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   Abstract—Generalized eigenvector plays an essential role in the
signal  processing  field.  In  this  paper,  we  present  a  novel  neural
network learning algorithm for estimating the generalized eigen-
vector of a Hermitian matrix pencil. Differently from some tradi-
tional algorithms, which need to select the proper values of learn-
ing  rates  before  using,  the  proposed  algorithm  does  not  need  a
learning  rate  and  is  very  suitable  for  real  applications.  Through
analyzing  all  of  the  equilibrium  points,  it  is  proven  that  if  and
only if the weight vector of the neural network is equal to the gen-
eralized  eigenvector  corresponding  to  the  largest  generalized
eigenvalue of a Hermitian matrix pencil,  the proposed algorithm
reaches to convergence status. By using the deterministic discrete-
time (DDT) method,  some convergence conditions,  which can be
satisfied with probability 1, are also obtained to guarantee its con-
vergence.  Simulation  results  show  that  the  proposed  algorithm
has  a  fast  convergence  speed  and  good  numerical  stability.  The
real  application  demonstrates  its  effectiveness  in  tracking  the
optimal vector of beamforming.
    Index Terms—Deterministic  discrete-time  (DDT),  generalized  eig-
envector, learning rate, online estimation.
  

I.  Introduction

w ∈ Rn×1 λ ∈ R

THE  generalized  Hermitian  eigenvalue  problem  (GHEP)
has been  attracting  great  attention  in  many  fields  of  sig-

nal processing and data analysis, such as adaptive beamform-
ing [1],  wireless communications [2],  blind source separation
[3],  data  classification  [4]  and  fault  diagnosis  [5].  Generally,
the GHEP is to find a vector  and a scalar  such
that
 

Ryw = λRxw (1)
Ry,Rx ∈ Rn×n n×n

w λ

(Ry,Rx)

where  are two  Hermitian and positive def-
inite  matrices.  The  solution  vector  and  scalar  are  called
the  generalized  eigenvector  and  generalized  eigenvalue,
respectively, of the matrix pencil . Traditionally, some
numerical  algebraic  approaches,  such as  the Jacobi-Davidson
and  Cholesky  factorization,  are  implemented  for  the  GHEP.
However,  these  approaches  are  computationally  intensive
when dealing with higher dimensional input data [6]. Besides,

for some scenarios, the sensors can only provide the sampled
values of the signals. The matrix pencil is not explicitly given
and  has  to  be  directly  estimated  from  these  sampled  values.
Hence,  it  is  important  to seek a fast  and online algorithm for
the GHEP adaptively.

(Ry,Rx)
(Rx,Ry)

Recently,  neural  network  approaches  for  the  GHEP  have
attracted  great  attention  [7]–[14].  Serving  as  an  online
approach,  neural  algorithm can  avoid  the  computation  of  the
covariance  matrix  and  is  suitable  for  high  dimensional  input
data [15]–[18]. Based on neural network, a variety of learning
algorithms  for  the  GHEP  have  been  proposed.  For  example,
the  recurrent  neural  network  (RNN)  algorithm  [19],  Yang
et  al. algorithm  [20],  canonical  correlation  analysis  (CCA)
algorithm  [21],  adaptive  normalized  Quasi-Newton  (ANQN)
algorithm [22] and generalized eigen-pairs extraction (GEPE)
algorithm  [23]  can  be  used  to  estimate  the  first  generalized
eigenvector,  which  is  defined  by  the  generalized  eigenvector
corresponding  to  the  largest  generalized  eigenvalue  of  the
matrix pencil.  Conversely,  to  compute  the  generalized eigen-
vector  corresponding  to  the  smallest  generalized  eigenvalue,
which is  referred  to  as  the  last  generalized  eigenvector  here-
after, Nguyen et al. [24] proposed the generalized power (GP)
algorithm and Li et al. [25] proposed the generalized Douglas
minor (GDM) component  analysis  algorithm. Due to the fact
that  the  first  generalized  eigenvector  of  the  matrix  pencil

 is  also the last  generalized eigenvector of  the matrix
pencil , the  above  mentioned  algorithms  are  equiva-
lent in practice. For these algorithms, the convergence perfor-
mance heavily lies on the learning rate: too small a value will
lead  to  slow  convergence  and  too  large  a  value  will  lead  to
oscillation or  divergence [21].  Hence,  how to select  the right
learning  rate  becomes  an  important  issue  before  using  these
algorithms.

Generally,  the neural  network algorithm is  described by its
stochastic discrete-time (SDT) system, and it is a difficult task
to directly study the SDT system when analyzing the conver-
gence  properties  of  these  algorithms.  In  order  to  solve  this
problem, some indirect analysis methods have been proposed,
such  as  the  ordinary  differential  equations  (ODE)  method
[19],  the  deterministic  continuous-time  (DCT)  method  [26]
and  the  deterministic  discrete-time  (DDT)  method  [27].
Among these  methods,  the  DDT method  is  the  most  reason-
able analysis  approach since it  can preserve the discrete-time
nature of the original algorithms and provide some conditions
to guarantee their convergence [28]. Due to these advantages,
the  DDT method has  been widely used to  analyze the  neural
network  algorithms  [24],  [25],  [29]–[33].  Unfortunately,  the
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µ < 2λn/(λ1−λn) µ < 0.2/λ1
λ1 λn

(Ry,Rx)

0 < µ ≤ 1

convergence  conditions  obtained  in  the  above  literatures  are
all  related  to  the  learning  rate.  For  example,  for  the  ANQN
algorithm  and  the  GDM  algorithm,  the  learning  rate  should
satisfy  and , respectively. Herein,

 and  are the largest and smallest generalized eigenvalues,
respectively, of the matrix pencil . These convergence
conditions are not suitable for real practice. Firstly, the range
of  learning  rate  is  usually  given  by ,  and  the  value
regions are greatly reduced by these restricted conditions. Sec-
ondly,  in  many  cases,  the  generalized  eigenvalues  are
unknown  in  advance,  so  it  is  difficult  to  choose  the  learning
rate according to these convergence conditions.

From the above analysis, the learning rate seems to be very
important for  both  algorithms  developing  and  their  conver-
gence analysis. However, is the learning rate an indispensable
part  for  neural  network algorithms? In this  paper,  in  order  to
eliminate  the  effect  of  the  learning  rate,  we  propose  a  novel
neural network algorithm for the GHEP. Differently from the
previous  algorithms,  the  proposed  algorithm does  not  need  a
learning  rate.  Hence,  the  issue  to  select  its  value  is  avoided.
Traditionally, during  the  process  of  analyzing  the  conver-
gence  properties  via  the  DDT  method,  some  restrictions  are
added to the learning rate in order to guarantee the establish-
ment of  some  inequalities,  which  are  necessary  for  the  pro-
cess  of  proof.  However,  since  the  learning  rate  has  been
removed,  the analysis  process of  the proposed algorithm will
also be quite different from those of the previous algorithms.
Herein, we will try to analyze the proposed algorithm by using
the DDT  method  in  another  way  and  derive  some  conver-
gence conditions.

