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Abstract: This paper deals with the finite-horizon optimal tracking control for a class of discrete-time nonlinear systems using
the iterative adaptive dynamic programming (ADP) algorithm. First, the optimal tracking problem is converted into designing a
finite-horizon optimal regulator for the tracking error dynamics. Then, with convergence analysis in terms of cost function and
control law, the iterative ADP algorithm via heuristic dynamic programming (HDP) technique is introduced to obtain the finite-
horizon optimal tracking controller which makes the cost function close to its optimal value within an e-error bound. Moreover,
three neural networks are used to implement the algorithm, which aims at approximating the cost function, the control law, and
the error dynamics, respectively. At last, an example is included to demonstrate the effectiveness of the proposed approach.
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1 Introduction

The optimal tracking problems have been the focus of
control systems community for several decades since they
are usually encountered in real world systems. For finite-
horizon tracking control problems, the system must be
tracked to a reference trajectory in a finite duration of time.
In this paper, we will solve the problems through the frame-
work of Hamilton-Jacobi-Bellman (HJB) equation from op-
timal control theory. Unlike the open-loop optimal controller
design for nonlinear systems, however, for closed-loop opti-
mal feedback control, it is difficult to solve directly the time-
varying HJB equation which involves solving either nonlin-
ear partial difference or differential equations. Though dy-
namic programming (DP) has been an useful technique in
solving optimal control problems for many years, it is of-
ten computationally untenable to run it to obtain the optimal
solution due to the “curse of dimensionality”.

With strong capabilities of self-learning and adaptivity, ar-
tificial neural networks (ANN or NN) are an effective tool to
implement intelligent control. Besides, it has been used for
universal function approximation in adaptive/approximate
dynamic programming (ADP) algorithms, which were pro-
posed in [1] as a method to solve optimal control problems
forward-in-time. There are several synonyms used for ADP
including “adaptive dynamic programming”, “approximate
dynamic programming”, “neuro-dynamic programming”,
“neural dynamic programming”, “adaptive critic designs”
and “reinforcement learning”. As an effective intelligent
control method, ADP and the related research have gained
much attention from researchers [1-11]. According to [1]
and [6], ADP approaches were classified into several main
schemes: heuristic dynamic programming (HDP), action-
dependent HDP (ADHDP), also known as Q-learning, dual
heuristic dynamic programming (DHP), ADDHP, globalized
DHP (GDHP), and ADGDHP.

Recently, various new strategies basing on NN were pro-
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posed to deal with the tracking control problems [9-12].
Dierks and Jagannathan [11] utilized neural dynamic pro-
gramming to solve the HJB equation forward-in-time for
optimal tracking control of affine nonlinear systems. How-
ever, there is still no result to solve the finite-horizon optimal
tracking control problems for discrete-time nonlinear sys-
tems based on iterative ADP algorithm via HDP technique
(iterative HDP algorithm for brief). In this paper, we will
provide an iterative ADP algorithm to find the finite-horizon
near-optimal tracking controller for a class of discrete-time
nonlinear systems.

2 Problem Statement

In this paper, we will study the discrete-time nonlinear
system given by

rp1 = f(zr) + g(@n)up(or) (1)

where z;, € R” is the state and u,(zx) € R™ is the control
vector, f(-) and g(-) are differentiable in their argument with
£(0) = 0 and g(0) = 0. Assume that f + gu, is Lipschitz
continuous on a set {2 in R™ containing the origin, and that
the system (1) is controllable in the sense that there exists
a continuous control on € that asymptotically stabilizes the
system. In the following part, u,(x) is denoted by w,,, for
simplicity.

