linearly  independent  elements  as  the  dimension  of  the
distributed  filtered  regressor  (i.e.,  the  total  number  of
linearly  independent  basis  functions  for ,  and

∆i(xi, x j| j∈Ni )
Mi Pi ≥ pi+qi+ ri i = 1, . . . ,N

),  given  in  (18),  that  is  called  as  rank  condition
on  and requires , for .

Mi
pi+qi+ ri

Mi pi+qi+ ri

Mi

In order for the matrix  to be full-row rank, one needs to
collect at least  number of data samples. Therefore,
one can check the full-row rank condition on the data matrix

 online after  recording  number of data points in
the memory stacks of the subsystem i. Whenever the full-row
rank condition on  is satisfied, i.e.,
 

rank(Mi) = pi+qi+ ri

one  can  stop  recording  data  samples  in  the  corresponding
subsystem’s memory stacks.

eh
i (t) hthThe  error  for  the  recorded  data  is  defined  as

follows:
 

eh
i (t) = ˆ̄xh

i (t)− x̄i(τh) (25)
where
 

ˆ̄xh
i (t) = ŴT

i (t)d̄i(τh)+ cl̄i(τh)+ e−Ct x̄i(0) (26)
0 ≤ τh < t,h = 1, . . . ,Pi

Ŵi(t)
d̄i(τh) l̄i(τh)

is  the  state  estimation  at  time  emplo-
ying  the  current  estimated  parameters  in  and  the
recorded  and .

eh
i (t)

ˆ̄xh
i (t)

Ŵi(t)
Mi Li x̄i(τh)

Xi

The  error ,  which  is  later  employed  in  the  proposed
parameter  update  law,  is  accessible  online,  since,  is
computed online by (26) using the online estimated  and
the  memory  stacks’ elements  and ,  and  is
accessible  from  the  memory  stack  of  the  corresponding
subsystem i.  For  analysis  purposes,  using  (20)  and  (26),  one
can rewrite (25) as follows:
 

eh
i (t) = W̃T

i (t)d̄i(τh)− ε̄i(τh). (27)

d̄i(t)

Mi

Remark 3: In the distributed approximator (21), the received
neighboring  states  appear  in  the  distributed  filtered  regressor

,  as  given  in  (19).  Therefore,  the  richness  of  the  local
neighboring  data  affects  the  richness  and  rank  condition
satisfaction of the distributed data stored in memory .  

A.  Finite-Time Distributed Concurrent Learning Estimation Law
Now,  the  finite-time  distributed  estimation  law  for  the

unknown  parameters  in  the  interconnected  subsystem i
approximator (21) is proposed as
 

˙̂Wi(t) = −Γi(ΞGd̄i(t)⌊eT
i (t)⌉γi +ΞC

Pi∑
h=1

d̄i(τh)⌊ehT
i (t)⌉γi ) (28)

⌊·⌉γi := | · |γi sign(·) | · | sign(·)
0 ≤ γi < 1

Γi,ΞG,ΞC ∈ R(pi+qi+ri)×(pi+qi+ri) Γi > 0
ΞC = ξC I ΞG = ξGI

ξC > 0 ξG > 0
d̄i(t) d̄i(τh)

ΞGd̄i(t)⌊eT
i (t)⌉γi

ΞC
∑Pi

h=1 d̄i(τh)⌊ehT
i (t)⌉γi

where  with  and  understood  in
component-wise  sense  and .  The  matrices

 are  positive  definite,  is
the  learning rate  matrix,  and  with  scalars

 and . The proposed estimation law is distributed
since  the  current  and  recorded  are  distributed
filtered  regressors  depending  not  only  on  the  subsystem i
states but also on its neighboring states. In (28), the first term

 is  a  gradient  descent  term,  containing  the
current state approximation error for the subsystem i,  and the
second  term ,  containing  the  experie-
nced data of subsystem i, is the distributed CL term.

