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Dear Editor,

In this letter, a novel adaptive control design problem for uncertain
nonlinear multi-input-multi-output (MIMO) systems with time-vary-
ing full state constraints is proposed, where the considered systems
consist of various subsystems, and the states of each subsystem are
interconnected tightly. It is universally acknowledged that in the
existing researches with state constraints, system constraint bounds
are always constants or time-varying functions. Different from previ-
ous methods, the constraint boundary of this letter is regarded as a
special function of not only time but of state variables. In order to
handle time-varying full state constraints, the tangent type time-vary-
ing barrier Lyapunov functions (tan-TVBLFs) are introduced. By
combining neural networks (NNs) and backstepping technique, an
intelligent controller is developed. Meanwhile, we introduce an even
function to guarantee the feasibility of NN approximation of
unknown functions over practical compact sets. The feasibility of the
mentioned control strategy is certified through the simulation results.

Over recent decades, the control strategy of nonlinear systems has
drawn lots of attention due to classical control methods are not suffi-
cient for nonlinear characteristic problems. Thus, various advanced
control techniques for uncertain nonlinear systems are proposed in
[1] and [2]. Subsequently, NNs and fuzzy logic systems (FLSs) have
been widely used [3]. Via fast finite-time stable theory and FLSs, a
fuzzy dynamic surface control with uncertainties is studied in [4],
where the computational complexity is reduced. An adaptive back-
stepping output feedback control strategy is investigated by taking
unmeasured states into consideration [5]. Further, an adaptive fault-
tolerant controller is constructed in [6], and a control scheme of pure
feedback systems is proposed by [7]. Nevertheless, the impact of out-
put and state constraints has been neglected according to above
descriptions.

It is unavoidable to exist various constraints in practical systems,
which restricts the system performance and stability. Consequently, a
large number of control schemes have been put forward to settle con-
straints including state feedback control [8], and output feedback
control [9]. For further research, barrier Lyapunov function (BLF)
regarded as an available approach to solve constraints has been con-
sidered by [10]. An output feedback control of full state constrains is
presented by utilizing Integral barrier Lyapunov functionals (IBLF)
[11]. Surprisingly, this approach overcomes the limitation of conser-
vatism comparing with traditional BLFs. A full state-constrained
control design for uncertain stochastic nonlinear systems is devel-
oped by [12] via using time-varying BLFs. But, the mentioned
approaches are confined to satisfy single-input single-output (SISO)
nonlinear systems.

More complex, the constraint system mentioned above is devel-
oped to MIMO uncertain system or large-scale systems, which is a
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challenging task to devise an appropriate control strategy. In [13], a
dynamic surface control strategy based backstepping algorithm is
introduced. Furthermore, the tracking control approaches of input
saturation has been investigated by [14]. An NN adaptive control
scheme considering full state constraints in block-triangular form is
addressed via utilizing the backstepping-based IBLF in [15]. With
the help of backstepping algorithm, an adaptive control design of out-
put-constrained large-scale systems is presented by [16]. However,
all the existing constraint boundaries of time-varying constraint
researches are only relevant to time without considering state.

Inspired by above descriptions, this letter develops an adaptive NN
control method for uncertain nonlinear MIMO systems with
unknown smooth functions and time-varying full state constraints.
The main contributions are listed as follows.

1) In existing BLF based state constraints, the constraint bounds
are regarded as constant [12] or time-varying functions [14]. Differ-
ent from previous boundary that only changes with time, the state
constraint boundary of this letter is regarded as a particular function
of not only time but of state variables, which is seldom developed in
previous results.

2) To guarantee the feasibility of NN approximation of unknown
functions, a novel control method is proposed over practical compact
sets and a suitable controller is successfully constructed.

3) The full state constraints are taken into consideration in nonlin-
ear MIMO systems by utilizing tan-TVBLFs. The aim of using tan-
TVBLFs is to ensure all states remain within the time-varying con-
straint range. Meanwhile, the considered systems consist of subsys-
tems, and the states of each subsystem are interconnected.

