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Connectivity-maintaining Consensus of Multi-agent
Systems With Communication Management
Based on Predictive Control Strategy
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Abstract—This paper studies the connectivity-maintaining con-
sensus of multi-agent systems. Considering the impact of the sens-
ing ranges of agents for connectivity and communication energy
consumption, a novel communication management strategy is
proposed for multi-agent systems so that the connectivity of the
system can be maintained and the communication energy can be
saved. In this paper, communication management means a strat-
egy about how the sensing ranges of agents are adjusted in the
process of reaching consensus. The proposed communication
management in this paper is not coupled with controller but only
imposes a constraint for controller, so there is more freedom to
develop an appropriate control strategy for achieving consensus.
For the multi-agent systems with this novel communication man-
agement, a predictive control based strategy is developed for
achieving consensus. Simulation results indicate the effectiveness
and advantages of our scheme.

Index Terms—Consensus, energy-saving, multi-agent system, pre-
dictive control.

I. INTRODUCTION

HIS paper investigates the connectivity-maintaining con-
T sensus of multi-agent systems. A multi-agent system con-
sists of multiple autonomous agents, and in a multi-agent sys-
tem, one agent can communicate with other agents through a
communication network so as to cooperate in achieving a task
or a desirable collective behavior. As a collective behavior,
consensus means that the states of the agents can change from
different initial states to common final states [1].

Consensus of multi-agent systems is widely studied in the
last decades [2]-[7], and it is still a hot issue, for instance,
recently many scholars have considered the case that there is a
leader in the multi-agent system, which leads to the studying
of the leader-following consensus [2]-[4]. The research results
of consensus have many potential impacts on different fields
[8]-12] like flocking control, formation control, multi-robot
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systems and multi-vehicle systems.

In the studying of the consensus of multi-agent systems,
most of the work is done without considering the impact of
the sensing ranges of agents. In this paper, sensing ranges
indicate the communication capacities of agents. One agent
can only sense other agents within its sensing range. If consid-
ering the impact of the sensing ranges of agents in the process
of reaching consensus, then there will lead to a research prob-
lem, the consensus with connectivity maintenance problem.
This class of the consensus problem can also be called as con-
nectivity-preserving consensus problem or connectivity-main-
taining consensus problem. Differently from the general con-
sensus problem, this problem not only requires that the sys-
tem can finally achieve consensus, but also requires that the
connectivity maintenance can be guaranteed in the whole pro-
cess of reaching consensus. Here connectivity maintenance
means that throughout the process of reaching consensus, the
initial communication topology of multi-agent systems can be
maintained.

For the research about the connectivity-maintaining consen-
sus problem of multi-agent systems in literature, most of the
work focuses on how to realize that the mutli-agent system
can achieve consensus under the condition that the communi-
cation capacity is not enough, or it can be said that the sens-
ing ranges of agents are limited and fixed [13]-[16]. Simi-
larly with these previous works that both consider the impact
of the sensing ranges of agents, however, the work in this
paper considers the condition that the communication capabil-
ity is enough and the sensing ranges of agents are adjustable.
The reason for this work lies in the consideration of energy
saving. Reference [17] shows that there is a relationship
between the sensing range and the communication energy
consumption, a larger sensing range will consume more com-
munication energy. Since the distance between agents has a
downward trend throughout the process of achieving consen-
sus, there is no need for agents to keep the initial large sens-
ing ranges. With variable sensing ranges, agents in the system
can consume less communication energy.

There have been two related works [18], [19] in this area.
The sensing range adjustment strategy and the corresponding
control strategy are designed for the systems with the first-
order dynamics and the second-order dynamics respectively.
By the method in literature, the connectivity of agents can be
maintained and the system can achieve consensus, and the
simulation results indicate that communication energy is
saved throughout the whole process. However, there are two


http://ieeexplore.ieee.org
https://doi.org/10.1109/JAS.2023.123081

WANG et al.: CONNECTIVITY-MAINTAINING CONSENSUS OF MULTI-AGENT SYSTEMS WITH COMMUNICATION MANAGEMENT 701

shortcomings in above works. Firstly, the control perfor-
mance of the designed control method in the literature is not
good, which causes the communication range of agents to
remain at large values for a long time, and thus there is much
communication energy consumed. Secondly, the strategy
about adjusting the sensing ranges of agents, or called com-
munication management in [18], is developed based on a spe-
cific control strategy, and the communication management
also needs to be redesigned if control strategy changes.

In order to meet the needs of generality, it is supposed to
develop a novel communication management strategy which
can be compatible with different control strategies. In order to
consume less communication energy in the whole process, it
is supposed to develop a novel control strategy that is compat-
ible with the designed communication management strategy.

In this paper, a novel communication management strategy
is developed and this novel communication management strat-
egy is not associated with a specific control input, but with the
states of agents, which gives more freedom to develop an
appropriate control strategy to achieve consensus with this
novel communication management. Meanwhile, considering
the good performance of predictive control based strategy in
[20]-[24], a predictive control based strategy is developed in
this paper for the multi-agent systems with the novel commu-
nication management strategy. It is noted that the scheme in
this paper considers the impact of the sensing ranges, and
achieves the connectivity-maintaining consensus, which is dif-
ferent from the aforementioned predictive control based strat-
egy for consensus in literature that not considering the impact
of the sensing ranges. By the scheme in this paper, the con-
nectivity-maintaining consensus is achieved, and the commu-
nication energy is saved in the whole process. It is also noted
that compared with the scheme in [19], by the scheme in this
paper, the system consumes less communication energy while
achieving the connectivity-maintaining consensus.

