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A New Approach to Finite-Horizon Optimal Control for Discrete-Time
Affine Nonlinear Systems via a Pseudolinear Method

Qinglai Wei

Abstract—In this article, a new time-varying adaptive dynamic
programming (ADP) algorithm is developed to solve finite-horizon
optimal control problems for a class of discrete-time affine nonlin-
ear systems. Inspired by the pseudolinear method, the nonlinear
system can be approximated by a series of time-varying linear
systems. In each iteration of the time-varying ADP algorithm, the
optimal control law for the time-varying linear system is obtained.
For an arbitrary initial state, it is proven that states of the time-
varying linear systems converge to the states of discrete-time
affine nonlinear systems. It is also shown that the iterative value
functions and the iterative control laws converge to the optimal
value function and the optimal control law, respectively. Finally,
numerical results are presented to verify the effectiveness of the
present method.

Index Terms—Adaptive dynamic programming, approximate dy-
namic programming, finite horizon, nonlinear systems, optimal
control, pseudolinear approximation.

|. INTRODUCTION

Adaptive dynamic programming (ADP), proposed in [1], is an effec-
tive technique to solve optimal control problems and has gained much
attention [2]-[5]. However, there exist some disadvantages for the neu-
ral network implementations of traditional ADP methods [6]-[8]. First,
approximation via neural networks requires the collection of arrays of
state and control data for training neural networks. Second, structures of
neural networks are difficult to determine and the convergence of neural
networks is difficult to analyze. Third, neural networks often result in
huge computation time, especially for large-scale data approximation.

On the other hand, it is worth pointing out that the iterative con-
trol laws and the iterative value functions in each iteration of tra-
ditional ADP methods are generally nonanalytical functions, so that
neural networks are used for numerical approximations. In [9], for
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continuous-time nonlinear systems @ = A(z)z + B(x)u, the “pseu-
dolinear” method is used to develop a near-optimal control law. This
provides a simple and efficient nonlinear design method by extending
the principles of linear-quadratic regulator theory to continuous-time
affine nonlinear systems [10]-[13]. In each iteration of the pseudolinear
method, the analytical expressions of the time-varying iterative control
laws and the iterative value functions can be obtained. It implies that the
optimal control law and optimal value function can be approximated by
a series of analytical time-varying iterative control laws and iterative
value functions, if the Riccati equation is solvable in each iteration.

Many physical systems are described by continuous-time equations.
They need to be discretized in order to develop an effective controller
based on modern computer control technology implemented using
microprocessors. One of the goals of this article is to develop an optimal
control approach based on the discrete-time pseudolinear method,
which can eliminate the use of neural networks in traditional ADP
methods to obtain analytical expressions of the iterative control laws
and the iterative value functions.

In this article, inspired by the continuous-time pseudolinear meth-
ods [9]-[13], a time-varying adaptive dynamic programming algo-
rithm is developed, which can solve the finite-horizon optimal control
problem for a class of discrete-time affine nonlinear systems. Main
contributions of this article include the following.

1) Itis proven that discrete-time affine nonlinear systems are approx-
imated by a series of time-varying linear systems.

2) The analytical expressions of the iterative control laws and the iter-
ative value functions are given. As the iteration index increases, the
iterative control laws and the iterative value functions converge to
the optimal control law and the optimal value function, respectively.

3) Detailed implementation of the present method is demonstrated
with simulation results.

Il. PROBLEM FORMULATION

Consider a class of discrete-time affine nonlinear systems

Tr41 = F(l’lm uk)

where x, € R™ is the state and uj, € R™ is the control input. Let A(-)

and B(-) be the system functions. Let z( be the initial state. AT > 0 is
L Tp-1

the sampling time interval. Let u,” ~ = {uy, up1, ... ,qu,l} be an

arbitrary control sequence from k to 7y — 1, where the terminal time

Ty is a positive integer. The value function is defined as

Tp—1

) =V(er,)+ D Ulwr,uy) ©)
7=k

Ty—1
Jk(immﬂk

where U (2, u, ) is the utility function. It is expressed as U (z,, u, ) =
2T Q(x,)w, + ul R(z, )u, with Q(x,) > 0and R(z,) > 0 for Yz,
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respectively. Let ¥ (z7,) = xTrfF(fo )x7, be the terminal cost func-
tion, where I'(z7,) > 0 for z7, . Results of this article are based on the
following assumptions.