Preparation and system descriptions: We consider the following
MIMO nonlinear systems with full state constraints:

Xn.gy = Yh.g, ()_Cl,(g/x—ﬂhl)’ <o Xh (=) -+ ")_CNs(gh_UhN))

T Ph.g ()_Cls(gh—flhl)’ s KB (g —mn)> )_CN»(gh—UhN)) Xh,gp+1
l<gn<m—1 1)
Enayy = Wi, XUl up—1)

+Oha, ()_Cl,m-h.. .,J?N,;,N—1)Mh

Yh = X1, 1<h<N
where xj6,, gn=1,...,m; are the states of h-th subsystem and
Xp,g, = [xh,l,...,xh,gh]T, separately, X = [)’cl?,,l,...,)'ch,,]h]T, up €R is

the input of the h-th subsystem and y, € R is the output of the A-th
subsystem; Whe, () are unknown smooth functions and ¢y g, (-) are
known gain functions; 4, g, 17, and N are positive integers, and 7y,
is the order difference between the h-th and p-th subsystems,
Mhp =1n—1p, P =1,...,N. The corresponding vector xp (1—y,,) does
not exist whengy, —ny, <0. In this letter, all the states xj,,, satisfy
|xh,gh| < kb‘h.gh ()_Ch,gh,l,t), gn=1,....,ny. For any t >0, kChAg,, (fh,grl’t)
is a known continuous function of state variable and time. In addi-
tion, y4 p, is the desired reference signal with x50 = yg.

For ease of writing, the vectors in system (1) are rewritten as

T
Xhon = [x{a(gh_ﬂhl)’ e xl{»gh_ﬂhlx T x;/,(gh—ﬂmv)]

Control objective: The control objective is to devise an adaptive
controller uy, such that the system output y;, can track the desired tra-
jectory ygp, all the states do not violate the time-varying constraint
bounds and all signals in the closed-loop systems are bounded.

Assumption 1 [14]: For any key g, (¥n,g,—1,0) > 0, there are positive
constants Mo and Yj,,,gn=1,....np,h=1,...,N such that the
desired signal y, 5, (#) and its derivatives with time satisfy

|yd,h (l)| <Mpp < k%gh ()_‘h,gh—lyt) and |y§ig,/hz) (l)l <Ypg,
Lemma 1 [7]: There exist non-negative real number m and n, p > 1,
¢ is nonzero real number, L1l Then, mn<™ + %
The following even function pyg, () : R — R is introduced for the
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aim of the controller design such as:

P, (¥hg,) = L Johg| >,
.8 »8h 0, 'xh,gh' <z,

where ¢z, is a positive constant.

vxh,gh eR, 8h = 17---’77h (2)

Controller construction utilizing tan-BLFs and stability analy-
sis. An adaptive controller for the /-th subsystem will be devised via
utilizing the backstepping algorithm. The detailed design process is
described in Section II of the Supplementary Material.

Consider the following time-varying tan-type BLF candidate:
k2 Yd.h-t 7rZ2
b 12 1. -
Step1: Vi1 = h'l( )tan > bl + Efflrgllfh,l-
g 26, (van1)
3)
kz (xh1 t) 71'22
by, ,1s h2 1. 1=
Step2: Vpo=Vp1+ b2 tan 5 + zf;{grhylzghl-
T 2kb (xh 1, t)
h,2 i
“
|
Step 70 Vi, = Vag-1+ Egh»ﬂ/xrh,ﬂhé‘hﬂh
2 T 2
khh.,,h (xh»ﬂh—l ’t) T
tan| ——- (5)
T 2kbh (xh,nh—l R Z)

H1Th
where |zh’,]h| < kp, " (Xp,g,~1,1) is a time-varying function. Ty, =
“1Th
T . z _ 2 %
r > 0 stands for design parameter, &y, = &y, —fh,% represents
the estimate error, gh"]/z is the optimal weight vector, and &, ;, denotes

the estimation of &, .
Construct the first virtual controller and adaptation law as

a1 = %[—%{lsm (Zh,l)— %ﬁm
—&p,1(Dzp1 _kh,lkgh‘l ()’d,h,l) (”Zh,l)_l
2 2
><sin[ "t }cos[ "1 ]} (6)
2k1%h,1 (yd’h’t) Zkgh,l (yd’h’t)
éh,l = Dni (Zh,l ) T [ﬂh,l Shi (Zh,l) - Oh,léh,l] @)

where the definition of ky 1, 05,1, kp,1 Will be illustrated latter.
Construct the second controller and adaptation law as

Ph2 (Zh,2)

2T (%) (Xh,z)

—?;{, 2Sh2 (Zh,z) - %ﬂh,z

B 2 Zh
Bn,1¢n,1 (Xh,l)COS [—2/‘%,1.2 (Xh,m))
—Rn22p2 = kh,2k§m (xn.1.1) (ﬂZh,z)_l

2
nZj, o

. ”Z%,z g
s ZkI%M (xh,l,t) o8 ZkI%M (xh,l,t) ®

én2 = Pn2(2n2)Th2 [Br2Sn2 (zn2) — on2én2) (€)]
where the definition of k2, 05,2, kj2 Will be illustrated latter.
The actual controller and adaptation law are devised as

Dhy, (Zhﬂh)
up = ——=
Ph.n, (Xh,m,)