The objective for optimal tracking control problem is to
find the optimal control law u;k,, so as to make the nonlinear
system in (1) to track a reference (or desired) trajectory 7y
in an optimal manner. Here, we assume that the reference
trajectory r, satisfies

The1 = O(Tk) (2)

where 7, € R™ and ¢(r1) € R™. Then, we define the track-
ing error as
er = Tp, — T €)

Inspired by the work of [10-12], we define the steady con-
trol corresponding to the reference trajectory rj as

ugr = g~ (1) ($(rk) — f (i) )
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where g~ (r1)g(ry) = I, and I, is an m x m identity
matrix.
By denoting
Uk = Upk — Ugk (5)

and using (1)-(4), we obtain

ert1 = flex+ri)+g(ex + )9 (re)(d(rr)
— f(ri)) — o(ri) + glex + r)ux
Tep1 = o(r)

(6)

as the new system. Note that in system (6), e;, and rj are
regarded as the system variables while uy, is seen as system
input. The second equation of system (6) only gives the evo-
lution of the reference trajectory which is not affected by the
system input. It will be used in the study of the first equation
of system (6), which for simplicity, can be rewritten as

Ck+1 = F(ek, uk). (7)

Now, let ey be an initial state of system (7) and define
gév_l = (ug,u1, -+ ,un—1) be a control sequence with
which the system (7) gives a trajectory starting from eq: eq,
e, -+, en. We call the number of elements in the control

2=1 the length of u{) ~* and denote it as ]gévfl ‘

sequence Uo
Then, 1| = N. The final state under the control se-
1) = €EnN.

quence uév

Let uN Y = (ug,upy1,--- ,un_1) be the control se-
quence starting at k& with length N — k. For finite-horizon
optimal tracking control problem, it is desired to find the

control sequence which minimizes the following cost func-
tion

can be denoted as (/) (eo, ud~

J ek,uk

N—-1
= Ulei,u;) ®)
i=k

where U is the utility function, U(0,0) = 0, U(e;, u;) > 0
for V e;, u;. In this paper, the utility function is chosen as the
quadratic form given by U(e;, u;) = el Qe; + ul Ru,. This
quadratic cost function can not only force the system state
to follow the reference trajectory, but also force the system
input to be close to the steady value in maintaining the state
to its reference value. In fact, it can also be expressed as

Ulenus) = [ eF r;][%? gH }—i—uTRul

when considered from the angle of system (6).

In this sense, the nonlinear tracking problem is converted
into a regulation problem and the finite-horizon cost func-
tion for tracking is written in terms of e; and uy. Then, the
problem of solving the finite-horizon optimal tracking con-
trol law wu,, for system (1) is transformed into seeking the
finite-horizon optimal control law w* for system (7) with re-
spect to (8). As a result, we will focus on how to design u*
in the following sections.

For finite-horizon optimal control problems, the designed
feedback control must be finite-horizon admissible, which
means it must not only stabilize the controlled system on 2
within finite number of time steps but also guarantee the cost
function is finite.
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Definition 1 A control sequence giv ~Lis said to be finite-
horizon admissible for a state e, € R™ with respect to (8) on
Qifupy ! is continuous on a compact set Q € R™, u(0) =
0, e(H (e;wg,iv_l) = 0 and J(ek,gg_l) is finite.

Let e, = {u;: e (er,u;,) = 0} be the set of all finite-
horizon admissible control sequences of e; and

be the set of all finite-horizon admissible control sequences
of ey, with length 7. Define the optimal cost function as

A = {uizﬂﬂ e (e, ub T 1) =

J*(ex) = iilf{J(ek,gk): u, € Ae, b )

Note that equation (8) can be written as

N—-1

) = el Qex + uf Ruy + Z Uleq,ui)
1=k+1

= engk + ugRuk + J(€k+1,yi\z:11).
(10)

J(ekagg

According to Bellman’s optimality principle, the optimal
cost function J*(ey,) satisfies the DTHJB equation
J(ex) = n&in {engk + u} Ruy, + J*(ek+1)} .3

The optimal control u* satisfies the first-order necessary
condition, which can be given by

oJ* <€k+1)

1
* _ —*R_l T
u*(ex) 5 g Derin

(ek -‘er) (12)

Since the above DTHJB equation cannot be solved exactly,
we will present a novel algorithm to approximate the cost
function iteratively in next section. Before that, we make the
following assumption.

Assumption 1 For system (6), the inverse of the control co-
efficient matrix g(ey, + 1) exists.