Some of the results of this work have appeared in the con-
ference version [25]. Differently from the early conference
version, in this paper, we complete and supplement the main
results part to perfect the theoretical details of our scheme,
meanwhile, we supplement the simulation part and add a new
simulation that compared to related work in [19] to indicate
the advantages of our scheme and then further to verify the
effectiveness of our scheme. Meanwhile, we have also modi-
fied other parts to make our work more detailed, more spe-
cific and clearer. In summary, this paper is the modified and
completed version of our work.

The remainder is then structured as follows: Section II is the
part for the preliminaries and problem formulation, in this sec-
tion, some necessary preliminaries and the control objective
will be stated. Section III presents our main results, including
the design of the communication management strategy and the
design of predictive control based strategy. Section IV is the
simulation part, an example is presented to verify the effec-
tiveness and advantages of our scheme. And Section V is the
conclusion part.

II. PRELIMINARIES AND PROBLEM FORMULATION
In this section, some mathematical notations used in this

paper are firstly denoted. Denote N as the natural numbers set,
and N7 as the positive natural numbers set. Denote R as the
real numbers set, R* as the positive real numbers set, R as
the m-dimensional real column vectors set, and R™ " as the
m X n-dimensional real matrices set. The symbol 7, denotes n-
dimensional identity matrix, and the symbol ® denotes the
Kronecker product. For a column vector v € R™ and a matrix
Q e R™m ||yl is denoted as [[v]| = v/ v)'"/* and ||v]| is denoted
as [l = (v @v)'"*.

Consider a multi-agent system consisting of n agents with
the discrete-time second-order dynamics (1)

T2
qitk+1) = q;(k) + T pi(k) + Tui(k)

pitk+1)=p;i(k)+ Tu;(k), i=1,...,N )
where g;(k) e R", pi(k) € R", and u;(k) € R™ denotes the posi-
tion state, velocity state, and control input of the agent i at
time instant &, respectively, and 7 is the sampling period.

The dicrete-time second-order dynamics (1) is obtained by
discretizing the following continuous-time double-integrator
dynamics with zero-order hold (ZOH) [23]:

X[ZV[, \'/,'th[, i:1,2,...,N. (2)

The communication topology of the multi-agent system can
be described by a directed graph G = {V,E, A} with the ver-
tex set V ={1,2,...,n}, the edge set EC{({,j):i,jeV, i+ j}
and the adjacency matrix A = [a;;] € R™". The vertex set V
is a set containing all agents in the system, if the agent i can
sense the states of agent j, then there are (j,i) € & and a;; = 1;
else a;; =0. We denote N;={je€V:(j,i) €&} as the neigh-
bors set of the agent i, agent i can obtain the information from
the agents contained in the neighbors set N;, and the number
of agents in ; is denoted by |[N;|. And £ = [lij] € R™" is the
Laplacian matrix with [;; = 3/, ag, if j=1i, and [;; = —a;j, if
j#i. We also denote K(G) = [k;j] € R™" as the communic-
m, if je Nyori=j;else, ki; =0.

It is said that there exists a directed spanning tree, if and
only if there exists a root vertex agent i € V, such that for all
agents je€V and j+#i, there exists an edges sequence
Ev), (V92,0 (Vs-1,V5), (v, J), Vi €V

Meanwhile, the sensing range of agent 7 at time instant & is
denoted by s;(k), and the sensing set of agent i at time instant
k is denoted by Si(k) = {j € V : llg;(k) — qi(b)ll < 5i(k)}.

It is noted that the sensing range s;(k) is not a fixed value,
which is different from [13]. In this paper, the sensing range
si(k) is time-varying, and the value is determined by a novel
communication management strategy, which is different from
[18], [19].

Definition 1: The multi-agent system with the dynamics (1)
is said to achieve the connectivity-maintaining consensus if
and only if lime llgj(0) -kl =0, lime llp;k)-
pi(k)|| =0 and N; C S;(k) holds for all agent i € V at any time
instant k.

Based on the Definition 1, then the control objective in this
paper can be summarized as follows:

For all agent i€V, je N;, design both the time-varying
sensing range s;(k), and the control input u;(k), such that

ation matrix with k;; =
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N;cSi(k), keN*
klgg llgj(k) — qi(k)ll = 0

lim {1p;6) - pi(l = 0. 3

In this paper, the varying sensing range s;(k) is designed by
a novel communication management strategy, and the control
input u;(k) is designed by a predictive control based strategy.

III. MAIN RESULTS

In this section, our scheme that achieves the control objec-
tive (3) will be presented. The key idea in our scheme is that
the time-varying sensing range s;(k) is designed to guarantee
the connectivity, that is, to guarantee that N; C S;(k) holds at
any time instant &, and the control input u;(k) is designed to
make the system reach consensus. Our main results will be
presented in the following two subsections.

A. Communication Management Strategy

The “Communication management” in this paper means a
strategy about how to adjust the sensing ranges of agents in a
multi-agent system, and this name is quoted from [18]. The
design idea of the communication management strategy is that
the update of the sensing range value is supposed to be earlier
than the time of information acquisition, and the previously
determined sensing range value is always larger than the dis-
tance between the agent and its neighbor, which means that
the connectivity maintenance can be guaranteed. The impact
of the communication management will be introduced with
Fig. 1.