X 1
T
~EhanS b (Zh,nh) - Eﬁh,fih

2
 v4
hn

2

= Bh—1Ph~1 X m,—1 ) cOS
2k2 (%

iy, (xh’”rl > l)

-1
_ 2 _
— RinZha — K, kb,,‘wl (xh,m,—l > t) (”Zh,m,)

2 2
T T, (10)

B COS 2
2kbh,qh (xh’"” -1 t) Zkb/x,nh (xh’n’l’ L, Z)

Ehay = Phay, (Zh,ml)rh,ml [ﬁh,nhs I (Zh,nh) - Oh,nhfh,nh] :

X sin

n
Notice: k4 >0 and o0, are design parameters, kj, , > 2k 4, and

2 . . .
denote &y 4 = (mh,q) +Yhg» Kng is a function with vy, >0
(g=1,2,...,np) being a positive constant and

1 ¢! akbh,q ()_Ch,q—l 5 t)

Mpq = _ Ph,p (Xh,p)
kb;,‘,, (xh,q—l , t) p=1 axhv[’
1 Okp,,, ()'Ch,q—l N )
X Xp, p+l + ~ o
kp,, (xh,q—l , t)

Theorem 1: Consider uncertain MIMO nonlinear systems (1) under
time-varying full state constraints |xh,g;,| < kcvz,gh (Xn,g,—1,1). Supposed
that Assumptions 1 and 2 hold, by designing the virtual controllers
(6) and (8), constructing the actual controller (10) and choosing the
adaptive laws (7), (9) and (11), if the initial states xpg, (0), gn =
1,2,...,n;, satisfies |xh,gh (O)l < kCh,g,, ()_Ch,g/,—l ), 0), it can ensure that

1) The system output yj, can track the desired trajectory y; ; as well
as possible;

2) The time-varying full state constraints are not violated,

3) All signals in the closed-loop systems are bounded.

Simulation example: To attest the effectiveness of the presented
time-varying constraint method, the nonlinear MIMO systems with
time-varying full state constraints are considered as

2 2
X1 = 0.2()61’1 +Xx21)+ [2+0.5 (exlvl +ex2=l)]x1,2
Xip = X%’]xiz +x21X02 + [1 +0.2$in(x1,1x2,1)]u1
. 12
Ko = x11x2,1 +[2+0.2c08 (x1,102,1)] %22 (12)

K0 = (X1 X1 2+ X01000 +u1)+ €70 472 uy

Yh=2xp1, h=12

where xp,,1 and xj2(h = 1,2) are state variables. The states of the sys-
tem are constrained in |x1,1| <ke, (yd,l,t) = e 0Dl 4 72 |x1,2| <
kc]'z ()?1’1 ,l‘) = e—O.l,\fi] +e‘3’, |x2,1| < kcz,l (yd,Z’[) = e_o'ly"~2 +e"3’—
0.4, and |x22| <kep, (R22,1) = e 151 +¢72 +0.3c05(0.5x2). The
desired signal is described by y;1 (#) = 0.1sin(0.17) + 0.5 cos (2¢) and
va2 () =0.2sin(31).

Figs. 1-3 demonstrate simulation results of the presented adaptive
NN control strategy on nonlinear MIMO systems. Figs. 1(a) and 1(b)
are used to demonstrate how well the output signal of the system
tracks the desired reference signal under the time-varying state con-
straints. The design parameters are selected as kj | =50, k12 =38,
ko1 =50, kop =40, 011 =2, 012=3, 021 =2, 022 =4. Figs.2(a)
and 2(b) describe the trajectories of states xj2, x22 and their con-
straints.

According to the above figures, it is obvious that the time-varying
state constraints are not broken. The system inputs and the adaptive
laws are shown in Fig. 3. It can be seen that they all maintain a rela-
tively stable and bounded state in a small neighborhood. Apparently,
these trajectories tend to stabilize.

Conclusions: The novel adaptive NN control problem based on
tan-TVBLFs is proposed for uncertain nonlinear MIMO systems with
both time-varying full state constraints and unknown function. The
constraint boundary in this letter is a particular function of not only
time but of states. And tan-TVBLFs are constructed to keep the states
from violating time-varying constraint boundary. Ultimately, simula-
tion example certifies the feasibility of presented control approach. In
the future, an observer-based adaptive NN control for a class of non-
linear MIMO systems will be developed. Furthermore, we will apply
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Fig. 1. Trajectories of desired signal and system output: (a) yg,; and xj j;
(b) ya and x21.
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Fig. 2. Trajectories of states: (a) x 2 and (b) x22.
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Fig. 3. Trajectories of actual controller and adaptive laws: (a) uj; (b) uo;
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the complex time-varying constraints in this letter to chemical pro-
duction, unmanned driving and other practical systems.
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