Assumption 1: The system (1) is controllable. For any xy, y, € R",
assume that A(-), B(-), Q(+), R(+), and I'(+) are Lipschitz continuous
functions, such that

D [|A(zx) = Alye)[| < Lallek —ys
2) [B(zk) = B(yx)|| < Lollwk =yl
3) [|Q(zx) = Q(yw)ll < Lo llzr —yx

4) | R(xr) = Ryr) | < Lrllze =yl
5) |17 (k) =T (ye)l| < Lrllzr =yl

where || - || denotes the Euclidean norm, and the parameters L.y are

positive constants.

For any state x,, we attempt to find an optimal control law pi (x ),
such that the value function is minimized. For a fixed control law p
of (1), the map from state x4, to (2) is called a value function J}' ().
The optimal value function is defined as J; (zx) = inf,, Jf (zy),Vk =

0,1,...,7T;. According to Bellman’s principle of optimality, for k =
0,1,...,7y — 1, J;(xx) satisfies the following discrete-time Bellman
equation:

Ji (@) = inf {U @y, up) + Ty (Trg1) } - ?3)

The terminal cost is defined as J7 (z7;)
0,1,....7;

=zl (@7, )z7,. For k =
— 1, we define the optimal control law as

uy, (zy) = arginf {U(z, up) + J5 oy (Tes1) } - 4)
u

Hence, the Bellman equation (3) for £k =0,1,...
rewritten as

, 75 — 1 can be

Je(xr) = Uzr, ug(zr)) + S (F(@e, up(z)). (5

Remark 1: Many physical systems are described by continuous-time
dynamics but are controlled by discrete-time controllers. In order to
get the discrete-time affine nonlinear systems (1), continuous-time
affine nonlinear systems in [10] and [11] with the form x = A(x)x +
B(x)v are discretized in this article, where x is the state and v
is the control input. Considering a sampling time interval AT > 0,
we have x:w. Then, we can derive x(x4+1ar = (I +
ATA(XkAT))XkAT + ATB(XkAT)VkAT- Letxk anduk, where k =
0,1,..., be the system state and control input, such that z;, = xxar
and uy = viaT, respectively. Then, the discrete-time affine nonlinear
systems can be expressed as (1).

I1l. TIME-VARYING ADAPTIVE DYNAMIC PROGRAMMING ALGORITHM

In this section, a new time-varying ADP method will be introduced
to obtain the finite-horizon optimal control law for discrete-time affine
nonlinear systems (1).

A. Derivation of the Time-Varying Value Function

According to the form of discrete-time affine nonlinear systems (1),
for the iteration index ¢ = 0, the initial linear system can be expressed
as

e\l = (I + AT A(zo))zl! + ATB(x0)ul) (6)

(0]

where x;" = x. The iterative value function is expressed as

0],.[0 0T 0
Vk[ ](xgc]) = a:[Tf] P(xo)x[Tf]
Tp—1

2

the time-varying linear system equation is expressed

2T Q (o)l + ulITR(zo)ul”). ()

Fori=1,2,...,
as
iy = (L + ATA( )z + ATB( Dl @)

[i] _

where x;" = xy. The corresponding iterative value function is ex-

pressed as
Vi@l = a3 Tl ey
Ti-1
+ 2 @R el + ul TRl )ul)). ©)
T=k

B. lterative Control Law and the Closed-Loop System

According to (6)—(9), for any ¢ = 0, 1, . . ., the iterative systems are
discrete-time time-varying linear systems and the value functions are
expressed in time-varying quadratic forms. In this situation, the iterative
value function in (7) and (9) for ¢ = 0,1,.. ., can be described by a
quadratic form [14], which is expressed as

Vk[i] (w%]) _ xEj]TP[”xE] Vk=0,1,...,T; (10)

{md Ivl;en k="Ty, Pgl =TI'(x) for i =0 and P%] = F(:c[Tlf 1 for
i=1,2,.... o

Fori=0,1,2,..., let v,[;] (;cgz]) denote the pseudolinear feedback
iterative control law (iterative control law in brief). Then, according to
the pr1nc1ple of optimality [14], [15], the iterative control law v ]( Ec])