ΞC ΞGRemark  4: In  (28),  the  weights  and  are  not
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ξC ξG
Γi

ξC

necessarily equal and one of the two estimation terms can be
prioritized over the other by choosing appropriate  and ,
respectively. Generally, in (28) choosing high learning rates 
or weights  can increase the convergence rate.  However, it
may also lead to chattering in the estimated parameters. Once
combined with the control design, this chattering can result in
poor control performance or even instability.

d̄i(t)

Remark 5: For every distributed identifier that uses (28), the
shared neighboring states on the learning time length, not only
affect  the current  value of  the distributed regressor, ,  but
are also influential on the richness of the distributed memory
employed in the second term of (28). This entirely discrimin-
ates  the  current  work  from  single  system’s  finite-time  CL-
based identification methods [28]−[31].

In the following, the convergence properties for distributed
adaptive  approximators  with  zero  and  nonzero  MFAEs  are
investigated.  

ε̄i(t) = 0
B.  Finite-Time Convergence Properties for Distributed Adaptive
Approximators With Zero MFAEs ( )

ε̄i(t) = 0 Ŵi(t)

The  theorem  below  shows  that  using  the  proposed  finite-
time  distributed  concurrent  learning  method  (28),  for
distributed  adaptive  approximators  with  zero  MFAEs,  i.e.,

,  the  estimated  parameters  converge  to  their
optimal values in finite time.

0 ≤ γi < 1
i = 1, . . . ,N

Mi i = 1, ...,N
ith
ε̄i(t) = 0

W̃i(t)

Theorem  1: Let  the  distributed  approximator  for  every
nonlinear interconnected subsystem i in (2), be given by (21),
whose parameters are adjusted by the update law of (28) with

 and  a  distributed  filtered  regressor  given  by  (19),
for . Let Assumptions 1 and 2 hold. Once the full-
row  rank  condition  on ,  is  satisfied,  then  for
every  adaptive distributed approximator with zero MFAE,
i.e., ,  the  distributed  parameter  estimation  law  (28)
ensures  finite-time  convergence  of  to  zero  for  all
interconnected  subsystems  within  the  following  settling-time
function:
 

T ≤ max
i=1,...,N

2∥W̃i(0)∥1−γi

ζiβi(1−γi)
(29)

ζi = ξCλ
γi+1

2
min (S i) βi = 2λmin(Γi) S i =∑Pi

h=1 d̄i(τh)d̄T
i (τh)

where ,  and 
.

Proof: Choosing  the  following  Lyapunov  function  candi-
date:
 

V(t) =
N∑

i=1

Vi(t) =
1
2

N∑
i=1

tr
{
W̃T

i (t)Γ−1
i W̃i(t)

}
(30)

one has
 

α−1
i ∥W̃i(t)∥2 ≤Vi(t) ≤ β−1

i ∥W̃i(t)∥2 (31)
αi = 2λmax(Γi),βi = 2λmin(Γi)where .

V̇i i = 1, . . . ,NThe time derivative  for , using (23), (27), and
(28), yields,
 

V̇i(t) = tr
{
W̃T

i (t)Γ−1
i

˙̂Wi(t)
}

= tr
{−ΞGW̃T

i (t)d̄i(t)⌊d̄T
i (t)W̃i(t)⌉γi

−ΞCW̃T
i (t)

Pi∑
h=1

d̄i(τh)⌊d̄T
i (τh)W̃i(t)⌉γi

}
. (32)

One knows that 

W̃T
i (t)d̄i(t)⌊d̄T

i (t)W̃i(t)⌉γi =

n∑
i=1

|(W̃T
i (t)d̄i(t))i|γi+1

= ∥W̃T
i (t)d̄i(t)∥γi+1

γi+1 (33)

and based on Fact 1
 

∥W̃T
i (t)d̄i(t)∥ ≤ ∥W̃T

i (t)d̄i(t)∥γi+1 (34)
0 < γi+1 < 2holds  for .  Therefore,  using  (32)–(34),  one

obtains
 

V̇i(t) ≤ −ξG∥W̃T
i (t)d̄i(t)∥γi+1− ξC

Pi∑
h=1

∥W̃T
i (t)d̄i(τh)∥γi+1

≤ −ξC
Pi∑

h=1

(W̃T
i (t)d̄i(τh)d̄T

i (τh)W̃i(t))
γi+1

2 . (35)

Therefore,
 

V̇i(t) ≤ −ξCλ
γi+1

2
min (S i)∥W̃i(t)∥γi+1 (36)

S i =
∑Pi

h=1 d̄i(τh)d̄T
i (τh)where .