3 Finite-Horizon Optimal Tracking Control Using
the Iterative ADP Algorithm
3.1 Derivation of the Iterative ADP Algorithm

In this part, we present the iterative ADP algorithm, where
the cost function and the control law are updated by recursive
iterations.

First, we start with the initial cost function V5(-) = 0,
and then solve for the law of single control vector vg(ey) as
follows:

volex) = argn&n {U(ek,uk) + Vo(ek+1)}
subject to F'(ex, uy) = 0. (13)

Once the control law wvg(ey) is determined, we update the
cost function as

Vi(er) = Hzin {U(ex,ur) + Vo(ers1)}

= Ulek,vo(er)),



which can also be written as
Vi(er) = min U (e, ux) subject to F'(ey, ug) =0
Up
= U(ek, ’Uo(ek)). (14)

Then, for ¢ = 1,2, -- -, the iterative algorithm can be im-
plemented between the control law

vi(ex) = arg muin {U(ek,uk) + ‘/}(ek+1)}

IVi(ex+1)

1
=—R 1gT ep+r
( k k) 961@ .

3 5)

and the cost function
Visr(ex) = min {U(ex, u) + Vi(er+1)}
= Ulek,viex)) + Vi(F(ex, vi(ex)).  (16)

Next, we will present a convergence proof of the iteration
between (15) and (16) with the cost function V; — J* and
the control law v; — u* as ¢ — oo. Before that, we will
see what V; 1 (ex) will be when it is expanded. According
to (14) and (16), we can obtain

Vigi(er) = min {U(er, ux) + Viery1)}

= Eglf% {U(ex, ur) + U(ent1, urs1)

+ Vici(eny2)}

= EEH1 {U ek, ug) + U(epr1, Upt1)

4o+ Uleppiots Ukgio1) + Vi(erss) } (17)
where
Vi(erti) = min U(€ktis Uk+i)
subject to F'(exq, ugti) = 0. (18)
Then, we have

mln E Ulertj, Ukts)

uk ] 0

Vita(ex)

subject to F(egyi, upsi) =0

o k+i\ . k+i (i+1)
_S%E{J(ek,uk )ruft el 19
=k

which can also be written as

ZU (ertjrvij(eris)) (20)

7=0

Vit1(er)

when using the notation in (15). These equations will be use-
ful in the convergence proof of the iterative ADP algorithm.

3.2 Convergence Proof of the Iterative ADP Algorithm

Theorem 1 Suppose ngc) # (). Then, the cost function se-
quence {V;} obtained by (13)—(16) is a monotonically non-
increasing sequence satisfying Viio(er) < %H(ek) for
Vi >0, ie., Vi(er) = max{Vi(ey) :i=1,2,--- }.

Proof We prove this theorem by mathematical induction.
First, we let ¢ = 0. The cost function V;(ey) is given in
(14) and the finite-horizon admissible control sequence is
iy = (vo(ex)). Now, we show that there exists a finite-
horizon admissible control sequence 12’,3“ with length 2
such that J (e, artt ) = Vi(ex). Let aytt = (4270)
then k+1| 2. Since ex11 = F(ex,vo(eg)) = 0 and
Gg+1 = 0, we have eg0 = F(egy1,trr1) = F(0,0) =
Thus, QZ‘H is a finite-horizon admissible control sequence.
Since U(eg41, k1) = U(0,0) = 0, considering (20), we
can obtain

J(er, af ) = Uler. vo(er)) + U et nsr)
= Uler,vo(er))

= V1 (6 Lk ) .
On the other hand, according to (19), we have

Va(er) = min {J(ekaﬂﬁﬂ) rutt e ngi)},
Uy,

which reveals that

Vz(ek) < J(ek, ) Vl(ek) (21)

Therefore, the theorem holds for 7 = 0.
Next, assume that the theorem holds for any ¢ = ¢ — 1,
where ¢ > 1. The current cost function can be expressed as

Q
—

Valer) =

Ulek+j, Vg—1—j(€k+5))s

Il
=]

where @771 = (vg_1(ex), vg—2(ens1), s vo(Chiq—1))

is the corresponding finite-horizon admissible control se-
quence.