The main contributions of this paper are summarized as fol-
lows. 1) To estimate the first generalized eigenvector, a novel
algorithm is proposed when the matrix pencil is explicitly pro-
vided.  2)  To  prove  the  convergence  result  of  the  proposed
algorithm, the fixed stability of the proposed algorithm is ana-
lyzed by  the  Lyapunov  function  approach.  3)  The  conver-
gence analysis is accomplished by the DDT method and some
convergence conditions are also obtained. 4) An online adap-
tive algorithm is  derived when the generalized eigenvector is
needed to be calculated directly from the input signal or data
sequences.

The remainder of this paper is organized as follows. Section II
formulates the novel neural network algorithm for the GHEP.
Section  III  investigates  the  properties  of  the  equilibrium
points. Section IV provides the online version of the proposed
algorithm. Section V analyzes the convergence property of the
proposed algorithm via the DDT method. Section VI presents
some  numerical  simulation  results  to  illustrate  the  effecti-
veness of the proposed algorithm. Section VII applies the pro-
posed algorithm to  solve  the  real  problem of  adaptive  beam-
forming. Section VIII concludes this paper.  

II.  Preliminaries and Novel Learning Algorithm
  

A.  Notations
In order to have a better understanding of the symbols used

throughout  this  paper,  some  essential  notations  are  listed  as
follows.

R: The autocorrelation matrix of input signal;
x, y: The input signals;
v: The generalized eigenvector;
I: The identity matrix;
w: The weight vector of neural network;

w vz: The projection length of  onto ;
λ: The generalized eigenvalue;
δi j: The Kronecker delta function;
α: Forgetting factor.  

B.  Generalized Eigen-Decomposition
x ∈ Rn×1 y ∈ Rn×1

Rx = E[xxT ] Ry = E[yyT ]
λi vi

(Ry,Rx) i = 1,2, . . . ,n
Rx Ry

Suppose  that  and  are  two  stationary
stochastic  signal  vectors  and  their  covariance  matrices  are

 and ,  respectively,  where n is  the
dimension  of  input  signals.  Let  and  be  the  generalized
eigenvalue  and  generalized  eigenvector  of  the  matrix  pencil

,  respectively,  where .  Considering  the
fact that  and  are two Hermitian positive definite matri-
ces, it is easy to conclude that all of the generalized eigenval-
ues are positive. Furthermore, by using the matrix theory [34],
we have that
 

Ryvi = λiRxvi (2)
 

vT
i Rxv j = δi j, i, j ∈ {1,2, . . . ,n} (3)

δi jwhere  is the Kronecker delta function.
For convenience of later use, let us arrange the generalized

eigenvalues in the non-ascending order, i.e.,
 

λ1 > λ2 > · · · > λn > 0 (4)

Rx

and the generalized eigenvectors are also adjusted according-
ly.  Besides,  the -norm  of  the  generalized  eigenvectors  are
regulated to one, i.e.,
 

vT
i Rxvi = 1, i = 1,2, . . . ,n. (5)

  

C.  Novel Learning Algorithm
Consider  a  linear  neural  network model  with the following

input and output relationship:
 

p(k) = wT (k)q(k), k = 1,2,3, . . . (6)
q(k) ∈ Rn×1

w(k) ∈ Rn×1

p(k)

where  stands  for  the  input  signal  vector,
 is  the  weight  vector  of  this  neural  network  and

 is the model output.  Herein, our purpose is to develop a
suitable weight vector updating rule so that the weight vector
can  converge  to  the  first  generalized  eigenvector.  Based  on
this model, when the matrix pencil is explicitly given, we pro-
pose the following learning algorithm for the GHEP:
 

w(k+1) = w(k)+
1

wT (k)Ryw(k)

×
R−1

x Ryw(k)−
wT (k)Ryw(k)
wT (k)Rxw(k)

w(k)
 . (7)

Traditionally,  the  learning  rate  is  usually  added  before  the
square  brackets  to  adjust  the  step  size  of  the  neural  network
algorithms. However, the learning rate does not appear in (7).
Through  comparing  the  structure  of  the  proposed  algorithm
with  those  of  some  existing  algorithms,  the  GDM  algorithm
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1/[wT (k)Ryw(k)]

0 < µ ≤ 1
1/[wT (k)Ryw(k)]

w(k)

for  example  [25],  it  seems  that  the  learning  rate  is  changed
into the term . However, this equation is actu-
ally very different  from the learning rate.  The value range of
the  learning  rate  is ,  however,  the  term

 has  much  wider  value  range  because  of  the
randomicity of the weight vector .

For the proposed algorithm, we are interested in its equilib-
rium points. Specifically, we consider the following two ques-
tions.

1)  Does  this  algorithm  have  the  ability  to  converge  to  the
first generalized eigenvector?

2) Does this algorithm have the unique convergence status?
The above two questions mainly concern the finial  conver-

gence result of the proposed algorithm, and their answers will
be given in the next section.  

III.  Stability of the Equilibrium Points

Before  answering  the  above  two  questions,  let  us  firstly
seek out all the equilibrium points of the proposed algorithm.
Denote the following matrix function:
 

f (w) =
1

wT Ryw

R−1
x Ryw−

wT Ryw
wT Rxw

w


=
R−1

x Ry

wT Ryw
w− 1

wT Rxw
w. (8)

f (w) = 0By definition, the equilibrium points satisfy , which
yields
 

Ryw = λ̄Rxw (9)
λ̄ = wT Ryw/(wT Rxw)

w , 0
(Ry,Rx)

{v1,v2, . . . ,vn}

where .  Equation  (8)  also  requires  that
,  so  the  roots  of  (9)  are  given  by  all  the  generalized

eigenvectors of the matrix pencil .  That  is  to say,  the
equilibrium point  set  of  (7)  is .  Next,  the  stabi-
lity of these equilibrium points is studied by  the  following
theorem,  which  will  also  answer  the  two  questions  in  Sec-
tion II.

w = v1
{v2, . . . ,vn}

Theorem 1: If and only if , the system (7) reaches the
stable  status,  and  the  other  equilibrium  points  are
all unstable.

wProof: Differentiating (8) with respect to , we have
 

d f (w)
dw

=
R−1

x Ry

wT Ryw
−

2R−1
x RywwT Ry

(wT Ryw)2

− I
wT Rxw

+
2wwT Rx

(wT Rxw)2 (10)

I ∈ Rn×n

w = vi (i = 1,2, . . . ,n)

where  is the  identity  matrix,  whose  diagonal  ele-
ments are  ones and the other  elements  are  zeros.  Let  us  con-
sider the equilibrium point . At the equi-
librium point, we get
 

Ji =
d f (w)

dw

∣∣∣∣∣w=vi

=
R−1

x Ry

λi
− I , i = 1,2, . . . ,n. (11)

β
j
i jth JiDefine  that  is  the  eigenvalue  of  the  matrix . Fol-

lowing  the  calculation  steps  of  eigenvalue  decomposition
(EVD), we can get 

∣∣∣∣Ji−β j
i I
∣∣∣∣ = 0⇔

∣∣∣∣∣∣R−1
x Ry

λi
− (1+β j

i )I
∣∣∣∣∣∣ = 0. (12)