@ T®
‘ (D |
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Fig. . The impact of the communication management.

In Fig. 1(a), there is a directed topology of a four-agent sys-
tem, the relation between two agents is represented by the
arrow, and the direction of the arrow indicates the direction of
the information transmission. For example, the arrow from the
agent 4 to the agent 1 represents that the agent 1 can sense the
agent 4, and it can also be said that the agent 1 can obtain the
information from the agent 4. The sensing range of the agent 1
is represented by the big circle. With the communication
topology in Fig. 1(a), the agent 1 can obtain the information
from all other agents.

However, if there is no consideration about the sensing
range, a situation in Fig. 1(b) could happen. In Fig. 1(b), the
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distance between the agent 4 and the agent 1 is larger than the
sensing range of the agent 1, which means that agent 1 can not
obtain the information from the agent 4, and the initial com-
munication topology is broken. With the communication
topology in Fig. 1(b), the multi-agent system can not achieve
consensus.

The communication management is a strategy that can guar-
antee the connectivity of the system topology. In Fig. 1(c),
with the communication management strategy, the sensing
range of the agent 1 can be changed to a larger value before
the situation in Fig. 1(b) happens, such that the connectivity of
system topology can be guaranteed.

Consider the fact that the distance between agents has a
downward trend throughout the process of reaching consen-
sus. Then the sensing range of the agent 1 can be changed to a
smaller value with the communication management strategy
just like that shown in Fig. 1(d), since a smaller sensing range
can also meet the need of communication and further a
smaller sensing range can save more communication energy.

Assumption 1: The sensing range of every agent in a multi-
agent system can be adjusted to a given value, and the maxi-
mum adjustable sensing range of every agent in a multi-agent
system is large enough such that the adjusted value never
exceeds the maximum adjustable value.

Remark 1: Reference [17] shows that there is a relationship
between the sensing range and the power of the power ampli-
fier in a sensing device, and the adjustment of the sensing
range can be realized by the adjustment of the power of the
power amplifier.

Remark 2: In Assumption 1, the maximum adjustable sens-
ing range is determined by the actual physical constraint. It
can be observed in Assumption 1 that the maximum
adjustable sensing range is supposed to be large enough, such
that the adjusted value never exceeds the maximum adjustable
value. It is noted that there is no explicit and rigorous crite-
rion for “large enough”, and the judgment for “large enough”
is supposed to be combined with the actual physical con-
straints and the specified task, and here we provide a case as
an intuitive explanation. Consider a rendezvous task for a
multi-robot system, since the distance between a robot and its
neighbor robot is gradually closer in this task and this dis-
tance is smaller than the initial sensing range, and the initial
sensing range is not larger than the maximum adjustable sens-
ing range, we can consider the maximum adjustable sensing
range is large enough such that the adjusted value will not be
large than the maximum adjustable value. Certainly, if the ini-
tial sensing range is one or more orders of magnitude smaller
than the maximum adjustable sensing range, the judgment for
“large enough” can be more precise, even if there are some
complicated factors, such as disturbances or obstacles, we can
still consider that the maximum adjustable sensing range is
large enough. However, with the same physical constraints,
this “large enough” maximum adjustable sensing range possi-
bly is not large enough in formation task. It can be observed
that the judgment for “large enough” is supposed to be com-
bined with the actual physical constraint and the specified
task.
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Then based on the Assumption 1, the communication man-
agement strategy will be presented in the Theorem 1.

Theorem 1: Consider a multi-agent system with the second-
order dynamics (1), and if there is a control input constraint
denoted as

llui(ll < & “
where o is a positive constant. Then the connectivity mainte-

nance can be guaranteed, if the sensing range s;(k) is updated
as

si(k+1) = max, {llg () =gl + Tllp k) = pik)l| + T2}, (5)

Proof: Based on the Definition 1 and the control objective
(3), to prove that the connectivity of the system can always be
maintained is to prove that N; C §;(k) holds for all agent i € V
at any time instant k.

Then the following proof part is to prove that for agent
i€V and agent je N;, if si(k) > |lg;j(k)—qi(k)|| holds, then
si(k+1) > llgj(k+1)—gi(k+1)|| also holds with the commun-
ication management strategy (5).

The design idea to maintain the connectivity is that between
time instant k and time instant & + 1, the change of the sensing
range is greater than the change of the distance between the
agent and its neighbors.

Between time instant k and time instant k + 1, the change of
distance between agent i € V and agent j € N; is denoted as

Ad;j(k) = llgj(k+1) — qi(k + DIl - llg (k) — gDl (6)
and the upper bound of Ad;;(k) is denoted as UPAd;;(k), then
an upper bound UPAd;;(k) is just required in the following
proof part, such that

sitk+1) = max {llg (k) = qit)ll + U PAd; j(k)}

2 [lg (k) = qi(k)l| + Ad (k)

=llgj(k+ 1) =qi(k+ DI|. (7
The positions of agent i and agent j with second-order
dynamics (1) can also be denoted as