Then, for © = ¢, we can construct a control sequence
a4t = (vg_1ler),vg—2(ens1),+ ,vo(€rtq-1),0) with
length ¢ + 1, under which the error trajectory is given as
ek ert1 = F(ex, vg-1(ex)), exra = Flery1,vg-2(€x11)),

oy kg = Flektg-1,v0(er+q-1)) = 0, eppgr1 =
F(ektq,Uk+q) = F(0,0) = 0. This shows that
@gﬂ is a finite-horizon admissible control sequence. As
U(€ektq, Uk+q) = U(0,0) = 0, considering (20), we can
acquire

J (e @) = Ulen, vg-1(ex)) + Ulert1, vg—2(ext1))
+ oo+ Ulertq—1,v0(€k+q-1))

+ U(ek+q, ukJrq)
q

On the other hand, according to (19), we have

Vira(ex) = min {J (ex, uf ™)  uf ™ € 20},

which implies that

Vot (er) < J (e, k+q) = Vy(ex). (22)
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Accordingly, we complete the proof by mathematical induc-
tion. |

We have concluded that the cost function sequence
{Vi(ex)} is a monotonically nonincreasing sequence which
is bounded below, and therefore, its limit exists. Here, we
denote it as Vi (eg), i.e., lim; o Vi(er) = Vo (er). Next,
let us consider what will happen when we make ¢« — oo in
(16).

Theorem 2 For any discrete time step k and tracking error
ek, the following equation holds:

Vooleg) = H;in {U(er,ue) + Vaoler+1) ). (23)

Proof For any admissible control 7, = 7(ey,) and 4, accord-
ing to Theorem 1 and (16), we have

Voo(er) < Vigi(er)
= muin {U(Ek,uk) + Vi(ek-&-l)}

< Ulek,r) + Vi(ers1)-
Let i — oo, we get
Viooler) < Uler, k) + Voo (€ry1)-

Note that in the above equation, 7, is chosen arbitrarily, thus,
we can obtain

Vao(ex) < min {U(ex, up) + Voo (en1) ). 24

On the other hand, let 6 > 0 be an arbitrary positive num-
ber. Then, there exists a positive integer [ such that

Vi(er) — 6 < Vio(er) < Viler) (25)

because V;(ey) is nonincreasing for ¢ > 1 with V. (ex) as
its limit. Besides, from (16), we can acquire

Vi(ex) = min {U(er,ur) + Vii(ers1) }
=Uler,vi—1(ex)) + Vi—1(F(ex, vi—1(ex)).

Combining with (25), we can obtain

Veo(er) > Ulek,vi—1(ex)) + Vi1 (F (e, vi-1(ex)) =6
> Ulek,vi—1(ex)) + Voo (F (e, vi—1(ex)) — 6
> min{U (ex, ur) + Voo(er+1)} =,

which reveals that
Vool(er) > muin {U (e, up) + Voo (ers1) } (26)

because of the arbitrariness of §. Based on (24) and (26), we
can conclude that (23) is true. |

Theorem 3 Define the cost function sequence {V;} as in
(16) with Vo () = 0. If the system state ey, is controllable,
then J* is the limit of the cost function sequence {V;}, i.e.,

Vooler) = J*(ex).

Proof On the one hand, in accordance with (9) and (19), we
can acquire

J*(er) = inf{J(ek,gk): w, € Q[ek}

< min {J(ek,g’zﬂ;l) :gzﬂ;l € ng‘k)}

Phani
= Vi(ex).
Let 7 — oo, we get
T*(er) < Vaol(er)- 27)

On the other hand, according to the definition of J*(ey),
for any > 0, there exists an admissible control sequence
o, € AU, such that

J(ex,01) < J*(ex) + 1. (28)
Now, we suppose that |g, | = ¢, which shows that g, € Ql(e‘,i).
Then, we can obtain

Veo(er) < Vg(er)

o . k+q—1\ ., k+qg—1 (q)
= uil}jlr}l {J(ek,gk ) Uy el
=k

< J(ekvgk)v

when using Theorem 1 and (19). Combining with (28), we
get
Vooler) < J*(ex) + 7.