λ j ( j = 1,2, . . . ,n) R−1
x Ry

Ji R−1
x Ry

(Ry,Rx)
v j

Clearly,  the  corresponding  eigenvector  of  the  eigenvalue
 of  the  matrix  is  the  same  as  that  of

.  By using the fact  that  the eigenvectors of  are also
the generalized eigenvectors  of  and post-multiplying
both sides of (12) with , we obtain
 

R−1
x Ryv j = λi(1+β

j
i )v j. (13)

JiFurthermore, the eigenvalues of  are given by
 

β
j
i =
λ j

λi
−1. (14)

i , 1 j = 1
β1

i = λ1/λi−1 > 0
vi, i = 2,3, . . . ,n

v1 J1 β
j
1 ≤ 0

v1

For  any ,  there  always  exists  such  that
. Hence, from the Lyapunov theory [35], the

equilibrium points  are unstable. For the equi-
librium point ,  all  the eigenvalues of  satisfy that .
In other words, the asymptotic stability of  is preserved [36].

■

(Ry,Rx)

Theorem 1 shows that  the proposed algorithm (7) has only
one stable equilibrium point, which is justly corresponding to
the first generalized eigenvector of the matrix pencil ,
and  all  of  the  other  equilibrium  points  are  saddle  points.  In
practice,  due to the existence of  random perturbations during
the recursive operation process, the presence of saddle points
does  not  cause  any  problem of  convergence.  In  other  words,
the proposed algorithm can reach the  first  generalized  eigen-
vector with probability 1,  which also directly proves the cor-
rectness of the proposed algorithm.  

IV.  Online Version of the Proposed Algorithm

(Ry,Rx)The algorithm (7) requires that the matrix pencil  is
explicitly  provided.  However,  for  some real  applications,  the
two  matrices  are  unknown  and  have  to  be  online  estimated
from  the  input  signals.  In  this  paper,  the  exponentially
weighted sample method is adopted to calculate the two matri-
ces, which are given as follows:
 

R̂y(k) = α1R̂y(k−1)+ y(k)yT (k) (15)
 

R̂x(k) = α2R̂x(k−1)+ x(k)xT (k) (16)
α1,α2

0 < α1,α2 ≤ 1

Qx(k) = R̂−1
x (k)

where  are  called  forgetting  factors  and  satisfy
.  The  purpose  of  the  forgetting  factors  is  to

ensure  the  past  data  samples  are  down-weighted  so  as  to
afford  the  estimating  capability  when  dealing  with  non-sta-
tionary input  signals.  The detail  rules of  choosing the forget-
ting factors  can be found in  [37].  Since (7)  also  involves  the
matrix  inversion operation,  which requires  large computation
cost, it is better to compute it directly from the input data. By
using  the  matrix  inversion  lemma  and  (16),  the  inversion
matrix  can be updated by
 

Qx(k) =
1
α2

[
Qx(k−1)− Qx(k−1)x(k)xT (k)Qx(k−1)

α2+ xT (k)Qx(k−1)x(k)

]
. (17)

Substituting  (15) – (17)  into  (7),  the  online  version  of  the
proposed algorithm can be obtained, which is given by Algo-
rithm 1.

GAO: ADAPTIVE GENERALIZED EIGENVECTOR ESTIMATING ALGORITHM FOR HERMITIAN MATRIX PENCIL 1969 



Algorithm 1 Online Algorithm

k = 1 R̂y(0), R̂x(0),Qx(0)Initialization: Set  and .
Update: Repeat the following steps:

R̂y(k), R̂x(k),Qx(k)Step 1. Calculate  by using (15)–(17).
w(k)Step 2. Update  by the following equation:

 

w(k+1) = w(k)+
Qx(k)R̂y(k)w(k)

wT (k)R̂y(k)w(k)
− w(k)

wT (k)R̂x(k)w(k)

 . (18)

k = k+1Step 3. Set .

Although (18)  and  (7)  are  two  different  forms  of  the  pro-
posed  algorithm,  they  are  suitable  for  different  cases.  The
online  algorithm  (18)  is  suitable  for  the  scenario  where  the
sensors  can  only  provide  the  sampled  values  of  the  signals
rather  than  the  autocorrelation  matrices.  However,  (7)  needs
that the matrix pencil is explicitly given.

10n2+6n

Next,  we  discuss  the  full  computational  complexity  of  the
online  algorithm.  For  clarity,  the  computation  cost  of  each
term  is  summarized  in Table I. As  a  result,  the  online  algo-
rithm needs  multiplications per updating, which has
the same magnitude as the existing algorithms [24], [25].
 

TABLE I 

Computational Complexity

Term Equation Flops

A1 = y(k)yT (k) (15) n2

A2 = α1 Ry(k−1) (15) n2

A3 = x(k)xT (k) (16) n2

A4 = α2 Rx(k−1) (16) n2

A5 = Qx(k−1)x(k) (17) n2

A6 = xT (k)A5 (17) n

A7 = A5/(α2 +A6) (17) n

A8 = A7 AT
5 (17) n2

A9 =
[
Qx(k−1)− A8

]
/α2 (17) n2

A10 = Ry(k)w(k) (18) n2

A11 = Rx(k)w(k) (18) n2

A12 = A10/
[
wT (k)A10

]
(18) 2n

A13 = Qx(k)A12 (18) n2

A14 = w(k)/
[
wT (k)A11

]
(18) 2n

Total 10n2 +6n
  

V.  Convergence Characteristic Analysis
  

A.  Analysis Preliminary
In this  section,  we investigate  the  convergence characteris-

tic  of  the  proposed  algorithm via  the  DDT method.  Through
adding  the  condition  expectation  to  (18)  and  identifying  the
expected  value  as  the  next  iteration,  the  DDT  system  of  the
online algorithm is obtained, which is justly equivalent to (7).
That is  to say,  (7) can also be seen as the average version of
the  online  algorithm and can  describe  the  average  dynamical
behavior of the online algorithm (18).