Using (31), (36) gives
 

V̇i(t) ≤ −ζiβ
γi+1

2
i V

γi+1
2

i (t)

ζi = ξCλ
γi+1

2
min (S i)

i = 1, . . . ,N W̃i(t)
where  and  based  on  Lemma  1,  it  is  proved
that  for  every  subsystem i, ,  is  finite-time
stable with the following settling-time function:
 

Ti(W̃i(0)) ≤ 2∥W̃i(0)∥1−γi

ζiβi(1−γi)
.

Therefore,  the  whole  interconnected  system  dynamics  can
be identified in finite time within the following settling time:
 

T ≤ max
i=1,...,N

Ti(W̃i(0)) = max
i=1,...,N

2∥W̃i(0)∥1−γi

ζiβi(1−γi)
.

■

ε̄i(t) = 0 ei(t)
i = 1, . . . ,N

Corollary  1: Let  the  assumptions  and  statements  of
Theorem 1 hold. Then, for adaptive distributed approximators
with zero MFAEs, i.e., , the state estimation error 
for every subsystem i, , is finite-time stable.
    Proof: The proof is a direct consequence of Theorem 1. ■

λmin(S i)

Remark  6: As  shown  in  (29),  the  settling  time  function  of
the identifier depends on the minimum eigenvalue of the distri-
buted  memory  matrix, .  Therefore,  to  improve  the
convergence speed, an optimization over recorded data can be
performed to replace old data with new ones as more data beco-
mes  available  to  maximize  the  minimum  eigenvalue  of  the
distributed memory matrix to reduce the convergence time.  

ε̄i(t) , 0
C.  Finite-Time Convergence Properties for Distributed Adaptive
Approximators With Non-Zero MFAEs ( )

ε̄i(t) , 0

The  following  theorem  gives  the  finite-time  convergence
properties for the distributed parameter estimation law (28) of
distributed  adaptive  approximators  with  non-zero  MFAEs,

, in interconnected systems’ identification.

0 < γi < 1

Theorem  2: Let  the  distributed  approximator  for  nonlinear
interconnected subsystem (2) given by (21), whose parameters
are  adjusted  by  the  update  law  of  (28)  with  and  a
regressor  given  in  (19).  Consider  that  Assumptions  1  and  2
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Mi i = 1, . . . ,N

ε̄i(t) , 0
i = 1, . . . ,N

W̃i(t)

hold. Once the full-row rank condition on  for  is
met,  then  for  adaptive  distributed  approximators  with  non-
zero MFAEs, i.e., , the proposed parameter estimation
law (28) guarantees that for every subsystem i, , the

 is finite-time attractive by the following bounded set:
 

S i
W̃ =
{
W̃i(t) : ∥W̃i(t)∥ ≤

√
λmax(Γi)
λmin(Γi)

µ̄i
}
, ∀t ≥ T (37)

where
 

µ̄i=


max{ bε̄

min{λ
1
2
min(Di(t)), λ̄i}

, (
ωi

ζiδ
)

1
γi }, d̄i(t) , 0

max{bε̄
λ̄i
, (
ωi

ζiδ
)

1
γi }, d̄i(t) = 0

(38)

 

T ≤ max
i=1,...,N

2∥W̃i(0)∥1−γi

ζiβi(1−δ)(1−γi)
(39)

λ̄i = minh = 1,...,Pi (λ
1
2
min(Di(τh))) Di(t) = d̄i(t)d̄T

i (t) ωi =

n
1−γi

2 bγi
ε̄ (ξG +PiξC) 0 < δ < 1

, , 
 and .