(k+D)T
ailk+ 1) =qik)+ [ 7 piloydr

(k+1)T
gtk +1) = q;(k)+ fkT pi(Ddt 8)

respectively.
Based on (8), then there is

Adij(k) = llg j(k+ 1) = itk + DIl = llg j(k) = gi (k)|

*k+DT
= |lgj(k) — gi(k) + LT (pj(®) — pi())dt|
=g j(k) — g (Ol

(k+D)T
= LT lp () — pi®lldt. )

Similarly with (8), the velocities of agent i and agent j in
the multi-agent system with second-order dynamics (1) can
also be denoted as

pi(t) = pi(k) + (t = kT )u;(k)

pj(0) = pj(k)+ (= kT)u;(k) (10)

respectively.
Since there is a control input constraint ||u;(k)|| < o for agent
i €V, based on (10), there are

llp () = p:@II < lIp (k) — pioll
+ (1= kTl j(k) — ui (k)|

<lpj(k) = pik)ll+20(t—kT) (1)
and
(k+1)T
Adyj(k) < jkT {llp j(k) = pi(l| +207(t — kT }dt
= Tlip;(k) - pioll +oT>. (12)

Then we find an upper bound of Ad;;(k), which can be
denoted as

UPAd;j(k) = Tllp (k) - pi(k)ll + o T2 (13)

Based on (7), then the communication management strat-
egy can be designed as (5), such that the connectivity of the
system can always be maintained. [ ]

It is noted that from Theorem 1, it can be observed that the
proposed communication management strategy does not
depend on a specified control strategy, but only has a demand
that there is a control input constraint for every agent in the
multi-agent system, which gives more freedom to develop a
control strategy for finally achieving consensus.

B. Predictive Control Based Strategy

In this subsection, a predictive control based strategy is
designed with the communication management strategy pro-
posed in Theorem 1.

From Theorem 1, it can be found that for the system with
communication management strategy, we should consider a
control input constant (4) in the designing of the control strat-
egy. Then in this subsection, we will design a predictive con-
trol based strategy with the control input constraint (4).

Before considering the control input constraint (4), we
firstly design a predictive control based strategy without con-
sidering the control input constraint (4).

For agent i € V, based on the dynamics (1) and our consen-
sus objective, we firstly construct a cost function, which is
defined as

Jitky = J (k) + J? (k) + J! (k) (14)
where
HF
JH) = Z llgiCk + 1K) = ré (k + 1)
=1
Hy
JI (k) = B; Z llpitk+ k) = P (k + R[>
=1
H,
Ty = i+ 1= TR (15)

=1

where H, € N* denotes the prediction horizon, H, € N*
denotes the control horizon, and there is H, > H, > 1. The
scalar a; and the scalar §8; are positive. The vector g;(k + [|k),
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the vector p;(k+ k) and the vector u;(k+[— 1]k) denotes the
predicted position state, velocity state, and control input,
respectively. Similarly, the vector r:.](k+l|k) and the vector
rP(k+1k) denote the predicted reference states that will be
defined later.

Consider the position state ¢;(k) € R™, the velocity state
pi(k) e R™ and the control input u;(k) € R™ of agent i € V are
all m-dimensional, we denote ¢; (k) € R as the e-th element of
the position state g;(k) € R, denote p;.(k) € R as the e-th ele-
ment of the position state p;(k) € R™, and denote u; (k) € R as
the e-th element of the control input u;(k) € R™. Similarly, the
e-th element of the predicted states can be denoted as
Giok+1k), pietk+1k), uio(k+1-1lk), rge(k+ l|k), rze(k+
llk) eR.

And we define g.(k) and p.(k) to collect the velocity infor-
mation and position information of all agents in the system on
the e-th dimension, respectively, as

Ge(k) = [q1.60), q2.e(k), ..o qne(k)]"
Pe(k) = [P1,6(k), pr.e(k), ... pueh)]” (16)

then the predicted velocity reference state rlp (k+ k) and the
predicted position reference state r?(k+ llk) on the e-th dimen-
sion are defined as

17 (k+ 1) = K(G)p(k)

rze(k+l|k) = Ki(g)qe(k)+l~T'rfe(k+l|k) 17)

with the communication matrix K;(G) that is defined in Sec-
tion II.

Then the cost index J;(k) is decomposed in terms of dimen-
sions, as Ji(k) = 37", Ji., and similarly with the construction
of the cost function (14), the cost index J; (k) can be denoted
as

Jie(k)y = JL (k) + 7, (k) + T2 () (18)

where

HI’

T = a; Y lgiek+ 1) =, (k+ 1))
=1
Hp

T2 =B > piete+ 1) = (e + 0|
=1

H,
= o+ 1= 1R, (19)
=1

By stacking, some vectors are denoted as
Xio(K) = [9i.e(k), pie ()]
rie(k+ 1) = [, (ke + 1), ¥, (k + 11"
rie(k) = [rie(k+ 10", i o (k+20K),
oo Fie(k+ Hyll)T1T (20)

Then based on the dynamics (1), there is
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Xie(k+1) = Ax; (k) + Bu; o(k) (21)
1T =
w1thA:l0 | ,ande[ -

And the new stacked predicted states x;.(k + [|k) can be rep-
resented by

Xie(k+1k) = Axj o (k+1—1]k)
+ Bu; (k+1-1lk), < H,
Xie(k+1lk) = Axio(k+1-1]k)
+ Bu;.(k+H,—1lk), [>H,.
Then a new compact form is formulated as