Rx

Prior to analysis, let us provide some preliminaries. Denote
the -norm of the weight vector at the time instant k by

 

∥w(k)∥Rx =
√

wT (k)Rxw(k). (19)
Rx k+1Then the -norm of the weight vector at  is given by

 

∥w(k+1)∥2Rx
= wT (k+1)Rxw(k+1)

=

w(k)+
 R−1

x Ryw(k)
wT (k)Ryw(k)

− w(k)
wT (k)Rxw(k)

T

Rx

×
w(k)+

 R−1
x Ryw(k)

wT (k)Ryw(k)
− w(k)

wT (k)Rxw(k)


= ∥w(k)∥2Rx

+ ∥G (w(k))∥2Rx (20)
where
 

G (w(k)) =
R−1

x Ryw(k)
wT (k)Ryw(k)

− w(k)
wT (k)Rxw(k)

. (21)

∥G (w(k))∥2Rx
≥ 0 Rx

(Ry,Rx)
Rx v1,v2, . . . ,vn

Rn×n

Since , the -norm of the weight vector is
monotonically increasing.  By  using  the  fact  that  the  general-
ized  eigenvectors  of  the  matrix  pencil  are  linearly
independent and -orthonormal with each other, 
can be regarded as a basis of the space . Under this basis,
the weight vector can be described as
 

w(k) =
n∑

i=1

zi(k)vi, i = 1,2, . . . ,n (22)

zi(k) = vT
i Rxw(k) Rx

w(k)
vi

where  is  some  constant  and  means  the -
orthonormal  projection  length  of  onto  the  generalized
eigenvector . By using the matrix theory [34], it holds that
 

Ryw(k) =
n∑

i=1

λizi(k)Rxvi, i = 1,2, . . . ,n. (23)

Substituting (22) into (7), we get
 

zi(k+1) = zi(k)+
[
λizi(k)

wT (k)Ryw(k)
− zi(k)

wT (k)Rxw(k)

]
. (24)

By using the property of generalized Rayleigh quotient [38],
it holds that
 

0 < λn <
wT (k)Ryw(k)
wT (k)Rxw(k)

< λ1. (25)

By inserting (25) into (24), we can verify that
 

|z1(k+1)| = |z1(k)|
1+ 1

wT (k)Ryw(k)

λ1−
wT (k)Ryw(k)
wT (k)Rxw(k)


≥ |z1(k)| . (26)

{|z1(k)|}

w(k)
v1

Equation  (26)  shows  that  is  a  monotonically
increasing  sequence.  In  other  words,  the  projection  length  of
the  weight  vector  onto  the  first  generalized  eigenvector

 becomes larger and larger during the iteration process.
γ =
√

(λ1−λn)/λ1 ∥w(k)∥RxDenote  a  constant .  Since  is
monotonically  increasing,  the  following  two  cases  should  be
considered  when  analyzing  the  convergence  property  of  the
proposed algorithm.

k ≥ 0 ∥w(k)∥Rx < γCase 1: For all , it holds that .

∥w(M)∥Rx ≥ γ k ≥ M
Case 2: There  exists  a  positive  integer M such  that

 for all .  
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B.  Convergence Analysis in Case 1
In  this  case,  the  convergence  analysis  is  completed  by  the

following theorem.

wT (0)Rxv1 , 0 limk→∞w(k)/∥w(k)∥Rx = ±v1

Theorem  2: In  Case  1,  if  the  initial  weight  vector  satisfies
, it holds that .
wT (0)Rxv1 , 0 |z1(0)| , 0
∥w(k)∥Rx |z1(k)|

z1(k) > 0 k ≥ 0 z1(0) > 0 z1(k) < 0
k ≥ 0 z1(0) < 0 {z1(k)}

{|z1(k)|}
{z1(k)}

Proof: From ,  we know that .  Due
to  the  fact  that  is  upper  bounded,  must  also
have  an  upper  bound.  By  using  (24)  and  (25),  one  has

 for all ,  if ;  whereas one has 
for all , if . In other words, the sequence 
does not change the sign during the iterations. Therefore, it is
easily derived that the sequence  must converge if the
sequence converges. Suppose that
 

lim
k→∞

z1(k) = a (27)

where a is a constant. By using (24), it holds that
 

lim
k→∞

z1(k+1)
z1(k) = lim

k→∞

{
1+ 1

∥w(k)∥2Rx

[
wT (k)Rxw(k)
wT (k)Ryw(k)λ1−1

]}
= 1.

(28)
Furthermore, we have

 

lim
k→∞

1

∥w(k)∥2Rx

 ∥w(k)∥2Rx

∥w(k)∥2Ry

λ1−1

 = 0. (29)

∥w(0)∥Rx , 0By using  and (24), it is easily obtained that
 

lim
k→∞

[
λ1 ∥w(k)∥2Rx

−∥w(k)∥2Ry

]
= lim

k→∞

λ1

n∑
i=1

z2
i (k)−

n∑
i=1

λiz2
i (k)


= lim

k→∞

n∑
i=2

(λ1−λi)z2
i (k) = 0. (30)

By using (4) and (30), we have that
 

lim
k→∞

zi(k) = 0 (31)

i = 2,3, . . . ,nwhere . From  (27)  and  (31),  we  can  get  the  fol-
lowing results:
 

lim
k→∞

w(k) = lim
k→∞

n∑
i=2

zi(k)vi+ lim
k→∞

(z1(k)v1) = av1. (32)

Hence
 

lim
k→∞

w(k)/∥w(k)∥Rx = ±v1. (33)
■  

C.  Convergence Analysis in Case 2
w(k)

zi(k)
In  this  case,  the  convergence  of  the  weight  vector  is

completed by analyzing the dynamic behavior of . Firstly,
let us prove the following three lemmas.

wT (0)Rxv1 , 0 k ≥ M
Lemma  1: In  Case  2,  if  the  initial  condition  satisfies

,  for  all ,  the  following  two  inequalities
hold:
 

1+
1

∥w(k)∥2Rx

 λi ∥w(k)∥2Rx

wT (k)Ryw(k)
−1

 > 0 (34)

 

∥w(k)∥Rx < ∥w(M)∥Rx + (k−M)
(λ1−λn)
λn∥w(0)∥Rx

. (35)

∥w(k)∥Rx ≥ γ =
√

(λ1−λn)/λ1Proof: In this case, by using ,
it holds that
 

1+
1

∥w(k)∥2Rx

[
λiwT (k)Rxw(k)
wT (k)Ryw(k)

−1
]
> 1− λ1−λn

λ1 ∥w(k)∥2Rx

≥ 0

(36)
k ≥ M i = 1,2, . . . ,nfor all , where . From (7) and (24), one has

 

∥w(k+1)∥2Rx
=

n∑
i=1

z2
i (k+1)

=

n∑
i=1

1+ 1

∥w(k)∥2Rx

 ∥w(k)∥2Rx

∥w(k)∥2Ry

λi−1




2

z2
i (k)

≤
n∑

i=1

1+ 1

∥w(k)∥2Rx

[
λ1

λn
−1
]

2

z2
i (k)

=

{
∥w(k)∥Rx +

λ1−λn

λn∥w(k)∥Rx

}2

≤
{
∥w(k)∥Rx +

λ1−λn

λn∥w(0)∥Rx

}2

. (37)

This yields
 

∥w(k+1)∥Rx ≤ ∥w(k)∥Rx +
λ1−λn

λn∥w(0)∥Rx

. (38)

k ≥ MFurthermore, for all , we have that
 

∥w(k)∥Rx ≤ ∥w(M)∥Rx + (k−M)
λ1−λn

λn∥w(0)∥Rx

. (39)

■

wT (0)Rxv1 , 0 limk→∞ zn(k) = 0
Lemma  2: In  Case  2,  if  the  initial  condition  satisfies

, it holds that .
Proof: From (24), we have that

 

|zn(k+1)| = |zn(k)|
1+ 1

wT (k)Ryw(k)

λn−
wT (k)Ryw(k)
wT (k)Rxw(k)