Vi

Proof: Choose  the  same  Lyapunov  function  (30)  that
satisfies (31). The time derivation of  employing (23), (27)
and (28) gives,
 

V̇i(t) = tr
{−ΞGW̃T

i (t)d̄i(t)⌊d̄T
i (t)W̃i(t)− ε̄Ti (t)⌉γi

−ΞCW̃T
i (t)

Pi∑
h=1

d̄i(τh)⌊d̄T
i (τh)W̃i(t)− ε̄Ti (τh)⌉γi

}
. (40)

|(d̄T
i (t)W̃i(t))k | ≥

|(ε̄i(t))k | k = 1, . . . ,n
d̄i(t) , 0 d̄i(t) = 0

d̄i(τh) , 0,h = 1, . . . ,Pi

Consider in the component-wise sense that 
,  for .  Note  that  the  previous  inequality  is

required for . If  then the first term in (28) is
zero and in the second term of (28), the data collection assures
that .

sign(d̄T
i (t)W̃i(t)− ε̄Ti (t)) = sign(d̄T

i (t)W̃i(t))
y, ȳ ∈ R 0 < γi < 1

Therefore,  is  ob-
tained. Then, for any  and , one has [39]
 

|y+ ȳ|γi < |y|γi + |ȳ|γi .

y = (d̄T
i (t)W̃i(t))k − (ε̄i(t))k ȳ =

(ε̄i(t))k k = 1, . . . ,n
Therefore,  defining  and 

, one obtains that for all ,
 

|(d̄T
i (t)W̃i(t))k |γi = |(d̄T

i (t)W̃i(t))k − (ε̄i(t))k + (ε̄i(t))k |γi

≤ |(d̄T
i (t)W̃i(t))k − (ε̄i(t))k |γi + |(ε̄i(t))k |γi ⇒

|(d̄T
i (t)W̃i(t))k |γi − |(ε̄i(t))k |γi

≤ |(d̄T
i (t)W̃i(t))k − (ε̄i(t))k |γi

and then in the component-wise sense,
 

−|d̄T
i (t)W̃i(t)− ε̄i(t)|γi ≤ −|d̄T

i (t)W̃i(t)|γi + |ε̄i(t)|γi . (41)
Now, using (41), (40) is upper bounded by

 

V̇i(t) ≤ tr
{−ΞGW̃T

i (t)d̄i(t)(⌊d̄T
i (t)W̃i(t)⌉γi

− |ε̄i(t)|γi sign(d̄T
i (t)W̃i(t)))

−ΞCW̃T
i (t)

Pi∑
h=1

d̄i(τh)(⌊d̄T
i (τh)W̃i(t)⌉γi

− |ε̄i(τh)|γi sign(d̄T
i (τh)W̃i(t)))

}
. (42)

⌊·⌉γi | · | sign(·)Recall  that  in ,  and  are  employed  in  the
component-wise sense, i.e.,
 

⌊d̄T
i (t)W̃i(t)⌉γi = [|(d̄T

i (t)W̃i(t))1|γi sign((d̄T
i (t)W̃i(t))1),

|(d̄T
i (t)W̃i(t))2|γi sign((d̄T

i (t)W̃i(t))2),

...

|(d̄T
i (t)W̃i(t))n|γi sign((d̄T

i (t)W̃i(t))n)],
 

|ε̄i(t)|γi sign(d̄T
i (t)W̃i(t)) =

[|(ε̄i(t))1|γi sign((d̄T
i (t)W̃i(t))1),

|(ε̄i(t))2|γi sign((d̄T
i (t)W̃i(t))2),

...

|(ε̄i(t))n|γi sign((d̄T
i (t)W̃i(t))n)].

