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   Dear Editor,
This  letter  is  concerned  with  the  path  following  of  underactuated

autonomous surface vessels (ASV) in the presence of surge velocity
constraint  and asymmetric saturation as well  as unknown dynamics.
To cope with velocity constraints both magnitude and rate and asym-
metric  saturation  as  well  as  unknown  dynamics,  an  adaptive  finite-
time sliding mode control scheme (AFTSM) is designed. Then ASV’s
constraints  could  be  addressed  correspondingly  by  a  novel  rate  and
magnitude  velocity  guidance  and  projection-based  finite-time  auxil-
iary  system  and  parametric  finite-time  robust  observer  in  this
scheme. Finally, the effective performance of the presented scheme is
demonstrated via a series of simulations and comparisons.

Path  following  problem  is  researched  widely  throughout  the  con-
trol community due to its practical application both single and multi-
agents in many areas [1]–[4]. In the guidance subsystem, the line-of-
sight (LOS)-based guidance is the most common way to design guid-
ance  angle  [5]–[10].  However,  the  finite-time  observer  in  [10]  suf-
fers from fixed fractional power term, which loses flexibility in dif-
ferent systems. In addition, although the path curvature is considered
in the sway dynamic analysis in [1], the effect of adding this factor in
kinetic  level  is  yet  not  studied.  In  the  control  subsystem,  some
researchers  design  velocity  guidance  by  considering  cross-tracking
errors [10]–[12]. On the other hand, rate constraint of surge velocity
caused by limited engine power in practice, which affects the perfor-
mance  especially  in  the  acceleration  period,  attracts  very  limited
attention.  Although  this  problem  has  been  considered  in  [13],  the
author does not consider the rate constraint and path curvature simul-
taneously.

tanh

Regarding  the  force  and  moment  design,  actuator  saturation  of
ASV is  caused by physical  limitations,  which is  ubiquitous in  prac-
tice  [7],  [10]  and  [14]–[19].  However,  they  only  consider  the  sym-
metric  saturation.  To  solve  the  constraints  induced  by  non-symmet-
ric  saturation,  there  are  some  ways  such  as  approximation-based
approaches like  function in [20] and Gaussian error functions in
[21], and a novel bounded saturation function [22]. But, these meth-
ods  in  [20]–[22]  can  not  guarantee  finite-time  stability.  Note  that
although error auxiliary systems are presented in [23], control auxil-
iary  systems  like  [7]  for  asymmetric  saturation  have  not  been
designed and analysed up to now, and the auxiliary state may suffer
from parameter drift.

Motivated  by  the  above  observation,  this  letter  aims  to  design  an

AFTSM scheme for ASV subject  to velocity constraint,  asymmetric
saturation  and  uncertainties.  Key  novelties  of  this  scheme lie  in  the
following  aspects:  1)  On  the  basis  of  [10],  a  parametric  finite-time
robust observer is introduced in sideslip angle and unknown dynamic
estimations,  which  features  with  flexibility  for  fractional  power
choices to be designed in specific system such as robot systems. 2) A
novel rate and magnitude velocity guidance law integrated with path
curvature of desired path is developed to cope with rate and magni-
tude  constraints  of  surge  velocity  simultaneously  via  hyperbolic
functions  such  that  better  performance  is  reached  in  comparison  to
[13],  especially  in  turning  sections.  3)  Compared  with  literature  [7]
and  [20]–[23],  asymmetric  saturation  is  studied  thoroughly  by
designing projection-based finite-time auxiliary system, which works
for symmetric case and performs expected performance, and thus the
domain  of  auxiliary  states  can  be  strictly  guaranteed  within  a  finite
settling time reducing parametric drift.

η̇ = J(ψ)ν, ν̇ = f +τττ η =
[
x,y,ψ

]T ν = [u,v,
r]T τ = [τu/m11,0, τr/m33]T τl = τ

−
lm, (l = u,r) τl0 < τ

−
lm

τl = sgn(τl0)min{|τl0|, τ+lm}

Problem formulation: The  mathematical  model  of  an  ASV on  a
horizontal plane with kinematics and kinetics dynamics, is described
as  follows  [24]:  where , 
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The objective  of  this  letter  is  to  design LOS-based guidance laws
and  control  laws  that  force  ASV  to  follow  and  stay  on  a  reference
path , moving with developed surge velocity, such that position
and velocity tracking errors of ASV converge to an arbitrarily small
neighbourhood of zero within a finite time.

β
β̇ |β| ≤ β∗ <∞ |β̇| ≤ β̇∗ <∞

Assumption 1: The unknown time-varying sideslip angle  and its
derivative  satisfy  and .