≤ |zn(k)| (40)

k ≥ M
{|zn(k)|}

∥w(k)∥Rx

for  all .  From the  above inequality,  it  is  easy to  obtain
that  is  a  monotonically  decreasing  sequence.  Due  to
the  fact  that  is  monotonically  increasing,  we  have
that
 

∥w(k)∥Rx > ∥w(M)∥Rx ≥ γ =
√
λ1−λn

λ1
(41)

k ≥ Mfor all . By using (25) and (40), we get
 

1+
[

λn

wT (k)Ryw(k)
− 1

wT (k)Rxw(k)

]

= 1−

n−1∑
i=1

(λi−λn)z2
i (k)

∥w(k)∥2Rx
∥w(k)∥2Ry

< 1− λn−1−λn

λ1 ∥w(k)∥4Rx

n−1∑
i=1

z2
i (k)
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= 1− λn−1−λn

λ1 ∥w(k)∥2Rx

1− z2
n(k)

∥w(k)∥2Rx


≤ 1−

1− z2
n(M)

∥w(M)∥2Rx


×

(λn−1−λn)λ2
n ∥w(0)∥2Rx

λ1
[
λn∥w(0)∥Rx∥w(M)∥Rx + (k−M)(λ1−λn)

]2
= 1− θ(k) (42)

where
 

θ(k) =

1− z2
n(M)

∥w(M)∥2Rx


×

(λn−1−λn)λ2
n ∥w(0)∥2Rx

λ1
[
λn∥w(0)∥Rx∥w(M)∥Rx + (k−M)(λ1−λn)

]2 . (43)

0 < θ(k) < 1It  can  be  easily  derived  that .  Using  Lemma  2
and (42), we have that
 

|zn(k+1)| =
{

1+
[

λn

wT (k)Ryw(k)
− 1

wT (k)Rxw(k)

]}
|zn(k)|

< |zn(k)| [1− θ(k)]

≤ |zn(M)|
k∏

i=M

[1− θ(k)]. (44)

0 < θ(k) < 1By using , we have that
 

lim
k→∞

k∏
i=M

[1− θ(k)] = 0. (45)

Substituting  (45)  into  (44)  and  using  the  squeeze  theorem,
we can obtain
 

lim
k→∞

zn(k) = 0. (46)

■

wT (0)Rxv1 , 0 limk→∞ zi(k) = 0 i = n−1,
n−2, . . . ,2

Lemma  3: In  Case  2,  if  the  initial  condition  satisfies
, it holds that , where 

.
wT (0)Rxv1 , 0 |z1(0)| > 0

{|z1(k)|}
Proof: From ,  we  have .  Since

 is monotonously increasing, it holds that
 

|z1(M)| > |z1(0)| > 0. (47)

limk→∞ zn(k) = 0
limk→∞ zi(k) = 0 i = n,

n−1, . . . ,m+1

Next,  the  mathematical  induction  is  adopted  to  complete
this  proof.  Firstly,  it  has  been  proven  that 
in  Lemma  2.  Suppose  that  holds  for 

, we only need to prove that
 

lim
k→∞

zm(k) = 0. (48)

limk→∞ zi(k) = 0, i = n,n−1, . . . ,m+1Since ,  there  must
exist a positive integer L such that
 

n∑
i=m+1

(λm−λi)z2
i (k) < (λ1−λm)z2

1(M) (49)

and 

n∑
i=m+1

(λm−1−λi)z2
i (k)

<
1
2

(λm−1−λm)
[
∥w(M)∥2Rx

− z2
m(M)

]
(50)

k ≥ Lfor all . From (26), (49) and (50), we get
 

1+
[

λm

wT (k)Ryw(k)
− 1

wT (k)Rxw(k)

]

= 1−

[
m∑

i=1
(λi−λm)z2

i (k)−
n∑

i=m+1
(λm−λi)z2

i (k)
]

∥w(k)∥2x ∥w(k)∥2y

< 1−

[
(λ1−λm)z2

1(M)−
n∑

i=m+1
(λm−λi)z2

i (k)
]

∥w(k)∥2x ∥w(k)∥2y
< 1 (51)

k ≥max{M,L}for all . From (26) and (51), it follows that:
 

|zm(k+1)| =
{

1+
[

λm

wT (k)Ryw(k)
− 1

wT (k)Rxw(k)

]}
|zm(k)|

< |zm(k)| (52)

k ≥max{M,L} {|zm(k)|}for  all .  Equation  (52)  means  that  is
monotonically decreasing. Combining Lemma 2 and (52), we
can obtain that
 

1+
[

λm

wT (k)Ryw(k)
− 1

wT (k)Rxw(k)

]

= 1+

m−1∑
i=1

(λm−λi)z2
i (k)+

n∑
i=m+1

(λm−λi)z2
i (k)

∥w(k)∥2Rx
∥w(k)∥2Ry

< 1+
(λm−λm−1)

m−1∑
i=1

z2
i (k)+

n∑
i=m+1

(λm−λi)z2
i (k)

∥w(k)∥2Rx
∥w(k)∥2Ry

= 1+
(λm−λm−1)

[
∥w(k)∥2Rx

− z2
m(k)
]

∥w(k)∥2Rx
∥w(k)∥2Ry

−
(λm−λm−1)

n∑
i=m+1

z2
i (k)−

n∑
i=m+1

(λm−λi)z2
i (k)

∥w(k)∥2Rx
∥w(k)∥2Ry

= 1− (λm−1−λm)

∥w(k)∥2y

1− z2
m(k)

∥w(k)∥2Rx

+
n∑

i=m+1
(λm−1−λi)z2

i (k)

∥w(k)∥2Rx
∥w(k)∥2Ry

< 1− θ′(k) (53)

k ≥max{M,L}for all , where
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θ′(k) =
(λm−1−λm)λ2

n ∥w(0)∥2Rx

2λ1 ∥w(M)∥2Rx

×

[
∥w(M)∥2Rx

− z2
m(M)

]
{
λn∥w(0)∥Rx∥w(M)∥Rx + (k−M)(λ1−λn)

}2 . (54)

0 < θ′(k) < 1Clearly, .  Then  from  (26)  and  (53),  it  follows
that:
 

|zm(k+1)| =
{

1+
[

λm

wT (k)Ryw(k)
− 1

wT (k)Rxw(k)

]}
|zm(k)|

< |zm(k)| [1− θ′(k)
]

< |zm(M)|
k∏

i=M

[
1− θ′(i)] (55)

k ≥max{M,L} 0 < θ′(k) < 1for  all .  By  using ,  we  can  obtain
that
 

lim
k→∞

k∏
i=M

[
1− θ′(i)] = 0. (56)

Substituting  (56)  into  (55)  and  using  the  squeeze  theorem,
we have that
 

lim
k→∞

zm(k) = 0. (57)

■
Based on the above three lemmas, the convergence analysis

of the proposed algorithm in Case 2 can be completed, which
is given by the following theorem.

wT (0)Rxv1 , 0 limk→∞w(k)/∥w(k)∥Rx = ±v1

Theorem  3: In  Case  2,  if  the  initial  condition  satisfies
, it holds that .