Vk=0,1,...,7; — 1is expressed as
o (i)
. -1
— — AT(Raf™) + AT E )P, Bl )
x BT ()P (T + AT A )] (11)

where PIEi], k=0,1,...,7;—1and i =0,1,2,..., in the iterative

value function (10), which satisfies the following Riccati equation:
B = Qi) + (I + ATA@ )R,

x (I +ATA(Y ) — AT?(I + AT AL )T

x P Bl ) (R ™) + AT? BTl ) P,

xB(al ™)) BT P (1 ATAGE ) (2)
with the terminal constraints P[O] = I'(xg) and P[Z] I'(zy L= 1]) For
i=1,2,..., the feedback system is expressed as

ol = (1 + ATA@EI )2l — AT Bl ) (R(xgj*”)

. -1 .
+ AT Bl P BEl) BT e )

x PUL (1 + AT A )z} (13)

where zl ' =z for i=0, k=0,1,...,7; — 1. The time-
varying adaptive dynamic programming algorithm is summarized in
Algorithm 1.

Authorized licensed use limited to: ShanghaiTech University. Downloaded on June 04,2024 at 07:12:00 UTC from IEEE Xplore. Restrictions apply.



2612

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 67, NO. 5, MAY 2022

Algorithm 1: The Time-Varying ADP Algorithm.
Initialization:
Give an initial state xg.
Set a sampling time interval AT
Give the terminal time 7.

Define a value function Jy (xk,ng 71) in (2).

Choose a positive integer 4,,x.

Choose a positive number 7' > 1.

Choose a computation precision €.

Iteration:

1: Let the iteration index ¢ = 0;

2:  Obtain the control system (6).

3: Obtain P/, k=0,1,...
equation (12) with the terminal constraint P}? - T'(zo).

, Ty — 1 by solving the Riccati

4:  Solve the iterative control law v,[:)] (xio]) with (11) and
obtain the feedback system (13).
5:  Record the trajectory of the state :ULO] and Vk[o] (JZECO] ), where
k=0,1,...,T;.
6: Leti =1+ 1 and go to the next step.
7: Obtain the discrete-time time-varying linear system (8)
with the initial state .
8:  Obtain P,y], k=0,1,...,7f — 1 by solving the Riccati
equation (12) with the terminal constraint
PR =1l ).
9:  Solve the iterative control law v,[f] (:pg]) with (11) and
obtain the feedback system (13).
10: If ||zl — 2l < e,k =0,1,..., T, then go to Step
13. Else, go to Step 11.
o AT
11: If4i < 4max, then go to Step 12. Else, let AT = Ea and
go to Step 12.
12:  Record the trajectory of the state xgj] and Vk[i] (a:,[j] )s
Vk=0,1,...,7T; and go to Step 6.
13: return AT, v,[:] (xgj]), and Vk[” (1:5])

C. Properties of the Time-Varying Adaptive Dynamic
Programming Algorithm

In this section, properties of the time-varying ADP algorithm will
be discussed. Before the analysis, a notation will be defined. For ¢ =
0,1,2,...and for ko, such that 0 < ko < k + 1, let D1 (k 4 1, ko)
denote the transition matrix generated by I + ATA(xLFl]) in (6) and
(8), which can be expressed as

k
Ok 4+1,k) = H (I+ATA(2E1)) (14)
T=ko
where {EL} - x¢ for ¢ = 0. Then, according to the definition of the

transition matrices in (14), we can derive the following lemmas.

Lemma 1: Fori =0,1,...,and for an initial time 0 < kg < k + 1,
let ®l“"H(k + 1, ko) be the transition matrices defined in (14). Then,
for any given xo € R™, there exists a positive constant A > 0, such
that

[F (k + 1, ko)|| < (14 ATA)FFott, (15)

Lemma 2: For i =0,1,..., and k=0,1,...,7, let the time-
varying ADP algorithm be implemented by (6)—(11) with an initial state
x¢. Consider the Riccati equation (12) with the definite state x, there is

an upper bound for the norm of the matrix Pm, wheret =0,1,...,and
k=0,1,...,T;,ie., ||P,£Z] || < Lp, where Lp is a positive constant.
Proof: First, fori = 0, according to P7[r(;] = TI'(xg), it can be derived

that the norm of P%tl in the Riccati equation (12) is bounded, as

A(zy), B(zk), Q(zx), R(zy), and I'(xy) are Lipschitz continuous.
According to mathematical induction, we have that the norm of P[O],
k=0,1,...,7T; — 2,is bounded. Then, it can be derived that the norm
of P,£0], Vk=0,1,...,7;,isbounded, i.c., HP,£0] | < ll[O], where ll[g]
is a positive constant.