Xi,e(k+ D= Pxxi,e(k) + Py Ui,e(k)

(22)

(23)
with
Xie(k+1) = [xie(k+ 1) x; o (k +210),
oo Xi o+ Hpll)T1T (24)
Use(k+ 1) = [ (kK)" ,ui o (ke + 116),
ot (k+ Hy = 10T

B

(25)
AB
AH-1p

AB B

Hp—Hy
> AB
i=0 -

AHP_I AH”_H”+IB

and P, = col[A,A2,..., Afr),
Then there is

Ji,e(k) = ”Pxxi,e(k) +P, Ui,e(k) - ri,e(k)HzQi + ||Ui,e(k)”2 (26)

a;
where Q; = IH,) ®0;, with 6; = [ l B; :l
i

And the optimal control input U7 (k) can be obtained by cal-

culating gljll,i((];)) = 0, which is denoted as

U7 () = ~(PLQiP, + 1) PL QP xio(k) — rie(®)]. (27)

Usually the first entry of U7 (k) is selected as the actual
control input signal, which is denoted as

U} ((klk) = =@i(PXi o (k) = rio(k)) (28)

with ¢; = S(PZQiPu+IHM)_1PZQ,- and § = [1,0,...,0] ¢
RIXHM_

Since u;e(klk) is the e-th element of u; (k|k), the optimal con-
trol input u? (k|k) can also be obtained by (28).

It is noted that by (28), the optimal control input u:(k|k)
without the input constraint (4) can be obtained, in order to
better carry out the final stability analysis, before the optimal
control input u; (klk) with the input constraint (4) is given, a
new control input form equivalent to (28) will be given in the
following by an iterative predictive control based strategy
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[11], [20].

Before the new control input form is developed, some lem-
mas are required.

Lemma 1: Denote a polynomial of variables x,y,z € R as

h
Z (@(x+iTy+ %iszz)z +By+iT2H)+2  (29)

with parameters 7 € N*, @ e R*, B e R*, and T is a sufficiently
small positive constant.

And then the polynomial of variables x, y, and z can also be
represented by

-2 < -, -
bz+cx+¢) +ax>+pBy*+yxy (30)

with the parameters a>0, E >0, 7 >0, b>0, ¢>0, and
¢ >0.

Proof: For the polynomial equation

h
1
Z (a(x+iTy+ Eiszz)2 +B80+ iTz)z) +22
i

-2 < — -
=b(z+cx+¢) +ax’+ By +yxy
compare the coefficient, then we can obtain b= %aT4
ho ho T2 vh 2 % T3 <h
T+ BTAELE + €= G Tt ¢ = (Yz_bzé=1’3+
BLsh i, @ = ha — b, B = W + aT?> 3% - bc', and
y =2aT Z?:l i-2bcc. _

It is obvious that b,c and ¢ are all positive.

Since 7 is a sufficiently small positive constant, it is
obtained that @ ~ha >0, B~hB>0, similarly there is
Yy =2aT 3" i-2bcc > 0. [

Lemma 2: Denote a polynomial of variables x,y,z € R as

1
a(x+Ty+> T22)% +B(y+Tz)* + 2

1 2
+a(x+Ty+ 5Tzz) +B.(y+Tz)?

1)

with parameters @ € R*, 8 € R*, @, € R, B, e R*, y. € R*, and
T is a sufficiently small positive constant.

And the polynomial of variables x, y, and z can also be rep-
resented by

1
+y.(x+Ty+ szz)(y +Tz)

- 2 < - -
b(z+cx+Cy) + x>+ B, +7,.xy (32)

with the parameters @. >0, 8, >0, 7, >0, b>0, ¢> 0, and

c>0.
Proof: As for polynomial equation

1
a(x+Ty+3 T%2)? +B(y+Tz)* +2°
1o 2 2
+a.(x+Ty+ ET z) +B.(y+T2)
1.
+v.(x+Ty+ ET 2)(y+Tz)

- 2 < ~ —
=bE+cx+CY) + x>+ B+ Y Xy

compare the coefficient to calculate the related scalars, then it
can be obtained that b = 174 +a.) + T>B+B.) + T3y, +1,

c=(THa+a)+Ty.)[2b, ¢ = (T3 a + @) +2T(B + B+
3T%y.)/2b, a.=a+a.—bc% B,=T*a+a)+p+fi+Ty.—

bE . ¥, = 2T(a+a.)+y.—2bcE. Tt is obvious that b,c and ¢
are all positive.

Since T is a sufficiently small positive constant, it is
obtained that @, ~a+a, >0, similarly, it can also be
obtained that 8, >0 and y, > 0. [ |

Lemma 3: Denote a function of variables x; € R, y; € R, and
u, € R as

Hp H,—-1

Hf’
=) xeB) Nt )
=1 =1 =0

with reN, a eR*, BeR*, H,eN*, H,eN*, and there is
H, > H, > 1. Assume there exists a sufficiently small positive
constant 7" such that

(33)

1
l)xz=xz—1+Tyt-1+§T2ut_1, t=12,...,Hp;
Dyr=y1+Tuy, t=1,2,... Hp;
3)ur=up,~1, Hy<t<Hp;
4)x0,y0€R.

Then there exists

(34)
with constant scalar series ¢; >0 and \c/,>0, such that J
attains its minimum.