∥w(k)∥RxProof: By  using  the  fact  that  is  monotonically
increasing and Lemma 3, it is easily obtained that
 

lim
k→∞

|zi(k)|
∥w(k)∥Rx

= 0 (58)

i = 2,3, . . . ,nwhere . From (22) and (26), we have that
 

|z1(k)|
∥w(k)∥Rx

=
1√

n∑
i=2

z2
i (k)

z2
1(k)
+1
≥ 1√

n∑
i=2

z2
i (k)

z2
1(0)
+1
. (59)

Substituting (57) into (59), it follows that:
 

lim
k→∞

z2
i (k)

z2
1(0)
= 0. (60)

|z1(k)|/∥w(k)∥Rx ≤ 1Considering  that  and  combining  (59)
and (60), we have that
 

1 =
1√

n∑
i=2

lim
k→∞

z2
i (k)

z2
1(0)
+1
≤ lim

k→∞

|z1(k)|
∥w(k)∥Rx

≤ 1. (61)

According to the squeeze theorem, it is evident that
 

lim
k→∞

z1(k)
∥w(k)∥Rx

=±1. (62)

Substituting (58) and (62) into (22), we have

 

lim
k→∞

w(k)
∥w(k)∥Rx

= lim
k→∞

z1(k)
∥w(k)∥Rx

v1+

n∑
i=2

lim
k→∞

zi(k)
∥w(k)∥Rx

vi

=± v1. (63)
■  

D.  Analysis Conclusions and Remarks

γ

Through  comparing  the  results  of  Theorems  2  and  3,  it  is
easy to conclude that the convergence results have no relation-
ship with the two cases. And  is only used to divide the two
cases, and its value is selected in order to complete the proof.
So combining the two theorems, the final analysis conclusion
is obtained.

wT (0)Rxv1 , 0
limk→∞w(k)/∥w(k)∥Rx = ±v1

Theorem 4: If  the initial  condition satisfies ,
it holds that .

w(0) Rx v1
w(0)

Remark  1: Theorem  4  only  requires  that  the  initial  weight
vector  is  not -orthogonal with , which can be satis-
fied with probability 1 if  is randomly generated. That is
to say, almost all the weight vectors, after updated by the pro-
posed algorithm, must converge to the first generalized eigen-
vector. Except  for  this  condition,  there  are  no  other  con-
straints for  the  proposed  algorithm.  However,  other  algo-
rithms [22]–[25] need to select proper values of learning rates
in  advance  so  as  to  satisfy  the  convergence  conditions.  So
from the viewpoints of algorithm preparation and real applica-
tions, the proposed algorithm is more advantageous than other
algorithms.

Remark  2: The proposed  algorithm  is  suitable  for  estimat-
ing  the  first  generalized  eigenvector  of  a  matrix  pencil.  To
track the  generalized  subspace  spanned  by  several  general-
ized eigenvectors,  the  nested  orthogonal  complement  struc-
ture  method in [24] can be used.  When the multiple  general-
ized eigenvectors are needed, the sequential extraction method
in  [25]  can  be  adopted.  Since  the  two  methods  are  mature
technologies and can be easily transplanted into the proposed
algorithm, we do not discuss them in this paper, and interest-
ing readers may refer to them for details.  

VI.  Numerical Simulations

This section provides three simulation experiments to show
the performance  of  the  proposed  algorithm.  The  first  experi-
ment  aims  to  extract  the  first  generalized  eigenvector  of  a
matrix  pencil  and  compares  the  results  with  some  existing
algorithms. The second experiment serves to directly estimate
the  first  generalized  eigenvector  from two  input  signals.  The
third  experiment  is  designed  to  verify  the  correctness  of  the
analysis conclusions obtained in Section V.  

A.  Contrast Experiment

(Ry,Rx) 6×6

In  this  part,  the  proposed  algorithm,  RNN  algorithm  [19],
ANQN  algorithm  [22]  and  GEPE  algorithm  [12] are  imple-
mented  to  estimate  the  first  generalized  eigenvector  of  the
matrix  pencil  composed  by  the  following  two 
positive  definite  matrices,  which  are  randomly  generated  by
using the method in [28] 
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Ry =



0.7555 0.0583 −0.2213
0.0583 0.2510 0.1013
−0.2213 0.1013 0.6523
0.2090 0.0915 0.2968
−0.0016 0.0096 −0.0571
0.1621 0.0192 −0.0250

0.2090 −0.0016 0.1621
0.0915 0.0096 0.0192
0.2968 −0.0571 −0.0250
0.5812 0.0760 −0.0125
0.0760 0.9082 −0.1796
−0.0125 −0.1796 0.3991


(64)

 

Rx =



0.3682 0.0141 −0.0317
0.0141 0.8473 0.0645
−0.0317 0.0645 0.3802
0.1760 0.0649 −0.1992
0.2212 0.0494 −0.0214
−0.1804 −0.0011 −0.2204

0.1760 0.2212 −0.1804
0.0649 0.0494 −0.0011
−0.1992 −0.0214 −0.2204
0.6520 −0.2057 0.0689
−0.2057 0.6996 0.0532
0.0689 0.0532 0.6139


. (65)

(Ry,Rx) λ1 = 12.1425 λ6 = 0.1954
The  largest  and  smallest  generalized  eigenvalues  of  the

matrix  pencil  are  and ,
respectively. The first generalized eigenvector is given by
 

v1 = [2.8564, 0.2054, −0.2875, −1.6246, −1.7219, 1.2424]T .
(66)

v1
(Rx,Ry)

1/λ1

(Rx,Ry)

Considering  the  fact  that  is  also  the  last  generalized
eigenvector of the matrix pencil  with the correspond-
ing  generalized  eigenvalue ,  the  GP  algorithm  [24]  and
the  GDM  algorithm  [25]  are  also  used  to  compute  the  last
generalized  eigenvector  of  the  matrix  pencil  in  this
experiment.

µ = 0.028 <0.35/λ1 = 0.0288
µ = 0.032 < 2λ1/(λ1+λ6) = 0.0327
µ = 0.3 < 2/(1/λ1+1/λ6) = 0.3846
µ = 0.039 < 0.2/(1/λ6) = 0.03908
µ = 0.2

For the algorithms mentioned above, the same initial weight
vector,  which  is  randomly  generated  and  each  entry  obeys  a
Gaussian  distribution  with  zero-mean  and  unit  variance,  is
used. The learning rates of  these algorithms are given as fol-
lows:  for  the  GEPE  algorithm,

 for  the  ANQN algorithm,
 for  the  GP  algorithm,

 for the GDM algorithm and
 for the RNN algorithm (Note: Up to now, there are no

convergence  conditions  reported  in  any  literatures,  and  this
value  is  adopted  according  to  some  experiment  results).
Through  these  settings,  the  convergence  conditions  of  these
algorithms can be satisfied.

To evaluate the similarity between the weight vector and the
first  generalized  eigenvector,  the  direction  cosine  (DC)  is
computed, which is given below: 

DC(k) =

∣∣∣wT (k)v1
∣∣∣

∥w(k)∥∥v1∥
. (67)

Rx

In order to observe the transient characteristic of the weight
vector,  the -norms of  the  weight  vector  are  also computed
at each time instant, which can be obtained by (19).