∥d̄i(t)∥ ≤ 1Therefore, using (33), (34),  and (42), one obtains
 

V̇i(t) ≤ − ξG∥W̃T
i (t)d̄i(t)∥γi+1+ ξG∥W̃i(t)∥∥|ε̄i(t)|γi∥

− ξC
Pi∑

h=1

∥W̃T
i (t)d̄i(τh)∥γi+1+ ξC Pi∥|ε̄i(τh)|γi∥∥W̃i(t)∥.

(43)

∥|ε̄i(t)|γi∥ =
√∑n

k=1 |(ε̄i(t))k |2γi = ∥ε̄i(t)∥γi
2γi

Since  and  by
Hölder’s inequality
 

∥ε̄i(t)∥2γi ≤ n
1−γi
2γi ∥ε̄i(t)∥ (44)

0 < 2γi < 2holds for all , it is given that
 

V̇i(t) ≤− ξC
Pi∑

h=1

(W̃T
i (t)d̄i(τh)d̄T

i (τh)W̃i(t))
γi+1

2

+ ξGn
1−γi

2 ∥ε̄i(t)∥γi∥W̃i(t)∥

+ ξC Pin
1−γi

2 ∥ε̄i(τh)∥γi∥W̃i(t)∥.
Therefore,

 

V̇i(t) ≤ −ζi∥W̃i(t)∥γi+1+ωi∥W̃i(t)∥ (45)

ωi = n
1−γi

2 bγi
ε̄ (ξG +PiξC)where .

In the following, (45) is rewritten as:
 

V̇i(t) ≤− ζi∥W̃i(t)∥γi+1+ωi∥W̃i(t)∥

≤− ζi(1−δ)∥W̃i(t)∥γi+1

− ζiδ∥W̃i(t)∥γi+1+ωi∥W̃i(t)∥
0 < δ < 1where . Hence,

 

V̇i(t) ≤ −ζi(1−δ)∥W̃i(t)∥γi+1, µ̄i ≤ ∥W̃i(t)∥ (46)
where
 

µ̄i =


max{ bε̄

min{λ
1
2
min(Di(t)), λ̄i}

, (
ωi

ζiδ
)

1
γi }, d̄i(t) , 0

max{bε̄
λ̄i
, (
ωi

ζiδ
)

1
γi } d̄i(t) = 0.

From (31) and (46), it follows that: 
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V̇i(t) ≤ −ζi(1−δ)β
γi+1

2
i V

γi+1
2

i (t) (47)

and by comparison principle one obtains
 

Vi(t) ≤ (V
1−γi

2
i (0)−

ζi(1−δ)(1−γi)β
γi+1

2
i

2
t)

2
1−γi

W̃i(t)then  using  (31),  the  above  inequality  ensures  that 
satisfies
 

∥W̃i(t)∥ ≤
√
αi(β

γi−1
2

i ∥W̃i(0)∥1−γi

−
ζi(1−δ)(1−γi)β

γi+1
2

i

2
t)

1
1−γi

t < Ti(W̃i(0)) t > Ti(W̃i(0))
W̃i(t)

for all . Then, for all , from (31), one
obtains that  is bounded as
 

∥W̃i(t)∥ ≤

√
λmax(Γi)
λmin(Γi)

µ̄i, ∀t ≥ Ti(W̃i(0)). (48)

i = 1, . . . ,N
W̃i(t)
Therefore,  for  every  subsystem i, ,  the  solutions

of  are finite-time attractive to the bound in (48) where
 

Ti(W̃i(0)) ≤ 2∥W̃i(0)∥1−γi

ζiβi(1−δ)(1−γi)
.

W̃i i = 1, . . . ,NTherefore,  all  the  solutions  of ,  for  the
interconnected  system  are  finite-time  attractive  to  the  bound
given in (37) in the following settling time:
 

T ≤ max
i=1,...,N

Ti(W̃i(0)) = max
i=1,...,N

2∥W̃i(0)∥1−γi

ζiβi(1−δ)(1−γi)
.