Proof: Based on the conditions 1)-4) in Lemma 3, it is
obvious that

U = —CtXt — Ct )t

1
Xp1 =X+ Ty + ETzut

Vet =Y+ Tuy (35)
when t < H,,.
Considering H, <t < H,, there is
2
T2
XH,+7—1 = XH,~1 +TTyHu—1 + ?T UH,—1
YH,+t-1 = YH,~1 +TTup, (36)

witht=¢t—H,+ 1.
Then rewrite (33) as J = J1 + Jo +--- + Jg,-1+Jn,, where

Jr=ax?+Byr+ul =12, H,~ 1 (37)
h h

Jn, = QZX%W_I +ﬂ2yifu+r-1 ity (38)
=1 =1

with h=H,-H,+1.
By Lemma 1, substitute (36) into (38), then it can be
obtained that

- 2
Ju, =bu,(Up,~1 +CH,~1XH,~1 + C Hy—1YH,~1)

+ a,Hu_leu—l +ﬁHu—lyHu—1 + yHu—l'xHu_lyHu_] (39)
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with bg,—1,CH,1 € Hy-1> @Hy~1. Br, 1+ Y -1 € RT.
By Lemma 2, substitute (35) and (37) into the formula
Ji+ E,xtz +8 tytz + ;,x,y,, then it can be obtained that

e+ axp + Byi Y X
- 2
=bi(Us—1 + o1 X421 + C1-1Y1-1)
T a1 X_y + BV Y1 X-1i-1 (40)
with by, ¢i-1, ¢-1, @1, 8,1, Y1 €RT.

Implement this process from t=H,—1 to t=1, the cost
function (33) can be written as

Hy _ )

J= th(ut—l +e-1%-1+ c1y-1) +C (41)
t=1

with a constant C = oné + ,BOyg + 7o€0f0-

It is obvious that when u; = —c,x;— ¢;y;, with ¢;, ¢; € R*
and t=0,1,...,H,—1, J attains its minimum. And the first
step of input wuy = —coxp— ?oyo is usually selected as the
actual control input. [ |

Remark 3: It can be observed that there is a requirement that
T is a sufficiently small positive constant in Lemmas 1-3.
Actually, the constant 77 will be the sampling period in the
final analysis. It is noted that there is a limit to the sampling
period 7, and the idea about the sufficiently small sampling
period has appeared in [11], [20], and specially, there has been
an analysis about the selecting of the sufficiently small sam-
pling period T in [20].

Based on Lemmas 1-3, then an equivalent form of the con-
trol input (28) will be presented in the following lemma.

Lemma 4: The control input (28) can be represented by an
equivalent form with the cost function (18), and the new
equivalently control input can be denoted as

—

Ciy Cj

U (ki) =~y Lide k) = N,-|li Lipe). (42)
Proof: Define
% = gielk+ 1K) = rf (k+ 1K)
Vi = Pie(k+1k) = 1] (k+ k) (43)

and then it is easy to find that x, and y, both satisfy the condi-
tion in Lemma 3, which means that by Lemma 3, the control
input for the cost function can be equivalently written as

i (kIK) = —ciy (qi.e (k) = (k1K) = € io (pi (k) = { (kIK))  (44)

where ¢;,, ¢, can be iteratively calculated by Lemma 3.
From the reference states defined in (17), there are

r! (k) = Ki(G)Ge(k) and 17, (kIk) = Ki(G)pe (k).

Then
1
iek_qkk:iek_Ki ~€:— iNek
qie(k) = r; (klk) = gi (k) — Ki(G)q |M|+1£4()
1

() =17 (KK) = —— Lipo(K). 4
Pie(k) = r; (Klk) NI+ 7 Libe(k) (45)
Substitute (45) into (44), then the form (42) can thus be

obtained. ]
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The optimal control input without the input constraint then
can be represented either by

u; (klk) = —@i(Pyxi o (k) = ri o (k)) (46)

or by

—~

« Ciy - Ci ~
u; ,(klk) = —mﬁi%(’() - WLipe(k)-

Since the optimal control input without the input constraint
has been obtained, before the optimal control input with the
input constraint is given, a lemma from [20] is necessary.

Lemma 5 [20]: Let f(U) be a quadratic function of
U= [ulT,ug,...,u,{]T, with u; = [ui,l,...,ui,m]T eR™,

Suppose that f(U) can be written as f(U)= 3L, fe(Ue)
with U, = [u,-,e,...,un,e]T, Je(Ue) = (1/2)(U6)TAeUe +lUet
Ces Ae =[a; jo] € R being a nonsingular symmetric matrix
with a; ;. >0, & =[{1,e,...,{ne] being a row vector, ¢, being
a constant, e=1,...,m,i,j=1,...,n and f(U) achieves its

47

minimal value at a unique point U* = [uTT,uzT,...,uflT]T.
Then

1) U* can be calculated by stacking each minimum-value
point of f,(U,).

2) For the following optimization problem, min f(U),
s.t. |lui|| < &, which has a unique optimal point denoted by

U=al,....al17, if A,=A for all e=1,....m, then
uj, if |ujll < @

uy = 7 .
ﬁ uj, otherwise.
1

Based on the above content, at time instant &, the actual con-
trol input with the control input constraint (4) on the e-th
dimension is derived as

u; o(klk) = con - uj ,(klk) (48)

where con = min{o-/llul’.‘(k|k)||, l} is the constraint term, o is a
positive constant defined in the control input constraint (4),
and we can get the value of uj (klk) by either (46) or (47).
Since u;.(k|k) is the e-th element of the actual control input
u;(k) = u;(klk), the actual control input can thus also be
obtained.