The DC and norm curves of these algorithms are shown in
Figs. 1 and 2,  respectively.  In Fig. 1,  it  is  obvious  that  all  of
the  DC curves  converge  to  unit  one,  which  means  that  these
algorithms, including the proposed algorithm, have reached to
the direction of the first generalized eigenvector. Among these
algorithms, the  proposed  algorithm  has  the  fastest  conver-
gence speed. From Fig. 2, we can see that all the norm curves
of  these  algorithms  reach  to  the  convergence  status  at  last.
However,  the  convergence  values  are  not  the  same.  For  the
proposed algorithm, GDM algorithm and GEPE algorithm, the
weight  vector  norms  always  increase  at  the  beginning  and
then reaches  a  fixed  value.  Clearly,  for  the  proposed  algo-
rithm, the dynamic behavior of the weight vector norm is con-
sistent  with  the  theoretical  theory  analysis  in  Section  V.  For
the RNN algorithm and GDM algorithm, the norms gradually
decrease to the final value. Due to the existence of normaliza-
tion  operation,  the  weight  vector  norms  of  the  GP  algorithm
and ANQN algorithm are equal to unit one during all the itera-
tions. Except for the GP algorithm and the ANQN algorithm,
the  weight  vector  norm of  the  proposed  algorithm converges
faster than those of the other three algorithms.
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Fig. 1.     Direction cosine curves of these algorithms.
   

B.  Online Extraction
In this  experiment,  the  proposed  algorithm  is  used  to  esti-

mate  the first  generalized eigenvector  directly  from the input
signals. The results are also compared with those obtained by
the RNN algorithm [19],  ANQN algorithm [22], GEPE algo-
rithm [12], GP algorithm [24] and GDM algorithm [25]. Con-
sider the following two equations:
 

y(k) =
√

2sin(0.62πk+ θ1)+n1(k) (68)
 

x(k) =
√

2sin(0.46πk+ θ2)

+
√

2sin(0.74πk+ θ3)+n2(k) (69)
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θi (i = 1,2,3)
[0,2π] n1(k) n2(k)

σ2
1 = σ

2
2 = 0.1

where  are the  initial  phases,  which  have  a  uni-
form probability distribution in , and  and  are
additive  white  noises  with  zero-mean  and  variances

.

y(k) = [y(k),y(k+1), . . . ,y(k+7)]T x(k) = [x(k),
x(k+1), . . . , x(k+7)]T 8×8 R̄y

R̄x ith jth

Herein,  the  two input  signals  are  generated by sequentially
sampling  the  above  two  equations  (68)  and  (69)  and  arrang-
ing  the  sampled  data  points  in  overlapping  blocks  of  size
eight,  i.e.,  and 

. Then define two  matrices  and
, the  row and the  column entry of them are given by

 

[R̄y]i j = cos
[
0.62π( j− i)

]
+δi jσ

2
1 (70)

 

[R̄x]i j = cos
[
0.46π( j− i)

]
+ cos

[
0.74π( j− i)

]
+δi jσ

2
2 (71)

α = β = 1respectively.  If  the  forgetting  factors  are  set  as ,  we
have
 

lim
k→∞

1
k

R̂y(k) = R̄y, lim
k→∞

1
k

R̂x(k) = R̄x. (72)

(R̄y, R̄x) λ̄1 = 16.0680 λ̄8 = 0.0198
The  largest  and  smallest  generalized  eigenvalues  of  the

matrix  pencil  are  and ,
respectively.  Then  all  the  above  mentioned  algorithms  are
used to estimate the first  generalized eigenvector.  Herein, we
also use (67) to compute the DC during the whole iterations.
Besides, to  evaluate  the  numerical  stability  of  these  algo-
rithms,  another  measurement  function  is  adopted,  which  is
defined  as  standard  deviation  of  the  direction  cosine  (SSD)
and given by
 

S S D(k) =

√√√
1

T −1

L∑
i=1

[
DCi(k)−DC(k)

]2
(73)

DCi(k)
ith (i = 1,2, . . . ,T ) DC(k)

where T is the number of independent runs,  is the DC
value of  the  run  and  is  the  average
result of the T independent runs.

α = β = 0.998

µ = 0.001
µ = 0.03 µ = 0.003

For  these  algorithms,  the  forgetting  factors  are  all  set  with
the  same  values . The  same  initial  weight  vec-
tors  are  used,  which are  randomly generated and their  norms
are  normalized  to  0.1.  The  learning  rates  of  these  algorithms
are set  as  follows:  for the GEPE and ANQN algo-
rithms,  for the GP algorithm,  for the GDM

µ = 0.005

λ(0) = 100
T = 100

algorithm  and  for  the  RNN  algorithm.  Clearly,  all
the convergence conditions can be satisfied through these set-
tings. Besides, we set  for the ANQN algorithm. All
of  these  algorithms  are  tested  through  independent
runs.

Figs. 3 and 4 provide  the  average  DC  and  SSD  curves  of
these  algorithms,  respectively.  From Fig. 3,  we  can  see  that
the DC curve of the proposed algorithm converges to unit one
after  about 1000 iterations,  which  means  that  the  proposed
algorithm can  directly  extract  the  first  generalized  eigenvec-
tor from  the  input  signals.  When  compared  with  other  algo-
rithms, the proposed algorithm shows the fastest convergence
speed.  In Fig. 4,  the  simulation  results  of  the  last 4000 itera-
tions are shown separately by a small figure. From this figure,
we observe  that  the  final  SSD  value  of  the  proposed  algo-
rithm is less than those of other algorithms, which means that
the proposed algorithm has the best numerical stability among
these algorithms.
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Fig. 3.     DC curves for online extraction.
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Fig. 4.     SSD curves for online extraction.
   

C.  Convergence Experiment
In  this  experiment,  we  also  use  the  proposed  algorithm  to

compute the first generalized eigenvector of the matrix pencil
composed by (64) and (65). Since the tracking ability has been
proven  in  the  above  two  experiments,  we  concern  other  two
evaluated  functions  in  this  experiment.  The  first  one  is  the
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Fig. 2.     Norm curves of these algorithms.
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Rxabsolute -projection  length  of  weight  vector  onto  the  first
generalized eigenvector, which is given by
 

|zi(k)| =
∣∣∣vT

i Rxw(k)
∣∣∣ (74)

i = 1,2, . . . ,6where . The second one is the entry values of the
normalized weight vector, which are defined as
 

w̄i(k) =
wi(k)
∥w(k)∥Rx

(75)

i = 1,2, . . . ,6 wi(k) ithwhere  and  means the  entry of the weight
vector.