Second, for i =1, we have that the norm of P%lc] = F(xg—)f]) is
bounded. Using mathematical induction, it can be proven that the norm
of P vk =0,1,..., 7} is bounded, i.e., | PY || < £}, where £}
is a positive constant.

Third, according to mathematical induction, it is proven that the

norm of P,y], 1=0,1,...,and £ =0,1,..., Ty, in Riccati equation
Py] || < Lp,where Lp =
max{ﬁgi] }. The proof is completed. |

Remark 2: Given a deterministic initial state x(, the iterative state
mﬁ_l of the time-varying linear system (8) is finite in a finite time step
7. According to Assumption 1, P%] = F(mgf;l]), 1=1,2,...,1s fi-
nite. In addition, according to (9), we have Vkﬂl (;cgil) — Vk[i] (mg]) =

(12) is bounded with an initial state x, i.e.,

-U( E:] , u,[j] ). The iterative value function Vkm (:EE]) (10) is decreasing
for (a:g] , u%]) # 0, as k increases. Thus, the norm of the matrix P,Ei],
i=0,1,...and k =0,1,...,T} is bounded.

We are now in a position to prove the following theorem.

Theorem 1: Fori =0,1,...,1let A > 0 be a positive constant, such
that the transition matrix ®(~(k + 1, ko) satisfies (15). Then, for

i=1,2,..., we have
DOk + 1, ko) — D2 (k4 1, ko) ||
< LAAT(k — ko 4+ 1)(1 + AT A)Fko

* |lzoll sup el — 2l (16)
selk,ko)
Proof: Fori =0,1,.. ., consider the following zero-input systems:
mE]H =+ ATA(xEjfl]))xgj],mg = (17)
and
wh = T+ ATAG )l Wl T =20 (18)

It is obvious that -1 (k 4 1, ko) and &2 (k + 1, k) are the solu-
tions of the systems (17) and (18), respectively. According to (17) and
(18), we can derive

7 i—1
mgc]Jrl - mLJrl]
= (I + ATA(@ )2l — (1 + AT AL ))2l
= (I + AT Azl ) (@ — 21

+ (T4 ATA@Y)) = (1 + ATAGE )l

19)
Considering the definition of the transition matrix ®~1(k + 1, ko),
1 =20,1,...,1in (14), we can obtain
[i] [i-1]

L1~ T

= @Ik + 1, ko) (al) — i, V)
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o 1Pes1B(@) = Pei Byl < [Pesall [B(wi) — Byl
+ o U k41,7 + 1) ((I+ ATA(zE )
r=kg < Lpp ok — il (27)
— I+ ATA(Q;[TZ*Q]))) x[Tifl] where Lpp = LpLp is a positive constant.
. Third, based on the proof in (26)-(27), we can prove
, . that AT? BT (z4) Py 1 B(wy), R(zg) + AT? BT (24) Py B(wy,) and
_ [i-1] [i-1] k)L E+1 k)s k k)L E+1 k
_Z Uk +1,7+1) (I + ATA(21™1)) Pyy1(I + AT A(zy)) are all Lipschitz continuous functions for
T=ho Tk, Y € R™.
—(I + AT A(zl2 ))) o2 (7 k 0)z, [i~ 1] (20) Based on the above analysis, we can derive that C'(xy,) is a Lipschitz

According to Assumption 1 and Lemma 1, we can obtain

Iz, — =i

IN

selk, ko]

k
Z (I + ATA)" <[,AAT sup |zl — 2l )

T=ko

X ||@o|| (I + AT A)T Fo

< LAAT(k — ko + 1)(1 + AT A)P o
x lzoll sup falmt — 2L, 21
selk,ko]
According to (21), the inequality (16) can be verified. |