Main results: In this section, the AFTSM scheme is developed.
Recall the finite-time LOS (FTLOS) guidance laws in [10]

 ψd = γp + arctan(−(ye + kysigρ (ye)+∆β̂)/∆)

uθ = k0xe + k1sigρ (xe)+U cos(eψ)−U sin(eψ)β̂
(1)

∆ sigρ(⋆) = |⋆ |ρsgn(⋆)

ky ∈ R+ (k0,k1) ∈ R2
+ θ̇ = uθ/

√
ẋ2

p + ẏ2
p

where  is a look-ahead distance,  [4], [25], and
. . .  The  sideslip  angle  is  esti-

mated by the parametric finite-time robust observer
  ˙̂ye = −kβ1sigα (̃ye)+ ĥ+τβ

˙̂h = −kβ2sig2α−1 (̃ye)−ϑβsgn(̃ye)
(2)

h = U cos(eψ)β τβ = −γ̇pxe +U sin(eψ) (λβ0,λβ) ∈ R2
+ ŷe

ĥ ye ỹe = ŷe−
ye h̃ = ĥ−h β̂ = ĥ/U cos(eψ)

where ,  and ; 
and  are the estimates of  and h,  respectively, satisfying 

 and , thus, .
To stabilize ASV’s attitude, design virtual yaw angle and moment

 
rd = −kψ0ψe + ψ̇d − kψ1sigρ

(
ψe
)

τr0 = −m33[ f̂r − ṙd +
(
αrre +βrresigρ(re)

)
]

+ kr0χr −λrS r − ξrsigρ (S r)

(3)

(kψ0, kψ1, kr0, λr, ξr, αr, βr) ∈ R7
+ S r = re +

r t
0(αrre +

βrsigρ (re))dτ re = r− rd f̂r χr

ṙd ṙd1 = rd2, ṙd2 = −ϱ2[kd1sigρ0 (rd1 − rd)+
kd2sigρ1 (rd2/ϱ)] (ρ0,ρ1,kd1,kd2) ∈ R4

+ rd1 rd2
rd ṙd

where , 
, and .  and  will be designed later. A so-

called  finite-time  tracking  differentiator  method  is  employed  to
generate  as  follows  [26]: 

 where ,  and  are  esti-
mates of  and , respectively.

τu0

To  stabilize  ASV’s  surge  velocity,  design  rate  and  magnitude
velocity guidance and nominal surge force  as follows:
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 

ud = umax tanh(αu/umax)
α̇u = αmax tanh((kα3αud − kα3αu)/αmax)

αud = umax tanh−1((kα0y2
e +u0)/(umaxekα1 |K|+kα2 ))

τu0 = −m11[ f̂u − u̇d +
(
αuue +βusigρ (ue)

)
]

+ ku0χu −λuS u − ξusigρ(S u)

(4)

(kα0,kα1,kα2,kα3,ku0,λu, ξu,αu,βu) ∈ R9
+

u0, umax αmax S u = ue+r t
0
(
αuue +βusigρ (ue)

)
dτ ue = u−ud f̂l

where ,  and K denotes  path
curvature.  and  are  positive  constants. 

, .  is  estimated  by  parametric
finite-time robust observer as follows:
  ˙̂l = −kl1sigα (̃l)+ f̂l +τl/ml

˙̂fl = −kl2sig2α−1 (̃l)−ϑlsgn(̃l)
(5)

(kl1,kl2,ϑl) ∈ R3
+ l̃ = l̂− l f̃l := f̂l − fl mu = m11

mr = m33 χl

where  ,  and  and
. To analyse input saturation,  is designed via projection-

based finite-time auxiliary system as follows:
 

χ̇l = Proj(χl,Θl(χl))
Θl = −kχl1χl − kχl2sigρ (χl)+ρl∆τl

−
|S l∆τl|+0.5ρ2

l ∆τ
2
l

χl
h (χl)

(6)

(
kχl1,kχl2,ρl

)
∈ R3
+ ∆τl = τl −τl0 h(χl)

Proj
where ,  and  is  given  in  [10].
The  denotes the “smooth projection operator” [27].

Theorem  1:  Consider  the  ASV,  satisfying  Assumption  1,  and  the
FTLOS  guidance  law  (1)  and  (2),  yaw  angle  and  moment  (3),  rate
and  magnitude  velocity  guidance  and  surge  force  (4),  parametric
finite-time robust observers (5), and projection-based finite-time aux-
iliary  systems  (6)  are  applied  in  AFTSM.  Hence,  one  can  tune  the
positive design parameters properly such that all error signals in the
closed-loop  guidance-control  system  are  bounded  in  a  small  range
and satisfy practical finite-time stability.