Theorem 2: Assume that there is a directed spanning tree in
the multi-agent system with dynamics (1) and directed topol-
ogy G. If the control input constraint (4) is activated for finite
times, then there exists a sampling time 7', such that the con-
sensus can finally be achieved.

Proof: Since the control input constraint is activated for
finite times, there exists a time instant k; that at time instant
k > ki, the control input (46) or (47) becomes the actual input
for the system.

Then the control input (47) will be selected to prove the
convergence.

The control input (47) can be rewritten as

uy (klk) = —=Aod LGe(k) = Agd.Lp(k) (49)
where L is the Laplacian matrix, Ag = diag{ci,,...,cn}, Ao =
diag{ciy,..., cnyl, 6 = diag{l/(IN1| + D),....1/(Nu| + 1)},
then the system dynamics can be rewritten as
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Ge(k+1) 1 T gelk) (50)
Pelk+1) |~ 7| Pe(k)
with G = S + R, where
TIn OﬂXl‘l
S=| VT VT,
[ 2 2
e (1-D, - %L T -5 L,
VTIL,-TL, (1- NT)I,-TL,

where Ly =Agd L, and Ly = Agd L.

It is noted that Whven T is sufficiently small, (1 -T)1, — TTZ s
and (1 - VT)I, - T Ly are non-negative matrices with positive
diagonal entries, T'1,, — TTZ L, and VT1,-TL, are non-negative
matrices, and ||S || < 1, which satisfy the condition of Lemma
4.1 in [26]. It then follows from Theorem 4.2 in [26] that the
system can finally achieve consensus. [ |

Remark 4: In Theorem 2, the sentence “the control input
constraint (4) is activated for finite times” means that there are
finite numbers of time instant k € N, at which the actual con-
trol input u;(k) for agent i satisfies |ju;(k)||=0c, and this
implies that the actual control input (48) can be replaced by
(46) or (47) in the convergence analysis, which then further
completes the proof of Theorem 2. A similar idea can be
found in [20].

It is noted that the connectivity maintenance is guaranteed
by the Theorem 1, and the consensus is guaranteed by the
Theorem 2.

An overall control structure for agent i € V is presented in
Fig. 2. It is noted that in Fig. 2, the states include the position
states and the velocity states. At time instant &, for agent
i€V, based on the current sensing range s;(k), all neighbor
agents j € N; are sensed, and the states x;(k) are obtained by
agent i. By the communication management strategy, the
value of sensing range at next time instant is calculated and
saved, and the sensing range will be updated at next time
instant. By the predictive control based strategy, the control
input is calculated and the states will also be updated for the
consensus. With this control structure for all agents i €V in
the multi-agent system, the connectivity-maintaining consen-
sus can be achieved.

sk +1)
Communication Sensi
management | ¢4 1) ensing range
s{(k)
Sensed Predictive
i dates ) " States

neighbor states N control uk)

j C

JEN.CS(h £ ik + 1)

Fig. 2.  The overall control structure for agenti € V.

Then the Algorithm 1 summarizes the overall scheme for
the connectivity-maintaining consensus in this paper.

Algorithm 1 The overall scheme for the connectivity-maintaining
consensus

Offline-Stage

Initialization

1) Set k=0.

2) Determine the directed topology of the system with the commu-
nication matrix K(G).

3) Determine the initial states ¢;(0),p;(0), sensing range s;(0) for
agent i € V, such that the initial topology is not broken at initial time
instant k = 0.

4) Determine the parameters H,, H,, T, «;, B;, and the input con-
straint o for agentie V.

Online-Stage

1) Information acquisition. Each agent i € V sense the states of its
neighbor agent j e N;.

2) Calculation. The control input (k) is calculated by (48), the
sensing range s;(k + 1) is calculated by (5).

3)Setk=k+1.

4) Sensing range update. Update the sensing range s;(k) based on
the calculated value at time instant & — 1.

5) States update. Update the states ¢;(k) and p;(k) based on the cal-
culated control input u;(k — 1) and the system dynamics (1).

6) Go to Step 1).

It can be observed in Algorithm 1 that the update of the
sensing range value is earlier than the time of information
acquisition. Since the connectivity maintenance is guaranteed
at any time instant & by Theorem 1, the information from
neighbor agents can be obtained normally, which provides a
basic guarantee for achieving consensus.

IV. SIMULATIONS

In this section, simulations will be shown to indicate the
effectiveness and advantages of our scheme.

Consider a system with five agents, and the dimension of
the states is m =2. And the topology of the system is pre-

sented in Fig. 3.

(2)
O
©

Fig. 3. The topology of the multi-agent system.

The initial states of the five agents are set as ¢(0) =
90,4017, p1(0) = [-5,~41", ¢2(0) = [-8,-301", p»(0)=
321", ¢3(0) = [50,~601", p3(0) = [-5,-5]", qa(0)=
[70,-601", pa(0) = [-2,3]", g¢s5(0) = [-30,40]", ps(0)=
[

5,517, and for agent i € V, the initial sensing range s;(0) is
set as 5;(0) = 150.