According to (13), fori = 1, 2, .. ., defining

Caf ™) = =Bl (Rl + AT?BT (@ )P,

<Bal ™)) BTl P,

x (I +ATA(z) ")) 2)
the feedback system in (13) can be expressed as
el = (I + AT A} e + AT?C (2 )]
xgi] = 0. (23)
Then, the convergence property can be analyzed.
Theorem 2: For i=0,1,..., and k=0,1,...,7;, the time-

varying ADP algorithm is implemented by (6)—(11) with a definite

initial state xo. Then, there exists a sampling time interval AT, such
that the iterative system state xgj] converges to the state x in (1) under
the feedback control law v,[;] (atgj]), asi — oo, i.e.,

}Lrgcxg]:mk,kzo,l,...,ﬂ. (24)
Proof: This theorem is proven in three steps.
Step 1: According to (22), let
C(zr) = —=B(zk)(R(zg) + ATQBT(xk)PkH
x B(zy)) BT (xk) Pog1 (I + AT A(zy)).  (25)

Based on Assumption 1 and Lemma 2, it is proven that C'(zy) is a
Lipschitz continuous function.

First, it is easy to get that AT?BT(x},) is a Lipschitz continuous
function because

IAT?BT(21) = AT*BT(ye)|| < AT?(|(B(xx) — Byx)' |

< Lrpllzr — vkl (26)

where L5 = AT?L g is a positive constant.
Second, it is shown that Pyy;B(xy) is a Lipschitz continuous
function because

continuous function, such that

[C(zx) = Clyp)ll < Lo ok —yrll  Yar, yn € R™. (28)

Step 2: According to (22), based on Assumption 1 and Lemma 2,

it is proven that the norm of C(mgfu), where = 0,1,..., and k =
0,1,...,7¢,is bounded with an initial state .
First, for7 = 0, accordmg to ac[Z U= =z, wherek =0,1,...,7; —

1, the norm of C(;rk ])can be derived as
1€ @o)l < 1B (o)l || (B (o) + AT* BT (o) P,
x B (z0)) Hy\BT(xO)HHPﬂl(I+ATA (20))||-
29

Letting UE.O], 7 =1,2,...,n, be the singular values of the matrix
R(xg) + ATZBT(Q:O)PﬂlB(a:O), then we have [16]

H (R (xo) + AT?BT (xO)P,L‘LB(xO)) =—0 60
min o
J
Letting &][.0]:1 /min; O’;O], then ||C'(z¢)|| can be derived as
1€ @)l < a7 (L5 ol + IBO))*Lr
X (14+ AT (Lallzoll +11AO)D) . G
It can easily be derived that [C(xz)| <CI, where

Cl=a7 (Lo + IBO))Lr(L+ AT (L allo||+

|[A(0)]))) is a positive constant.

Second for ¢+ = 1, according to xg = xo and (29)—(31), the norm
of C(z}, =11 can be derived as

o (=) < o (s |+ + 1BON) 25
x (1 A7 (£a [+ + 1401 )

1 :
o, ] =12,..., are the singu-

lar values of matrix R(z") + ATQBT( Pl B(x [0]). Then, it

k41
can easily be derived that HC(xk )N < C[l] where C'11) 55-1](1 +
AT(Lallz |+ [|AO) D)L (Lol || + [BO)])? is a positive
constant.

Third, according to mathematical induction, the norm of C'(x;, L= 1])
1=0,1,...and k=0,1,..., 7, is upper bounded with the 1mt1al
state x(, such that

(1]
where O'J =1/min; o n, and o;

Ic@i M <c 32)

where C = max{Cl1},i=0,1,...,
Step 3: Prove (24).
For k=0,1,...,7; — 1, considering the feedback control system
(23), we have

is a positive constant.
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2l — 2l = (T 4+ ATAGE )2l + AT?C (2l )a!

— (I + AT Al )zl

— AT?C(al Nzl 33)
According to the definition of &1 (k + 1, k), = 0,1,...,1in (14),
we can get
7 i—1
mﬁ]ﬂ mgwl]
= (@ Uk +1,0) — @2 (k +1,0)),
+ ZAT2 Gk + 1,7 + 1)C(al ) (@1 — gli-1)
7=0
k o
+ Y AT (k1,7 41)(Claf )~ Cal P )ali
7=0
k
+Y CATHRE N (k+ 1,7+ 1) — (k4 1,7 + 1))
7=0
x C(xl )l (34)
As A(-) is Lipschitz continuous for z, then fori = 0, 1, . . the system
state acﬂ_l is finite under any initial state x(, where we let a: U= Tg.