■

ε̄i(t) , 0
ei(t) i = 1, . . . ,N

Corollary  2: Let  the  assumptions  and  statements  of
Theorem 2 hold. Then, for adaptive distributed approximators
with non-zero MFAEs, i.e., , the state estimation error

 for  every  subsystem  i, ,  is  finite-time
attractive.

Proof: The proof is a direct consequence of Theorem 2. ■
γi = 0

i = 1, . . . ,N ζi > ωi W̃i(t)

Remark 7: In Theorem 2,  for ,  using (31) and (45) it
can  be  shown  that  for  every  interconnected  subsystem i,

,  if ,  is  finite-time  stable  and  the
interconnected  system  can  be  exactly  identified  with  zero
MFAE.

Remark  8: As  discussed  in  [41],  the  concurrent  learning
approach  is  based  on  the  combination  of  a  gradient  descent
algorithm with an auxiliary static feedback update law, which
can be viewed as a type of σ-modification [13] and allows the
requirement  on  persistence  of  excitation  to  be  relaxed  by
keeping  enough  measurements  in  memory.  Here,  the  same
extension  is  applied  to  the  proposed  distributed  finite-time
concurrent  learning in  (28).  Theoretical  support  of  this  claim
is provided in Theorem 2 to show the finite-time attractiven-
ess  of  the  proposed  parameter  update  law  (28)  in  case  of
nonzero MFAEs.

Mi

W̃i(t)
λmin(S i)

Remark 9: For distributed adaptive approximators with non-
zero MFAEs, the richness of the distributed data stored in 
influences  the  finite  settling  time  as  well  as  the  error  bound.
Accordingly,  converges  to  a  narrower  bound  in  faster
time  by  maximizing  that  minimizes  the  error  bound

Mi i = 1, . . . ,N λmin(S i)

and  the  settling  time  respectively  given  in  (37)  and  (39).
Therefore,  after  the  rank  condition  satisfaction,  optimization
over  recorded  data  can  improve  the  convergence  results  for
every  subsystem  where  one  can  replace  new  distributed
samples with old ones in , , if  increases
to result in a faster convergence to a lower error bound.

Remark  10: Similar  to  the  concurrent  learning  literature
[18],  [21]−[25],  [27],  [29]  and  most  system  identifiers  for
nonlinear  systems,  in  this  paper  it  is  assumed  that  the
subsystem states are measurable. Even though the subsystems’
states  are  measurable,  the  finite-time  identification  of
interconnected  systems  without  the  persistency  of  excitation
requirement is challenging. Online finite-time identification of
the  interconnected  system  dynamics  under  output  measure-
ments  assumption  is  a  direction  for  future  research.  This
requires coupled distributed identifier and observer design for
every  subsystem  to  be  able  to  identify  the  subsystem
dynamics and observe its states interactively in finite-time.

Remark  11: In  the  proposed  finite-time  distributed  concur-
rent  learning  estimation  law  (28),  if  the  concurrent  learning
term  regarding  the  past  historical  data  is  eliminated,  the
following  finite-time  distributed  gradient  descent  estimation
law  that  only  depends  on  the  current  distributed  data  is
obtained as:
 

˙̂Wi(t) = −Kid̄i(t)⌊eT
i (t)⌉γi (49)

Ki > 0

d̄i(t)

d̄i(t)

with .  According  to  the  analysis  provided  in  the
previous  theorems,  similar  results  are  obtained  for  the
estimation  law (49)  provided  that  is  persistently  excited
for  every  subsystem i.  The  finite-time  distributed  gradient
descent  law (49)  is  similar  to  the  estimation  law for  a  single
system  in  Algorithm  1  of  [42]  where  the  short  finite-time
input to state stability of the mentioned learning law (ensuring
stability in a finite and limited time interval) has been proven,
provided that the regressor  is nullifying in finite time.  