V = x2
e/2+ y2

e/2+m33S 2
r /2+χ

2
r /2+m11S 2

u/2+χ
2
u/2

Vθ
TY ≤ t

Proof: Consider the following augmented Lyapunov function can-
didate .  Differ-
entiate V in virtue of (1)–(6) with respect to time, and  in [10], for
all , results can be obtained as follows:
 

V̇ ≤ − k0θ
0
1 x2

e − k1θ
1
1(x2

e )ρ∗ −ω∗1y2
e −ω∗2(y2

e)ρ∗ + κv

−
(
kχr1 −0.5kr0 −0.5

)
χ2

r − kχr2(χ2
r )ρ∗ − ξr

(
S 2

r

)ρ∗
− (λu −0.5ku0)S 2

u − ξu(S 2
u)ρ∗ − kχu2(χ2

u)ρ∗

− (kχu1 −0.5ku0 −0.5)χ2
u − (λr − kr0/2)S 2

r

≤ −ς1V −ς2Vρ∗ + κv (7)
κv = 0.5(ρ2

r∆τ
2
r (1−h(χr)) + 0.5ρ2

u∆τ
2
u(1−h(χu))+ |∆τrS r | ×

(sgn(∆τrS r)−h(χr))+ |∆τuS u|(sgn(∆τuS u)−h(χu)) ρ∗ = (ρ+1)/2
ς1 = 2min{k0θ

0
1, ω

∗
1, λr −0.5kr0 −0.5, kχr1χ

∗
r −0.5kr0 − 0.5χ∗r ,

λu −0.5ku0 −0.5,kχu1χ
∗
u −0.5ku0 −0.5χ∗u}, ς2 = 2ρ∗min{k1θ

1
1,ω
∗
2, ξr,

kχr2, ξu,kχu2} h(χl) = 1 i.e., χl ≥ b κv = 0
h(χl) < 1 i.e., χl < b <∞
∆τl ∆τl ≤ ∆τlM <∞

κv ≤ (∆τ2rM +∆τ
2
uM +ρ

2
r∆τ

2
rM +ρ

2
u∆τ

2
uM)/2

S 2
l 0.5 0 < θv < 1

where 
 , 

and 
 

.  When , ,  holds,  and  other-
wise , ,  from  the  auxiliary  system  (6),  we
know  is  also  bounded  satisfying ,  and  thus

,  noting  that  coefficients
of  add  in this case. There exist a constant  such that
the following inequalities hold:
 

V̇ ≤ −ς1θvV −ς2Vρ∗ , or, V̇ ≤ −ς1V −ς2θvVρ∗ . (8)

Ωv := {limt→Tv |V ≤ min{κv/((1 − θv)ςv1), (κv/(1−
θv)ςv2)2/(ρ+1)}} Tv ≤ max{t0 +

1
θvς1ϕ

ln θvς1Vϕ(t0)+ς2
ς2

, t0 + 1
ς1ϕ

ln ς1Vϕ(t0)+θvς2
θvς2

} ϕ = (1 − ρ)/2

β̃, xe,ye,ψe,S u S r ue
re Tv

Using the Lemma 4 in  [10],  the finite-time stability  is  guaranteed
for the guidance-control  system of ASV, and V can converge to the
following  region 

 within  a  finite  time  as  follows: 
,  where .

Therefore,  the  practical  finite-time  stability  for  error  signals
 and  is guaranteed, and thus boundedness of  and

 is  produced  within  along  with  (3)  and  (4).  Consequently,  all
error signals of the closed-loop guidance-control system of ASV sat-
isfy practical finite-time stability and converge to an arbitrarily small
region by choosing controller design parameters approximately. ■

τ+um = 5 N
τ−um = −3 N

τ+r = −τ−rm = 3.5 N ·m
[x(0), y(0), ψ(0)] = [0 m,20 m, 1/3 rad] [u(0), v(0), r(0)] =

[0.1 m/s,0 m/s,0 rad/s] ky = 1.2, k0 = 1,
k1 = 2, kβ1 = 38, kβ2 = 0.5, ϑβ = 0.01, ϑl = 0.01, kl1 = 2, kl2 = 5, ρ =
0.8, kψ0 = 0.6, kψ1 = 0.1, kr0 = 10, λl = 2, ξl = 1, αr = 1.5, αu = 5,
βl = 0.1, kα0 = 3, kα1 = 10, kα2 = 0.1, kα3 = 1, ρ0 = 0.1, ρ1 = 0.8,
kd1 = 0.2, kd2 = 20, ku0 = 10, u0 = 1, umax = 2, kχl1 = 0.2, kχl2 = 1,
ρl = 1, a = 0.1, b = 0.5, α = {0.6, 0.8, 0.95}

yp(θ) = 10sin(0.1xp(θ))