Then, fori = 0,1, ...and kg > 0, there exists a positive numbera > 0,

such that
sup ol — ol <o sup (|2l — a2l ) 39)
selk,ko) s€lk,ko)
According to (23), we can obtain
eyl < (1 + AT A+ AT2C) ao|. (36)

According to (15), (16), (28), (32), and (34)—(36), it can be derived
that

7 1—1
sup [loth, — 2]
s€(k,0]

< LAAT (k+1)(1+ATA)F ||z sup sz n_ x[si’Q]\|

selk,0]
:c[;ﬂn>

k
Z (AT2L‘C (1+ATA)" 7(1 + ATA+ AT?C)”

k
+ Z (ATQC(l + ATAY 7 sup [zl —
7=0

se(k,0]

X llzoll sup II:E”—W ”H>+Z <£ACAT3( =)

7=0

x (1+ATA" 71+ ATA+ AT?C)”
< llzol] sup [zl — wEf’”H)- 37
selk,0]

i—1]
— gl

|| and according to (35)

-r> gl[:l_l

< LaATo(k+1)(1 + AT A |zl

Letting 51[3.1 = SUDPgc[r41,0] ||$[s
and (37), we can obtain

k
<1 —AT?Co > (1+ ATA)*

7=0

k
+ AT*Leolao) Y ((1 + AT A)*

7=0
X (14 ATA+ AT2C) )1 + LacAT?

k

xallao| 3 (k= 7)1+ ATA)
7=0
x (1+ ATA+ AT?C) )&l ], (38)
Then, we obtain
§k+1 > 77k+1§k+1 (39

where 7,41 is expressed as in (40) on the next page.

From (40), if we choose a small AT, such that 7,41 < 1, then
according to (39), for ¢ — oo, we have ¢ ,[;lrl — 0, which implies that
zgj]ﬂ is convergent.

Letting lim; :ELZ]H = ngi]l, the system (13) can be derived as

el = (1 + ATA@)) el + Bl @y @n
where v[“] (ngc]) is expressed as
[00]( [00])
[o0] T looly ploel gy leely) T
— _AT? (R(x,jc ) + AT?BT () P, B(al* ))
x BT (ap P (1 + AT Ao (42)
Letting xy11 = :cfill and uy = v,[:o], we can obtain (1) for k =
0,1,...,T; — 1, which implies z\ | — )41 as i — co. As z}}) =
2o, Vi = 0,1,...,(24) can easily be derived, which implies (24) holds
forall k =0,1,..., 7. The proof is completed. |

Theorem 2 shows that the iterative system state ZEE] of time-varying
linear systems converges to the state x; of the nonlinear system (1), as
1 — oo. In the following statement, the optimality of the time-varying
ADP algorithm will be discussed.

Theorem 3: Fori = 0,1, ..., letthe time-varying ADP algorithm be
implemented by (6)—(11). There exists a finite sampling time interval
AT, such that the iterative value function sz‘] (xgj]) converges to the
optimal value function J;(xy), as the iteration index ¢ increases to
infinity, i.e.,

hmV ( )=

1—00

Ji(ze), k=0,1,...,7;. (43)

Proof: In the time-varying ADP algorithm (6)—(11), the system (1)
is approximated by a series of time-varying linear systems which are
expressed by (6) and (8), respectively, fori = 0,1, .... Let x[’ 1
fori = 0.Then, forany ¢ = 0, 1, . . ., the iterative control laws v,[;] (xg])
in (11) are derived by the following equation:

=z

o (@) = argmin {27Q( el + uT Rz} !