IV.  Simulation Results

ui

Now,  the  proposed  finite-time  distributed  CL  method
performance  for  a  nonlinear  interconnected  system  identifi-
cation  is  examined  in  comparison  with  the  finite-time
distributed  gradient  descent  estimation method given in  (49).
The  considered  nonlinear  interconnected  system  contains  3
inverted  interconnected  pendulums  as  depicted  in Fig. 1.
Every inverted pendulum i [43],  subject to control input  is
described by
 

ẋi1 = fi1(xi)+gi1(xi)+∆i1(xi(t), x j(t)| j∈Ni )
= xi2

ẋi2 = fi2(xi)+gi2(xi)+∆i2(xi(t), x j(t)| j∈Ni )

=
g
l

sinxi1+
ui

mil2

+
∑
j∈N j

ki, ja2

mil2
(sinx j1cosx j1− sinxi1cosxi1)

(50)

xi1 = θi (rad) xi2 = θ̇i (rad/s)
i = 1,2,3

g ≈ 10m/s2 mi

where  is  the angular  position and 
is the angular velocity, for the inverted pendulum i, .
The gravity acceleration g is ,  is the mass of the
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ith mi = 0.25kg, i = 1,2,3
l = 2m

a = 1m ki, j (kg/s2)
j, j ∈ Ni

ki, j = k j,i k1,2 = k1,3 = 1.5 k2,3 = 2
xi

Di = [Di1,Di2]T Di1 = [−6,6] Di2 = [−4,4]
i = 1,2,3

[−2,2] ui = −0.06xi
i = 1,2,3

 rod  ( ), l is  the  length  of  each  rod
( ), a is  the  distance  from  the  pivot  to  the  center  of
gravity of the rod ( ),  is  the spring constant
which  interconnects  subsystem i to  subsystem ,  with

 and , .  In  this  system,  due  to
the  physical  limitations,  domain  is  defined  by

 where  and  for
. The initial states and parameters are chosen from the

interval  and  stabilizing  controllers  for
 are  employed.  Every  interconnected  subsystem i

dynamics in (50) is unknown.
i = 1,2,3For  every  subsystem i, ,  the  proposed  finite-time

distributed  concurrent  learning  identifier  employs  the
following basis functions:
 

zi(xi,ui, x j| j∈Ni ) = [xi2,sin xi1,ui,sin xi1 cos xi1,

sin x j1 cos x j1]T
j∈Ni
. (51)

zi(xi,ui, x j| j∈Ni )While  the  regressor  vector  is  exciting  over
some  time  period,  it  is  not  persistently  exciting.  The  relaxed
excitation  condition  without  the  PE  requirement  is  achieved
without  injecting  any  exciting  probing  noise  to  the
subsystems’ controllers.

Therefore, the approximation of (50) for every subsystem i
is as follows:
 

ẋi1 = pi
1xi2,

ẋi2 = pi
2sinxi1+ pi

3ui+ pi
4sinxi1cosxi1

+
∑

j∈N j,r=5,...,4+|N j |
pi

rsinx j1cosx j1

(52)

where  based  on  the  system  descriptions,  the  true  parameters
for the three interconnected subsystems are as follows:
 

[p1
1, p

1
2, p

1
3, p

1
4, p

1
5, p

1
6] = [1,5,1,−3,1.5,1.5]

[p2
1, p

2
2, p

2
3, p

2
4, p

2
5, p

2
6] = [1,5,1,−3.5,1.5,2]

[p3
1, p

3
2, p

3
3, p

3
4, p

3
5, p

3
6] = [1,5,1,−3.5,2,1.5].

Γi = 3I ξG = 1 ξC = 0.1 γi = 0.5 i = 1,2,3
ξG > ξC

Pi = 10 i = 1,2,3

We  set , , ,  for .  We
chose , to prioritize current data to the recorded data in
the  proposed  learning  method  (28)  and , ,
which are set to be greater than 6, the number of independent
basis functions for every subsystem. To have a fair speed and

f̂i(xi) ĝi(xi) Di

∆̂i(xi, x j| j∈Ni ) DNi

i = 1,2,3

the  precision  comparison  of  the  mentioned  methods  for
approximating  and  on  the  domain ,  and

 on  the  domain  of ,  the  following  online
learning errors are computed for every subsystem i, :
 