Numerical  example: Simulation  studies  are  conducted  with  the
ASV [10]. The maximum surge force is set approximately 
and  the  minimum ,  and  the  maximum  moment  is  set
approximately .  The  initial  conditions  are  gi-
ven  by , 

.  The  design  parameters  are 
  

 
 

  
.  The  desired  path  is

given  by .  For  the  design  of  ocean  distur-
bances and bidirectional step jump signals, please see [10].

α = 0.6
α = 0.95

To  prove  the  effectiveness  of  the  proposed  scheme,  a  series  of
comparative  simulation  studies  are  conducted.  There  are  seven  sets
for  simulation  studies,  that  are,  the  AFTSM  scheme,  the  AFTSM
without  considering  rate  and  curvature  constraints  marked  as
AFTSMWCR,  the  AFTSM  without  path  curvature  only  marked  as
AFTSMWCO,  the  AFTSM  without  rate  constraints  marked  as
AFTSMWRO,  the  AFTSM without  projection  algorithm marked  as
AFTSMWPROJ,  the  AFTSM  with  marketed  as  AFTSM-
AL06,  and  the  AFTSM  with  marketed  as  AFTSMAL095,
with the same design parameters.

α = 0.6 α = 0.8
α = 0.95

α

f̂u τu

The  comparative  results  plotted  in Figs. 1−3 demonstrate  that  the
AFTSM provides effective performance. The Fig. 1 displays the per-
formance  of  path  following  among these  seven  sets,  and  obviously,
the  AFTSM  provides  accurately  fast  tracking  by  comparing  with
other  sets,  and  better  transient  tracking  performance  both  the  initial
and  turning  periods.  It  can  be  observed  that  along-track  and  cross-
track errors converge to the vicinity of zero later due to considering
rate  constraint  and  path  curvature  together  depicted  in Fig. 2,
whereas the presented AFTSM shows better performance for conver-
gence of velocity errors, which plays a key role in engineering appli-
cation.  In  this  figure,  the  comparison  of  different  fractional  power
terms  in  parametric  finite-time  robust  observer  reveals  that  when

,  the  worst  is  seen,  and  when ,  the  results  are  better
than . This means the performance may become bad with the
increase  of  after  it  reaches  a  certain  value.  From  the Fig. 3,  the
effectiveness of introducing projection algorithm in auxiliary system
is  illustrated  with  better  convergence  for  auxiliary  states  and  track-
ing errors as well as reducing parametric drift. This figure also shows
the strong robustness of the AFTSM control scheme when it suffers
from  measurement  noises  and  disturbances  in  the  form  of  bidirec-
tional step jump signals. It is worth mentioning that when the veloc-
ity guidance does not consider rate or curvature (or both), the signifi-
cant fluctuation shows for  and corresponding . This is caused by
the  rapid  change  in  the  fast  turning  periods,  and  thus  obviously  the
proposed AFTSM algorithm performs well in this sort of tough sail-
ing situations.

Conclusion: A novel AFTSM control scheme is presented for path
following of ASV under surge velocity constraint, asymptotic satura-
tion, and unknown dynamics. All signals in the closed-loop system of
ASV satisfy practical finite-time stability proved by simulations.
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Fig. 2. Position, attitude and velocity errors.
 

 

χ u
 (N

)
τ u 

(N
)

χ r
 (N

·m
)

f r 
(N

·m
)

τ r 
(N

·m
)

2
1
0

210

−1
−2

0 50 100 150 200 250 300
t (s)

0 50 100 150 200 250 300
t (s)

0 50 100 150 200 250 300
t (s)

0 50 100 150 200 250 300
t (s)

0 50 100 150 200 250 300
t (s)

0 50 100 150 200 250 300
t (s)

0.4
0.2

−0.2
0

0.5

00 0.5 1.0 2.01.5

1.0
0.5

0
−0.5

5
3
2
0

−1
−3
−5

0.8
0.6
0.4
0.2

0

1.0
0.5

0
−0.5
−1.0

4
2
0

−2
−4

f u 
(N

)
~

AFTSM AFTSMWCO AFTSMWPROJ
AFTSMWRO AFTSMWCR AFTSMAL06

AFTSMAL095

 
Fig. 3. Auxiliary states, estimation errors and control laws.
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