Uk

+ Vk[il(zgclltl)} (44)
where
va< >—m7fr< >T

and P,Ei] satisfies the Riccati equation (12).
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For i — oo, choosing a small AT, according to Theorem 2, we have
[1] [o0]

x, — ;. as 1 — 00. For i — oo, define
V) = o P b0 T
VTf (wa ) = Ty, F(wa )fo
where P,Ex] satisfies the following Riccati equation:
B = Q) + (1 + ATA@) TR,
x (I +ATA@=X)) — AT?(1 + AT AT
x PELB) (R(af) + AT BTl P
-1
xB(a™)) B PV + ATAGE) @)

[]

with the terminal constraint P}Oo] =T(zy

f f
2, it is known that V™) (1)) is finite for k = 0, 1,..., T}, since the
trajectoryofa:k ol ,k=0,1,..., T, isfixed. Fork =0,1,...,7 — 1,
v ,[:O] (z EC ) is defined as (42). According to (44) and (46), we can derive

). According to Lemma

00 s) . o] T 00 [eS)
v,[C ](.'EL ]) = argrr%g]l {xL ] Q(sﬁgc ])x,[C !

k

oo] T 0 00 00 0
+ uTRE G vl a6

Thus, V[x](as[w]), k=0,1,...,T; — 1, satisfies
V[%( [00])
] T 0 0 o] T o 0 00 0
= 27 QE@al + o @ R e @)

+ v ((1 + AT A + AT2C (2} ]))mLOQ])

min {a Qe + ulIT Ryl

wl®
k

+ Vk+1(x1:u]1)}

which is the Bellman equation (3). For k = 7T, the terminal constraint
function satisfies

(49)

Vi@l = X0 @i = 75 (). (50)

It shows that J; (xy) = Vk[oo (:vfo]), fork=0,1,...
completed.

Corollary 1: Fori =0,1,..., let the time-varying ADP algorithm
be implemented by (6)—(11). If the sampling time interval AT is small
enough, then the iterative control law v ,[; ] (1) converges to the optimal
control law uj, (z) in (3), as i — oc.

Remark 3: According to Theorem 3, for a given initial state x, the
optimal value function J;(zx), k = 0,1, ..., T, can be approximated
by the iterative value function a:gf]TPIEi]xg] as ¢ — oo. However, it
should be emphasized that it does not mean that J; () is a quadratic

function for all x;, € R™. For example, if the initial state x is changed

, Ty. The proof is

to T, where xg # Ty, then the iterative value function is also changed,
such as :EE]TPE]:EE. Generally speaking, Jj(zy), Vo, € R", is a
nonanalytical function for nonlinear systems, which cannot be ap-
proximated by a single quadratic function for the entire state space.
On the other hand, given an initial state x, it is declared that the
Bellman equation is not solved for all z;, € R™ by the time-varying
ADP algorithm. Actually, for the initial state x(, the time-varying ADP
algorithm obtains a pointwise optimal solution of the affine nonlinear
system (1), which is not the optimal solution for all z;, € R"™.

IV. SIMULATION STUDIES

In this section, simulation results are shown to verify the per-
formance of our time-varying ADP algorithm. The optimal control
problem for the inverted pendulum system [17] with modifications is
considered, where the sinusoidal term is replaced by polynomial terms.
m =1/2kg and £ = 1/3 m are the mass and length of the pendulum
bar, respectively. Let & = 0.2 and g = 9.8 m/s? be the frictional factor
and the gravitational acceleration, respectively. Let the approximation
parameters be 0y = —6 and 0; = 120, respectively. Discretization of
the system function with the sampling time interval AT leads to

AT

)= 1
x2<k+1> AT%(l + %m?k + 01 xlk) — ATkl

2] )

X + | a7 | Uk-
Lok meZ

Let the value function be expressed by (2). Choose @ = I; and R = I,
where I; and I denote the identity matrices with suitable dimensions.
Let 77 = 500. Choose I'(x)) = Iy, V). As Algorithm 1 cannot be
implemented for infinite times to reach the convergence, a computation
precision ¢ is given. If the inequality H:EEL] — x%fl] || < eis satisfied for
k=0,1,...,7, then the state is regarded as convergent. It is required
to use a small positive number € in Algorithm 1, such that the state m[l 1

(51

is sufficiently close to :cgl . We choose € = 0.01 and an initial state x¢ =
[5,2]7 to illustrate the effectiveness of our algorithm. Let 4,4, = 20,
the initial sampling time interval AT = 0.1and T' = 10. Implement the
time-varying adaptive dynamic programming algorithm in Algorithm
1. The algorithm returns AT = 0.01 and it takes 20 iterations to reach
the computation precision.