E fi (t) =
w
Di
∥e fi (xi(t))∥dnxi

Egi (t) =
w
Di
∥egi (xi(t))∥dnxi

E∆i (t) =
w
DNi

∥e∆i (xNi (t))∥dn(Ni+1)xNi (53)
r
Di
∥e fi (xi(t))∥dnxi

∥e fi (xi(t))∥
Di

E fi (t)
Egi (t) E∆i (t)

i = 1,2,3

where  the  notation  indicates  that  the
integral  of  is  calculated  over  an n-dimensional
region . The simulations are done in MATLAB with Euler
integration  and  the  sample  time  is  equal  to  0.05  seconds.  In
the  simulation  results,  the  proposed  finite-time  distributed
concurrent  learning  method  and  finite-time  distributed
gradient  descent  approach,  given  in  (49),  are  respectively
labeled  by  FTDCL  and  FTDGD. Fig. 2 shows  the  approxi-
mated  parameters  using  the  proposed  finite-time  distributed
concurrent  learning  approach  and  finite-time  distributed
gradient  descent  method  (given  in  (49))  for  three  intercon-
nected subsystems. Fig. 2 clearly shows that the approximated
parameters  using  the  proposed  finite-time  distributed
concurrent  learning  method  have  converged  to  the  true
parameters,  while  because  of  the  lack  of  persistence  of
excitation,  the  estimated  parameters  for  the  finite-time
distributed  gradient  descent  failed  to  converge  to  the  true
parameters. Figs. 3–5 depict  the  online  learning  errors ,

,  and  for,  respectively,  the  three  interconnected
subsystems, , where the results of the proposed finite-
time  distributed  concurrent  learning  show  the  finite-time
convergence of all errors to zero while the learning errors for
finite-time  distributed  gradient  descent  method  did  not
converge  to  the  origin  due  to  the  lack  of  regressor’s  PE
condition.

Γi ξG ξC i = 1,2,3It  should  be  noted  that ,  and , ,  are

 

l
a

m1

θ1

m2 m3

k1,2

k2,3

k1,3

 
Fig. 1.     Interconnection  network  of  the  physically  interconnected  inverted
pendulums.
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Fig. 2.     (a)  Parameters  of  finite-time  distributed  concurrent  learning
(FTDCL)  identifiers  for  subsystems  1–3;  (b)  Parameters  of  finite-time
distributed gradient descent (FTDGD) identifiers for subsystems 1–3.
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Γi ξC Γi = 5I i = 1,2,3,
ξC = 0.3

appropriately  selected  to  adjust  the  learning  speed  and  avoid
chattering  in  the  estimated  parameters.  In Fig. 6,  it  is  shown
that setting higher values for  and  ( ,  and

)  results  in  faster  convergence  of  the  estimated
parameters; however, it also results in the undesired chattering

of the estimated parameters.  

V.  Conclusion and Future Work

In  this  paper,  a  finite-time  distributed  concurrent  learning
method  for  interconnected  systems’ identification  in  finite
time  is  introduced.  Leveraging  local  state  communication
among interconnected subsystems’ identifiers enabled them to
identify every subsystem’s own dynamics as well as its inter-
connections’ dynamics.  In  this  method,  distributed  concur-
rent  learning  relaxed  the  regressors’ persistence  of  excitation
(PE) conditions to rank conditions on the recorded distributed
data in the memory stack of  the subsystems.  It  is  shown that
the  precision  and  convergence  speed  of  the  proposed  finite-
time  distributed  learning  method  depends  on  the  spectral
properties of the distributed recorded data.  Simulation results
show  that  the  proposed  finite-time  distributed  concurrent
learning has outperformed the finite-time distributed gradient
descent in both terms of precision and convergence speed. For
future  work,  we  aim  to  develop  finite-time  distributed
identifiers  and  observers  to  be  employed  in  appropriate
distributed controllers for interconnected systems.
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