For all agents in the system, the prediction horizon H), is set
as Hj, = 10, the control horizon H, is set as H, = 8, the sam-
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pling period 7 is set as T = 0.1, the control input constraint o
is set as o = 6, and other parameters «; and §; for agent i € V
aresetas ;= 1 and B; = 1.

Then for all agents, the position trajectories are presented in
Fig. 4, and the velocity trajectories are presented in Fig. 5.
Figs. 4 and 5 show that the system finally achieves consensus.
The control input evolutions are presented in Fig. 6, which
shows that the actual control input signal never exceeds the set
input constraint o = 6.

80 0 Agentl |
{ Agent2
| # Agent3 | |
60 = Agent4
= Agent5
40 P P = -
200 T
E
~ ok
-20
_40 - ".\ E
“‘I
—60 Rw *
-60 —40 20 0 20 40 60 80 100
x (m)
Fig. 4. The position trajectories of all agents in the system.
10+ |
I~ \
5¢7 ~\ ]
x \
Q 0r \\\»;:_—1‘._ 3
_ e |
5 \\\ /
—10 + ™ / / ]
0 50 100 150 200 250 300
20
10}, /\
0 \, o = =
K\
-10 SN
=20
50 100 150 200 250 300
k
Fig. 5. The velocity trajectories of all agents in the system.

Remark 5: The reference trajectory of the system is prede-
fined in (17), and it is noted that the reference trajectory of
each agent is not fixed or predetermined, but it is calculated in
real time based on the states of agent itself and its neighbors,
and it will be recalculated at every time instant, which is dif-
ferent with navigation or path-following task [27]. In addition,
at one time instant, the reference trajectory of each agent is
not the same, however, as the entire consensus task pro-
gresses, eventually the reference trajectory of each agent also
tends to be consensus. Specially, if the initial states of agents
change while other conditions remain unchanged, the final tra-
jectory of the system will also change.

The sensing range evolutions of all agents are presented in
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[

50 250 300

Fig. 6. The control input evolutions of all agents in the system.

Fig. 7, which shows that the sensing ranges of all agents are
finally decreased.

150

s(k)

100 150 250
k

200 300

Fig. 7. The sensing range evolutions of all agents in the system.

In order to indicate the time when the system achieves con-
sensus, we define a new index 7. named consensus time in the
following:

= (k) - p; <
tc {kliE q/rjr}gﬁi(k)llp,(k) pik|<¢ and
(k) —q;(k)|| < 51
l,e(vr’rjl_gﬁi(k)llqj( )= qi(Bl < sa} (51)

with the consensus error ¢, and ¢ is a small positive constant.
Meanwhile, in order to indicate the advantages of the over-
all scheme in this paper, for agent i € V some indices used in
[19] are defined in the follows.
The power consumption of communication can be modeled
as

Pi(k) = s(si(k)Y’ (52)
with the sensor type constants B € [2,6] and &€ € R*, and the
sensing range s;(k).

Then the accumulated communication energy consumption
is defined as
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wi= > Pik) (53)
k=0

with the consensus time 7, defined in (51). Meanwhile, the
communication energy consumption without the communi-
cation management strategy is defined as w; = ZZ:O P;(0), and
the total communication energy saving in percentage is
defined as E; = (w;—w;)/w; x100%, and these indices are
defined for the comparison of the communication energy effi-
ciency.

The consensus error ¢ defined in (51) in this simulation is
set as ¢ = 0.5, and then we can get the consensus time 7. in
this simulation, which is 7. = 131. The parameters € and § that
are defined in (52) are set as e =1 and 8 =2. And the total
communication energy consumption is presented in Fig. 8,
which indicates the great saving in communication energy by
our scheme, and the results in Fig. 8 show that if there is a
communication management strategy for the system, then the
communication energy can be greatly saved. Meanwhile, to
better indicate the advantages of the overall scheme in this
paper, the comparison of the communication energy consump-
tion between the scheme in this paper and the scheme in [19]
is presented in Fig. 9. It can be observed that compared to the
scheme in [19], by the scheme in this paper, all agents in the
system consume less communication energy in the whole pro-
cess. And the comparison of the communication energy sav-
ing is presented in Table I, which shows the advantages of the
scheme in this paper.

x10°

25

|

Agent

I Variable range
[ Fixed range

Energy consumption

Fig. 8. The accumulated communication energy consumption.

V. CONCLUSION

The connectivity-maintaining consensus for multi-agent
systems is investigated in this paper. And we propose a novel
communication management strategy which is not associated
with the specific control method but is compatible with differ-
ent control methods, and with this strategy, the connectivity of
the system can be maintained and the communication energy
can be saved. A predictive control based strategy is designed
with this novel communication management strategy in this
paper, and the consensus can be guaranteed. By the scheme in

S
12 10

10+

o]
T

Energy consumption
o

=) ) N
!

1 2 3 4
Agent
Fig.9. The accumulated communication energy consumption compared
with [19].
TABLE I
COMPARISON OF THE COMMUNICATION ENERGY SAVING (%)
Energy saving In this paper In[19]
Agent 1 87.80 79.50
Agent 2 88.80 79.50
Agent 3 88.50 82.30
Agent 4 91.60 84.50
Agent 5 80.80 65.50

this paper, the connectivity-maintaining consensus can be
achieved, and meanwhile the communication energy can be
saved. Compared to the related work in literature, our scheme
can save more communication energy.
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