Noticing that 1 is chosen arbitrarily in the above equation,
we have
Voo(ek) < J*(ek). 29)

Based on (27) and (29), we can acquire that J*(ey) is the
limit of the cost function sequence {V;} as i — oo, i.e.,
Voo(ek) = J*(ek). |
From Theorems 1-3, we can obtain that the cost function
sequence {V;(ex)} converges to the optimal cost function
J*(er) of the DTHJB equation, i.e., V; — J* as i — oc.
Then, according to (12) and (15), we can conclude the con-
vergence of the corresponding control law sequence, i.e.,
lim; o0 vi(er) = u*(ex).
3.3 The e-Optimal Control Algorithm

According to Theorems 1-3, we should run the iterative
ADP algorithm (13)-(16) until © — oo to obtain the opti-
mal cost function J*(ey,), and then to get a control vector
Voo (1) based on which we can construct a control sequence
Moo(ek) = (Uoo(ek)a Uoo(ek+1)7 U ’Uoo(ek-i-i)’ T ) to con-
trol the state to reach the target. Obviously, u.(ex) has in-
finite length. Though it is feasible in terms of theory, it is
always not practical to do so because most real world sys-
tems need to be effectively controlled within finite-horizon.
Therefore, in this section, we will propose a novel e-optimal
control strategy using the iterative ADP algorithm to deal
with the problem. The idea is, for a given error bound ¢ > 0,
the iterative number ¢ will be chosen so that the error be-
tween V;(ex) and J*(ey,) is within the bound.

Let ¢ > 0 be any small number, e;, be any controllable
state, and J*(ey) be the optimal value of the cost function
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sequence defined as in (16). From Theorem 3, it is clearly
that there exists a finite ¢ such that

[Vi(er) — J*(ex)| < e. (30)

The length of the optimal control sequence starting from ey,
with respect to ¢ is defined as

K (er) =min{i : |Vi(ex) — J*(ex)| < €} 3D
The corresponding control law

vi-1(ex) = argmin {U(ex,ug) + Vici(ers1) }

1 oV;_
_,R—lgT(ek + T]C)M
Oegt1

3 (32)

is called the e-optimal control and is denoted as p(ey,).

In this sense, we can see that an error € between V;(ey)
and J*(ey) is introduced into the iterative ADP algorithm,
which makes the cost function sequence {V;(ex)} converge
within finite number of iteration steps.

However, the optimal criterion (30) is difficult to verify
because the optimal cost function J*(ey,) is unknown in gen-
eral. Consequently, we will use an equivalent criterion, i.e.,

[Vi(ex) = Viga(er)| < e (33)

to replace (30).

In fact, if |V;(ex) — J*(ex)| < € holds, we have V;(ey) <
J*(er) + €. Combining with J*(ex) < Viy1(ex) < Vi(er),
we can find that

0 < Vi(ex) — Vigr(er) <,
which means
[Vi(er) — Vigi(ex)| <e.

On the other hand, according to Theorem 3, |V;(ex) —
Vit1(er)| — 0 connotes that V;(e,) — J*(ey). As aresult,
if |Vi(er) — Viy1(er)| < e holds for any given small e, we
can derive the conclusion that |V;(ex) — J*(ex)| < € holds
if ¢ is sufficiently large.

Remark 1 After the optimal control law u*(ey,) for system
(6) is derived under the given error bound €, we can compute
the optimal tracking control input for original system (1) by

Upp = u"(€r) + tak

=u"(ex) + g (rr)(B(re) — f(ri). (34

4 NN Implementation of the Iterative Algorithm

In this section, we implement the iterative HDP algorithm
in (13)—(16) using NNs. In the iterative HDP algorithm,
there are three networks, which are model network, critic
network and action network. All the networks are chosen as
the three-layer feedforward NNs. The structure diagram of
the iterative HDP algorithm is shown in Fig. 1. The weights
are updated using the gradient-based adaption rule and the
detailed training processes are omitted here, which can be
referred to [5, 8].