Same as the above experiments,  the initial  weight vector is
also  randomly  generated. Figs. 5 and 6 show  the  simulation
results when the following initial weight vector is adopted.
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Fig. 5.     Projection length curves.
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w(1) = [0.5377,1.8339,−2.2588,0.8622,0.3188,−1.3077]T .
(76)

i = 2,3,4,5,6 |zi(k) |
k→∞ |z1|

w̄(k) v1

From Fig. 5,  we can see that  for ,  tends
to  zero  as .  However,  is  monotonically  increasing
and converges to some constant at last. These results are con-
sistent with the conclusions in Section V. Besides, from Fig. 6,
we can find that the final values of  are equal to  given
by,  which  have  been  predicted  by  Theorem  6.  These  results
also directly prove the correctness of the convergence conclu-
sions in Section V.  

VII.  Adaptive Beamforming

Recently,  array  signal  processing  has  been  widely  used  in
the  area  of  wireless  communication  systems.  In  cellular
mobile  communication,  with  the  increment  of  the  communi-
cation channels, it is essential to improve the frequency spec-
trum reuse  technique  (FSRT).  Adaptive  beamforming,  which
is also called spatial filtering, is an integral part of FSRT and
has  attracted  much  more  attention  [39]–[53].  Through
weighted summing the measured signals observed by an array
of  antennas,  the  spatial  filter  can  form  a  directional  beam,
which  ultimately  leads  to  the  maximum  expected  signal  and
the minimization of noises from the environment and interfer-
ences  from  other  subscribers.  If  the  weights  in  the  antennas
can be automatically adjusted with the signal  environment,  it
is called adaptive beamforming [54].

wi(k), i = 1,2, . . . ,n

Let us consider the scenario where the impinging signals are
narrowband. Fig. 7 provides  an  example  of  a  uniform  linear
array,  which  has n antenna  elements  with  half-wavelength
spacing.  The amplitude  and phase  of  the  impinging signal  in
each  channel  are  adjusted  by  a  weighted  coefficient

, and the array output is given by
 

y(k) = wH(k)x(k) (77)

x(k) = [x1(k), x2(k), . . . , xn(k)]T

w(k) = [w1(k),w2(k), . . . ,wn(k)]T

ith (i= 1,2, . . . ,n)

where  is the  input  signal  vec-
tor,  and  is the  weighted  vec-
tor. Suppose  that  the  additive  noise  in  each  channel  is  spa-
tially white with the same variance, then the received signal at
the  element is written as
 

xi(k) = ai(θd)d(k)+
J∑

j=1

ai(θi j)I j(k)+ni(k) (78)

d(k) θd
I j(k) ( j = 1,2, . . . , J)

θi j ni(k) ith

where  is  the  desired  signal  with  an  impinging  angle ,
 is  the  interference  with  an  impinging

angle ,  and  is  the  additive  noise  at  the  element.
Describing the above equation into matrix form, we have
 

x1(k)
x2(k)
...

xn(k)

 =
[
a(θd), a(θI1 ), . . . , a(θIJ )

] 
d(k)
I1(k)
...

IJ(k)

+


n1(k)
n2(k)
...

nn(k)


(79)

and
 

 

x1(k) xi−1(k) xi(k) xi+1(k) xn(k)

w1(k) wi−1(k) wi(k)

y(k)

wi+1(k) wn(k)

 
Fig. 7.     Narrowband beamformer.
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x(k) = As(k)+ n(k)

= a(θd)d(k)+
J∑

j=1

a(θi j)I j(k)+ n(k) (80)

a(θt) = [a1(θt),a2(θt), . . . ,an(θt)]T

θt (t = d, I1, I2, . . . ,

IJ)

where  is the direction vector
of  the  source  signals  with  impinging  angle 

.  After N snapshots,  the  average  power  of  beamformer  is
given by
 

P(w) =
1
N

N∑
k=1

|y(k)|2 (81)

N→∞when , (81) can be written as
 

P(w) = E
[
|d(k)|2

] ∣∣∣wH a(θd)
∣∣∣2

+

J∑
j=1

E
[∣∣∣I j(k)

∣∣∣2] ∣∣∣wH a(θi j)
∣∣∣2+σ2∥w∥2 (82)

E{·}where  denotes  the  statistical  expectation.  The  critical
problem  of  adaptive  beamforming  is  to  search  the  optimal
weighted vector, which can guarantee that the desired signal is
correctly  enhanced  and  the  undesired  signals  and  noises  are
ultimately restrained. From [55], the optimal weighted vector
can be obtained through maximizing the signal to interference
plus noise ratio (SINR)
 

wopt = argmax
w

wH Rsw
wH Ri+nw

(83)

where
 

Rs = E
{
s(k)sH(k)

}
(84)

 

Ri+n = E
{
[I(k)+ n(k)] [I(k)+ n(k)]H

}
(85)

are the covariance matrices of desired signal and interference-
plus-noise, respectively.

(Rs,Ri+n)

According to the property of the generalized Rayleigh quo-
tient [38],  the solution of (83) is justly composed by the first
generalized eigenvector of the matrix pencil . So the
problem of adaptive beamforming can be solved through gen-
eralized eigenvector estimating algorithms.

0◦, −20◦ 30◦

Consider the scenario where a uniform linear array consists
of  10  elements  spaced  half  a  wavelength  apart.  The  desired
signal and two interferences are plane waves impinging on the
array from the directions  and ,  respectively.  The
signal  to  noise  ratios  (SNR)  of  the  three  signals  are  set  as
20  dB,  30  dB and  40  dB,  respectively.  The  number  of  snap-
shots is 256. Then the proposed algorithm is used to estimate
the  optimal  weighted  vector  of  this  beamforming.  The  initial
parameters of the proposed algorithm are set in the same way
as in the above sections.

Fig. 8 shows the  simulation  results  obtained  by  the  pro-
posed algorithm and batch method (i.e., the exact values of the
first  generalized eigenvector),  which are marked with the red
line and green line, respectively. From this figure, we can see
that the main beamforming has a strong main lobe around the
desired  signal  and  the  interferences  are  greatly  suppressed.
Besides, the results of the proposed algorithm are similar with

those of  the  batch  method,  which  means  the  proposed  algo-
rithm has  good  performance  of  tracking  the  optimal  beam-
forming vector.  

VIII.  Conclusion

In  this  paper,  we  devoted  to  eliminating  the  affection  of
learning  rate  for  neural  network  algorithms  and  proposed  a
novel  algorithm  without  learning  rate,  which  can  be  used  to
estimate  the  first  generalized  eigenvector  of  a  matrix  pencil.
The stability  and  the  convergence  characteristic  of  the  pro-
posed  algorithm  are  also  analyzed  by  using  the  Lyapunov
method and the DDT method, respectively. Numerical simula-
tions and real applications were carried out to show the perfor-
mance of the proposed algorithm. Since the operations in the
proposed algorithm are simple matrix addition and multiplica-
tions, it is easy for the systolic array implementation.

As  a  future  research  direction,  we  may  focus  on  how  to
reduce the computation complexity and develop new fast and
stable  algorithms  without  learning  rate.  Since  there  are  so
many algorithms reported in literatures,  an interesting idea is
to build a general framework, which can remove the learning
rates  in  these  algorithms.  Besides,  improving  algorithm’s
robustness  is  also important.  We plan to  address  these issues
in the future.
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