The trajectories of the iterative value function Vk[i] (:vg] ), which start
with the initial state xo, are shown in Fig. 1. The word “In” denotes
initial iteration and the word “Lm” denotes the limiting iteration. It is
shown that the iterative value functions V[ (z ]) converge to the opti-
mum, as the iteration index ¢ increases. Implementlng the time-varying
ADP algorithm with the initial state zo = [5,2]7, the trajectories of
states and controls are shown in Fig. 2(a)—(c), respectively, where
iterative system states xg] and control law v,[j ] (x
their optimums.

In the implementation of the time-varying ADP algorithm, in order
to obtain the iterative control law (11), we have to solve the Riccati
equation (12) in each iteration. P,EZ] € R?*2 is the solution of the
Riccati equation (12) associated with the nonlinear system (51), which

Li]) both converge to

Nep1= AT ||zo]|

k k
+LACAT?c ((k: —7)(1+ATA) 7 (1 4+ ATA+ AT?C)” /(1 _ AT S (14 AT A

7=0

k
Lao (k+1) (1+ ATA) 2 + ATLoo S ((1 +ATA)T(14+ATA+ ATQC)T)

T7=0

)

7=0
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Fig. 1. Trajectories of the iterative value functions Vkm (xgj]) started by

the initial state.
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Fig. 2. State and control trajectories. (a) State trajectories of z;.
(b) State trajectories of z2. (c) Control trajectories.
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Fig. 3. Plots of the solution P["! in the Riccati equation. (a) P’ (1,1).

is defined as P/ = [P (1,1), PI?(1,2); PI(2,1), Pl (2,2)]. The
plotsof [P (1, 1), P (1,2); P (2,1), Pl (2,2)] are shownin Fig. 3
. It is shown that the four elements of Pg] converge to the solutions of
the Riccati equation, as the iteration index ¢ increases. The optimal
trajectories of the states and control are shown in Fig. 4(a)—(c),
respectively.
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Fig. 4. State and control trajectories based on the time-varying ADP
algorithm and the direct collocation methods. Dashed line: Time-varying
ADP. Solid line: Direct collocation methods. (a) State trajectory of z. (b)
State trajectory of 5. (c) Control trajectory. (d) State trajectory of . (e)
State trajectory of z5. (f) Control trajectory.

In order to show the effectiveness of the present ADP method, the nu-
merical solution of the optimal control problem of the nonlinear system
(51) is obtained by direct collocation methods [18], [19]. In detail, the
continuous-time optimal control problem is formulated as a nonlinear
programming problem [18]. Then, the resulting nonlinear programming
problem is solved by the primal-dual Lagrange multiplier method [19].
In the comparison, the optimal control solver is implemented with the
same initial conditions for the nonlinear system (51). The trajectories
of the states and controls are shown in Fig. 4(d)—(f), respectively.

From Fig. 4, it is shown that the trajectories obtained by the time-
varying ADP algorithm are similar to the ones by the direct collocation
and primal-dual Lagrange multiplier methods, which verifies the effec-
tiveness of the developed time-varying ADP algorithm. On the other
hand, using the direct collocation, the optimal control problem of the
nonlinear system is formulated as a nonlinear programming problem,
which is solved by primal-dual Lagrange multiplier methods in an
open loop. In contrast, the optimal control law by the time-varying
ADP algorithm is a closed-loop control law. Furthermore, using the
direct collocation and primal-dual Lagrange multiplier methods, the
numerical solution of the nonlinear programming problem is obtained.
It is declared that the control law by the time-varying ADP algorithm
is an analytical one. Thus, superiorities of our ADP method can be
verified.

V. CONCLUSION

In this article, a new discrete-time time-varying adaptive dynamic
programming (ADP) is developed to solve the finite-horizon optimal
control for a class of discrete-time affine nonlinear systems. Given an
initial state, it is proven that the states of the time-varying pseudolinear
systems converge to the ones of the nonlinear system. It is shown that
the iterative value function and iterative control law converge to the
optimal value function and the optimal control law, respectively, if the
sampling time interval is small enough. The detailed implementation
of the time-varying ADP algorithm has been provided.

In addition, it is pointed out that the present method can only be used
to solve the optimal control problem of discretized affine nonlinear
systems, but not the genuine discrete-time systems. In our future
work, we will focus on the applications of the pseudolinear method
to the genuine discrete-time systems and the stability of nonlinear
systems.
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