(;xific v \(5’;)
| etwork

el
Acuon Model € o | Critic
Network Network " Network

e

V(e.y) VU(e/M”k)

———®  Signal Line
,,,,,,,,,, =  Back-propagating Path

I::> Weight Transmission

Fig. I: The structure diagram of the iterative HDP algorithm

5 Simulation Study

Consider the nonlinear system x;4+1 = f(x) + g(zx)upk
where z, = [21x z2|T € R? and upr, = [up1x upar]’ € R?
are the state and control variables, respectively. The pa-
rameters of the cost function are chosen as @@ = 0.5 and
R = 21, where I denotes the identity matrix with suitable
dimensions. The state of the controlled system is initialized
to be 79 = [0.8 — 0.5]7. The system functions are given as

B sin(0.5xq )22
flar) = l: cos(1.4xay) SQIfl(OISIM) :|

g(xk)Z[é (1)}

The reference trajectory for the above system is selected as

o= [ e ).

We set the error bound of the iterative ADP algorithm
as ¢ = 1075 and implement the algorithm at time instant
k = 0. The initial control vector of system (6) can be com-
puted as vp(eg) = [0.645in(0.25) — sin(0.72) cos(0.7)]%,
where eg = [0.8 —1.5]7. Then, we choose three-layer feed-
forward NNs as model network, critic network and action
network with the structures 4-8-2, 2-8—1, 2-8-2, respec-
tively. The initial weights of the three networks are all set to
be random in [—1, 1]. It should be mentioned that the model
network should be trained first. We train the model network
for 1000 steps using 500 data samples under the learning rate
oy, = 0.1. After the training of the model network is com-
pleted, the weights are kept unchanged. Then, we train the
critic network and action network for 20 iterations (i.e., for
t = 1,2,---,20) with each iteration of 2000 training steps
to make sure the given error bound ¢ = 107 is reached.
In the training process, the learning rate a. = «a, = 0.05.
The convergence process of the cost function of the itera-
tive HDP algorithm is shown in Fig. 2, for £ = 0. We can
see that the iterative cost function sequence does converge
to the optimal one quite rapidly, which indicates the effec-
tiveness of the iterative HDP algorithm. Actually, we have
[Vig(eog) — Vag(eo)| < e, which means that the step number
of e-optimal control is K. (eg) = 19. Besides, the e-optimal
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The cost function
~ 3
T T
i i

N
=
T
I

N
o
T
I

14 i i i
0 5 10 15 20
Iteration steps

Fig. 2: The convergence process of the cost function

control law 1% (eg) for system (6) can also be obtained dur-
ing the iteration process.

Next, we compute the near-optimal tracking control law
for original system (1) using (34) and apply it to the con-
trolled system for 40 time steps. The tracking control curves
and the tracking errors are shown in Fig. 3 and Fig. 4, re-
spectively. Besides, we can derive that the tracking error
becomes ejg = [0.2778 x 107° — 0.8793 x 10~°]T after
19 time steps. These simulation results verify the excellent
performance of the tracking controller developed by the iter-
ative ADP algorithm.

The tracking control trajectories

-15 i i i i
0 5 10 15 20 25 30 35 40

Time steps

Fig. 3: The tracking control trajectories ,,

6 Conclusions

In this paper, an effective learning control method is pro-
posed to design the finite-horizon near-optimal tracking con-
troller for a class of discrete-time nonlinear systems. The
iterative ADP algorithm is introduced to solve the cost func-
tion of the DTHIB equation with convergence analysis,
which obtains a finite-horizon near-optimal tracking con-
troller that makes the cost function close to its optimal value
within an e-error bound. Three NNs are used to approximate
the cost function, the control law, and the tracking error dy-
namics, respectively. The simulation example confirmed the
validity of the tracking control scheme.
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Fig. 4: The tracking error e
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